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SQUARE-SUMMABLE STABILITY IN PARABOLIC
VOLTERRA DIFFERENCE EQUATIONS

B. Shi, Z. C. Wang, and J. S. Yu

ABSTRACT. We consider some linear and nonlinear parabolic Volterra difference
equations of the forms

[eo) [oo)
2
Az (um,n - Z qum,n-rj) + Zpium,n—ki = RAlum—l,n+1
j=1 i=1

and

o0 o0
Az [h(um,n) - Z 2;9(Um,n—r; )] + Zpif(um,n—k,') = RA}F(um-1,n+1)

j=1 i=1
form=0,1,...,M—1landn =0,1,...,and we obtain several sufficient conditions
for the square-summable stability and ¢-square-summable stability of the zero
solution.

1. Introduction
Consider the linear parabolic Volterra difference equations of neutral type

) )
Az (um,n - Zqum,n—rj) + Zpium,n—ki = RA%um—l,n+1 (1)

j=1
for m=0,1,....M -1 and n=0,1,...,

with homogeneous von Neumann boundary conditions (NBC):

i=1

Ajugp = Ajuyn =0 for n=0,1,..., (2)
and initial conditions (IC):
Umi = fim,i for m=0,1,...,.M -1 and i=...,-2,-1,0, (3)

and nonlinear parabolic Volterra difference equations of neutral type
oo o0
Ay [h(um,n) - 2 2;9(tmn—r, )] + Zpif(um,n—ki) = RA%F(um—l,n;H) (4)
j=1 i=1

for m=0,1,....M -1 and n=0,1,...,
with IC(3) and NBC:
A1F(uon) = A1F(upmp) =0 for n=0,1,..., (5)

where Ay, A2, and A, are forward partial difference operators (see, for instance, Kelley
and Peterson [11]) such that A1umn = Um+1,n — Um,ny A2Umpn = A1(A7 Up ) and
Do Ump i= Umnsl — Ump for m =0,1,...,M -1, n=0,£1,£2,...; p;,g; € R =
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(—oooo) ki,rj €{0,1,...} for i,j =1,2,...; fim,; € R for m=0,1,...,M — 1 and
i= -1,0; R € [0, oo) and f,g,h,F € C(R R) such that f(0) = g(O) = h(0) =
F(O) 0 Thus, U, =0form=1,2,...,M—1and n =0,£1,%2,..., is a solution
of (4), which we call the zero solution. Throughout this paper, let P =Y pi >0,
P = 2 Ipil P = X2 kilpil, P o= Y2, Blpil, @ = Y, [qy] and @ =
Z;°=1 7;]g;|, and suppose that P, P*, P', P" Q* Q' < oo and that

lull = sup{ [mi:| | m=01,....M -1 and i=...,-1,0} <oo. (6)

For the sake of convenience in proving the (unique) existence of solutions of (1) with
the initial-boundary conditions (2) and (3), we let up,; =0 for m <0, m > M +1,
and i =0,%£1,£2,....

By a solution of (1)—(3) or (4), (5) and (3), we mean a sequence {um } which is
defined for m = 0,1,...,M + 1 and n = 0,%1,+£2,... and which satisfies (1) or (4)
form=1,2,...,M—1and n=0,1,..., satisfies NBC(2) or (5) for n =0,1,..., and
satisfies IC(3) for m =0,1,...,M ~land i=...,—1,0.

By using the method similar to that in Zhang, Liu, and Cheng [12] or simply by
iterative calculation, it is easy to show that (1) or (4) has a unique solution for the
given boundary and initial conditions satisfying (6) (see Appendix).

In the sequel, we only consider the solutions of (1) and (4) with the initial conditions
satisfying (6).

Recently, the oscillation (see [4-6, 17, 21], also Yu and Cui’s survey paper [20]) of
delay partial differential equations has been widely studied, while Xie [16] considered
the stability of partial differential equations. The oscillation (see [1, 13]) and the
stability (see [9, 10, 15], see also Burton’s books [2, 3]) for Volterra integrodifferen-
tial equations also have been extensively approached, while Gopalsamy and Weng [8]
considered the stability of a neutral integrodifferential equation. It is well-known that
the behavior of a differential equation and its discrete analogue can be quite different.
For example, every solution of the logistic equation

() = ralt) [1- 50

is monotonic. But its discrete analogue
Tpp1 =mTna(l —2p)

has a chaotic solution when m = 4 (see [11]). In addition, there is a difference between
the oscillation of delay differential equations and discrete analogues; for example,
see [18]. In the last few years, many mathematicians have been studying difference
systems. But only a few studies (see [7, 14, 22]) are devoted to partial difference
equations and Volterra difference equations; we [14] considered the stability for neutral
Volterra difference equations.

Our aim in this paper is to obtain sufficient conditions, which are “sharp” in some
sense, for the square-summable stability and ¢-square-summable stability in parabolic
Volterra difference equations of neutral type. Our results generalize the corresponding
results in [14, 19].

We now give some definitions which will be needed in this paper.

Definition 1.1. The zero solution of (1) or (4) is said to be asymptotically stable
(AS) if every solution {um, »} of (1) or (4) with IC satisfying (6) has the property

lim %pmn =0 for m=0,1,...,M + 1. (7
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Definition 1.2. The zero solution of (1) or (4) is said to be square-summably stable
(SSS) if every solution {um, n} of (1) or (4) with IC satisfying (6) has the property

oo
Zufn,n<oo for m=0,1,...,M+1. (8)

n=0
It is easy to see that SSS implies AS.
Definition 1.3. The zero solution of (1) or (4) is said to be ¢-square-summably stable
(¢-SSS) if every solution {um n} of (1) or (4) with IC satisfying (6) has the property

Z¢2(um,n)<oo for m=0,1,..., M+1 (9)

n=0
where ¢ € C(R,R) and ¢ #0.
Note that SSS implies ¢-SSS, and ¢-SSS implies SCS if |¢(z)| > |z| for z € R. It

also is obvious that ¢-SSS implies AS if ¢(z) = 0 implies z = 0.

2. Equation (1)
For (1), we have the following
Theorem 2.1. Assume that

Q"+ %P +P <1 (10)
Then the zero solution of (1) is SSS.
Proof. 1t is easy to show that
Epium,n—k.- = Pum,n+1 - A(Zpi Z um,s) .
i=1 =1 s=n—k;
Hence, we can rewrite (1) as

(o ] o0 n
A (um,n - qu'um,n—rj - sz' Z um,s) =—Pumny1 + RA?um—l,n+1~

j=1 =1 s=n—k;

Define a Liapunov sequence by

M+1 0 =] n 2
V',Sl) = Z (um,n - Zqum,n—rj - Zpi Z um,s> .
m=0 Jj=1 i=1 s=n—k;
Then we have
M+1
AV,—EI) = Z (_Pum,n+1 + RA%um—l,n+1) <um,n+1 + Um,n
m=0

0o oo
- -_>- qum,n+1—1'j - E qum,n—'rj - Pum,n+1
Jj=1 j=1

n

00 )
-2 Zpi Z Um,s — Zpium,n—ki) .

i=1 s=n+1-k; =1

(We define Y7+ =0if m > n).

i=m
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First, let us consider

M+1 oo oo
-P E Um,n+1 (um,n+1 + U — E 95 Um,n+1—r; — EJQJ' Um,n—r;

m=0 j=1 j=1
n

o0 oo
—PUpmpt1 —2 Zpi Z Um,s — Zpi um,n—ki>
=1

=1 s=n+1-—k;

M+1 oo oo
=-P E Um,n+1 (Um,n+1 + U, — E 95 Um,n+1—r; — E qj Um,n—r;

m=0 j=1 j=1
n

oo
- Pum,n+1 -2 ij Z Um,s + Um,n+1 — Um,n
=1 s=n+1-—k;

oo o0
2
- Z Gj Umnt1—r; + Z 4 Ummn—r; — RA1 'U'm—l,n+1)

Jj=1 j=1

M+1 0o
2 2,2
= Z <—2P Uy nt1 +2P E q5 Um,n+1 Um,n+1-r; + P Um,n+1

m=0 j=1
00 n
+ 2PZ Z Um,n+1Um,s + PR um,n+1A% 'um—l,n+1>
i=1 s=nt1—k;
M+1 (e
<Y 2P+ P 0108 s + )+ P
m=0 Jj=1
00 n
+PY ol Y (uhapr 2 ) + PRUm a1 A um—l,n+1]
i=1 s=n+1—k;
M+1 1 o
= Z {—2P [1 - §(Q* +P +P')] ufn,n+l + PZ Iqjlu?n,n-f'l—'r‘j
m=0 j=1
00 n
+ PZ ,pll Z u,z,,’s + PR um’n+1A% Um—1,n+1 }
=1 s=n+1l—k;

Let us now consider

M+1 [e) oo
R Z (um,n+l + Um,n — ZQj Um,n+1-r; — Z qj Um,n—r; — Pum,n+1

m=0 j=1 j=1
) n )
2
-2 E D; E Um,s — E Di um,n—ki) Al Um—1,n+1
i=1  s=ntl—k; im1
M+1 oo (e
=R E (um,n+1 + Um,n — E i Ummn+1—r; — E 4 Um,n—r; — Pum,n+1
m=0 j=1 j=1
n

00 o0
-2 E Di E Um,s T Um,nt+1 — Um,n — E 45 Ymn+1—r;
i=1 s=n+1-—k; j=1

o0
2 2
+ E gj Um,n—r; — RAT Um—l,n+1) A Um—1n+41
=1
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M+1 oo M+1
<2R Z um,n-{-lA% Um—1,n+1 — 2quj Z Um,n+1-r; A% Um—1,n+1
m=0 j=1 m=0
M+1 n M+1

— PR Z Um n+1A1 Um—1,n+1 — 2Rzpz Z Z um,sA% Um—1,n+1-

m=0 i=1 s=n+1—k; m=0
Therefore, we get

M+1 M+1 oo
AVD < 2P [1 ~ —(Q +P+P) ] S war +P DD gt iy,
m=0 m=0 j=1
M+1 oo n M+1
+P Z Z |le Z ugn,s +2R z um,n+1A%um—l,n+1
m=0 i=1 s=n+1-k; m=0
00 M+1
- RZQ]’ Z Um,n+1—r; A% Um—1,n+1
Jj=1 m=0
n M+1

- 2RZP1 Z Z um,sA%um—-l,n+l-

i=1 s=n+1—k; m=0

277

By using a summation-by-parts formula and NBC(2) (here, we define Aqu;,, = 0 for

i<0andi>M+1), we get

M+1 M+1

2R Z um,n+1A%um—l,n+l =-2R Z (Alum,n+1)2
m=0 m=0
oo M+1
- 2RZQ]’ Z Umn+1-r; A%um—-l,n-(-l
j=1 m=0
o) M+1
= 2quj Z AUm,nt1-r; A1Um nt1
Jj=1 m=0
M+1 oo
<R Y Il [(Artmnsn)? + (Brtimniar,)? |
m=0 j=1
M+1 M+1 oo
=RQ* Y (Atumnt1)? + R > > lgil(Artmntir,)?
m=0 m=0 j=1

0o n M+1
- 2RZP1 Z Z um,sA%um—l,n+l
i=1  s=n+l1-k; m=0
n M+1
= 2Rzp’ Z Z A1Um s A1tm,nt1
i=1 s=n+l-k; m=0
M+1 oo n
<R Z Z Il Z [(Alum,S)z + (Alum,n+1)2]
m=0 i=1 s=n+1—k;
M+1 M41 oo n

= RP' Z (Alum n+1) +R z Z |pz Z (Alum,s)z-

m=0 i=1 s=n+1-k;
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Hence, we get

M+1
AV < —2p [1 - —(Q* +P+P) ] > ukan
m=0
1 M+1
- 2R l:]. - E(Q* + P’)J Z (Alum,n.,.l)Q
m=0
M+1 oo M+1 oo n
+P Z Z Iqjlu?n,n-l-l—rj +P Z Z Ipll E_, u?n,s
m=0 j=1 m=0 i=1 s=n+1-k;
M+1 oo M+1 oo n
+ R Z Z Iq_7 (Alum n+l-—r; )2 +R Z Z Ipz Z (Alum,s)2-
0 j=1 m=0 i=1 s=n+1-—k;

Now, define another Liapunov sequence by

M+1 oo n 0o n n
V=Y [P el > Pl > Pk,
m=0 j=1 s=n+l-r; =1 s=n+l—k; t=s

o) n o 0] n n
PR Il S A+ R Y Z(Alum,m}.
Jj=1

s=n+1-r; =1 s=n+l—k; t=s

Then, we obtain

M+1 o st
AV2(2) = Z {PZ lg;] (uly 1 — u?n,n+1—rj) + PZ Ipal (ks s

m=0 Jj=1 =1
n

= Y ) RY 6] Bttmin)? - Brimnsar, ]

s=n+1—k; j=1

+RZIPz[ (Brmn1)” = Xn: (Alum’3)2]}

s=n+1—k;
M+1
=) [PQ* w2, ny1 + PPU2, 1 + RQ*(Avtms)? + RP' (Aytm nt1)?

m=0
n

(o ]
—PZlqglumnH y PZm > e R 1gl(Arummir)?

i=1 s=n+1-k; Jj=1

_RZm|§:(m%g1

=1 s=n+1—k;
Finally, we take the following Liapunov sequence
| V, = VO 1 V@,
By using (10), we finally get

M+1

AV, < —2P (1—Q*—§P P’) PRy (11)

m=0
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Therefore, {V,,} is decreasing and has a nonnegative limit of {V,,} because V;, > 0 for

n=0,1,.... Now, summing the two sides of (11) from n = 0 to n = oo, we have
1 oo M+1
2P (1—62* - EP—P') DY U<V
n=0 m=0
or
oo M+1 M+1 I/O
2 2
Um,n < Hm 0 + w1 < oo.
2 2 S 2 o ¥ 5P g 3P )
The proof is complete. O
Remark 2.1. Let um, nbe independent of m and z,, = Umpn, ¢j = ki = 0 for 4,5 =
1,2,... and R =0. Then (1) becomes an ordinary difference equation:
Az, + Pz, =0 for n=0,1,..., (12)

and (10) becomes
%P <1 (13)

One can easily prove that the condition (13) is a necessary and sufficient condition for
SSS in (12) (in fact, the absolute summable stability, i.e., its solutions {z,} with IC
x; = p; for i = ..., —1,0 satisfying

lull = sup{|pi| for i=...,-1,0} <oo

has the property: 3 - |zn| < o0). Therefore, in this sense, the condition (10) is a
“sharp” condition.

As a special case, we consider a linear parabolic Volterra difference equation of

retarded type

oo
A2um,n + Zpium,n—ki = RA%um—l,n+l (14)
i=1

for m=0,1,...,M -1 and n=0,1,...,
with NBC(2) and IC(3). By Theorem 2.1, we have
Corollary 2.1. If
%P +P <1, (15)
then the zero solution of (14) is SSS.
3. Equation (4)
For (4), we have the following
Theorem 3.1. Let (10) be true. And suppose that
f@h(z) 2 max {f*(c),g*(c) },  we€R, (16)
and
[h(y) — h(z)][F(y) - F(z)] >
max {[F(y) — F(2)%,[9(y) - 921, [f () - f(2))*} (17)
fory, x € R. Then, the zero solution of (4) is f-SSS and g-SSS.
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Proof. It is easy to show that

Az [h(um,n) - i 9;9(tm,n—r;) — im i f (um,s)]

j=1 i=1 s=n-—k;
= —Pf(tmnt1) + RATF (tm—1,n41)-

One can define a Liapunov sequence as follows

M+1 [=%S)
Vél) = Z I:h(um,n) - Z‘Ijg(um,n—r, sz Z f(um 5)]
m=0 j=1 s=n—k;
As in the proof of Theorem 2.1, one gets
M+1 M+1
Avngl) <-2P Z f(umnt1)h(ummni1) + P(Q" + P+ P’) Z fz(um,n+1)
m=0 m=0
M+1 M+1
—2R Y Ath(umni1)A1F (Umnt1) + RQ" + P') D [A1F (um 1))
m=0 m=0
M+1 oo M+1 oo n
+P Z Z qu‘IQZ(“m,n+1—rj) +P Z Z |pi] Z F?(tm,s)
m=0 j=1 m=0 i=1 s=n+1—k;
M+1 oo M+1 oo n
+R Y 1gilA19ummnir—e )P+ RIS lpil DD [A1f (um,s)I
m=0 j=1 m=0 i=1 s=n+1-k;

Then, one can take another Liapunov sequence as follows

M+1 n oo n n
Vi = Z {PZ lg; | 2 9 (tm,s) + PZ |p:| Z Zfz(um,t)
m=0 j s=n+1-r; i=1 s=n+1—k; t=s

n

+ RZ lgj] Z [Alg(“m,8)12
j=1

s=n+1-r;
LRY ] Y sl
i=1 s=n+1—k; t=s

It follows that
M+1
AV =3 {PQ'5? i) + PP £ ) + R Biglam s

m=0

+ RP'[A1 f(umnt1)]” = P Y lg519° mmnt1-r,)
Jj=1

- PZ lpil Z f2(um,s) - RZ IQjI[Alg(u'm,n-i-l—Tj )]2

=1 s=n+1—k; j=1
o0 n

RY bl Y [Bafum .
i=1 s=n+1-k;

Finally, one takes the Liapunov sequence as follows:
Vo=V 4+ v,
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Then, one obtains from the above and (17)

M+1
AV £ 3 { 2P i) hlumnsa) + Q"+ P+ P)f )

2
+ PQ*QQ(um,n+1) + PP,fZ(um,n+1) + RQ* [Alg(um,n+1 )]
2
— ORA (i 1) AL F () + R(@" + P') [AIF(um,nH)]

I

M+1
< Z [_2Pf(um,n+l)h(um,n+l)
m=0
+ P(Q*+ P +2P") 2 (umnt1) + PQ*gz(um,n.,_l)]
M+1 o P
= -2P Z [af(um n+1)h(tm, n+l) (7 + D) + Pl) f2(umv"+1)
m=0
+ (1 = a)f(umnt1)h(Umnt1) — %igz (um,n+1)]

M+1 .
<-py ( SN ) £ (mne)

M+1

_2Pm§_:0 (1—a— %—)g (Um,n+1)-
Then,
p M+1 o
AV, < -2P <1 Q-5 - P’) mgo F(tmnsr) for a=1- =
and
M+1 . p
AVnS—2P(1 ) Zg(umn+l for a=‘§‘+§'+Pl.

Since f(z) and g(z) are continuous functlons and ||u|| < oo, one has
M+1 M+1
co M+ + Vo

7;)";)¢(umn)< Zfﬁ(#mo 2P(1—Q*_%P_Pl)<oo’
where ¢(z) = f(z) or ¢(z) = g(x) This completes the proof. 0O

We now give two corollaries.
Consider the nonlinear parabolic Volterra difference equation of neutral type:

JAD) [umn ZQJg(umn -rj :I +zpz (umn k; ) —RA1um 1,n+1 (18)

j=1 =1
form=20,1,...,.M -1 and n=0,1,...,

with NBC(2) and IC(3). By using Theorem 3.1, we obtain the following
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Corollary 3.1. Let (10) be true, and assume that
zf(z) 2 max {f*(z), ¢°(z)}, <z€R, (19)
and that
(v —2)® > max {[f(y) - f@)]%, l9(v) —9(@)]’}, wy,z€R. (20)
Then, the zero solution of (18) is f-SSS and g-SSS.

More specifically, we consider the nonlinear parabolic Volterra difference equation
of retarded type:

00
Az Um,n + Zpif(um,n—k,-) = RA% Um—1,n+1 (21)

=1

form=0,1,...,M—1 and n=0,1,...,
with NBC(2) and IC(3). Again, by Theorem 3.1, we get
Corollary 3.2. Let (15) be true, and assume that
zf(z) > f2(x), z €R, (22)
and that
y-2?2[f) - f@), yzeR (23)
Then, the zero solution of (21) is f-SSS.

4. An example

Consider the generalized first equation of Open Problem 6.8.1 in Kocic and Ladas [12]:

)
A2"—"m,n + Zpi [eXp(um,n~k,~) - 1] = RA%um—l,n+l (24)

i=1

for m=0,1,...,M -1 and n=0,1,...

and

(o)
Aotm,n + Zpi [1 — exp(—tm,n—t;)] = RATUm—1,n41 (25)
i=1
for m=0,1,...,M -1 and n=0,1,...,
with NBC(2) and IC(3), respectively.

For (24) (resp. (25)), we know that f(z) = e — 1 (resp. f(z) =1—e7 ). Itis
easy to prove that (22) (resp. (23)) is satisfied for z < 0 (resp. z > 0). Hence, we can
choose ¢(z) = e® — 1 (resp. ¢(z) =1 — e~*) which satisfies

¢(z) =0 implies z=0.
Hence, if (15) is true, then every negative (or positive) solution which satisfies (6)
must satisfy (7) where a negative (or positive) solution means pm i, Umn < (or >) 0
form=0,1,....M—-1,i=...,-1,0,and n =0, 1,....
Combining (24) with (25), we consider the following equation:

oo
A2um,n + sz‘ [1 - exp(_um,n—-k,~ SgN Um,n—k; ):' SN Um,n—k; = RA%um—l,n+l
=1

for m=0,1,...,.M—1 and n=0,1,..., (26)
with NBC(2) and IC(3) and obtain the following result.
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Theorem 4.1. If (15) holds, then the zero solution of (26) is AS.

Appendix

On the (unique) existence of solutions of initial-boundary value problem (1), (2), and
(3): rewrite (1) as

oo oo oo
Umn+1 — Um,n — qu Umn+1-r; + E 95 Um,n—r; + __>_ DiUm n—k;
j=1 j=1 i=1

= RA1 Umnt1 — RAL Um—1,n41
= R(Um+1,n+1 —2Um i1 + um—l,'n,+1)-

We may assume that R # 0 and 7; € {1,2,...}. Then, for m =0 and n = 0, we have
Al ug,1 = 0, SO

oo oo oo
Up,1 — Up,0 — Z%’ Up,1-r; + qu' UQ,~r; + Zpi Ug,—k; = —Ruo,1-
j=1 j=1 i=0
It follows that
1 oo oo oo
Uo,1 = i+ R (uo,o + qu’ Ug,1~r; — Z q; Uo,~r; — Zpi UO,—ki)
Jj=1

j=1 =0

and
U1,1 = Uo,1-

For m =1 and n = 0, we have Ajup; =0, so

1 o0 o0 o0

u2,1 = 5| U1,1 —UL,0 — Z%’ U1,1-r; + qu Uy,—r; + Zpi Uy, —k; | + U1,1-
R 4 £ 4
j=1 =1 =1
For m = M — 1 and n = 0, we have
1

o0 o0
UM,1 =§ (UM—l,l —UM-1,0 — E g UM-1,1-r; + E g5 UM—1,—-r;

o0
+ E Di 'U'M—l,—k;) +2up_11 — UpM—2,1-
=1

Finally, for m = M and n = 0, we have A up,; = 0, so we have

UM+1,1 = UM,1-

In this way, we can successively calculate

U0,2y -y UM,2, UM+1,2, U0,3y «+ ) UM,3y UM+1,3y++- -
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