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Multisymplectic actions of compact Lie
groups on spheres

ANTONIO MICHELE MITI AND LEONID RYVKIN

We investigate the existence of homotopy comoment maps (como-
ments) for high-dimensional spheres seen as multisymplectic man-
ifolds. Especially, we solve the existence problem for compact ef-
fective group actions on spheres and provide explicit constructions
for such comoments in interesting particular cases.
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Introduction

Multisymplectic structures (also called “n-plectic”) are a rather straightfor-
ward generalization of symplectic ones where closed non-degenerate (n + 1)-
forms replace 2-forms.

Historically, the interest in multisymplectic manifolds, i.e. smooth man-
ifolds equipped with an n-plectic structure, has been motivated by the need
of understanding the geometrical foundations of first-order classical field the-
ories. The key point is that, just as one can associate a symplectic manifold
to an ordinary classical mechanical system (e.g. a single point-like particle
constrained to some manifold), it is possible to associate a multisymplectic
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manifold to any classical field system (e.g. a continuous medium like a fila-
ment or a fluid). It is important to stress that mechanical systems are not
the only source of inspiration for instances of this class of structures. For
example, any oriented n-dimensional manifold can be considered (n — 1)-
plectic when equipped with a volume form and semisimple Lie groups have
a natural interpretation as 2-plectic manifolds.

As proposed by Rogers in [20] (see also [26]), this generalization can be
expanded by introducing a higher analogue of the Poisson algebra of smooth
functions (also known as “observable algebra”) to the multisymplectic case.
Namely, Rogers proved that the algebraic structure encoding the observables
on a multisymplectic manifold is the one of an L,-algebra, that is, a graded
vector space endowed with skew-symmetric multilinear brackets satisfying
the Jacobi identity up to coherent homotopies.

The latter concept allowed for a natural extension of the notion of mo-
ment map, called (homotopy) comoment map, originally defined in [9], asso-
ciated to an infinitesimal action of a Lie group on a manifold preserving the
multisymplectic form. As this concept is particularly subtle and technical,
at the moment there are only few meaningful examples worked out in full
detail. We can cite, for instance, [9] for a broad account and [18] regarding
the comoment pertaining to volume-preserving diffeomorphisms acting on
oriented Riemannian manifolds.

In this work, we try to address this problem by giving new insights
on multisymplectic actions of compact groups and thus deriving existence
results and explicit constructions for comoment maps related to actions on
spheres.

Main Theorem. (Proposition and Theorem Let G be a compact
Lie group acting multisymplectically and effectively on the n-dimensional
sphere S™ equipped with the standard volume form, then the action admits
a comoment map if and only if n is even or the action is not transitive.

Interesting particular cases of the Main Theorem:

e The action of SO(n) on S™ is not transitive, hence it admits a co-
moment for all n. We shall give an explicit construction for such a
comoment in Subsection that extends the construction given in [9]
only up to the 5-dimensional sphere.

e The action of SO(n + 1) on S™ only admits a comoment for even n. For
the cases where such a comoment exist, giving explicit formulas seems
to be a non-trivial task. We give explicit formulas for the first two
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components fi and f2 in terms of the standard basis of so(n) in Sub-
section leaving an explicit description of the higher components
as an open question. The core idea will be to focus on the particular
cohomology of the acting group rather than working on the analytical
problem of finding the primitives required for the construction of the
components of a comoment.

e For SO(4) acting on S® no comoment exists. However, this problem
can be fixed by centrally extending the Lie algebra so(n) to a suitable
Loo-algebra (cf. [9, [17]).

Outline of the paper. In the first section we survey the theory of como-
ments in multisymplectic geometry, as introduced in [9]. We include proofs
for some known results in order to achieve a complete and self-contained
exposition. The main novelty in this section is an intrinsic proof of Theo-
rem which does not depend on the choice of a model for equivariant
cohomology.

We then prove the Main Theorem for the non-transitive case in Section 2]
and the transitive case in Section [3] In addition to proving the abstract
theorem, we give explicit constructions for important classes of group actions
and highlight interesting phenomena.

Conventions. Given any cochain complex C = (C*®,d) we denote by
Z8(C) = ker(d™®) the subgroup of cocycles and by B*¥(C) =d C*~' the
subgroup of coboundaries. In the case of chain complexes we employ the
same notation with lowered indices.

We denote with 0 : A®g— A*~!g the boundary operator of the Chevalley-
Eilenberg complex of a Lie algebra g, which is given explicitly on homoge-
neous elements by the following equation:

(1) (NN NE)
= Y (D)L GIAG A NG A NG A N,

1<i<j<n

where " denotes deletion as usual and with dy = 0, for all & € g.
Dually, we define the Chevalley-Eilenberg differential as dog: A"g* —
A"Tlg* whose action on an element ¢ € A®g* is given by dcrd := ¢ o 0.
We consider the contraction operator ¢ to be defined on multi-vector
fields. Specifically, the contraction with the wedge product of k vector fields
&, is given as follows

L(gl/\.../\gk):Lék...Lél'
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1. Comoments on multisymplectic manifolds

In this section, we give a short introduction to the theory of comoments
in multisymplectic geometry focusing on the geometric description of their
cohomological obstructions. Most results can be found in the literature [9, [10),
20, 22] but we present some of the proofs for a more clear and self-contained
exposition. Our main contribution is an intrinsic proof of Theorem [I.30]
which does not depend on a choice of model for the equivariant cohomology.

Definition 1.1. A pre-multisymplectic manifold of degree k is a pair (M, w),
where M is a smooth manifold and w € QF(M) is a closed differential form.
The manifold is called multisymplectic if TM — A*'T*M, v+ 1w is an
injective bundle map. For fixed degree k of the form such manifolds are also
called “(k—1)-plectic”.

Example 1.2 (Symplectic manifolds). A symplectic manifold is, by
definition, a 1-plectic manifold.

Example 1.3 (Oriented manifolds). Any n-dimensional manifold
equipped with a volume form is an (n—1)-plectic manifold.

Example 1.4 (Multicontangent bundles). Consider a smooth manifold
N, the corresponding Multicotangent bundle A = A"T*N is naturally n-
plectic. Indeed A can be endowed with a canonical multisymplectic (n + 1)-
form w = df obtained from a tautological potential n-form 6 € Q" (A) given
by:

[LulA"'Au7L9]T] = YUTr)cui A A (T)cun T
= Lyy A A, T Vn e A, Yu; € T)A
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where 7 : A — N is the bundle projection and T : TA — TN is the cor-
responding tangent map. This construction is the “higher analogue” of the
canonical symplectic structure naturally defined on any cotangent bundle.
Note, however, that this is not yet the “higher analogue” of a phase space,
see [IT] for further details or [23] for a more recent review.

Exactly as it happens in symplectic geometry, fixing a (pre-)n-plectic
structure w on M provides a criterion for identifying special classes of vector
fields and differential forms. We will make use of the following nomenclature:

Definition 1.5. A vector field X € X(M) is called multisymplectic if it
preserves the pre-multisymplectic form w, i.e. Lxw =dixw =0. If txw is
also exact, the vector field is called Hamiltonian. Accordingly, we define the
subspace of Hamiltonian forms as follows

QYL (Myw) ={a | Jv, € X(M) : da= —1,w} C Q" (M).

When w is non-degenerate, the Hamiltonian vector field v, associated to a
fixed Hamiltonian form « is unique.

Generalizing the construction of a Lie bracket on the observables (i.e.
smooth functions, i.e. differential forms of degree zero) on a symplectic ma-
nifold, we can construct a family of (multi)-brackets on Hamiltonian forms
simply contracting w with their corresponding Hamiltonian vector fields.
These brackets satisfy the Jacobi identity (and its higher analogues) up to
total divergences, hence giving rise to a Lie algebra structure up to homo-
topy, i.e. an Lo,-algebra.

Definition 1.6 ([20], cf. also [2]). The Ly -algebra of observables
Loo(M,w) of the (pre)-n-plectic manifold (M,w) consists of a chain com-
plex Lo

0— Lpy — -+ —> Li_o y Ly Ly 0
I i i if ;

00 4. ... d ontl-k d, d n-2 i>9ﬁ;§1

which is a truncation of the de-Rham complex with inverted grading, en-
dowed with n (skew-symmetric) multibrackets (2 < k <n+ 1)

[y Jae AR QL) ——— itk

(2)

o1 N Nog v (k)L -y, W
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where v,, is any Hamiltonian vector field associated to oy € Qﬁ;&l and
k(k+1)

¢(k) :=—(—=1)"=2 is the Koszul sign.

Lemma 1.7 (Theorem 5.2 in [20]). The Ly -algebra of observables
Loo(M,w) is an Loo-algebra.

Proof. We refer to [20] for the original construction and the proof and to [21]

for a more elementary exposition including an introduction to Lo.-algebras.
O

When one fixes a form w on a manifold M it is natural to highlight the
group actions preserving this extra structure, also known as “symmetries”.

Definition 1.8. A right action 9 of a Lie group G on M is called multisym-
plectic if it preserves the multisymplectic form, i.e. Jyw = w for all g € G,
where ¥y = 9(-, g).

We call (infinitesimal) multisymplectic Lie algebra action of g on M a
Lie algebra homomorphism g — X(M),x — v, such that £, w =0 for all
T € g.

Remark 1.9. In what follows, all the group actions considered are on the
right. However, we decide to denote the action map as 9 : G x M — M, in
place of the more natural choice ¥ : G x M — M, in order to agree with the
sign conventions usually found in the literature.

Remark 1.10. For a connected Lie group G, a right action ¢ is multi-
symplectic if and only if the corresponding infinitesimal right action v : g —
X(M) given by

d
Uf(m) = % ﬁ(m7exp(tf)) Vme M,§ € g
0
is multisymplectic. Note that, when considering left actions, the correspond-
ing infinitesimal action is a Lie algebra anti-homomorphism.

Let us now focus on the non degenerate, i.e. multisymplectic, case. In
this context it is possible to define a higher analogue of the comoment map
well-known in symplectic geometry:

Definition 1.11 ([9]). Let v : g — X(M) be a multisymplectic Lie algebra
action. A homotopy comoment map (or comoment for short) pertaing to v
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is an Loo-morphism (f) = {fi}i=1,.. » from g to Lo (M,w) satisfying

df1(§) = —tew VS Eg.

A comoment for a Lie group action ¢ : M x G — M is defined as a como-
ment of its corresponding infinitesimal action.

More conceptually, a comoment is an L.-morphism (f) : g = Loo(M,w)
lifting the action v : g — X(M), i.e. making the following diagram commute
in the L-algebras category:

LOO(M7W)
(H - |»

-
-
-

g X(M)

where 7 is the trivial Loo-extensionlﬂ of the function mapping any Hamilto-
nian form to the unique corresponding Hamiltonian vector field.

In the following we will make use of an explicit version of this definition
which is expressed by the following lemma:

Lemma 1.12 ([9]). A comoment (f) for the infinitesimal multisymplectic
action of g on M 1is given explicitly by a sequence of linear maps

(H={fi: Ng—=Q" ' (M)|0<i<n+1}
fulfilling a set of equations:
(3) — fi-1(9p) = dfi(p) + <(k)e(vp)w
together with the condition
Jo=/ o1 =0

forallp € A¥g andk =1,...,n+ 1. Here  is the Chevalley-Filenberg bound-
ary operator defined in equation (|1)).

INote that any Lie algebra can be seen as an L..-algebra concentrated in degree
0, therefore any L.,-morphism L — g is simply given by a linear map Lo — ¢
preserving the binary brackets.
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Definition 1.13. A comoment (f) is called G-equivariant, if

Ly, fr(b) = fi([&, b)) Ve eg,b e Afg,

where [¢,b] is the adjoint action of g on A*g which, on decomposable ele-
ments, is given by the formula

k
@) [EzA-Aw] =) (D ] Azg A A A Ay
1=0
1.1. Cohomological obstructions to comoment maps
Consider an infinitesimal action of g on the pre-n-plectic manifold (M,w)

preserving the form w. As shown in [I0, 22] a comoment for this action can
be interpreted as a primitive of a certain cocycle in a cochain complex.

Definition 1.14. The bi-complex naturally associated to the action of g
on M is defined by

(C3* =A='g" @ Q*(M),cE, d),

where d denotes the de Rham differential and dcp : AFg* — A¥+1g* the Lie
algebra cohomology differential, defined on generators by

Ser(f)(En &) =Y (D)™ (& &) & i s G

1<j
The corresponding total complex is given by
(C;7 dtot - 5CE ® 1d + ld ® d)a

where, according to the Koszul sign convention, diot acts on an element of

AFg* @ Q*(M) as dcg + (—1)*d.

Theorem 1.15 (Proposition 2.5 in [10], Lemma 3.3 in [22]). Let
(M,w) be a pre-n-plectic manifold and v :g— X(M) be an infinitesimal
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multisymplectic action. The primitives of the natural cocycle

1
k—1 k +1
(=) qw € O™,
1

&

Il
3
+

(5)

£
Il

where

1 Q0 (M) - Abg* @ Q*R(M)
w = wp = (P ty,w),

are in one-to-one correspondence with comoments of v. In particular, a co-
moment exists if and only if [©] =0 € H”'H(C’g', diot).

Proof. Being linear maps, the components fi can be regarded as elements
of a vector space

fr € AFg* @ Q" F (M) = Homyees (A*g, Q" F(M))
satisfying equation or, equivalently, as vectors fj = (k) fi satisfying
(6) Fre-1(0p) + (=1)*dfi(p) = (=1 ().
The last equation is obtained multiplying Equation by the sign factor

¢(k — 1) and noting that ¢(k — 1)s(k) = (—1)*.
Upon considering the direct sum of these vectors

F- (z fk) e D (Vo w0
k=1 k=1

equation @ can be recast as:

n+1
(7) Pop@id+ided f=> (1) ifw
k=1
where (¥ is the operator defined above. Note that we are implicitly using the

g
Koszul convention, therefore the action of id ® d on a homogeneous element

fr € AFg* @ Q*(M) yields (—1)*(id ® d) fx.
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If we set
1

W= (—l)k_lbgw € Cg“,
1

3
+

>
Il

equation corresponds to

(8) dtotf =w

which is exactly the condition of f being a primitive of @.

It follows from Lemma [A.]] that dy0 = 0 for all actions preserving w,
therefore the vanishing of the cohomology class [0] € H ”H(C’g‘) is a nec-
essary and sufficient condition for the existence of a comoment for the in-
finitesimal action of g on M. O

Remark 1.16. By the Kiinneth theorem, the cohomology H*(C7j) is iso-
morphic to H=1(g) ® H*(M), we will give a geometric interpretation to this
fact in the next section.

Remark 1.17. It is customary in part of the literature (see for example
[9], [18], [I7]) to consider, as a cohomological obstruction to the existence
of a comoment for v : g — X(M,w), the following cocycle in the Chevalley-
Filenberg complex of g

g = (L’g”lw)‘p : A"tlg > R
TN ANZpgr — (Lo A A ’Un+1)0.})‘p
where p € M is a fixed point in M, Lemma E guarantees that 5CEch =0.
Note that, when M is connected, the cohomology class [clg,] € H"(g) is

independent of the point p.

The vanishing of [©] implies in particular that (;p*'w) e Cpt! must
be a boundary, hence the vanishing of [c§] is a necessary condition for the
existence of a comoment.

Moreover, it follows from Remark that when Hig (M) =0 for 1 <
i <n — 1 the vanishing of [c}] is also a sufficient condition for the existence
of a comoment.

1.2. A geometric interpretation of the obstruction class

In symplectic geometry the existence of a comoment implies that w can be
extended to a cocycle in equivariant de Rham cohomology ([1]). Following
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[9], we illustrate this fact by giving a geometric interpretation to the obstruc-
tion class [@] defined above and explain its analogue in the multisymplectic
setting.

When the Lie algebra action v comes from a Lie group action, we can
interpret the complex CF and the cocycle w in terms of the de Rham coho-
mology of invariant forms.

Definition 1.18. Let ¥ : G x M — M be a Lie group action. We denote by
Q°(M, ) the subcomplex of J-invariant differential forms. The cohomology

of this complex is called invariant de Rham cohomology and denoted by
H*(M,v).

Remark 1.19. It is more common in the literature to denote these in-
variant spaces by Q®(M)% and H*(M)®. We use the above notation to
emphasize the specific Lie group action involved.

Remark 1.20. The invariant cohomology is not the same as the equiv-
ariant cohomology, which we will define later. For example, whenever G is
compact, the natural map H®(M,9) — H*(M) induced by the inclusion of
the subcomplex is an isomorphism, as in this case any form can be made
invariant by averaging. Pullbacks along equivariant maps lead to homomor-
phisms of the invariant cohomology groups. For details we refer to [12].

Lemma 1.21 (Lemma 6.3 in [9]). Let ¥ : G x M — M be a right Lie
group action. We denote by (r x id) : GX (GxM) = (Gx M), (h, (g,m)) —
(gh,m) the right multiplication action on the second factor. The complex
Q*(G x M,r x id) is naturally isomorphic to Cg & (A%g* © Q*(M)).

Proof. We have a natural map
(9) ANg @ Q* (M) = Q*(G,r)@Q* (M) = Q*(G x M,r x id).

The first arrow comes from the isomorphism A¥g* — QF(G, ), which asso-
ciates to any element of A*g* = A*T*G its right-invariant extension. The
second arrow comes from the exterior wedge product i.e. from the map
QUG r) @ QP(M) — QITP(G x M,r X id)
aQpf ——m——— 7 f a N\ 5 I}

where 7; are the projections on the i-th factor of G x M. Regarding the com-
plexes involved as graded vector spaces, the previous map can be extended
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to a degree 0, bilinear map

(10) Q'(G,r) ®Q.(M) — Q'(G x M,r x ’id)

a®p ——— (=Dllrta A mip

where the extra signs comes from the Koszul convention we employed in
definition when defining the differential in the total complex. The
map ([9) admits an inverse which takes a € Q*(G x M,r X id) to o} €
D(A®g* @ T*M) = A®g* @ Q*(M).

The statement follows from the observation that C§ & (A%g* @ Q°*(M))
is the total complex of A®°g* ® Q°*(M) and that the second arrow defined
above is precisely the function inducing the Kiinneth isomorphism [6]. O

Proposition 1.22 (Proposition 6.4 in [9]). Assume that G preserves
a pre-multisymplectic form w. Let v be the infinitesimal action induced by
G. Then the cocycle & € C’g“ = Q°(G x M,r x id) with respect to the in-
finitesimal action v of g induced by I, is given by & = V*w — wFw, where
m:G X M — M is the projection onto the second factor.

Proof. Being an action, the map J: G x M — M is equivariant (with re-
spect to r X id in the domain and ¥ in the target). Hence, the cochain-map
9* Q% (M) — Q°(G x M) restricts to a well-defined map on the invariant
subcomplexes ¥* : Q*(M, ) — Q*(G x M, r x id), and in particular we have
a well-defined map in cohomology.

Let Xyq,..., Xy € Tp,M and &,...,§ € TeG =g. Forall1 <i<n+
1 we get

19*(")(517 s 7£i7X1) B Xn+1—i) = W(ﬁ*fl, c. ,ﬁ*fi,’ﬁ*Xl, ce 719*Xn+1—i)
=w((&1), .- 0(8), X1, Xny1-4)
= ([’Zgw)(é.h cee 7§i)(X17 <o 7Xn+1—i)

and for ¢ = 0 we get
ﬁ*w(Xl, e 7X1’L+1) = w(Xl, e ,Xn+1).

This means ¥*w = —@0 + 1 ® w, where the first summand is the image
of & under the map defined in equation and the last summand comes
from the case i = 0. The observation that 1 @ w = 7*w, form: G x M — M
the natural projection, finishes the proof. One should note, that this is true
although 7 is not an equivariant map with respect to (r x id, ). O
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Remark 1.23. We think that the above proposition is central to the un-
derstanding of multisymplectic comoments, as it enables an elementary and
unified treatment of many phenomena in multisymplectic geometry.

e For symplectic manifolds, this result gives a nice interpretation for the
result of [I] that moment maps are in correspondence to equivariant
extensions of w and also explains why this correspondence fails in the
general multisymplectic setting (cf. Example .

e Let G act on the multisymplectic manifolds (M;,w;) for i € {1,2}. If
there exist comoments for G; and G, then there exists a comoment
for G1 x G2 on the multisymplectic manifold (M; x Ma, miwi A Thwa).
This theorem from [25] can be derived from Proposition [1.22]

e A comoment exists, whenever the multisymplectic form w can be lifted
to a class in the equivariant cohomology H ™ (M). (See Theorem|1.30)).

Remark 1.24. Especially, Proposition [1.22| immediately implies that a -
invariant potential of w induces a comoment, as an invariant potential «
of w would be mapped to a potential (#*a — 7*a) € Q*(G x M, r x id) of
@ = 1w — ¥ w. Note that w being exact is not a sufficient condition, because
a primitive #*a — 7*«a need not to be an element in the invariant cochain
complex Q°(G x M,r x id) in general.

When such an invariant potential exists, it is fairly easy to give an ex-
plicit expression for the components of a comoment, as illustrated by the
following Lemma:

Lemma 1.25 (Section 8.1 in [9]). Let M be a manifold with a G-action,
let « € Q"(M,G) be a G-invariant n-form and consider the pre-n-plectic
form w = da on M.

The action G O (M,da) admits a G-equivariant comoment map (f) :
g — Loo(M,w), given by (k=1,...,n):

fre: Afg — QVF(M)
g (1) e(k)u(vg) ().

Proof. A direct proof of this statement can be given by showing that equa-
tion is satisfied. Upon employing Lemma we have:



1764 A. M. Miti and L. Ryvkin

dfm(p) = (1™ s(m)dey,a = —s(m)(—1)"de(vi A+ A v

= —¢(m) <vadoz + Lo, 0 + Z(—l)kc(ml AT N ANxy) L ka)
k=1

= —¢(m)ty,w + (—1)m_1§(m — Doy, = —c(m)ty,w — frn—1(0vp),

thus G-equivariance follows from Equation O

Corollary 1.26 (SO(n)-action on R"”, Example 8.4 in [9]). The canon-
ical action

SO(n) O (R™,dz'"™),

where x = (x%) are the standard coordinates on R™ and dx'""™ = dx' N --- A
dz™ is the standard volume form of R", admits a comoment given by (k =
1,...,n):

fro: AFg — Q1R (M)

q+— (—1)’“_1(:)L(E A vg) (dz'™)

where E =", x'0; is the Euler vector field.

Proof. The proof follows from Lemma [I.25| noting that the standard volume
form admits the G = SO(n) invariant form

LE (dxl'"")

n

o =

as a primitive. O

We will be primarily interested in the case of compact Lie groups. In
this case, we do not have to care about the invariance of forms:

Corollary 1.27. Let ¥ : G x M — M be a compact Lie group acting on a
pre-multisymplectic manifold, preserving the pre-multisymplectic form w. A
comoment ezists if and only if [0*w — m*w] =0 € H" (G x M).

Proof. From Proposition|1.22|we get the following sequence of maps between
complexes together with the induced maps in cohomology:
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Q.(M,ﬁ) HdR(M) [w]
P —7* P —*
QG x M,r xid) Har (G x M) [(P*w — m*w]
=~ (Kiinneth) | & 1
Q(G,r) @ Q* (M) Har(G) ® Har (M)
A*gr ® Q*(M) Heg(g) ® Har (M)
Cg@(R@Q‘(M)) H(Cg)@HdR(M) (@]

The statement follows by resorting to Remark i.e. noting that Hyr(G) =
H(G,r) and Hqr(G x M) = H(G x M,r x id) via the averaging trick on
compact Lie groups. O

We will now investigate the connection between comoments and equivariant
cohomology.

Definition 1.28. Let a compact Lie group G act on a manifold M. Let
EG be a contractible space on which G acts freely by ¥¥&. Then we define
the equivariant cohomology of M as H&(M) := H*((M x EG)/G), where
G acts on M x EG diagonally.

Remark 1.29. As EG might not be a manifold, we have to interpret H*(-)
as a suituable cohomology theory (e.g. singular cohomology with real coef-
ficients) in the above definition.

As G is compact, when ¥ : Gx M — M is a free action, we have HZ (M )=
H3,(M/G). For a not necessarily free action 9, we still have the following
diagram

IxIEE
Gx(MxEG) -  MxEG—% (MxEQ)/G,

where ¢ is the projection to the orbits, which induces a sequence in co-
homology (where we use the contractibility of EG in the left and middle
term):

H*(G x M) «5—— H*(M) «——— Hy(M)

G —7*
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Then g o ¥ = g o 7 implies (9* — 7*) o ¢* = 0. Using Remark and Propo-
sition [I.22] we get the following statement:

Theorem 1.30 ([9]). Let G x M — M be a compact Lie group preserv-
ing a pre-multisymplectic form w. If [w] € H*(M) lies in the image of ¢* :
H}(M) — H*(M), then ¥ admits a comoment.

Remark 1.31. The advantage of our approach to the theorem is that it
is much simpler and more intrinsic: We do not need to choose a model for
equivariant de Rham cohomology. In Section 6 of [9] can be found similar
results framed in the Bott-Shulman-Stasheff and in the Cartan model. Fur-
thermore, in Section 7.5 of [9], is discussed a generalization of this statement
to non-compact groups.

Unfortunately, unlike the symplectic case (cf. [1]), the converse statement
does not hold in general. Even if a (pre-)multisymplectic action of G on
(M,w) admits a comoment, [w] does not need to come from an equivariant
cocycle. We will illustrate this fact by an example.

Example 1.32. Consider the action given by the Hopf fibration ¥ : ST x
S3 — S3. Let w be the standard volume on S3. By Remark the ob-
structions to a comoment lie in H'(u(1)) ® H?(S3), H?(u(1)) ® H*(S®) and
H3(u(1)) ® H°(S?), which are trivial. Hence, a comoment exists.

As the action is free (and the quotient is S?), we have H3.(S%) =
H3(S?) = 0. But [w] # 0 in H3(S3), so the class [w] cannot come from an
equivariant cocycle.

Remark 1.33. We note that this example has a different character than
the ones provided in Section 7.5 of [9]. They exhibit cases, where individual
comoments do not come from equivariant cocycles, whereas in our case no
equivariant cocycle can be found for any of the possible comoments.

2. Non-transitive multisymplectic group actions on spheres

The goal of this section is to prove the existence of comoments for non-
transitive actions and construct an explicit comoment for the SO(n)-action
on S".

Lemma 2.1. Letd : G x S™ — S™ be a compact Lie group acting multisym-
plectically on S™ equipped with the standard volume form w € Q™(S™). Let
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p € S™ be any point. Then a comoment exists if and only if 9;[w] € H™(G)
is zero, where ¥, : G — S™ is the map g — gp.

Proof. By Corollary we only have to check that
[V'w—7"w]=0€ H"(G x S") & 4w =0€H"(G).

The direct implication follows by considering the map i : G — G x S™,
g+ (g,p) and its induced linear map in cohomology i* : H*(G x S™) —
H*(G) which acts on [0*w — m*w] € H"(G x S™) as

0w — mw] = [(V 0d) 'w — (e D] = plw],

because ¥ o ¢ = 19, and 7 o7 is the constant map valued in p € S".
For the converse implication, note at first that the cohomology of the
sphere implies

H"(G x §") = (H"(G) @ H*(8")) @ (H°(G) @ H"(S™)).

Therefore, recalling Proposition the obstruction [*w — 7*w] lies en-
tirely in H"(G) ® H°(S™) as [©] has null component in H°(G) @ H™(S™).
Since the restriction of i* to H"(G) ® HY(S™) is an isomorphism (the 0-th
cohomology group of a connected manifold is isomorphic to R), one can
conclude that [9*w — m*w] vanishes if and only if

i[)*w — 1rw] = Y, w] = 0 € H"(G). 0

Remark 2.2. Note that the direct implication in the proof of Lemma [2.1
does not depends from being the base manifold a sphere. In other words, a
necessary condition for the existence of a comoment is that the pullback of
w with respect to any orbit map vanishes.

Remark 2.3. Observe that a result similar to Lemma [2.1] can be stated

for any compact multisymplectic action G O(M,w), with w in degree n + 1,
such that the following cohomological condition holds

é H*(G) @ H" (M) = 0.
k=1

In particular, the same result is true for the action of any compact, connected
and semisimple Lie group G (i.e. such that H'(g) = H?(g) = 0) acting on a



1768 A. M. Miti and L. Ryvkin

2-plectic manifold. See [9, Proposition 7.1] for an existence result for como-
ments related to this kind of actions in presence of a fixed point.

Proposition 2.4. Let G be a compact Lie group acting non-transitively on
S™ and preserving the standard volume form. Then G admits a comoment.

Proof. If G acts non-transitively then there exists an orbit O C S™ of di-
mension strictly less than n. Let p € O. Then we have ¥ [w] = ¥} [w|o], but
w|o € Q*(0) is zero due to dimension reasons. Hence, the action admits a
comoment, due to Lemma [2.1 O

Remark 2.5. It is worth to mention that for non-transitive, free and proper
actions it is possible to state the multisymplectic equivalent of the “sym-
plectic reduction” procedure, see Example 2.2 in [§].

2.1. Induced comoments and isotropy subgroups

In this subsection we will show that comoments behave well under restriction
to subgroups and invariant submanifolds. This will be useful for constructing
an SO(n)-comoment for S™ in the next subsection. Let G be a Lie group
with Lie algebra g, acting on a pre-n-plectic manifold (M, w) with comoment
map (f): g = Loo(M,w). One can obtain new actions either restricting to
a Lie subgroup of G or restricting to an invariant submanifold of (M, w).

Proposition 2.6 (Lemma 3.1 in [25]). Let H C G be a Lie subgroup, and
denote by j: h — g the corresponding Lie algebra inclusion. The restricted
action of H on (M,w) has comoment (f oj):H — Loo(M,w), given by f; o
j: Ay — QM) fori=1,...,n.

o M

o M

QT

Proposition 2.7 (Lemma 3.2 in [25]). Let N <> M be a G-invariant
submanifold of M.

Then the action G O (N, i*w) has comoment (i* o f) : g — Loo (N,i*w) ,
given by i* o f; : Aith — QV(N) fori=1,...,n.



Multisymplectic actions of compact Lie groups on spheres 1769

G o N Loo(N, i*w)
[ G
G O M g Loo(M,w)

()

Also, we can produce a new comoment by considering a different multi-
symplectic form obtained contracting w with cycles in Lie algebra homology

(11) Zi(g) ={p e Arg|:0p=0}

Proposition 2.8 (Proposition 3.8 in [24]). Let p € Zx(g), for some
k> 1, denote by G, the corresponding isotropy group for the adjoint action
of G on A*g, and by g, = {x € g : [x,p] = 0} its Lie algebra.

If Gg is the connected component of the identity in G, then the ac-
tion G) O (M, v(vp)w) admits a comoment (fP): gy = Loo(M, 1(vy)w) with
components (i =1,...,n—k):

I Aigp — Qn_k_i<M)7
q+r —<(k) fizr(qg A p).

Remark 2.9. In the context of multisymplectic geometry and “weak co-
moments” (cf. [14]) and “multimoments” (cf. [16]), the subspace Z(g) is
often referred to as “the Lie kernel”.

Proposition 2.10 (Remark 3.9 in [24]). If the comoment (f): g —
Loo(M,w) is also G-equivariant, then the map (fP) defined in Proposi-
tion 18 Gg-equz'varmnt.

Another equivariant comoment for the action of Gg on (M, (vp)w) is
given by (i=1,...,n—k):

fzp : Aigp - Qnikii(M)v
g = (=1)"t(vg) (fr(p))-

which, in general, may differ from the one given in Proposition [2.8

Provided certain conditions are met, it is possible to induce a comoment
on an invariant submanifold of M even if the obvious pullback vanishes
(e.g. when w is a top dimensional form). In what follows we will make use of
the following corollary subsuming the contents of the previous propositions:
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Corollary 2.11. Let G O(M,w) be a multisymplectic group action. If there
exists:
e another multisymplectic manifold (N,n) containing M as a G-invariant
embedding 7 : M — N;
e a Lie group H D G containing G as a Lie subgroup;
e a multisymplectic action H O(N,n) with equivariant comoment s : b —
Loo(N,n);
e an element p € Zi(h) in the Lie kernel of b such that G C H, and
w = j%pn;
then the action G O(M,w) admits an equivariant comoment, given by (i =
1,...,n—k):

fi s Alg — Q" F=i(Ar),
g (—1)557(0g) (5 (p)).
Proof. Starting from the given comoment (s) it is possible to construct
another comoment (sP) resorting to Proposition The sought como-

ment descends from (s”) via the consecutive application of Propositions
and

H oo (N h —— Loo(N, )

J I

Hy O (N, to,m) b bropay LooVs tu,)
J H J H

G O (N, tw,m) y *}5@;@* Loo(N, ty,n)
| J | I

G @) (M,w = j*1,,1) g ——15;5];@> Loo(M,w)

together with the observation that if the starting comoment (s) is equivariant
then the induced maps are such. U

2.2. The action of SO(n) on S™

The goal of this section is to give an explicit construction for the comoment
of the action SO(n) © S™ by resorting to Corollary

In what follows, we will consider the standard SO(n + 1)-invariant em-
bedding j : S — R"*! of S™ as the sphere with unit radius and consider
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the linear action of the group SO(n) on R"*! as the subgroup of special
orthogonal linear transformations fixing the axis z°.

In R""! we consider the standard coordinates = = (z°,...,2") and the
corresponding volume form dz® " = dz® A --- A dz™. Furthermore, we will

make use of the following notation

= V@@ R= @R

Recall that the volume form on the unit sphere embedded in R™*! is
given by

W = j*LE dx()n

where F is the Euler vector field. £ can be seen as the fundamental vector
field of the action

?: R x R — R

A\, z) = ez

of R on the Euclidean space via dilations, that is the linear action generated

by the identity matrix 1,41 € gl(n, R"™!), ie. E=vy,,, =), 2" 0;.
Let us call H = SO(n) x R the subgroup of GL(n,R"*!) generated by

h= {[(1) 2} la eso(n)} & (Ipy1) ~ s0(n) SR .

The group H acts linearly on R®*! through the standard infinitesimal action
v: h —— X(R™)

A Y (Al 270,
Y]
where [A];; denotes the ij entry of the matrix A.

Lemma 2.12. The differential form

- 1
- Rn+1

n =0 dz%" e Q"I R\ {0})  with ©

is multisymplectic on N = (R"*1\ {0}), invariant under the action H O N
and restricts to the standard volume form on the unit sphere.
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Proof. Multisymplecticity follows from the closure and non degeneracy of
dz®" together with the property that © never vanishes.

The form is clearly SO(n)-invariant because © depends only on R. The
H-invariance follows from the invariance along the Euler vector field:

Lp(© dz’™) = (L O +(n+ 1) ©)dz""

and
.0 n+1 .
— i Y p—(ntl) _ _ 2( 42 —(n+1)—-1 _ _ 1
Lp© ;xasz 5 Z («')%R (n+1)0
Finally, n restricts to the volume form on S™ because j*© = 1. O

The function © € C*®(R"*!\ {0}) is precisely the scaling factor that
makes the Euclidean volume invariant with respect to the extended group
SO(n + 1) x R. The problem to find explicitly a comoment:

s — L (R {0}, = © dz®")

can be solved by exhibiting an H-invariant primitive of the rescaled volume
1 and then resorting to Lemma [1.25

Lemma 2.13. The differential (n+1)-form n admits an H-invariant po-
tential n-form:

B=(pa% dz' A--- Ada"

where ¢ € C°(R"1\ 0) depends only on the cylindrical coordinates (zo,r)
and it is given by

(12)
0
W (aco(n—l— 1) — rarctan (i)) r#0
R 0 . x A 2
P(z”,r) = (n+1) e r=0,2°>0
—(n—i—l)ﬁ r=0,z"<0

Proof. Let us start from the following ansatz

B = L(x080)<P(950a 7")77

for a potential n-form of the scaled volume 7 as defined in Lemma [2.12
At this point, ¢ is an arbitrary smooth function depending only on the
cylindrical parameters (z°, 7).
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Being 2°9; the fundamental vector field of

1 0
one gets

LoB = ((veq) +1lve)Loe) pn =0 V&€ s0(n),

because the (n + 1)-form 7 depends only on (2°,7), i.e. 3 is SO(n) invari-
ant. On the other hand, one has:

L8 = (1] + tayo, L) ¢ © da®" =

= Luyoy [(LEP) © d2™ " + o Lp-OdT™™ |

and

_ [ 9¢ 0 090 0..n
dﬁ—(ax()@x +ox 8x0+g0@>dm

=10 0_ 1 & O dx'm
bz — (n+ )(r2 (202 + ¢ x )

Therefore, in order for 8 to be G—invariant primitive of w, the following
conditions on ¢ have to be met:

Lrp=1r00+2°09p=0
(2°)?
(r? + (29))

The general solution of this system reads:

22000 — (n+1) +eo=1

0
o0, r) = —% arctan (i) (n+1)+n+2

which is a smooth function defined on {ac e R |20 £ 0,7 £ O}. Recalling
that
arctan(y)

lim =1 lim ——* =0,
y—0 Yy Y—r00 Y

arctan(y)

one can see that the limits to all the critical points of ¢, except (2°,7) =
(0,0), are finite. Hence, considering the unique smooth extension ¢ €
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C>®(R™* 1\ {0}) of ¢, given explicitly by equation , we conclude that
B=(z"¢)dat A Ada”
is the sought H-invariant primitive. O

Proposition 2.14. A comoment for the action SO(n) O (S™,w), forn > 2,
is given by
fi - Aso(n) — Q171 (S"),
q = —j"1(vg) (L f).
where 3 is the primitive given in Lemma [2.13

Proof. The statement follows directly from Corollary upon considering

(N, ’r]) — (]RnJrl7 C_)den) (M,w) — (S”,j*LdeO")
p=Lns1) € Z1(b) H =S0(n)xR=Hg > SO(n)

and noting that an explicit comoment for the H-action is given by Lemma
[1.25] via employment of the primitive constructed in Lemma [2.13 a

Remark 2.15. Proposition extends to spheres of arbitrary dimension
a similar result given in [9, Paragraph 8.3.2] up to dimension 5.

3. Transitive multisymplectic group actions on spheres

The goal of this section is to prove the following theorem:

Theorem 3.1. Let G be a compact Lie group acting multisymplectically,
transitively and effectively on S™ equipped with the standard volume form,
then the action admits a comoment if and only if n is even.

Proof. The effective transitive compact connected group actions on spheres
have been classified [4] [5 [19], for an overview of the results cf. [3]. Essentially,
one has the following list, where G/H = S™ means that G acts transitively
on S™ with isotropy H.

e SO(n)/SO(n—1) = 8"1
o SU)/SU(n—1) = U(m)/U(n — 1) = 51
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Sp(n)Sp(1)/Sp(n —1)Sp(1) = Sp(n)U(1)/Sp(n — 1)U(1) =
Sp(n)/Sp(n — 1) = §4n—1

Gy/SU(3) = S°¢
Spin(7) /Gy = S”
Spin(9)/Spin(7) = S13.

From Propostion we know that if G admits a comoment and G C G is
a subgroup, then G admits a comoment. Thus it will suffice to prove the
following statements:

1) The action of SU(n) on S?"~! does not admit a comoment. As SU(n) C
U(n) C SO(2n), from this we will automatically get the statements,
that U(n) and SO(2n) do not admit a comoment when acting on
S2n=1 Moreover, as SU(4) C Spin(7), this implies that Spin(7) does
not admit a comoment, when acting on S7.

2) The action of Sp(n) on S*"~! does not admit a comoment. Hence,
neither Sp(n)U(1) nor Sp(n)Sp(1) do.

3) Spin(9) does not admit a comoment, when acting on 5.

4) SO(2n + 1) has a comoment when acting on S?". As Gy C SO(T), this
implies that G admits a comoment when acting on S°.

Hence, we can prove the theorem by using Lemma after proving the
following Proposition [3.2] and Proposition [3.3 O

Proposition 3.2. Let w, be the volume of S™ and N the north pole.
o Let Iy : SU(n) — S~ Then 9% [wan—1] # 0.
o Let Oy : Sp(n) — S~ Then Uy lwan—1] # 0.
o Let Un : Spin(9) — S¥. Then 9% [wis) # 0.

Proof. For the first two cases we refer to the calculations in the proof of [13]
Corollary 4D.3], where it is shown that the generator of the sphere is turned
into a generator of SU(n) (resp. Sp(n)) via pullback (in our case via Jy).
For the third case we can proceed analogously: The fiber bundle Spin(7) —
Spin(9) — S5 has a 14-connected base, so the pair (Spin(9), Spin(7)) is
14-connected and the maps H'(Spin(9)) — H'(Spin(7)) are isomorphisms
for 1 <13. As H*(Spin(7)) is generated by (wedges of) elements in these
degrees, this implies that the Leray-Hirsch-theorem [13, Theorem 4D.1] can
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be applied. This means that ¥} wis] is a generator and thus nonzero in
HY?(Spin(9)). O

In the case of SO(2n + 1) the Leray-Hirsch theorem can not be applied,
as SO(2n) has a class in degree 2n — 1 which does not come from any class

in SO(2n + 1), (cf. e.g. [I3, Theorem 3D.4] or Appendix [A.2)). In fact we
have the following:

Proposition 3.3. Let wa, be the volume of S*™ and N the north pole. Let
INn 2 SO(2n + 1) — §2*. Then 9% [wan] = 0.

Proof. Let i : SO(2n) — SO(2n + 1) be the inclusion. The cohomologies of
SO(2n + 1) and SO(2n) are isomorphic up to degree 2n and

i* H*(SO(2n + 1)) — H*(S0(2n))

is an isomorphism. The class [i*0}way] is the obstruction against a como-
ment for the SO(2n)-action on S?". We know from Proposition that
this action admits a comoment, i.e. [i*J wa,] = 0 € H?*(SO(2n)). But as
i* is an isomorphism, this implies that [9}we,] =0 € H**(SO(2n +1)). O

3.1. Explicit comoments for SO(n + 1) on S™

Giving an explicit expression for a comoment of SO(n + 1) O S™ requires to
find iteratively, for k € (1,...,n — 1) and for all p € A¥so(n), a primitive,
denoted as fi(p), of the closed differential (n — k)-form

(13) tk(p) = = fe-1(0p) — s(k)e(vp)w
with fo = 0 and satisfying the following constraint
(14) Jn(0p) = —s(k + 1)ty,w .

As H°(S™) and H™(S™) are the only non trivial cohomology groups, it
is always possible to find primitives of px(p). The only thing that could fail,
and actually fails when n is odd, is the fulfilment of condition . In the
latter case, it is however possible to consider an extension of g to a suitable
Lie-n algebra and consider Lie-n homotopy comoment map instead of our
notion of comoments (See [9] or [I7] for the explicit case of n = 4).

Instead of dealing with the analytical problem of finding explicit poten-
tials for the form py(p), let us translate the problem in a more algebraic
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fashion focusing on the particular structure of the Chevalley-Eilenberg com-
plex of so(n).

In general, it is fairly easy to express the action of a comoment on bound-
aries:

Lemma 3.4 (Comoments on boundaries). Letv:g — (M,w) be a mul-
tisymplectic infinitesimal action.

Let F* Bi(g) — AFlg such that 0 o F* = idge ,i.e. F* gives a choice
of representative of a primitive for every k-boundary of g.

Then, the function fi: Br(g) — Q" *(M) defined as

frlp) = —s(k + l)L(UFk(p)>(.U

satisfies equation (@ defining the k-th component for a comoment of the
infinitesimal action, for every boundary p.

Proof. Tt is a straightforward application of Lemma together with the
multisymplecticity of the infinitesimal action:

dfi(p) = —c(k + 1)du(vprp))w = —(=1)" (k4 1)(vopn () )w =

= —fr=r0p) — <(k)tv,w. O

Remark 3.5. Note that the costraint given by equation is precisely
the requirement that action on boundaries of the highest component f, of
the comoment (f) is independent from the choice of F™".

In other words, finding the action of the component fj of comoment (f) on
boundaries is tantamount to finding a function F* : By(g) — A*T'g map-
ping a boundary p to a specific primitive q.

Note that this is nothing more than replacing the problem of finding a
potential of an exact differential form to the one of finding a primitive of a
boundary in the CE-complex.

It follows from the previous lemma that the k-th component of the como-
ment is completely determined by its action on boundaries when Hy(g) = 0:

Corollary 3.6. Consider a Lie algebra with Hy(g) =0 and fiz a choice
of representatives F* and F*~1 as before. Then, the function f*: AFg —
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Q= k(M) defined as

fie(@) = s(k + 1)u(vpr(pe-1(9g)-g) )@
satisfies equation (@) for every chain q € A%g.

Proof. Consider a function fy_; defined through F*~! according to the pre-
vious lemma. For every cycle ¢ € AFg we get

—fe-1(99) = s(k)tw,w = <(F)[(vpe-1(ag)) — t(vg)lw = S(K)e(vr)w

where r = (F*~1(9q) — q) is closed, hence exact. Again from Lemma
follows that the right hand side it is equal to

S(k)e(varn(rw) = (k) (=1)** du(vprpy )w = dfi(q)- O

An explicit construction of a comoment is generally more delicate in
presence of cycles that are not boundaries. Nevertheless, we know from the-
orem that the first two homology group of so(n) are trivial, therefore it is
easy to give the first two components of the comoment. From the linearity of
fx, it is clear that we only need to give its action on the standard basis of the
finite-dimensional vector space so0(n) defined in appendix, equation (A.4)).

f1 for any SO(n). Since all 1-chains in the CE complex are automatically
cycles, H'(s0(n)) = 0 implies that all elements of so(n) are boundaries.

Formula suggests a natural choice for the function F! when acting
on elements of the standard basis:

1
Fl(Aab) = — Z mAka A Akb
k=1

Therefore the first component of the comoment is given by

n

Z L(vAkb)L(UAka )w'

k=1

1
n—2

fi(Aw) = —t(vpi(a,,))w =

Example 3.7. In the three-dimensional case, denoting the three generators
of s0(3) as ly, 1y, 1. (see appendix), one gets

3

1
Fl(ll) = —5 Z Ez'jk'lj Alg,
k=1
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where ¢;;;, is the Levi-Civita symbol, and

fi(l) = o )w = j*U(E Aoy, Avy,)dz'?.
f2 for any SO(n). In this case there are two subsets of generators of
A2s0(n) to consider:

p=Aw N A 250 for a, b, ¢, d different

q=Aja NAyp 2, —Agp for j,a,b different
The first ones are boundaries and a primitive can be given as follows

n—2

FZ(Aab A Acd) = (Fl (Aab) A Acd - Aab A Fl (Acd))

In the second case, we need to find a primitive of

FY(0q) —q=—F"(Aw) — Aja N Ajp
1
-2

NE

(Aga N Ay — Aja N Ajp)

3
e
I

1
-2

8(A]m VAN Ajb VAN Akj)

I
M=

n

=0 <n —5 kil(A]m VAN Ajb A Ak])>

=
Il
—

The last equality suggests the following choice

1 n

F*(FY(9q) — q) = (n—? Z(Alm A Ajy A Akj)) .
k=1

Finally, one gets

n—2

fo(Aap N Acq) = : (Lvpr(a)na.) — VA AR (A) @
-1 &
fa(Aja N Agp) = ——5 ; (t(vAAA0AL)) W

3.2. Explicit comoment for G2 on (S, ¢)

We finish by providing a nice example of comoments for non-volume forms
on spheres.
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Recall that G2 is a subgroup of SO(7) acting transitively and multi-
symplectically on S® with the standard volume. Therefore, according to
Theorem the action Go (5%, w) admits a comoment.

This group can be explicitly defined as the subgroup of GL(7,R) pre-
serving the multisymplectic 3-form

(15) ¢ = da'? + dz' + da'7 + dz?0 — da®T — 42?0 — a3,

where & = (2%) are the standard coordinates on R” and dz"* = da’ A d? A
dz¥. (See [I5] for further remarks on Ga-homogeneous multisymplectic forms
and [7] for details on the Go-manifold S%).

Considering the multisymplectic structure j*¢ on S®, where j is the
inclusion of the sphere in R, instead of the standard volume, it is possible
to give an explicit comoment for the action of Gs:

Lemma 3.8. The action G O (S8, j*¢) admits an equivariant comoment
given by (k =1,2):
fr: Afgo — Q% (M),
k—1 % ¢

g (=1)""j to,LEg

Proof. Tt follows from Lemma noting that (%LEgb) is a Go invariant
primitive of ¢ in R3. O

Appendix A. Appendix
A.1. Useful formulas in Cartan calculus
We make use of the following formula:
Lemma A.1 (Multi-Cartan magic formula).

(=D)™du(xr A ANap) = (1 A Axpy)d
+ Oz N Nap)

(A1) ) (=D el A AN A A ) Lo
k=1

Proof. See lemma 3.4 in [16]. O
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Definition A.2. Given a differential form Q € Q*(M) and a multi-vector
field Y € I'(A™T' M), the Lie derivative of 2 along Y is defined as the graded
commutator

(A.2) Ly Q= diyQ — (—=1)"1ydQ.

Remark A.3. This definition allows to combine the first and last term in
the above formula into a Lie derivative. Hence the formula of Lemma [A.]]
can be also written as

Lo nne, 2= (—1)" [a(@(vl A Aog))Q

) (D s A A DA A ) L0,
1=1

Lemma A 4.
(A.3) Lot(xi A ANxg) = ([v,z1 A ANag]) + e(zr A Axg)Ly.

Proof. 1t is simply an iterated application of the Cartan’s commutation re-
lation:
[,xLy = Ly,Cx + Uz,y]-

together with expression (4)). O

A.2. Some technical details about so(n)

Recall that so(n) is the Lie sub-algebra of gl(n,R) consisting of all skew-
symmetric square matrices. A basis can be constructed as follows:

(A.4) Bi={Awp=(—1)"""(Ey - Ep) |1 <a<b<n}

where E,j, is the matrix with all entries equal to zero and entry (a,b) equal
to one.

The fundamental vector field of A, associated to the linear action of
SO(n) on R" reads as follows:

VAL = Z[Aab]ijxjai = (_1)1+a+b (maf)b — l‘baa)

]
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Example A.5. In R? we have three matrices

0 10 00 -1

lo=Aja=[-1 0 0 l,=Ai3=10 0 0
(0 0 0] 10 0
0 0 0]

L=A3=10 0 1
0 -1 0]

Using such a basis, the structure constants read as follows:

Lemma A.6.

[Aaps Acd] = (—1) 0TV, A + (—1) @54,
+ (_1)(d+b+1)5dbAac + (_1)(a+c+1)6caAdb

in particular:
(A.5) [Akas Arp] = Aap
for all k # a,b.

Theorem A.7. The cohomology groups of SO(n) can be described as fol-
lows:

({agi-11 <i<k}Udb,,,) n=2k+2

H.(SO(n);R):{<{a4i_1|1§i§k}> n=2k+1

where (---) denotes the exterior algebra generated by the elements in the set
and subscripts denote degrees, so a; € H' and ay, ,, € H2k+1

Proof. See section 3D in [13]. O
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