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A SINGULARLY PERTURBED SEMILINEAR SYSTEM

John S. Jeffries

ABSTRACT. A constructive existence proof is given for solutions of boundary-
layer type for the singularly perturbed semilinear system e2d?z/dt? = H(t,z,¢)
subject to either Dirichlet or general Robin boundary conditions. The required
assumptions involve only natural conditions that are induced by the O’Malley
construction.

1. Introduction

We consider the following second-order system

dt?
for solutions z = z(t,¢) on the interval 0 < ¢ < 1 for small values of ¢ (¢ — 0%)
subject either to the Dirichlet boundary conditions

z(0,¢) = a(e), z(1,e) = B(e) (1.2)

where z, @, 8, and H are n-dimensional real vector-valued functions, or to the general
Robin boundary conditions

B(x(0,¢), z(1,¢), 2'(0,¢), 2'(L,¢), €) = 0 (1.3)

where B is a given 2n-dimensional vector-valued function of z(0,¢), z(1,¢), z'(0,¢),
z'(1,€), and €.

The scalar case (n = 1) of the problem (1.1)-(1.2) has been considered by many
authors including Brish [2], Vasil'eva and Tupciev [23], Boglaev [1], Vasil’eva and
Butuzov [22], Fife [4, 5], Yarmish [24], Smith [20, 21], O’Malley [19], Howes [8-10], van
Harten [6, 7], Chang and Howes [3], and others. The vector case has been considered in
Kelley [13, 14], Howes and O’Malley [11], and O’Donnell [16]. O’Donnell [16] assumes
that H has a special structure which permits the system to be decoupled, and then
the scalar theory can be applied to each component of the system. Kelley [13, 14] and
Chang and Howes [3] assume stability conditions which imply, in particular, that all
the eigenvalues of H,(t, Xo(t),0) have positive real parts for 0 < ¢t < 1 for a suitable
outer solution Xo(t).

The scalar case (n = 1) of the problem (1.1)—(1.3) is considered in O’Malley [17,
18] and van Harten [6]. The vector problem is considered in Chang and Howes [3];
however, their assumptions impose certain restrictive conditions on the structure of
H and B, and spatial coupling of the boundary conditions is excluded.

For both the Dirichlet and Robin problems, we use the O’Malley construction to
obtain an approximate solution; then we linearize the original problem about the pro-
posed approximate solution and apply the Banach-Picard fixed point theorem to prove
the existence of a locally unique exact solution along with error estimates between the

= H(t,x,z—:) (1°1)
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exact solution and the approximate solution. We employ natural conditions induced
by the O’Malley construction. The matrix Hy(t, Xo(t),0) is assumed to be nonsingu-
lar and its eigenvalues are excluded from lying on the negative real axis for a suitable
outer solution Xg(t). This requirement is necessary so as to exclude strictly oscilla-
tory solutions to the associated linearized system and thus allow the construction of
an approximate solution that exhibits boundary-layer behavior (see equations (4.1),
(5.9), (5.13), and (6.5)).

Sections 2 and 3 contain discussions of our assumptions for the Dirichlet and Robin
problems, respectively. Section 4 contains a proof of Lemma 1 which is needed to con-
struct certain fundamental solutions satisfying appropriate exponential dichotomies.
The approximate solutions for the Dirichlet and Robin problems are constructed in
Sections 5 and 6, respectively. Section 7 contains the statements and proofs of exis-
tence and local uniqueness. Examples are provided in Section 8.

2. Assumptions for the Dirichlet problem
Assumption D1. There exists a continuous solution Xy(t) to the reduced equation
H{(t, Xo(t),0) =0 (2.1)

such that the n X n matrix H.(¢, Xo(t),0) is nonsingular and its eigenvalues do not
lie on the negative real axis.

Assumption D2. There exist decaying solutions Xy and X, to the boundary-layer
differential equations

d?X, ,
dr2 =H(O’X0(O)+X0(T)$O)’
Xo(0) = (0) — Xo(0), (2.2)
2 X ~
T2 = H(1, Xo(1) + Xo(0),0),
Xo(0) = B(0) — Xo(1). (2.3)
For our next assumption, we consider the following two linear systems
d ; 0 L.\ -
—&= N " e, (2.4)
dr H:z:(O’ XO(O) +X0(T)’O) 0
d - 0 L.\ -
Li-— . ") é (2.5)
do H;(1, Xo(1) + Xo(0),0) 0

It follows from Assumption D1, Lemma 1 (see Section 4), and Lemma 6.1 of Jeffries
and Smith [12] that there exist fundamental solutions £(7) and &(o) satisfying the
exponential dichotomies

€mPE W) < Ke 0 us<,

€)1 - P ()| < Ker e r <, (2.6)

Ig"(a)(z - P)é-l(u)] < KeV0-v 4 <o

’E(U)PE‘I(U)‘ <Ke"=0)  g<y (2.7)
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I,

where K and v are positive constants and P := (% J). Given two such fundamental

solutions, we make the following assumption.
Assumption D3. The columns of (I, 0)§A (0)P£=1(0) span R™, and the columns of
(I 0)£(0)(I — P)é~1(0) span R™.

Note that this assumption is independent of the particular choice made for the

fundamental solutions 7 and 7, as long as they satisfy the corresponding exponential
dichotomies (2.6) and (2.7).

Assumption D4. There exist positive constants £; and é; such that for 0 < € < &,
H(t,z,€) is of class CV*! with respect to (¢,z) on N/

N = {(t,:z:) 0<t<, |x — (Xo(t) + Xo(t) + XO(%))‘ < 51}, (2.8)

and its derivatives are uniformly bounded. Furthermore, we assume that H(¢,z,¢),
a(e), and B(e) possess expansions in ¢ of the form

H(t,:l:,&) N Hk(t’x) HN+1(ta$’€)
a(e) = Z o ek + any1(€) eN+1 (2.9)
B(e) =0\ B Br41(e)

where the coefficient functions Hy(t,z) are of class CN=**1 and Hyy4(t,z,¢),
an+1(€), Bn+1(g) are uniformly bounded.

3. Assumptions for the Robin problem

Letting g, r, s, z represent the boundary values z(0,¢), z(1,¢), z'(0,¢), z'(1,€), re-
spectively, we may regard B as a function of ¢, r, s, 2z, and €. As an example, consider
the following set of boundary conditions (n = 2)

ml(Oa 8) - 1:/1(0, 8) = 21
z2(1,€) + z4,(0,¢) = 3,

3.1
z1(L,e) + 71 (1,¢) = 1, (3.1)
z2(0,€) — zh(1,e) = —1.
In this case, B = B(q,r, 8, 2,£) would have the form
q1— 81— 2
-3
B(Qv Ty 8, 2,6) = T2+ o2 (32)
r1+z1—1
g2 —22+1

Note that spatial coupling of the boundary values is allowed. We now are ready to
state our assumptions.

Assumption R1. Same as Assumption D1.

Assumption R2. There exist n-dimensional vectors ay and (y such that
B(XO(O)aXO(l)aQOaﬁOaO) = 0’ (33)

and the following 2n x 2n matrix is nonsingular

[Bs(XO(O),XO(]-)’CVO’:BO)O) Bz(Xo(O),Xo(l),aoyﬂo,O)]~ (3.4)
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Assumption R3. There exist positive constants 2 and 82 such that for 0 < € < &3,
the given data function H(t,z,¢) is of class CN*!, N > 2, with respect to (¢,z) on Ny

M= {(t,z): 0<t <1, |z — Xo(t)| < b2}, (3.5)
B is of class CV+! with respect to (g,7, s, 2) on N3
N = {(@,m5,2)  la—Xo(0)] < &, Ir — Xo(1)] < b,
|s — ao| < 62, |2 — Bol < 62},

and the derivatives of H and B are uniformly bounded. Furthermore, we assume that
H and B possess an asymptotic expansion in € of the form

( H(t,a:,s) >=i< Hk(tym) )Ek-l-( HN+1(t’x’€) )EN+1 (3.7)

B(q,r,s,z,e) k= Bk(Qara S, z) BN+1(Q77'7 S,Z,E)
0

(3.6)

where the coefficient functions Hj, and By are of class CV*1=* and Hy,; and Byy1
are uniformly bounded.

4. Lemma 1

Lemma 1. There ezist fundamental solutions i) and 7 to the following linear systems

i 0 L) . |
& (Ho,m(o, Xo(0)) o) " (4.1)

d . 0 -I,\ _
Pz (—Ho,z(l,Xo(l)) 0 ) "
satisfying the exponential dichotomies
AP W] S Kt w2,
[A(r)(I - Py~ (u)| < Ke™ ™™ w2, (4.2)

li(e)(I - P)ii ™ (u)| < Ke ("™ o>u,
[7i(o) Pt (u)] < Ke™*®=9)  u>o (4.3)

where K and v are positive constants and P = (%2 0). Furthermore, the columns of
each of the following two matrices span R"

(0 I,,) P, (0 L) P, (4.4)
where Py := #(0)PA~1(0) and P, := 7(0)(I — P)7~*(0).

Proof. We first consider 7. Since Hy (0, Xo(0)) is nonsingular and its eigenvalues do
not lie on the negative real axis, they may be expressed as A?, ..., A2 where Re(\;) > 0
for i = 1,...,n. Let S transform Hg (0, Xo(0)) into its Jordan canonical form, i.e.,
S=1Hy (0, Xo(0))S = J = diagonal {J1,J2, ..., Jr} where J; is of size m; x m; and
has the form

221
Ji= A (4.5)

)‘2

qi
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where ¢; = my + - -+ + m;_1 + 1. It follows that if S/ is the j** column of S then
HS! = \2§1,
HS? = )28+ 871 forj=2,...,m (4.6)

where, for notational purposes, we have set H = Ho (0, X0(0)) and A2 = A2 . We will
now construct an eigenvector V! with eigenvalue —\ and m; — 1 general eigenvectors

such that
(0 In> Vo vt
H 0

L)\ . . o .
(0 ) VIi=AVI4+ VIl forj=2,...,m. (4.7)
H 0

Defining V! and V2 by

st 2(—)S2
vi= ((—)\)Sl) and V2 := (2(—)\)252 N sl) , (4.8)

it can be verified easily that they satisfy (4.8). To construct the remaining general
eigenvectors, we assume that we have constructed eigenvectors V! for [ = 2,.. .,k such
that

l
Z Cl,i(—/\)i_lvi
yvi=|=1 (4.9)

l . .
> Dii(=A)Vv?
=1

and Ci; = D;; > 0. We now will show that we can construct V*+! with the same
properties. Let V5! have the following form where the coefficients Ci41,; are to be
determined

k+1 i 1vri
; Cry1,: (=) v

vk = it . (4.10)
> Crt1,i(=A)VE+ Y Cri(=A) v
It follows that V*+! will satisfy
0 ) prsr . _yyinn +Vk (4.11)
H 0
provided
k+1 . . k . .
D Crpri (=N VI = S [Chi + Dl (- IV (4.12)
1=2 =1
Re-indexing the sum on the left, we have
k . . k . .
D Chrrir1(=N)'V = [Cri + Di ) (=N V (4.13)

i=1 i=1
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The above equation can be solved, and we find that Crt1k4+1 = Ckx + Digi. By
induction, we have Cg41,k+1 = 2Ckx > 0. These vectors generate m; independent
exponentially decaying solutions U;Y:(7) where Uy := [V1,...,V ™ ] and

my -1

1 7 (mi=D7

Yi(r) = ePat o . (4.14)
S
1

Note that span {(O In) [Vl,...,V"‘l]} = span {S%,...,8™}. In a strictly anal-
ogous fashion, we can construct an eigenvector V1 and m; — 1 general eigenvectors
V7 corresponding to the eigenvalue A\,,. These generate m; exponentially increasing
solutions U,Y;(7) where Uy := [V1,...,V™] and

ml—1

1T (e

Yi(r) = eta” o (4.15)
S
1

such that span {(O In) [Vl,...,le]} = span {S%,...,58™}. This can be done
for each block J; to produce m; exponentially decreasing solutions U;Y;(7) where
U; = [V%,...,V%+1~1] and

7_'m,'—l

I 7 (Cresv
Yi(r) = e ta7 - (4.16)
S
1

such that span {(O In) [Ve,..., V‘I*+1‘l]} = span {[S%,...,5%+171]} and m; ex-
ponentially increasing solutions U;Y;(7) where U; := [17‘“, cees V‘“‘rl‘l] and

m;—1

1 7 (m=1)T

Viry=ewr| (4.17)
L,
1

such that span{ (0 In) [V, ...,17‘1"+1"1]} = span {[S%,...,8%+71]}. Setting

A(r) = [Uy,..., U |Oy,...,U; ] diagonal {Y1(7),..., Y, (1) |[¥1(7),..., ¥ (1) },
(4.18)

it follows that the fundamental solution 7 satisfies an exponential dichotomy and,
since

span { (0 In)ﬁ(O)Pﬁ‘l(O)} = span { (0 In) [O,..., U,,]} =span{S},  (4.19)
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the columns of (o In) #(0)P4~1(0) span R™.
For 1}, we construct a fundamental solution ) to the linear system

d 0 I,
e (Ho,m(l, Xo(1)) 0) Q, (4.20)

just as we did for 7, such that
Q(0)PQ™'(w)| < Ke™™) g >u,

|Q(U)(I - P)Q—l(u)| < Ke—v(v—0) u>o, (421)

and the columns of (0 In) Q(0)(I - P)Q1(0) span R". It follows that 7j(0) := Q(~0o)
satisfies (4.2) and (4.3). O

5. The approximate solution for the Dirichlet problem

In this section, we construct an approximate solution to the problem (1.1)—(1.2) using
the O’Malley construction. We write the approximate solution X (¢,¢) as the sum
of an outer solution and boundary-layer correction functions

XN (t,e) = X(t,e) + X(r,€) + X (0,¢) (5.1)

where 7:= %, 5 := 1=t and X, X, and X possess expansions in ¢ of the form

X(t, 8) N Xk(t)
X(re) | =D | Xulr) | - (5.2)
X(o,¢) k=0 \ X, (o)

The outer solution coeflicient functions X are determined by requiring that the
outer solution satisfy the differential equation up to O(eV), i.e.,
28X _ g p f
&—F = (t, X,€) + p(t,€) or 0<t<1 (5.3)
where p(t,¢€) is a continuous function of ¢ and is uniformly of O(¢V+1). Inserting the
expansion for X (t,¢) and expanding about € = 0, we find that the higher-order terms
X for k=1,..., N must satisfy linear (algebraic) equations of the form

Hoo(t, Xo(t) Xk = Pe_1(t) (5.4)

where Py_1(t) is a suitable function that is known in terms of the preceding coefficient
functions. Since Hy ;(t, Xo(t)) is nonsingular (see Assumptions D1 and D4) the linear
system (5.4) is uniquely solvable.

The boundary-layer correction functions X and X are determined by requiring that
XN (t,¢) satisfy the full problem to O(e™), i.e.,
d2
wXN(t, E) = H(t$ XN(ta E)’ E) + p(t’ 5)’
o(e) = XN(0,6) = p1(e),  Ble) — XV (Le) = a(e)

where p(t,€) is a continuous function of ¢ and is uniformly of O(¢V*!), and ¢, (&) and
¢2(e) are of O(e¥+1). Because each of the boundary-layer functions is negligible where

e (5.5)
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the other is not, we may consider them separately. Hence, we require that X + X
satisfy the differential equation and the left boundary conditions to O(e™)

eQEd;(X +X)=H(t, X + X,e) + p(t,e),
a(e) - (X(0,) + X(0,¢)) = $1(e)

where 5(t,€) is a continuous function of ¢ and is uniformly of O(eV*1), and ¢, (e) is
of O(eV*1). In a like manner, we require that X + X satisfy the differential equation
and the right boundary conditions to O(e™)

(5.6)

28X+ %)= HE X+ 5,6) 4 5(t,0)
Be) - (X(1,) + X (0,6)) = da(e)

where j5(t,€) is a continuous function of ¢ and is uniformly of O(eV*1), and @s(e) is
of O(eN*1). We first consider the left boundary-layer coefficient functions. Using the
results for the outer solution, writing in. terms of 7, and expanding about € = 0, we
find that the leading left boundary-layer function X, must satisfy

(5.7)

d2 A
— Xo = Ho(0, Xo(0) + Xo(7)),

dr? (5.8)
Xo(0) = a(0) — Xo(0),
and the higher-order boundary-layer correction functions must satisfy
da? . . .
—Xr=H _
dr2 ke 0,2(0, Xo(0) + Xo(7)) Xk, + Pp—1, (5.9)

Xk(O) = ar — X, (0)

for suitable functions f’k_l that are known successively in terms of the preceding co-
efficient functions X ; for j < k—1. Furthermore, if the preceding coefficient functions
are exponentially decaying, then Py also is exponentially decaying. An exponen-
tially decaying solution to (5.8) is given by Assumption D2. Using the fundamental
solution €(r) and imposing the matching condition X(7) — 0 as 7 — oo, we can
solve for X} to find

Xy L 0
(erk> E(r)PE(0)An + f E(r)PE(w) (Pk_l(u)) du

] E(r)I - P)é- l(u)( )du (5.10)
Py—1(u)

where 4 is an arbitrary real 2n-dimensional vector. Imposing the initial condition
Xk(0) = ar — Xi(0), we require that

(5 0) 2O)PE (O = ok — Xx(0)

/ £(0)(I — P)¢ 1(u)( Berlu ))du. (5.11)

It follows from Assumption D3 that there exists a solution 4. Furthermore, since
&(7) satisfies an exponential dichotomy and Py_; is exponentially decaying, X; and
j”;Xk are exponentially decaying.
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We now consider the right boundary-layer correction function. Using the results
for the outer solution, writing in terms of o, and expanding about & = 0, we find that
the leading right boundary-layer function Xy must satisfy

d? Xo
Xo(O) = ﬂ(O) - Xo(1),
and the higher-order boundary-layer correction functions must satisfy
d?
= Ho 2(1, Xo(1) + X, Xe+ P
i —— Xk = Hoz(1, Xo(1) + Xo(0)) Xk + Pe-1, (5.13)

Xi(0) = B — Xx(1)

for suitable functions Pj_; that are known successively in terms of the preceding co-
efficient functions X' for j < k— 1. Furthermore, if the preceding coefficient functions
are exponentially decaylng, then P,_; also is exponentially decaying. An exponen-
tially decaying solution to (5.12) is given by Assumption D2. Defining ¥}, := ———X >
we convert the second-order system (5.13) to the following first-order system

d (Xx\ _ 0 —L.\ (X« 0
do <ffk) = <-Hz(1,Xo(1)+X0(0)a0) 0 ) (ffk) * (Pk_l) - (614)

Using the fundamental solution £ and imposing the matching condition Xz (o) — 0 as
o — 00, we can solve the linear system (5.16) to find

X o 1 o Hu 0 U
(n) Eo)(I - P)E (o»yk+/ Eo)I - P)E ()<k1(u>)d

/ &(o)PE (w) (Pk (u )>d (5.15)

where 4y is an arbitrary real 2n-dimensional vector. Imposing the initial condition
Xk(0) = B, — Xk(1), we require that

(In )(I Pz)’Yk—ﬂk—Xk(l)"f' / £(0)P&~ l(u)( Py (u ))

(5.16)

It follows from Assumption D3 that there exists a solution 4. Furthermore, since
I3 (a) satisfies an exponential dichotomy and Pj_; is exponentially decaying, X and
X . are exponentially decaying. Finally, defining

pt,e) i=e ;t _XN(t,) — H(t, X" (t,€), ),
d)l(e) = 01(8) - XN(Oa E)a (517)

#2(¢) := B(e) — XN (1,¢),

it follows that p is a continuous function and is uniformly of O(¢V*!), and ¢;(¢) and
#2(€) are of O(eN+1).
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6. The approximate solution for the Robin problem

In this section, we construct an approximate solution to the problem (1.1)—(1.3) using
the O’Malley construction. We write the approximate solution X/ (t,¢) as the sum
of an outer solution and boundary-layer correction functions

XN (t,e) = X(t,e) +eX(r,€) +eX(0,€) (6.1)
where X (t,¢), X(7,€), X(0,¢) possess expansions in € of the form

X(re) | =D | Xu(n) | & (6.2)
X (a,€) k=0 \ Xi(0)
The outer solution coefficient functions, X (t), are determined as in the Dirichlet
problem (see (5.3)-(5.5)). The boundary-layer correction functions are determined by

requiring that the approximate solution X% (¢,¢) satisfy the full problem (1.1)-(1.3)
up to O(e), that is,

jthN(t €)= H(t, XN (t,¢),¢) + p(t, €),

B(XM(0,¢e), XM (1,¢), XN(O €), XN(l €)) = é(e)

(6.3)

where p(t,¢€) is a continuous function of ¢ and p(t,e) and ¢(¢) are of O(eV+1). As be-
fore, we may consider the left and right boundary-layer correction functions separately.
X (7,€) must satisfy

dt2 (X +eX) = H(t, X +eX) + lt,e) (6.4)

where j(t,€) is a continuous function of ¢ and is of O(¢V*!). The left boundary-layer
correction functions, Xj(7), must satisfy

d?

dr2
for suitable functions Pj_;(7) that are known successively in terms of the preceding
boundary-layer correction functions. Furthermore, if the preceding boundary-layer
correction functions are exponentially decaying then so is pk_l(T). Using the funda-
mental solution 7#(7) and imposing the matching condition X (r) = 0 as 7 — oo, we
may solve for Xi(r) to find

X o T 0
(ddT ; ) = 7(7) P~ (0)9 + /0 A(7) P~ () (pk—l (u)) du

- [T - Pari (Pk ’ (u)> u (69)

where 4, is an arbitrary 2n-dimensional vector. Imposing the initial condition
‘—id;Xk (0) = ay where oy is an arbitrary n-dimensional vector, we have

—— Xy = Ho5(0, Xo(0)) Xy, + Pre_1(7) (6.5)

(o In) PiA = ag + (o In) /0 " A0)(I = PYi~\(w) (Pk_ol(u)> du. (6.7



A SINGULARLY PERTURBED SEMILINEAR SYSTEM 167

It follows from Lemma 1 that there exists a solution 4. Furthermore, since ’I](T) sat-
isfies an exponential dichotomy and Pi_yis exponentially decaying, Xk and X k are
exponentially decaying. A similar construction may be done for the right boundary-
layer correction function X(o,e) such that Xy(c) and %f(k(a) are exponentially
decaying and —g;)"( £ (0) = Bk where (3, is an arbitrary n-dimensional vector.

We now must choose o and G, k=1,...,N, such that

B(XN(0,¢), XM (1, s) XN (0, ), XN (1,€),€) = () (6.8)

where ¢(¢) is of O(eV*1). By Assumptlon R3, there exist constants og and [y such
that

BO(XO(O)yXO(l)yaOsﬂO) =0. (6‘9)
Expanding about € = 0, we find that

Bo,q()Xk(0) + Bo () Xk(1) + Bos(C)(5; ch(O) + ax)

+Bo,: () (o Xk(l) + Br) = Ye-1 (6.10)
where ¢ = (X0(0), Xo(1), o, ﬂ), and g1 is known in terms of the previous values
a0, Boy - - -y k-1, Br—1. It follows from Assumption R3 that there exists a unique solu-

tion ay, Ok to the linear equation (6.10).

7. Existence and local uniqueness

Theorem 1. Given Assumptions D1-D4, there exist constants ep and Dy such that
the Dirichlet problem (1.1)-(1.2) has an ezact solution z(t,€) satisfying the estimates
|z(t,€) —XN(t e)| < DyeNtL,

:c(t €) — XN(t €)| < DyeN (71

uniformly on the region 0 <t < 1, 0 < ¢ < ep where XN(t,¢) is the approzimate
solution constructed in Section 3. Moreover, z(t,€) is unique subject to the estimates

of (7.1).

Theorem 2. Given Assumptions R1-R3, there exist constants eg and Cy such that

the Robin problem (1.1)-(1.3) has an ezact solution z(t,e) satisfying the estimates
|z(t,€) — XN (t,e)| < CneMH,

7.2

x(t ) — XN(t )| < Cnel 72

uniformly on the region 0 <t <1, 0 < € < g, where X" (t,¢) is the approzimate
solution constructed in Section 4. Moreover, x(t,€) is unique subject to the estimates

of (7.2).
We give the proof for Theorem 2. Theorem 1 is proved in a like manner.

Proof. Defining Z(t,¢) := z(t,€) — XV (t,e) and § := £, we find that Z and § must
satisfy the first-order system

d(z\_1 0 L\ (z +1 0 73)
dt \5) e \H,(t, X (t,e)e) 0)\g) ¢ E(t,Z,€) + p(t,€) (7.
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subject to the boundary conditions

#(0,¢) 2(1,e)) _ L
L(e) (g(o,s)) + R(e) (y(1’6)> = —¢[d(e) + F(z,,¢)] (7.4)
where
1 dz
B(t,%¢) = /0 (1= 5) e H(t X (t,€) + 3, €)ds, (7.5)
1
F(z,7,¢) := /0 (1- s)%B((N(s) + s¢(%,7,€))ds, (7.6)
L(e) := [eBy(¢N (e),8)|Bs (¢N (e), €)], )
R(e) := [eBr(¢N(e),€)IB:(¢N (e),€)], '
d d
¢Ne) = (XN(0,6), XN (1,¢), ﬁxN (0,¢), -‘EXN (0,¢)), 8

I - - 1_ 1_
C(xa Y, E) = (Z‘(O,E),Z‘(l,&‘), Ey(o’s)a Ey(ly 5))
It follows from Assumption R3 that there exist positive constants |E| and |F'| such
that for all sufficiently small Z and g
|E(t,3,¢)| < |E||2]*,

7.9
\B(t,31,¢) — B(t, 52,¢)| < max{[5:1],7al} | E| |51 — 7al, (79)

IF(@,3,9)| < |FI{|20,0)] + |a1,)| + Z150,0)| + Zlg(L o) }
[F(1,51,) — F(@2,6)] < MIFI{81(0,) ~ 22(0,€)| +121(1,€) = Z2(0,2)
+215(0,6) — 2200,0)] + 23 (1,6) - (1) )
(7.10)

where M := max;=12 {|Zi(0,¢)|,|Z:(1,¢)|, 1|7:(0,¢)|, 1|7i(1,¢)|}. From Lemma 6.2 of
Jeffries and Smith [12], there exists a fundamental solution Z(t,€) to the linear system

dy_1 0 I g (7.11)
dt e \Hy(t, X"(t,e),e) 0

satisfying the exponential dichotomy
|Z(t,e)PZ~1(s,¢)| < K1e™
lZ(t, e)(I - P)Z"l(s,a)l < Kle"”ls"+tl for 0<t<s<1
where K and v are positive constants. Applying Lemma 6.3 of Jeffries and Smith [12],
we may conclude that there exist fundamental solutions #;(7,€) and #j(o,€) to the
following linear systems
d. 0 I
ar ™ =\ H,(0, Xo(0) + Xo(r),0) 0

b2 for 0<s<t<]1,
(7.12)

" 1.1
)m for OSTSV_ZIHE’ (7.13)

— i =— 0 - In 1 for 0<o< llnl, (7.14)
do H:z:(]-aXO(l) + Xo(O'),O) 0 v €
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satisfying the exponential dichotomies

| (7, €)PiT (u,€)| < Kae™™™™%  for w<r,

1 (7.15)
i (r,e)(I = P)iT (u,€)| < Kae ™™= for 1 <u,
|71 (0, €)(I = P)fiy(u,)| < Kze™2™%  for u<o (7.16)
|71 (0, €) Py (u,€)| < Koe™*®=)  for o <u, )
and the estimates
71(0,6) PA (0,€) = Z(0,6)PZ~1(0,6) + O(eln 3),
& (7.17)

7i1(0,€)(I = P)in(0,€) = Z(L,e)(I - P)Z~}(1,€) + O(eln 2)

where v2 and K, are positive constants. From Lemma 6.4 of Jeffries and Smith [12],

we may conclude that there exist bounded nonsingular matrices S(e) and S(g), with
bounded inverses, such that

71.(0,€) PA;(0,¢) = PLS(e) + O(e),
711(0,6)(I = P)iir(0,¢) = (I — P2)S(e) + O(e).

Using the fundamental solution Z(¢,€), we may write (7.3) as an integral equation

(7.18)

8

(g) = Z(t,e)PZ~1(0,6)CL + Z(t,e)(I — P)Z™(1,¢)Cr

1t . 0
+E_/0 Z(t,e)PZ™ (s,¢) (E(s,i(s,e),e)+p(s,e)) ds

0 )ds (7.19)
E(s,Z(s,€),¢€) + p(s,¢€)

where C, and Cg are to be determined. Imposing the boundary conditions, we find
that Cp and Cr must satisfy the linear system

ML(E)CL -+ MR(E)CR = b(.’f, U 8) (720)

- é/tl Z(t,€)(I — P)Z~(s,¢) (

where
My (¢) := L(¢)Z(0,6)PZ~1(0,¢) + R(¢)Z(1,6)PZ~1(0,¢),

Mz(e) = L(e) 2(0,)(I — P)Z~(1,€) + R(e)Z(L,)(I - P)Z}(L,¢), (7.21)

b(%,7,€) := —elp(e) + F(Z,7,¢)]

Lo [ - Pz X
+ EL(&')A Z(O,E)(I P)Z (3,5) (E'(s,i‘(s,s)ae) +p(s,€)) ds

T L 0
ZR(e) /0 Z(1,6)PZY(s,¢) (E(s’z(s,s)’s)ﬂ(s’s)) ds.

(7.22)
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From the estimates of (7.17)—(7.18), we have

0

My(£)87(€)n(0) = {[0|Bo,s<c>] (2 e ln-};)} ,

) (7.23)
Mr()37)7(0) = {[OlBo,z(C)] (g g) +0( lné)}

where

R In 3 0
a=(0 1,)7(0) (0> ., B=(0 L)) (In> . (7.24)
Assumption R2 and Lemma 1 imply that the linear system
[ML(0)57(7(0) + Mr(©)5 7 €)7(0)] (“) =b&5e)  (7:29)

is invertible. The boundary conditions are satisfied by letting

Cr = 57} (e)7(0) (Z) ,  Cr=2587(e)ii(0) (Z) : (7.26)

We now may apply the Banach-Picard fixed-point theorem to conclude that there
exists a unique fixed point to the integral equation (7.19) satisfying the estimates of
(7.2). For the details of such a proof, see Jeffries and Smith [12, pp.26-30]. O

8. Examples

We now consider the following second-order system

ez = 2zo +t(1 — t)23,

8.1
elz) = —8x; — 16t (&1)
on the interval 0 < ¢ < 1 subject to the Dirichlet boundary conditions
z1(0) =1, z1(1) =3,
1(0) 1(1) 8.2)
x;;(O) = 2, 2:2(1) =0.
The reduced system
0=2Xp0+t(1—t)X3Z,,
20 +H1—-1)X7, (8.3)

0=—8Xy0— 16t

has solution X o(t) = —2¢t, Xa0(t) = —2t3(1 — t). Ho 4 (t, Xo(t)) is given by

—42(1—t) 2
-0 &
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and has eigenvalues —2t%(1—t)+4i4/1 — .25t4(1 — t)2. The boundary-layer differential
equations are given by

d*X , ,
- = 2%, X100 =1,
d*X , ,
d 2 =-8%10, X20(0)=2
P )T( (8.5)
da;’o = 2X3,, X1,0(0) = 5,
d*X " .
Tﬁ”" = —8X1,0, X2,0(0) =0,
with solutions
X10(7) cos(v/27) — 2sin(v/27) —V3r
A = e ,
Xo,0(T) 2 cos(v27) + sin(v/27) (856)
Xl,o(a) _ 5cos(\/§a) 2 .
X30(0) 10sin(v/20) '
The fundamental solution £(r) = AZ(r) where A equals
1 0 1 0
0 2 0 -2
8.7
VB V2 VI &0
V2 -2v2 -2v2 -2V2
and Z(7) equals
o= VEr cos(v2r) —sin(v/27) 0
sin(v27)  cos(v/27) (8.8)

0 VI |:COS(\/§T) sin(v/27) ] ’

sin(v/21)  — cos(v/27)
satisfies the appropriate exponential dichotomy, as does £(0) := £(—o). We there-

fore may conclude that the problem (8.1)-(8.2) has an exact solution z1(¢,¢€), z2(t,€)
satisfying the estimates

z1(t,e)\ -2t " cos(@) - ZSin(@) 3
z2(t,€) B —2t3(t — 1) 2cos(@)+sin(3@)
5 v2(-t 3(1-t
(o

Next, we consider the following second-order system

ex] = —2x1 + To, 810
exy = (1 — 1)z (8.10)
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1
subject to the Robin boundary conditions
z1(0,6) — z1(0,¢) = 2,
z9(1,€) + 75(0,€) = 3,

z1(l,€) + 21 (1,e) =1, (8.11)
z2(0,¢) — x5(1,e) = —1.
The reduced system
0= -2z + z2,
0= (1= 1)z, (8.12)
has two sets of solutions
X10(t) =1, )_(1,0(t) =0, (8.13)
Xo0(t) =2, Xop(t) =0.

However, only the first solution satisfies Assumption R1. The boundary-layer differ-
ential equations are given by

d?X ; . dX
Koo bt Mg
A - 8.14
d’X, 5 dX
7z = - 0="3,
and
X . . X
d2d‘:(';’0 = 2X1,0 - Xg,o, dd;,O (O) = -2, ( )
= ~ 8.15
dez’o ~ dXap
_—d_OT = 2X1’(), 'F(O) = 5.

They have solutions

(Xl,o(r)) _emr ((ul + o) cos(paT) + (11 — p2) sin(ugr)) (816)
Xz,O(T ) V2 —2p9 cos(paT) — 21 sin(p27) ’

and

(X’LO(U)) _ 3emme ( o cos(p20) + p1 sin(p20) )
; = - , (8.17)
X2,0(0) V2 \ (w1 — p2) cos(pz0) — (1 + p2) sin(uz0)

where p; = 4/ 3@ and pg = 4/ 3%"‘—1 We may conclude that the problem (8.9)-

(8.10) has an exact solution z1(t,€), z2(t, €) satisfying the estimates

zl(t,E) _ 1 )A{l’o(_:.) Xl,O(lT—t) ,
(mz(t, s)) B (2) e (Xz,o(g)) e (5(2,0(%) +0E).  (818)
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