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BASIC ANALOG OF FOURIER SERIES ON A ¢-QUADRATIC GRID

Joaquin Bustoz and Sergei K. Suslov

ABSTRACT. We prove orthogonality relations for some analogs of trigonometric
functions on a g-quadratic grid and introduce the corresponding g-Fourier series.
We also discuss several other properties of this basic trigonometric system and
the g-Fourier series.

1. Introduction

A periodic function with period 21,

f(z+2) = f(2), (L.1)
can be represented as the Fourier series,
> ™ . ™
f(z)=ao+ 7;1 (an cos -2 + bp sin Tx) (1.2)
where
1
o= = / f(z) dz, (1.3)
2l ),
1 [t ™
n =7 f(z) cos 7z dz, (1.4)
)
1 [ . TN
b, = 7/ f(z)sin 72 dz. (1.5)
-}

For convergence conditions of (1.2), see, for example, [1], [6], [29], [31], and [33]. The
formulas (1.3)—(1.5) for the coefficients of the Fourier series are consequences of the
orthogonality relations for trigonometric functions

1

/lcos g cos @ dz =0, m#n, (1.6)
l

/lsin TFE sin T_;r_a: dz =0, m# n, 1.7
1

/lcos n_7lr£ sin @ dz =0, m#n. (1.8)

In the present paper, we discuss a g-version of the Fourier series (1.2) with the aid of
basic or g-analogs of trigonometric functions introduced recently in [18] (see also [5]
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and [26]). Our first main objective will be to establish analogs of the orthogonality
relations (1.6)—(1.8) for g-trigonometric functions on a g-quadratic grid.

There are several ways to prove the orthogonality relations (1.6)—(1.8) for trigono-
metric functions. The method based on the second order differential equation

v +wu=0 (1.9)

can be extended to the case of basic trigonometric functions. Consider, for example,
two functions coswz and cosw’z, which satisfy (1.9) with different eigenvalues w and
w'. Then,

1
(w? - w’z)/ coswz cosw'z dz = W (coswz, cosw'z) |1 (1.10)
-1

| coswz cosw'z
—wsinwz —w'sinw'z

The right side of (1.10) vanishes when

sinwl = sinw'l =0, (1.11)

which gives
w= % n, W= % m, (1.12)
where n,m = 0,£1,£2,+3,... . In the same manner, one can prove (1.7). The last

equation (1.8) is valid by symmetry. We shall extend this consideration to the case of
the basic trigonometric functions in the present paper.

This paper is organized as follows. In Section 2, we introduce the g-trigonometric
functions. In the next section, we derive a continuous orthogonality property of these
functions, and then, in Section 4, we formally discuss the limit ¢ — 1 of these new
orthogonality relations. Section 5 is devoted to the investigation of some properties of
zeros of the basic trigonometric functions and in Section 6 we evaluate the normaliza-
tion constants in the orthogonality relations for these functions. In Section 7, we state
the orthogonality relation for the corresponding g-exponential functions. Finally, we
introduce basic analogs of Fourier series in Section 8, and in Sections 9-11, we give a
proof of the completeness of the g-trigonometric system and establish some elementary
facts about convergence of our g-Fourier series. Examples of these series are considered
in Sections 12 and 14; we prove some useful basic trigonometric identities in Section
13. Some miscellaneous results concerning g-trigonometric functions are discussed in
Section 15. We close the paper in an Appendix, estimating the number of zeros of the
basic sine function on the basis of Jensen’s theorem.

2. Analogs of trigonometric functions on a ¢g-quadratic grid
The following functions C(z) and S(z) given by
C(z) = Cy(z;w) (2.1)

2. 2 . .

(_w ;q ) — 6210’ — e—2z0

= 201 1 ? 5 ¢%, —w?
(—qw?;4%) o q
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and
S(z) = Sq(z;w) (2.2)
(—w2° qz) 2'/4w _ e, _qe20
= ) 0 COSe ’ H 2) _w2) 9
(~wthed), 1-¢ 21 ( ¢ 4

were discussed recently [5], [18] and [26] as g-analogs of coswz and sinwz on a g¢-
quadratic lattice = cos 6.

These functions are special cases, y = 0, of more general basic trigonometric func-
tions

C(z,y) = Cy(z,y;w)

(i)
(_qw2;q2)oo
_1/2,i04ip _ o 1/2,i0—ip _ 1/2 ip—if _1/2,—i6—ip
gl 26 tiv —ql/2e10—ie _ql/2¢ie=i0 _q1/2¢
X 1 q,—Ww
4‘p?’( -q /%, —¢'/? @
(2.3)

and

S(z,y) = Sq(z,y;w)

—w2: g2 1/4
w 29w
= ((—qwé-qqi’))oo f—q (cos 8 + cos p)
! oo
_ ei0+i<p — eie—icp — eisp—ie _ e——i9—i<p
x 4<P3< 1 ’ _(2 qs}z,q _qs/é 1 ig —t ), (24)
,

which are g-analogs of cosw(x + y) and sinw(z + y), respectively (see [26]). Here
z = cosf and y = cos¢. Usually we will drop ¢ from the symbols Cy(z;w), Sq(z;w),
Cq(z,y;w), and Sy(z,y; w) because the same base is used throughout the paper.

The symbols 21 and 4¢3 in (2.1)-(2.4) are, of course, special cases of basic hyper-
geometric functions,

ai, G2,..., Gr
iq .
’"%(bl,bz,...,bs q ) (2.5)

)

(a'l) a2y..., Qr; Q)n n _ 1+s—r

= ! —1)? gn(n—1)/2 .
;(q, b, b2,..., bs; ), (( )q )

The standard notations for the g-shifted factorial are

n—1
(a'; Q)o =1, (a; Q)n = H (1 - aqk) ’ (26)
k=0
m
(a1, @z,-.+, @m; @)y =[] (a1:9)y, (2.7)
=1
where n =1,2,..., or oo, when |g| < 1. See [8] for an excellent account of the theory

of basic hypergeometric functions.
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Functions (2.1)—(2.4) are defined here for |w| < 1 only. For an analytic continuation
of these functions in a larger domain, see [13], [18], and [26]. For example,

2 21.0 2 ,—2if. 2 2
qw-e, quw-e y q —w —quw
C(z) = ( ) 2‘P2( 2 219 2q—-21.9 5 q » (1) (2.8)

(g, —qw2, 0o qw’e qw’e
and
s (Pu?e??, e, qz)oo 2q1/4 ,
(z) = (@, —qw?; ¢%) 1_g °*
q°, —qw*; q°) q
2 2
—w?, —qw
X 242 ( qzwzezzo w20 ) ¢ q ) (2.9)

One can see from (2.8) and (2.9) that the basic trigonometric functions (2.1) and
(2.2) are entire functions in z when €% = ¢%. Analytic continuation of g-trigonometric
functions (2.3) and (2.4) can be obtained on the basis of the “addition” theorems,

Cxy)=C@)Cy)-S()S W),
S@y)=8@)CH+C=)S ),
found in [26].
The basic trigonometric functions (2.1)—(2.4) are solutions of a difference analog of
equation (1.9) on a g-quadratic lattice,
A Vu(z)
where 2(2) = 1 (¢* + ¢7%), ¢* = €%, 71(2) = 2(2 + 1/2), Mo = 4¢*/?w? /(1 — g)?, and
Af(z) =Vf(z+1) = f(z+1)— f(z). See [5], [18], [23], [25], and [26] for more details.
Equation (2.10) can also be rewritten in a more symmetric form,
5 (du(z) 4q*/2
0 (5e) T v - (211
where 0f(z) = f(z+1/2) — f(z —1/2).
The g-trigonometric functions (2.1)-(2.4) satisfy the difference-differentiation for-
mulas

29 1/4
= C(w, y) = ———5 w S(z,y) (2.12)

and
1/
S (z,y) =

See [18] and [26]. Applying the operator 5/6:1: to the both sides of (2.12) or (2.13), we
obtain equation (2.11) again.

Equation (2.10) is a very special case of a general difference equation of hyperge-
ometric type on nonuniform lattices (cf. [5], [23], [25], and [26]). The Askey-Wilson
polynomials and their special and limiting cases [4], [19], and [23] are well known as
the simplest and the most important orthogonal solutions of this difference equation of
hypergeometric type. Recently, Ismail, Masson, and Suslov [13], [14], [27], [28] found
another type of orthogonal solutions of this difference equation. In the present paper,
we shall discuss this new orthogonality property at the level of basic trigonometric
functions.

w C(z,y). (2.13)
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3. Continuous orthogonality property for g-trigonometric functions

Our main objective in this paper is to find the orthogonality relations for g-trigono-
metric functions (2.1)-(2.2) similar to the orthogonality relations (1.6)—(1.8). Consider
difference equations for the functions u(z) = Cy(2(2);w) and v(z) = Cq(z(2);w) in
self-adjoint form,

Qmu)V“”)+Apumu)=o (3.1)

Vz1(z) Vz(z)

and

_A_ Vo(z) " p(2)v(z .
a3 (7P T ) + X o) =0 (52)

where the function p(z) satisfies the “Pearson equation” [23], [25],

p(z+1)  a(-2) —4z-2 22+1
o) S eErp ST @, (3:3)
and
— 4q1/2 w?, ’_ 4‘11/20' 2
T2 AT G4
One can easily check that
po(z + 1) —42—2 (q2z’ q_zz, Q)°°
—_ = for 2) = T 3.5
po(2) ~ol2) g (3.5)
and
Paffz(:-)l) =q"*2 for pu(z) = (q2a+2z 227 220+ 2-20-2z, qz)—l
(23

(3.6)
(cf. [13], [27], and [28]). Therefore, we can choose the following solution of (3.3):

( )_ (q2z’ q-—2z; q)oo (qz _q—z)—-l
pz) = ((32F%, Po~2z, 2-2at2s @-Da—Tz, g7 _

(3.7)

where o is an arbitrary additional parameter. We shall see later that this solution
satisfies the correct boundary conditions for our second-order divided-difference Askey-
Wilson operator (2.10) for certain values of this parameter a.

Let us multiply (3.1) by v(2), (3.2) by u(2), and subtract the second equality from
the first one. As a result we get

(A= X) u(2) v(2) p(2)V1(2) = Alop(z) W(u(2),v(2))] (3.8)
where
u(2) v(2)
W(u(2),v(2)) = |Vu(z) Vo(z) (3.9)
Vz(z) Vz(z)

V() Vu(z)
( ) Vz ( ) —U(Z) Vx(z)

is the analog of the Wronskian [23].
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FIGURE 1

Integrating (3.8) over the contour C indicated in Figure 1, where z is such that
z=10/logg! and —7/2 < 6 < 37/2, gives

(A= \) /C u(z) v(z) p(2)Va1(2) dz = /C Alop(z) W(u(z),v(2))] dz.  (3.10)

As a function in 2, the integrand in the right-hand side of (3.10) has the natural purely
imaginary period T' = 2mi/logg~! when 0 < ¢ < 1, so this integral is equal to

/ op(z) W(u(z),v(z)) dz (3.11)
D

where D is the boundary of the rectangle in Figure 1 oriented counterclockwise.

The basic trigonometric functions C(z) and S(z) are entire functions in the complex
z-plane due to (2.8)-(2.9). Therefore, the poles of the integrand in (3.11) inside
the rectangle in Figure 1 are the simple poles of p(2) at z = @, 2 = 1 — « and at
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z=oa—ir/logq, 2 =1—a—ir/logq when 0 < Re o < 1/2. Hence, by Cauchy’s
theorem,
1

i P W (u,v) dz = Res f(2)|2=a + Res f(2)]2=1-a (3.12)

+ Res f(z)|z=a—i7r/logq + Res f(z)|z=1—a—i1r/ logq
where

f(2) = p(z) W (u(2),v(2)) (3.13)

_ 070 T e W(u(2),0()
(q2a+2z’ q2a—2z, q2—2a+2z, q2—2a—2z; qz)oo

Evaluation of the residues at these simple poles gives
Res f(2)|2=a = lim (2 —a) f(z) (3.14)
_q7%(d* ¢ @)oo W(u(2),v(2))|e=a
2logg~1(¢?, ¢ ¢**, 7% ¢¥)oo
Res f(2)|z=1-c = z}j{lla(z —-1+0) f(2) (3.15)

a%(¢**, ¢ q)oo W (u(2), v(2))]z=1 1o
2logq~1(q?, ¢2, ¢**, 7% ¢

Res £(2)lsmamin/loga = __lm (2= a+in/logq) f(2) (3.16)

z—a—in/logq
_ q—a(q2a, q1—2a; 9)oo W(u(z)’v(z))lz=a—iﬂ'/logq
2logq~1(¢?, @3, 9%, 71 ¢*)oo ’

bl

and
Res f(z)|z=1—a—i1r/ logg = z_l,i{Ila(z —l4+a+ iﬂ-/ ].Og Q) f(z) (317)
_ q—a(q2a 1= 2a, Q)oo W(U(Z),’U(Z))'z—1 —a—im/ logq
2logg1(¢% ¢% ¢**, 7% ¢®)o
However,

v(z)u(z — 1) — u(2)v(z — 1)
z(z) —z(z —1)

W (u(2),v(2)) = (3.18)

by (3.9) and, therefore,
W (u(2),v(2))|z=a = W (u(2), v(2))|z=1-a (3.19)
= _W(u(z)’U(z))lz=a—i1r/logq = _W(u(z)v v(z))|z=1—a—i1r/ logq
due to the symmetries C(z) = C(—z), z(2) = z(—=z), and z(z) = —z(z — in/logq).
Thus, the residues are equal and as a result we get
(1 — )2 (w? — w'?) / (2) v(2) p(2)Vz1(2) dz (3.20)

_7” q—a(q ) 1 Zav 7)o W(u(a),”(a))
logq‘l(q2, q?, ¢%, ¢?~1%; ¢?)o,

where 0 < Re o < 1/2.
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We have established our main equation (3.20) for the case u(z) = C(z(2); w) and
v(z) = C(z(2);w’). The same line of consideration shows that this equation is also
true when u(z) = S(z(z);w) and v(2) = S(z(2);w’). The corresponding analogs of
the Wronskians in (3.20) can be written as

W(C(z(2);w), C(a(2); ') (3.21)
ey " 0 Clale)s)S(a(e — 1/2)5) — o Cla(2);w)S(a(z — 1/2);0)]
and
W(S(z(2);w), S(z(2);w')) (3.22)
2¢'/4

=1, [v/ S@())CG(: - 1/2)) ~ w S(a(2); ) Ola(z ~ 1/2);0)]

by (2.12)-(2.13), respectively. One can see from (3.21) and (3.22) that the right-
hand side of (3.20) vanishes in both cases when eigenvalues w and w’ are roots of the
following equation:

Sq(2(1/4);w) = Sg(x(1/4);0') = 0. (3.23)

This is a direct analog of (1.11) for basic trigonometric functions.

In the last case, u(z) = C(z(2);w) and v(z) = S(z(2); ’), the left side of (3.20)
vanishes by symmetry. It is interesting to verify that by using our method as well.
Equations (3.1) to (3.18) are valid again. But now

W (u(2), v(2))|e=a = W(u(2), v(2))lz=1-a (3.24)
= W(u(z)av(z))|z=a—i7r/logq = W(u(z), v(z))|z=1—a—i1r/ log q

due to the symmetries C(z) = C(-zx), S(z) = —S(-z), z(2) = z(-z), and z(z) =
—x(z —in/logq). Therefore,

(w? —w'?) /C u(z) v(2) p(2)Vz1(2) dz (3.25)

T 7*(**, 4'7%% Qoo [W(u(@),v(@)) — W (u(e), v(a))]
2logg~1(q%, &%, ¢**, ¢*~*; ¢?)e

(1— )2

0

when 0 < Re e < 1/2.

Combining all the above cases, we finally arrive at the continuous orthogonality
relations for basic trigonometric functions,

(€2, e2%; g)oo
(q1/2e28 q1/2¢=2i6; q)

/ C(cosf;w) C(cosb;w') dé (3.26)
0

0 if w# W,
("% 9)3 :
Wc(n,w)a Styw) ifw=u,
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(€29, =29 q)oo
(q/2¢2i6 q1/2e—2i6; oo

{0 if w# W',

do (3.27)

/ S(cos 8;w) S(cosb;w’)
0

(qV% @)%

™
(65 9%

Cle)mS(me) iw=u,

and

- R G X .
/0 C(cos 0;w) S(cosb;w’) (72670, g172g—2i0; gy df =0. (3.28)

Here 7 := 2(1/4) = (¢*/* +¢~'/*)/2 and the eigenvalues w and ' satisfy the “bound-
ary” condition (3.23).

For arbitrary w # w', one gets from (3.20)—(3.22):

(62129’ e—2z’9;

9)oo
" (q72e2, qi/2e=2i0; q)_ do (3.29)

- 1/2. )2
= i 2 (q(q; ’q)qz)“’ [w C(W)S(mw) - o' Clnsw)S(n;w") ]

/ C(cos0; w) C(cosb;w
0

and

,) (621:9’ e—2i9; q)oo
(q1/2e2i9, q1/2e—2i9; q)
2r  (¢¥% @)%

T —u? (g 9% [ S(mw)C(mw') —w S(n;w")C(mw)].

do (3.30)

/ S(cosb;w) S(cosb;w
0

o0

Also, in the limit w — o',

N 2 . (621:9’ e—ZiG; Q)oo
/0 C* (cos b;w) (@262, qi/2e—28, q)_ do (8.31)
(g g N . . o . .
= oo @ Ot e) 55 8tmw) + Omw)S(mw) ~wg-Clnw)Sinw) |
and
& 2 ) (e2i0’ e—2i9; @oo
/0 5 (cos ;) (@262, qi/2e—29; q) df (3.32)
(@' 9 8 P
= (@ % [w C(n;w)%S(n;w) = C(n;w)S(m;w) —w-a—JC(n;w)S(n;w)].

We remind the reader that 7 is defined by n = z(1/4) = (¢/* + ¢~1/4)/2. This
notation will be used throughout this work.
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4. Formal limit ¢ — 1~

In this section, we formally obtain orthogonality of the trigonometric functions as
limiting cases of our orthogonality relations (3.26)—(3.28) for basic trigonometric func-
tions. According to [26],

H . 1 —
ql_lgl_ Cq (x, Y5 w(l- q)) = cosw(z + y), (4.1)
lim S (:v Y; 1o.)(l - q)) = sinw(z + y). (4.2)
q—1- a *en 2
If w # o', we can rewrite (3.26) as
/ C(cos B;w) C(cosb;w') (e*?,e%%;q), ;p d0=0 (4.3)
0
where
oy e (@7T)eo
(@:7)a = (i (4.0

Using the limiting relation [§]

lim (a;7)a = (1~ a)%, (4.5)
g—1-
one can see that

(e2i9, e~ %9, q) 12 = 2sinf (4.6)

as ¢ — 17. Therefore, changing w to (1 — q)w/2 in (4.3), with the help of (4.1) when
y = 0, we obtain the orthogonality relation (1.6) with [ = 1. The boundary condition
(1.11) follows from (3.23) in the same limit.

When w = ', we can rewrite (3.26) as

T2 ) 20 _—2i6. _ml=-q) 0 0 o
/0 C?(cosb;w) (e*?,e ,q)l/2 df = 202 C’(n,w)awS(n,w) (4.7)

where

T,(2) = (1 — q)t== Do 4.8

() = (1= g 20 (48)

is a g-analog of Euler’s gamma function I'(z) (see, for example, [8]). Changing w to
(1 - ¢)w/2 in (4.7), with the aid of

liI{l Ty(2) =T(2), (4.9)
q—1=
we get
2 / 1 cos mna dr = —o" — cos?mn = 2 (4.10)
-1 - I2(1/2) B '

where n = £1,+2,..., in the limit ¢ — 1~.
In a similar manner, one can obtain (1.7) and (1.8) from (3.27) and (3.28), respec-
tively.
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5. Some properties of zeros

In Section 3 we have established the orthogonality relations for the basic trigonometric
functions (3.26)—(3.28) under the boundary condition (3.23). Here we would like to
discuss some properties of w-zeros of the corresponding basic sine function,

(i) _w ¢,
Jw) = ’ H 5.1
5(77, UJ) (_qw2;q2)oo 1— q1/2 21 q3 q w ( )
_ (P o W - —qw? 5 3
TP, —qw?; oo 1—q'/2 22 %2, Pl 9,9 ),

and the basic cosine function,

(=% %) ( —-g'2, g% 5 2)
C(nw) = ’ p g —w 5.2

("7 ) (_qwz; qz)oo 201 q q ( )

_ @7 ) ( g q)
(g, —qw?; q2)oo 22 q1/2w2’ q3/2w2 TR ’

One can see that these functions have almost the same structure as the g-Bessel
function discussed in [13], [14]. So we can apply a similar method to establish the
main properties of zeros of the functions (5.1)—(5.2).

The first property is that the g-sine function S(7;w) has an infinity of real w-zeros.
To prove this, we again can consider the large w-asymptotics of the function (5.1).
The 2¢1 here can be transformed by (IIL1) of [8], which gives
(-¢*%, % P w —g'2, —w? o 5p

(@ -5 ) 1—qi2 2! P2 T )

S(mw) =

(5.3)
For large values of w, such that w? # ¢=3/2~2" where n =0, 1,2,...,

12 2 _.1/2 _3/2. 2
q/° —w ,2_5/2) ( q’c ., 2 )_(‘1 19°)oo
2 ’ - 3 ) =
1 ( q3/20)2 5 4 q 140 _ 9, 4q (q’ qz)oo
(5.4

by the g-binomial theorem, Therefore, as w — oo,

("% 9o (67w %)oo
S w) = 1+4+0(1) |, 5.5
() GP% (%P [1+0)] (5.5)
by (5.3) and (5.4). But the function
(qe./zwz; qz)oo

oscillates and has an infinity of real zeros as w approaches infinity. Indeed, consider
the points w = 4, such that

7 =0 (5.6)
where n = 0,1,2,... and ¢/2 < 82 < q=%/2, as test points. Then, by using (1.9) of
(8],

(_ql/Z;q)oo (q3/2ﬂ2;q2)oo (_l)n q—'n,/2 (q1/2/ﬂ2;q2)n
(#:¢3)% (—46% 9% oo (=4/B%9%)n

S(m;vm) = [1+0(1)],

(5.7)
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as n — oo, and one can see that the right-hand side of (5.7) changes sign infinitely
many times at the test points w = -, as w approaches infinity.

In a similar manner, one can prove that the g-cosine function C(n; w) has an infinity
of real w-zeros also. Thus we have established the following theorem.

Theorem 1. The basic sine S(n;w) and basic cosine C(n;w) functions have an in-
finity of real w-zeros when 0 < g < 1.

Now we can prove our next result.

Theorem 2. The basic sine S(n;w) and basic cosine C(n;w) functions have only real
w-zeros when 0 < ¢ < 1.

Proof. Suppose that wp is a zero of the basic sine function (5.1) which is not real. It
follows from (5.1) and (II1.4) of [8] that
5/2,,2. g2 w _3/2 _5/2
S(nyw) = ((q_qwz;’qqz)): 1—q1/2 2902< Zs’ ’ qs;lzwz ;4 q3/2w2). (5.8)
Now we can see that wp is not purely imaginary, because otherwise our function would
be a multiple of a positive function.

Let w; be the complex number conjugate to wp, so that w; is also a zero of (5.1)
because this function is a real function of w. Since w # w? the integral in the
orthogonality relation (3.26) equals zero, but the integrand on the left is positive, and
so we have obtained a contradiction. Hence a complex zero wg cannot exist. One can
consider the case of the basic cosine function in a similar fashion. O

Theorem 3. If 0 < q < 1, then the real w-zeros of the basic sine S(n;w) and basic
cosine C(n;w) functions are simple.

Proof. This follows directly from the relations (3.31) and (3.32). Consider, for exam-
ple, the case of the basic sine function. If w = w’, then the integral in the left side
of (3.31) is positive, which means that %S(n;w) # 0 when S(n;w) = 0. The same is
true for the zeros of the basic cosine function. O

Our next property is that the positive zeros of the basic sine function S(n;w) are
interlaced with those of the basic cosine function C(n;w).

Theorem 4. If wi,ws,ws,... are the positive zeros of S(n;w) arranged in ascending
order of magnitude, and w1, ws, s, ... are those of C(n;w), then

O=w<m <w<we<wz<w3z<-+- , (5.9)
if0<q<1.

Proof. Suppose that wy and w41 are two successive zeros of S(7;w). Then the deriv-
ative %S(n;w) has different signs at w = wy and w = wg41. This means, in view of
(3.32), that C(n;w) changes its sign between wy and wi+1 and, therefore, has at least
one zero on each interval (wg,wg+1).

To complete the proof of the theorem, we should show that C(n;w) changes its sign
on each interval (wk,wk+1) only once. Suppose that C(n; wx) = C(n;wk+1) = 0 and
Wy < Wk < We4+1 < We+1. Then, by (3.32), the function S(n;w) has different signs
at w = wy and w = wg41 and, therefore, this function has at least one more zero
on (wk,wk+1)- So, we have obtained a contradiction, and, therefore, the basic cosine
function C(n;w) has exactly one zero between any two successive zeros of the basic
sine function S(7;w). a
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The proof of Theorem 1 has strongly indicated that asymptotically the large w-zeros
of the basic sine function S(n;w) are

wn, =+, ¢, g4 < 3n < g3 (5.10)

as n — co. The same consideration as in [12] and [14] shows that S(n;w) changes sign
only once between any two successive test points w = v, and w = Yp4+1 determined
by (5.6) for large values of n. We include details of this proof in Appendix A to make
this work as self-contained as possible.

Our next theorem provides a more accurate estimate for the distribution of the
large zeros of this function.

Theorem 5. If wy,ws,ws, ... are the positive zeros of S(n;w) arranged in ascending
order of magnitude, then

wn = ¢4 +0(1), (5.11)
asm — oo.
Proof. In view of (5.1) and (II1.32) of [8],
(‘—q3/2, — 32, %1202, 112 2 ) oo
1-q'/2 (4, 4% —qw?, —¢%/w? ¢?) oo

_ 172 _3/2
q q .2 q
X 201 ( ,q H/ —a_ﬂ-)
LY (—q'/%, —¢%/2, g%/ %2, ¢ /2 Jw?; ¢) oo
1—q'/2 (7%, ¢3 —qw?, —¢%/w?; ¢%) o

_3/2 _,5/2
><2<P1( q o g 1%)’

S(mw) =

(5.12)

which gives the large w-asymptotic of S(n;w). When w = ¢'/4" and n=1,2,3,...,
the first term in (5.12) vanishes, and we get

1/2 (_,3/2. 2
140y — (_1ynon/2-1/4 L@ (=% ¢%)n
S(m;g/*™") = (-1)"q T Calg) (5.13)

_3/2 _5/2
><2<P1( q ’q3 q ;qz’ _q2n+1/2)

with the help of (1.9) of [8]. Thus,
s . 1/4-ny
Jim S(n;¢/*) =0, (5.14)
which proves our theorem. O
In a similar fashion, one can establish the following theorem.

Theorem 6. Ifw;, @z, ws,... are the positive zeros of C(n;w) arranged in ascending
order of magnitude, then

wn = ¢4 +0(1), (5.15)

as n — oQ.



14 BUSTOZ AND SUSLOV

The asymptotic formulas (5.11) and (5.15) for large w-zeros of the basic sine S(n; w)
and basic cosine C(n;w) functions confirm the interlacing property (5.9) from Theo-
rem 4.

Let us also discuss the large w-asymptotics of the basic sine S(z;w) and basic cosine
C(z;w) functions when z = cos 6 belongs to the interval of orthogonality —1 < z < 1.
From (2.1) and (2.2) one gets

_621'9’ _e—2i6

C(cosf;w) =2s01( . ; ¢ —qwz) (5.16)
_ (—6_2i0,—q6_2i9, qw2e2i‘9, e‘2i‘9/w2;q2)°°

(¢, €49, —qu?, —q/w?; ¢?)co

2i0 2i0 2
—€ —qe 2 q
X 21 ( ,2 410 y 4, —

e w?
(—621:9, _qe2i«9, qw2e—2i0’ 62i0/w2; q2)°°
(g, ¥, —qu?, —q/w?; ¢%)oo

ey o 9
—e 2z0, —qe 2i0 r q
X 201 q2e—4z’9 y 4 2

+

and

1/4 —2i0

w 29 _
cos @ 2(p1( ge ’q3 ge H q27 _qw2> (5.17)
 2g /4w (—qe~2, —q2e=20, 2,220, o280 /2. g2
= cosf 3 —4i0 2 2. 2

1-¢q (g%, e~40, —qu?, —q/w?; ¢?) o

2i0 2i0 2
—e —qe ) q
X 201 ( 5 _4i0 5 g% )

S(cosb;w) = 2;1

g%e T2
62i0, _q262i0, q2w2e_2i9, e2i9/w2; q2)°°
(g3, e*?, —qu?,—q/w?; ¢?)

—2i0 —2i6 2
—e —qe q
X 201 ( qz’e—4z‘g 5 q2, —;2')]

+ (—¢

by (II1.3) and (II1.32) of [8]. For |z| < 1, |¢| < 1 and large w, it is clear from (5.16)
and (5.17) that the leading terms in the asymptotic expansions of C(cosf;w) and
S(cosf;w) are given by

(e 0w (090%™ 0% | (€1 0)00  (aw%e7*;¢%)

Cleos i) ~ 1T, @) (@)oo T (@ i P)os (0P
(5.18)
and
S(cosB;w) ~ 2¢/ cose[ (_qe_m:e;q)“’ (¢°w?e™; ¢%)oo
l1-¢q (6% e 49 ¢%)00  (—qw?¢%)eo
(—2¢**; @)oo (q2w26‘2i";q2)oo] (5.19)
(63 'Y  (—qw? D)o | ’
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respectively. In particular, when w = w, are large zeros of the basic sine function
S(m;w), we can estimate

C(cos B;wn) ~ C(cosb; g/*™™), (5.20)
S(cosB;wy) ~ S(cosB;¢/4™™), (5.21)
due to (5.11) as n — co. Relations (5.18)—-(5.21) lead to the following theorem.

Theorem 7. For —1 <z =cosf <1 and |q| < 1, the leading term in the asymptotic
ezxpansion of C(cos@;wy) as n — oo is given by

1/2. ‘
C(cos0;¢'/4™") ~ 2—-———(((1(1' q’;;gw |A(e®®)| cos((26 + m)n — x) (5.22)
’ (e <]
where
. o\ (q3/2e=2i0 g5/26240, g2)
A(e) = (1 - g2e29) (62:5; D Joo (5.23)
ioy -2 _ __ (¥, e7*%q)o0
|A(®)| ™ = (q/2€%8 | qi/2¢=2if, q) (5.24)
and

x = arg A(e”). (5.25)

For —1 <z =cosf <1 and |q| < 1, the leading term in the asymptotic expansion
of S(cosO;wy) as n — oo is given by

1/2. .
S(cos ; q1/4_n) ~ 2%—;}-’5—@& IB(e‘o)I COS((29 +m)(n—-1)- ’(ﬁ) (5.26)
where
1/2,-2i0 ,3/2,2i0. 2
iy _ _io (@7%e7%,¢%%e*%¢%)
B(e¥)=¢ @ g) , (5.27)
i6\|—2 _ (62110’ e—2i0;q)°°
|B(e’ )| = 1/2,210 o1/2,—2i0. ) (5.28)
(¢1/2€%9, g'/2e=210; q)o
and
¥ = arg B(e'f). (5.29)
From (5.23) and (5.27),
(o—2i0. ,
Ay = ¢i0 & i De po-ioy (5.30)

(€25 @)oo

It is worth mentioning also that the factor |A(e%)| =2 = |B(e%®)|~2 coincides with the
weight function in our orthogonality relations (3.26)—(3.28) for the basic trigonometric
functions.

In a similar fashion, one can use the first lines in (5.16), (5.17), and Exercise 3.8
of [8] (see also the same line of reasoning in [9]) to establish complete asymptotic
expansions of the basic sine and cosine functions for the large values of w.
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Theorem 8. For —1 <z =cosf < 1 and |q| < 1, complete asymptotic expansions of
C(cosb;w) and S(cosf;w) as |w| — oo are given by

(qw?e*; ¢®)oo 7 4 q)an 2,29, 2\~1
C(cosb;w) = "———— we“*”; q
( ) (67295 q)oo (¢, —qw?; ¢*) oo ,;, (a2, ¢%e*;¢*)n (a n
(qw?e™?;¢%)oo & e”%%; q)on —2i9, 2
- we” 7,
(€29} 9)oo (9, —qw?; %) oo ,;J (q g2 ¢%), (a" O
(5.31)
and
S(cos 0; w)

— ¢t (q2w2e2i9;q2)°° Z on+1/4_\"9€ "3iq)2n (—gé? aQ)2n ( 2 2i9. qz)—l

5 gw’e
(6729 ) 0 (g, —~qw?; ¢%)oo (92, q%e*%;¢%),

n=0

+e %

'(42 wle26; g%) o iq2n+1/4 (—qe™%*; q)2n (qwze-zie.qz)—l_
(€2; Qoo (e, ~qw? D)oo = (¢%, =40, @), ),

(5.32)

The asymptotic expansions (5.31)—(5.32) are not in terms of the usual asymptotic
sequence {(:cw)‘"}n_o, but are sums of two complete asymptotic expansions in terms
of the “inverse generalized powers” (g?w?et?¥;¢?)-1 (cf. [9]).

Remark 1. Mourad Ismail brought to our attention the following quadratic trans-
formation formula [16]:

v+1 v+2

- y q;q) 2/r

21 ( 7 q2v+2 ? ) g 2 2/4> (qE,_H,)q)oo (—-1‘(2//4 )qz) J1S2) (1‘; Q)
(5.33)

where [r| < 2, relating the 2¢; of a given structure with Jackson’s basic Bessel func-

tions J$2 (r;q). A similar relation was earlier found by Rahman [24]. This transfor-
mation shows that our basic sine S(n;w) and basic cosine C(n;w) functions are just

multiples of Jl(f)z(2w; g) and JSQI) /2(2w; q), namely,

(4 9)oo w!/? 2
Smiw) = (€Y% 9)0 (—qw?;¢%)co J{/;(Qw; %) (5.34)

. (g:9) w!/? (2 )
Clmew) = (ql/z;qo;w et ) 12250 (5:35)

The main properties of zeros of the g-Bessel functions I (r; q) were established in
Ismail’s papers [10] and [11] by a different method. This gives independent proofs of

our Theorems 1-4. Some monotonicity properties of zeros of JS )(r, g) were discussed
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in [15]. Chen et al. [9] have found a complete asymptotic expansion of I (r;q) for
the large argument,

1/2. Y
@ () = (L5 Do0 (T T (41/2)/2. 1/2
i) 2(q;q)oo (2) (’2‘1 4 )oo (5.36)
2(€12%)n /2"1)n T y1/2)2, 172\ "
xX%q/ T (iq( /)/,q/)n
=

+ (__z I gw+1/2)/2, q1/2)

o0

v+1/2, ) r -1
x n/2 (q 3d)n I (u+1/2)/2; 1/2 ]
,,z_;,q C@on ( 21 1 )n

This follows also from Exercises 3.15 and 3.8 of [§8]. Equations (5.34)—(5.36) result in
(5.11) and (5.15). Ismail and Stanton have found that both 2¢;-series in (5.1)-(5.2)
can be summed as a consequence of the g-binomial theorem. Their observation gives
the following simple “infinite product” representations for S(n;w) and C(n;w),

L 1/2Y (s 1/2
S(UW):( w’gi(_);‘,z;%f ke (5.37)
and
(—iw; q /2)00 + (iw; q1/2)°°
2(- qw?;¢?)oo

6. Evaluation of some constants

Cnw) = (5.38)

In this section we shall find explicitly the values of the normalization constants in
the right sides of the orthogonality relations (3.26)—(3.27) for the basic sine and basic
cosine functions. First, we evaluate the integral

T 5 2 (e2i9 —2i6. Q)oo
2k(w) =/0 (C?(cos B;w) + S(cosb;w)) (g2, ql/ze—zw, D do
™ (€29, =20, q)o,
_[) C(cos8, - cosO;w) (G725, iT720; g do (6.1)
where we have used the identity (4.14) of [26],
C(z, —z;w) = C%(z;w) + S%(z;w). (6.2)
In view of (2.3), for |w| < 1 one can write
( qw?; ¢%) oo k(w) = i( 2) / ;D (6.3)
(—wz,q2) = (g, —q q1/2 Dn
, - -
(6219, e 21,0’ q)
X/(; (qn+1/262i0’ qn+1/2e—2z9’ Q)oo df.

The integral in the right side is a special case of the Askey-Wilson integral [4],

™ €20 =28, o)
/ n+1/2( 26 gnil/2 q)-2i9 df (6.4)
o (g e, ¢ e~29; @)oo

_ 2m(g*™%; g)oo
- (q’ —‘1"“/2, qn+1’ “Q"H, qn+1, __qn+1, _qn+3/2; Q)oo.
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Therefore,
5 (-09%¢%)os 27(¢"/%; g)oo (—w?)"
= 5
( —w?%¢%)oo Hw) (4,9, ¢, —4"%;¢)oo :; 1—gn+i/2 (65
where we have used the identity
(*"12%q) = (q”“, —q"t, g2 —gnt3/2, q) N

However,

(zw?)" 1 g, ¢/% 2
Z g2 T 1 g1z 21 ’q3/2 I
(q,—q”zw"’;q)oo ¢?, —w? |
T (@7, 0% 9)e 2T _q1’/2w2 5 4.9

by (IIL1) of [8]. The last line provides an analytic continuation of this sum in the
complex w-plane. Finally, we obtain

bw)= 2 [ (CP(cosb) + 5 (cosbs (&%, e Qoo 0 66

W) =3 o (C?(cos b;w) + S%(cos b;w)) (q1/262i0, ql/2¢=2i8; g)__ (6.6)
(‘11/2’__(11/26‘)2;(1)oo (——w ’qz) q1/2 —w? .

=" (q? _wz,q)oo ( qwz’qz)o::o 2¥1 1/2 2 4,49 . (67)

The second line gives the large asymptotic of the function k(w),

(_q1/2w2; Q)oo (_w2;q2)°° —2
klw)=m 14+ o(w , 6.8
W= e e T (€8)
as w? — 0o but w? # —g~""1/2 for a positive integer n. In particular, when w = wy,
are large zeros of the basic sine function S(n;w), one gets as n — oo
2
o B A1y o (6D
k(wn) k(q . ) 2m (_ql/g;q)go (6'9)
by (5.11) and (1.9) of [8].
With the aid of (6.6)—(6.7), one can now rewrite (3.31) and (3.32) in more explicit
form,

™ 216 —2i0 2
2 . (e ) € ) Q)OO 7T(q 5 q)oo . .
/0 Cleostie) tapem, e, gy, ¥ =T~ an” C(n’w)S(Zﬁ, L:()))

and

L 210 —2i0
2 . (6 ) € ; Q)oo _ 7T(q ) Q)oo
/0 §{eosbiw) (qg1/2e%0, ql/2e=%0; q), 4= k{w) w(g; 9% C(n,w)S(Z;)l)

These basic integrals are, obviously, g-extensions of the following elementary integrals

1
1
/ coslwr dr =1+ " sinw cosw, (6.12)
-1

1 .
1
/ sinwz de=1- o sinw cos w, (6.13)
-1
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respectively.

When w satisfies the boundary condition (3.23), the last terms in the right-hand
sides of (6.10) and (6.11) vanish and we obtain the values of the normalization con-
stants in the orthogonality relations (3.26)—(3.27) in terms of the function k(w) defined
by (6.7).

Remark 2. Mizan Rahman has established the following relations by direct series
manipulations:

1 1/2 g1/262i0  g1/2¢~2i6
C2(cose; w) = 3 (—wz;q2) 12 [3(,02 ( q q 1q2 : g, —w?

—q, —qV/
+3<P2( a7 _ql_/zezi’/z—qlﬂe_m ;g —w2)], (6.14)
52(cos 6;w) = % (_“’25‘12)1/2 [3(‘02 < q*/?, ql_fz?%j:]l%/ze—%o - —w2>
—3<P2< ¢ _ql_/z‘,gzz;’/z_ql/%-m 4, —w2)], (6.15)
and
/ " P eosbi) o € W0 gy T (0% 93 (~w*¢%)oo
(¢1/2€%P, ¢1/2e29; q)os 1-¢2 (9% (- ¢*)w
[2901 ( 1 q/ 2%, —w2> + 261 ( —qlq/;/’2 B —w2)} , (6.16)
/” S(cosbw) o € oo gy T (@/%9)% ()
(/2% q1/2e=2i8; gq)o, 1-¢'2 (9% (—qw?¢?)e
[2%( q/ 2, —w2) —2901( _qlq/;/’z 1, —w2>]. (6.17)

The last two formulas give alternate expressions for the right-hand sides in (6.10) and
(6.11). One can easily see also that (6.14) and (6.15) are consequences of equations
(4.2), (4.12), and (4.14) in [26]. Relations (6.16) and (6.17) follow from our equations
(6.6)-(6.7) and (6.10)—(6.11) in this paper with the help of (4.3) and (4.13) of [26].
Both ¢;-series in (6.16)—(6.17) can be summed as a consequence of the g-binomial
theorem,

—gl/2 _ 1/2
' —q, 2 E : (=1;¢"%)2n41 . 2n+1
2 < g T ) (€"/%¢Y%)2n+1 (i)

_1 —ql/ _ (—iw; 22 — (iw; ¢/,
4w (—w?% @)oo

n=0

(6.18)
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and
, q . T €q'", €q |
2¢1 ( qqs/z v 4 —w2) —}1_1}} 2#1 ( ¢r X —w2)
_ 142 i L | (Gews 0o (—iew; ¢/%)oo
- 2w e—»11—¢ (iw; q1/2)oo (_iW; q1/2)°°

_1/2 A V)
I ek P G T
2 dw 7 (w;9%)e
From (6.6), (6.16)—(6.19) one gets
_ (@Y% 9% (- ) d | (—iw; ¢*)oo
bw) = 2i(g; 93 (—qw?; ¢*) o a8 (iw; ¢/%)o0 (6.20)

7. Orthogonality relations for g-exponential functions

(6.19)

Euler’s formula,

€"® = coswz + isinwz, (7.1)

allows us to rewrite the orthogonality relations for the trigonometric functions (1.6)—
(1.8) in a complex form,

1/ T TN
% /_l exp (sz) exp (—sz) dz = Omn (7.2)
where
1 fm=n
Omn = ’ .
{ 0 ifm#n. (7.3)

The g-analog of Euler’s formula (7.1) is
Eq(z; iw) = Cyg(z; w) + 1S4 (z; w) (7.4)

where &;(z;a) with o = iw is the g-exponential function introduced in [18]. (See
also [5] and [26]. Here we shall use the same notations as in [26].) C,(z;w) and
Sq(z;w) are basic cosine and sine functions defined by (2.1) and (2.2), respectively.
Our orthogonality relations for the basic trigonometric functions (3.26)—(3.28) result
in the following orthogonality property for the g-exponential function
1 ™ ‘ ' e2i0 =20, 0y
m/o Eq(cos b; iwnm ) Eq(cos b; —iwn) (ql/geZi",ql/?e—gze;q)w df =bmn  (7.5)

where wp,,w, = 0, wq, tws, fws, ... and wy = 0,w;,ws,ws, ... are nonnegative ze-
ros of the basic sine function S(n;w) arranged in ascending order of magnitude; the
normalization constants k(w,) are defined by (6.7).

A basic analog of

@) = cosw(z +y) + isinw(z + ) (7.6)
is
Eq(x, Y3 iw) = Cq(z, y;w) +1Sg (2, y5w) - (7.7)

See [18] and [26]. The general exponential function on a g-quadratic grid £g(z, y; iw)
has the following orthogonality property.
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Theorem 9.

(e s o
(q1/2e2%i8 q1/2¢—210; q)

= 2k(wn) Eq(cos @;iwn) Eq(cos s —iwn) Omn (7.8)

Uy
/ E4(cos B, cos p; iwm ) Eq(cos b, cos ¢'s —iwn)
0

where Wy, wn = 0, xw, tws, Tws,... and wy = 0,w1,ws,ws,..., are nonnegative
zeros of the basic sine function S(n;w) arranged in ascending order of magnitude; the
normalization constants k(wy) are defined by (6.7).

Proof. Using the “addition” theorem for basic exponential functions [26],
Eq(x,y;1w) = Eq(z;1w) Eq(y; iw), (7.9)

and the orthogonality relation (7.5) one gets (7.8). O

In a similar fashion, we can establish the following results.

Theorem 10.

" ’ (e2i9’ 6—21'9; q)co
/0 C(cos 8, cos p; wm C(cos b, cos ¢';wy) (2680, qize—2i; gy do
0 if m#n,
= 7.10
{ k(wn) C(cosp, —cos¢';wn) if m=mn; (7.10)
T , (621'0’ e—2i0; Q)oo
fo S(cos b, cos @; wr) S(cosh,cosp’;wn) (172650, qif2a-2i0; g do
0 if m#n,
= a1
{ k(wn) C(cosp, —cos¢’swn) if m=n; (7.11)
and
™ 2i0  ,—2i0
. 1, (C y € 5 q)oo
/0 C(cos b, cos ; wm) S(cosb,cosy’;wn) (270, qi/Eg—2i8, gy do
_Jo fm+#n,
) { K(wn) S(cos g, —cosgliwn) if m=n; (712)

where wm, wn = w1,ws,ws, ... are positive zeros of the basic sine function S(n;w) ar-
ranged in ascending order of magnitude; the normalization constants k(wy,) are defined
by (6.7).

Proof. Use the “addition” theorem for the basic trigonometric functions [26] and the
orthogonality relations (3.26)—(3.28). a
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8. Basic Fourier series

By analogy with (1.2), we now can introduce a g-version of Fourier series,

f(cos) = ag + i(aan(cos 8; wy,) + bnSy(cos B;wn)) (8.1)

n=1

where wy = 0,w;,ws,ws, ... are nonnegative zeros of the basic sine function S(n;w)
arranged in ascending order of magnitude, and

(7, €= g)eq

ap = %(O) /0" f(cosb) (qU72e50, qilZe—7i0, gy do, (8.2)
an = E_(_wl—;; /01T f(cos8) Cy(cosb;wy) (ql/z(zz:: ::;:iigfq)w de, (8.3)
by = @ /0 i f(cos8) Sq(cosO;wy) @ /2(:2:: 21_/2;:;_53,‘;"’(1)00 do . (8.4)
The complex form of the basic Fourier series (8.1) is
f(cosf) = i ¢n E4(cos B;iwn,) (8.5)

with
1 4 ) (eZiG’ e—2i0; Q)oo

oo

where w, = 0, *w;, ftws, +ws,... and wy = 0,w;,ws,ws, ... are nonnegative zeros of
the basic sine function S(n;w) arranged in ascending order of magnitude; the nor-
malization constants k(wy) are defined by (6.7). These expressions, of course, merely
indicate how the coefficients of our basic Fourier series are to be determined on the
hypothesis that the expansion exists and is uniformly convergent. We shall study the
question of convergence of the series (8.1) and (8.5) in the next sections.

The g-Fourier series of f in either of the forms (8.1) and (8.5) will be denoted in
the usual manner by S[f].

9. Completeness of the g-trigonometric system

Completeness of the trigonometric system {€™*}%2_ ___ on the interval (—1,1) is one
of the fundamental facts in the theory of trigonometric series (see, for example, [1],
[6], [20]-[22], [29], and [33]). In this section, we shall prove a similar property for the
system of basic trigonometric function {&;(z;iw,)} where wy, = 0, w;, *ws, tws, ...
and wp = 0,w;,ws,ws,... are nonnegative zeros of the basic sine function S(n;w)
arranged in ascending order of magnitude. But first we need to discuss connections
between the basic trigonometric functions and the continuous ¢-Hermite polynomials.

The continuous g-Hermite polynomials,

- (5:9)n e
Hp(cosflg) = ) 77— el*™2°, (9.1)
kzd:, (0; ) %(a; Q) n—r
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have two generating functions,

S Hy(eostle) = gt 9.2)
2 G on (re, 77, g)os
when |r| < 1 and
oo 2
7;) ((i:q)i o™ H,(cos8|q) = (ga?; ¢%)ooq(cos b; ) (9.3)
(see, for example, [8], [18], and [26]).
Lemma 1. The following functions
e(z, @) = (90%; ¢*)ooEq(2; @), (9.4)
s(w) = (—qw’;¢) S(m;w) (9.5)

= -21—2 (e(z,iw) — e(z, —iw)),
and
c(w) = (~qw* ¢*) C(n;w) (9.6)
= % (e(z,iw) + e(z, —iw))
are entire functions in a and w, respectively, of order zero for all real values of x.

Proof. The generating function (9.3) gives a power series expansion for the func-
tion (9.4),

e(z, ) = Z hn, o™ 9.7
n=0
with
qn2/4
hp = hp(z) = ——— Hyp(z|q). 9.8
n = hn(z) N n(]q) (9-8)
The radius of convergence of this series is infinity because
= Jim (1)) " (9.9)
qn2/4 1/n
= lim H,(z =0.
n—*oo( (@, o) )
Thus, e(z, @) is an entire function in .. The order of this entire function is [21]
. nlogn ) nlogn
lim (—-——) = lim ( ) = 0. 9.10
nroo \ZTog hnl ) ~ w5\ “log [¢77% H (el0)/ (4 0] (410)
Functions (9.5) and (9.6) are just a sum or difference of two functions of type (9.4),
so they are also entire functions of order zero. This proves the lemma. O

The next step is to establish the following inequalities.
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Lemma 2. Let —cosh7 < —1 <z <1 < coshT where x = cosf, 0 £ 6 < 7, and
7>0. Then

|e(cos8; )| < e(cosh s |al) (9.11)
and
e(cosh 7; |a|) < e(cosh7y; |al) (9.12)
ifr <.

Proof. One can rewrite (9.1) as

A (g;9)
H 0lg) =2 — BTN cos(n — 2k)6. (9.13
n(cosflg) =2 (4 9)k(a Dk ( ) (813)

Thus,

Y (@9
H,(cosf|g)| <2 —=2 2" cosh(n — 2k)T 9.14
[Hn(eostla)] <23 (¢ Dk (g Dk ( ) (9.14)

= Hp(coshT|q).

Estimating both sides of (9.3) gives

|(qa 1) oo q(c050 a)l Z

n—O

laI”IHn(cos 0lg)|

Z( ) |a|"Hn(coshT|q)

n=0

(q|a|2 2) Eq(coshT; |al)

by (9.14) and (9.3). This proves (9.11). The monotonicity property (9.12) follows
from the monotonicity of the hyperbolic cosine function. O

Clearly, the system {&;(z;iwn)}3>_o is complete if the equivalent system
{e(z, twn )} _ o is closed.

Suppose that the system {e(z,iw,)}5>_., is not closed on (—1,1). This means
that there exists at least one function ¢(z), not identically zero, such that

/ o(z) e(z, iwy) p(z) dz = n=0,£1,%2,..., (9.15)

where p(z) is the weight function in the orthogonality relation (7.5). Then the function
70)= [ 9ta) eleyio) (@) o (016)

is an entire function of order zero and f(w,) = 0 for all n = 0,+1,+2,.... Thus the
study of closure amounts to the study of zeros of a certain entire function. Suppose

that ¢(x)is integrable on (—1,1),

/1 |¢(z)| p(z) dz = A < oo. (9.17)
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Then
1
f@I< [ 106e) efe, i) ple) de (918)
1
< e(cosh T, w|) [1 |¢(z)| p(z) dz
= A e(cosh T, |w|)
by (9.11) and (9.17).
Consider the quotient
9(w) = % (9.19)

of two entire functions, f(w) and s(w) defined by (9.16) and (9.5), respectively. The
functions f(w) and s(w) have the same zeros, so g(w) is an entire function. The order
of this entire function is zero because both f(w) and s(w) are of order zero (see [21,
Corollary of Theorem 12 on p.24]). Moreover, this function g(w) is bounded on a
straight line parallel to the imaginary axis. Indeed, let w = v + 46. Using the same
arguments as in Section 5, one can see that

s(16)
e(n, |6])
From this condition and the inequality (9.18), it follows that the entire function g(w)

is bounded on the imaginary axis. But an entire function of order zero bounded on a
line must be a constant (see [21, Theorems 21-22 and Corollary on pp.49-51] ). Then,

f(w) =cs(w) (9.21)

< oo. (9.20)

|6|]—00

and, therefore,

(9.22)

=]/ ote) £25D o) do
Eq(cosh7; |w|)

</
-1
S(coshry; [w])|

as |w| — oo and 7 < 7. Thus, f(w) is identically zero and the function ¢(z) does not
exist.
‘We have established the following theorem.

Theorem 11. The system of the basic trigonometric function {Eq(z;iwn)} where
n = 0,x1,%2,... and wy = 0,w1,ws,ws,... are nonnegative zeros of the basic sine
function S(n;w) arranged in ascending order of magnitude, is complete on (—1,1).

As corollaries, we have the following results.
Theorem 12. If f(z) and g(z) have the same q-Fourier series, then f = g.
Proof. The g-Fourier coefficients of f — g all vanish, so that f — g = 0. O

Theorem 13. If f(z) is continuous and S[f], the g-Fourier series of function f,
converges uniformly, then its sum is f(z).
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Proof. Let g(z) denote the sum of S[f], the g-Fourier series in the right side of (8.5).
Then the coefficients of S[f] are g-Fourier coefficients of g. Hence, S[f] = S|g], so that
f =g and, f and g being continuous, f(z) = g(z). a

Bessel’s inequality for the g-trigonometric system {&q(z;iwn)}32_,, where wy =
0,w1,ws2,ws, ... are nonnegative zeros of the basic sine function S(n;w) arranged in
ascending order of magnitude, takes the form

N 1
> el [ 1F@) plo) da (9.23)

n=—N

provided f € L2(—1,1), which means that |f(z)|? is integrable on (—1,1) with respect
to the weight function p(z) in the orthogonality relation (7.5). Here ¢, are the g-
Fourier coefficients of f(z) defined by (8.6). When N — oo, we get Parseval’s formula

> Il = [ 1@ ple) a (0:24)
n=—oo
due to the completeness of the g-trigonometric system {&g(z;iwn)}3%_., and the
space L2(—1,1) [1], [20]. It follows that the g-Fourier coefficients c, tend to zero if
feL3(-1,1).
10. Bilinear generating function

In this section, we shall derive the following bilinear generating relation,

Z (= - q;:;”:]g))m k™Y (wn) E4(cos ; iwy,)E,(cos p; —irwy,) (10.1)
n=—oo
(q 72 q1/2 210 1/2 —2i6. q)

ﬂ-(,,.e7,0+up, retf— up, ,,.eu,o--z(:?7 re—t0— up, Q)oo ’

for the basic exponential functions. Here, as before, w, = 0, fw;, +ws, +ws,... and
wo = 0,w1,w2,ws, ... are nonnegative zeros of the basic sine function S(n;w) arranged
in ascending order of magnitude. We shall use this generating function for a further
investigation of the convergence of the basic Fourier series (8.5) in the subsequent
section.

Let us establish a connecting relation of the form,

(90 ¢%)oo
= &.(cosb;ar 10.2
@07 D ) 102
_1 (9,72 €%, 672, g)oo
~or (reif+iv, reid—i¢ reiv—i0 re—ib—ie; q)

Eq(cosp;a) dp

where |r| < 1. One can easily see that if we could prove the uniform convergence in
the variable x = cos @ of the series in the left-hand side of (10.1), then the integral in
(10.2) gives the correct values of the basic Fourier coefficients (see (8.5)—(8.6)), which
verifies the generating relation (10.1) by Theorem 9.5. So, one needs to give a proof
of (10.2) first.
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The continuous g-Hermite polynomials have the following bilinear generating func-
tion (the Poisson kernel),

_ (r% 9)oo
Z (q’ Hn(cos0|q)Hn(cos ¢la) = (reio+ie, reib—iv_reip—i0, re—ib—iv, q) _ (10.3)

n=0

where |r| < 1. The orthogonality relation for these polynomials is

/ H,,(cos 8|q) Hy(cos8]q) (e?,e7%%; q) o df = 2rr (&) b (10.4)
0

(, )oo mn

(see, for example, [8]). Expanding &,(cos p; ) in the right side of (10.2) in the uni-
formly convergent series of the continuous g-Hermite polynomials with the aid of (9.3),
we get

1 N (qa T27 e2i¢7 6—2i¢;q)o¢. 2, 2
o /0 (,,.ei0+i<p Teio—w rew—w,re—ie—w;q)w (9075 ¢")ooEq (o8 3 ) dip (10.5)
= Z ' AL Mt Hp(cos plg) dop.

= (q’ q)n 27r 0 (lrez0+up rew—up ,,-eup—w re—t0—ip. q)

The series in (10.3) converges uniformly when |r| < 1. Then, using (10.4),

1 [™  Hp(cosoplg) (g,7°,€*%,e7%%; q)oo
2 0 (rei0+i<p,Teie—icp,reitp—ie’re—ie—i<p;q)oo

dp =™ Hy(cosb|q). (10.6)

From (10.5), (10.6), and (9.3) we finally arrive at the connecting relation (10.2).

Uniform convergence of the series in (10.1) can be justified with the help of the
inequality (9.11) and the corresponding asymptotic expressions. This proves (10.1) by
Theorem 13.

It is worth mentioning a few special cases of (10.1). When 7 = 0, we obtain the
following generating function,

1/2e2i9 1/2 —2'&9’q)°°’ (10.7)

L\: (—qw2; qz)m k(wn) €q(cos b;iwn) = (q,q

n=-—00
for £(x;iwy). If ¢ = /2, one gets
1/262i0 g1/202i0,

Z ( qr wnaq )00

(g,7%,q ;@)oo
e (10.8)

71-(__7‘232110’ _7-23—2'&0, 2)00

k™ (wn) Eq(cos B iwy) =

n=—0oo

A terminating case of this generating relation appears when r? = —1/qw?2, for an
integer m # 0,

Im| 1/2621’0 1/2,—2i6.

(Wi /w2 @)oo 1 . (g7, q 1 @)oo
L B (wn) Eq(cos =2
( quwz, ,qz) ( n) ‘1( ’an) 71_(6219/11(0?",,6—21'6/qw12717q2)oo

(10.9)

n=—|m|

Here m = +1,+2,43,....
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11. Method of summation of basic Fourier series

According to Theorem 13, for a continuous function f(z) the basic Fourier series S[f]
converges to f(z) if it converges uniformly. In this section, we shall discuss another
method of summation of basic Fourier series.

Let f(z) be a bounded function that is continuous on (—1,1) and let S[f] be its
g-Fourier series defined by the right-hand side of (8.5). Replace this series by

o]

S:[fl= D> calr) Eqlcosb;iwy) (11.1)
where
2,02, 2
%m=(£$g£ﬁo%@ / mmmg@moﬂm@ (11.2)
(e%e’ e—2z0; q)oo do

X (72638 qi/26-2i8, q)
provided that 0 < » < 1. Comparing (11.2) and (8.6),
lim cq(r) = cn (11.3)
r—1-
where ¢, are the regular g-Fourier coefficients of f(z). Suppose that the series S,[f]
converges uniformly with respect to the parameter » when 0 < r < 1. Then,

lim S,[f] = S[/]. (11.4)

On the other hand, from (11.1)-(11.2) one gets

S, [f] = Z ((q;w‘;’"’q)“ £,(cos B iwn) (11.5)

n=—oo
e2ip e—2i<p.q)

- 5 .4 _ 9 9 . o0 .

X%woﬁﬂm@q@WZMNWWmW%mmmw

Using the uniform convergence of the series in the bilinear generating function (10.1),
we finally obtain

=k [ A gt e
T 2 0 (.rei0+i<p,.reie—'itp,rei(p—iO,re—iO—itp;q)oo

It has been shown in [3] (see also [32]) that

1 [T fleosy) (g,7? €%%, e7%%; )oo
TEI{I ZT-,/O (r610+up ,,.ew—up ,,.eup—w ,,.e—w—up q) d<p - f(COSG) (117)

dep. (11.6)

for every bounded function f(cos€) that is continuous on 0 < 6 < 7. As a result, we
have proved the following theorem.

Theorem 14. Let f(z) be a bounded function that is continuous on (—1,1) and let
S:[f] be the series defined by (11.1)-(11.2). If S,[f] converges uniformly with respect
to the parameter r when 0 < r < 1, then lim,_,;- S, [f] = S[f] = f(z).
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12. Relation between g-trigonometric system and ¢-Legendre polynomials

The trigonometric system {e™®}32 _ ., and the system of the Legendre polynomi-
als {Pn(2)}_, are two complete systems in L?(—1,1). The corresponding unitary
transformation between these two orthogonal bases and their inverse are

] 2 1/2 oo
ITNT — - M P 12.1
o= (5) S 1/2) matom) Pal) 120
and
oo 1 1/2 ]
Pm(z) = Z (—Z)m (%) Jm+1/2(7l'n) e”m, (12.2)
n=—0oQ
respectively. Relation (12.1) is a special case of a more general expansion,
] 2 v oo
eire = (;) T(W) Y " +m) Jytm(r) () (12.3)
m=0

where C% (z) are ultraspherical polynomials and J,4m(r) are Bessel functions [30].
Expansion (12.2) is the Fourier series of the Legendre polynomials on (—1,1). Or-
thogonality properties of the trigonometric system and Legendre polynomials lead to
the orthogonality relations,

00
m+1/2
Z / Jm+1/2(7rn) Jm+1/2(7'l'l) = (snl, . (12.4)
m—0 ™
= m+1/2
Z 7rn/ Jm+1/2(7rn) Jp+1/2(7'l'n) = Jmp, (125)
n=-—00

for the corresponding Bessel functions.

The basic trigonometric system {&;(z; iwn) }o2 _,, and the system of the continuous
g-ultraspherical polynomials {Cp(x; 8]9)}3—o With B = ¢'/2, which are the basic
analogs of the Legendre polynomials, are two complete orthogonal systems in L,%(—l, 1)
where p is the weight function in the orthogonality relation (7.5). Therefore, there
exists a g-version of the unitary transformation (12.1)—(12.2).

Ismail and Zhang [18] have found the following g-analog of (12.3),

Ealoie) = (—qofg;;jz);:oaz;”;q)oo (12:6)

o0
. 2
x 3 im(1 = g"t™) g™/ I3 (205 9) Crm(w3¥1a)

m=0
where J,Ei)m(2w; q) is Jackson’s g-Bessel function (see, for example, [8]). The special
case v = 1/2 gives the basic analog of the expansion (12.1),

(q 5 Q)oowr: 1/2

(—qw2; ¢2) 0 (¢1/2; @)oo

o0
. 2
X Z zm(]- - qm+1/2)qm /4 Jff.)q.l/zmwn;Q) Cm(x; q1/2IQ)

m=0

Eq(5iwn) =

(12.7)
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where w_,, = —w, and wp = 0,wy,ws,ws,... are nonnegative zeros of the basic sine
function S(n;w) arranged in ascending order of magnitude.

On the other hand, the continuous g-ultraspherical polynomials Cp,(z; ¢*/2|q) can
be expanded in the g-Fourier series as

(5 ¢2]q) = 7 L5390 % @)oo mgm®/4 12.8
( q IQ) (q Do n_z_:oo( i)™q ( )
w2
L J@ (2wn; q) Eq(z; twy,).

X ) (—qwZ; ) /2

Indeed, by (8.5)—(8.6),

[e9)
Con(z;91?|q) = Z n Eq(; twn) (12.9)
n=—oo
where
1 w s . €20 =20, g
Cp = CTIE) /0 Crm(cos8;q7/%|q) E;(cos ; —iwn,) (q172670, gi/2e—210, ) de.
(12.10)

Using (12.7) where the series on the right converges uniformly in z for any w, and the
orthogonality relation

" 1/2 1/2 (e*%,e7%%; g) oo
/0 Crm(cos0;q/|q) Cp(cosb;¢*/*|q) (qU7260, gi7g—28, gy de (12.11)
1/2.
q'74 _
27r((q’q)2)°° (1- m+1/2) 15mp
see, Ior example, , one gets
f le, [8
(q1/2 Q)oo \m m2/4 w”:l/2
—_— (= 2 .
Cn = (q’ Doo ( 2) q k(wn)(—qw,%;q2) m+1/2( Wy Q)a (12 12)
or
@%0% (COmet wp(-wli e
Cn = n
(@D% (@Y% Q) m+1 k(wn)(—qw3; 9%

_m+3/2  __m+5/2
X2(P1( 7 q2’m+3q ; ¢, —w?,) (12.13)



¢-FOURIER SERIES 31
B 2
B C ) S G ™
($9)2% (@Y% @)m+1 k(wn)
[ (=g Q)0 (WEG™3/2,0Y27 ™ /02 ) oo

(2,2™3¢%) 0 (—qw2, —¢?/w2;¢?) o

_gmt3/2 _gl/2-m ) q >
X 201 ( y @y ——5
q Tow?

(=™ V% q)0e  (wW2qMt¥/2,q7127™ 02 ¢2) o

+
(71, ¢*™ 3 ¢?) (—qw2, —¢?/w?;¢%) oo
_m+5/2 _ . 3/2—m
><2901< P e —%)] (12.14)
q w2

by (5.31) and (II1.32) of (8], respectively. The last equation gives the large w-asymp-
totic of the basic Fourier coefficients. With the aid of (5.11), (6.9), and (1.9) of (8], we
finally obtain

len| ~ D ¢¥/% =0 (12.15)

as n — oo where D is some constant. Therefore, the series on the right-hand side of
(12.8) converges uniformly, and we have established the expansion of the g-Legendre
polynomials Cr, (; g'/2|q) in terms of the basic trigonometric functions &, (x; iwn) due
to Theorem 13.

Relations (12.7)—(12.8) define the unitary operator acting in L2(—1,1) [2]. Orthog-
onality relations of the matrix of this operator lead to the following orthogonality
properties

e 7.‘.(1 _ qm+1/2)

qm2/2 J(2) (2wn;Q) Jf(:.)|.1/2(2wl;Q) = bl (12'16)

= wnk(wn) (—qw3; g% m+1/2
and
oo
7T(1 _ qm+1/2) 2 9 9
2 o) Cat i O T 205 0) T o(2ni @) = by (127)

for the corresponding Jackson’s g-Bessel function. These relations are, clearly, g-
analogs of (12.4)-(12.5).

13. Some basic trigonometric identities

One of the most important formulas for the trigonometric functions is the main
trigonometric identity,

cos? wz + sin? wz = 1. (13.1)

It follows from the Pythagorean Theorem or from the addition formulas for the trigono-
metric functions, but one also can prove this identity on the basis of the differential
equation. The functions coswz and sinwz are two solutions of (1.9) corresponding to
the same eigenvalue w. Therefore,

d .
o [W (coswz, sinwz)] = 0, (13.2)
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or
cos? wz + sin? wx = constant. (13.3)

Substituting z = 0, one verifies (13.1).

We can extend this consideration to the case of the basic trigonometric functions.
Consider equation (3.8) with u(z) = Cy(z(2);w), v(2) = Sq(z(2);w), and p(2) =1,

AW (u(2),0()] =0 (13.9
where
W (u,v) = W(C(z;w), S(z;w)) (13.5)
= 2 [ 0(a(e)su)Olole - 1/250) + S(a(e)se)S otz ~ 1/2)0)]

is the analog of the Wronskian (3.9), and we also used (2.12)-(2.13). One can easily
see that W (u, v) here is a doubly periodic function in z without poles in the rectangle
in Figure 1. Therefore, this function is just a constant by Liouville’s theorem,

C(z(2))C(z(z - 1/2)) + S(z(2)) S (z(z — 1/2)) = C.

The value of this constant C can be found by choosing z = 0, which gives
(=w* d*)3 & 9 . 2 _ 2 L g 2 _ o
C=r—5—55 201 ’ ;@ —w” ) 2p1 ’ p 4 —w
(—aw?;®)% q q
(—w2;¢12)go ( q 2 2)
= ——=2 100 i g5, —w
(—qw?; )%, -
_ (P
(—qwz; q2)°°
by the g-binomial theorem. As a result, one gets
Cy(cos 8;w)Cy(cos(6 + ilog q/2); w) (13.6)
. ; . — (_w2;q2)°°
+ Sg(cos B;w) Sy (cos(6 + ilog ¢/2);w) = F——=
(—qw?; ¢%)oo

as a g-extension of the main identity (13.1). The special case of (13.6) when z = 1/4
and 1 = z(1/4) has the simplest form,

2.2
@mm+§mw=éiﬁ%§ (13.7)

Our identity (13.6) can also be derived as a special case of the “addition” theorem for
the basic trigonometric functions established in [26].

In a similar fashion, we can find an analog of the identity

cos?w(z +y) +sinw(z+y) =1 (13.8)
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by considering more general basic sine and cosine functions, C(z,y;w) and S(z,y;w),
as two solutions of equation (2.10). The result is

Cy(cos 8, cos p; w)Cq (cos(6 + ilog g/2), cos p;w) (13.9)

+ Sq(cos 8, cos p;w) S, (cos(G +ilogg/2), cos p; w)

(—w2;q2)°° 2 2

= (—qw%; ¢)oo [ C; (cosp;w) + 87 (cos p; w)]
_w2; 2 0o

= (o Cleosp—cosiia)

We have used (6.2) here. This identity also can be verified with the aid of the “addi-
tion” theorems for the basic trigonometric functions.

Identity (13.7) gives the values of the basic cosine function C(n;w) at the zeros of
the basic sine function S(n;w),

Omwm) = (<1)" % (13.10)

S(nywn) = (-1)" ”%, (13.11)

with the aid of Theorem 4.

Equation (13.6) shows that the basic cosine C(z;w) and basic sine S(z;w) functions
do not have common zeros for the same value of w.

and vice versa,

14. Example

Let us consider a periodic function p;(x) which is defined in the interval (—1,1) by
p1(z) = z. Its Fourier coefficients are

co = 0;
1t
cp = 5/ ze '™ dx
-1
-1 n—1
- ( z72n ! n#0.
Therefore,
[o <]
! (_l)n—l ITNT
z= ) e (14.1)
n=-—00
o o]
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The special case m = 1 of (12.8),

Ci(39*%lg) = % ql/ ‘ (14.2)

% Z k(wn)( qwz @)oo 3{3)2(2%"1)5(3? iwn),

gives us a possibility of estabhshmg a g-analog of (14.1). Let us first simplify the
right-hand side of (14.2). Using the three-term recurrence relation for the g-Bessel
functions (see Exercise 1.25 of [8]) and (5.34)-(5.35), one gets

I Qwniq) = —q 28 ) (2wn; ) (14.3)

1/2 oo \T nI 2]
- Sy o)

On the other hand,

2

Combining (14.2)-(14.4) and (13.10), we finally obtain

1/2 —1)-1 —w2:¢?) oo )
= ("1/4+q_1/4)n_2_:,,0z(k(:;1) o o o) (149

19)o0 - 1Hn-t ! 121; 2 oo
= @ ST (GO s

These equations are, clearly, g-analogs of (14.1).
15. Miscellaneous results

Under certain restrictions, a function f(2) analytic in the entire complex plane and

having zeros at the points aj,a2,as,... (these are the only zeros of f(z)) where
limy, . |@n| is infinite, can be represented as an infinite product,
oo
z) = f(0) e2f'(@/5(0) ((1—1) ez/“"). 15.1
)= 10) I((- (15.1)
See, for example, [31] and [21]. Consider the entire function
S(nw
F() = (g g2)oe 2B (15.2)

which has simple real zeros at w = fw, by Theorems 1-3. In this case

f(O) 11/2’

f@) = f(0)+3 SF0) WP+
F'(0) =

and
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As a result, we arrive at the infinite product representation for the basic sine function,

st s (-3 ((+2))

e (15.3)

1 w b w?
—q1/? (—qw?;¢?) 11 (1_ w_z)

n=1

In a similar manner, one can obtain an infinite product representation for the basic
cosine function,

Clnw) = (q—w:’éz—); ﬁ ((1 - win) e“'/"’n) ((1 + -g;) e""/“’") (15.4)

ok
1 had ( w2>
= 1-=).
(—qw%¢%)oo ,El @3

Equations (13.10)-(13.11) and (15.3)—(15.4) result in the relations,

(~1)y/ ol = HO——) (15.5)

n=1

and
(—1)" (T e = H@“:) (15.6)

between the zeros of the basic sine S(n;w) and basic cosine C(n;w) functions.

Appendix A. Estimate of number of zeros of S(n;w)

In this section, we give an estimate for number of zeros of the basic sine function
S(n;w) on the basis of Jensen’s theorem (see, for example, [7] and [21]). We shall
apply the method proposed by Mourad Ismail at the level of the third Jackson g¢-
Bessel functions [12] (see also [14] for an extension of his idea to g-Bessel functions on
a g-quadratic grid).

Let us consider the entire function f(w) defined in (15.2) again and let ns(r) be
the number of zeros of f(w) in the circle |w| < r. Consider also circles of radius
R=R,=xq"" ¢"/* <% <q 3% withn=1,2,3,... in the complex w-plane.

Since n¢(r) is nondecreasing with 7, one can write

nf(Rn) < ng(r) < ng(Ras1) (A1)
if R, <r < Ry,41, and, therefore,

Rp+1 R‘n+1n Rnt1
nf(R,,)/ dr /R f(r)dr<nf(Rn+1)/ dr- (A.2)

But
Rp41

Rn+t1 d
/ : logr =logq™!

Rn
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and, finally, one gets
Frtt g (r)

log g~ ng(Rn) < /Rn

In the proof of Theorem 1, we have established the fact that for sufficiently large n,
there are at least two roots of f(w) between the circles |w| = R, and |w| = Rp41. Thus,
for sufficiently large n, the inequality (A.3) should really have one of the following
forms:

dr <logq™! ns(Rnt1)- (A.3)

Rnta
logg™! ns(Rn) < /R nfT(r) dr <logg™! ny(Rn+1), (A.4)
or
Rnt1
logg™! ns(Rn) < 2 g < logg™ ns(Rnt1)- (A.5)
R, r
Our next step is to estimate the integral in (A.4)—(A.5). By Jensen’s theorem [7],
[21]
Rot1 Rni1 Rn,
[ ) gy [ ) g [T sl a6)
. r r 0 r

f(seg~m"1e?)

e | Y

2
= —/ log

For large values of n, in view of (5.5),
f(zq‘"‘le"”) (q3/2%2q—2n—2e2w; q2)oo
FOegme®)  (@2xq-2ned, oo

=1— q3/2%2q—2n—262i19’

and
f(%q—n—leiﬁ)

-1
Floeq—re®) ~2n logqg™" +loga

log

where o = »2¢q~1/2. Therefore,

Rn+1
/ 2’%@ dr =2n logqg~! +loga +o(1) (A7)
as n — oo. "
From (A.3) and (A.7),
-1 —1
14 loga/logg™* 1 < ns(Rn) <14 loga/logg
2n n 2n 2n
and, therefore,
. np(Rn) _
JLIEO o = 1. (A.8)
On the other hand, from (A.4)-(A.5),
ng(R,) < 2n+loga/logg™t < ng(Rpt1) (A.9)

or
nf(Bn) < 2n +loga/log g™ < nj(Rns), (A.10)



g¢-FOURIER SERIES 37

which gives
ng(Rnt1) — nf(Rn) < 2n+2+loga/ logg™!) — (2n — 2+ log o/ logg™!) =4.
Thus, we have established that
nf(Rnt1) —ng(Rn) <4 (A.11)

as n — oo. Due to the symmetry f(w) = f(—w), the last inequality implies that there
is only one positive root of S(n;w) between the test points w = 7, and w = Yn41
defined by (5.6) for large values of n.
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