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EQUISUMMABILITY OF CERTAIN SEQUENCES
OF HADAMARD PRODUCTS OF TAYLOR SECTIONS
AND INTERPOLATORY POLYNOMIALS

R. Briick, J. Miiller, and A. Sharma

ABSTRACT. In [1, 2] the classical equiconvergence theorem of Walsh was extended
by the application of summability methods in order to enlarge the disk of equicon-
vergence to regions of equisummability. A further generalization was achieved in
[3], where sequences of Hadamard products of a fixed power series with interpola-
tory polynomials were considered. The aim of this paper is to continue this work
by investigating commutators of interpolatory polynomials and Hermite interpo-
latory polynomials.

0. Introduction

Let g be a function holomorphic in the disk Dg := {z € C: |z| < R} for some R > 1,
let L,(-;g) be the Lagrange interpolatory polynomial to ¢ in the (n + 1)-st roots of
unity, and denote by SZ the n-th partial sum of the power series expansion of g about
0. Then the classical equiconvergence theorem of J. L. Walsh [8, p. 153] states that

lim [La(z39) - S3(2)] = 0

compactly in Dgz (i.e., uniformly on compact subsets of Dp2).

In [1, 2] the first author applied certain summability methods in order to enlarge
the disk of equiconvergence to regions of equisummability. Roughly speaking, one of
his results may be stated as follows. If A is a summability method which sums the
geometric series y(z) = > oo ;2" to 1/(1 — z) compactly in an open set S containing
the unit disk I, then the sequence (Ln( ;g) — Sg) is compactly A-summable to 0 in
a certain open set £. This set £ always contains the disk Dg2, and it depends on S
and the singularities of g.

Recently, the first two authors [3] generalized this result by replacing the “test
function” ~ by an arbitrary power series f, and by considering the sequence
(8% * (Ln(-59) — S%)), where % denotes the Hadamard product of two power series.

The aim of this paper is to extend their result in two directions. In [5], Lou
considered commutators of interpolatory polynomials, namely

DY, (20, 8) := L (28, L (50, 9)) — Ln (250, Lin (-3 8, 9)), (0.1)
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where m = g(n 4+ 1) — 1 for some ¢ € N, a,8 € Dg, and L,(-;a,g) de-
notes the Lagrange interpolatory polynomial of g in the roots of the equation
wt — ot =0, ie., Ly(w;a,g) = g(w), if @ # 0, and L,(2;0,9) = S4(z) (z € C).
We will generalize Lou’s result by applying summability methods A to the sequence
(S %Dg,,.(-;, B)). Furthermore, we will generalize a theorem of Cavaretta, Sharma,
and Varga [4] concerning Hermite interpolation.

This paper will be arranged as follows. In the first part, we give some notations and
preliminaries concerning Hadamard products and summability methods. In the second
part, we state our main results concerning commutators of interpolatory polynomials
as considered by Lou [5], and Hermite interpolatory polynomials. The third part
contains the proofs of the main results, and in the fourth part, we make some remarks
on the existence of summability methods.

1. Notations and preliminaries

1.1. Hadamard product and its properties. For two power series F(z) =
Yoorpanz” and G(z) = > o buz” with positive radii of convergence Ry and Rg,
respectively, the Hadamard product F' +« G of F and G is defined by

(FxG)(z) = Z a,b,2”.

Obviously, the radius of convergence of F' x G is at least RrRg.

Furthermore, we need the Hadamard multiplication theorem in the version of the
second author [6] which gives a lower estimate for the region of holomorphy of F % G.
To state his result, we introduce the following notations. For arbitrary sets A, B C C,
ac€CandkeN weset A:=C~N A, A-B:={ab:a€ Abe B}, ad:={a} A4,
AF:={a*:a€ A}, and A* B := (A°-B°)°. If 0 € AN B, then it is easily seen that
0€ Ax B, and

AxB=()aB=[)0bA
agA b¢B
For open sets A, B C C with 0 € AN B, the set A x B is also open but not necessarily
connected, even if A and B are so. If 0 € A, we denote by Ay the component of A
which contains 0. For an open set Q C C, let H(2) be the topological vector space of
all functions holomorphic in Q with the usual topology of locally uniform convergence.
Let ¢ € H(Q) for some open set & C C such that 0 € Q. Then, for a € C,, \ {0}
(where Cy, := CU {00}) and k € Ny := N U {0}, we define ¢, € H(af) (where
002 = C) by
1 d*

k
—'—k(u o(u)) for a € C,
pai(z) = § v u=s/a
Ecp(k)(O)zk for a = oo.

Finally, we denote by v(z) the geometric series > -, 2” as well as its analytic contin-
uation 1/(1 — z).

Theorem H ([6]). Let Qy, Qy C C be open sets such that 0 € Q; NQy. Then, for any
F € H(Q), there exists a unique continuous linear map Tr: H(Qz) — H( % Q)
such that Tr(Ye,x)(2) = For(z) for all 2 € Q1 * Qy, a € Coo N Qy, and k € Ny. In
particular, Tp(G) = F x G in a neighbourhood of 0 for all G € H(Qy), and therefore
the power series F' x G admits an analytic continuation into the region (Q * Q2)o.



272 BRUCK, MULLER, AND SHARMA

In the following we always write F' * G instead of Tr(G).

1.2. Summability methods. Let X C R, and let z* € RU {00} be an accumu-
lation point of X. Suppose further that A = (a,)S%, is a sequence of complex-valued
functions on X. A sequence (s,)52, of complex-valued functions defined in an open
set 2 C C is called compactly A-summable in § to the function s, if the series

oo
o(z;2) = Z an(z)sn(2)
n=0
converges compactly in Q (i.e., uniformly on compact subsets of Q) for all z € X, and
if
lim o(z;2) = s(2)
r—*
compactly in . In this case we write
A— lim s,(z) =s(z) compactly in .
n—oo

Now we introduce three classes of summability methods A. For that purpose, let
f(z) = 302 fu2" be an arbitrary power series with positive radius of convergence Ry.

(S) We say that A satisfies the condition (S) for some open set S C C containing 0,
if the power series

o(z;w) == Z an(z)w"

n=0

converges for all w € C and all z € X, and if

lim ¢(z;w) =0 compactly for w € S.
T—z*

(Q, f) We say that A satisfies the condition (2, f) for some open set Q C C contain-
ing 0 and some power series f, if the power series in two variables

[o <lNNe o

&f (z;u,w) ZZan.,_,,(x)fuu w™ (1.1)

n=0vr=0

converges for all (u,w) € C xD, and all z € X, and if
lim ¢f(z;u,w) =0 compactly for (u,w) € Q x D,
T—z*

where D :=1D);.

(Q, f,p) We say that A satisfies the condition (£, f,p) for some open set Q2 C C con-
taining 0, some power series f and some p € N, if the series

¢ (z;u, w,v) Z Zan+,,(x)F,,](v)u (1.2)

n=0v=0

converges for all (u,w,v) € CxDxXxC, allz € X, and j=1,...,p, where

F,;i(v): Zf,,ﬁ_sv (weC jeN velNy), (1.3)
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and if

lim ¢£(w; u,w,v) =0 compactly for (u,w,v) € 2 xD x C

z—z*
and for j=1,...,p.
Note that the condition (2, f, 1) coincides with the condition (£, f). For the exis-

tence of such summability methods, we refer to Section 4.
2. Statement of results

2.1. Commutators of interpolatory polynomials. Let G C C be a region con-
taining the disk Dg := {z € C : |z| < R} for some R > 1, and let g € H(G).
Furthermore, let

f2) =) fhe"
v=0

be an arbitrary power series with positive radius of convergence Ry. For ¢ € N,
n €Ny, m=¢q(n+1)—1, and a, 3 € Dg, we set

Dla(z0,0) = (S] * Dgn(-30,8))(2) (2 €C),
where DY, (z;a,(3) is defined by (0.1). Since m > n, we have
D (20, 0) = Lu(2;0,9) = L (250, Lin (3 8,9)) (2 €C).
In [5], Lou proved that
nILIIgO DY (z;a,8) =0 compactly in Dj,

where
- Rltg

= max{lal7, |87}

We will generalize this result by applying summability methods A of the form (Q, f)
to the sequence (D{;%(-,a,B)). For that purpose, we define the sets

& = &(G,Q) = ﬁ N (c(g)kn>

and
E:=E(G,Q):=&NEy,

where we set ¢/0 := oo for ¢ # 0, co¥ := 00, if k € N, and oco® := 1, if k = 0.

Theorem 2.1. If A satisfies the condition (Q, f) for some Q and f, then there holds
for every g € H(G)

A— lim D9(z0,8) =0 compactly in £(G, ).
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Remarks. (i) If Dr C Q for some R’ > 0, then £ D Dy, where

~ R'R't4

© max{|ale,|]e}
and £ is an open set. In the special case f = v and R’ = 1, Theorem 2.1 and
Lemma 4.1 (see Section 4) imply Theorem 3.1 of [1] (in a slightly weaker version),
which itself is a generalization of the above mentioned result of Lou [5]. Furthermore,
for o =0, 8 =1, and ¢ = 1, we obtain Theorem 1 of [3] which generalizes Theorem 1
of [2].
(ii) f o = 0 and B # 0, then & = C, & =2, Noge(c(c/8)9), and DS9(2;0,5) =
(Sf % (Sg — SEmt ;ﬁ’g)))(z), so that & D Dgs gita/|ge. In particular, for 3 =1, f =4,
and A being the usual convergence, Theorem 2.1 and Lemma 4.1 imply Theorem 1 of
Rivlin [7].
(i) Iff=0and @ # 0, then &, = C, & = ﬂ,;“;q Nega (c(c/a)kQ), and DES(2;0,0) =
(S}: % (Ln(-5a,9) — Ln(-;a,ng)))(z), so that £ D Dpg/pi+e/|qe- In particular, for
a =1, f =+, and A being the usual convergence, Theorem 2.1 and Lemma 4.1 imply
Theorem 1 of Cavaretta, Sharma, and Varga [4].

(2.1)

(iv) For the existence of summability methods A satisfying the condition (£, f) we
refer to Lemma 4.2.

Corollary 2.1. If A satisfies the condition (S) for some open set S D D, and if
¥ C C is an open set containing 0, then there holds for every f € H(Q') ond every
g € H(G),

A— lim D59(z0,6) =0 compactly in € := (G, S,Q'),

where 3
£(G,5,9):=E(G,Q *5) =0 x£(G,5) = ) (w&(G,9)).
wgQ
Proof. The assertion follows immediately by combining Lemma 4.2 (see Section 4)
and Theorem 2.1.

Remark. If Dg C Q' for some R > 0, then £ D Dy, where R is defined by (2.1).
Therefore, Corollary 2.1 also generalizes all results mentioned in the remarks after
Theorem 2.1.

2.2. Hermite interpolation. For p € N and n € Ny, we denote by Hp(n41)-1(-;9)
the Hermite interpolatory polynomial of g, ¢’, ..., g1 in the (n+1)-st roots of unity,
ie.,

k
HIE(ZH)_l(w;g) = g(k)(w) (k=0,1,...,p—1)

for all w € C satisfying w™t! = 1. Then we set
D3, (2) = Hp(nt1)-1(239) — Sg(n+1)—1(z) (2€0)

and

DI(2) = (S 1)1 * DL)(2) (2 €0).

In [4] Cavaretta, Sharma, and Varga proved that

nh_)ngo DS, (2) =0 compactly in Dgit1/s.
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We will generalize this result by applying summability methods A of the form (Q, f,p)
to the sequence (D{:;f ). For that purpose, we define the set

&y :=Ex(G,Q) : ﬁ N )¢ (P,

k=0 j=1 c¢G
(k,3)#(0,p)

where ¢;: C — C is defined by ¢;(z) := 27.

Theorem 2.2. If A satisfies the condition (Q, f,p) for some Q and f, then there
holds for every g € H(G)

A— lim DI9(z) =0 compactly in En(G,Q).

Remarks. (i) If D C Q for some R’ > 0, then £ D Dy, where

R'R? for p =1,
) R(R'R)'/? for R’ > %, p>2,
k= (R'RP)Y/(=1)  for Ri < f' < %, p>2,
R'RP for R' < Tk p>2,
and £ is an open set. In the special case f = v and R’ = 1, Theorem 2.2 and

Lemma 4.3 (see Section 4) imply a special version of Theorem 4.1 of [1] which itself is
a generalization of the above mentioned result of Cavaretta, Sharma, and Varga [4].
Furthermore, for p = 1 we obtain Theorem 1 of [3].

(ii) For the existence of summability methods A satisfying the condition (9, f,p), we
refer to Lemma 4.3.

Corollary 2.2. If A satisfies the condition (S) for some open set S D D, and if
Q' C C is an open set containing 0, then there holds for every f € H(Q') and every
g€ H(G)

A— nh_)n;o Dg;f(z) =0 compactly in & :=Ex(G,S,Q),
where

£n(G,8,9) = Eu(G,Q xS) = «€u(G,S) = () (w€u(G,S)).
W@

Proof. The assertion follows immediately by combining Lemma 4.3 (see Section 4)
and Theorem 2.2.

Remark. If D C Q' for some R’ > 0, then £y D Dy, where R := R'RY*1/p,
Therefore, Corollary 2.2 also generalizes all results mentioned in the remarks after
Theorem 2.2.
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3. Proofs of main theorems

We recall the well-known interpolation formula of Hermite

1 (t) tn+1 n+1
Ln(z0,9) = 2mi /|t|_,, t—ztntl — qntl dt

0
27l"i |t| t’ﬂ+1

— Zt”"’ vdt (z€C), (3.1)

v=0

where |a| < 7 < R. Therefore,
1 n—v
(S{*Ln(-;a,g))(z)=%/m: g(t)tnﬂ—nﬂ Zt fv2" dt

_ 1 g(t)sg(z)—tnﬂ_iif (z €C).

271 [t|=r tntl — Oln+1 t

(3.2)

In particular, we obtain for a =0

g 1 z\dt
(S5 % 59)(2) = —/”I:Tg(t)57{<¥>? (z€0). (3.3)

271

Proof of Theorem 2.1. We divide the proof into several steps.

STEP 1. At first we derive an integral representation for D59 (-;a, 3). For that
purpose, let max{|a|,|8|} < r < R. Then we have by (3.1)

g(t m—
m(z ﬁ?g) 27” /|| gm+1 ()ﬁm-'—l Zt Kok dt

L 9(t) k(n+1) m—v—k(nt1)
= 3 W—I_sz Y Fdt (z€0),
lt}=r k=0 v=0

and therefore,

1 ¢ m—v—k(n v
(z o, Lin(-58,9)) = ,/|t| tm+1g( )5m+1 Z k(n+1) Zt k(n+1) v gy

27

1 (t) tm—l—l _ m+1 tn+1 _ n+1
_ %/|t|=rt—ztm+1 Tt (€0,
(3.4)
Subtraction of (3.4) from (3.1) yields
g(t) am+1 _ I@m+1 tn+1 n+1
T dt C
mn(z «, IB) 271.7/ /|;,|='I' t—2z2 $m+1l _ ﬂm—l—l tntl (Z € )

Proceeding as in the proof of (3.2), we obtain

z d
Dl (za,8) = 5— /It _ 9054 (%) Kot ﬂ)?t (z€C),
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where (note that m = ¢(n + 1) — 1)

t"+1(0zm+1 _ Igm+1)
q, (t @ ’8) (tm+1 /@m+1)(tn+1 _ Oén+1)'

STEP 2. Setting
xz)—Za (x)D19 (2, B),

we see that ¢(z;-) is an entire function for every z € X and

Y(w:2) = 5 /| |_Tg(t>fjian(:c>fy(;)”Kq,n(t;a,ﬂ)%

n=0r=0

2L7I'7/ _ g(t) Z z:: an(l’)fv (%)VKq’n(t; Oz,ﬁ)%

Py . g9(t) Z an+V(93)fu<%>qu,n+V(t§ a, ﬁ)% (2 € O).
(3.5)

Now we write

‘ B 1 (a/t)y™t — (B/y™*
Kon(t;a,8) = 7= (a/tyntt 1 —(8/t)ym+1

=[5 - OEE SO
= j=
_ i i(%) (k+a)(n+1) (§>jq(n+1)

k=0 j=0

e (G+1)g(n+1)

-G , 9

k=0 j=0

and we set, for k,j € Ny,

Teg(@;2) = 231'2' t:rg(t)(%)k(g)jq¢f (""%(%)k(g)m (%)k(g)]q) Cit’
1t
(3.7)

where ¢/ (z;u,w) is given by (1.1). Putting (3.5), (3.6), and (3.7) together, we obtain

¥(z; 2) ZTko(x z ZZTk](:c; z).
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STEP 3. Now we consider a compact subset C of £. We have

H —<1 for all k € N,

and

’tHﬂ’M <1 forall k € Ny, 7€ N.

Let p := max{|z| : z € C'}, and choose § > 0 such that Ds C Q. Then there exists
N € N sufficiently large such that N > g,

z /aNk
T\ < = < > -
|t<t)‘—6 for [t =r, |2| <p, k>N,

and
z faNkpB\Ie ‘
p— —_— e < — < i
‘t(t) (t) ’—5 for [t =7, |z| <p, k€N, j > N
Setting M(r, g) := max{ [g(¢)| : || =} and

e(z) = max{ ¢ (z;u,w)] : [u] < 6, [u] < % max{[al, 1]} }.

we obtain for z € C

oo q—1 oo
‘ Z Tro(z; 2) — Z Z Tkj($;z)‘
k=N k=0j=N

< e(x)M(r,g) (;(kﬂ)k + :;) i(lod) (Iﬂ[) )
<elz)M(r,g)—— r =0 (z—z%). (3.8)

r—lafre— Iﬂlq

STEP 4. Finally, it suffices to consider a single term Tj;(z;z) for fixed k,j €
{1,...,N — 1}. For simplicity, we assume that a # 0 and 8 # 0, because the other
cases can be handled similarly. We set

E={¢":¢garu{o},

K={wec: w(g)k(%)” €CE}.

Since 0 € 2, F is a compact set, and therefore, it is easy to see that also K is a compact
set. We show that K C G. For that purpose let ¢ ¢ G. Then z € c¢(c/a)*(c/B)79( for
all z € C, or (z/c)(a/c)k(B/c)i? € Q for all z € C. By the definition of F this implies
(¢/z)(c/a)*(c/B)I9 ¢ E for all z € C, or c(c/a)*(c/B)!? ¢ C-E which yields c ¢ K.

Therefore, we can choose a cycle I' such that

indr () 1 forwe KUD,,
in = .
r 0 forwé¢G.

and consider

Then, replacing the path of integration in (3.7) by I" does not change the value of the
integral. From the construction of I' it follows that

pem {3(5)'(8)" s ccner)
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is a compact subset of 2. Setting M := max{|g(¢)| : t € '}, and
1
e1(2) = max{ | (@;w,w)| - uw € B, Ju| < ~ max{lal,|8]} },
we obtain
max |Th; (23 2)| < —— M, length(F)(M)k(@)jqa (@) =0 (z—g%). (3.9)
zec TR = o T 7 T ! B

From (3.8) and (3.9) it follows that

max[y(z;2)| = 0 (z — 27)

which completes the proof.

Proof of Theorem 2.2. Let 1 < r < R. Then it is well-known that

S N BTN st )l Cad i
Hp(n+1)—1(z,9) = omi /|tl=r — 2 (T 1)p dt

- [ X ()

j=1
j(n+1)—1
xS gLy (e o)

v=0

Therefore,

(S;{(n+1)—1 * Hy(ny1)-1(-59)) (2)

1 D p j(n+1)—1
_ p— +1 l/].I/
- (tnﬂ_lpz(J) Y

=1

— 1 g(t) < p p—ijpj(n+1) of z\ dt
—Q_M/m: (tn+1_1pz j P=j¢i S](n+1) 1(t>7 (z € C).

=1

oS,

.

(3.10)
Now we obtain from (3.3) and (3.10)
dt
Df,g = K7 =
O =5 [, 900G e0)
where
1 P P na1 f z f V4
K n(2,1) == mz ( )( l)p it )S](n—l—l) 1( ) - Sp(n+1)—1 (?)
p—1

= 1 P —igi(n+1) gf z
= mzl (j)(—l)” OS] a(3)
]:

tp(n+1) . i z
+ [(t”+1 —1)r - 1] Sp(n+1)—1 (f)
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‘We write

1 > (p+k—1 1
(tntl —1)p - kZ_O ( k ) t(k+p)(n+1)”’

(1))

oo p—1j(n+1)—1

K1.(z, t)—zz Z k] (et p—7)(nt1) J)(n+1)f"( )

and we set

Then we have

k=0j=1 v=0
oo p(n+1)—1
I o o ()
iz D SIFAC) p——
v tle+p—3)(n+1) "
0 j= v=0
( 717)
o P
For abbreviation, we write 3, ; instead of Z Z in the following. Setting
k=0 j=1
(k,3)#(0,p)

@iz t) = an(@) KL (2 1),
n=0

we obtain

oo j(n+1)-1

v 1
Y(z;2,t) = Z%Z Z an(2) f"(%) t(k+p—3)(n+1)

n=0 v=0

—Z%Z Z “”(‘”)f”(%) thrp— J)(n+1)

v=0n=[v/j]

= Z arj Z Z ntfu/5)(2)f v( ) t(k+p——J)(n+[V/J]+1)

v=0n=0

Writing v = mj + s, with m € Ng and s € {0,1,...,j — 1}, yields

j—1 c0o oo

mj+s 1
P(x;2,t) = kz ki Y Y Y Antm(@) fmjts (;) Y c—))

=0 n=0m=0

Jo\m 1
= Z“’” tk+p 7 Z Z Ot m () Fim ( )(t:ﬂ’) t(k+p=i)n

n=0 m=0

f 1 z
- Z Okj i etp—g tk+p—1 ¢J ( tk+p thtp—3’ t)
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where qbf (z;u,w,v) and Fy,; are given by (1.2) and (1.3), respectively. Finally, setting

Za" ng

and

N Gk 1 f.z_j_l_fﬂ
Tk](x’z) = omi /|t|=1‘ g(t)tk+p—j ¢j ({C, th+p’ tk+p—j’ t) t’

we see that i(z;-) is an entire function for every z € X, and

o P
¥(z;2) = Z Z Tyj(z; 2).
k=0 j=1
(k,3)#(0,p)

Now the assertion follows by proceeding as in Steps 3 and 4 of the proof of Theo-
rem 2.1 with some simple modifications.

4. Some remarks on the existence of summability methods

Finally, we state some results on the existence of summability methods considered
in Section 1.2. At first, we remark that most of the classical summability methods
for analytic continuation of power series (Euler’s methods, Borel’s method, Lindel6f’s
method, etc.) satisfy the condition (S) for certain regions S which contain the unit
disk D, and which are star-shaped with respect to 0. The next two lemmas can be
deduced from the proof of the lemma in [3].

Lemma 4.1. If A satisfies the condition (S), and if D C S, then A also satisfies the
condition (S,7).

Lemma 4.2. If A satisfies the condition (S), if D C S, and if f € H(Q') for some
open set Q' C C such that 0 € ', then A also satisfies the condition (' * S, f).

We remark that @' xS = S, if @' = C~N {1}, or if &' = C\[l,00) and S is
star-shaped with respect to 0.

Furthermore, there is no converse of Lemma 4.2, i.e., there exist summability meth-
ods A satisfying the condition (£, f) for some Q and some f such that A does not
satisfy any condition (S). For example, if we set X := (0,00), z* := 00, and

() = z forxz >0and n=0,
" 10 otherwise,

0 for every power series f with f(0) = 0, so that A satisfies the

then ¢ (z;u,w) =
). But A does not satisfy any condition (.5), since ¢(z;w) = — oo

condition (C, f
(z — z*).

The last result in this section gives a sufficient condition for a summability method
A to satisfy the condition (€2, f,p), and it generalizes Lemma 4.2.
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Lemma 4.3. If A satisfies the condition (S), if D C S, and if f € H(QY) for some
open set Q' C C such that 0 € Q', then A also satisfies the condition (Qyp, f,p) for any
p € N, where

p Jj—1 ,
Q= [y *S) and Q) = (ﬂ emk/jﬂ')] (j €N).
j=1 k=0

Proof. We use the notations (1.1), (1.2), and (1.3). It suffices to prove that for j € N

hm¢ z;u,w,v) =0 compactly for (u,w,v) € (., *S) xD x C. 4.1
()

T—T*

We set
Fj(z) := Fj(z;v) == ZF,,](’U
These power series have radii of convergence at least Rf, and

¢;‘c(m;'aw7 ’U) =Fj *Qﬂ(ﬂ?;-,’tﬂ). (42)
Now we show that F; € H(f;)). We have

Z(quﬁsv )Z _Zgjs z)v*,

v=0 s=0

where
gjs(z Z fug+sz

Then, for w # 0, we consider
Gjs(w) :== ng(wj) = Z ij+sij =w"* Z fuj+swyj+s-
v=0 v=0
Setting
o0 o0 ws
— vits _ vy _
() = 3w~ Yt =

v=0 v=0
we observe that <y;5 is holomorphic in Q; := C\ {e?>"*/7 : k =0,1,...,j — 1}, and

wGjs(w) = (f * 755)(w).

By Theorem H, f ;s is holomorphic in {'*(); = ﬂfc %) 2mik/iQ) | and therefore, G5 €
H(QY % Q) for s =0,1,...,5 — 1. Th1s1mp11esgjsEH(Q(J))fors—O1 7= 1,
and thus F; € H(Q’(j)).

Finally, the assertion (4.1) easily follows from (4.2) and Theorem H which completes
the proof.
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