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DYNAMICS OF AN ALMOST PERIODIC LOGISTIC
INTEGRODIFFERENTIAL EQUATION

K. Gopalsamy and Xue-zhong He

ABSTRACT. Sufficient conditions are derived for the existence of a globally attrac-
tive positive almost-periodic solution of the logistic integrodifferential equation

a (t) —N@) a(t) —b(t) / Ka(s)N(t—s)ds] >0, € (0,00),

in which a(t),b(t) are continuous positive almost-periodic functions defined on
(—00,00) and Kq : [0,00) — [0,00) is piecewise continuous and integrable on
[0, 00), where a is a positive-valued parameter. We obtain sufficient conditions for
all positive solutions to have “level-crossings” about the unique almost-periodic
solution. Existence of a positive solution with no “level-crossings” about the
almost-periodic solution is also discussed.

1. Introduction

It is well-known that the environments of most natural populations change with time
and that such changes induce variation in the growth characteristics of populations.
For instance, favourable weather conditions stimulate an increase in the body size and
reproduction while unfavourable environments can lead to a decline in the birth rate
and an increase in mortality. Temporal variations of an environment of a population
are usually incorporated in model systems by the introduction of time-dependent
parameters in governing equations. Such governing equations are nonautonomous, and
studies of nonautonomous equations have not attained a satisfactory level of maturity
comparable to that of autonomous equations. The reader is referred to the recent
monograph of Gopalsamy [8] for an extensive discussion of multispecies dynamics in
temporally uniform environments governed by autonomous differential equations with
discrete and continuously distributed delays.

The purpose of this article is to derive a set of algebraic sufficient conditions for
the existence of a globally attractive positive almost-periodic solution of the logistic
integrodifferential equation

dN(t) 0

= N(t) [a(t) - b(t)/0 K, (s)N(t— s)ds|, t>0, a€(0,00), (1.1)
in which a(t) b(t) are continuous positive almost-periodic functions defined on [0, co)
and K, : [0,00) — [0,00) is piecewise continuous and integrable on [0, 00) for each
a € [0, oo). For a general discussion of almost-periodic differential equations with
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and without delays, we refer to the works of Fink [7], Yoshizawa [26, 27], and Cor-
duneanu [5]. It will be found that the contents of this article provide a generalization
of the recent results in Zhang and Gopalsamy [29, 30] and Gopalsamy et.al.[15] where
equations of the form

0 — (o)1 - 220, (12)
20 — rtioty 1 - 27, (13)
N _ ey [a(t) ~b0) [ KNG~ s)ds] , (L4)

in which the coefficients are periodic positive functions with a common period, have
been investigated. We like to add that although (1.1) and (1.4) are alike, a,b of (1.1)
are almost-periodic functions while a,b of (1.4) are periodic with a common period.
We note that it is possible for the various components of biological and physical envi-
ronments (reproduction rates, resource regeneration, etc.) of a population system can
be periodic with rationally independent periods, and therefore it is not unreasonable to
consider the various parameters of model systems to be changing “almost-periodically”
rather than periodically with a common period. There exists an extensive literature on
differential equations with periodic coefficients and their applications; for example, we
refer to the articles by Arino et al. [1], Burton [4], Cushing [6], Gopalsamy [9-13], Ha-
lanay [17], Hamaya [19], Nisbet and Gurney [22], Qichang [23], and Zhang and Gopal-
samy [28]. Almost-periodic integrodifferential systems modelling population dynamics
have been discussed by Seifert [24, 25], Murakami [21], and Hamaya and Yoshizawa
[20]. The analyses and results of these authors depend crucially on an assumption
that there exists a negative stabilising feedback mechanism in the dynamics acting
without delay. The methods of analysis of these authors are not directly applicable to
equations of the form (1.1). Our interest in the study of (1.1) has evolved from a desire
to generalise equations like (1.2)—(1.4) to those with almost-periodic coefficients. We
discuss furthermore the delay- (or memory-) induced level-crossing or absence of level-
crossing of solutions of (1.1) about a certain nonstationary equilibrium-like solution
of (1.1).

2. A priori bounds

In this section, we obtain a priori upper and lower bounds of positive solutions of the
nonautonomous logistic integrodifferential equation

dN(t it
% — N(®) [a(t) —b(t) / Ko(s)N(t — s)ds], £>0, ac(0,00), (21)
0
having an initial condition of the type

N(s)=¢(s) >0 for s <0 and ¢(0) > 0, (2.2)

where ¢ is bounded and continuous on (—o0,0]. We assume that a,b are nonnegative,
continuous on R, and satisfy

0<a,<alt)<a’ 0<b, <b(t)<b°, forteR, (2.3)

/oo K,(s)ds=1, o0,= /oo sK,(s)ds < 0. (2.4)
0 0
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In particular, we will be interested in delay kernels of the form

OV,n+1
Ku(s) = . s"e”*%: s€(0,00), n=0,1,2,---, a>0.

Theorem 2.1. Let a,b, and K, satisfy the above assumptions. Let N(t) be any so-
lution of (2.1) and (2.2). Then N(t) > 0 for allt > 0, and furthermore

limsup N(t) < M, = 2

< >0, 2.5
oo = bo | Ko(s)e"ds fora (25)

where a® and b, are defined by (2.3).

Proof. The positivity of the solution N(t) of (2.1) and (2.2) for ¢t > 0 is immediate
from the form of (2.1) and the assumptions on the initial values. By the positivity of
N(t) and (2.1), we have

diz ft) < N(#) [a" —b, /O " Ka(s)N(t - s)ds] (2:6)

<a°N(t) fort>0. (2.7)
For t — s > 0, it follows from (2.7) that

aNg) _
NG < a°dt. (2.8)

Integrating (2.8) on [t — s, t], we derive
N(t) < N(t — s)e®
that is
N(t—s) > N(t)e @ fort>s>0. (2.9)
From (2.6) and (2.9),

CUCIPPT KRN O

< N(t) [a" - bo< /0 Ka(s)e‘aosds> N(t)}

= N(t)[a® — b f()N(t)], (2.10)

where f(t) = fo Ko(s)e™**ds > 0 and satisfies f(t) — f* = [;° Ka (s)e=%"*ds < oo
as t — oo. By comparison, N(t) < y(t) for ¢t > 0, where y(t) satisfies

WO ) o ~ bos @8], 3(0) = N (). (211)

Solving (2.11), we have

IR S S Jy f(s)ea"sds

y(® (0 cooet
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¢
Since f(t) — f* > 0 as t — oo, one can derive that tlinolo/ f(s)e® *ds /et = f*/a°,
—*Jo
and hence 1/y(t) — b, f*/a® as t — oo. Thus

o

a
lim N(t) <1 t
im sup ®) lmsupy() bo I Ka(s)om s’

and the proof is complete.

Theorem 2.2. Suppose that o and K, are such that for some €, > 0,
o0
/ Ko(s)e™ (@b Ma=co)sgs < 0,
0

in which M, is defined by (2.5). If N(t) denotes any solution of (2.1) and (2.2), then
N(t) satisfies

Qo
be fO s)e (ao=b°Ma)sdg”

Proof. Let N(t) be any positive solution of (2.1) and (2.2). It follows from Theorem
2.1 that for § > 0 small enough (say 6§ < €,/(2b°)), there exists a t; > 0 such that

N@)< My+6 for t > t;. (2.13)
By the positivity of N(¢) and (2.1), we have for ¢t > ¢,
dN(t)
dt

liminf N(¢) > mqy = (2.12)
t—00

> N () [ao g /0 " Ka(s)N(t - s)ds}

= N(t) [ao -0 ; - K, (s)N(t — s)ds — b° ” K,(s)N(t — s)ds}

t—1t1

(2.14)
which together with (2.13) implies
dN(t) > N(%) [ (ao - Ko (s)N(t - s)ds)
t—t,
t—t1
- Ky (s)(My + 6)ds] . (2.15)
0

Let cq(t) be defined by
t—1t1 [e’e)
calt) = ap — b°(My + 6) K, (s)ds — b° Ky(s)N(t — s)ds, t>ti.
0

t—t;

Then, by the boundedness of N(t) and (2.4),
Jim ca(t) = ap — b°(My + 6), (2.16)

and also from (2.15),
dN(t)

- ca(t)N(t) for ¢ >ty,

which leads to

N(t—s) < N@)e Jeea®=@¥ gors g5t 2.17)
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Hence, for ¢ > ¢, we have from (2.14) and (2.17) that

dJ:lft(t) S N(t)[ b°/0°o Ka(S)N(t_s)ds]

> N(#) [ao _p /t j Ko(s)N(t - s)ds
- b"( OHI Ko(s)e™ - °‘*(T"’“‘ds) N(t)}. (2.18)

We note from
lim &° K,(s)N(t—s)ds =0,

t—oo t—t1

that for arbitrary 0 < €; < €,/2, there exists a 77 > t; large enough such that
oo
b"/ Ky(s)N(t — s)ds < €1, fort>Ty. (2.19)
t—t,

Also from (2.16) we have
[ao = b°(My + 8)] — €1 < Ca(t) < [ao — b*(My +6)] + €1, fort>Ty. (2.20)
By (2.20),

it —ft cq(r)dr *° o
b° Ky(s)e Je-o """ ds < b"/ Ko (s)e (@b Matdscersgs  for ¢ > T,
0 0

(2.21)

From (2.18)—(2.21), we derive that, for t > T3,

dN (t) > N(t)[(ao _El) _ (bo /0 * Ka(s)e—wo—b°<Ma+«s>>see1sds) N(t)}. (2.22)

We can obtain from the hypothesis and (2.22) that there exists a 75 satisfying T > T}
such that
Qo — €1
N(t) = po fo K (S _(ao_bo(Ma'*“S))seGlSds

E(El, (5) for ¢ 2 T2. (223)

On the other hand, we have from
E(e1,6) > my as e, 6 — 0T,

where m,, is defined by (2.12), and by the continuity of E(e;,§) with respect to e
and 8, that for arbitrary € > 0, there exists 0 < §; < ¢, such that

E(e1,6) >my —€ for e, < 6 and § < 6. (2.24)

For this 61, it then follows from the above analysis that there exists a 7' > T such
that
N@t)>mq—€ fort>T,

from which (2.12) follows.
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Remark. In the case of the single constant discrete delay logistic equation

N
NG — N (@) la(t) ~ b)N (¢ - o), (2.25)
one can obtain by other methods (see [15]) that
= gi a’a = (_12 (a'o_boMa)a — g‘l _ aobO a’a
M, boe , Mg boe 5 exp [aoa(l aoboe )] (2.26)

It is intuitive that if a, b are positive constants, then the “oscillation width” induced
by the discrete delay « in (2.25) is measured by M, — m,. Figure 1 illustrates the
effects of the discrete delay on the oscillation width.

a(t)=1,b(t)=1

m(alpha)

0 0.2 0’4a1pha0’6 0.8 1

FIGURE 1.

3. Existence of a globally attracting almost-periodic solution

In this section, we derive sufficient conditions for the existence of a globally attracting
positive almost-periodic solution of (2.1) when a, b are strictly positive continuous
almost-periodic functions of ¢ € R. Our first result is concerned with the stability
characteristics of positive solutions of (2.1) and is almost the same as Theorem 2.3 in
Gopalsamy et al. [15]. We have included it here with a brief indication of proof for
the sake of completeness.

Theorem 3.1. Assume that a, b are strictly positive, bounded, and continuous on R.
Furthermore, suppose that f0°° s?K,(s)ds < oo and

o ao
(t)"e (bo I Ka(s)e““°3ds> < bo, (31

where

Oa = / sKq(s)ds < 00, b, =infb(t), b° = supb(t).
0 teR teR
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If N1(t) and Ny(t) denote any two positive solutions of (2.1), then
Jim () = Na(9)] = 0. 32

Proof. We let
z1(t) =In[N1(2)], 22(t) = In[No(2))]
and derive that z;, zo satisfy

t

‘—% [zl (t) — z2(t) — /000 Ko(s) { - b(v+s) [ezl(”) - e”(”)] dv} ds:l
= [ezl(t) — eZZ(t)] /Ooo K, (s)b(t + s)ds.

We choose a § > 0 small enough satisfying (b°)204 (M, + &) < b,, which is possible
due to the assumption in (3.1). The details of the proof are based on the observations
that N; and N2 are eventually bounded in the sense that for the above 8, there exists
T, > 0 such that

Ni(t) € My +6, Np(t) < My+6 fort>T,,

where

aO

M, = 3 )
* 7 b [7 Ka(s)eo"%ds
and the functional V' (¢) = V (21, 22)(t) defined by

V)= [zl(t) — 29(t) — /Ooo K,(s) { t; b(v + s) [ezl(”) - 622(”)] d'u} ds] ’

+ (8°)2 /O ~ Ku(s) { /t i ( /u t [ezﬂv) - ezz(v)r dv) du} ds

is a Lyapunov-type functional for the dynamics of 21 (¢) — 22(¢). The remaining details
of the proof are similar to those of Theorem 2.3 in Gopalsamy et al. [15] and hence
are omitted.

We remark that the sufficient condition in (3.1) is better than that obtained in
Theorem 2.3 of Gopalsamy et al. [15]. The next result provides sufficient conditions
for the existence of almost-periodic solutions of (2.1). With respect to the theory
of almost-periodic functions, this paper is self-contained since the only fact from the
theory which is used below is that of Bochner’s criterion for almost-periodicity (see,
for instance, Besicovitch [3]). Such a criterion says that a function g(t), continuous on
(—00, 00) is almost-periodic if and only if, for every sequence of numbers {11, }52,, there
erists a subsequence {Tm, }%2; such that the sequence of translates {g(t + Tm, )},
converges uniformly on (—o0, 00).

Theorem 3.2. Leta, b be strictly positive almost-periodic functions defined on R. Let
Ky : [0,00) — [0,00) be piecewise continuous nonnegative and satisfy the hypothesis
of Theorem 2.2. Suppose the coefficients a and b satisfy

M2b°0, < Mg, (3.3)
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where
a’ ao

M, = R |
o bO fooo Ka(s)e_aosds Mg bo fooo Ka(s)e—(ao_boM“)st

Then (2.1) has a unique positive globally attracting almost-periodic solution N(t) in
the sense that if P(t) is any other positive solution of (2.1), then

Jlim [P() - N(2)] = 0.

Proof. It follows from (3.3) that there exist two positive numbers €; > 0, ez > 0 such
that

(M, + 61)2b00'a < Mgy — €. (3.4)

From Theorems 2.1 and 2.2, it follows that all solutions of (2.1) remain eventually
bounded above by M, + €; and below by m, — e3. By using the almost-periodicity
of a(-) and b(-), it can be shown that there exists a solution, say N*(¢), of (2.1) such
that

my — €3 < N*(t) < My + € fort€R. (3.5)

A detailed proof of this is contained in Lemma 2 of Murakami [21]. Let {¢,,} be an
arbitrary sequence such that

tm>t, for m>n and lim ¢, = +oo.
n—oo
We define (™) and z(™) by
c™ () = N*(t+t,),  z™(t) = N*(t + tm). (3.6)

We note that z(™(t) and (™) (t) satisfy

%M () = 2™ (1) [a(t—l—tn) — Bt +t) /0 " Ka(8)2™(t - s)ds] . (67

%m(m)(t) = 2(m)(2) [a(t+tm) — bt + ) /0 " Ko(8)2™ (¢ — s)ds] . (38)

We now let
uw™(t) =In [x(m) (t)] , u™ =1In [x(“)(t)] , (3.9)

and derive from (3.7)—(3.9) that

% [u<m> () — u® (t)] - % [m (2™ @) ~1n (2(1)) ]
_ [a(t ) = alt + tn)] - [b(t ) — bt + tn)J /0 " Ku(s)e™ (¢ — 5)ds
bt +t0) ( /0 ~ Ku(s) [x@n) (t— ) — 2™ (t - s)] ds)
bt to) ([ Kalo) o™= 9) = 0= 9] d5) — g1t ),
(3.10)
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where

g1(Etm, tn) = [a(t +tm) —a(t+ tn)J

- [b(t ) — bt + tn)] /0 " Ko(s)2™(t — 5)ds.

Let
Wty b, tn) = u(™ (t) — u™(2).
Then, by the mean value theorem,
2™ (t — 5) — 2™ (t — 5) = e (t=9) _ V(=)

= f(t=5:tm;tn) [u(m)(t —s)— u(’f)(t — S)]

o

— ee(t_s7tm’t")w(t — 8, tm, tn)$

(3.11)

(3.12)

(3.13)

where 0(t — 8, tm, t,) lies between u(™ (¢t — s) and u(™ (¢ — s). We have from (3.5) that

0 < Mg — €g < UStmitn) < M 4 e fort, s € R.

It follows from (3.10), (3.12), and (3.13) that

d
EW(t,tm, tn)

= —b(t +1ty) / Ko(8)e?Etmtn)ay(t — 5, b0, tr)ds + g1 (t, tm, tn)
0

o
_ _ b(t + tn) (/ Ka(s)ee(t—s,tm,tn)ds)w(t’ tm,tn) + gl(t, tm, tn)
0

(3.14)

o0
+ b(t+ tn)/ Ko (s)eftmstmtn) [w(t, tmytn) — W(t = 8, tm, tn)] ds
0

=—b(t +1n) ( / Ka(s)e"“‘s’tmt")ds>w(t, tmstn) + 91(t, tms tn)
0

o
+b(t+t,) / Ko (s)e?ttmtn) sl (t — B, by, )ds,
0

(3.15)
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with 0 < 8 = f(t,s) < 1. Then
d
a;'l.U(t,tm, tn)
== b(t + tn) (/ Ka(s)ee(t—s’tm’tn)ds)w(t> trm, tn) + 5 (ta tm, tn)
0
e o]
+b(t+ tn)/ sKa(s)eo(t_s’tm’t") [gl (t — Bs,tm,tn)
0

—b(t—PBs+ty) / Ko (r)eft=Ps=rtmitn)yy(t — Bs — 1, tp, tn)dr] ds
0

00
= — b(t + tn) (/ Ka(s)eo(t—-&tmytn)d8>w(t’ tm’ tn)
0 oo
—b(t+1t,) / sKo(5)eft=Sitmtn)
0

[ee)
X [b(t — Bs+1tn) / Ko (r)efG=Bs=rtmta)yy(t — Bs — 7, by, tn)dr} ds
0
+ 9(t, tm, tn), (3.16)

where
9ty tmytn) = 91(t, tm, tn) + b(t + tn)/ sKa(s)ee(t's’t’”’t")gl(t — B8, tm,tn)ds.
0
(3.17)
We derive from (3.16) and (3.14) that

Dt
—I—)—t-lw(t,tm,tn)l < = b(t + tn) (Mo — €)|w(t, tm, tn)]

+ b(t + tn)b° (Mo + €1)? ( / ~ sKa(s)ds> D (¢, tm, tn)]
0
+19(t, tms )l (3.18)

where
|@0(ty tm, tn)| = Slip |w(s, tm, tn)l.
s<t

Since 04 = [;° sKo(s)ds < +00, we have from (3.17) and (3.11) that
Ig(tatmatn)l < Igl(ta tm’tn)l + bo(Ma + 61)0'a|§1(t, tmatn)l
<14 8%04(My +€1)] sgp“a(s +tm) — a(s + tn)]
s<t
+ (Mo + €1)|b(s + tm) — b(s + tn)l] = G(t tm,tn)-
(3.19)

Hence we obtain from (3.18) and (3.19) that

D+

Sttt ta)l < = bt + ta) [ (ma — €2l tm, )]

— (M + )20 0a[(t, tmy tn)|]| + Gltstmstn).  (3.20)
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We can rewrite (3.20) in the form

Dt [ (mc,,»-eg)ft b(r+ty)dr
Z [ w(t, b ta) e to
Dt

< e(ma—eg) f; b(r+tn)dr
x [boaa(Ma + €1)2b(t + £ B(E, tmy )] + G, tm,tn)],

(3.21)

where ¢, > 0 is some constant. Integrating (3.21) on [t,,¢] and using the nonde-
creasinging nature of G in ¢, we have

—(me— b b(rdtn)d
[W(E, tm, tn)| < |W(tos tmstn)le (ma=c2) [, b(r+ta)dr

t t
+/ e—(ma—ez) fs b(r+tn)dr [bOO'a(Ma + 61)2b(8 +tn)|ﬁ)(8,tm,tn)|]d8
to

T t
+/ ¢~ (ma=e) ], brtta)dr s, tmy tn)ds
t

o

t t
< |w(to, tm,tn)| + G(E, tnytm) e~ (Mma—e2) fs bodr g
to

i t
+ (/ e"‘(7na~-62)fs b(r+tm)d7‘boo_a(Ma + 61)2b(8 +tn)d8> |’LZ)(t, tm,tn)l
i

o

1
< \w(to, tm,tn)| + —_—G tytm, tn
< Jw( W+ o=y & )
(o) 2
+ MW, tms )], (3.22)
(ma —€2)

which leads to

1
f < PN my “n
[W(E, tmy tn)| < [W(to, tmstn)| + bo(me = eg)G(t’t tn)
b"a'a(Ma + 61)2 -
—_— t > 1. .
+ (ma —e) [0(¢, tm,tn)| for¢ > (3.23)
From (3.4) and (3.23) we derive that
[w(t, tm, )| < [D(E, tmy )
< Ma — €2
T (ma —€2) — b°04(Mq + €1)?
1
— tmsytn)l- 2
X [[w(to,tmstn)] + ey O it ) 629
Thus
My — €9
t+ty)|—1 t+t,)|| <
|In[z(t + tm)] = Infa(t + ta)]] < (M — €2) — 0°0 0 (Ma + €1)2
1
n T N ybmyln)|. 2

X [l(tos tms )] + e Gt tmst ) (3.25)
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The sequence {z(t+tm,)} is uniformly bounded and equicontinuous, and hence on each
compact subinterval of [t,, 00) there exists a subsequence which converges uniformly in
t belonging to the compact subinterval. If necessary restrlcting our further analysis to
such a subsequence {tn} we can conclude that |w(t,, tm, #n)| = |2(to+Em) — 2 (to+15)|
converges to zero as tm,t, — co. By the almost-periodicity of a(t) and b(¢), it will
follow that G(t,%m,t,) converges to zero as fy,,t, — co. Thus we can conclude that
a subsequence of {z(¢ + tm,)} is uniformly convergent on [t,,00). It follows that z(t)
and hence N*(¢) is asymptotically almost-periodic. One can proceed in the standard
manner (see Hale [18], Yoshizawa [27]) to show that the almost-periodic part of N*(¢)
is a solution of (2.1). Thus the existence of an almost-periodic solution of (2.1) follows.
To prove the global attractivity of this almost-periodic solution, it is sufficient to show
that (3.3) implies (3.1). For instance, we define a; and as as
(b°)? M

— LO
a; = 5 oaM,, as = b aam—.
o (s7

We have immediately from (3.3) that as < 1. However,

1 (0°)? me _ b°mg
a = by oMo < b,
b ao 1 —
Ka(s)e™2"%d
" b [T K, (s)e (@b Ma)sgs a"/ (s)e™* "ds
—-a Sd
=2 f" o -~ <1
ao fO 6 (ao—b Ma)sds

which implies &; < @z < 1 and hence (3.3) implies (3.1). The uniqueness and the
global attractivity of the almost-periodic solution follow from Theorem 3.1. The proof
is complete.

Note: On p. 43 of [15], it is stated that the arguments of [15] are applicable to the
almost-periodic case. We have obtained in the above theorem, sufficient conditions
which are better than those obtainable with the techniques of [15]. It can be found from
[15] that the delay distributed over [0, 00) has been reduced to that over one period by
means of a hypothesis on the delay kernel. Such a reduction in the case of an almost-
periodic system is not possible. While techniques of [15] are applicable for delays
distributed over finite intervals, we need a new way of handling delays distributed
over unbounded intervals. It is in this sense that Theorem 3.1 is significantly different
from the results of [15].

4. Solutions with and without level-crossings

We have shown that under certain sufficient conditions, the equation (2.1) has a unique
positive almost-periodic solution. Once we know the existence and attractivity of
the almost-periodic solution, it is of interest to know the nature of attraction of the
almost-periodic solution, that is, whether convergence of solutions of (2.1) to the
almost-periodic solution is monotone or oscillatory. The following definition is derived
from Gopalsamy et al. [15].
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Definition 4.1. Let y(t) be any solution of (2.1). We say that positive solutions of
(2.1) have level-crossings about y(t) if for any solution N(¢) of (2.1), there exists at
least one t* € (—00,00) such that

N(t*) — y(t*) = 0.

If no such solutions N (t) exist, then the system (2.1) is said to have solutions with no
level-crossings about y(%).

In this section, sufficient conditions for all solutions of (2.1) and (2.2) to have one
or more level-crossings about the almost-periodic solution are obtained first. Then we
derive sufficient conditions for the existence of a positive solution without any level-
crossings about the almost-periodic solution. In the special case of (2.1) with constant
coefficients, these conditions coincide with the sufficient and necessary conditions for

the equation -
d]:;—t(t) = N(2) [a— b/o K(s)N(t— s)ds]

to have level-crossings about its positive equilibrium a/b (for details, see Gopalsamy
and Lalli [16]).

Theorem 4.2. Suppose the hypotheses of Theorem 3.2 hold and let y(t) denote the
unique almost-periodic solution of (2.1). Furthermore assume that K, : [0,00) —
[0, 00) is piecewise continuous and the transcendental equation

F)=x+ boma/ K,(s)e™*ds =0 (4.1)
0

has no real roots. If N(t) denotes any positive solution of (2.1) distinct from y, then
N has level-crossings about y in the sense that

N@*)—y({t*)=0  for somet* € (—o0,00).

Proof. Since any root of F(A\) = 0 has to be negative, we can consider (4.1) with A
replaced by —A so that F'(A) =0 leads to

bomey /Oo K.(s)e*ds =X for A € (0,00).
If b,m, fo s)e’\osds — X < 0 for some A,, then we can see from
oma/ Ko (s)erds — X > boma/ K, (s) ds -
- A[b"m" / Ko (s)As%ds — 1]
2 Jo

— 0 as A — oo

that there exists a A > Ao such that
boma/ Ka(s)e;\sds =2
Thus if F()\) = 0 has no real roots, then

(o9)
boma/ K, (s)e*ds > X\ for X € (0,00),
0
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that is,
F()\) = bomg Ooo Ka(s)%ids >1  for A € (0,00).
Let P and Q denote subsets of R, defined by
P={eRFN) =}, Q={AeRiF(N) <oo}.

For )\ € P, it is true that there exist positive numbers €, p with 0 < € < m, and p > 0
such that

1+u / Ko s)—ds > 1L (4.2)

Suppose A € @, and let {e,} and {u,} be two sequences of positive numbers such
that €, — 0 and p, — 0 as n — 00, and €, < M,. An application of Fatou’s Lemma
leads to

_ <) As oo As
1%rgg}f’“(ij# / Ka(s)%—ds 2 boma | Ka(s)ers > 1.

Hence there exist € and g with 0 < € < m, and 0 < y such that (4.2) holds. Now we
suppose that there exists a solution of (2.1) and (2.2), say z(t), without level-crossings
about the almost-periodic solution y(t) and show that this leads to a contradiction.
Without loss of generality, we assume that

z(t) > y(t)  fort € (—o0,+00). (4.3)
Define u(t), v(t), and w(t) as
u(t) =Tofa(®)], o) =l  w(®)=ult) - o).
Then w(t) is governed by

dw(t) d
3 %[u(t) —v(t)]

oo}
_b(t)/ Ka(s) e“(t_s) - e”(t_s)]ds
/ Ko(s)e*t= s)[ u(t—s)—v(t—s) _ ]d (4.4)
< —b, / Ko (8)y(t — s)w(t — s)ds, (45)

on using (4.3). Since y(t) is the almost-periodic solution of (2.1), by Theorems 2.1
and 2.2 we know that there exist § > 0 and ¢; > 0 such that

me —€<y(t) S My +6 for t > t;. (4.6)

Using (2.4), we can choose 8 > n > 0 such that fnﬂ K,(s)ds > 0. From (4.5) and
(4.6),

dl:zit)ﬂ( o) /,,ﬂKa(s)w(t—s)dssO forezf+u. (47)
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We have from (4.3) that w(t) > 0 for ¢t € (—00,00). Then it is easy to see from (4.7)
that there exists a t2 > t; such that w(t) is nonincreasing for ¢ > ¢, and consequently
dw(t)
dt
in which B = b,(my —¢) fn K, (s)ds > 0. Integrating both sides of (4.8) on [t — /2, ]
(t=t3 > t2+1),

+Bw(t—-n) <0 for t > to, (4.8)

t
w(t) — w(t — ﬂ) + B/ w(s—n)ds <0  fort>ts. (4.9
2 t—n/2
As a consequence of (4.9),
t
B/ w(s —n)ds < w(t — Q) for t > t3. (4.10)
—n/2 2

By the eventual nonincreasing nature of w, we derive from (4.10) that
n n
— — < — =
B2w(t n) <w(t 2),

or equivalently

w(t—n) < (Bin)w(t -1 (4.11)
Similarly, we can derive that
wit-1) < (Bin)w(t) for ¢ > tg, (4.12)
which together with (4.11) leads to
212
w(t—n) < (—B—n) w(t) for all large t. (4.13)
Now we define a set
A= {/\ >0: d’z(t) + Aw(t) <0, for large t} (4.14)

Clearly A = 0 € A and A is a subinterval of [0,00). We shall first show that A is
bounded above. In fact, integrating both sides of (4.4) on [t — n,t] (¢ > t3), we derive
that

i o]
w(t) —w(t—n)+ / b(r)/ K,(s) [e”(r_s) - e”(r_s)] dsdr =0,
t—n 0
and this implies

t 00
/ b(r) / K, (s) [e“(’"_s) - e”(r_s)] dsdr < w(t —n),
t—n 0

which can be rewritten as

o [ b(t) / Ko(s) [0 — 09 dsdr <w(t—m).  (419)
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y(t) is nonincreasing, and

It is found from (4.3) and (4.4) that e*® — e*® = (%)
therefore we have from (4.15) that

b(t) nbo/ Kou(s) [“(t ) _ gvlt= s)]ds<w(t—n),

or equivalently (using (4.13))

b(t)/ Ka(s) [0 — e s)]ds<2——w(t—n) o 1(3 ) o), (416)

eventually. Now, from (4.4) and (4.16),

d’w(t) +b(t / K, (S)[ u(t—s) _ gv(t— s)]d

0="G
du(t) + — eli2 2w(t) for some t (4.17
o bo 7\ Bn some t, 17)
which implies that
b° 2
b (Bn)

is an upper bound of the set A. Thus A is bounded. As a consequence, for the p
chosen in (4.2) there must exist a A € A such that A(1+ u) ¢ A, that is,

0< dzgt) F A1+ p)w(t)  for large t. (4.18)
Since X\ € A, there exists a t4 > t3 such that
dw(t
125)+,\ () <0 fort>ts
and hence, for t > t4, t — s > 14,
w(t —
=0 = 255wt
_ e w()
= w(t) exp ( In W= s))
t
w'(s) )
= w(f) ex / ds
e (- [0
(4.19)

> eMuw(t).
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From (4.18) and (4.19) we derive that for ¢ > g4,

d'w( )
dt

= _b(2) /0 Ko(s) [~ — =] ds + AL+ p)u(t)

t—14

< —b, A Ko (s)y(t — s)w(t — s)ds + M1 + p)w(t)

0< + A1+ p)w(t)

t—14
< —bo(ma —€) Ky (s)e*w(t)ds + A1 + p)w(t)
0
t—tg
= [~bo(ma —o) / Ko(s)e*ds + A(1+ ) (), (4.20)
0
which leads to
t—1t4
bo(ma —€) Ko (s)e*ds < A1+ p). (4.21)
0

We let t — 00 in (4.21) and obtain
boma/ K, (s)eMds < A1+ p)
0

which contradicts (4.2). Therefore the result follows.

We shall now proceed to obtain a result on the existence of a solution of (2.1) with
no level-crossing about the almost-periodic solution. Our result is established by an
application of the Schauder-Tychonoff fixed point theorem.

Theorem 4.3. Suppose that equation (2.1) with (2.2) has an almost-periodic solution,
say y(t). If there exists a B > 0 such that
b M, / K, (s)eP*ds < B, (4.22)
0

then there exists a positive solution n*(t) of (2.1) on (—co,00) such that
[n*(¢) —y(t)| >0  fort e (—o0,00).
Proof. We first note that if N(¢) is any solution of (2.1) and (2.2) and if y(t) is the
positive almost-periodic solution of (2.1), then we can define n,Y, z as
n(t)=W[N()], Y(#)=hl@)], 2t =nr()-Y@.
Note that z(t) is governed by
dfitt) = —b(t) / Ka(s)y(t )[ew-s) - 1] ds. (4.23)

Thus the question of looking for a solution of (2.1) without level-crossings about y(t)
is equivalent to that of looking for a solution of (4.23) without zero-crossing. Our
proof is based on an application of the well known Schauder-Tychonoff fixed point
theorem. From (4.22), there exists a § > 0 small enough such that

b (M +6) / Ka(s)ePds < B.
0
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Using the almost-periodicity of a, b, and y and following the arguments in the proof
of Lemma 2 in Murakami [21], we can show from Theorem 2.1 that for § > 0,

y(t) < My +6 for t e R.

Let C(R) denote the set of all continuous bounded functions on (—o0,00). Define a
set S as follows:

x is nondecreasing on [0, 00)
—(1—¢€) <z(t) < —(1-ee P, fort >0,
S={zeCR)| zt)=-(1-¢), fort <0, p,(4.24)

z(t)B8 < b°(My + 6) / Ko(s) [e“(t—” - 1] ds, fort>0
0

in which € > 0 is a fixed number such that 1 — e > 0 and M, is defined by (2.5).
We first show that the set S is nonempty. This will follow if we can verify that the
function z(t) defined by

z(t):{—(l—e), t<0

—(1- e)e?, t>0

belongs to the set S. It is sufficient to v rify the last requirement of (4.24) about z.
In fact,

b (Mo + 6) /0 " Ka(s) [eZ“-s) - 1] ds
= b°(M, + 5){ /0 "Kols) [e“f—s) —1]ds + /t " Ku(s) [e"“-s) ~1] ds}
=b°(M, + 6){ /Ot Ka(s) [e_(l_e)e—ﬁ(t_s) - 1] ds+ /too K,(s) [e_(l_e) - 1] ds}.

Using the fact that e™® — 1 > —z for z > 0, we derive
b (Mo + 6) /0 ” Ku(s) [0 — 1]ds
> b°(M, +5){ /O "Kals) [—(1 - e)e—ﬂ(f-s>]ds+ /t T Ku(s) [—(1 - e)] ds}
= —b°(M, + 8)(1 - e)( /0 t Ko (s)e Pt=9ds + /t ” Ka(s)ds>
> —b°(My +6)(1—¢) /Ooo Ko(s)e Pt=9)ds

= —(1-e€)e Pt (M, + 6)/ Ko (s)ePds
0

> —(1-€)Be P =p2(t) t>0,
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and hence z(t) € S. Therefore S is nonempty. Next we define a mapping F : S —
C(R) by

- (1 - 6): t< 07

F(z)(t) = —(1—6)9XP[— / b(s) (4.25)
:z: s—T) _

/ K(r)y(s—r) 2) dr) ] t>0,

in which y(t) is the almost-periodic solution of (2.1). We now proceed to verify that
FS C S. From the definition (4.25), we have

Fz)t)=—-(1—-¢) fort <O0.
Since z € S and z < 0, by the positivity of the almost-periodic solution y(t),

/ot b(s)(/:o Ko(r)y(s —7)° e(s— (r)) dr) ds > 0;

F(z)(t) > —(1—¢) for t > 0.
It follows from z € S that

z(t)B < b’ (Mg + 6) /000 K, (s) [e””'(t_f' - 1] ds,

hence

which implies

ex(t—s) _
b (Mg + 5)/ K,(s) %ds <p fort>0. (4.26)

It is found from (4.26) that

i 0 m(s ) _ 1
/0 b(s)/0 Ka(r)y(s—r)——-—a:()—duds

< b(M ts)/t/“)lr{()em(s il P
<b° + o(r)—————drds
* o Jo z(s)

1
< / Bds = Bt fort >0 (4.27)
0

which implies

—(1-¢)exp [— /0 “bs) ( /0 " Ka(r)y(s — r)f%)—'—ldr) ds]

< —(1—€e Pt fort>0,

and therefore
—(1—€) < Fz)(t) < —(1 —e)e™? for t > 0.

To show F'S C S, we still need to show that

BF(z)(t) < b°(My +6) /00 [eF(z)(t"s) —1]ds fort>0. (4.28)
0
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By the definition of F' and the fact e* — 1 > x for z < 0,

b(Ma + 6) /0 = Ko(s)[e"@ ) — 1]ds
> W0(M, +6) /0 " Ku(s)F(@)(t — 5)ds
— b°(M, + 6) { /0 Ka(8)F(@)(t — 5)ds + /t " Ko(s)F(x)(t - s)ds}
=0+ o [ K. <s>[— 1-¢
xexp( / b(r) / K@yl — ) (q)) dqdr)]ds
+ [ Kool - olas}
(- +0) [ Ka(o)ds
— (1= (M, +6)/tK (s)

xexp[ / b(r)/ Ko(q)y(r - q) ertr” (Q))~1dqdr]ds.

(4.29)

We know that F(z)(t) < —(1 — €)e P! and hence —(1 — €) > F(z)(t)eP*. Noting that
F(z)(¢) is nondecreasing, one can see that
o0
— (1= 6 (M + ) / Ku(s)ds
¢
= 5°(M,, + 6) / —(1 = Ko (s)ds
t

> 1 (Mo + 6) /t " F(@)(s)e5 Ko (s)ds

> 1(M, + §)F(z) (1) / " Ko(s)eP*ds. (4.30)

And for the last term in (4.29), we derive that

— (1 - (M, +6)/tK (s)

X exp[ / b(r)/ Ko (q)y(r— ) i r—(q))__ ldqdr} ds
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t
= (1= b (Ma + 6) / Ku(s)

<exp{= [[o(r) | Retantr- 0= A

+ / b(r) / Ka(g)y(r — g)° T_( )) ldqdr}ds

= (M, +6) / Ka(s)F(2)(t)

X exp [/ b('r)/ K, (q)y(r—q) ¢ T_( )) 1dqalrJ ds.

(4.31)
From (4.26),

er(r—a) _
/ b(r) / Kelaytr =" it ¥

< b (M, +6)/ / K, (q) et (q))_ldqdr

< ﬁdr = Bs. (4.32)

t—s

Using (4.32), (4.31) leads to (since F(z)(¢) < 0)

— (1= (M, +6) / Ka(s)
eT(r—a) _ 1

xexp[ / b(r)/ K, (q)y(r—q) 2()

> bo(M,, + 6) /0 K. (s)F(z)(t)ePsds

dqdr] ds

= F(z)(t)b°(My + 6) / t K, (s)eP%ds. (4.33)
0_
We can now conclude from (4.29), (4.30), and (4.33) that
b°(My + 6) /00 Ko(s)[eF@E=9) —1]ds
0
> b°(M, + 6)F(2)(0) / " Ko(s)ePds
+b°(M,, + 6)F()(t) / t K, (s)eP%ds
0
= b°(Ma + 6)F () (1) / Ka(s)e®ds > BF(2)(t).
0

That is, (4.28) follows, and consequently we have shown that F'S C S. Then, similar
to the arguments in the proof of Theorem 4.1 in Gopalsamy and Lalli [16], one can
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show that F'S is also equicontinuous. Based on the above analysis and the Schauder-
Tychonoff fixed point theorem, we conclude that there exists * € S such that

F(z)(t) = 2* (). (4.34)

Since z* satisfies
d ,.n_d .
Za7(t) = = (FE)()
e t-m) 1 ]
r

= F(=") (1) [—b(t) / " Kalr)u(t - e
o0 2" (t=r) _
= 2*(%) [—b(t) [ Ratre-n = }

= —b(t) /000 K, (s)y(t—s) [ex*(t"s) — 1]ds,

it follows that z*(¢) is a solution of (4.23). Obviously, z*(t) < 0, and hence (2.1) has
a solution with no level-crossings about the almost-periodic solution of (2.1). This
completes the proof.

5. Two examples

In this section, we illustrate the calculation of the asymptotic upper and lower esti-
mates M, and m, for the two kernels

KM (s) = ae™, (5.1)
K (s) = a’se™*". (5.2)

Corresponding to K& in (5.1), we have

MY =

a’ 1 a® 1 _a° o+ a®
=5

bo fOoo &1) (S)Ue—aosds - b_o- fooo ae-—ase_aosds

) . (5.3)

a, 1
m) = =2 .
b [ K (s)e—(ao=b"ME)s s

_gﬁa+ao—b°M¢§1) _Goa+a {1_b°a°}

T b a T o ab, (5-4)

The requirement that m& > 0 is satisfied when o > b°a® /bo. Next, corresponding to
K in (5.2), we have

_a_i 1 _ £ 1

bo fooo Kg?) (s)e—aosds - bo f(;x) aZSe—ase_aosdsa

2 *® as °s a2 * 012
(0% se” e—a dS = e_yd = 5
/o (o + a0)? (/ Y y) (o +a2)?

M® =

(5.5)

in which



60 GOPALSAMY AND HE

and hence
o 0\ 2
M§h=%(ﬁ%i), (5.6)
m® = o ! 5 . (5.7)
b [ K (s)e= (a0t MP)s s
By (5.6),

(o) (e}
/ K@) (5)em(@eb" M3 g — o2 / se=(atao=b"ME)s g
0 0

oo
gl oo A v R

It follows from (5.7), (5.8), and (5.6) that

m® =

be o =Eg T ab, a

BT - SR (55T 6o

It is easy to see that we can choose a > 0 satisfying a? > a°b°(a + a°)/b, such that
the integrals in (5.8) exist. Furthermore for such ¢, one can see that the assumption
of Theorem 3.1 holds for some ¢, > 0.

We conclude with the following remarks. It is our opinion that we have obtained,
for the first time, a uniform lower bound (independent of initial values) for the in-
tegrodifferential system, and this guarantees uniform persistence. Furthermore, our
analysis of (2.1) includes autonomous, periodic, and almost-periodic parameters. For
biological and ecological significance of the variability in the coefficients ‘@’ and ‘b’,
we refer to the discussion in [14].

6. Numerical simulations

A few computer simulations of a system of illustrative examples are given below. Our
simulations are based on the technique (due to Fargue; for details, see Gopalsamy
[8]) of converting the scalar integrodifferential equations into a system of ordinary
differential equations and then numerically solving them using Maple and its built in
graphical output routine. We first consider

dN (%)
dt
This integrodifferential equation satisfies the assumptions of Theorem 3.1 and can be

converted into a system of ordinary differential equations by the introduction of an
auxiliary variable U, where

= N(t) [1 - /Ooo ae”*N(t - s)ds]. (6.1)

(=5} t
Ut) = / ae”*’N(t — s)ds = a/ e (=) N(s)ds.
0

—00
The scalar integrodifferential equation (6.1) becomes
dN(t)
dt
au(t)

=N@®)[1-U®), 62)
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The convergence of solutions of (6.1) corresponding to o = 1.189 and four initial values
are displayed in Figure 2(a).

t

FIGURE 2(a). Graphs of the solution N(¢) of (6.3) with o = 1.189 and
the initial values (N (0),U(0)) = (0.5,0.35),(0.8,0.7), (1.2,1.2),(1.8,1.7).

Our next example is the periodic integrodifferential equation

Q%Q=N®k%mmm—@—mwnlwwwwm—g@} (6.3)

We let again
Ut) = / ae”**N(t—s)ds
0

and obtain the nonautonomous ordinary differential system

aN(t) _ N(B)[(2 + sin(t)) — (2 — cos())U(2)],
dgtt (6.4)
_élz—qma—Nwl

The convergence of solutions of (6.3) corresponding to a = 12.69 and four initial values
are displayed in Figure 2(b).

The following integrodifferential equation has periodic coefficients with rationally
independent periods:

dN(t)

T N(t) [(2 + sin(t)) — (2 — cos(nt)) /Ooo ae”*N(t— s)ds] . (6.5)

We use again the auxiliary variable

Ut) = /000 ae”**N(t — s)ds,



62 GOPALSAMY AND HE

2.5
2
N5t
1,
0.5
0 3 z 3 8 10 12
t

FI1GURE 2(b). Graphs of the solution N(t) of (6.5) with a = 12.69 and
the initial values (N (0),U(0)) = (0.5,0.35), (0.8,0.7), (2.2,1.2), (2.8, 1.7).

and convert (6.5) into the almost-periodic ordinary differential system

dN(t) _ N(#)[(2 + sin(t)) — (2 — cos(xt))U(t)],
dU (t) o
==L = _a[U(t) — N(2)].

The convergence of the almost-periodic solutions of (6.5) with @ = 12.69 and four
initial values are displayed in Figure 2(c).

0 2 4 6 8 10 12
t

FIGURE 2(c). Graphs of the solution N(t) of (6.7) with & = 12.69 and
the initial values (IV(0),U(0)) = (0.5,0.35), (0.8,0.7), (2.2,1.2), (2.8,1.7).
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The first of the second category of examples is the integrodifferential equation with
constant coefficients

d—]:;t(t—) = N(1) [1 - /Ooo a?se”* N(t — s)ds]| . (6.7)

We introduce the auxiliary variables U and V' by
o)
Ut) = / a®se*N(t — s)ds
000
V(t) = / ae”*N(t — s)ds
0

The integrodifferential equation leads to the coupled system of autonomous ordinary
differential equations:

W _ v - v,
WO — s -, (6.9
av(t) _

A set of solutions of (6.7) are illustrated in Figure 3(a).

0 2 4 6 8 10 12 14
t

FIGURE 3(a). Graphs of the solution N(¢) of (6.10) with o = 2 and
the initial values (N(0),U(0),V(0)) = (0.5,0.35,0.35), (0.8,0.7,0.7),
(1.2,1.2,1.2), (1.5,1.7, 1.7).

The periodic integrodifferential equation

T < N () |(2sin(t) — (2 o) [ aPsemN(e-s)as] (69
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is converted by the introduction of the auxiliary variables

Ut) = / a?se”**N(t — s)ds
0 ,  a=156

V() = / ae **N(t — s)ds
0

into a system of periodic ordinary differential equations,

N _ N(e)[2+ sine)) ~ (2~ cos()U )]
YO _ oy - v, (6.10)
v

Solutions of (6.9) corresponding to four different initial values are displayed in Fig-
ure 3(b).

0. 51
0 2 4 6 8 10 12 14

/ ¢

/

FIGURE,""3(b). Graphs of the solution N(¢) of (6.12) with a = 15.6
and the initial values (N (0), U(0), V(0)) = (0.5,0.35,0.35), (1.8,0.7,0.7),
(2.2,1.2,1.2), (2.5,1.7,1.7).

Our final example is the almost-periodic integrodifferential equation

Nt ft) - N(®) [(2+sin(t)) — (2 - cos(rt)) /0 " aZsem N (- s)ds| . (6.11)

As before we let
Ut) = / a?se™ N (t — s)ds
0

. , a=15.6
V(t) = / ae"*N(t — s)ds
0
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and obtain the system

O _ N@)l(2 +sin(t) ~ 2~ cos(rt))U (1),

W _ av(ey - vy, (6.12)
v

— = oN@) -Vl

Solutions of (6.11) are displayed in Figure 3(c).

0 2 4 6 8 10 12 14
t
FIGURE 3(c). Graphs of the solution N(t) of (6.14) with = 15.6

and the initial values (N (0), U(0), V(0)) = (0.5,0.35,0.35), (1.8,0.7,0.7),
(2.2,1.2,1.2), (2.5,1.7,1.7).

Acknowledgement: The authors wish to thank two referees for their careful reading
of the manuscript and their comments which have enabled the authors to obtain an
improved upper bound of solutions of (1.1). The authors appreciate with thanks, the
interest of Professor R. Wong in this article.

1.

2.

References

O. Arino, T. A. Burton, and J. Haddock, Periodic solutions of functional differential equations,
Roy. Soc. Edinburgh, Proc. A, 101 (1985), 253-271.

1. Barbalat, Systemes d’equations differentielle d’oscillations nonlineaires, Rev. Roumaine Math.
Pures Appl. 4 (1959), 267-270.

. A. S. Besicovitch, Almost Periodic Functions, Dover, New York, 1954.
. T. A. Burton, Stability and Periodic Solutions of Ordinary and Functional Differential Equations,

Academic Press, New York, 1985.

. C. Corduneanu, Almost Periodic Functions, Interscience Publishers, New York, 1968.
. J. M. Cushing, Integrodifferential Equations and Delay Models in Population Dynamics, Lect.

Notes in Biomath. 20 (1977), Springer-Verlag, Berlin.

. A. N. Fink, Almost Periodic Differential Equations, Lect. Notes in Math. 337, Springer, New

York, 1974.

. K. Gopalsamy, Stability and Oscillations in Delay Differential Equations of Population Dynam-

ics, Kluwer Academic, Dordrecht, The Netherlands, 1992.



66

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

GOPALSAMY AND HE

, Ezchange of equilibria in two species Lotka - Volterra competition models, J. Austral.
Math. Soc. (Series B) 24 (1982), 160-170.

, Harmless delays in a periodic system, J. Austral. Math. Soc. (Series B) 25 (1984),
349-365.

, Persistence in periodic and almost-periodic Lotka - Volterra systems, J. Math. Biol. 21
(1984), 145-148.

, Global asymptotic stability in a periodic Lotka - Volterra system, J. Austral. Math. Soc.
(Series B) 27 (1985), 66-72.

, Global asymptotic stability in a periodic integrodifferential system, Tohoku Math. J. 37
(1985), 323-332.

K. Gopalsamy, X. Z. He, and L. Wen, Global attractivity and oscillations in a periodic logistic
integrodifferential equation, Houston J. Math. 17 (1991), 157-177.

, Global attractivity and “level-crossings” in a periodic logistic integrodifferential equation,
Math. Nachr. 156 (1992), 25-44.

K. Gopalsamy and B. S. Lalli, Global attractivity and level crossing in a logistic integro-
differential equation, Dyn. Syst. Appl. 1 (1992), 23-50.

A. Halanay, Differential Fquations: Stability, Oscillations and Time Lags, Academic Press, New
York, 1966.

J. K. Hale, Theory of Functional Differential Equations, Appl. Math. Sci. Vol. 7, Springer Verlag,
New York, 1977.

Y. Hamaya, Periodic solutions of nonlinear integrodifferential equations, Tohoku Math. J. 41
(1989), 105-116.

Y. Hamaya and T. Yoshizawa, Almost periodic solutions in an integrodifferential equation, Proc.
Roy. Soc. Edinburgh 114 A (1990), 151-159.

S. Murakami, Almost periodic solutions of a system of integrodifferential equations, Tohoku
Math. J. 39 (1987), 71-79.

R. M. Nisbet and W. S. C. Gurney, Modelling Fluctuating Populations, John Wiley and Sons,
New York, 1982.

H. Qichang, Ezistence of periodic solutions to functional differential equations with infinite delay,
Scientia Sinica (Series A) 28 (1985), 242-251.

G. Seifert, Almost periodic solutions for delay differential equations with infinite delays, J. Diff.
Eqgns. 41 (1981), 416-425.

, Almost periodic solutions for single species population equations with infinite delays, in
Differential Equations and Applications in Ecology, Epidemics and Populations Dynamics, (Eds.
S. N. Busenberg and K. L. Cooke), Academic Press, New York (1981), 203-214.

T. Yoshizawa, Stability theory by Liapunov’s second method, The mathematical society of Japan,
Tokyo, 1966.

, Stability Theory and the Ezistence of Periodic Solutions and Almost-periodic Solutions,
Appl. Math. Sci. Vol. 14 Springer-Verlag, 1975.

B. G. Zhang and K. Gopalsamy, Oscillation and nonoscillation in a nonautonomous delay logistic
equation, Quart. Appl. Math. XLVT (1988), 267-273.

, Global attractivity and oscillations in a periodic delay logistic equation, J. Math. Anal.
Appl. 150 (1990), 272-283.

, Global attractivity in the delay logistic equation with variable parameters, Math. Proc.
Camb. Phil. Soc. 107 (1990), 579-590.

SCHOOL OF INFORMATION SCIENCE AND TECHNOLOGY, FLINDERS UNIVERSITY, G.P.O. Box 2100,

ADELAIDE 5001, AUSTRALIA

E-mail, Gopalsamy: gopal@ist.flinders.edu.au



