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HAMILTONIAN FLOWS ON STATIONARY MANIFOLDS

Allan P. Fordy and Simon D. Harris
Dedicated to Martin Kruskal to celebrate his 70th birthday.

ABSTRACT. We consider the important question of the relationship between an
“integrable” nonlinear evolution equation, a partial differential equation (PDE),
and its stationary reduction, an ordinary differential equation (ODE). We are
mainly concerned with “transporting” algebraic machinery from the PDE to the
ODE. In particular, given a Hamiltonian representation of the original PDE, we
would like to derive the Poisson brackets, Hamiltonians, etc. for the stationary
flow.

In this paper, we give a systematic derivation of these Hamiltonian properties,
using an z — ¢ reversed form of the spectral problem for the PDE. We obtain, in
this way, the Hamiltonian structures, etc. of the PDE, but written in terms of
the stationary manifold coordinates. These structures naturally reduce to their
finite dimensional counterparts for the stationary flow.

We illustrate our results with several examples, including the Korteweg—de
Vries, dispersive water wave, and Ito hierarchies.

1. Introduction

When Martin Kruskal and his collaborators discovered the soliton and introduced
the Inverse Scattering Method for solving the Korteweg—de Vries (KdV) equation,
they opened up a whole new field which exploded into numerous subfields having
repercussions far beyond the subject of nonlinear wave equations. One of the early
discoveries was that the KdV equation can be regarded as a completely integrable,
infinite dimensional Hamiltonian system [14, 23]. This gave a whole new impetus to
the general theory of completely integrable Hamiltonian systems, (both infinite and
finite dimensional). During the 19th Century, there had been great interest in such
systems, but the subject fell from grace when Bruns and Poincaré showed the non-
integrability of the 3-body problem. However, following the discovery of the KdV’s
Hamiltonian properties, many new examples were found, such as the Toda lattice,
Calogero-Moser system, and numerous partial differential equations (PDEs). At the
end of the 1970’s, two very important discoveries were made.

1. Bogoyavlenskii and Novikov [7] showed that each of the stationary reductions
of the KdV hierarchy constitutes a completely integrable (finite dimensional)
Hamiltonian system.

2. Magri [18] and Gelfand and Dorfman [15] independently developed the theory
of “bi-Hamiltonian” systems, giving the KdV equation as a prime example.
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The first of these is concerned with stationary flows, meaning that we consider
solutions u(z,t) (for example) of a PDE (generally a system) which are independent of
t. Such solutions satisfy an ordinary differential equation (ODE) (generally a system).
In simple cases, such as the KdV equation, this is obviously a Hamiltonian system
(even Newtonian). Generally, this is highly non-trivial and follows (in our context)
from the Hamiltonian property of the PDE. As noted in (1) above, this Hamiltonian
system of ODEs can actually be completely integrable.

The “second” (local) Hamiltonian structure of the KdV equation (noted in (2)
above) is perhaps best understood in the context of Miura’s “Remarkable explicit
nonlinear transformation” [19], which is, in fact, a Poisson map, under which the
second Poisson bracket of the KAV equation is just the image of the single (local)
Poisson bracket of the modified KAV (MKdV) equation. These ideas were generalised
in the 1980s, being developed for general Lax and many other classes of equations
[11, 12, 17, 3].

In [5)], it was shown that the stationary flows of the KAV and MKdV hierarchies are
also bi-Hamiltonian. Thus, we have examples of bi-Hamiltonian PDEs whose station-
ary flows are also bi-Hamiltonian. However, as has often been pointed out (see, for
example, [8]), the situation is unsatisfactory, in that the relationship between struc-
tures (such as Poisson brackets) associated with a PDE and those associated with its
stationary reduction is rather obscure. Ideally, we would like to “transport” known
machinery from an infinite dimensional system, directly to its finite dimensional reduc-
tions. However, the original approach of Bogoyavlenskii and Novikov required going
out of the Lax pair/zero curvature framework and using a Lagrangian representa-
tion to start afresh. Whilst the Lagrangian itself is derived from a PDE Hamiltonian
density, the resulting Poisson bracket bears no resemblance to that of the PDE. The
situation was improved by Antonowicz and Blaszak [1], who used z — ¢ reversal (see
the discussion leading to equation (24) below) together with the Miura map (following
the approach of [5]).

In this paper, we give a systematic treatment of this problem, by starting with
a zero curvature formulation of the given PDE in x — t reversed coordinates. Using
techniques employed in [3], we systematically derive (from a knowledge of the zero-
curvature representation) a Hamiltonian formulation of the PDE in = — t reversed
coordinates (our examples are, in fact, bi- or tri-Hamiltonian). The resulting infinite
dimensional Poisson brackets naturally reduce to their finite dimensional counterparts
for the stationary flows. The basic approach is to rearrange the Lax or zero curvature
equation in an appropriate way. In the case of a “generic” spectral problem, this is
straightforward, but for our stationary flows, which are deep reductions of the generic
case, the calculation is highly non-trivial.

In Section 2, we briefly describe how to build Hamiltonian operators from a zero
curvature representation, using the approach of [3, 4]. We first describe the generic
case, illustrating these ideas with the KdV hierarchy. For the benefit of the non-
specialist, we use the latter as a vehicle for introducing a number of “well-known”
ideas and facts, such as Miura maps and the construction of conserved densities. This
section also contains some important background information on stationary flows and
the idea of x — ¢t reversal. We refer the reader to [4] for a more formal and complete
exposition of all these ideas.
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The main results of this paper are in Section 3, where we show how to construct
the Hamiltonian structure of a PDE in terms of any coordinate system on the station-
ary manifold. The main difficulty here stems from the fact that the zero curvature
representation is a deep reduction of the generic case. After some general discussion,
we consider the case of the stationary KdV equation. Whilst this example is suitable
for introducing a number of ideas, it is too special. The stationary 5**-order KdV
equation is much more representative, so it is studied next in this section.

In Section 4, we consider some systems of PDEs associated with “energy dependent”
Schrédinger operators. In particular, we discuss the dispersive water wave (DWW)
and Ito hierarchies. In these cases, it is possible to use the recursion operator of
the PDE to derive a third Hamiltonian structure. Whilst this construction would be
invalid in the stationary reduction, the resulting Poisson brackets do reduce correctly.

2. The zero curvature representation in Hamiltonian form

Since the early discoveries of Gardner, Greene, Kruskal, and Miura, there has been
interest in equations with a so-called Laz or zero curvature representation. We consider
nonlinear evolution equations which can be represented as the integrability conditions
of a pair of linear equations:

v, =UY, (1)

v, =V¥ (2)
where U and V are N x N matrices, dependent both upon the functions entering the
nonlinear equations and upon a spectral parameter A. The integrability conditions
are

This can be interpreted as the zero curvature condition for the Lie algebra-valued
connection defined by (1) and (2). With A; = 0, this is said to define an isospectral
flow of the spectral problem (1). For a given U, the matrix V' can be determined
algorithmically for simple classes of A—dependence. We write (3) in the form

Ui=(0—-adU)V withd=0, (4)
where (adU)V = [U,V]. These can be represented with respect to some basis, with

U = u;e;:
Zuitei = —(Z B,'jei ® Cj) (Z’uiei) = - Z (Bij'l);)ei,
7 %3 k

’

with e} the dual basis of e; , so that B;je; ® e; is a (2,0) tensor whose components
are (at most) first-order differential operators. In components,

Uzt = -—B,;j’v;f, v;‘ = 0ijV5, Gij = tr(eiej). (5)
Here the matrix B (components B;;) is the Hamiltonian operator and the vector
(v3,...,v}x)T is the gradient of some Hamiltonian functional. The simplest way of

calculating this is to check the trace form tr(U;V) since
tT(UtV) =U;- v*.

We are mainly interested in the hierarchy of isospectral flows of a spectral problem
with U dependent upon A and the “potential functions” in some specified way. We
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often have polynomial dependence upon A, generating a sequence of polynomial flows,
labeled by “times” t,:

All the examples of this paper involve second-order spectral problems, so we just
present the case N = 2 here (see [16] for some higher order examples).

Example 2.1 (2 x 2 matrices). We have
_fa b (7 «
V= (c *a>’ v= (ﬂ —v)’
and define

u=(b,c,a)7,v=(a,0,7)F, giving v*=(8,0,27)T = -5,h.

The above formula gives

0 —0+2a -b
B=|-0-2a 0 c |. (7)
b —c -10

With some A-dependence of a, b, and ¢, these can form blocks within larger Hamilton-
ian structures. In [9], this is used to generate multi-Hamiltonian structures. When U
is linear in A, we get a bi-Hamiltonian formulation.

Example 2.2 (The linear pencil: w = A + wp, ¢ = qo, 7 = 79)- This is the case of the
generalised Zakharov-Shabat (ZS) spectral problem, which immediately gives the bi-
Hamiltonian formulation

up = (By — ABg)dh, 6k = (850h, 6roh, Suoh) T,

written explicitly as

qJo 0 —-0+2wy —qo 0 -2 0 B
ro | =[]—-0— 2w 0 ro |—-A[2 0 O a|.
Wo + qo —To ——%6 0 0 0 2’)’

This example is deceptively simple as a consequence of the simple dependence upon
A. The spectral problems associated with stationary flows are deep reductions of the
generic case and have complicated A—dependence.

2.1. The KdV hierarchy. If, in example (2.1), we put a =0, b=1,c= 1A -,
corresponding to the Schrédinger equation ¥4, + ut); = %)ﬂﬁl, then we find

1 1 1
Y= _§atm :3 - _Eamw - (u - Z/\)a’ (8)

and
Ut = (Bl - )\Bo) o,

where

Bo=10, Bi= 8+ 20+ )
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In a simple way, this has generated the bi-Hamiltonian formulation of the KdV hier-
archy, with o = 6, 7. Taking o to be a polynomial expansion in A gives an element
of the usual KdV hierarchy. The first three polynomial flows are u;, = u; and

U, = Uggy + 6UUg, (10)

Uty = Usgpzs + 100Uszs + 20UzUss + 30Uy, (11)
which correspond, respectively, to ag) = 1, a1y = A+ 2u, and o) = A2 + 2 u +
2ugg + 6u?.

The Miura map. The second Hamiltonian structure B; is the image of a much
simpler structure through the Miura map. By adding a parameter, we get Gardner’s
generalisation, which enables us to obtain both Hamiltonian structures and an infinite
number of conservation laws. Explicitly, this takes the form

u= M) = —v; — v+ i-/\, (12)

The Jacobian (Fréchet derivative) of this map is defined by M’[v]w = & Mv+ew]|__,,
giving M’ = —8 — 2v. As in the finite dimensional case, the Jacobian is used to
“transport” Poisson brackets (now infinite dimensional). Generally, with

v = ]~36v7-l
where B is some Hamiltonian operator, and u = M[v], we have
ur = M”Ut and &Uﬁ = (M')T(SUH

where #[v] and #[u] are related by # = H o M (mod Imd) and (M’)} is the formal
adjoint of M’. Piecing these formulae together, we get

uy = M'B(M') 6, H.

In this way, the single (local) Hamiltonian structure of the MKdV hierarchy, —%6,
is transported to give

M’ (—%a) (M)t = %03 + 2ud + uy — %,\a = B; — \Bq.

Each Hamiltonian functional, H[u], is pulled back to a functional (an equivalence class
of functionals) of v:

Hlp] = H[M ],
and we have the mapping of Hamiltonian vector fields
Vs = —%861,7:[ = U= (Bl - /\Bo)(su’H.

The Miura map can be used to build an infinite family of commuting Hamiltonians.
We introduce the asymptotic expansion

1 -1 —~ —1 2
v=—5k+uk +Y wkT, A=k, (13)

=2
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which starts as
2
Vg = Ug, U3 = U" + Ugy,
2 2
vy = (Zu + ’Ltm)z , vy =2u®— ug + (Uggz + Buus),,

and satisfies (for ¢ > 1)

i
Vit1 = Vig + E VjVi—j,
=0

so, at each level, v;4+1 can be solved in terms of a local functional of vy,...,v;. It is
easy to prove that the even coefficients vq; are exact derivatives, so that

60 =k (1 +2ud™! + (2ugy +6uB) A2 4110

If we define Hpn = vant1, n=0,1,..., we get 6,v = k™1 o> A6y Hy. Since
(B — ABy) dyv = -—%M’a&,v =0,

we may define a = kb,v = Y oo A8, Hn, and the m** flow by

n=0
Ut,, = (B1 = ABo) &(m), m) = ("),

where the subscript “+” means taking only the non-negative powers of A. This gives
the bi-Hamiltonian representation

Ut,, = Bléu?-lm = BOJuHm+1- (14)

This bi-Hamiltonian ladder property guarantees that the Hamiltonians H, are in
involution with respect to both Poisson brackets. The flow (14) is the image of the
vector field

1
Ve = =50 Bm)s  Bim) = (M) ettmy |y _pp (15)
The first two flows and their “modifications” are
ap) =1, PBpy=—-2v = Uty = Ug, Vi = Vg,
Q) = A+ 2u, Uty = Ugge + buu, 5 (16)
=
Bay = —3xv + 40° — 2v,, Vi, = Vggs — 60205 + 5)\%.

For each flow (15), ——;—,G(m) is an expression in v and its z-derivatives. By substi-
tuting (13) into (15) and equating coefficients of k, we obtain an infinite sequence of
conservation laws, obeyed by each member of the hierarchy

Hntm = ]:nmz-

The fluzes Fr, play the role of conserved densities when we consider the z—t,, reversal
in later sections. The above discussion of the Miura map and its uses is very important
for what follows. These ideas and methods have a wide range of applicability in the
theory of integrable systems (see [4] for a review).
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Stationary reductions. Bogoyavlenskii and Novikov [7] used a generalised Legendre
transformation to write the stationary flows of the KdV hierarchy in Hamiltonian form
and then proved complete integrability. In [5], the Miura map was used to construct
a second Hamiltonian structure, and in [1], the equations were viewed with = and ¢
reversing their roles.

The m**-stationary flow in the KdV hierarchy is defined by

1
ut,, = §3c5u7-lm+1 = 0, m Z 1,

which is in the form of a generalised Lagrangian equation (see the Appendix)
6u£m+1 =0, £m+1 =Hmt1 — CmU-

Remark 2.1. Not all operators have such a simple kernel. For the KdV hierarchy,
Ker By = d,(cu), but Ker B; is not so simple. For B;, however, it is possible to
extend the space of variables in order to achieve this [6]. Generally, constants such as
c above arise from the kernel of the relevant Hamiltonian operator B (see the examples
of Section 4).

It is possible to write these Lagrangian equations as an m-degrees of freedom canon-
ical Hamiltonian system. If we take ¢, as a dynamical variable, then the Poisson
bracket is degenerate, with ¢, as Casimir:

Gah= 2y wpyrawe), g= (I b 0
’ 8117; 9 c%j ’ Om 0 0

where I, is the m x m unit matrix. Bogoyavlenskii and Novikov [7] showed that this
Hamiltonian system is completely integrable with first integrals given by the fluxes of
the Hamiltonians Hy, ..., Hm:

0=H0tm =‘F0mz,
0=7'lktm=]:kma: k=]—1"'7m,

where the first of these is just the equation, which is an ODE of order 2m. This is
used to eliminate higher derivatives from the fluxes Fi,, which then can be written
as functions of the variables (g, pi, ¢m): Fem = h(gi, piscm), K =1,...,m. The later
fluxes become functionally dependent upon Ai,...,An. Since {H;, Hn} = 0 for all
elements of the KAV hierarchy, the stationary manifold is invariant under the action
of the flows. The first components of each of the commuting Hamiltonian flows of the
stationary flow are precisely

1
Uty =§a($7'lk+1, k=1,"',m_17

when written in terms of the stationary manifold coordinates, since q¢; = u.

The Miura map between the KdV and MKdV equations induces a diffeomorphism
between corresponding stationary manifolds. The fluxes/Hamiltonians for the station-
ary flows are calculated directly from

1

Uty = —5Cmz

m 2
with &, given as a differential polynomial in v. Thus, substituting the expansion for
v into &, we directly construct the fluxes as coefficients in the k-expansion of ¢,.
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Furthermore, it is possible to use the Miura map to construct the second Hamiltonian
structure for the stationary flows.

Example 2.3 (The stationary KdV equation). The stationary KdV equation (which
defines ¢;) is

Qgy + 6u? = c1, (17)
with Lagrangian £ given by £ = 2u3 — u2 — c;u and canonical coordinates
g=u, p= —2‘11,3;, C1, (18)

¢1 being the Casimir of the degenerate canonical bracket. The Legendre transforma-
tion gives

1
he = c1g—2¢° — Zp2,

which is the flux of H; = u?.
The Miura map induces the diffeomorphism M given by

1 1
=—A——~—~2
q 1 D) q,

p=—& +4§° + 245 — 3)\j, (19)
a= %;52 —2§* + 246, + 30 + g,\2,
relating (17) to the stationary MKdV equation
—20zq + 40® — 30 = &, (20)

which has Lagrangian £ = v2 + v* — & v — )2 and canonical coordinates

g=v, D=2, 0.

The canonical Poisson brackets between the modified variables
a8y =1, {g&a}={pé}=0

induce

{e.p}=-29-X, {g,a}=-p, {p,a}=-2c+12¢ (21)

This is a non-canonical Poisson bracket for the stationary KdV equation. In fact, it is
a one-parameter family of Poisson brackets; the coefficient of X is just the canonical
bracket, while the remaining part is the second bracket [5]. This proves not only that
each coefficient is independently a Poisson bracket, but also that they are compatible.

The variable ¢; is a Casimir for the degenerate canonical bracket with its level
surfaces being symplectic leaves. The symplectic leaves of the second Poisson bracket
are different, being the level surfaces of h., while ¢; now generates the stationary KdV
equation.
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Reversing the role of z and ¢t. The KdV equation (10) defines a flow on the infinite
dimensional space with coordinates (u, Uz, Ugy, - -. ) and evolution parameter t. Since
we are interested in the stationary flow, we consider the KdV equation (a PDE) as a
special flow on the infinite dimensional space with coordinates (g, p, c1, g¢, pt, C1t, - - - )
where ¢, p, and ¢; are defined by (17)—(18), and with evolution parameter x. We now
must give the first three components of this flow:

q -1ip
p| =6~
c1 2¢q;

T

In [1], this low was shown to be Hamiltonian, with a 3 X 3 matrix Poisson bracket,
which reduces to the stationary case when the potential functions are independent of t:

q 0 1 0 c1 — 6q?
p| =|-10 o ~1p (22)
c1 0 0 20 q

T

where this last vector is just 6,(c1q— 2¢® — $p?) where 6,k = (65h, 6k, 6c, h)T denotes
the gradient of A with respect to the stationary coordinates. This could have been
done in any coordinate system, generally producing a non-canonical Poisson bracket.
However, with the same canonical variables as before, the equation took “canonical”
form.

Similarly, the MKdV equation (see (16)) can be written

0 1 0 é1 —4¢° + 3\ A
=[-10 0 ip = Bdsh (23)
0 0 -2 q

Ot 3y

T

where b = Ger — @ + %ﬁz + %/\62, and d; denotes the gradient with respect to the
modified stationary coordinates.

The Miura map (19) is only changed by —2§; in the definition of ¢;. As shown in
[1], the above bracket for the MKdV equation then is transformed to

0 —2q O:—p 0 1 0
2q —26, 12¢2=2¢; | -x[-1 0 o0 ]. (24)
Bt +p 2c; — 12q2 4(q8t + th) 0 0 26{,

These define Poisson brackets for the full KAV equation written in terms of the sta-
tionary manifold coordinates and clearly reduce to those (see (21)) of the stationary
equations when the potential functions are independent of £.

Such z — ¢t reversed flows and Poisson brackets also have been considered in [13, 20].

3. The z — ¢t reversed spectral problem

The above derivation of (24) was ad hoc, suited only to simple examples. We now
fit our stationary flows into the scheme described in Section 2 and thus treat them
as isospectral flows. In so doing, we give a systematic construction of Hamiltonian
structures, Hamiltonians, and time evolutions of the “wave functions” (of the associ-
ated spectral problem). For the latter, we give a formula in terms of gradients of the
corresponding Hamiltonians. In this section, we mainly present this in the context of
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the KdV hierarchy, but start with some general statements. Other examples are dealt
with in the next section and in [16].

Consider an equation in some hierarchy with zero curvature representation (6). For
simplicity of notation, we restrict attention to scalar equations, but multi-component
examples present no difficulty (see Section 4). In order to consider the ¢,, stationary
flow, we just reverse the roles of U (which equals V() and V{,,) (which now is playing
the role of the spectral problem). We write the zero curvature equations as

where §{ = t,. It should be noted (see the examples) that V{,,) depends upon u and
some (but not too many) of its z-derivatives. Following the argument which led to
(22), we write this in terms of some set of coordinates on the stationary manifold. For
comparison of results, we choose the canonical coordinates.

We write V(.,), when written in terms of the stationary manifold coordinates, as U
and consider a general evolution (labeled by 7) with zero curvature representation

Uy =Ve — U, V). (25)

The particular choice V = U = V|g) corresponds to our original equation in z — ¢
reversed form (in terms of the stationary manifold coordinates). All the examples of
this paper are associated with 2 x 2 matrix problems, so we now restrict to this case
(see [16] for other cases). We have

- %) v %)

where a, b, and ¢ are functions of g;, p;, ¢;, and X. Except for very simple cases (such
as the KdV equation), there are more than 3 coordinates, so (25) does not give the full
evolution q, where q = (q1,...,Gn,P1,+-+,PnsC1,---,Ck) L. Indeed, if we represent U
by the vector b = (b,¢,a)”, we obtain

b, = B&h (27)
where B is given by (7) (with § = 535) and 83k is shorthand for

h 6h R\
(E,E:E) =_(ﬂ$a727)T'

If J, denotes the Fréchet derivative of the map ¢ : q — b, then
b, =J,q; and &h=J]-6h (28)
where h = h o . Our task is to resolve (27) and (28) into the form
q- = Bi,h,

even though 7, is a 3 x (2n + k) matrix, with right kernel of dimension 2n + &k — 3.
This construction deals with each stationary manifold separately.
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3.1. The KdV equation. In this case, we have example 2.1 with (8):

%p A+ Zq)

! (%Az—%MHZ-%ﬁ —3P

where coordinates (g, p,c;) are defined by (17)-(18). The map ¢ then has Jacobian

2 0 0
0 10
In this case, it is possible to invert J,, to obtain
ar = J; B (7;0) 6, =B,k (29)
where
0 —29— ) -p+0
B=]2¢+A —-20 12¢% — 2¢; . (30)

p+8 —12¢°+2c; (4g—N)0+08(4g— )

As previously mentioned, this is related to the simple Hamiltonian structure of (23)
through the Miura map. This is an alternative way of proving that B is indeed
Hamiltonian.

To calculate the hierarchy of Hamiltonians, we repeat the argument used with the
KdV hierarchy in the usual coordinates. Since é; is a fluz in the usual MKdV language,
it is now a conserved density under T-evolutions. Furthermore, it is a Casimir function
of the Poisson bracket given in (23), so it generates the bi-Hamiltonian ladder (24)

Bo;ii =0 = Boer = M'B(M')6,61 = M'Bozé, =0,
where B is given by (30). The asymptotic series for ¢; can be derived from the known

series (13) by substitution into the formula (20), replacing z-derivatives of u by g, p,
c1, and their ¢-derivatives. Explicitly, we have

.1 41,1 - _
§=—gk+gk™" = Spk™* + (5e1 - 200k + (gg +ap)b T+

1
=k —cik™ — 2qek™% + (§p2 + 4¢3 - 2c1q +p5> E3 4.

The Hamiltonians

1 1 1
h_1= 3¢ ho = —sz +gc1—2¢%, hi= ZC% + gep,
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and second Hamiltonian structure, generate

q -ip q q
p =l6g2-ci|, |p| =|p]| >
c1 s 2q¢ c1 o c ¢
q Le1e — 2qq¢ — 3pc1
p| =|—2ge — 2qpe + 6¢%c: — ¢
43 _ 12
a), \(deg—4¢° - 30" —pe),

In general, we have
4, = (B1 — ABg)dgh(ry = B1dghr, h@) = N _ 4o+ Ry
The time evolution ¥, is given in terms of dgh(r):

Oh(r oh Oh(r
y= e e g 100

op écy 2 4q

1

(5h(r)
B —_

+ ( 501

A —2g) (31)

Thus h_; generates the KdV equation and hg the “translational flow”, telling us that
70 = €. We can use the 7—; flow to write p, c; and g¢ in terms of ¢ and its 7—3
derivatives after which

Qr, = Qzzazr + 1094zes + 20g2Gzs + 30(]242:,

where we have written 7_; = x.

Thus, the hierarchy is just the KdV hierarchy in disguise. However, without the
7_1 flow, this hierarchy shows no hint of being reducible from the (g,p,c1) space to
the ¢ space. In these coordinates, the reduction to the stationary flow g¢ = 0 is very
natural, with (30) reducing to (21) and the bi-Hamiltonian ladder becoming finite.

3.2. The fifth-order KdV equation. Here
1
Uy = 5857{3 =0, Hz=u?, —10uu? + 5u’.

The Lagrangian L3 = u2, — 10uu2 + 5u* — cou gives the canonical variables

Q=Y Q@2=Us P2=2Usz, P1=—2Ugzz — 20Us,
o = Qiggzs + 20Utz + 10u2 + 2003, (32)
with c; being a Casimir function of the degenerate canonical bracket. The spectral

problem is given by V(2) of the KdV hierarchy (example 2.1 with (8) and & = (),
with (32):

—a

W, =UT, where U= (“ b ) , (33)
[}
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with a, b, ¢ given by

1
a=—Aq + =p1 + 4q1¢2,

2
b=\’ +2Xq; +p2 + 643,
]. 3 1 2 ]- 2 1 3 2
c= Z/\ - 5/\ Q- Z)\(pz + 2q7) — 3¢ +q1p2 + 497 — G5

We denote this mapping by ¢ : q — b. As before, we consider an evolution V (see
(26)) where «, f, and ~y are functions of (g;,p;, co), their £-derivatives, and A. The
integrability conditions are again (25).

The Jacobian J,, is the 3 x 5 matrix

12¢; 42X 0 0 1 0
Jo=|12¢3 +p2— A1 — 322 —2¢2 0 ¢ —3x -1},
4qo dn-Xx 3 0 0
which does not, therefore, have a unique inverse. Thus the equation
b; =J,qr (34)
is underdetermined for the components of q., whilst the equation
Sgh = T} 6u 1 (35)

gives an overdetermined system of equations for the components of yh, which we
would like to solve in terms of d;h. Thus 6,h must be orthogonal to w € Ker 7,

wtd,h = (T,w) 6k = widh =0,

apparently giving rise to some constraints on §4h. In fact, these “constraints” can be
identified with part of the recursion relation of the bi-Hamiltonian ladder, so do not
constitute a restriction. The (right) kernel of J,, is important in what follows, and is
spanned by

V1= (]-a 0, _SQ% _12QI - 2)‘, 2p2)Ta
vy = (0,1,—8¢1 + 2),0,—4¢2)T.

The left kernel of J,, is 0. We then can solve (uniquely) for Sph:
- - 1 ~
dah =20p, b, &ph = 0p,h+ (291 — §A)662h, dch = —20¢,h, (36)
with “constraints”
1
Ap b = —§6q2h + 4q16p, h + 2q26., b,
1

Aop,h = §6q1h — 4g20p, h — 6q10p, h + p2dc, h. (37)

Since we do not have a left inverse for J,,, we cannot use (29). We write (25) as

T qr = Bbyh, (38)
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where B is the 3 x 3 Hamiltonian structure given in (27). We write (36) as 6,2 = D h
where

but are free to add the transpose of an element of the right kernel of J,,
~ 2 ~
6k = (D+ ) fiv})8;h = Dégh. (39)
=1

Indeed,
Jioh=06h = DJGh=Dsh=5h = DJi=1I

where I3 is the 3 x 3 identity matrix. Thus, for any choice of f;, D is a left inverse of
3.

Whilst the f; make no difference to the formula (36) for Sph, they can change the
right-hand side of

2
Jqurr = ﬁ (D + Z fzvj) 5qh(r)’ (40)

=1

which involves the truncated Hamiltonian h(,), which no longer satisfies the infinite
recursion relation represented by the “constraint” (37).

We now use our knowledge of the standard KdV hierarchy. The Hamiltonian Ay =
(A"*2h) is given in terms of the fluxes previously calculated:

1 1
h_g = 362 h_1 = —5q} + 10q1¢2 + qica + gap1 + ZP%-

We have the following correspondence between the usual KdV t; and 7,:

to =z, 11, t2=€7 t3,...

T_2=2%,7-1, To=2§& Ti,....

The 7_2 flow is just the z — t5 reversed fifth-order KdV equation

(lh\ / q2 \

92 %pz
2 = | 203 — 10¢ — c; | >
D2 —20q192 — p1

), e
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whilst the 7—; flow is the KdV equation for ¢; and its prolongation to the other
variables (but written in these coordinates)

(ql\ ( —4q1q2 — ip1 \
% —10¢% — 2q1p2 + @3 + 3c2
D1 = | 120¢f + 30¢2ps + 20192 — 6q1ca + 4g2p1 + P2 — 2g0¢
D2 20¢3q2 + 4q1p1 — 2q2p2 + 2q1¢
. 12
c2 ) - K q191¢ + P2¢ /

Substituting these equations into (40) determines f; to be zero. Thus, for this
example, the correct choice of D is D.

Remark 3.1. Whilst for the KdV hierarchy and several other examples, we find
f; = 0, this is not always true (in this paper, see Ito’s equation).

We wish to find a 5 x 5 matrix B such that
B=J,BJ}. (41)
Using D (= D), we can find a particular solution B of (41) satisfying
B=D'BD sothat J,BJ}=(J,D"B(DJ})=B.

This B explicitly takes the form

(0o o o 0 \
00 O 0 0
B= 0 —20 T3 r;
0 —TIs 0 20 + Ty
\0 0 -T1 20-T2 4(0q +q16)—2,\6)

where

1 = 40g3 + 8q1ps — 462 — 2¢2 — 2)ps,
Iy = —16¢1g2 — 2p1 + 4)qo,
T3 = 12¢% + 2py + 4)q; + 2)%.

To this we can add any skew-symmetric matrix which is in the kernel of M — J,M J} :
2
B=B+ z (a,,vf —viaz).
iyj=1

We wish to write the evolution equations for q as
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m = Bogh(r) = (B+ Z an - v;a ))(5 h(ry, (42)

1]_1

but also have (38) after replacing B:

T (@r, — Bdgh¢ry) =0. (43)
To be consistent, we require
\7<p Z (a, (5 h(,.) =0.
i,j=1

Since we do not have v; 18 qh() =0, we need J,a; = 0, so that a; = Z 1V;dji, and

2
=B + Z vibijv}
iyj=1

where b;; = (b);; with b a skew-adjoint matrix differential operator (in the present
case, a simple skew-symmetric matrix). Equation (43) implies q,, —Bd,h(-) € Ker J,,.
From the forms of B and v;, we have explicitly

ar, = Bé;h(r) + vidir, + Vaer,. (44)

Matching (42) and (44), we have

2
= Z bi,-v}éqh(,), 1=1,2.
i=1

The coordinates (32) define the fifth-order KdV equation as an = — t reversed flow,
with 7_y = z, from which we find

1
dir_, =Qq2, Q2r_, = -2'132-

In our Hamiltonian formulation, this should be generated by the function h_, = %cz.
Substituting these into (44) gives

1
b1 =by =0 , bipg=—by = —3

The Hamiltonian operator B then takes the form

B=B; - )\Byg
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where
(0 0 10 0
0 0 01 O
Bo=|-1 0 00 0|,
0 -1.0 0 O
\0 0 0 0 20
0 -1 dq 0 2% )
3 O —4g; —6q: P2
Bi=|-4¢q; 4¢; —20 60g2 + 2p> N )
0 6g1 —60¢? —2p, 0 20+ Qo
\—2(12 —p2 - 20-9Q; 4(0q1 + q19) /

and Q) = 40¢3 — 20¢2 — 2¢2, 2 = —40q1g2 — 2p1.

The modified fifth-order hierarchy has a single local Hamiltonian structure (almost
identical to Bg above). This simple operator is transformed onto B; — ABg by the
Miura map (12), when extended to this 5-dimensional space. Once again, this is the
simplest proof of the fact that By and B; are both Hamiltonian and compatible. The
modified fifth-order KdV equation is

1
Uiy = =5G22, Gp = ~2es + 200205 + 20002 — 1205 — 5k% (v, — 20%) — 17‘51;41;.

Comparing with (15), we have
52 = Q) — 2’[)&(2).

Using the expansion (13), the coordinates (32), and their &-derivatives, we obtain an
infinite expansion for &;. This is our A, from which h(,y = (A"+2h) is calculated.
The time evolution (26) is calculated from h(,) by (39) (compare with (31)):

1
Y= 6?1 h(,.), a= —2562h(,.), B = Jpzh(r) -+ (2q1 - 5)\)5,;2}),(,.).

When £-derivatives of the phase space variables are zero, then By and B, reduce to
the previously known [5] Poisson matrices of the stationary fifth-order KdV equation.
We then have just three independent Hamiltonians: ¢3, h—g, h_;. The integral co is
the Casimir of By, and h_; is the Casimir of B; in this reduction.

4. Some two-component examples

We have illustrated our procedure in the context of the KdV hierarchy. The KdV
equation itself is a special case, but the fifth-order member of the hierarchy already
includes many of the general features. The details of the seventh-order KdV equation
and its modification are presented in [16].

In this section, we present some interesting examples which illustrate certain addi-
tional features. For instance, Ito’s equation requires non-zero f; (see Remark (3.1)).
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4.1. The DWW hierarchy. This hierarchy is isospectral to a particular case of the
energy dependent Schrédinger operator [3]. Since the KAV hierarchy is also a special
case of this, the zero curvature representations are very similar:

RN
Y A —dui—ug 0/ \@e

_1
(¢1> _ ( 5 (m)z la(m) ) (¢1) = Vi) ¥ (45)
v/, Com)  3%m)z/ \¥2
where C(my = —20(m)zz — (W0 + utd — A2)apm) and om) = Yimg@m-iA’. The

isospectral flows are tri-Hamiltonian, with
u;,, = BabuHm = B10uHm+1 = BoduHm+2

where u = (ug, u;)7, and

5 - J
Bo= (7 ), B=(" ) B,=(% P},
—-J, O 0 —-J2 Jo Ji

with Jo = 503 + 2uod + oz, J1 = 2u10 + U5, Jo = —20. The first few Hamiltonians
are :

Ho=u1, Hi=up+ luf, Ha = U0t + %u‘;’,
Hz = 16u1x + luo + guoui’ Ezu‘f,
Hy= _%UOzulz - 3%"51“%:,; + guﬁul + 156uou1 + 1;8 ;-
The t; and ty flows are
Ugt, = ’}I(ulxmp + duguiz + 2ugzU1),
e, = (o + 08, (47)

1 3
Uot, = 7 (Yosss + Buotios) + 5 (U1U1ses + Buratiizs + uopu? + duguiuiz),

1 5
Uit, = Z(ula:x + 6ugu; + §u?)z (48)

The first of these is known as the dispersive water wave (DWW) equation (after a
simple change of coordinates) whilst the second is a coupled KdV equation. Half the
flows reduce to those of the KdV hierarchy when u; = 0.

Example 4.1 (The DWW equation). The stationary solutions of the DWW equation
(47) have Lagrangian

1
L = 'Hs — UgC1 — U1C2 — Zufcl
1 3
16u1m + Uo + 8’“0“1 + =

4 — UpC1 — U1C2 — luzcl
64" 41
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where the terms involving ¢; form the Casimirs of By. As a function of up and uy,
this is degenerate, but Lagrange’s equations
3 5 1

1 3 2 1
U0+ ul, 02 = gUige + Juour + U — Fwicy, (49)

can be used to eliminate ug, resulting in a one degree of freedom system with La-
grangian

C1 =

5 1/1 1
L=—C (—U%z + —u‘l1 - 4cluf + 862'&1) .

8\2 2
Convenient coordinates for the stationary manifold of the DWW equation thus are
1
g=u, p= _gulz, €1, C2.

The DWW equation corresponds to V(1) (of (45)) with a1y = A + us1, and with ug
and w4, eliminated using (49), so the z — ¢ reversed spectral problem is (33) with
¢ :q~— b given by

1 1
a = 2p, b=)\+‘2‘q, c=X - /\ZQ‘I‘)\( g —201)—202+qcl—§q,

with Jacobian

19 0 o0
0 2 0 0

where v = —%qz +c + %)\q - %)\2, whose right kernel is spanned by
vi=(0,0,1,4g— )7,

Thus, with time evolution (45), we once again have the underdetermined system (34)
for q, and overdetermined system (35) for 8. One solution for 6bh is given by

Sh =D&k with DJ} =

where
20 0 ~«
D=0 0 0 -1
0 Lo o0

Once again the f; of (39) is zero, so D = D. Our aim is to find a 4 x 4 matrix operator
B satisfying (41). We use D and B of (27) to obtain a particular solution B =D'BD

0 -1¢g-X 0 —4p+0
5o lg+Xx -3 0 -T
0 0 0 0

dp+0 T 0
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where

1 1 1
I'=-¢-= =
8q 2q61+202a

_ 3 5 1 1 3 , 1 1 1.,
X—B( 167 +201+Z)\q) + (—16q +2c1+4)\q)8 2)\ 0.
To this we can add an extra term:

B=]_3+V1b11VI

where by, is determined by comparison with the 7—; flow: b1; = %6. We find

B=B; - )\Bg
with
0 0 o0
-1 0 0 O
BO = 1 ’
0 0 0 30
0 0 30 0
0 —%q 0 —4p+90
i -6 o0 -r
Bl = 2q 8 1 1 )
0 0 58 Z@q
4p+0 T 3g0 Op+pd
where p = —3¢% + %c1.

The DWW equation is tri-Hamiltonian in any coordinate system. We form the
recursion operator

-1q 0 —8p0~t+2 0
-6 -1 —2ro-! 0
R = BlBal = 8 2q ,
0 0 30q071 1
I' —4p—08 2p+20p0~' 1q
and then define Bo = RB; to give
0 i —4p+0 3(8q — q0)
B,—| "i¢ 1(0a+ad) -T 30p — §0°
4p+ 0 T (8 + q0) —36%0 + 3(8c1 + ¢10)
(g0 —0q) 3P0+ 30° —30¢% + 3(0c1 + c10) 3(8c2 + ¢20)

Remark 4.1. This construction is only possible on the PDE level since By becomes
degenerate (and thus cannot be inverted) when reduced to the stationary case. Nev-

ertheless, the reduced B; is still valid.
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The hierarchy is tri-Hamiltonian with
qr. = Bz&hr_l = Bléhr = Bo&hr.H.

The integrals h(,) can be calculated as the fluxes of the DWW integrals in the usual
(uo, u1) coordinates, or can be calculated with a parameter dependent Miura map as
previously explained. Parameter dependent Miura maps also enable us to prove that
the operators By, are Hamiltonian and compatible. The time evolution (45) is given
in terms of dh() in a similar way to (31). The details can be found in [16]. Here
we just give the parameter independent Miura maps and the modified Hamiltonian
structures, together with the connecting diagram. The Miura maps,

Iy q=2§, p=—33— 3G, c1=3é,
1

cp = —34° + 3GP° + 3402 + 5501 — 5Pe,
M i=2p, p=@p—3b, & =-2&,

& = —G*p% + 4pé1 + Géa + 49° — 1 + $4e,
transport Hamiltonian structures as shown in the figure below:
q 3§ ¢

Bz(—Bz(——ﬁz

B1 — ]§1
Bo
where
0 1 o0 0
_ -1 0 0 0
Bl = )
0 0 -20 O
0 O 0 28
0 —q 0 2Gp+é1 + 0
" g 0 8 3P-p-&
B, = . )
0 0 0 —20p

—2p—&+0 -3 +p+é -—-200 20§+ 240

0 100
A -1
B, = 0 0O
0 0 0 0
0 00 0

Remark 4.2. The other members of the DWW hierarchy are very similar, but the
matrix operators are larger (6 x 6 in the case of the third-order DWW equation (48)).
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4.2. The Ito hierarchy. We consider the isospectral flows of

) _ 0 1\ (¥
v2) \A—wi—uwx? 0) \¢p)

The general time evolution is given by Vi) of (45), but with Cim) = —30(m)es —
(woA™! 4+ ug — A)oy(m). The ¢; flow, corresponding to o) = A + %ul, is the coupled
KdV system

1 1
Uot, = SUosU1 FUolte, Uty = 7 (U1ses + Burts + duos). (50)
In the coordinates ¢ = ug, ©r = 1/ 2 , this takes the form of Ito’s equation. This

system is tri-Hamiltonian [2]
U, = B Hm = BléuHm+1 = BobuHm+2,
where By takes the same form as (46), but with
Jo = 2ugd + ugz, J1= -12-33 +2u10 + urg, Jo = —20.

The first few Hamiltonians are

1 1
Ho=u1, Hi=wug+ Zu?, Ho = 16u1$ + ’LLo’ul + 8’11,?,
1 1 5 1 3
Hs = guoum + @qum - gz-ululm + Zuo + §u0u% + au‘f

Example 4.2 (Ito’s equation). Ito’s equation (50) corresponds to Bod#Hs. For the
stationary flow, we need the kernel of By, which is (c1, Fuicy + c2)” where ¢; are
constants. Allowing c¢; to be non-constant, this is still a good representation for the
gradient, even in the non-stationary case. Putting §Hs = (c1, su1c1 + c2) 7,

1

3 (v10z + 3u + dug) = ¢y, (51)
5 o 3y, 3 1
3 (V1zzzs + 4¥0zz) + 3 (uhc + 2U U1z + 2U1) + JUouL = C2 + -2-7.4101,
the second of which can be simplified to give
1 1 1 1
cy = chu - 32u1m + 4u0u1 16u1 + 2ulcl (52)

The stationary flow of Ito’s equation (50) is reduced to one degree of freedom by
eliminating ug and is Lagrangian with

1 1 1
L= 3—2u1ufm 16U1 + ufcl UuUiC2
where the ¢; are constants. This, up to an exact derivative, corresponds, after elimi-
nating ug, to Hs — upcy — uic2 — 4ulcl The term uocy + uica + = u1c1 is the general
Casimir of Bg. Convenient coordinates for the stationary mamfold of Ito’s equation
are thus

q=1uy, P—l—b:uwlm, C1, Ca.
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In the definition of 2/ = V[;), we thus can use (51), (52) to eliminate up and 1z to
give the = — ¢ reversed spectral problem as (33) with ¢ : q — b given by
1
a=-4pg, b=XA+3g

1 1 1 - _ _
c=X— Sha+ Zq2 —2c; + (qcl —2cy — §q3 — 16p°q~% + 4(pg 1)&)’\ 4

where the term 4(pg~!)¢ stems from cizz = Fu1ez = 8(pg~!)e.
The Jacobian J,, is the Fréchet derivative of this map:

z 0 0 0
Jo = o A1(-32pg72+40q7') Alg—-2 -2a71],
4pq2 —4q71 0 0

where
_1; 3 o 2 -3 gy, 1 1
o= (—gq +c1 + 32p°q~° — 40pg~*) + 24~ 5/\.
The right kernel of J,, is spanned by
1 .
vi = (0,0,1, 39~ NT.
Thus, with this time evolution, we once again have the underdeterrgined system (34)
for q, and overdetermined system (35) for dph. One solution for dph is given by
Sph = Dé;h with DJJ =1Is
where
2 2p¢7! 0 -3¢ +ci+3M— FA2
D=0 0 0 -2
0 -ig o 4pgt + 10

To this D we are free to add the transpose of an element of the right kernel of 7,
since this does not change the relationship (35):

oh = (D + f1v1)d,h = Dégh.

However, in this case, f; # 0 (see Remark (3.1)), as we find by substituting the 7_;
flow (stationary Ito’s equation) into

Jelr, = ﬁD&qh(r)'

We find
1
fi = (Tl,—-2-,O)T
where
1
Ty = A9+ Eg— I with 0= 2¢®—c; + 200 + 16p%7% — 497 (pg™V)e,

2773 3
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after which
2 2pg~! T, T,
b=]lo o -1 -1q
0 -ig 0 4pgt+10
where

1 1
Tz = (§A'1q - 1) 6 — gq (q+ 2/\) +ci.

We then can calculate B = D'BD:
0 12 +ixg 8pgt+0
Q1 +0pg~! qd% + 30p— A2 — Adpg~!

Q(3q—N) + p10 + Op2
Ty

18 — 390 — 8Apg~! — \d

-1 -1x  —440q

0—-8pg~! pgTlo—-M Ts
I Ty F3

B=

where

1
I, = ——;—8q + —;-qa +8\pg =28, Ty= —%82q+ §p0 + A0 — Apg~1o,

1 1 1 1
3= (54 — AN +0p1 +p20, Ty= (§q - )\)92(54 — )+ 9p3 + p3d + §33,

1 1
[s=Q + Z(&H' q9) — 5)«9,
1,1 11 11
pL=-2q + 5 P2=350 4/\% p3 = 202+ 3
Q =qp; — 302 +4p°q72, Q= %/\'1(80 + 698).

1
A - Fhen,

To this, we add the extra term
B=B+ V1b11VI

where by; is determined by comparison with the 7_; flow: b;; = —Q3. We find
B = B, — AB; where
0 -1q 0 8pgl+0
B, — iq 0 0 Q;+0pg?!
0 0 1o dq ’
—8pg~'+0 -Qi+pg'd 390 Op1+p1d
0 e 8pg~! + 0 18g — 290
B, = -3id -5%90¢ Qi +0pgt {590°+36p
—8pg ' +0 —Qi+pgl0 (g + qd) p10 + 20c;

—309+ 390 —50%+3pd Op1+1icid 1(Bc+c20) + 10°
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The notation anticipates the same phenomenon as in the (ug, u1) coordinates. That
is, the third Hamiltonian structure is actually the first! We define the recursion oper-
ators R = B,B7!

~1q 0 16pg~to~—1 +2 0
no| -i¢ (201 +20pgH)0t 0
0 0 10go~1 1’

- + %32 8pq'1 -0 201 + 2ap16_1 %q

which is invertible. The Hamiltonian operator By then is constructed by By = R™!B;

0 1 0 0
-1 1

B, — 86 0 10
0 0 0 -2-3
0 0 9 o

Remark 4.3. Once again, since B; degenerates upon reduction to the stationary
flow, this construction is only valid on the PDE level. However, By is still valid upon
this reduction.

In the usual way, we can construct an infinite sequence of Hamiltonians satisfy-
ing the bi-Hamiltonian ladder, Miura maps and modified systems, and all the other
formulae, such as (31), in a systematic way [16].

5. Conclusions

In this paper, we have been interested in the relationship between an integrable nonlin-
ear evolution equation (PDE) and its stationary flow. We were particularly interested
in the reduction of the infinite dimensional Hamiltonian structures to their finite di-
mensional counterparts. This reduction is most transparent when the PDE is written
as a flow in a larger space whose coordinates are those of the stationary manifold,
together with their ¢-derivatives.

Starting from a zero-curvature representation (reversing the roles of U and V'), we
gave a systematic construction of the isospectral flows and their Hamiltonian struc-
tures. We have adopted the approach presented in [3, 4], which simultaneously con-
structs the isospectral flows, time evolutions of the wave functions, the Hamiltonians,
and Hamiltonian structures. This close relationship between the zero curvature rep-
resentation and the Hamiltonian formulation of the equations perhaps is best seen by
the formula (31).

An unsatisfactory feature of our approach is that each stationary manifold has
to be treated separately. Thus we construct 1 x 1, 3 x 3, 5 x 5, etc. Hamiltonian
representations of the KdV equation, but know of no way of reducing from higher to
lower order representations. This deficiency perhaps could be overcome by giving some
Lie algebraic description of stationary reductions (see [21] for the general approach).
However, since the appropriate spectral problems are such deep reductions of the
generic case, we can expect the appropriate algebra to be rather complicated.

Whilst the importance of our results is mainly in the realm of the stationary reduc-
tions, we have, in passing, answered a number of the questions raised in [13], where
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they believed they had found a new hierarchy of equations. We have seen that, in
fact, this hierarchy is just the KAV hierarchy in disguise.

In this paper, we presented a selection of examples, including the KdV, DWW, and
Ito hierarchies. Further examples from the DWW and Boussinesq hierarchies can be
found in [16] and will be presented elsewhere.

Appendix: Generalised Lagrangians

We consider a (generalised) Lagrangian:

. dt
E(q(o)’q(l), ... ,q(")), q(z) = d—a:%’ n 21,

where L is non-degenerate (a-z%f # 0). The corresponding Euler-Lagrange equations
are

" oL
Z(—a) 'aqw =0.

i=0
Canonical coordinates can be defined as
qizq(i—l) i=1,...,n,
oL oL

pnzm, pi=m—pi+1, z=1,...,n—1.

The Euler-Lagrange equations then take canonical Hamiltonian form with
n—1
h= Z qi+1Di + GnzPn — E(Qh «+eyQn, Qn:c)y

=1

where gp; is removed by inverting the non-degenerate Legendre transformation [22].
The generalisation to more than one component g; is straightforward.
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