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SOME SEMI-CLASSICAL AND LAGUERRE-HAHN FORMS DEFINED BY
PSEUDO-FUNCTIONS

J. Alaya and P. Maroni

ABSTRACT. We deal with some examples of semi-classical forms defined by Ha-
damard finite parts. We construct corresponding orthogonal sequences and their
respective structure relations. Inverse and associated forms also are considered.
Representation of these forms are given. In general, they are Laguerre-Hahn
forms.

1. Introduction

In a recent paper [16], the second author has studied the generalized weights P f V—m(“”r)

defined by
il p=pr [~ XD j@)ae

~ lim ( / - % fado + /+ °° V) ¢ o)z — 2v(0) f(O))

e—+0 — 0 x

for any polynomial f and where the function V represents the regular form v
)= [ V@i, (1)

The form v is regular if a sequence {Sy, }n>o exists such that [4]
(v, Sn.Sm) = knbn,m, n,m>0, k,#0, n>0,
So(z) =1,  Si(z) =z - (o, (1.2)
Snt2(2) = (¢ = Gu41) Snt1(2) = prt1Sn(z), n20.

In algebraic terms, the problem under consideration is the following: determine regular
solutions u of the equation

iy = -, A#0, (1.3)
with constraints (u)o = 1, (v)o = 1 where (u), := (u,z"), n > 0, and (z%u, f) :=
(u,z2f(z)). Equation (1.3) is equivalent to

w=06—(u)18' — \z ™% (1.4)
where (6, f) = f(0); for a form w, w’ = Dw is the derivative: (v, f) := —(w, f') and
(7, f) :== (v,00f) = (v, ﬂ%@) The second member of (1.4) is the usual sum

of a suitable solution of the homogeneous equation and a particular solution of (1.3),
since z?(x~2v) = v following the definitions.
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SEMI-CLASSICAL AND LAGUERRE-HAHN FORMS 13

When v is given by (1.1), in view of (1.4), we may write

(u, ) = f(O){l + APf/_: Vw(,f)dw}
+ f'(O){(u)1 + AP /-0:0 ‘—/%zdx} — A\Pf /_0:0 %f(x)dw (1.5)

PLZ—‘%B)dm=€ETO<[:Y%d$+AjY%)-dx>.

We have assumed that Pf ffzo ﬂzgﬂdw exists. When this number is different from

zero, what is the regularity of the form P f Y;S”—)? We may choose the parameters (u);
and A by the conditions

where

()1 = —\P /_ ” K%de, (1.6)
A=— (Pf /_oo Vx(;”)dx)_l . (1.7)

Then, by (1.5)
wf)==xpf [~ T (oo (L8)

is the solution of (1.3) which we are interested in.
When Pf f o V(m)dw = 0, we maintain (1.6), but now the parameter A becomes
arbitrary, and we have by (1.5)

V(iv)

u=0§—~ APf—5+ (1.9
In general, the form u given by (1.4) is regular 1f and only if A, # 0,n > 0[16, (1.12)],
with
(ASE21(0) — ():15,(0)”
2 v >
(v,S ){A+Z 5D , mn>0. (1.10)

As usual, S$! )(a:) = (v, 2 ‘(“2_?" 1(g)), n > 0. In this case, the orthogonal sequence
{Zn}n>o0 relative to u is given by
Zo(m) =1 5 Zl((IJ) Sl(ac) + bo,

Zn+2(:l7) = Sn+2(a:) + anSn_,.l(a:) + anSn(x) 5 n Z 0, (111)
where by [16, Lemma 1.1]
bO = CO - (u)la
8n(0) = A8, (0 Sn+1(0) — ASEY (0 '
bst = Cost — ((w)15:(0) = 1(0) Lmb)l +1(0) — ( ))’ n>0. (L12)
an = AXZI , n>0. (1.13)

Also, the sequence {Z,},>0 satisfies the recurrence relation
Zo(x)=1,  Zi(z) =z - Po,
Znt2(2) = (T = Bpt1)Zn41(2) = Wmt1Zn(z) , 020, (1.14)
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with
Bo = (u)1, Br+1 =Cnr1 +bn — bny1, n >0,
A JANET YAV
Nn=-8, 1= )\A—; ) Y43 = —Z%Q——pnu , n=>0. (1.15)
0 n+1

In particular, when A > 0 and v is positive definite, then u is regular by [16, Theo-
rem 1.1].
When v is symmetric, we have (compare [16])

A, +1

Ve L 2n+1 = P2n+42 n >0, (1.16)
==X, Yont2 = d2n , Yont3 = 8-2%'02"“ ) n >0, (1.17)
n

with

n 14
A1 =0, An=E(H—”?ﬁ—), n>0, pp=1. (1.18)

v=0 \u=0 P2p+1

Our aim is to give examples of semi-classical forms (1.8) or (1.9) through data of
semi-classical forms v.
2. The structure relation

In the sequel, the form v will be supposed symmetric, semi-classical of class 5, and
satisfying

D(®v) + v =0 (2.1)
with § = ma.x(dega —2, deg ¥ — 1) [14, Definition 3.1]. The form u given by (1.4)
satisfies the equation
’ D(®ou) + Pou =0 (2.2)
with
®o(z) = £°®(z) Yo(z) = () .

The class of u is at most § + 2. Following a standard criterion [14, Proposition 3.5],
we have

0(0) +%0(0) =05 (u,Fotho + 930} = B(0) — Av, Botp + 939) .

If ®(0) — Mv, %% + 92®) # 0, then the class is 5+ 2 . (2.3)

If &(0) — Mv, %% + 93®) = 0 and B(0) # 0, then the class is 5+ 1. (2.4)
Indeed, u satisfies D(Pu) + ¢u = 0 with

O(z) =zd(z), Y(z)=3(z)+azP(z). (2.5)

Moreover, we have ®'(0) + ¥(0) = 28&(0) # 0. Below, the class will be determined in
any particular case.

In order to obtain the structure relation of {Z,},>0, let be the one of {S,}n>0 [9,
13]

E)(w)s;zﬂ(w) = %(5,,.{.1(3') - 50(x))5n+1($) — pn41Dp11(2)Sp(2), n>0. (2.6)
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'By (1.2), note that ¢, = 0; by symmetry and n — n — 1, we have
B(2)S. () = D (2)Snss(z) + (% (Ga(e) ~ Co(@)) ~ 2Dn(x) ) Sulx), n>0. (27)
From (1.11), using the fact that b, =0
(2)Z;,12(2) = 8(2)S)15(2) + an®(2)S)(x), 020

With (2.6), (2.7), and (1.2), we obtain

8(0)Z41e) = { 22D =D 4 0, 5,0) ~ pusaBnsat@) S 2)
+ {an{w - a:bn(x)} - Cn+2(z)2— Co(x)pn.;_l}sn(a:), n > 0.
2.8)

But, from (1.11) and (1.2), we have

n+2(x)7

TSn+1(x) + (an — pr+1)Snlz) = Z
=Zn+3(x) ) n>0,

(1’2 + @nt1 = Pn+2)Sn41(T) — Prt1250(T)
or equivalently, with (1.14),

anx25n+l(~73) = anTZn 12 (x) + 'Yn+2(pn+1 - an)Zn+1(m)

anxzsn(:c) = (@ng1 — Pn+2)Zn+2(1’) + 'Yn+2$Zn+l($) ) n>0.

So if we multiply (2.8) by a,z?

an@?®(2) 2}y o(3) = {aan(z;n) + (ant1 — prt2)H(z; n)}Zn+2(x)

+ {—'yn+g(an — pnt1)G(z;m) + ’yn+2:cH(a:;n)}Zn+1(:c), n >0, (2.9)
where
1, ~ ~ - -
G(z;n) = 3 (Cn+2($) - CO(x))x + anDn(z) = prt2Dni2(z)

1,~ ~ 1, ~ ~ ~
H(w;n) = =5 (Catal®) = Co(@))pats + an{—Q-(Cn(a:) - Co(x)) - mDn(a:)}, n>0.
Taking into account the well-known recurrence relations

Crs1(z) = =Cp(z) + 22D, (z)
Prt2Dnia(x) = =®(2) + pny1Dn(x) — 2Cryr(z) + 22Dpyr(z), n>0, (2.10)

we obtain

H(z;n) = %(5n+1($) + Co(@))(Pnt1 — an) — pn+12Dn41(z)

1,~ ~ - ~ -
G(z;n) = —§(Cn+1(x) + CO("L'))J" + anDn(z) = pnt2Dnt2(z) + x2Dn+1(x)7 n > 0.
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Moreover, since by (1.16), (an+1 — pn+2)(Pn+1 — an) = 0, n > 0, the relation (2.9)
becomes

n8(0)Z312(0) = {02 {B0) + (@0 = prsn)Dn(0) + § (Griala) = o))}
— pnt1(@ny1 — pn+2):ch+1(a:)} Znya(z)

- 7n+2{(an = Pnt1)(anDn (%) = anp1Dnt2) + anz Dn+1($)} Zpt1(z) -
Finally, when the class is § + 2, we obtain
~ 1, ~ ~
2?®(2) 2 4o(z) = x{ () + (an = pn+1)Dn(z) + §(Cn+1(x) - Co(z))z

_ Pn+1
s Dris() + @ = po12) (Bo(0) = 22 Drn(@)) | Zra (), 20,
(2.11)

(@ns1 — pn+2)Dn+1($)} Znt2(T)

When the class is § + 1, we have

28(2) 2L 15(2) = { B(2) + (an — ps1) Du(@) + = (Capa(z) — Co(a))2
2

~ 225 (0011~ pus)Dris (&) } Znsa0)

n

~ur2{Dnss(0) + (@n = p42) (005 @) = %5 (0B @) }Zua (o),
(2.12)

n > 0.

3. Examples

Example 1. We take v = U where U is a Tchebychev form of the second kind
U, )= / V1-22f(z)dx .

Thus we have
= 1 >0 and A= 1
Pn+1 = 47 n 2)
®(z) =22 - 1, P(z) = -3z, §=0, (3.1)
Cul@)=(@2n+1z, Da()=2n+1), n>0.

Therefore, from (1.16), (1.17), and (2.4)

12n+3 1
= = — = - >
a2n 4 2n + 1, a2n+1 4a n2z 07
1 1243 12041 (3.2)
= —— n n >9 ’
M=y MmerSgpor s =gy 20

d(z) = x(x -1), Y(z) = —(22% + 1), s=1.
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From (2.12), we have
2n+3
2 +1

z(z? — 1)Z4,3(z) = ((2n + 3)2® — 2) Zonis(z) — —(2n + 1)z Zont2(x), (3.4)

n > 0. We deduce the fact that Z,,11(z) has simple zeros. Indeed, on account of (3.3)
and (3.4), the equations Z,41(x) =0, Z,,;(x) = 0 imply = = 0; furthermore, we have
from (3.4)

2(0? = 1) Zh5(@) = 20 + 10 Zansa(®) — (4 )0 Zopia(a),  (3.3)

Zb,5(0) = —%(272 +1)Zonsa(0) £0, n>0. (3.5)

In fact, the form u is equal to the inverse of the Tchebychev form of the first kind
(also see [8]): u =T ! where

_1 [ f@
(Taf>_;[‘1 \/l—_—zz-dz
ly = uu™! = § with (6, f) = f(0) and the

The inverse u~! of u is defined by u~
product uv of two forms is given by [11]
£f () —xf($)>>

(o, ) 1= (u, 0F)(@) = (s (v,

Indeed, we have z?u = —éu. But if 7(!) denotes the form associated with 7, we
have by [13] that 17(1) = —z27~! and the well-known property 7(!) = i/, therefore
z?(u — 7~1!) = 0 which implies w = 7. Thus (see [16, Introduction| for another
expression)

. wi)Q 1o (3.6)

71=_lp
T
where Y is the characteristic function of R*.
Let us consider the quadratic decomposition of {S,}n>0 and {Z,}n>0 [4, 12]
Son(z) = Pa(z?),  Sony1(z) = zRa(z?), 020,
Zon(x) = Pn(z?), Zon+1(z) = 2R, (2?), n>0. (3.7)

The sequences {P,},>0 and {R,}n>0 respectively are orthogonal with respect to ou
and zou where ou is the even part of u defined by (ou, f) == (u, (o f)(z)) = (u, f(z?)).
From (1.3), we have

o(z’u) = zou = —Aold = —%au . (3.8)
Therefore, R, = ﬁn, n > 0. On the other hand

(olU, f) = /

We conclude that Z3,4;1 has (simple) zeros in ]—1, +1[.
From (3.8) and (3.9), we have

% f(z)de . (3.9)

1
ou=26— =z lolU,

2
! — T xTr) —
ouf) =10 - [/ 221010,

X Z
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With the definition

Pf/ =y Yo f(@)de = lilggo{ i : 3/2 YL f(z)da — \/Ef(O)},

we obtain

(o, ) = f(o>(1+Pf/ Ozw) - pik [
But

/ U / \ T 1 T
Therefore,

T~ 1 = _Pf%Y(x(l ;:/)2)\’ -z .

Thus {R, }n>0 and {P,}n>0 are orthogonal with respect to the forms (3.9) and (3.10),
respectively.

(3.10)

Example 2. We takev =7 or V(z) = 1 Y\Sl%-) Here, we have Pf [ Y& gy =0,
consequently, the form u is given by (1. 9) where A is arbitrary. Then

1Y(1-2?
u=8§ - ANPf————ZL
f7T z2y/1—22
Thus, we have
1
Pr+1 = T 8m0/2" n >0,
&;(CL') = .1'2 - ]-7 ’@Z(-'L') = —, s = O, (311)

Cn(z) = (2n — 1)z, Dy () = 2n, n>0.
Therefore, from (1.16), (1.17), and (2.3)
1 2n+1A+1

—

azn = 41-6,,10/2 omA+ 1 3 A2n41 = Z n > O,
1 2nA+1
7= Yent2 = G2n, Yon43 = 13mr AT T n >0,
O(z) =2*(z" -1), Ye)=-2°  s=2. (3.12)

The form u is regular if and only if A # — 2 ,m>1. From (2.11), we have

(2 = 1) Zyp0(2) = 33{2(“ +1)z% - m}zznn(x)

A
—279p, 2 1)z? — Zon, , Nl

" +2{( D AT ) @ DA T 1)} za(e), - (313)

dn+Dr+1

20,2 _ / — 2_ A re)Ars

P = D p0is(e) = of 0+ 3122 - ST 70
— 4(n + 1)')'2n+3-752Z2n+2 (z), (314)
n > 0. We deduce from (3.14)
A

Z5n43(0) = =272043Z2n42(0) 0, 7.>0. (3.15)

2(n+1)A+1
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So, the polynomials Zs,,+3(z) have simple zeros. About Za,2(z), we have the result:
a multiple root z necessarily satisfies

A
(2nA+1)(2(n+DA+1)

With the recurrences relations (2.10) for C,,, D,, the relations (3.13) and (3.14) give

4n\
= — 122 — >
Cont1(z) x{(4n 1)z 2)\_'_1} n>0,
nA

(2n +1)z? =

= >0.
Cont2() x{(4n+1)x +2 )\+1}’ n>0

D2n+1(m) = 4’"'1: , n2>0,

2A
D2n+2($) = 2(2n + 1)132 - (Qn)\ n 1) (2(n n 1))‘ " 1) , n>0. (316)

The decomposition (3.7) shows that R, = ISn, n > 0 since zou = —Ao7. Conse-
quently, the polynomial Zs,; does not depend on A. Moreover
1 1

9,
0 vVz(l—1z)
This implies that the roots of Zs,41 are in |—1,+1[. On the other hand, from ou =
6§ — Az~ 10T, we obtain

(0T, f) = (3.17)

u. =50 -7 [ x(ll_ x) 1) =10,

_ 1M1 dr f(:v)
But Pfi fol zwl;—d\/li_——:c = 0; therefore,

1Y (z(1-1))
ocu=06— APf—_W\/ﬁ .
Thus { R }n>0 and { P, }n>0 are orthogonal with respect to the forms (3.17) and (3.18),
respectively. In Examples 1 and 2, the form u is a second-degree form, since v is a
second-degree form [15, 17, 18]. Indeed, if S(u)(2) = — om0 é’,f—)& denotes its formal
Stieltjes function, we have using [15, (4.1) and (4.15)]

25 (u) (2) + 2 = =AS (v)(2),

(3.18)

B(2)8%(v)(2) + C(2)S(v)(2) + D(z) = 0,
where in Example 1,
B(z)=1, C(2)=4z, D(z)=4,
and in Example 2,
B(z)=22-1, C(z)=0, D(z)=-1.
Therefore, S(u)(2) satisfies
B(2)S%(u)(2) + C(2)S(u)(z) + D(2) =0
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with
B(z2) = 2*B(2)
C(z) = z2{2z§(z) - /\5’(2)} (3.19)
D(z) = 22B(2) — A2C(2) + A’D(2) .

Moreover, the form wu also satisfies [15, Proposition 2.3]

B(z)u+z?D(z)u™' =0. (3.20)

2

Example 3. We take v = ‘H where H denotes the Hermite form, then V' (z) = \/L;e‘”c .
Here

Pn+1=%(n+1), n >0, A:%,
d(z) =1, ¥(z) = 2, §=0, (3-21)
Cn(z) = -2z, Dn(z) = -2, n>0.
Then, from (1.16), (1.17), and (2.4)
agn =n+1, Gont+1 =n+1, n >0,
o4l = %(n + (=)™, >0, (3.22)
®(z) =z, P(z) = 22% + 1, s=1.

In fact, the form given by (1.8) is the generalized Hermite form corresponding to the
parameter value y = —1 [4]. We have

Ch(z) = =2(z® + (-1)"), Dy (z) = -2z, n>0.
Hence
zZ, o) = (1 + (—1)”+1)Zn+2(m) + 2Vn428Zp11(x), n>0.
The roots of Z,,.2 are simple since

Zn13(0) = —272n43Z2n42(0) #0,  n>0. (3.23)

From the decomposition (3.7), we have R, = P, n > 0, where the sequence {ﬁn}n}_o
is a Laguerre sequence with parameter value of —1/2, since

(oM, f) = % /0 ” o te o f(z)de . (3.24)

Therefore, the roots of Zon41(z) are real. Next, from ou = 6§ — 2z~ 10cH and (3.24),
we obtain

oun={1+prse [~ Gpaelro-proz [7 Spseis.
But Pf -2 T fo mdm = —1; therefore,

(ou, f) = —P f% / ” % f(@)da . (3.25)

S0, {Pn}n>0 is a Laguerre sequence with parameter value of —3/2.
In these examples, where v is symmetric, positive definite, and A > 0, we have [11]

u®) =47y, (3.26)

and the fact that «() and u~! are positive definite. As usual, u(!) is associated with u.
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Indeed, from (1.3), (z%u)u~! = —Avu~!. But following the general formula f(uv) =
(fu)v + x(u@of)(x)v [14, (2.6)], we have (z?u)u~! = 26 — x(u00(2)(x)u‘l =
—z((u)1 + z)u™! = —z*u~!. From the definition [11 13 4.7)], v = —z?u~1
therefore, with y; = —\, we obtain (3.26). Next, if {Zn }nZO denotes the orthogonal
sequence with respect to u~! when it exists, from the general theory we have [13]
(compare also [16])

780 @) = 200, (2) + o020 (), w20,

!
(- _ _ Zany3(0) ) _ >0
2n T Zén+1(0)’ A2n+1 = V2n+3; n =2y,
(3.27)
Zh 1(0) = (=) ( )( ),z
2n41(0) = (=1) Z72u’>’2u+1 H Y2p H72p+1
- ’72 272n+3
7§ ) = M, ’Yé;lz = aén)’ 7§n—){-3 = %» n>0.

The announced properties follow since Zj,,3(0) # 0, n
and (3.23).

> 0, from (3.5), (3.15),

Remark. It is a striking property that the product of two positive definite forms is
still positive definite. In general, this is not true. For example, the Tchebychev form
T satisfies the equation (22 — 1)72 = 0. Consequently, 72 = $(6_1 + 61). Positivity
is kept, but no regularity. '

As an application of (3.26), we have

u® = -5y Ll (3.28)
72 72
Indeed, we have v{)u® = —z2(u)~1, and from (3.26), (u))~! = v=1u; therefore,
with the help of [15, (2.6)] and (1.3), :
’yfl)u&) = —2?(v7lu) = —(z2u)v™! — z(u) (z)v™ = A6 — 2PvL .

But pyv™) = —z2v~!, hence (3.28) holds. For a general problem analogous to (3.28)
and detailed properties, see [5, 10].
4. Representation of v~1, u(!), 4(®) in Examples 1 and 2

In the case of Example 1, we easily obtain u(!) = 2227 by (3.26); therefore,

Wh, fy== f(z)dz

2 / T
TJ_1vV1— 2
From (3.28)

W0 =26n+ o [ VImaw

In Example 2, we have 225 (u)(z) + 2 = A(22 — 1)7/2 where we take the branch
V22 — 1 which is positive when z = z > 1. Writing 22(22 —1) — A\ = (22 ~#3)(22 —7})
with t2 = 1(1+v1+4X2), 77 = 1 (1 - V1 4+ 4)2), we get, with the help of [15, (1.5)],

vy 1 _ 1 A2 —142(2% - 1)
SO e T T T G A
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Suppose A > 0 and let S(u~1)(2) = H(z). In this case, SH(z) > 0 when Sz > 0

(z =z +1y).
Moreover, since
. . Yy
_ZyH(Zy) = /\(1+y2)_1/2+y - 1, Yy — o0,
we have

H(z)=/00d’u—(t)

t—=z

where 4 is a non-decreasing function [7]. We see that u is continuous except at ¢2 = ¢2
since

(t—2)H(z) =0, z—t, O<e<arg(z—t)<m—¢, t€R, 2 £ 12,

(£tx — 2)H(2) — ; L _1,__?_)\4)\; L =ky, z—oEty, O<e<arg(z—+t\)<m—c.

In fact, the function y is absolutely continuous with respect to Lebesgue measure for
t2 # 2 since

/ |H(z + iy)|*dz < By, 0<y<li, T>ty>1,
|z|>T
from the definition of H. Moreover, it is easy to see that

R
1
/ H+i)fde<By  0<y<in,
-R

with 0 < R < t,, since
|22 — 3| > t2 — R?, |z| <R,

1 1. -
|#* =7} 2 5 7a(a® +7)V?, 0<ysgh, Ma=y/-1%.

The property follows from the well-known formula

1 [
B R | o .
p(z2) — p(z) y!il(r)l_'_ - / SH(z +ty)dz .

T1

On account of

A1 — z2
—_—, lz] <1,
(z +10) z2(1 — z2) + )2
0, lz| > 1,
we finally obtain
22 AhoVI-e dt
- Z —[-1,+1].
Hz) = kg — 7r/_1t2(1—t2)+)\2t—z’ 2€0-[-L+1]

Consequently,

1 V1 — 22
< _l,f) k)\<6t)\ + 6—t,\af> + /lmf(x)dw, )\ > O . (4.1)

From yu(® = —z24~! and (4.1), we deduce

z2/1

W0 = st o)+ 5 [ BT g )
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The formula (3.28) gives

@W®, f) = —2 (6, f) + ——s / VI—2f(z)dz . (43)

1+2,\ (1+2)\

Remark. By straightforward and lengthy calculation, it could be shown with the
help of equation (3.20) that the representations (4.1) and (4.2) remain valid for A €

—[-14,+3i).

When A = —51, n > 1, the forms ! and u(!) are no longer regular, but keep their
respective representations. As to (4.3), it is valid for A# -1

It remains to treat the case A=1(, 0<|¢| < % where 0 < t3, 7§ < 1. It will be
sufficient to suppose 0 < ¢ < 1. Equation (3.20) becomes

(@ = Du+ 22 (22(2® - 1) + (F)u ' =0.
Equivalently,
?(2® = Du+ (2%(2® - 1)+ ¢?)u"' = A6+ BS' .

We deduce that (u)s — (u)2 + (u™1)s — (™12 +¢2 = A, 0 = B. But (u)2 = —),
(W)s=—=MT)2=—3X (v1)2 =X (™14 =A%+ ;). Hence, A = 0. Therefore,

@ - )@ -t = —2?(@® - Du=N® - 1)T = —%Au .4

The following identity will be very useful: for any polynomial f and any form w,
we have (15, (1.12)]

(z - )7 (f(@)w) = f(O)((z = o) T'w) + (6cf) (2)w — (w, 6 )6 (4.5)

where (6.f)(z) := fi“—”%:—f@-, ((z = ) tw, f) := (w,8.f), c € C. Two cases arise: (1)
0<({<3%,and (2) (=1.
(Ho<(¢<i.

Then § <t <1,0 < 7% < 5. We have successively, in accordance with (4.4) and
(4.5),

. 1. _
(z + i) (x% — £ )u = T3¢ (i€ — tfc)ém — 51{(3: —7ie)" U,
_ . . _ 1, _
(z? - tfc)u V= (i¢ - tfc)é_m + Tic (i€ — tfc)(:c + Tic) lénc - 51((x2 — ‘rf() u,

(T — tig)u™ = —ticby, + Tic (i — t7)(x + tzc) Y@ + 7ig) oy
+ (i€ — t3) (@ + tic) "b—ry — —2~i§(a: +tie) TN - %)UY,

’u,_1=5t1< ,c(ai—t,() 15_ z<+TlC(7‘C—tzC)(x -—t ) 1($+Tz() 157-14
+ (i¢ — t2 )(a: — 2 ) o — z((:c -2 ) Yz? - ,C)-lu. (4.6)
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Further, on account of the definitions and of the representation of &/, we have
((@® = 7) M =® %) 7' U, ) = (U, 04,04, 07, 0—r. . [)

= 2/1 V1—z2? (0=t Ori0-ric ) (@) = (01, Ori O f) (tic)dx
T/

T —ti¢

\/_

= (0t r O s f) (ti) P2 /

Vv1-— :v2
(eTzce—T,cf ( tl( / _ t2 x

1 — 12
- (g—rigf)(TiC)P;[ 332 — t; )(;_ Tz()

- fenP2 [ e <)+P2/ (Vl‘wzf(x)d“’

—t3)(@® — 7} z? —t3) (@ — 77%)

where P means Cauchy’s principal value of the integral. But, it is easy to see that

1 142 _2
P%/ tl xtdt=—2:c, pZ / VI =2 <y,
-1 -

1 V1 — 12 ST — 12
Pz/ 1-¢ )dt=0, P2/ 1—¢ t =0,

Y ) e L EeE D)

—1<x1#a:2<+1.

Consequently,
((xz B Tzc) l(x ) lz,[ f) f(tzig '*:_fT(2 th) f(Tzig 'i__fT(lc TZC)
2 x
2 R LCLE

After some straightforward calculations, we obtain from (4.6) and (4.7)

0= 1A b 3‘/\/1—5—445 L6 e+ b )
+iCP— /_ N _%_ ) flz)dz . (4.8)
From yu = —z24~! and (4.8), we infer that
(1, 1) = s Ot + o ) = 5 o 8
+pL / 11 @ ng(?f 5/ @i (4.9)
2)¢= %

= % As above, we obtain
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—

w =8y~ (VD) e - (VD)) b1 +y (Z—l)( ‘5)-15(\/5)-1

=3V - Do - (VB (o %)‘16_(@-1&2(2—%)‘%

or

u = ‘5<f) = (VDT o= (VDT e gy — 1(’ “DE+ (V)T e

+ 3V - 1) (o - (vB) )2 (‘f)l—l(ﬁ_l)‘zu.

2 (4.10)
On the other hand, we have
<(:1:2—-%) Uf> <U 02(\/‘) 1 (f) 1f>
/——— O_va)1 ¥y ) (@) = ( ~(v2)- ‘e(ﬁ)-lf) (=27
/ z+(v2)-1 da

= ~V2(0_( 162 5y f) (-(VD)Y)
/ vi=z (¢ (ﬁ)-l"(ﬁ)-lf)(x)‘ (9—(¢§)—10(¢§)-1f) (v2)7)
1$+(\/_) ! z—(v2)~!

2( —(ﬂ)—la(ﬁ)-lf) () - (9—(\/5)—10(\/5)—1f) (v2)7)
—/ V1i—z P

T P

~(6-va1012)-:f) ((ﬁ)_l)}dx
= —V3(0_ a0y ) (VD) + 2(9—(¢§)—19<ﬁ)-1f) (v2)™)

+P\/—/ V1=z2 (e(ﬁ)—lf)(x) - (e(ﬁ)—lf) ("(\/5)-1)d‘r
17— (V2)-1 z + (v2)-1
pV2 / Vics? (ﬁ)—lf)(év)—(9_(¢5)_1f)((\/§)-1)d
12+ (V2)~! z — (V2)-1 z
= = (¢ -y (- V2 1—22 f(z) — f((\/—))w
—f(f«f) = (VD) + P2 /Vﬁ__ L=,
pV2 / V=22 f(z) - f(~(v2)7))
1 22-1 w—l—(\/_) -1

on account of

dx

dx

dx,

1 _Q{ 1 B 1 }
E+(VD -2 2= (DT zr (oS
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But
1 _ V2/2 12 N 1/2

@+ (D) -(D) @+ 2+ (VDT - (VD)
(4.11)

Therefore,

(@ =57 f) = ( 7™ -7 (-v2)™)
pY2 [ V1-2? fl@)- (VD))
+_{ /lx—w (VA

2/ (@)~ F((v2)7)
[ A,

1! Vi—z2 _
oot Lo s
f{ pV2 [l V1-a? f(w)—f(—(x/i)‘l)dx
2 1x+(f) z+ (V2)1
/—f fF(-(v2)™)
/ m+(\/— e

! -1
#2110 - 1))

or

(& =97 1) = 25 (1 (D) - £ (D)

2

+‘/_—{p £/ —m1/7)—)2f(a:)dw

\/_ 1—m2
/ :1:—(\/—
1 Vi—z2
P 19:—(\/_) ——=— f(z)dz
11 Vi- 2 .
o e i)

{ ‘f/ +1\}f J(@)da
l—ac2

(-(v2)™) Pf—/ e

V1 -— 22
1:v+(\/_)" f( )dz

1t Vis 2 1
P [ s+ -/
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It is a simple computation to see that

T e e x_I}xz do=V2.

Then,

1,-2 1 ' - ’ -1 2 1-=z?
(- u,f>:7(f(\/§) 1)—f(—(\/§) ))—P— / e

TS 22— 2
+ Pf— / e (z)dz
1 \/1—x2

With the results
(8- ) =F(VD)T),

(=D 6y f) = 1( (-2 - F(VD)Y)

- %(z—l)((ﬁ(ﬁ) Y78y f) =

.
=50- 1)<5(\/§)—1’D9_(\/§)—1f>
»
= 5= Dz 0z I =02 5y f)

- 3= 0{Lr (™) - 3 (1D - s-vD) ),
because D8, = 6.D — 62,

g(i_l)«%_(‘/5)_1)_2‘5'—(x/§)-“f> % i = (8 vz 601 )
V2

i = 1)(8 51 0- (v F)

= G- 1)<5—(\/§)—1’D9?\f) of)
= L0 (e (PG - 7))
\/'2_

=g~ 1){\/5(f(—(\/5)‘ )= HOD) + (1 (-2 + 7D ) |

we finally obtain from (4.10) and (4.12)

- 1
<u 1,f> =?<6E\/§)_1 —6/ (\/_) 1,f>+"<6(\/_) 1+6 (\/‘) 1,f>

ALt g

2
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From yju!) = —z?u~! where ; = =\ = —1i and (4.13), we obtain
1 11—z
(u(l),f> — —z<6(f) . —6’_(\/5)_1,f> +Pl/lx2x_i___€_f(a:)da:
- 2
1f .11, \/1
P .
+f/ - )2f() o} (414)

1

5. Representation of v~1, (), () in Example 3

In the case of Example 3, we have
1

S(’Lt_l)(Z) = m—) = L(Z)
where
v=H and S(v)(z) = %/oo ::t
satisfies
§'(v)(2) = =228 (v)(2) - 2. (5.1)
As above, we have SL(z) > 0 for Sz > 0 and
)= [ 94 65:2)

where p is a non-decreasing function. This function is absolutely continuous with

respect to Lebesgue measure since
—42

00 —t? o . ,—(z+t)? 1, —(z+t)?
/ it = / v —dt> / LR
o (t—2)2+y oo PPy 1 24y

1
w2—2|w|—1/ Sdt = 2e —(I=1+1)* Avctan E
12 +y Y

But

v

v

2e
T e—(lel+1)?
2°
for 0 < y < 1. Therefore,
SL(z) < %e(lm“l)z for 0<y<1.
™

We infer for (5.2)

B / et dt -0
W (t-fy e‘(t2—"2)d0)2 + (l/i—’_'e-ﬁ)2 =2 YT

P 1 /oo e—t
SN

since

—/ e~ @) gy z€ER.
0
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Consequently,

2
e—x

1 oo
(u—la f) = / 2
2\/7—1- —o0 (x _ f: e—(zz—t2)dt) + %6—2:1:2

f(z)dz . (5.3)

We deduce that

2
z2e”®

1 _ 1 [
W h = Vr /_oo (@ — [Fem@-)dt)’ + Te~2
The forms u~! and u(!) are really Laguerre-Hahn forms [6]. Indeed, from S(v)(z) =
-2z — ‘S’(u——ziﬁ and (5.1), we obtain
§'(u ) (2) = 225 (u71) (2) + 228 (u™")(2) . (5.5)
This Bernoulli equation shows that u~! is a Laguerre-Hahn form of class zero [3].

Further, from v, S(u(?)(2) = ‘?(Tl)(T) — z and 25'(u)(z) = —2(2% + 1)S(u)(2) — 2z,
we get

f(z)dz . (5.4)

28" () (2) = 257 (uM)(2) — 2(z* - 1)S(uM)(2) - 22 . (5.6)
Here, the class is s = 1 [1]. On the other hand, from (3.28), we have

u® = % (6 +0D) . (5.7)

As above, we easily obtain the following representation for v [19], see also [2]

2
e T

1 o
M ) = /
v,
( ) 2\/7_": —o0 (fox e_(m2_t2)dt)2 + %6_222

The form u(? is also a Laguerre-Hahn form of class s = 1, since from (5.7)

S(u(2))(z) = %{—% +S(v(1))(Z)} = _51; - '5'(1)1)—(25 —-Zz.

Therefore, on account of (5.1), we obtain
25’ (u(z))(z) = —225° (u(z))(z) —2(z2 +1)S(u?)(2) — 22 . (5.9)

F(z)dz . (5.8)
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