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SOME SEMI-CLASSICAL AND LAGUERRE-HAHN FORMS DEFINED BY 

PSEUDO-FUNCTIONS 

J. Alaya and P. Maroni 

ABSTRACT. We deal with some examples of semi-classical forms defined by Ha- 
damard finite parts. We construct corresponding orthogonal sequences and their 
respective structure relations. Inverse and associated forms also are considered. 
Representation of these forms are given. In general, they are Laguerre-Hahn 
forms. 

1. Introduction 

In a recent paper [16], the second author has studied the generalized weights Pf^p- 
defined by 

•^ J — oo     ^ 

=
A(JZ 

VJ^f{x)dx+£ ^/(* - ^(0)/(0)) 
for any polynomial / and where the function V represents the regular form v 

/oo 

V(x)f(x)dx. (1.1) 
-oo 

The form v is regular if a sequence {5n}n>o exists such that [4] 

(v, SnSm) = kn6n,m,        n, m > 0,     kn ^ 0,    n > 0, 

So(x) = l,        Sifr) = a:-Co, (1.2) 

Sn+2(x) = (x- £n+i)Sn+i(x) - pn+iSn(x),        n > 0 . 

In algebraic terms, the problem under consideration is the following: determine regular 
solutions u of the equation 

x2u=-\v,        A ^0, (1.3) 

with constraints (U)Q = 1, (V)Q = 1 where (u)n := (u^x71), n > 0, and (x2u,f) := 
(u,x2f(x)). Equation (1.3) is equivalent to 

u = 6-(u)i6' -Xx-2v (1.4) 

where (5, /) = /(0); for a form w, w' = Dw is the derivative: (w', f) := —{w, f) and 
{x~1v,f) := (v,6of) = (v, ~ )- The second member of (1.4) is the usual sum 
of a suitable solution of the homogeneous equation and a particular solution of (1.3), 
since x2(x~2v) = v following the definitions. 
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When v is given by (1.1), in view of (1.4), we may write 

<«,/>=/(o)(i+xpf r ^-dx] {l+xpfL 
+ /'(O)/^)! + AP r ^-dx) - XPf r Y^Lf(x)dx        (1.5) 

prmdx=lhQ(rmdx+r 
J-oo     X ^+0V7-oo      X J+i 

where 

t+e       x J 

We have assumed that Pf J^ -^p-dx exists.   When this number is different from 

zero, what is the regularity of the form Pf—^-f We may choose the parameters (1^)1 
and A by the conditions 

(u)i = -AP r y^dx, (1.6) 

Then, by (1.5) 

(u, /) = -XPf r ^f(x)dx (1.8) 
./-OO        X 

is the solution of (1.3) which we are interested in. 
When Pf f™^ —^r-dx = 0, we maintain (1.6), but now the parameter A becomes 

arbitrary, and we have by (1.5) 

u = 8-\Pf^- . (1.9) 
xz 

In general, the form u given by (1.4) is regular if and only if An ^ 0, n > 0 [16, (1.12)], 
with 

A /      92V f,   ,^(A^1-)
1(Q)-Wl^(Q))2l >n nim 

As usual, Sn \x) = (v,   n     xZc"       )> n > 0. In this case, the orthogonal sequence 
{Zn}n>o relative to u is given by 

Z0(x) = l,        Z1(x) = S1(x) + bo> 

Zn+2{x) = Sn+2(x) + bn+xSn+lix) + anSn(x) , Tl > 0, (LH) 

where by [16, Lemma 1.1] 

^o = Co - (u)i, 

h          r           (Wi5n(0) - Ag^1(Q))(H15n+1(Q) - Ag^CO)) ^n     ;i10, 
&n+i=Cn+i-^ -r -,    n>0.     (1.12) 

o„ = ^^ ,        n > 0 . (1.13) 

Also, the sequence {Zn}n>o satisfies the recurrence relation 

Zo(aO = l,        Zi(x) = a;-A), 

Zn+2(^) = (a: - /3n+i)Zn+i(a:) - 7n+iZn(z) ,        n > 0, (1.14) 
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with 

0o = (w)i ,        Pn+i = Cn+i + bn - bn+1 ,        n > 0, 

7i = -AQ ,        72 = A—2 ,        7n+3 = —r2 Pn+i ,        n > 0 . (1.15) 

In particular, when A > 0 and v is positive definite, then u is regular by [16, Theo- 
rem 1.1]. 

When v is symmetric, we have (compare [16]) 

AAn + l 
a2n = 77 -TP2n+l ^n+l = P2n+2 , n > 0, (1-16) AAn_i + 1 

x P2n+lP2n+2 , . 
71 = -A , 72n+2 = a2n , 72n+3 =   , 71 > 0, (1.17) 

tt2n 

with 
n     ,   v v 

A.^0,        An = V(r[-^-    ,        n>0,    po-l. (1.18) 

Our aim is to give examples of semi-classical forms (1.8) or (1.9) through data of 
semi-classical forms v. 

2. The structure relation 

In the sequel, the form v will be supposed symmetric, semi-classical of class s, and 
satisfying 

D($v) + i)v = Q (2.1) 

with S = max(deg$ — 2, degi/i — l) [14, Definition 3.1]. The form u given by (1.4) 
satisfies the equation 

D(§0u) + Vou = 0 (2.2) 

with 

$0(x) = x2$(x) ,        ^o(^) = x2i){x) - 

The class of u is at most s? + 2. Following a standard criterion [14, Proposition 3.5], 
we have 

*o(0) + MO) = 0 ;        (u, tioipo + i?2*o> = $(0) - \(v, #oi> + ^$) . 

If   5(0) - A(t;, tfo^ + ^o^> 7^ 0 ^ then the class is 5 + 2 . (2.3) 

If   5(0) - A(i/, ^o^ + ^o^) = 0 and ^(0) ^ 0 , then the class is s + 1 . (2.4) 

Indeed, u satisfies D(<f>u) + ^w = 0 with 

$(x) = x$(x) ,        ^(a;) = $(a;) + x/ip(x) . (2.5) 

Moreover, we have $'(0) + ^(0) = 2^(0) ^ 0. Below, the class will be determined in 
any particular case. 

In order to obtain the structure relation of {Zn}n>o, let be the one of {Sn}n>o [9, 
13] 

®(x)Sn+i(x) = o (Cn+i{x) - Co(x))Sn+1(x) - pn+1Dn+1(x)Sn(x),    n > 0 .   (2.6) 
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By (1.2), note that Cn = 0; by symmetry and n —► n — 1, we have 

$(x)5;(x)-5n(x)5n+i(x)+(i(Cn(x)-Co(x))-x5n(x))5n(x)/   n > 0 .  (2.7) 

From (1.11), using the fact that 6n+i = 0 

$(x)Z;+2(x) - $(x)5;+2(x) + an$(x)S;(^) ,        n > 0 . 

With (2.6), (2.7), and (1.2), we obtain 

$(x)Zn+2(a;) = < + anDn[x) - pn+2Dn+2{x) >5n+i(x) 

,  /     (Cn(x)-Co(x)        p.   .  ,1      Cn+2(x) - Co(x) \c / \ ^n 
I anl — —2 ^^nWJ ^ ^-^Pn+i pn(a:),    n > 0. 

(2.8) 

But, from (1.11) and (1.2), we have 

xSn+i(x) + (an - Pn+l)Sn(x) = Zn+2(x), 

(x2 + an+i - />n+2)5n+i(a;) - Pn+ia?5n(a:) = Zn+s(x) ,        n > 0 , 

or equivalently, with (1.14), 

anx
2Sn+i(x) = an^Zn+2(^) + 7n+2(Pn+i - an)Zn+1(a;) 

anX2Sn(x) = (on+i - Pn+2)^n+2(^) + 7n+2^^n+l (x) , 71 > 0 . 

So if we multiply (2.8) by anx
2 

anx
2i(x)Z,

n+2(x) = {anxG(x;n) + (an+i - pn+2)H(x;n)}zn+2(x) 

+ |-7n+2(an -pn+i)G(x;n) + 7n+2^^(^;^)|Zn+i(x),    n > 0, (2.9) 

where 

G(a;;n) = -(Cn+2(a:) - Co(x))x + anDn(x) - pn+2Dn+2(x) , 

H{x'1n) = --(Cn+2(x) -Co(x))pn+i +an|-(Cn(x) - Co (a)) -a:5n(x)|,    n > 0 . 

Taking into account the well-known recurrence relations 

Cn+i(ar) = -Cn(x) + 2xDn(x) 

pn+2Dn+2{x) = -$(£) + pn+lDn(x) - xCn+i(x) + X2Dn+1(x),      U > 0 ,        (2.10) 

we obtain 

Jf(a;;rc) = -(Cn+1(x) + Co(x))(pn+1 - an) - pn+1xDn+1(x) 

G(x]n) = --(Cn+i(x) + Co(x))x + anDn(x) - pn^Dn^ix) + x2Dn+1(x),    n > 0. 
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Moreover, since by (1.16), (an+i — pn+2)(pn+i — a>n) = 0, n > 0, the relation (2.9) 
becomes 

anx
2^{x)Z,

n^2(x) = < anx{$(x) + (an - pn+i)5n(x) + -(Cn+1(x) - Co(x))xj 

- Pn+lfan+l - Pn+2)xDn+l(x) >Zn+2(x) 

- 7n+2< (an - pn+i)(anDn(x) - an+i5n+2) + anx
2Dn+1(x) >Zn+i(x) . 

Finally, when the class is s + 2, we obtain 

x2^(x)Z,
n_{.2(x) = xl *(x) + (on - pn+i)5n(a;) + -(Cn+i(x) - Co(x))x 

 ^^(fln+l -Pn+2)^)n+l(^) \Zn+2(x) 
Un J 

- 7n+2< x2bnjti{x) + (an - pn+i)^5n(x) —Dn+zixyj pn+i(x),    n > 0 . 

(2.11) 

When the class is s + 1, we have 

x§{x)Z'n+2{x) = ^ *(ar) + (an - pn+i)5n(a;) + -(Cn+i(a;) - Co(x))a; 

 ^(an+i - pn+2)5n+i(x) lzn+2(x) 
ttn J 

- 7n+2< a:5n+i(x) + (an - pn+i)^((9o5n)(^) - -^l(6>o5n+2)(^)J >Zn+i(a:), 

(2.12) 

n>0. 

3.  Examples 

Example 1. We take v = U where U is a Tchebychev form of the second kind 

(UJ) = - f   y/l - x*f(x)dx . 
* J-i 

Thus we have 

pn+1 = -,        n > 0    and    A = -, 

$(x) = x2 -1,        ^(x) = -3x,        5 = 0, (3-1) 

Cn(rc) = (2n + l)x,        5n(a;) = 2(n + 1),        n > 0 . 

Therefore, from (1.16), (1.17), and (2.4) 

1 2n + 3 1 
a2n = 4 2^Tl'        a2"+1 = 4'        ri-0' 

1 12n + 3 12n + l ^n (3.2) 
7l = --,     72n4.2,:-__,     72n+3 = ___5     n>o,       ^   ; 

$(a;) = x(x2 - 1),        ^(a?) = -(2x2 + 1),        5 = 1. 
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From (2.12), we have 

r\ = 9.(71. 4- 1 V7!2Zo„ , ofrr^ - (n 4- 1' 
2n+l 

x(x2 - 1)^+2^) = 2(^ + l)a;2Z2n+2(x) - (n + l)^^xZ2n+1(x), (3.3) 

^(a:2 - l)Z'2n+3(x) = ((2n + 3)a:2 - 2)Z2n+3(x) - ^n + l)xZ2n+2(z),        (3.4) 

n > 0. We deduce the fact that Zn+i(x) has simple zeros. Indeed, on account of (3.3) 
and (3.4), the equations Zn+i(x) = 0, Z^+^x) = 0 imply x = 0; furthermore, we have 
from (3.4) 

^2n+3(0) = ~{2n + l)Z2n+2(0) ^ 0,        n > 0 . (3.5) 

In fact, the form u is equal to the inverse of the Tchebychev form of the first kind 
(also see [8]): u = T_1 where 

/(*) 
* J-i 

-dx . 
y/Y-x1' 

The inverse -u-1 of u is defined by u~lu — uu"1 = 6 with (6,/) = /(0) and the 
product uv of two forms is given by [11] 

Z-x 

Indeed, we have x2u = —\U. But if T^ denotes the form associated with T, we 
have by [13] that ^T^ = — x2T~1 and the well-known property T^ =U, therefore 
x2(u — T~1) = 0 which implies u — T_1. Thus (see [16, Introduction] for another 
expression) 

(«», /> := {«, („/)(*)) = («, (v,ml_lm)) ■ 

T-i=-ip,m^nz (M) 

where F is the characteristic function of R+. 
Let us consider the quadratic decomposition of {5n}n>o and {Zn}n>o [4, 12] 

S2n(x) = Pn(x2), S2n+l(x) = xRn(x
2), 71 > 0, 

Z2n(x) = Pn{x2), Z2n+i(x) = xRn{x2), U > 0 . (3.7) 

The sequences {Pn}n>o and {Rn}n>o respectively are orthogonal with respect to au 
and xau where au is the even part oiu defined by (au, f) := (u, (af) (x)) = (u, f(x2)). 
Prom (1.3), we have 

a(x2u) = xau = -XaU = --oil . (3.8) 

Therefore, Rn = Pn, n > 0. On the other hand 

(oU, f) = - f1 xf^f{x)dx . (3.9) 
n Jo   V    x 

We conclude that Z2n+i has (simple) zeros in ]—1, +![. 
From (3.8) and (3.9), we have 

au = 8 — -x~1aU, 

TT Jo    V       X X 
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With the definition 

we obtain 

But 

Therefore, 

^r-1 = -Pf-  \    J> . (3.io) 

Thus {i^n}n>o and {Pn}n>o are orthogonal with respect to the forms (3.9) and (3.10), 
respectively. 

Example 2. We take v = T or V{x) = £ ^ J. Here, we have Pf f^^dx = 0, 
consequently, the form u is given by (1.9) where A is arbitrary. Then 

u = s-xpf1-Yl-lz£i. 
TT X2yl — X2 

Thus, we have 

$(x) = x2 - 1, ^(a;) = -x, s = 0, C3-11) 

Cn(aj) = (2n - l)x, 5n(a;) = 2n,        n > 0 . 

Therefore, from (1.16), (1.17), and (2.3) 

1       2(n + l)A + l 1 
a2n= 41-^0/2      2nA + l     '        a2n+i = i,        n>0, 

x 1      2nA +1 
71 = -^ 72n+2=a2n, 72n+3 = 4 2(n + m -f- 1'      n "     ' 

$(x) = x2(x2 - 1),        ^(a:) = -x3,        5 = 2. (3.12) 

The form u is regular if and only if A/— ^, n > 1 . From (2.11), we have 

sV - l)Z^+2(x) = a;{2(n + l)^2 - ^-i—Jzan+aCar) 

-272„+2{(2n + l)x2 - (2nA + l)(2'n + 1)A + l)}^n+i(»),       (3-13) 

x2(x2 - l)^n+3W = z{(2n + Sjx2 - ^ + ^ + ^Zan+sW 

-4(n + l)72re+3a:2^2„+2(a;), (3.14) 

n > 0. We deduce from (3.14) 

2(n + i)A + lZ2"+3(0) = -2^n+3^2n+2(0) ^ 0,        n > 0 . (3.15) 
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So, the polynomials Z2n+s{^) have simple zeros. About Z2n+2(x), we have the result: 
a multiple root x necessarily satisfies 

(271 + 1)X2 = 7 r-y— r- . V ; (2nX + 1) (2(n + 1)A 4-1) 

With the recurrences relations (2.10) for Cn, Dn, the relations (3.13) and (3.14) give 

CWifc) = xl (An - l)x2 - 2^A
n
+ 1 1,    n > 0 , 

C2n+2(«) = 4(4n + l)x2 + ^Tl }'    n - 0 • 

D2n+i{x) = Anx2,    n > 0 , 

2A 
D2n+2W = 2(2n + l)^-(2nA + i)(2(Ti + i)A + ir    n>0. (3.16) 

The decomposition (3.7) shows that Rn = Pn, n > 0 since xcru = — XaT. Conse- 
quently, the polynomial Z2n+i does not depend on A. Moreover 

f{x)    ,dx. (3.17) 
\/x(l - x) 

This implies that the roots of Z2n+i are in ]-l, +1[. On the other hand, from <JU = 
8 — Ax~1(jT, we obtain 

TT Jo   va;(l - aj) a; 

f       ,„,!   Z"1    1       dx    K.„.     ,„,1   Z"1    1     /(a;)    , 
= a + AP/-/      3/2   n \    0  ~ A-P/~ /      3/2   /r-^-^- 

But P/i So^^= 0; therefore, 

^^.^iltoii. (3.18) 
TT ^^/^yl — x 

Thus {-Rn}n>o and {Pn}n>o are orthogonal with respect to the forms (3.17) and (3.18), 
respectively. In Examples 1 and 2, the form u is a second-degree form, since v is a 
second-degree form [15, 17, 18]. Indeed, if S(u)(z) = — J2n>0 J£+T denotes its formal 
Stieltjes function, we have using [15, (4.1) and (4.15)] 

z2S(u){z) + z = -\S(v){z), 

B(z)S2(v)(z) + C(z)S(v)(z) + D(z) = 0, 

where in Example 1, 

B(z) = 1,        C(z) = iz,        D(z) = 4 , 

and in Example 2, 

B(z) = z2-l,        C{z) = 0,        D(z) = -1 . 

Therefore, S(u)(z) satisfies 

B(z)S2{u)(z) + C{z)S{u){z) + D{z) = 0 
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with 

B(z) = z4B(z) 

C(z) = z2{2zB(z) - \C(z)} (3.19) 

D(z) = z2B(z) - XzC(z) + X2D(z) . 

Moreover, the form u also satisfies [15, Proposition 2.3] 

B(x)u + x2D(x)u-1 = 0 . (3.20) 

Example 3. We take v = H where H denotes the Hermite form, then V(x) = -^e~x • 

Here 

Pn+i = ^(n + l),        n>0, A::=2' 

Q(x) = 1,        ^(x) = 2x, s = 0,                               (3-21) 

Cn(x) = -2x,        Dn(x) = -2, n > 0 . 

Then, from (1.16), (1.17), and (2.4) 

^n^^ + l,        a2n+i = rc+.l> n > 0J 

7n+i = ^(n4-(-ir+1),        n>0, (3.22) 

*(a;) = x,        ip(x) = 2x2 + 1, 5 = 1. 

In fact, the form given by (1.8) is the generalized Hermite form corresponding to the 
parameter value // = — 1 [4]. We have 

Cn(x) = -2(x2 + (-l)n),        Dn(x) = -2z,        n > 0 . 

Hence 

xZ'n+2(x) - (1 + (-l)n+1)Zn+2(a;) + 27n+2^n+i(a?),        n > 0 . 

The roots of Zn+2 are simple since 

^2n+3(0) = -272n+3^2n+2(0) ^ 0, 71 > 0 . (3.23) 

Prom the decomposition (3.7), we have Rn = Pn, n > 0, where the sequence {Pn}n>o 
is a Laguerre sequence with parameter value of —1/2, since 

((7nj)= x-ie-xf(x)dx. (3.24) 
V* Jo 

Therefore, the roots of Z2n+i(x) are real. Next, from au = 6 - ^x^aH and (3.24), 
we obtain 

But Pf2^ fo° ^dX = -1; therefore' 

<*»>»—pf2jzr$fif{x)dx'      (3-25) 

So, {Pn}n>o is a Laguerre sequence with parameter value of -3/2. 
In these examples, where v is symmetric, positive definite, and A > 0, we have [11] 

uW = u^v , (3.26) 

and the fact that u^ and u'1 are positive definite. As usual, uw is associated with u. 
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Indeed, from (1.3), (x2u)?x-1 = — Aim-1. But following the general formula f(uv) = 
(fu)v + x(u0of)(x)v [14, (2.6)], we have (x2^-1 = x26 - x^oC2)^)^"1 = 
-x{{u)i H-x)^"1 = -x2u-1.  From the definition [11, 13, (4.7)], 7iw(1) = -x2^"1; 

therefore, with 71 = -A, we obtain (3.26). Next, if {ZiT }n>o denotes the orthogonal 
sequence with respect to u~l when it exists, from the general theory we have [13] 
(compare also [16]) 

Z{-^{x) = Z^l2{x)+a^Z^\x),        n>0, 

0, 

(3.27) 

^-fHS'        ^l^T^a,        n>0, 

(-)                                 (-)             (-)                (-)           72n+272n-t-3 n 
7l       = "Til 72ni2 = 4n  » 72n+3 =  (Z) > ^ ^ 0 • 

The announced properties follow since ^271+3(0) ^ 0, n > 0, from (3.5), (3.15), 
and (3.23). 

Remark. It is a striking property that the product of two positive definite forms is 
still positive definite. In general, this is not true. For example, the Tchebychev form 
T satisfies the equation (x2 — 1)T2 = 0. Consequently, T2 = |(<5-i + 61). Positivity 
is kept, but no regularity. 

As an application of (3.26), we have 

M(2) = «115+at;(i). (3.28) 
72       72 

Indeed, we have ^u^ = -x2(it^1^)~1, and from (3.26), (u^)'1 = v^u; therefore, 
with the help of [15, (2.6)] and (1.3), 

-ypV2) = -x2^"1^) = -(x2^-1 - x(<)(x)i;-1 = X6- x2v-1 . 

But p\v^ = -x2v~1i hence (3.28) holds. For a general problem analogous to (3.28) 
and detailed properties, see [5, 10]. 

4. Representation of li-1, u^, u^ in Examples 1 and 2 

In the case of Example 1, we easily obtain u^ = 2x2T by (3.26); therefore, 

n.J-i vl - x2 

From (3.28) 

<u(2),/> = fto/) + ^ f^ y/T^fWdz 

In Example 2, we have z2S(u)(z) + z = X(z2 — I)-1/2 where we take the branch 
\/z2 — 1 which is positive when z = x > 1. Writing z2(z2 — 1) — A2 = (z2 — t2)(z2 — r2) 
with ^ = |(1 + VTT4A2), T| = §(1 - V1 + 4A2), we get, with the help of [15, (1.5)], 

ix . 



22 ALAYA AND MARONI 

Suppose A > 0 and let S^"1)^) = H(z).  In this case, SH(z) > 0 when Sz > 0 
(z = x + iy). 

Moreover, since 

-iyH^ = A(l + ,2)-i/2 + , - !'        » - ~ . 

we have 

dfzOO 

'<'»-/ oo   ^        ^ 

where fi is a non-decreasing function [7]. We see that fj, is continuous except at t2 = % 
since 

(* - z)H(z) -. 0,.   z -> t,    0 < e < arg(z - *) < TT - e,    * e R,    tV ^, 

/,, xrr,  v        1 VI + 4A2 - 1        , 
(±tA - z)H{z) -> -—j=—- := kx,    z -, ±tA,    0 < e < arg(z - ±*A) <n-e. 

In fact, the function fi is absolutely continuous with respect to Lebesgue measure for 
t2 ^ t2x since 

/        \H{x + iy)\2dx<Bu        0<2/<l,        T>tA>l, 
^|a:|>T 

from the definition of H. Moreover, it is easy to see that 

/     \H{x + iy)\2dx<B2,        0<y<±tx, 
J-R I 

with 0 < R < t\, since 

\z2-tx\>tl-R2, \x\<R, 

l*2 - r2
x\ > Ihi*2 + T2

^
2
, 0 < y < ifA, fx = y^ . 

The property follows from the well-known formula 

1   fX2 

Kx2) - Kxi) =   lim  - /     S^fx + i2/)da; . 
y-^o+ TT i/a.1 

On account of 

SFCa; + tO) = < s2(l - x2) + A2' |a:| < 1' 
lo, M > i, 

we finally obtain 

Consequently, 

(«-1
I/) = kx{8tx+6-txJ) + -/_ix2(1_~2*+A2/(*)^,        A > 0 .       (4.1) 

Prom 7iw(1) = -a;2u_1 and (4.1), we deduce 
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The formula (3.28) gives 

Remark. By straightforward and lengthy calculation, it could be shown with the 
help of equation (3.20) that the representations (4.1) and (4.2) remain valid for A E 
C-[-\i,+\i]. 

When A = — ^, n > 1, the forms u 1 and u^ are no longer regular, but keep their 
respective representations. As to (4.3), it is valid for A ^ — |. 

It remains to treat the case A = zC, 0 < |C| < | where 0 < t^, r| < 1. It will be 
sufficient to suppose 0 < £ < |. Equation (3.20) becomes 

4/   2 '(x2 - l)u + x2(x2(x2 - 1) + C2)^"1 = 0 . 

Equivalently, 

x2(x2 - l)u + (x2(x2 - 1) + C2)^"1 = AS + B6' . 

We deduce that (u)* - (11)2 + (^~1)4 - (^~1)2 + C2 = A 0 = B.   But (11)2 = -A, 
(u)4 = -A(r)2 = -|A, (u-1)2 = A, {u-1)4 = A2 + |A. Hence, A = 0. Therefore, 

(x2 - T2
X)(X

2
 - tDu-1 = -x2(x2 - l)u = \{x2 -l)T = -^XU . (4.4) 

The following identity will be very useful: for any polynomial / and any form w, 
we have [15, (1.12)] 

(x - c)"1 (f(x)w) = /(c) ((x - c)-1^) + (0c/) (x)w - (w, ecf)6c (4.5) 

where (6cf)(x) := f{x)
xZ
f

c
{c\ {{x - c)"1^,/) := (w,0cf), ceC. Two cases arise: (1) 

0<C< !, aud(2) C=i 

(i)o<c<i 
Then | < th < 1, 0 < T?A < |. We have successively, in accordance with (4.4) and 

(4.5), 

(x + n^ix2 - tf^u-1 = TK{iC, - t2
K)8Tii - -iC(a; - TK)-

1
U, 

{x2 - t^u-1 = (i< - t2
()6-Tii + TiC(i<: - t^ix + Tit)-1^ - Uax2 - Tfo-ty, 

(x - U^u'1 = -t^S-tit + ndK - tfyix + U^ix + Tic)
_1<5rjc 

1 
2 

+ (iC - ^(X + t^S-r^ - -iC(x + tK)-l{x2 - T^-ty, 

U 

+ (iC - t2c)(x
2 - ^)-1*_Tl< - itC^2 - i^-V - r2)-^ . (4.6) 
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Further, on account of the definitions and of the representation of U, we have 

(O*2 - ^r V - ^r1^/) = {u,eUt.e-tl(dTl(6-ri<f) 

KJ-l X-UQ 

it J-l x ~ HC 

- (^c/)(nc)^/i(a;2_^f_Tic)^ 
_f(_      2 r1     VT^dx 2 r1   VT^x1 f(x)dx 

n   TiC)   7rJ_1(x2-^)(x^-rlt.)
+    nJ-dxi-t&W-T*.) 

where P means Cauchy's principal value of the integral. But, it is easy to see that 

plf1^Hdt = -2x>        pl[1SfEjldt = -2,        \x\<l, 

-1 < X-i ^ X2 < +1 . 

Consequently, 

a*2 - ^)-i(^2 - ^)-^ /)=/(^+/i"t<c) - f{Ti+^ 
+ f?/-'(^-'S?-r4)^-       <«) 

After some straightforward calculations, we obtain from (4.6) and (4.7) 

+ ^^£^^7^-^/^)^ • (4-8) 71^ 
^)(x2-r?c) 

From 7i/^^1^ = —:r2,M~1 and (4.8), we infer that 

m   .,1.     K      /c       , c     ^     1       *C 
<"(1^> ^ 2^^^ +8t-f) - 2VT^W{6-^+^J) 

>1 f1        ^ 
^ - X2)(X2 - T?c) + Pz/    7^ ibla—^T/^)^ • (4-9) 

(SK-1 
2* 

Then ^ . = ^  r?. = i. As above, we obtain 
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or 

+ ^rHi-i)(x-(rt)-rYWS)-1^fa-\)-2u. 
(4.10) 

On the other hand, we have 

((-2-1,r%f) = (ii,eliV-2)_1efv-2)_1f) 

= -^-(V5)-t^-i/)(-(v^)-1) 

Ty-ix+(v/2)-1    ■ x _ (^-i ^ 

= -V^(tf_(V5)-i^-x/)(-(v^)-1) 

-(^(v^-i^-i/)^)"1)}^ 

= "^-(^-^-t/jH^)-1) +2((?_(^_1(9(V5)_1/)(^)-i) 

- P^? /'    ^^^   (^(VQ)-/)^) - (^-i/) ((v^)-1) 

= ^(/'((v^)-) - /'HvS)-))+p^ Z14E^/M^Mnda; 

- p^? fx ^F^/^-zH^r1), 
TT   y,!   £2 _ I a.+ (>/2)-l ^' 

on account of 

 i ._v^r    i i    ] 
(x + (V2)-i)(x-(^)-i)       2U_(V2)-i     a. + (^)-i/- 
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But 

>/2/2 1/2 1/2 

(a; + (V2)-i)2(x-(x/2)-i) (x + (V^)"!)2      x+C^)"1      x - (x/2)-1 ' 
(4.11) 

or 

Therefore, 

<(*» - i)-2W,/> = ^(/'((v^)-1) - /'(-(v^)"1)) 

_ y/2 (_pV2 f1    VT^   f(x)-f(-(V2)-1) 
2\       TT y_ia;+(V2)-i        x + iVl)-1 X 

.   _ i r1 yrr^M^Bv^) 

+P
: 

+^/-1,^w/(^+^/(-(^)",)}- 
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It is a simple computation to see that 

V2 r' _^E!L^ = Pf v? /■    ^?      _ 
* J-i (x + cv^)-1) T y-i (^-(^)-1)2 

Then, 

<(-2 - \T2^f) =7i(/'((^)-1) - /'(-C^)-1)) - P2- £ ^5? /(^ 

1      f1 A/1 - X2 

+ ^/-/     ,    V//^   ix2/(x)cte. (4.12) 

With the results 

-^<(--(^)-1)-15_(^)-1)/) = i(/(-(V2ri)-/((^)-1)), 

- |(i - 1)<(X+ (V^)-1)-1^.,,/) = -i(i - iX^-x.fl.^-x/) 

i,. 
= 9(*-l)<^-i.^-(^-i/> 2 

1,. 
= «(* ~ 1)(*(V5)-1'&-(^)-1/' _ e\^2)-^) 

\{i-l){^f{{^)^)-\{f{{^)^)-f{-{V2)-^)Y 
2 

because .D0C = ^CD - ^, 

v^/.     ^//       / /^-n-2ci ,v      ^2,. 

= -:^<<-lK*-(V5)-t.^?^)-i/> 

we finally obtain from (4.10) and (4.12) 

/2 1 
^~1,/^=X^U)-1~(5-(^)-1'/)+2^)-1+<5-^)-1,/^ 

-'';/,
1^5?«"*}- (4'13, 
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Prom 7itt(1) = —x2u~1 where 71 = — A = — |i and (4.13), we obtain 

2\  ^y.!     (aj + ^-i)5 if{x)dx 

+jy£ /' ^T-^T^I^^} • (4-14) 

5. Representation of u~l, u^l\ u^ in Example 3 

In the case of Example 3, we have 

where 
poo      —t 

-dt 
z 

1   r00 p-*' 
v = n   and   S(v)(z) = -r        — 

satisfies 

S'(v)(z) = -2zS(v)(z)-2. (5.1) 

As above, we have $sL(z) > 0 for ^sz > 0 and 

where JJ, is a non-decreasing function.   This function is absolutely continuous with 
respect to Lebesgue measure since 

*2 T -1 

But 

$*L(Z) <\y+J-   [^ yel dt 

r00        -UP-*2 Z*00 7/p-(a:+*)2 Z*1 ye-^+tf 
-dt r   ye-    dt= r y£^Ldt> r 

J-ooit-x^ + y* ]_„,   tz + y*       -;_! t2+y2 

> ac-^-si'l-1 C-^-^dt = 2e-(W+1>2Arctan - 
yo i2 + r y 

> Z[e-(M+i)2 

- 2 
for 0 < y < 1. Therefore, 

3L(z) < 4=e(|x|+1)2    for   0 < y < 1 . 
V71" 

We infer for (5.2) 
1     Z"00 e"* dt 

L(Z> = T7^      7—: v2—TT:—^^^—;>■     2/>0' 2^ 7-oo ^ _ JJ* e-(*»-^)d^   + (^fe-*2)   * _ 2 

1 poo   p—t2 px 

P-^= /     f ^ = - /   e-^-^dt,        x€R. 
2,/ir J_00 t-x J0 
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Consequently, 
2 1 poo p — x 

^'fi-TZ      1 ^ ~J{x)dx-        (5'3) 

We deduce that 

/u(i)  f) = —  — = f(x)dx . (5.4) 

The forms u'1 and u(1) are really Laguerre-Hahn forms [6]. Indeed, from S(v)(z) = 
-2z - g(M_2i)(2) and (5.1), we obtain 

S'(u-1)(z) = 2z2S2{u-1)(z) + 2zS{u-1)(z) . (5.5) 

This Bernoulli equation shows that u_1 is a Laguerre-Hahn form of class zero [3]. 
Further, from ^(u^iz) = -grffe) " z and zS'{u)(z) = -2(z2 + l)S(u)(z) - 2z, 
we get 

zS'{uW)(z) = zS2(u^)(z) - 2(z2 - l)S{uW)(z)-2z . (5.6) 

Here, the class is s = 1 [1]. On the other hand, from (3.28), we have 

u(2) = hS + vW). (5.7) 

As above, we easily obtain the following representation for v^ [19], see also [2] 

(vm f) = _L_ / , f(x)dx . (5.8) 

The form u(2) is also a Laguerre-Hahn form of class s = 1, since from (5.7) 

*(«»)«-iH+ *(•"')W}-S-5RW — 
Therefore, on account of (5.1), we obtain 

zS'(uW){z) = -2zS2{u^)(z) - 2(z2 + l)S{uW)(z) - 2z . (5.9) 

Acknowledgements. The authors wish to thank the referees for valuable comments 
and suggestions. 
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