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ASYMPTOTICS FOR ORTHOGONAL POLYNOMIALS AND
CHRISTOFFEL FUNCTIONS ON A BALL

Yuan Xu

ABSTRACT. We derive the asymptotics for a sum of squares of orthonormal poly-
nomials in several variables with respect to the weight function (1 — |x|2)#~1/2
on the unit ball in R%; the asymptotics for the corresponding Christoffel functions
proved in [3] by Bos follow as a consequence. We also obtain an upper bound for
the Christoffel functions with respect to a large class of radial weight functions
on the unit ball.

1. Introduction

Let Ny be the set of nonnegative integers. For a = (a1,...,aq) € Ng, we write
lay = a1+ -+aq4. For o € N¢ and x = (z1,...,7q) € R?, we write x* = z{* - - - 254,
monomials of degree |c|;. Let II% be the space of polynomials in d variables and II¢ be
the subspace of polynomials of degree at most n. For a nonnegative weight function
W on a compact set 2 C R?, we can use the Gram-Schmidt orthogonalization process
on the sequence of monomials to obtain a sequence of orthonormal polynomials which
forms a basis of [I%. The Gram-Schmidt process depends on the ordering of the
monomials; different orderings will lead to different sequences of orthonormal bases.
The nonuniqueness of the bases is one of the essential difficulties in dealing with
orthogonal polynomials in several variables. We denote by {P?}, a € N¢, |a|; = n,
and n € Ny, one family of orthonormal polynomials, where the superscript n means
that P € TIZ. Setting rd = ("+d_1), which is the cardinal of the set {a € N¢

n
:|aly = n}, we arrange the polynomials P}, |@|; = n, according to the lexicographical
g P g

order: Py,,..., P, ,, where a; € Nd. A useful vector notation
P, = (P}, Py,,.... Pa )T (1.1)

is introduced in [9]. The nonuniqueness of the orthonormal basis can be seen easily
from the fact that for any orthogonal matrix @, the components of @,P, are also
orthonormal polynomials. Moreover, any two sequences of orthonormal polynomials
are related in this way. It turns out that many results concerning orthogonal polyno-
mials in several variables can be stated independent of the choice of the bases, which
is the starting point of our recent investigations in [9] and a number of subsequent
papers (cf. [10] and the references therein). In particular, the n-th reproducing kernel,
defined by

n n

Ka(x,y) =) Y PE)Pi(y) =Y P (x)P:(y), (1.2)

k=0 |a|; =k k=0
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is independent of the choice of the bases. In this regard, a more basic quantity is
PZ (x)P, (y). One main result of this paper is the asymptotics of PT (x)P, (x) for the
weight functions W), (x) = w, (1 — |x[?)#~1/2 defined on the unit ball in R? where w,
is a constant chosen so that W, has integral 1. We shall prove that for d > 2,

Wo (X)
u(x) ’

and results will be stated for |x| = 0 and 1 as well. It is well-known that such a
limit does not exist for d = 1, where the orthogonal polynomials are the classical
ultraspherical polynomials.

For d = 1, limit relations of this type have been proved for the function K, (x,x)
and the result often is stated in terms of the inverse of K, (x,x), called the Christoffel
function, which plays an important role in the theory of orthogonal polynomials in
one variable (cf. [7]). The Christoffel function satisfies an important property that we
state below for d > 1,

An(x) = [Kn(x,%)] " = / P2(y)W (y)dy. (1.4)

The asymptotics of the Christoffel function for d = 1 have been established for general
measures (weight functions) supported on [—1,1] (cf. [7]). For d > 1, however, little
seems to be known in general (cf. [11]; we should mention that the notation K, in [11]
corresponds to K,_; here). For the weight function W, the asymptotics of K, (x, x)
have been established recently by Bos [3]. His proof depends heavily on (1.4). Since
K, (x,x) is just a sum of PT (x)P,(x)’s, we will deduce its asymptotics from those
of (1.3). Our proof depends on a compact formula for P (x)P, (x), which we proved
recently and used to study the summability of the Fourier orthogonal series [12]. The
compact formula takes a particularly simple form for the radial Chebyshev weight
function Wy (x), which allows us to establish the limit

lim sup ("’ )A (x) < W(( )) x| < 1,

n—oo

lim ——— BT (x)P, (x) =

TG, [ AT 0 0< x| <1, (1.3)

P(x)= 1 PEl'Id

for a large family of radial weight functions W on R%.

The paper is organized as follows. In the next section, we fix notation and recall the
necessary preliminaries. The result on the asymptotics of PZ (x)P, (x) for W, is stated
and proved in Section 3. The asymptotics of the Christoffel functions are presented
in Section 4. In Section 5, we deduce several additional properties of orthogonal
polynomials with respect to W, that are relevant and seem to be of independent
interests.

2. Notation and basic formulae
Throughout this paper, we use B¢ to denote the unit ball in R? and S9! to denote
the unit sphere in R?; that is,
Bl={xeR?:|x| <1} and  S4l={xeR?:|x|=1},

where the notation | - | stands for the Euclidean norm |x|? = /2% + - - - + z2. We also
write X -y = z1y1 + - - - + T4yq for the standard inner product of R%. We use wq_; to

denote the surface area of S%~1; it is known that wq_; = 27%2/I'(d/2). The weight
function that we will deal with in this paper is the normalized function

W (x) = Waa(x) = wa(1 - x*)*"2, p>0, xeB (2.1)
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where w), is a constant chosen so that the integral of W, is 1:
v —w 2 Tp+%) _ T+
W T AT DT(E) T ¥ PT(u+ 3)
For d = 1, the orthogonal polynomials with respect to the weight function W, are

(2.2)

the ultraspherical polynomials, customarily denoted by C(“ ), which is why we use
the exponent p — (1/2) instead of p in the definition of W,. We denote orthonormal

polynomials with respect to W, by PP and B, with respect to W, by P, and

denote the reproducing kernel by K%(-, ).
One family of orthonormal polynomials with respect to W, can be given explicitly
using the ultraspherical polynomials. For d = 2, they are given in [6, (3.8), p. 449] by

P (@) = ) HOEP (@)1 - )20l Dy - 2?)h), o<k <,

where hj} , are constants chosen so that P;’ (1) are normalized. In this case, it is more
convenient to index the polynomials by k instead of a = (k,n — k). We follow the
standard normalization for the ultraspherical polynomials as in [8, p. 80]. They are
orthogonal with respect to (1 — £2)#*~1/2 on [~1, 1], and they satisfy

! 2 1 o1- -2 T(n+2X) 1
/1 [07(1/\)(:1;)] (1 _ 1:2))\ 2 =92 2’\7r[F(A)] mﬁ, A> —5, A#0,

B (2.3)
where, for A = 0, the above relation holds under the limit relation

A+n 1, forn=0
li c(/\) s6 ’ 2.4
AT A (cos0) = 2cosnf, forn=1,2,.... 24)

For this paper, we do not need the explicit formula for P’ (cf. [12]). What we need

is the following compact formula for [P%) (x)]TP% (y), which we proved in [12] with

the help of the explicit formula for P2,

Theorem 2.1. For W, on B¢, [.L >0,

n+p+ L +
R [ ey + VTRV TS i cost)

< Gngyeiay [ [CempBias,  xye s
0

(B (x)) "B (y) =

(2.5)
and, for p =0,

n+d

[P0 ()] "B () = 2 [ ) (xy + VT RV P
+ C’n%)(x Yy —/1-x2/1- |y|2)], x,y € B (2.6)

The compact formulae (2.5) and (2.6) have been used to prove in [12] that the
expansion of a continuous function in the Fourier orthogonal series with respect to
W, is uniformly (C,d) summable on the ball if and only if § > p + (d — 1)/2. That
was proved by using the addition formula and the product formula satisfied by the
ultraspherical polynomials [5, Vol. I, Sec. 3.15.1, (19) and (20)]. In fact, for d = 1,
the formula (2.5) reduces to the product formula for the ultraspherical polynomials




260 XU
which, in consideration of the normalization constants in (2.1), states that ([5, Vol. I,
Sec. 3.15.1, (20)] or [2, p. 30, (4.10)])
ctV (cos8)Cr ) (cos @)
()‘)(1)

= c,\/ Cfl)‘)(cosecosgﬁ + sin 6 sin ¢ cos ¢)(Sin'¢)2)‘—1d¢
0

(2.7
where A > 0 and

" : 22-1 ! 2\A-1 1
= [eme = [ a-gpa=u

—3

Moreover, using the limit (2.4) for 4 — 0, the formula reduces to the well-known
formula for cosine,

cosnf cosng = %[cos n(0 + @) + cosn(6 — ¢)].

Later in the paper, we will need the product formula (2.7) and the following connection
formula of Gegenbauer (cf. [2, p. 59]),

H IWn - 2%+ Ik +A—p)
C0(@) = Z «TTA— W) K T(n—k + p+ 1) Co2ai (@) (28)

Other properties of the Gegenbauer polynomials that we shall need are ([8, (4.7.3)
and (4.7.4), p. 80])

= ("t s = (o). (29)

We also will need the asymptotic formula for C,({\) from [8, Theorem 8.21.8, p. 196],
which we state as

Lemma 2.2. For A >0, z = cos/,
A+ )I(n+ 2,\)2A [ 1
TENL(n A+ DI [ Gmeyr "

CHM(z) = % cos((n + )6 — 2‘22) + O(n_%)}

(2.10)
for 0 < 0 < 7; in particular,
CHV(z) =01, 0<f<m, (2.11)
where the bound for the error term holds uniformly in [, — €].

The asymptotic formula (2.10) is stated in [8] for the Jacobi polynomials, while
we have incorporated here the normalization constants as in [8, p. 80, (4.7.1)]. The
estimate (2.11) is derived by using the following asymptotic formula for the Gamma
function [13, p. 77],

T(n+A+1)

" T(n+1)

To end this section, we note that by setting y = x in the compact formula (2.5)

and (2.6), it follows readily that the polynomial [1?5,” ) (x)] TP (x) is a radial function.
So is the function K (x,x), by (1.2). This allows us to define

T
PGP = PR 0] PP ),  Kr)=KPxx), r=[x|, xeR.

We may omit the subscript d when it will not cause any confusion.

=n*(1+0(n7Y)), A>0. (2.12)
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3. Asymptotics of orthogonal polynomials
We start with a simple but important result.

Theorem 3.1. For uy >0 andd > 1,

d—
][]pglu)(x)]’-"lp;u)(y)|S|Mu)|2(1)=ﬁi‘jTL cH () xyeBY (3.1)
2
and
d
K y) < KPM) = )+ T0) xyeBt (32

In particular, both [P¥|(|-]) and K¥(|-|) attain their mazima on B? at the boundary.

Proof. Since the absolute value of the ultraspherical polynomial C,({\) attains its max-
imum on [—1, 1] at the boundary, the inequality (3.1) is an immediate consequence of

(2.5) and (2.6). Moreover, since [P |2(1) = []P’gf‘ ) (e)]T]P’%“ ) (€) where e is any point on
the boundary of B¢, we see that [P |2(-) attains its maximum on B¢ at the boundary.
By [8, p. 83, (4.7.29)], we have
A
EX200@) = @) - o5 @), k20, (33)

C’(_’\2+1) _ C(_A+1)

where = 0, from which it follows readily that

kE+ X A
> 200 = 00 +() + ¢ @)
k=0
Using this formula and (1.2), the inequality (3.2) follows from (3.1). d
The asymptotics of |]P’ff )2
deals with the case 4 = 0.

Theorem 3.2. For Woyd, d > 2, the following limit holds

are stated in the following two theorems. The first one

1, if0<|x|<landd>3
lim ———— [P =40 ’ 3.4
Jm G B = 4,0 (3.4
while for d =2 and 0 < |x| < 1, the above limit does not exist; moreover,
P 14?(0) =0, and lim —-—(2,,+d 5 IBS) 4I2(0) = 2. (35)
2n

Proof. Setting y = x in (2.6), we obtain that

n+ d
B 12(1x]) = ——2-

From (2.11) and the fact that
07(1%)(1) _ (n+d—2) __d-1 <n+d— 1),

d—1
[c,(, =) (g)x|2 — 1) + CL 2 )(1)].

n n+d-—1 n

the limit (3.4) follows easily; moreover, for d = 2, it is readily seen that

(nﬂ) e P2 (%)) =

which does not have a limit for 0 < |x| < 1 according to (2.10). Finally, for |x| = 0,
the equation (3.5) follows from the above formula and (2.9). O

nty 21+ - 1),
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We note that Pap,41,4(0) = 0 holds not only for Wy but for every centrally symmetric
weight function ([10, Theorem 3.1.2]).

Theorem 3.3. For W, 4, p >0 andd > 2,

Wo(x) .
) —=, f0<|x| <1,
Jim o [P 2(x) = { W) | (3.6)
(! 00, if x| =1.
Moreover,
. 1 2Wy(0)

]P)(l") 2 — 0’ 1 ) 0 . .
l 2n+1,d| (0) and ng{)lo (211.;:_1) |]P dl (0) WM(O) (3 7)

Proof. Since W, is a radial function on R, we also write W), 4(r) = w,, g(1—r2)#~1/2,
This slight abuse of notation will be used in this proof only. We always write r = |x]|.
Setting x =y in (2.5) leads to

n+u+d

Bl ) = e

/ CHH I (12 4 (1= 12) cos ) (sin ) 1dy.  (3.8)

Using (3.3) with A = p + ‘12;1 as an iteration formula, we obtain

6 _
C(l""'d'g'l') — 2 n- 2k+ﬂ+ %C(I“F'd;_a
n #+ d;3 n—2k .
k=0
It then follows from (3.8) that
3]
n+,u+"ll
P12 (r) = s Z [P ok gz 2 (7). (3.9)

This formula allows us to do a dimension reduction in proving (3.6). Indeed, it is

known that if b, — co as n — oo, then
Qnp, Qp — Qp—1

R L .

(3.10)

(cf. [4, p. 414] — I'm grateful to a referee for providing this reference). Hence, assuming
that (3.6) has been proved for |]P$ff ;|2(r), we then can derive from (3.9) that
(2]

[P 0l (r)
k=0

n+p+4l 1
lim —|IP(“) [*(r) = lim
n—oco (Mtdtl) d+2 n—oo 4 i_ (n+d+1)

n

. d+1 (1)
= lim ————— P 2(p
n—o0 ,LL+ dd2i (‘n:d) z_:l n-2k,d| ( )

o A1 PP
m

S B ) - ()

d+1 B 12(r)
T utd+1lnow ("t (1 + O(n1))

d+1 wygq 1 _ Wo,d+2 1
Toutd+1 Wud (L—7r2)F  wy gyo (L —r2)e
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where, in the last step, we have used the fact that

Wo,d+2 _ (43T (u+ 3) __d+1 wod
wpdrz TETp+S3)  2p+d+lwua

Therefore, by induction, we only need to prove (3.6) for the cases d = 2 and d = 3.
By the connection formula (2.8) with A = p + (d — 1)/2 and the product formula
(2.7), it follows from (3.8) that

n+pu+ 5= d z%: [C(#)Wc(r)]

|P§{‘)I2(7‘) = d 1 s C(“)zk(l) (3.11)
with
b, — LW =2k +p(k+ GO0 =k +p+ 551 (3.12)
m T(p+ SN2 KT (n—k+p+1)
Using the Lemma 2.2, (2.12), and the identities (cf. [1, p. 256, (6.1.18)]),
1 22u—1 1
r(3)=vA ="t ). (3.13)

we obtain, as m — oo,

2
0] _rre+de 1 { L cosz((mw)o—ﬂ)w(m‘l)]-
2

cWa T  7m+p|(sing)
(3.14)
Therefore, from (3.11), we obtain that
d—1 11 1
PP = T M) 2L
p+ 41 T(p) 7 (sin6)2+
(3] bin (3] bk

Using the half-angle formula for cosine, we see that to prove (3.6) for 0 < |x| <1, it
suffices to show that the following three limits hold true:

(3]

ho L st ST +3) 1 Z ben  _ wod (A)
noo (PFETY Ty a1 T(n) Tt —2k+p wua
n 5] cos(2(n — 2k 0 — um
A () & - ( n— 2k+ +‘L/)L =0, B)
and
() bk n
Jim, i L e = ©

Moreover, we only need to deal with the cases d = 2 and d = 3. It turns out that the
case d = 3 is easier than the case d = 2.
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To prove (A), we denote the expression on the left-hand side of (A) by J,, 4. Setting
d = 3 in (3.12) leads to the fact that the summation in J, 3 is equal to ) 1. Therefore,
we have
ITET(e+3) o (+p+D)E] _ Tlets) _ wog
Du+2) % () T+t v
The case d = 2 is not so simple as the above one; setting d = 2 in (3.12) and using
(2.12), we end up with

llm JIn3 =

2 = Tkt )T(n—k+p+1)

ey )[i\/'{HO( Dla=lola=)

r(u+ )Zm <logn)

We may assume that n is even, say, n = 2m. Then, it follows from a change of
summation index k — m — k that

1 1 logn
Jn2 = +0
T D g Vm - R (ﬁ)

_ 1 - logn
B 7r(u+2)mZ 1—(Ic/m)2 +O( vn )

The summation above is a Riemann sum for the integral of (1 — z?)
that

Bl Pk + HD(n— k+p+ 1)
7"(#"‘ 2) Z

[\’]3

—1/2. we obtain

lim J, / dr = 1 _ oo
oo ™ T m(ud D Jo VI—a T Al wa
Thus, we have proved the limit (A) completely.

To prove (B), we first observe that by the addition formula for the cosine function,
it suffices to prove that for 0 < 8 < w, both

(3] (5] .
n cos 2k6 n — sin 2k6
lim ————— E bgp————— and lim ——— Y bpp———
n— d— ’ - n— n+d—1\ £ ! —_
o (M) n2kte © ("M )i T 2ktw

are equal to zero. Again, we only need to deal with d =2 and d = 3. For d = 3, the
two limits become
(3] [ﬂ]
lim —— cos 2k6 and lim ——- > sin 2k0.
o T 2 T

That the limits are zero for 0 < # < 7 follows readily from the well-known identities

0
= —l— Zco skf = sin(m + 2)0, Zsm ko= <22 z COS(ZZ +3) , (3.15)

[
2 sm 3 = 2sin 3

n

which shows that the two sums are bounded independent of m for 0 < 8 < 7. The
case d = 2 is a little more complicated. Following the reduction in the proof for the
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case (A), it amounts to proving that

m—1 -1
_cos2kf 2k6 sm 2k0
"}1_1)20 E m2 k2 and "}1_1'%0 E 0<8<m.

Using summation by parts, we see that the ﬁrst sum becomes

! cos2k6 2
kzﬂm Z(\/nﬂ \F _(k+1)2>zcos230

+

cos 2j0.
/2 (m —17 £ Z 7
Therefore, for 0 < 6 < 7, we obtain from the boundedness of the cosine sums as shown
by (3.15) that

m—2

=l cos2k6 1 1
kZ:O vm?2 — k2 _O(l)[ kz=%<\/m2—(k+l)2 - \/mz—kz)

e o)
m2—(m—-12] vm)’
which verifies the sum of cosines, the sum of sines is verified similarly. That completes
the proof of (B).
To prove (C), we note that by (3.12), the left-hand side of (C) is equal to

n %F(k+d—§1)f‘(n—k+u+4§i) 1
(n+d-1) L(k+1)T(n—k+p+1) (n—2k+p)?
n k=0
1<%

< [%], we have by (2.12) that

(2] =
kz
I, = O(1) HE(n TEnE

To show that I, goes to zero as N — oo, we split the summation into two parts,

R 6 s
In=0(1);@— >+ Y RS
R0 k=l31-VIE]

For the first sum, we use the fact that n — 2k + u > ¢y/n, and for the second one, we
use the fact that 2k ~ n; it follows readily that

= 0(1)

Sincen — k ~n for 1

d—1

1 [n 7T a8 1
In—O(l)F[ n +n 2 2] 0(1)7__——>0

This proves (C). Together with (A) and (B), we have established (3.6) for 0 < |x| < 1.
The proof of (3.6) for |x| =1 follows easily from (2.9), (2.12) and the fact that

n+u+d -
P R1) = TEET 3 oS ),

2
Finally, to prove (3.7), we set x =y = 0 in (2.5) to obtain

d 1
n+p+ == / C(#+ 2 (cos1/))(sm'¢)2“ 1d¢// (sm'z/))2“ ld'l/l

IP%)|2(0) = Y= 2
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From (2.9), it follows readily that |]P$1” )|2(O) = 0 for odd n. For even integer n, we
a-1 —1
use the formula (2.8) to connect @57 and o2 ; using the orthogonality, the
_1
coefficient of C’é” ?) in the connection formula gives
n+p+4t T(p+d) T(EHN(E+p+452)
ptdF T+ GHLE) TE+D0G +p+3)

By (2.12) and (3.13), it follows readily that
T Lyp(dtl
1_ lpglu)|2(0)=2_("_+_2_)(_2) 1o}z (110(1)).
(n+d 1) n n

B 2(0) =

T(u+ H)0(3) Wy

Thus, we have completed the proof of the theorem. O

n

4. Asymptotics of the Christoffel functions

First, we derive the asymptotics of the Christoffel functions with respect to W),, which
we denote by Ai” ()i.

Theorem 4.1. For W, 4, 1 >0, d > 2,

. n+d\ (v W,(x
1 K =k )
nl»ngo < n )An,d x) Wo(x)’ ‘x' <1, (4 1)
and
. n+d (») 0, #fu>0,
1 A1) = .
ngngo( n ) na(1) {%, if p— 0. (4.2)
Proof. From (3.10), it follows readily that
o Kma(x) L IRGPG) PP
. n+d T nSoo (M _ (n—14+dy T n+d—1
nee (%) (2= e (T

Thus, except for the case 4 = 0 and d = 2, the desired limit for 0 < |x| < 1 follows
from that of Theorems 3.2 and 3.3. So does the limit at [x| = 1 for the case u = 0
and d = 2. For p > 0, l]Pfff 1)1‘2(0) = 0 for odd integers n, which allows us to write

KRGO L BP0 RGP W)
e (1) e () - (R0 e 2T ek

where the last step follows from (3.7). The only remaining case is the limit for 0 <
|x] < 1 in the case of d = 2 and p = 0, for which the limit of i]P’S:‘ %!2 does not exist.
However, setting x =y in (2.6) gives

17 (dtL ag1 41 a1
KO = 5[cfF )+ A 5 W) + e @ - 1) + oL @i - )],
from which the desired limit follows easily from (2.9) and (2.11). d

As we mentioned in the introduction, the limit (4.1) has been proved by Bos in [3]
using a different method.

Next, we derive an upper bound for the Christoffel functions with respect to a
general class of radial weight functions. For a weight function W, we denote the



ASYMPTOTICS FOR ORTHOGONAL POLYNOMIALS 267

Christoffel functions associated with it by A, (W). The result depends on the following
compact formula for Kg,o)(x, y) ([12)):

KO (x,y) =
1 et
s[ch Y-y +VI- KBTIy +C 5 (x v + VI—RPVI-yP)]
17 (et
5[0 ey - VIS BRPVI=P) + O ey - VI-RPVI- P,

(4.3)

which is derived from (2.6) using (3.3). For a radial function f on R?, we denote by
f : Ry — R the function such that f(x) = f(|x|).

Theorem 4.2. Let W be a nonnegative radial function on R%, such that W/Wy is
continuous in the interior of B and is bounded on B%. Then,

lim sup (n )A (W;x) < ‘YVV((X)) x| < 1.

n—oo

Proof. Because of (1.4), we have

(205 (1) e s o0

By (4.1) with p = 0, it follows readily that the desired result is the consequence of
the limit
W(x)

(KD (x, )W (v)dy = Wox)’

1
lim —(0-)————/ x| <1,
n—o Ko (x,x) J[-1,1)¢

which is a corollary of the theorem below. O

Theorem 4.3. Let f be a radial function on R® such that f is continuous in the
interior of B® and bounded on B®. Then,

tm o [ KOG Wol)dy = S, fxl <1
n—o0 KO (x, x) Ji-1,1]¢

Proof. By the definition of K, (-,-) in (1.2), it follows readily from the orthogonality
that

L KO )W)y = K80 e ).
Therefore, it follows readily that

)= | [ KO Wo)dy ~ 169

1
: K (x,x) /[—1 1) d[Ks‘O) ®Y)P1f(¥) = £ () Wo(y)dy.

Since f is a radial function on B9, the function f is defined on [0,1]; moreover, by
assumption, f is continuous on [0,1). For the following, fix x inside B%. Let ¢ > 0 be
chosen such that

B.(x):={y e B¢: |ly| - IxI| < e} c B2
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Let w(f) be the modulus of continuity of f, and let ||f||cc denote the uniform norm
of f on B%. We have

In(x) < (€)=

K (x,x)

1 © 20 £y
+ KO (x, %) /Bd\BE (x)[K" (% ¥)P1f(x) = £(y)[Wo(y)dy
1

<w(f,e)+ 2”f”°°i(_@(x—x)-

[ KO yrm)y
B.(x)

[ ROy
Bd\Be (x)

By the definition of K in (4.3) and the limit (4.1) with p = 0, it suffices to prove
that

. 1 41
i i [ 10E ey TRV TS B )y =0
n elX

Moreover, it follows from a change of variable y — —z that we only need to deal
with the case of x-y + /1 — [x[21/1 — |y|2. We use the asymptotics of ultraspherical
polynomials in (3.14), which imply, by (2.9), that

1 d+1 2 D(LH(4£2) 2 1 1
(n+d) [Cy({%;)(t)] = (;\zﬁi-_li );n+ %i [(1 _tz)gjz-_l COSz(N9+’)’) +O(’I’L—l):|

where N =n+ (d+1)/2, vy =(d+ 1)w/4, t = cosf. Using the identities

2.y =[x’ + |y’ - Ix—y[* and 2x-y=|x+y|* - x> - |y
it follows that for y € B%\ B.(x),

1
l—x-y—\/1—IXI"’\/1—IYI"’=5(\/1—IXI2 V1-ly?)? Ix Y|2>§
and

1
Lty + /T WPV VP = 5 (VI= WP + VT R + she+yl? 2 5.

Let t = x -y + /1 — |x[24/1 — |y|2. Then, the above inequalities imply that
2
1-t2=(1-t)(1+¢) > EZ y € B¢\ B.(x).

Hence, it follows that

e ﬁéjzi)(x-Y+\/1—|Xl2\/1—|>'|2)]2

1
oW +0( ). ¥ BB
Therefore, we have that

1 1 3|’
/ [ ) (x.y £ /T x2V/1— |Y|'2)] Wo(y)dy
B4\ B, (x) A

(5]
— 0(1)—— (11+1+o< )

which clearly goes to zero as n — oo. This completes the proof. O
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For orthogonal polynomials in one variable, the limit process in the theorem has
been studied for general weight functions (cf. [7]). We remark that, under more
restricted conditions on W/W,, we can use an approach of Freud as in [11, Theo-
rem 4.3.1] to prove

 Vx) n+d .
Wo(x) = n—l&f< n )An(W’ )’ |X| < 1, (44)

with a constant c less than 1 (say, ¢ = 27%). However, it is almost certain that such
a relation should be true with ¢ = 1 and without additional restrictions, which means
that the limit as in Theorem 4.1 holds. For this reason, we do not include a proof of
the weaker result (4.4).

5. A recurrence relation

From the formulae (3.8) and (2.7), we see that the polynomial |IP’$,“ )|2(r) acts like
a square of an ultraspherical polynomial. In this section, we derive an interesting

relation among [P |2(r) of different  and y’s.
Theorem 5.1. For >0 and n >0,
T
(1 - [x*)(1 = |y [PED (x)] BE (y)

= /‘l"{‘itl [Q(n_l_'u_l_ﬁﬁ) [Pnl’fi-Z(x)] Pnlf}-2(y)
2 2
n+2p+d-1
2(n+p+ )

P 0] "B () —x v B () BEL )| (5)
In particular,

(1= |x[2)? B+ 2(|x]) = B, 2(1x])

b+ 3 [ n+2

pt S 2+ p+ 42
n+2u+d
At ut &) I)IIP’(“)I (Ix|) — [x|2P¥), (|x|)]. (5.2)

Proof. Let A=x-y and B = /1 — [x[24/1 — |y|?. We start with the formula

d1/) C), (A + Bcosy) = —2ABsiny C{+D (A + Beos ),

which follows from the fact that [C('\)l(:c I'= IAC () (cf. [8, p. 81, (4.7.14)]) and
a simple change of variable. Using this formula and integration by parts, we have

/ c,(f“"?r‘)(A + B cos ) (sin )24+ dy
0

- (#+ 75) .
e d - 1)B / d¢ (A+ Beos)(siny)™dy

T (2u+d-1)B d -1)B / fffi z )(A + B cos 1) cos (sin ) ?# dy.

Writing cos® as

1 A
cosy = -E(A+Bcosq,b) -5
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and applying the three-term relation for the ultraspherical polynomials ([8, p. 81,
4.7.18]), we conclude that

/ C,(,LH'#) (A+ Bcosv)(siny)?#1dy
0

24 n+2 + . -
= Gntd—1B [(2n+2,u+d+1)B 07(:-‘;-2 2 )(A'l'BCOS’(,b)(Sln'(/J)2”' )
n+2u+d-1

T (it Y
Gnt2utdi DB J, Cn (A+ Bcosv)(siny)“*~dy

A (7wt o p)2u-1
-5 Cpni1 7 "(A+ Bcosy)(siny)*#~dy|.
0
Using the formula (2.5) and the fact that
-1 T 2u+1 20 4
Cat1 =/ (siny)*#*tldyp = —/——¢
0 ]
the desired formula follows. a

For the case p = 0, the identities in Theorem 5.1 take a different form.

Theorem 5.2. Forn >0,

d+1
32 ()] P“”l(y)i—w—lxm/l—|y|2[P<1><x)] B ()
n+ 241 = / 2 2
T Td-1 C.hi(xyFv1-[x V1-|y]?). (53)
In partz'cular,
(0) d+1 2)|pl(1) 2 n+ i")l'i (47%)
S P + S0 - R Px) = “E 000, (59)

Proof. The proof is similar to that of the previous theorem, but the special value of
the parameter allows us to integrate directly instead of doing integration by parts. It
follows that

VI—XEVI=yE[EY ()] PO (v)

n+-d'— 1) 2 2
m[ ot (X Yy + /1= [x[2/1-|y]?)

~ Ol oy - VI-RBYT-P)].

Together with (2.6), the above formula implies the desired results. O

The formula (5.2) and (5.4) allows us to deduce the asympotic formula for

|Pfﬁ|:lil)| (r) from that of |]P’f{21|2(r). Therefore, in the proof of the limit (3.6) in
Theorem 3.3, we could have restricted the parameter 1 to 0 < p < 1. In particular,
since the limit relation is easily established in the case of u = 0, it follows that the
limit (3.6) for the integer values of 1 can be established effortless, by the use of (5.2)
and (5.4).

We denote by (:'(“ ) the orthonormal polynomials with respect to W, 1, which is a
constant multiple of C(") Then, in particular, for d =1 and n > 0,
sin(n + 1)

sinf ’ P(O)l( )= Cﬂl(w) =cos(n+1)0, =z =cosf.

P (2) = G (e) =
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Taking the limit (2.4) in the right-hand side of (5.3), we obtain the elementary trigono-
metric formula

cos(n + 1)@ cos(n + 1)¢ £ sin(n + 1)@ sin(n + 1)¢ = cos(n + 1)(0 F ).
The formula (5.4) for d = 1 becomes
cos®(n 4+ 1)0 +sin®(n +1)8 = 1.
We also can sum up the identities in Theorem 5.1 and Theorem 5.2 to obtain

identities involving K®. Instead of presenting the formula for general p, we state
only the following special case.

Theorem 5.3. Forn >0,

1
TrTE e y) + VI PV - VPR (x,y)
1 d1
= 7[0S &y + VI- P T P)
d41
+OS P (xy + V/I- )BT -y P)|. (5.5)

In particular,

1 o)
K000 + (1 - KD 0, ) = 5 [C0F
We remark that the formula (5.6) has appeared in [3, Lemma 1], where the proof
is rather complicated but nevertheless interesting. The constants in the formula in
[3] appear to be different from ours, which is due to a different normalization of the
weight function.

W+ W] 6)
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