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Product structures in Floer theory for

Lagrangian cobordisms

NoEMIE LEGOUT

We construct a product on the Floer complex associated to a pair
of Lagrangian cobordisms. More precisely, given three exact pair-
wise transverse Lagrangian cobordisms in the symplectization of a
contact manifold, we define a map my by a count of rigid pseudo-
holomorphic disks with boundary on the cobordisms and having
punctures asymptotic to intersection points and Reeb chords of the
negative Legendrian ends of the cobordisms. More generally, to a
(d + 1)-tuple of exact transverse Lagrangian cobordisms we asso-
ciate a map my such that the family (mg)4>1 are maps satisfying
the A, equations. Finally, we extend the Ekholm-Seidel isomor-
phism to an A..-morphism, giving in particular that it is a ring
isomorphism.
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1. Introduction
1.1. Background

A contact manifold (Y,§) is a smooth manifold Y equipped with a com-
pletely non-integrable plane field £ called a contact structure. We consider £
cooriented, which means that there is a 1-form « such that £ = ker(«) and
a A da # 0. The form « is called a contact form for (Y, &). In particular, Y is
an odd dimensional manifold. The Reeb vector field R, associated to (Y, )
is the unique vector field on Y satisfying da(Rq,-) =0 and a(R,) = 1. In
this article, we consider a particular type of contact manifold which is the
contactization of a Liouville manifold.

A Liouville domain (P,©,X) is a compact symplectic manifold with
boundary equipped with a vector field X satisfying:

1) Lxw=w
2) X is outwards pointing along op.

where Lx is the Lie derivative. Condition (1) can be rewritten dix@ = @
because @ is closed, and thus this implies that it is an exact form w = df3,
with 8 = 1x@. The 1-form [ restricted to OP is a contact form, and the
completion of (P,®) is the non compact exact symplectic manifold (P,w =
df) defined by

P=PuU,; ([0,00) x OP)

and 6 is equal to 8 on ﬁ, and to eTﬁWs on [0,00) X 8?, with 7 the co-

ordinate on [0, 00). The Liouville vector field X on P can be extended to
the whole (P, df). The manifold (P,0) is called a Liouville manifold. The
well-known symplectic manifolds (R?",", dx; A dy;) and (T*M, —d)), the
cotangent fiber bundle of a smooth manifold M equipped with the standard
Liouville form, are examples of Liouville manifolds.

The contactization of a Liouville manifold (P, df) is the contact manifold
(P x R,dz + 0) where z is the coordinate on the R-factor. For example, the
contactization of (T*M, —d\) is the 1-jet space J'(M). From now, we fix
a (2n + 1)-dimensional contact manifold (Y, «) which is the contactization
of a 2n-dimensional Liouville manifold (P, df). Remark that for this special
type of contact manifold, the Reeb vector field is 0., in particular there are
no closed Reeb orbits.

A Legendrian submanifold A C Y is a submanifold of dimension n such
that o7y = 0, which means that for all z € A, T, A C &;. The Reeb chords
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of a Legendrian submanifold A are Reeb-flow trajectories that start and end
on A. Compact Legendrian submanifolds in the contactization of a Liouville
manifold generically have a finite number of Reeb chords. These chords
correspond to vertical lines which start and end on A. Let v be a Reeb chord
of length ¢ which starts at a point 2= € A and ends at 2+ € A, and let us
denote ! the Reeb flow. If drcpf(TfA) and T,+A intersect transversely,
we say that the Reeb chord v is non-degenerate, and then A is called chord
generic if all its Reeb chords are non-degenerate. From now, we will only
consider compact chord generic Legendrian submanifolds, and we denote
by R(A) the set of Reeb chords of A. If Ay, Ag,..., Ay are d Legendrian
submanifolds of Y, we can consider the union A = Ay U --- U Ag4. Reeb chords
of A from A; to itself are called pure Reeb chords while those from A; to A;
with i # j are called mized Reeb chords. We denote by R(A;, A;) the set of
Reeb chords from A; to A;.

The Lagrangian projection of a Legendrian submanifold A CY = P x R
is the image of A under the projection IIp: P x R — P. Reeb chords of A
are then in bijection with intersection points of IIp(A). In the particular
case where the contact manifold is the 1-jet space of a manifold M (i.e.
Y = JY (M) = T*M x R), the front projection of A is the image of A under
Hp: JY(M) — M x R. In this case, Reeb chords are in bijection with vertical
segments in M x R beginning and ending respectively on points ¢, c" €
II7(A), and such that the tangent spaces T,-I1r(A) and T+ I1x(A) are equal.

One natural question when studying Legendrian submanifolds is to un-
derstand whether two Legendrian submanifolds Ay, A; C Y are Legendrian
isotopic or not (i.e. is there a smooth function F' : [0,1] x A — Y such that A
is a n-dimensional manifold and F'(¢, A) is a Legendrian submanifold of Y for
all t € [0, 1], with F'(0,A) = Ag and F(1,A) = A17). A lot of work has been
achieved in order to answer this question of classification under Legendrian
isotopy of Legendrian submanifolds. There exists a lot of Legendrian isotopy
invariants, among which the first were the classical ones, namely the smooth
isotopy type, the Thurston-Bennequin invariant and the rotation class (see
for example [16] 24]). The development then of non-classical invariants gave
new directions in order to better understand the Legendrians. One of the
first non-classical invariants is a relative version of contact homology [22]
called the Legendrian contact homology. It was defined by Eliashberg in
[21] using pseudo-holomorphic curves techniques. Independently, it was de-
fined combinatorially by Chekanov for Legendrian links in (R3, dz — ydz) in
[8], and this combinatorial description was generalized in higher dimension
by Ekholm, Etnyre and Sullivan [I5] 17]. These two definitions were then
shown to compute the same invariant, by Etnyre, Ng and Sabloff [25] in
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dimension 3, and by Dimitroglou-Rizell [I2] in all dimension. This is a very
powerful Legendrian isotopy invariant which gave rise to numerous other
invariants, as for example the linearized and “multi-linearized” versions of
Legendrian contact homology, using augmentations of the differential graded
algebra introduced by Chekanov. Then there are higher algebraic structures
on linearized Legendrian contact cohomology that are Legendrian isotopy
invariants, as a product structure and an A..-algebra structure (see [9]), and
more generally, there are A,-categories Aug_(A) and Augy(A), called the
augmentation categories of a Legendrian submanifold (see [3], [34], and Sub-
section for Aug_(A)). In parallel to these invariants defined by pseudo-
holomorphic curves counts, other types of Legendrian isotopy invariants have
been defined, by generating functions techniques. We will not go through
these invariants in this article, nevertheless, even if the definition of this two
types (pseudo-holomorphic curves vs generating functions) of invariants are
constructed using completely different techniques, they are closely related.
Indeed, the existence of a (linear at infinity) generating family for a Leg-
endrian knot A in R? implies the existence of an augmentation such that
the linearized contact homology of A is isomorphic to the generating family
homology of A (see [26]). In higher dimension, the relation is not so clear.
However, there are parallel results in the Legendrian contact homology side
and the generating family homology side, as for example a duality exact
sequence ([18] [36]), and also results relying the Legendrian invariants and
the topology of a Lagrangian filling of the Legendrian ([5] [28] [14] [12] [36]).
To continue along this path, we could imagine to define the algebraic struc-
tures appearing in this paper in the generating family setting, that is to
say a generating family Floer complex, and a generating family product on
Floer complexes, that could be related through the cobordism maps to the
product structure on generating family homology defined by Myer ([33]).

In this article, we will be interested in the relation of exact Lagrangian
cobordisms between Legendrian submanifolds, introduced by Chantraine in
[5]. These objects live in the symplectization of the contact manifold (Y, a),
which is the symplectic manifold (R x Y, d(e'a)) where t is the coordinate
on R.

Definition 1. An ewzact Lagrangian cobordism from A~ to AT, denoted
A~ <x AT, is a properly embedded submanifold ¥ C R x Y satisfying the
following:

1) there exists a constant 7" > 0 such that:
— XN (=00,-T)xY = (—00,-T) x A™,
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— XN (T,00) xY = (T,00) x AT,
— XN[-T,T] x Y is compact.

2) there exists a smooth function f: ¥ — R such that:
a) eta\TZ = df7
b) fi(—co,~T)xA- is constant,
¢) fi(T,00)xA+ IS constant.

Remark 1. Condition (a) above says by definition that ¥ is an exact La-
grangian submanifold of (R x Y, d(efa)). Moreover, using the fact that ¥ is
a cylinder over A~ in the negative end and a cylinder over A" in the positive
end, condition (a) implies that f is constant on each connected component
of the negative and the positive ends of ¥. Conditions (b) and (c) imply
that f is in fact globally constant on each end (the constant on the positive
end is not necessarily the same as the constant on the negative end). Thus,
if A* are connected, conditions (b) and (c) are automatically satisfied.

We denote by X := [-T,T] x ¥ the compact part of the cobordism and
the boundary components 9_3 = {~T} x A~ and 9,3 := {T} x AT. In the
case where Y is diffeomorphic to a cylinder, we call it a Lagrangian concor-
dance from A~ to A" and denote it simply A~ < AT, and when A~ =, 2
is called an ezact Lagrangian filling of AT. A Legendrian isotopy between
two Legendrian submanifolds A; and As induces Lagrangian concordances
A1 < Ao and Ay < Ay B 23], however, if such concordances exist it is not
known if it implies that A; and A, are Legendrian isotopic. In general,
as evoked above, some Legendrian isotopy invariants give obstructions to
the existence of Lagrangian cobordisms (see for example [5, [10] 14, [35] [36],
which is absolutely not an exhaustive list). In the same vein, Chantraine,
Dimitroglou-Rizell, Ghiggini and Golovko ([6]) have defined a Floer-type
complex associated to a pair of Lagrangian cobordisms, the Cthulhu com-
plex, in order to understand better the topology of a Lagrangian cobordism
between two given Legendrians. The goal of this article is to provide a richer
algebraic structure associated to Lagrangian cobordisms.

1.2. Results

Let (Y,a) be the contactization of a Liouville manifold (P?",df) and
consider four Legendrian submanifolds A],A{, A5, AJ C Y such that the
Chekanov-Eliashberg algebras (Legendrian contact homology algebras)
A(A7) and A(A5) admit augmentations ] and 5 respectively. Through-
out the paper, the coefficient field is Zo, i.e. the algebras and vector spaces
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we consider are all over Zy. Assume there exist two exact transverse La-
grangian cobordisms A] <y, A{ and A; <y, AJ. The Cthulhu complex
(Cth(X1,¥2),0,_- .-) associated to the pair (X1,X2) is generated by Reeb
chords from A; to Af, intersection points in ¥; N X9, and by Reeb chords
from A, to A . Given €] and £ augmentations of A(A]") and A(AJ) respec-
tively induced by €] and €, (see Section , the differential of the Cthulhu
complex is a linear map defined by a count of rigid pseudo-holomorphic
curves with boundary on ¥; and ¥, (see Section . This complex admits
a quotient complex C'F_ (X1, ¥2), generated only by intersection points and
Reeb chords from A5 to Aj, called the Floer complex of the pair (X1, Xs).
The main result of this article is the following:

Theorem 1. Let X1,%9 and X3 be three pairwise transverse exact La-
grangian cobordisms from A;" to Aj, fori=1,2,3, where Aii are Legendrian
submanifolds of P x R such that the Chekanov-Eliashberg algebras A(A;")
admit augmentations. Then,

1) for any choice of augmentation ; of A(A;), fori=1,2,3, there exists
a map:

mo: CF_OO(EQ, 23) (= CF_OO(El, 22) — CF_OO(El, 23)

which satisfies the Leibniz rule O_o 0 Ma(—, —) + ma(0—o0, —) +
mg(—, 8_00) =0.

2) in the case where A =0, and 3o and X3 are small Hamiltonian per-
turbations of X1 such that the pairs (31, 32), (X2, X3) and (31, X3) are
directed (see Section , the product mg is equal to the cup product
on H*(X1,AY) after appropriate identifications.

Now, the Cthulhu homology is invariant by a certain type of Hamiltonian
isotopy which permits to displace the Lagrangian cobordisms. This implies
the acyclicity of the complex. But the Cthulhu complex is in fact the cone
of a map

Fa1: CF (21, %) — C(A], AY)

from the Floer complex to a complex generated by Reeb chords from A;r to
AT (the bilinearized Legendrian contact cohomology complex of A7 UAZ
restricted to chords from A5 to A]). The acyclicity implies that this map
is a quasi-isomorphism. When ¥; is a Lagrangian filling of Af and 61”' is
the augmentation induced by this filling, take Yo a small perturbation of
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Y1 such that the pair (31,¥s) is directed, then the quasi-isomorphism F!
recovers Ekholm-Seidel isomorphism ([12), 14]). We will show that the map
induced by F! in homology preserves the product structures, that is to say,
the product my on Floer complexes is mapped to the product u; of the

3,2,1

augmentation category Aug_ (A UAJ UAJ), where 5;271 is the diagonal
augmentation on the algebra A(A] U A; U A?{) induced by ET,E; and E;
(see Section |3.2). More precisely, we have:

Theorem 2. Let 31,39 and X3 be three transverse exact Lagrangian cobor-
disms from A; to Af, such that the Chekanov-Eliashberg algebras A(A;)
admit augmentations. Then, for any choice of augmentation e; of A(A;)
we have:

[M?;ZJ(]:?}27-7:211)] = []:?}1 ° ‘“2]
In the same setting as part (2) of Theorem [l Theorem [2 implies that
the Ekholm-Seidel isomorphism is a ring morphism:

Corollary 1. Let Y be an exact Lagrangian filling of a Legendrian subman-
ifold A CY, and denote ey, the augmentation of A(A) induced by . Then
the Ekholm-Seidel isomorphism

LCH: (A) ~ H*TH(X,A)
s an isomorphism of non-unital rings.

A related result appears in a paper of Ekholm and Lekili (see [20, Theo-
rem 53] and Remark . The product my is in fact part of an A..-structure
defined in Section [7] There, we define maps {m}1<x<q for any (d + 1)-tuple
of pairwise transverse Lagrangian cobordisms such that the m; map is the
differential 0_.,. We refer the reader to Section [7] for the precise domains
and codomains of the maps m;. These maps are defined on tensor products
of Floer complexes between transverse Lagrangians, and so in particular we
do not have an A, ,-algebra structure. Then we prove the following:

Theorem 3. The maps {my}1<k<q satisfy the As equations, i.e. for all
1<k<d:

Z mk,jﬂ(id@k*]*" & my ® ld®n) =0
1<j<k
0<n<k—j
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A direct corollary of Theorem [3|is that the product my is associative in
homology. Similarly, the map F! extends in a family of maps F = {F*}o<p<a
defined for any (d + 1)-tuple of pairwise transverse Lagrangian cobordisms
and we have:

Theorem 4. The maps F = {F¥}o<p<a satisfy the Aoo-functor equations.

Of course we would like to be able to define the maps my and Fy for
families of not necessarily transverse cobordisms. We conjecture that given a
pair of Legendrian submanifolds A_, Ay C Y, there are unital A..-categories
of cobordisms from A~ to A™ denoted Fuk_(A*,A7) and Fuky (AT, A7)
which can be defined by localisation (as used in [27] to define the wrapped
Fukaya category of a Liouville sector). Moreover, we would obtain cohomo-
logically full and faithful unital A.-functors

Fi: .Fuk:t(A+,A_) — Augi(A+)

adding a unit to Aug_(AT) to make it unital, as explained in [20, Remark
26]. The definition of these categories and functors will be done in a forth-
coming paper. Let us remark that the categories of fillings Fuky (AT, 0)
could probably also be defined with another algebraic approach in the same
spirit as Ekholm-Lekili [20, Section 3], using coefficients in chains in the
based loop space of AT, but we will not develop this in this article. Also,
in [35, Theorem 1.6] it is proven that the functor Aug,(A~) — Augs (A™T)
induced by a cobordism on augmentation categories is cohomologically faith-
ful. The faithfulness of F4 would in particular recover this, but then to get
fullness it is needed to take into account intersection point generators.

The paper is organized as follows. In Section [2] we set up the definition
and notations of all types of moduli spaces that are involved in the defini-
tion of all maps in the rest of the paper. In Sections [3| and [4], we review the
definitions of Legendrian contact homology and Cthulhu homology. In Sec-
tion |5, we construct the product structure on the Floer complexes and prove
Theorem |1} and Theorem |2} We give a very basic example of computation of
the product in Section [6] and finally in Section [7]we define the A,-structure
on Floer complexes and prove Theorem [3| and Theorem
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2. Moduli spaces

In this section we describe the different types of moduli spaces of pseudo-
holomorphic curves which will be necessary to define the Legendrian contact
homology complex, the Cthulhu complex and the product structure. The
first three subsections contain useful material from [37] and [6], in order to
define the moduli spaces.

2.1. Deligne-Mumford space

Let us denote

R ={(yo, - va) lyi € S*, yi € (yi1,Yis1)}/Aut(D?)

the space of (d + 1)-tuples of points cyclically ordered on the boundary of the
disk D?, where y_1 := y4 and y44+1 := yo, and denote by S+ the universal
curve:

ST = {(2,90,...,ya) /2 € D?, y; € ST and y; € (yi_1,yi11)}/Aut(D?)

The projection m: S¥1 — R given by 7(z, o, .. > Ya) = (Yo, Ya) 18
a fibration with fiber a disk. For all 7 € R*! we denote S, = 7~!(r) and

S?“ = ST’\{you"'7yd}‘ ~

Given r € R4, to each marked point y; of Sy, i > 1, one can associate a
neighborhood V; C S, and a biholomorphism &; : (—00,0) x [0,1] = Vi\{w:}.
For the puncture g, we choose a neighborhood V{) and a biholomorphism
go: (0,+00) x [0,1] — Vo\{yo}. These biholomorphisms are called strip-like
ends. A universal choice of strip-like ends for R*1 corresponds to maps

el R % (0, +00) x [0,1] — S
and

et R (—00,0) x [0,1] — S4H!
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for 1 < i < d, such that for all € R, a?“(r, -,+) is a choice of strip-like
ends for y; € §r.

The space R4, for d > 2, admits a compactification which can be de-
scribed in terms of trees. In fact, we have ﬁdﬂ = UpRT which is a dis-
joint union over all stable planar rooted trees 1" with d leaves, and with
RT = LURI"| where the union is over all interior vertices (vertices which are
neither leaves nor the root) v; of T. Here, |v;| denotes the degree of the
vertex v;, and recall that a tree is called stable if each interior vertex has
degree at least 3. The space R¥*! corresponds to RT#+ where Ty, is the
planar rooted tree with d leaves and one interior vertex. An interior edge of
a planar rooted tree T' is an edge between two interior vertices. We denote
by Ed™(T) the set of interior edges of T'. Given T and 1" two stable planar
rooted trees with d leaves, if 77 can be obtained from T' by removing one or
several interior edges (i.e. contracting an edge until the two corresponding
vertices are identified), it gives rise to a gluing map:

AT RT % (—1,0/P4™ () 5 RT

If e is an interior edge from the vertices v~ to vt to remove of T' to obtain 1",
this gluing map consists in gluing the two disks S, = and S, , along e with
a certain gluing parameter. Let us denote £_ and e, the strip-like ends of
ry- and r,+ for the marked points connected by e. Given a real [, € (0, 0),

the gluing operation is given by the connected sum
S, \e— (=00, 1) x [0, 1) | Sr, . \e (e, 00) x [0,1])/ ~

where we identify e_ (I, — s,t) ~ 1 (s,t). The map 777" glues each interior
edge of T using the parameter p, = —e~ ™ € (—1,0] instead of .. If p = 0,
the edge is not modified (see [37]).

Now suppose that S € S is obtained from S, S, ..., Sy, by gluing,
then S admits a thin-thick decomposition. The thin part S corresponds to
strip-like ends of S and to strips of length [, coming from the identification
of strip-like ends in the gluing of two disks S, and S5, along an edge e.
The thick part is then S\ S, If r € R4 is in the image of y7"T4+1 then
it admits two sets of strip-like ends: one coming from the universal choice
on R%! and the other one coming from the universal choice on RI?! for
all vertices v; of T' and the gluing operation. A universal choice of strif—like
ends on R is said consistent if there exists a neighborhood U C R T of
6ﬁd+1 such that the two choices of strip-like ends coincide on U N R+,
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Theorem 5. [37, Lemma 9.3] Consistent universal choices of strip-like
ends exist.

Remark 2. In the cases d = 0, 1, a punctured disk in S! is biholomorphic
to a half-plane and a punctured disk in S? is biholomorphic to the strip
Z =R x [0, 1] with standard coordinates (s,1).

2.2. Lagrangian labels

The holomorphic disks we will consider are holomorphic maps from a disk
with some marked points removed to the manifold R x Y, with boundary
on Lagrangian submanifolds of R x Y. The corresponding Lagrangian sub-
manifolds are called a Lagrangian label for the disk and is defined as follows.

The boundary of S,, for r € R4t is subdivided into d + 1 components.
We denote by 9;S, for 1 <i < d+ 1 the part of the boundary between the
marked points y;_1 and y;. A Lagrangian label for S, is a choice of La-
grangian submanifolds I; C R x Y for each component 9,5, of the boundary
of S,. If L; is the Lagrangian submanifold associated to 9;5,, we will denote
by L =(Lq,...,L4s1) the Lagrangian label for S,. A natural compatibility
condition for Lagrangian labels is clearly necessary in order to apply the
gluing maps 707",

2.3. Almost complex structure

In this subsection we recall the different types of almost complex structures
that will be useful in order to achieve transversality for moduli spaces. Recall
that on a symplectic manifold (X, w), an almost complex structure is a map
J: TX — TX such that J2 = —id. We say that J is compatible with w (or
w-compatible) if:

1) w(v,Jv) > 0 for all v € TX such that v # 0,

2) w(Ju, Jv) = w(u,v) for all x € X and u,v € T, X.
2.3.1. Cylindrical almost complex structure. Let us go back to the
case where the symplectic manifold is the symplectization of a contact man-

ifold (Y, «). An almost complex structure J on (R x Y, d(eta)) is eylindrical
if:

o J is d(e'a)-compatible,

e J is invariant under R-action by translation on R x Y,
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° J(@t) = Ra,
e J preserves the contact structure, i.e. J(&) = &.

Following notations of [6], we denote by J% (R x Y') the set of cylindrical
almost complex structures on R x Y.

In our setting, the contact manifold is the contactization of a Liouville
manifold, Y = P x R, and recall that a Liouville manifold P can be viewed
as the completion of a Liouville domain (P, d3). An almost complex struc-
ture Jp on P is admissible if it is cylindrical on P\ﬁ outside of a compact
subset K C P\P. We denote by 7™ (P) the set of admissible almost com-
plex structures on P. Now, if Jp € J%"(P) and 7p: R x (P x R) — P is
the projection on P, then there exists a unique cylindrical almost complex
structure Jp on R x (P x R) such that 7p is holomorphic, that is to say
drpoJp = Jpodnrp. Such an almost complex structure is called the cylin-
drical lift of Jp and we denote by T (R x Y) the set of cylindrical almost
complex structures on R x Y which are cylindrical lifts of admissible almost
complex structures on P.

Let J=,J* € J% (R x Y) such that J~ and J* coincide outside of a
cylinder R x K where K C Y is compact. For all 7" > 0 we consider an al-
most complex structure J on R X Y equals to J~ on (—oo,—T) x Y, J*
on (T,00) x Y and equals to the cylindrical lift of an admissible complex
structure on P in [T, T] x (Y\K). The reason for considering such almost
complex structures is that transversality holds generically for moduli spaces
of Legendrian contact homology with a cylindrical almost complex struc-
ture (see Section [3), and that cylindrical lifts of admissible almost complex
structures on P are useful to prevent pseudo-holomorphic curves to escape
at infinity (the projection on P x R must be compact).

We denote by j}f?}+’T(R x Y') the set of almost complex structures on
R x Y described above, and J%™(R x Y) = j}ff’}+7T(R xY).

J—,J+.T

2.3.2. Domain dependent almost complex structure. Considering
domain dependent almost complex structures is a way to achieve transver-
sality for moduli spaces of pseudo-holomorphic curves. A domain depen-
dent almost complex structure on R x Y is the data, for each r € R, of
an almost complex structure parametrized by S, that is to say a map in
C>®(S,, J%™(R x Y)). Then, we need some special behavior of the almost
complex structure in strip-like ends in order to get some compatibility with
the gluing map.

Fix a r € R™!, and let Li,..., L1 be transverse exact Lagrangian
cobordisms in R x Y such that L = (L1,..., Lgs1) is a choice of Lagrangian



Product structures in Floer theory 1659

label for S,.. Let T > 0 such that all the L;’s are cylindrical out of L; N
[-T,T] x Y, and take J* € JY (R x Y).

For each pair (L;, L;11), we consider a path JtL""L’“r1 for t € [0,1] of al-
most complex structures in jf@T]+,T(R x YY), such that it is constant near
t =0 and t = 1. The type of domain dependent almost complex structures
we consider are maps

Jrp S — j}éj?}+7T(R xY)

such that J, 1(gi(s,t)) = JtL olits where g; is a choice of strip-like ends for
Sy

Now, consider a universal choice of strip-like ends. A universal choice of
domain dependent almost complex structures is the data, for all r € R4H!
and Lagrangian label L = (L1, ..., Lg+1), of maps J, 1 as above that fit into
a smooth map

Jap ST — T8, (R xY)

defined by J41(2) = Jr 1(2) if z € S,.. Moreover, J; , must satisfy

jd,L(€d+1(T7 37t)) = Jthi7Li+1

1
where 5;”1 is part of the universal choice of strip-like ends.

Again, if S € S+ is obtained from S, S,,..., S, by gluing, we need
compatibility conditions between the almost complex structure induced by
the universal choice and the one induced by the gluing map. The two choices
of almost complex structures are said consistent if there exists a neighbor-
hood U C R4+ of 8ﬁd+1 such that the choice of strip-like ends is consis-
tent, the choices of almost complex structures coincide on the thin parts for
each r € U, and for every sequence {r"},cy in R4T! converging to a point
re 8ﬁd+1, the almost complex structures on the thick parts must converge
to the almost complex structure on the thick part of S,.

The latter condition on thick part is analogous to the condition on thin
parts, the difference is that we ask for convergence of almost complex struc-
tures instead of equality because the almost complex structure on thick
parts is not fixed, whereas it is on thin parts. Indeed, a universal choice of
almost complex structures depends on fixed paths JtL sl for each pair of
Lagrangian submanifolds.

Theorem 6. [37, Lemma 9.5] Consistent choices of almost complez struc-
tures exist.
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2.4. Moduli spaces of holomorphic curves

We are now ready to define the moduli spaces we will use in the next sections.

2.4.1. General definition. Let ¥ = (31,...,%441) be a choice of La-
grangian label such that for all 1 <i<d+ 1, ¥; is an exact Lagrangian
cobordism from A; to A;r. We assume that the cobordisms are pairwise
transverse. We consider then a set A(X) of asymptotics consisting of in-
tersection points in ¥; N X; for all 1 < ¢ # j < d + 1, Reeb chords from A;r
to A;r, and Reeb chords from A to A; for all 1 <4,j <d+1. Let J be
an almost complex structure on R x Y (we will explain later the properties
needed to achieve transversality in each case), and j the standard almost
complex structure on the disk D? C C, which induces an almost complex
structure on each S,, r € R¥1. For r € R4 and xo,...,z4 in A(X), we
define the moduli space MEJ(Z‘(); x1,...,2q) as the set of smooth maps:

u: (Sp,7) = (Rx Y, J)

satisfying:
1) du(z) oj = J(z) o du(z), for all z € S,;\0S,,
2) u(&ZST) C Ei,

3) if xg is an intersection point then li_>m u(z) = xo and xg is required to
Z2—Yo

be a jump from ¥;4,1 to ¥; when traversing the boundary counter-
clockwise,

4) if x;, 1 <i < d, is an intersection point then li_>m u(z) = ay,
2=Yi

5) if zp is a Reeb chord with a parametrization g : [0,1] — xo, then every
z € S, sufficiently close to yp is in £9((0, +00) x [0,1]) and we have
either

° sETmu(EO(S’t)) = (400,70(t)), and in this case we say that u has

a positive asymptotic to xg at yg, or

o lim wu(eg(s,t)) = (—o00,70(1l —t)) and we say that u has a negative
S§—+00

asymptotic to xg at yg.
6) if x; for ¢ >0 is a Reeb chord with parametrization ~;: [0,1] — =,
then either
o lim wu(e;(s,t)) = (—o0,7:(t)) and u has a negative asymptotic to

S§——00
x; at y;, or
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e lim wu(g(s,t)) = (400,7(1 —t)) and u has a positive asymptotic
§——00
to x; at y;.

Then we denote

Ms y(o; 21, ... xq) = | | (ME j(@0; 21, . ., 24) [Aut(S,))

T

The moduli space My j(zo;1,...,24) can be viewed as the kernel of a
section of a Banach bundle. The linearization of this section at a point
u € My j(zo;21,...,24) is a Fredholm operator. Then, the almost com-
plex structure J is called regular if this operator is surjective. In this case,
Ms j(zo;21,...,2q) is a smooth manifold whose dimension is the Fredholm
index of the linearized operator. We will denote by /\/lzz g(wosx1,...,2q)
the moduli space of pseudo-holomorphic curves of index i satisfying the
conditions (1)-(6) above. Moreover, for u € M";J(azo; x1,...,%Tq), we denote
ind(u) := 1.

In the following subsections, in order to simplify notations we will not
indicate the almost complex structure we use to define the moduli spaces.

2.4.2. Pseudo-holomorphic curves with boundary on cylindrical
cobordisms. Let us consider d + 1 Legendrian submanifolds Ay, ..., Agiq.
The choice of Lagrangian label for disks takes values in the set of Lagrangian
cylinders {R x A;,R x Ag,..., R x Agy1} and the set of asymptotics con-
sists of Reeb chords from A; to A; for 1 <4, j < d + 1. To simplify notations
for Lagrangian labels we will denote R x Ay 441 = (R x Ayq,..., R x Agyq).
Moreover this label will indicate only the Lagrangians associated to mixed
Reeb chords. Let 4411 € R(Ags1, A1), vi € R(As, Aiy1) UR(Ai41, As) and
d; be words of pure Reeb chords of A;, for 1 <4 < d+ 1. Considering a
cylindrical almost complex structure on R x Y, we define

d+1 (7d+1,1; 517’717 52; Y2y 6d7'7d7 5d+1)

to be the moduli space of pseudo-holomorphic disks with boundary on R x
A1 441 that have a positive asymptotic to 7441,1, positive asymptotic to the
chord ~; if 7; respects the ordering of Legendrians (i.e. if v; € R(A;, Ait1)),
negative asymptotic to the chord ~; if v; does not respect the ordering of
Legendrians, (i.e. v; € R(Ai+1,Ai)), and negative asymptotics to the pure
chords forming the words §;. There is an action of R by translation on this
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moduli space and we denote the quotient by:

,,,,, d+1 (7d+1,1; 617 RACEERE 6d7 Yd> 6d+1)
= MRXA1,...,¢+1 (’Yd—i—l,l; 617 Yiyeees adv Yd, 6d+l)/R

Remark 3. We have the following particular cases:

e when d = 0: the asymptotics are all pure chords of A;. In the case
where only the first asymptotic is positive, such moduli spaces are
used to define the differential of the Legendrian contact homology of

Ay (Section [3.1).

e when d =1: by denoting §;; a chord from A; to Aj, the disks in
the moduli spaces Mprxa, ,(72.1;01,&2,1,02) (i.e. when only the first
asymptotic is positive) are involved in the definition of the Legen-
drian contact homology of A U A, and the disks in the moduli spaces
Mprxa, ,(72,1:01,&1,2,02) (i.e. when the two mixed chords are positive
asymptotics) are called bananas and are involved in the definition of
the Cthulhu complex (Section [4.1]).

We will also consider the same type of moduli spaces but with the condi-
tion that the first asymptotic is this time a negative Reeb chord asymptotic.
Namely, the moduli spaces

d+1 (Vl,d-i-l; 617 1, 627 Y25y 5d7 Yd, 5d+1)

,,,,,

where v 4+1 € R(A1,Aq41) is a negative asymptotic, v; € R(As, A1) U
R(Ai+1, ;) are positive or negative asymptotics depending if the chord re-
spects or not the ordering of Legendrians, and the pure Reeb chords form-
ing the words §; are negative asymptotics. As we will see in Section
for energy reasons such moduli spaces are empty if all the ; are negative
asymptotics.

2.4.3. Pseudo-holomorphic curves with boundary on non cylindri-
cal cobordisms. We consider now moduli spaces of pseudo-holomorphic
curves with boundary on the Lagrangians 3,...,3441, where A;” <y, AZ'.".
The choice of Lagrangian label ¥ takes values in {¥1,...,3441} and the
set of asymptotics consists of Reeb chords from Azi to Aj: for 1 <4,5<
d+1, and intersection points in ¥; NY; for 1 <i# j <d+ 1. Again to
simplify notations, for Lagrangian labels we will now denote ¥; 411 =
(31,...,%4+1) and this indicates only the Lagrangians associated to mixed
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asymptotics, i.e. intersection points and chords from a Legendrian to another
one.

Given 4411 € R(A:{H,AD, a; € {E;NYi 1} UR(A;,A;) and ;
words of pure Reeb chords of A", we consider the moduli spaces
(1) Ms, o (Va1,1:01,a1,602,a2,...,04,04,0441)

of pseudo-holomorphic disks with boundary on 3 441 that have a positive
asymptotic to yg41,1, and asymptotic to intersection points or Reeb chords
a; (negative asymptotics), and negative asymptotics to chords forming the
words 6;.

Remark 4. When d = 0, the Lagrangian label consists of one cobordism
31 and so the set of asymptotics consists only on Reeb chords of Af. In this
case, the moduli spaces above are involved in the definition of the differential
graded algebra map induced by an exact Lagrangian cobordism from the
Chekanov-Eliashberg algebra of Af to the Chekanov-Eliashberg algebra of
A7 (see Section [3.3)).

We consider also for x € 31 NX411 the moduli spaces of pseudo-
holomorphic disks

(2) le,...,d+1(x; 617 ai, 62a az, ... a(sda Qq, (sd—i—l)

with the same asymptotic conditions as before for the a;’s and 8;’s (inter-
section point or negative Reeb chord asymptotic at a; and negative Reeb
chords asymptotics at chords forming the words d;).

Finally, given v; 441 € R(AT, A;H), we consider the moduli spaces
(3) le d+1(71,d+1;613a1362aa2a" 'a(sdaadvad-f—l)

of pseudo-holomorphic disks with a negative asymptotic to v 441, and again
the same asymptotic conditions as before for the a;’s and §;’s. Again in this
last case, if the a;’s are all negative Reeb chords asymptotics, this moduli
space will be empty for energy reasons.

Remark 5. When d = 1, these three types of moduli spaces , ,
are involved in the definition of the Cthulhu complex. In particular, the map
F1 of Theorem [2]is defined by a mod-2 count of curves in moduli spaces of
type (See Section. For d = 2, the curves in moduli spaces of type
and (3) are useful to define the product structure of Theorem [1] (Section [5.1])
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and the curves in moduli spaces of type (1) appear in the definition of an
order-2 map F2 in the proof of Theorem [2| (Section .

2.5. Action and energy

Consider d + 1 transverse exact Lagrangian cobordisms (X1,...,X4+1). Re-
call that by definition, associated to each cobordism there is a function
fi: ¥; = R, primitive of the form etam, and this function is constant on
the cylindrical ends of 3J;. Without loss of generality, we can consider that the
constants in the negative ends of the cobordisms are zero, and we denote ¢;
the constant for the positive end of ;. We also denote T' > 0 and ¢ > 0 such
that the cobordisms ¥; are all cylindrical out of ¥, N ([-T +¢,T —¢] X Y).
To each asymptotic, we can associate a quantity called action as follows.
For an intersection point x € ¥; N X; with ¢ > j, the action of x is given by:

a(z) = fi(z) - f; ()

For a Reeb chord 7, the length of 7 is given by £(y) := fv a and then the
action of 'yjj € R(AS, Aj) is defined by:

a(v;) = ey + i — ¢
and for a Reeb chord v;; € R(A;, A}) we set:
_ _T _
a(%’,j) =e E(')’i,j)
Remark that Reeb chords have always a positive action whereas intersection
points can be of negative action. Then, to a pseudo-holomorphic curve u in
My (xo;x1,...,24) is associated an energy, which is the analogue of the area

for the case of pseudo-holomorphic curves in compact symplectic manifolds.
To define it, let x: R — R be a function such that:

x(t) =€ ifte[-T+eT—¢€
- _ T

t£+mooX(t) =
- _ T

Jim ()=

X'(t) >0
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We define then the d(x«)-energy of a pseudo-holomorphic curve u: S, —
R xY by:

Eya) (1) :/S w*d(xo)

r

We have the following very standard result:
Lemma 1. Ejq)(u) >0

Proof. The d(e'a)-compatibility of the almost complex structure J implies
the do¢-compatibility of the restriction of J to the contact structure
(€, (da)j¢). This permits to show that Eyya)(u) = %fs |du|?, where |v]? =
d(xa)(v, Jv) is strictly positive if v # 0. O

Now, the energy of a pseudo-holomorphic curve can be expressed in
terms of the actions of its asymptotics.

Proposition 1. We have the following:

1) qu GMRXAl ,,,,, d+1 (’Yd-‘rl,l; 617 1, 527 V2, 5d7 Yd» 6d+1)} let us consider
the following partition of {1,...,d} into two subsets:

I't = {i|~; positive Reeb chord asymptotic of u}
I~ = {i|~; negative Reeb chord asymptotic of u}

then we have

d+1
Eyxe)(w) = a(yasr,) + > a(vi) — Y alyi) = D a(8y),
iel+ iel— =1

2) if u € Mrxa, oo (V1,d41501,71502,725 - -, 0a5Yd, 0d41),

d+1
Bapa) (1) = —a(yrar) + > a(yi) — > a(yi) — > a(8y),
elt el— =1
3) Zf (NS MEL,,.,d+1 (’Yd—i-l,l; 617 ay, 52) az, ..., 5d7 aq, 6d+1)7



1666 Noémie Legout

4) ifu S le ,,,,, d+1<1’;51,a1,52,a2, .. .,dd,ad,5d+1),

d d+1
Eq (Xa) Z ala Z (51)7
=1 =1
5) ifue Ms, ,..(1,d+1301,01,02,a2,...,04,aq,0441),
d d+1
Ejxay(w) = —a(v1,d+1) Z a(a Z a(d;)
i=1 i=1

Lemma [T and Proposition [T] give thus some constraints on the action of
asymptotics of pseudo-holomorphic curves. These will be useful in order to
cancel some pseudo-holomorphic configurations in Section

2.6. Compactness

When transversality holds, i.e. when the almost complex structure is regular
for moduli spaces, these are smooth manifolds which are not necessarily com-
pact. However, they admit a compactification in the sense of Gromov ([29]),
by adding broken curves called pseudo-holomorphic buildings. Compactness
results together with transversality results imply that the compactification of
a moduli space is a compact manifold whose boundary components are in bi-
jection with pseudo-holomorphic buildings arising as degeneration of pseudo-
holomorphic curves in the moduli space. We recall below the definition of
pseudo-holomorphic buildings whose components are pseudo-holomorphic
disks with boundary on Lagrangian cobordisms with cylindrical ends (see
[4] and [1]).

Given again d + 1 transverse exact Lagrangian cobordisms A, <y, A;r,
we consider the following Lagrangian labels ¥ = (¥41,...,X441) and
Rx A= Rx AL, Rx Ad+1) Given a planar rooted tree T' with d — 1
leaves, d > 2, we can assomate to each interior vertex v a triple (S, , I, L),
where:

e S, is the Riemann disk associated to the vertex v (Section ,

e ], is the set of boundary marked points of S, called nodes correspond-
ing to interior edges of T,

e L, is the set of boundary marked points of S, corresponding to edges
connecting v to the leaves and the root of T
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Example 1. For T'=T,.1, T is a rooted tree with one interior vertex v
and d leaves. In this case I, = () and L, consists of d + 1 elements, one
corresponding to the root, the other to the leaves. For a tree having an
interior vertex v adjacent only to interior vertices, we have L, = () and I,
contains |v| elements.

Moreover, the set of all nodes | J I, contains an even number of elements

organized in pair. Indeed, each interior edge e; of T is by definition con-
necting two interior vertices v and v of T'. Denote by p; the node on the
boundary of S, corresponding to e;, and by p; the node on the boundary
of S, corresponding to e;. So we get that | J I, admits a partition

v

va = {p1,p1} U{p2, P2} U+ U {pk, Pr}
v

where k is the number of interior edges of T

Definition 2. Given integers k=, k™ > 0, a pseudo-holomorphic building of
height k~|1|k* in R x Y with boundary on ¥ is the data of:

1) a planar rooted tree T and the corresponding union of triples
U(Sﬁ,’I’U?LU))

2) a choice of asymptotic in A(X) for each node in |J I,,. We require that
for each pair {p;, p;}, the same asymptotic is assigned to p; and p;.

3) a choice of asymptotic for each marked point in J L,

4) a pair (uy, py) for each interior vertex v of T', where u, : S,, = R X
Y is a pseudo-holomorphic disk asymptotic to the given asymptotics
assigned to elements in I, U L,,, and p, is an integer called the floor of
v, satisfying —k~ < p, < k™, such that
a) each floor —k~ < p < k™ except p = 0 admits at least one non triv-

ial disk,

b) if p, > 0: u, has boundary on R x A", and thus the asymptotics
assigned to elements of I, U L, are only Reeb chords. The disk u,
is said to live in the top level.

c) if p, = 0: u, has boundary on the compact parts of ¥ (i.e. on ¥ U
SoU--- Uid+]_) and can have asymptotics to intersection points
and Reeb chords in the negative and positive ends. The disk u,, is
said to live in the middle level.

d) if p, < 0: u, has boundary on R x A7, and has asymptotics only
to Reeb chords. The disk u, is said to live in the bottom level.
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Moreover, we require the following conditions on nodes:

e)

if S,, has a boundary puncture at a node p; such that u, has a
positive (resp negative) asymptotic to a Reeb chord v € A(X) at
pi, then the corresponding pair (ug, p5) in the building (where v is
the interior vertex of T' such that the interior edge e; connects v
and v) satisfies p; = p, + 1 (resp py = py, — 1) and u; has a negative
(resp positive) asymptotic to v at p;,

if S, has a boundary puncture at p; such that w, is asymptotic
at p; to an intersection point x € A(X), which is a jump from ¥,
to ¥,, when traversing the boundary of u, counterclockwise, then
the corresponding pair (ug, p5) in the building satisfies p; = 0 and
up has an asymptotic to x at p;, where z is a jump from 3, to ¥
when traversing the boundary of ug counterclockwise,

and the following conditions on marked points which are not nodes:

g)

if the middle level (p = 0) of the building is not empty, then for
each element in L, asymptotic to y,,
(i) if y, is a Reeb chord in A(R x A1), then y, is a positive Reeb
chord asymptotic of u, and p, > 0,
(ii) if y, is an intersection point, then p, = 0,
(iii) if y, is a Reeb chord in A(R x A7), then y, is a negative Reeb
chord asymptotic of u, and p, < 0.

Remark 6. If the middle level is empty, then we have a building with
boundary on the cylindrical ends of the Lagrangians. It is a building of
height 0[0|k™ if all components have boundary on R x A", and a building
of height £7|00 if all components have boundary on R x A™.

Definition 3 (Equivalence of pseudo-holomorphic buildings). Two
pseudo-holomorphic buildings are equivalent if they become the same after
the removal of an appropriate number of trivial cylinders together with the
obvious deformation of the underlying planar rooted tree, to each of them in
the bottom and top levels. In other words, two pseudo-holomorphic buildings
are equivalent if they become the same after:

e removing all possible trivial cylinders in the bottom and top levels
attached to asymptotics assigned to UL,,

e removing simultaneously trivial cylinders attached to all the positive
ends and/or all the negative ends corresponding to nodes in UI, of a
component in the bottom or top level.
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In particular, two equivalent pseudo-holomorphic buildings have the
same components in the middle level, and the same non trivial components
in the bottom and top levels but connected to each other by a certain number
of trivial cylinders which can vary from one building to the other.

.
v 73

Rx At

L

-

Figure 1: Example of a pseudo-holomorphic building of height 1|1|2.

Performing the gluing operation on each interior edge of T' corresponds to
do the connected sums of the disks S, at each node, as described in Section
(i.e. identifying standard neighbourhoods of p; and p;, for 1 < ¢ < k). The
boundary marked points of the disk resulting from the connected sum are
asymptotic to the asymptotics assigned to the marked points in | J L,. Given

. ko [1]k+
a set of asymptotics (xo,x1,...,%4), we denote by My, (o321, -+, 2q)
the set of pseudo-holomorphic buildings of height &~ [1|k* with boundary
on X such that the disk obtained after boundary connected sum of the
domains at nodes is asymptotic to (zg, z1, ..., zq). Moduli spaces of pseudo-
holomorphic disks with boundary on non-cylindrical Lagrangian cobordisms
as described in Section [2.4] can be viewed as pseudo-holomorphic buildings
of height 0|1|0 with boundary on X, in other words we have

0[1]|0
Mg(ao; 1, ..., zq) € MY (@gsa1, ..., 2q)
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By Gromov’s compactness, a sequence of pseudo-holomorphic disks g
in Mxy(zo;x1,...,24) admits a subsequence which converges to a pseudo-
holomorphic building with boundary on X. The pseudo-holomorphic build-
ings obtained this way are of two types:

1) Stable breaking: pseudo-holomorphic building such that each compo-
nent is a curve having at least three mixed asymptotics. For example,
a pseudo-holomorphic building in a product

. / /.
M(l‘o, T1yeeeyTi—1, Ly, Titgy - - ,$d) X M(.’Ez, Tiyoo- ,l‘i+]’,1)

with 1 <¢<d—-1and j>2.

2) Unstable breaking: pseudo-holomorphic building having at least a curve
with at most two mixed asymptotics. Such a curve is either a pseudo-
holomorphic half-plane (so without mixed asymptotic), or a pseudo-
holomorphic strip.

The important result is that the set of buildings asymptotic to xg, x1, ..., x4
gives a compactification of the moduli space My (xo;z1,...,2q), i.e. the
disjoint union

k= [1]kt
|_| M;‘ | (zo; 21, .., Ta)

k—,kt2>0

is compact.

Assume that we have an admissible regular almost complex structure.
Consider a pseudo-holomorphic building in MI;—|1|k+ (zo;x1,...,24) glven
by a tree T and pseudo-holomorphic disks {u;} with choices of asymptotics
for nodes. Gluing results ([I5]) imply that there exists sufficiently small glu-
ing parameters associated to each interior edge of T' (see Section and
a unique pseudo-holomorphic curve u in My (zo;x1,...,24) depending on
these parameters such that u converges to the pseudo-holomorphic building
{u;} when the gluing parameters converge to 0 (see [I] and [4] for the topol-
ogy on the space of pseudo-holomorphic buildings). In the rest of the paper,
when we are given a pseudo-holomorphic building consisting of components
{u;}, by abuse of language we will say that we glue its components meaning
that we consider a corresponding pseudo-holomorphic disk u as above.
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3. Legendrian contact homology

Legendrian contact homology is a Legendrian isotopy invariant which has
been defined by Chekanov [8] and Eliashberg [21] independently. Eliash-
berg gave a definition of Legendrian contact homology in the setting of
Symplectic Field Theory (SFT, see [22]). Chekanov defined it combinato-
rially for Legendrian links in R3, by a count of certain types of convex
polygons with boundary on the Lagrangian projection of the Legendrian.
Then, Ekholm, Etnyre and Sullivan in [15, [I7] generalized the definition of
Chekanov for Legendrian submanifolds in R?*"*! and P x R, by counting
pseudo-holomorphic disks with boundary on the Lagrangian projection. In
fact, it has been proven by Etnyre, Ng and Sabloff [25] in dimension 3 and
then by Dimitrolgou-Rizell [12] in every dimension that the SFT-version
of Legendrian contact homology computes the same invariant as the com-
binatorial version of Chekanov and its generalization in higher dimension.
With this in mind, we recall below the SF'T-definition of Legendrian contact
homology, which is more in the spirit of this article.

3.1. The differential graded algebra

Given a Legendrian submanifold A C P x R, we denote by C(A) the Zs-
vector space generated by Reeb chords of A, and A(A) = P, C(A)®" the
tensor algebra of C'(A), called the Chekanov-Eliashberg algebra of A. There
is a grading associated to Reeb chords and defined from the Conley-Zehnder
index by the following: if A is connected and ¢ € R(A) then we set |c| :=
vy, (c) — 1, where 7. is a capping path for c. This is a well-defined grading
in Z modulo the Maslov number of A (because of the choice of the capping
path) and twice the first Chern class of TP (because of the choice of a
symplectic trivialization of T'P along IIp(y.) to compute v, (c)), see [17] for
more details. This induces a grading for each word of Reeb chords in A(A)
by |biba---bn| =D, |bi| for Reeb chords b;. If A is not connected and c is
a mixed chord with ends ¢t € AT and ¢~ € A~, where AT are connected
components of A, in order to define the grading we choose some points
pT € A* and some paths 7 C AT and v, C A~ from ¢t to p* from p~ to
¢~ respectively. Then we choose a path v, _ from p* to p~ and so if we
denote I'. = v U~y4_ U~ the concatenation of the three paths, the degree
of ¢ is defined to be |¢| = v (c) — 1. The grading of mixed chords depend on
the paths v, but for two mixed chords ¢y, co from A~ to A™, the difference
lc1] — |e2| does not depend on 4.
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Let J be a cylindrical almost complex structure on R x Y. The differ-
ential on A(A) is a map 9: A(A) — A(A) which is defined by a count of
pseudo-holomorphic disks in R x Y with boundary on R x A and asymp-
totic to Reeb chords. More precisely, if a € R(A):

(4) da)=>" > #Mgpnala;b)-b
"2 i

where a is a positive asymptotic and the chords b; are negative Reeb chord
asymptotics. When m = 0 we set b = 1. We then extend this to the whole
algebra by the Leibniz rule.

About transversality results, Dimitroglou-Rizell proved in [I1] that
generically, a cylindrical almost complex structure on R x Y is regular for
the moduli spaces Mgy (a;b1,...,by) which are thus manifolds of dimen-
sion

dim Mga(a; b, ... ) = lal = > |y
and so
dim Mzua(asby, ... bm) = la] = > |bi] — 1

This is done by generalizing a result of Dragnev ([13]) to the case of pseudo-
holomorphic disks, using the fact that as pseudo-holomorphic curves in the
moduli spaces above have only one positive Reeb chord asymptotic, it is
always possible to find an injective point. These dimension formula imply
that in the definition of the differential , this is a mod-2 count of pseudo-
holomorphic disks in 0-dimensional moduli spaces. Then, by Gromov’s com-
pactness these 0-dimensional moduli spaces are compact and thus the dif-
ferential J is a well-defined map of degree —1. Transversality also holds for
almost complex structures that are cylindrical lifts of regular compatible
almost complex structures on P (satisfying a technical condition near the
intersection points of IIp(A), see [11, 17]).

Theorem 7. [8, [12, (15, [17]
e 9?2=0,

e The Legendrian contact homology LCH,(A,J) does not depend on a
generic choice of cylindrical almost complex structure J and is a Leg-
endrian isotopy invariant.
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Legendrian contact homology being generally of infinite dimension, we
recall in the next section the linearization process introduced by Chekanov,
in order to extract finite dimensional (and so more computable) invariants
from Legendrian contact homology.

3.2. Linearization and the augmentation category

We begin this section by recalling the fundamental tool for the linearization:
augmentations.

Definition 4. An augmentation for (A(A),0) is a unital DGA-map «:
A(A) — Zo where Zs is viewed as a DGA with vanishing differential. In
other words, ¢ is a map satisfying:

e (1) =1,

e c(a) =0 if |a] # 0,
o c(ab) =¢e(a)e(b),
e c00=0.

A Legendrian submanifold does not necessarily admit an augmentation.
Typically, once there is an element of the algebra a € A(A) such that da = 1,
the third condition in the definition above cannot be satisfied and hence
there is no augmentation. For example, loose Legendrians (see [32]) do not
admit augmentation. In this paper, we will only focus on Legendrians whose
Chekanov-Eliashberg algebra can be augmented. So let us consider a Legen-
drian submanifold A C R x Y such that A(A) admits an augmentation, then
it is possible to associate to A a new complex (C(A), 95), with 95 defined on
Reeb chords by:

& (a) = Z;Ob bzb ;#MRxA(a; b)-e(by) - e(bi—1)e(bipr) - - (bm) - bs
T M

In fact, conjugating the differential @ by the DGA-morphism g. defined on
chords by g-(c) = ¢+ ¢(c) gives a new differential 0° on A(A), the differen-
tial O twisted by e, such that the restriction on C(A) can be decomposed
as afC(A) =D >0 0f, with 07: C(A) — C(A)®". But the differential OfC(A)
does not admit any constant term (i.e. 95 = 0) due to the properties of e,
and so (Ofc( A))2 = 0 implies that (95)? = 0. The homology of the complex
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(C(A),05) is by definition the Legendrian contact homology of A linearized
by e.

Theorem 8. [§] The set {LCHE(A), €} of linearized Legendrian contact
homologies is a Legendrian isotopy invariant.

This linearization process can be done using two augmentations instead
of one (see [3]), leading to the bilinearized Legendrian contact homology
LCH;"**(A), which is the homology of the complex (C(A),d7"%*) with

0" (a) = Z Z Z#MRXA(CL; b)-e1(by)---

m>0 b=by b, i=1
lI=lal=1 e (1) (bigt) - - - £2(bm) - b;

The advantage of the bilinearized version in comparison to the linearized
one is that it retains some information about the non-commutativity of
the Chekanov-Eliashberg DGA. More generally, given d + 1 augmentations
€1y...,Eq+1 of A(A), there is a map

0 L O(A) — C(A)™

such that 9;'7****(a) is a sum of words of length d coming from words in
Oa to which we keep d letters and augment the others by €1, ...,441 in this
order (changing the augmentation each time we jump a chord we keep). In
all the rest of the article, we will adopt a cohomology point of view, so let
us describe the dual maps of the maps 95" "“***. As the vector space C(A)
and its dual are canonically isomorphic, by an abuse of notation we will
still denote C(A) the dual vector space. So the dual of 95", denoted
is defined by:

d
'u’<5d+17---,€1’

d
M5d+17---781 (bd7 L] bl)

= Z Z # Masn(a;81,b1,89, ..., 84,ba, 8ay1)e1 (1) - -

a€R(A) 81ybain
2o 1bi[ 43216 |=lal-1
cegr1(8ag1) - a

where §; are words of Reeb chords of A. In fact, as already explained above
for the dual map, the coefficient <ugd+1v._7al (b, ...,b1),a) is computed by con-
sidering all words of length at least d in 9(a) containing the letters by, ..., by
in this order, and augmenting the (possibly) remaining chords between b;
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and b1 by €i41, for all 1 <7 < d. These maps {Ngdﬁ,‘..,sl}dzl satisfy the
Ao-relations, i.e. for all d > 1 and Reeb chords by, . ..,b; we have

§ : d—j+1
(5) 'U’5d+1»---7€n+j+175n+17---»51

1<j<d
0<n<d—j

X (bay- st e (Bags e bog1), by 1) =0

and thus the maps {Ngd+1,...,51}d21 are As-composition maps of an A-
category called the augmentation category of A, denoted Aug_(A). This
category has been defined by Bourgeois and Chantraine in [3] as follows:

e Ob(Aug_(A)) : € augmentation of A(A),

e hom(e1,e9) = (C(A), il ., ) the bilinearized Legendrian contact coho-
mology complex,

e the A, ,-composition maps are the maps ug{m . defined above.

..... €

If we look at the full subcategory generated by one object &, then we get the
Aso-algebra (C(A), {ud}4>1) that appeared first in a work of Civan, Etnyre,
Koprowski, Sivek and Walker [9].

In fact, the A,-maps of the augmentation category can be viewed as dual
maps of components of the differential of the (d + 1)-copy of A twisted by
a particular augmentation. This is a way to show that the A..-relations are
satisfied, using a bijection between moduli spaces with boundary on A and
moduli spaces with boundary on the k-copy of A (see [I8, Theorem 3.6]). For
k > 1, the k-copy of A denoted Ay, is defined as follows. Set Ay := A, and for
a small € > 0 we define /~Xj = 4,08._1)6(/&) for 2 < j <k, where ¢ is the Reeb

flow (recall R, = 8, here). The Legendrian submanifold A; U Ay U --- U Ay,
has an infinite number of Reeb chords, so we have to perturb it to turn
it into a chord generic Legendrian. Take Morse functions fj: A — R, for
2 <j < k, such that the functions f; — f; are Morse. Then, identify a small
tubular neighborhood of A; to a neighborhood of the 0-section in JYH(A),
and replace A; by the 1-jet of f; which is by definition the submanifold
i1(f;) = {(q,dyfj, fi(@)) | ¢ € A} C JY(A). We denote this new Legendrian
Aj C P x R. The k-copy of A is defined to be the union Ay UA U--- U Ay.
It is a chord generic Legendrian which has four different types of Reeb
chords:

1) pure chords: chords of Aj, for all 1 < j <k, and there is a bijection
between R(A) and R(A;),



1676 Noémie Legout

2) Morse chords: mixed chords corresponding to critical points of the
functions f; for j > 2 (these are chords from A; to A;) and f; — f;
(these are chords from A; to A; for i < j),

3) small chords: mixed chords from A; to A; for ¢ < j, in bijection with
chords of A,

4) long chords: mixed chords (which are not Morse) from A; to A; for
1 < j also in bijection with chords of A.

For a chord a € R(A), denote by a;; the corresponding Reeb chord in
R(Ai, Aj). Let (e1,...,¢ex) be augmentations of A(A) and consider the DGA-
morphism &y : A(A(x)) — Zg defined on Reeb chords by:

E(k) (am') = ei(a)
5(;6)(01"]') =0 for i 75 j
e(k)(car) = 0 for ¢py Morse chord

It is shown in [3] that ¢(;) is an augmentation of (A(Ay)), 9(x)), that we call
diagonal augmentation induced by €1, ..., er. Also, by denoting Is the two-
sided ideal of A(A(y)) generated by Morse chords, we have O, (1) C I
[3, Proposition 3.1]. This implies that (1) descends to a differential on the
quotient A(Axy)/In which by abuse of notation we still denote J(y), and
€(k) descends to an augmentation of A(A))/Iar, which we still denote & y).
Now, denoting C'(A;, A;) the Za-vector space generated by Reeb chords from
Aj to A; in A(Aw))/In, given a diagonal augmentation as above we have
that the twisted differential 0°® restricted to C'(A1, Ag) is a map:

8\‘2(}'()/\1’[\1“) : C(Al, Ak)
- @ C(Ai(m Ak) ® C(Aid—17Aid) X ® C(A17 Alz)
1§i267l-?71id§k’

The dual of the appropriate component of this map is then ugk@”_v%m
(see [3, Theorem 3.2] and [I8, Theorem 3.6] for the correspondence of moduli
spaces in the case of the 2-copy). Then, dualizing the relation

k 2
(8\%()/\1,/\@) =0
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gives all the Aso-relations for d < k — 1, i.e. the A,o-relations for each se-
quence of objects (e1,¢€i,,...,&i,,€k). For example, the two first are:

1 2
(M€k7€1) =0
1 2 2 1 .
Heyer © Heyeier T Heyeien (/‘ek,si ® 1d)
+ /‘gk,eq,,el(id ®,u§i7€1) =0, forall 1 <i<k.

3.3. Morphism induced by a cobordism

Given an exact Lagrangian cobordism A~ <y AT, there exists a DGA-map
¢x: A(AT) — A(A™) defined on Reeb chords by

o(v) = Y #MIOT L) W T

Y1 e Ym

where 7 € R(AT) and 77 ,...,7;, € R(A7) (see [19]). When ¥ is an exact
Lagrangian filling of AT (A~ =0), then the DGA-map ¢x: A(AT) — Zo
is an augmentation of A(AT). In this case, the corresponding linearized
Legendrian contact cohomology of A is determined by the topology of the
filling by the Ekholm-Seidel isomorphism:

Theorem 9 ([12,14]). IfA CY is a n-dimensional closed Legendrian sub-
manifold which admits a Lagrangian filling ¥, then H.(¥) ~ LCHI*(A),
where € is the augmentation of A(A) induced by 3.

This theorem gives a very powerful obstruction to the existence of Maslov
0 Lagrangian fillings. For example, once the linearized Legendrian contact
cohomology of a Legendrian A has a generator of degree strictly less than 0
or strictly higher than n for all possible augmentations, it means that A is
not fillable by an exact Lagrangian. More generally, given an augmentation
e~ of A(A7), its pullback by ¢y is an augmentation of A(AT) that we
denote et := ¢~ o ¢y. This is the order-0 map of a family of maps defining
an As-functor @yx: Aug(A~) — Aug(A™) as follows (see [3]):

e on the objects of the category, ®x(e7) =€~ o ¢y,

e for each (d + 1)-tuple (e7,...,e,, ;) of augmentations of A(A~), there
is a map
@;;“’""a; : hom(e;,e,, ) ® - ®@hom(e,e5) — hom(e7, EZ{H)
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defined by

Eq115E1 s — _ 0 _ e _
©5+1 1(’Yd7"')’)/1): Z #ME(’YJF;(Sl)’Yl752)°"7’Yd76d+1)
yrER(AT)

87 by

x ey (07)- "5;+1(5;+1)

The induced functor on cohomology level gives a map on bilinearized Leg-
endrian contact cohomology:

R 1 LOH?. (A7) = LCH, 2+(A+)
which was shown to be an isomorphism if ¥ is a concordance, in [7].

In the case of the augmentation category Augi(A) (defined in [34]),
an exact Lagrangian cobordism from A~ to AT also induces a functor
F: Augy (A7) — Augi (A1). In particular, this functor was shown to be
injective on equivalence classes of augmentations and cohomologically faith-
ful by Yu Pan [35].

4. Floer theory for Lagrangian cobordisms
4.1. The Cthulhu complex

In this section we recall the definition of the Cthulhu complex, a Floer-type
complex for Lagrangian cobordisms, defined by Chantraine, Dimitroglou-
Rizell, Ghiggini and Golovko in [6]. Let A} <x, A} and A, <5, AJ be two
transverse exact Lagrangian cobordisms in R x Y with A, Af, A5, AJ Leg-
endrian submanifolds in Y. We assume that the Chekanov-Eliashberg alge-
bras A(A] ) and A(A; ) admit augmentatlons e; and e, respectively, which
induce augmentatmns el and 5 of A(A]) and A(AJ) as we saw previ-
ously. Cthulhu homology is the homology of a graded complex associated to
the pair (X1,Xs), denoted (Cth(X,X2),d,- .-), generated by intersection
points in 31 N Yo, Reeb chords from A; to Af and Reeb chords from A; to
A7, with shifts in grading:

Cth(21,%s) = C(A],AS)[2] © OF (31, %) @ C(A], AS)[1]

where C'F(X1,%2) denotes the Zo-vector space generated by intersection
points in 3; N 3. This is a graded complex. For the grading to be in Z,
we assume that 2¢;(P) as well as the Maslov classes of ¥; and Y3 vanish
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(which implies that the Maslov classes of A7 and A3 also vanish). The grad-
ing for Reeb chords is the same as the Legendrian contact homology grading
(Section . For an intersection point p € ¥ N 39 the grading is defined
to be the Maslov index of a path of graded Lagrangians from (7,%;)% to
(T,32)* in Gr#(T,(R x Y), d(e*),), the universal cover of the Grassmani-
ann of Lagrangian subspaces of (T,(R x Y),d(e'a),), see [37, Section 11.j]
and [6]. The differential on Cth(X;, ¥2) is a matrix

diy dyo dy-
= 0 doo  dp—
0 do d__

€182

where each component is defined by a count of rigid pseudo-holomorphic
disks with boundary on ¥ and Y9 and asymptotic to intersection points
and Reeb chords from Aét to Ali as follows:

1) for f;:l € R(AF,A]):

dyy 521 Z Z #M RxAT, ’YQ 1751752 17ﬁ2)51 (61)52 (Bs) - 'Y;fl
72,1 B1.B:

where the sum is for 'y;f | € R(AF,A]) and B; words of Reeb chords of
Aj, for ¢ = 1,2. The map dy4 is the restriction to C(Af, A;) of the
bilinearized differential “i;,s; of the Legendrian contact cohomology
of Af UAJ.

2) for &1 € R(Ay, A7 ):

—(&21) Z Z #lez Y2, 1751752 1,02)e1 (81)e;5 (82) - 721

'Yz 1 91,0:
o-(Ga) = D D #MY (aF161.65,,82)e7 (81)e5 () 2T

$+€Zlm22 61,62

——(&21) Z Z #M RxAL 2(72 1301,85,1,02)e7 (81)e5 (02) - 724

Yoq 01,02

and as for d4 4, the map d__ is the restriction of ,u _ _to C(A],AY).

€2,€1
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3) for g € 31 N 39 which is a jump from ¥ to 3:

d+o(q) Z Z #le 2(72 1301, 4, 02)e7 (01)e5 (82) - 72 1

’72 1 61,05
doo(q Z Z H#MS, (xT:81,¢,82)e7 (61)e5 (02) - @
ot 51,0
d_o(q) = b0 75" (q)
Do D #(Miagn, (150381710, 05) X M, (7153 67,4,85))

Y22 01:02
x g1 (0107)e;5 (0505) - 794

where
e the last sum is for §;, 8}, 8, words of Reeb chords of A; such that
3, = 8,67

. 5281 is the dual of d22 "1 O(Ay,A]) = CF(X, %) with Lagrangian
label (22, El)
o b: C(A,,A]) — C(A],A) is the map defined by the count of ba-

nanas:
b(712) Z Z #MI RxAT, (V21301,71,2,02) - €1 (01)e5 (82) - 724
Y21 61,6;

See Figure [2| for examples of pseudo-holomorphic disks which contribute to
the components of 0 e o5 5 €XCept for d4 4 whose contributing disks are of the
same type of those contributing to d__, but with boundary on R x (A;r U
A

//\h ﬁ V2.1 //\f\q\ {\qf\\ . ﬁ $UD,
$21 &1 k /

R x (AfUA)

€a1

Figure 2: From left to right: schematic picture of pseudo-holomorphic disks
contributing to d4—(&34), do—(&51), d——(§31)s d+0(q), doo(g) and d—o(q).
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Remark 7. The other components of the differential vanish for energy
reasons.

When transversality holds, it is again possible to express the dimension
of the moduli spaces above by the degree of the asymptotics. In particular,
from [6, Proposition 3.2] we have:

dlmMRxM ( ,,31752 1, 82) = \’7;1’ + ’5;1\ — B = 1Bo] =1
dim M, - L, (02130156515 02) = |91 = I¢o [ = [01] — |62 =1
dlmMRxA;z('V 01,71,2,02) = |v21l + [0l = 101 = 82| +1 =7

dim My, , (755 01,9,02) = [v3,| — lgl — [01] — 82| + 1

)

(
dim My, 2(7;,1 51,42 1,02) = h’;ﬂ - |C2_,1| — [01] — [62]
dimME12($+ 1aq762) |x+‘7’L.I|7|61|7|62|71
dimMElz(er 51;(21752 ‘$+’_’CQ_1‘_’51‘_’52‘_2
(v

dim My, ,(772:61,4,02) =n+1—|q] — [5;] — [01] — 02| — 1

This gives that the map 0. I8 of degree 1. Without the shifts in grading,
we obtain that dig is of degree —1, d4_ and d_g are of degree 0, d+, doo
and d__ are degree 1 maps and dy_ is of degree 2.

The necessary transversality results in order to make the above moduli
spaces transversely cut out are given in [6]. Briefly, as we already saw in
the previous section, for Legendrian contact homology-type moduli spaces,
cylindrical almost complex structures on R x Y are generically regular. This
is also the case for moduli spaces of bananas, since that even if the curves in
those spaces have two positive Reeb chords asymptotics, these Reeb chords
are distinct, and so the curve is always somewhere injective.

Now, if J* are regular for Legendrian contact homology type moduli
spaces and banana moduli spaces, then moduli spaces Mx(v";77,...,7;)
are transversely cut out for a generic almost complex structure in
Jj“hfLH T(R x Y'), using results of [31, Chapter 3|. The regularity assumption
on J* permlts in particular to achieve transversahty for pseudo-holomorphic
curves coming from the gluing of a curve in Mx(v*;7;,...,7, ) and a curve
in Mgxas (%71, -5 7a)-

Finally, moduli spaces of the types

M21,2($+;51;q7 62) and MZLz (7;:1;517’72_,1762)
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are transversely cut out for a generic domain dependent almost complex
structure

J:[0,1] = T8 p(RxY)

generalizing results of [2]. The domain dependence here is just a time-
dependence because the domain of a curve is biholomorphic to a strip
R x [0,1] with marked points on the boundary (asymptotic to pure Reeb
chords), and we want invariance of the almost complex structure by trans-
lation of the R-coordinate.

Theorem 10. [6] Given ¥1,%9 C R XY ezact Lagrangian cobordisms as
above,

1) Dg, - =0, and
2) The complex (Cth(X1,¥2),0.- ) is acyclic.

The first point of this theorem is proven by studying breakings of pseudo-
holomorphic curves of index 1 with boundary on 31 U 39, or of index 2 with
boundary on R x A UR x A5, and two mixed asymptotics. In Section
we will use the same ideas to prove Theorem [I} The second point of the the-
orem comes from the fact that it is possible to displace the cobordisms in
R x Y such that ¥; and Y5 no longer have intersection points and such that
there are no more Reeb chords from A2i to Af Briefly, this is done by first
wrapping the ends of one of the two cobordisms by a Hamiltonian isotopy in
such a way that the complex we get has only intersection points generators
(no more Reeb chords) and is canonically isomorphic to the original Cthulhu
complex. Then, the invariance of the Cthulhu complex by a compactly sup-
ported Hamiltonian isotopy permits to separate the two cobordisms so that
there are no more generators, which implies that the complex vanishes, as
well as its homology.

Let us denote 0_o = <3€% ;l?:> the submatrix of U then
) da__’_ *+0 *+,
(6> 0= (Oaf,ag) = 0 82

where 40 = d++d+0 + d+0d00 + d+_d_0 and o = d++d+_ + d+0d0_ +
d4—d__. So in particular, (C(A,AJ),d+4) is a subcomplex of the Cthulhu
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complex and
(CF_(21,52) := CF(21,52) ® C(AT,AF)[1], 0-o0)
is a quotient complex. Relation @ implies also that
dio+di—: CF_oo(X1,%2) — C(AT,AT)

is a chain map, i.e. the Cthulhu complex is the cone of d; g + dy_. This map,
that we denote now F3; and sometimes just 7' when the pair of cobordisms
in clear from the context, is in fact a quasi-isomorphism due to the acyclicity
of the Cthulhu complex.

4.2. Hamiltonian perturbations

Given a cobordism A~ <5 AT in (R x P x R, d(e'a)), we consider a special
type of Hamiltonian isotopies by which we deform 3, in order to extract
some properties of the Cthulhu complex. More precisely, we use a Hamil-
tonian H: R x P x R — R that depends only on the real coordinate in the
symplectization, which means that H(t,p,z) = h(t), where h: R - R is a
smooth function. The associated Hamiltonian flow is by definition the flow
of the Hamiltonian vector field Xy defined by tx,d(ea) = —dH. We can
compute that Xp(t,p, 2) = e 'h'(t)0, and so the flow @ is given by:

P RxPXxR—->RxPxR
Oy (t,p,2) = (t,p, z + se”'h'(t))

Now, since ¥ is an exact Lagrangian cobordism, ®3;(2) is also an exact La-
grangian cobordism. Indeed, if fs; : ¥ — R is the primitive of e’« restricted
to X, then we have:

e, (x) = (Py) (€' (dz + B))
=el(d(z+se W (1)) + B)is
= e'(dz + se” ' (B — W)dt + B)is
= etam + s(h" — n')dts,

So, a primitive of e‘ag; (v) is given by

(7) f@%(E)(tvpa Z) = fZ(tapv Z)+S(h/_h)(t)
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In particular, when the function h is for example the function hp below,
the primitive fg: (x) given by vanishes on the negative end of ®%(X).
This type of Hamiltonian isotopy is useful to wrap the cylindrical ends of
the cobordisms, and the way to wrap depends on the choice of the function
h: R — R to define the Hamiltonian. Let us describe here one type of per-
turbation (see [6] for other perturbations). Given T > 0, we define a function
hp: R — R by:

=Aforte[-T,T]
=e —Bfort>T+1
bt)>0forte[-T—-1,-T|U[T,T+1]

where A and B are positive constants. Then we denote Hp the corresponding
Hamiltonian on R x P x R. Now we look how this Hamiltonian wraps the
cylindrical ends of a cobordism. Let ¥; be an exact Lagrangian cobordism
and consider its image by the flow at time €, ®3; (X1), for a small € > 0,
and denote it f]g. The cobordisms 331, ig are not transverse, indeed:

1) on [-T,T] x Y they coincide,

2) ¥y has cylindrical ends (—oo0, T — 1] x A; and [T+ 1, 00) x @,
where A2i = Af + e%, so the Legendrian links A7 UA; and AJ UAS
are degenerate, i.e. they have an infinite number of Reeb chords.

In order to get a pair of transverse cobordisms, we perturb f]g as follows. We
explain briefly the perturbation we need and refer to [12 Section 6] for some
more detailed construction. By the Weinstein Lagrangian neighborhood the-
orem, there is a neighborhood of ¥; symplectomorphic to a neighborhood
Uy of the 0-section of T *Elksuch that >4 is identified with the 0-section. If
e is sufficiently small, then ¥y = ®%; (¥1) is identified with a Lagrangian in
Up which can be seen as the graph of d(eHp) for the function e Hp restricted
to 1. In particular, on ¥y N ([T, T] x Y), the graph of d(eHp) coincides
with the O-section. Take 9 C R X Y to be the exact Lagrangian cobordism
identified with the graph of df, for f : ¥; — R a Morse function such that:

1) fis a small perturbation of eHp on Xy,
2) the critical points of f are all contained in ;N ([T, 7] x Y),

3) the cylindrical ends A;E of 3y are small Morse perturbations of K;E
there are Morse functions f* on A;E such that on a neighborhood of



Product structures in Floer theory 1685

/N\ét contactomorphic to a neighborhood of the 0-section of J! (_/NX;E), AF
is identified with j'(f).

The pair (X1, X5) is now a pair of transverse exact Lagrangian cobordisms.
For a small enough Morse perturbation as above, Formula gives that
every intersection point in C'F(X1,Y¥2) has negative action, we say then
that the pair (X1,39) is directed. Such a pair of cobordisms satisfy some
properties listed in the following proposition:

Proposition 2. [6] Let (X1, 39) be a directed pair of Lagrangian cobordisms
such that X is a small perturbation of ®% (1) as above by a Morse function

fon¥y. Let T >0 be such that ;\([-T,T) x Y N%;) are cylindrical, and
consider a domain dependent almost complex structure Jy in jf}‘f”ﬁ (R x

Y) such that J* are in &' (R x Y). Assume moreover that A(A7) admits
augmentations 7 ,e, which induce augmentations { and EQL of A(A]),
then:

1) there are canonical isomorphisms of the Chekanov-Eliashberg algebras
(A(AT),07) = (A(A;),05) and (AGN), 9F) = (A(A]), 0F), and so
in particular Eli and 5% can also be considered as augmentations of
A(AE) under this identification,

2) H*(C(AT,Ay),d-_) =~ LCH*_ __ (A7), where H*(C(A,Ay),d——)
denotes the homology of the complex (C'(A7,A5), d__) UsIng augmen-
tations €, ,&5 to compute d__,

3) H*(O(A AS) dis) = LOH, (A,

4) if Jy is regular and induced by a Riemanniann metric g such that (f, g)
1s a Morse-Smale pair in a Qeighborhood (iil, tlwn HF.(¥1,%) ~
HYT5(f) = Hpp1-+(31,0-315Zg) ~ H*(31,0, %1 Zs).

5. Product structure
5.1. Definition of the product

Let A7 <y, A;L, 1 =1,2,3, be three transverse exact Lagrangian cobordisms,
and T' > 0 such that ¥;\([-7,T] x Y N%;) are cylindrical. Recall that the
moduli spaces which are useful to define the product are of different types.
First, we need moduli spaces of pseudo-holomorphic curves with boundary
on the negative cylindrical ends of the cobordisms and with two or three
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mixed asymptotics:

MIRXA (7]1’6%'717376) 1,] € {1 2 3}

MRxA;2 L(3.1501,71,2,02,72,3, 03)
Meon;, , (13.1501,72,1,02,72,3,03)
Mg, 3(73,1; 01,71,2,02,73,2,03)
Meons, ,(13.1501,72,1, 62,732, 03)

with v; ; € R(A;, A;) for 1 < 1,7 < 3. Remark that the first one is a moduli
space of bananas which already appeared in the definition of the Cthulhu
differential. The four others are moduli spaces of pseudo-holomorphic curves
having 31 as a positive Reeb chord asymptotic and the other mixed chords
are positive or negative asymptotics depending on their direction.

Then we also need moduli spaces of pseudo-holomorphic curves with
boundary in the non-cylindrical parts of the cobordisms, and again with
two or three mixed asymptotics:

le,z ($+; 617 72,1, 62)
for zT € ¥1 N X9, and

x7:81,21,82, 22, 03)

xt;81, w1, 82,732, 03)
zt;81,792,1, 02, 22, 63)
275 61,72,1, 02,732, 03)

for T € 31 N X3, and also

M21,2,3 (71,3; 517 X1, 527 X2, 63)
MEI,Q,S (71,3; 617 72,1, 527 €2, 63)
M, 55 (71,3:01, 71, 02,732, 03)

where 71 3 is a negative Reeb chord asymptotic.

We achieve transversality for these moduli spaces using domain depen-
dent almost complex structures. First, remark that moduli spaces of curves
with boundary on the negative cylindrical ends above are transversely cut
out for a generic almost complex structure in J (R x Y). Indeed, even if
some curves have several positive asymptotics, these are all distinct so it is
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always possible to find an injective point (same argument as for Legendrian
contact homology type moduli spaces).

Now, consider J* € J%U(R x Y) regular almost complex structures for
the moduli spaces of curves with boundary on the positive and negative
cylindrical ends respectively, with two or three mixed Reeb chords asymp-
totics and negative pure Reeb chords asymptotics (in fact, we do not need
here regularity of J* but in any case it will be useful in Section . We
know that Cthulhu moduli spaces of curves with boundary on non-cylindrical
parts of the cobordisms are transversely cut out for a generic time-dependent
almost complex structure J; : [0,1] — jjiif’}+7T(R x Y'). So, let us denote by

JtZ "”E"‘, for 4,7 € {1,2,3}, a regular time-dependent almost complex struc-
ture for Cthulhu moduli spaces associated to the pair of cobordisms (3;, X;),
with the convention that JtE #¥i is a constant path. Then, given a consis-
tent universal choice of strip-like ends, we use Seidel’s result [37, Section
(9k)] to deduce that a universal domain dependent almost complex struc-
ture Joy : 83— Jm. (R x Y) can be perturb to a regular one for the
moduli spaces above with boundary on non cylindrical parts and three mixed
asymptotics.

This means that we can find a regular domain dependent almost complex
structure with values in jjlfl"}+ +(R x Y') such that all the moduli spaces we
have encountered until now are simultaneously smooth manifolds.

Remark 8. In all the section, as before, we define maps by a count of rigid
pseudo-holomorphic curves. This count will always be modulo 2.

Let us assume that the Chekanov-Eliashberg algebras A(A; ), i = 1,2, 3,
admit augmentations e, . We want to define a map:

my: CFjOO(EQ, 23) ® CFjOO(El, 22) — CFjOO(El,Eg)

linear in each variable. This map decomposes as my = m® + m~, where m°

takes values in CF*(X;,%3) and m™~ takes values in C*(A], A3 ). In order
to do this, we define these maps on pairs of generators, which means that
we must define the eight following components:

myy : COF*(82,%3) ® CF*(X1, %) — CF* (31, 3)
My * CF*(ZQ,Eg) ® CF*(El,EQ) — C*(AI_,AS_)
my_: CF*($2,%3) ® C*(A],Ay) — CF*(X1,%3)
mo_: CF*(32,33) ® C*(Ay, Ay) = C7(Ay, Ag)

mly: C*(Ay,A3) ® OF*(X1,%2) — CF*(21,%3)
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m_,y: C*(Ay, A7) ® CF*(X1,32) = C*(A],A3)
m® _: C*(Ay,A3) @ C*(A],Ay) = CF*(X4,33)
m”_: C*(Ay,A3) @ C* (A, Ay) = C7(AL, Ag)
Let us begin by m%. We set:

mio(za,21) = Y #MY, (aF;81, 21,82, 29,85)e7 (81)e; (82)e5 (83) - 2

zt,8;

C(wo,m) = D #MS (@7581,71, 89,39, 83)e (61)e; (82)e5 (03) - o

1,8,

o(72,21) Z H#MS, (xF561, 21, 82,72, 63)e] (81)e5 (02)e5 (83) - ™

zt,8;
_(7v2,m) Z H#MS, . (x5 81,71, 82,72, 63)e7 (81)e5 (82)e5 (03) - 2t

xt,0;

where the sums are for z7 € X1 N X3 and for each i € {1,2,3}, §; is a
word of Reeb chords of A;". Then, to define m™ we first introduce inter-
mediate maps. We recall that there is a canonical identification of com-
plexes CFy11-+(Xp, o) = CF*(X,, %) and we denote Cy (A, , A,) the dual
of C*(A;, A, ). We consider a map:

fB:CF o(29,53) @ CF_ oo (21, 82) = Cro1—«(A3,AT)
defined on each pair of generators by:

FO (29, 21) = Z #M%I,z,s(’h,?,; 01,21,02,x2,03)e] (01)e5 (02)e5 (03) - 71,3

71,375i

FO(za,71) = Z #M%m(%g; 01,71,02,x2,03)e] (01)e5 (02)e5 (83) - 71,3
71,3151'

FP(ye,21) = Z #M%m,s(’ﬂ,?ﬁ 01,21,02,72,03)e] (01)e5 (02)e5 (03) - 71,3
%,3,51'

FP(y2,m) =0

where x9 € OF(X2,%3), x1 € CF(X1,%2), 72 € R(A;,A;) and v €
R(A5, A7) (see Figure [3). This map is the analogue of the map

078t CFni1—4(D2,%1) = CF*(51,52) = Cro1—i(A3, A7)

with three mixed asymptotics instead of two, where (5%’61 is the dual of dozil :
C* (A5, A7) = CF*(39,%1) (see Section. The Lagrangian label being
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given by the asymptotics, we will now denote by f(!) the maps 5%’61 and 5?82,
which we extend to the whole complex CF_(%;,%;) by setting f(l)('yjﬂ-) =
7vj; for a mixed Reeb chord. Then we generalize the banana map b with a

T2 T T

1,3 71,3 Y1

Figure 3: Curves contributing to £ (z9,z1) and f® (x5, v1).

map b defined by a count of pseudo-holomorphic disks with three mixed
asymptotics. Let us denote €(A;, A7) = C* (A, Aj) © Cro1—o (A, A7), we
define:

b €Ay, A7) ® C(AT,Ay) — C* (AT, A7)

02 (23, 712) = D # M1 Rx AL, (13,1501, 71,2, 62, 72,3, 03)
V3,1,04
x €1 (81)e3 (02)e5 (93) - 732

0 (2,3,721) = > #M Rx AL, (13,13 01,72,1, 62,72,3, 03)
V3,1,04

x €1 (01)eq (02)e3 (03) - 73,1

b (132, m2) = > #Mg =, (131561,71,2, 02, 73,2, 3)
v3,1,05
x €1 (01)e5 (62)e5 (03) - 73,1

b (32, 721) = > #MRXA;%(%J;(SL’YQ,M52,’)’3,2753)
V3,1,9:
x €1 (01)e5 (62)e3 (03) - 73,1

with 7;,; € R(A;,A;) and words of Reeb chords §; of A; . Figure {4 shows
examples of curves counted by b(2).

Remark 9. The map b(2) restricted to C*(A;,A3y) ® C*(A7,Ay) is in fact
equal to the product ,u, _  in the augmentation category Aug_(A; UA; U

A7) restricted to this sub complex where £5 5 ; is the dlagonal augmentation
of A(A] UA; UA3) built from 7 ,e5 and €5 (Sectlon
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¥3.1

APV

Figure 4: Curves contributing to b(v1,2), b2 (72,3, 71,2), b(2) (73,2,71,2) and
b (y3.2,72,1)-

Now we define the map m~ by the following formula. For a pair (a2, a1) €
CFy(X2,X3) @ CF_o (X1, X2), we set:

m~(az,a1) = bo fP(az,a1) + b@(fW(az), fP(ar))
More precisely, for each pair of asymptotics, we have:

Moo (w2, 21) = bo fO (g, 1) + b@ (fV (22), MV (21))

mg_(z2,m1) = bo f@(za,m) + b@(fD(22), 1)

mZo(y2,21) = bo f@ (ya,21) + 0P (72, 1 (21))
~_(v2:m) =0 (32, m)

Contrary to the definition of m®, when at least one input is an intersection
point we need to count broken curves instead of just one type of pseudo-
holomorphic disk, in order to associate a positive Reeb chord in C*(A{,A3)
to the two inputs. These broken curves have two levels, one level contains
curves with boundary on the non cylindrical parts of the cobordisms, and
the other level contains a curve with boundary on the negative cylindrical
ends of the cobordisms. These configurations look like pseudo-holomorphic
buildings but they are not because their components cannot be glued, so
in particular, they are rigid. These configurations are part of what we will
call unfinished pseudo-holomorphic buildings, for which we now give a def-
inition in a general setting. This definition is very close to the definition
of pseudo-holomorphic building given in Section [2.6] The main difference is
that after boundary connected sum of the components at nodes, the remain-
ing asymptotics contain a positive Reeb chord in the bottom level and so
the gluing results do not apply. As in Section consider d + 1 transverse
exact Lagrangian cobordisms A; <y, A, and the following Lagrangian la-
bels ¥ = (31,...,%441) and R x AT = (R x AE . R x Ad+1) Recall that
given a planar rooted tree T with d — 1 leaves, d > 2, we associate to each
interior vertex v a triple (S, , I, Ly). Let us distinguish this time one vertex
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that we denote vy which is the unique interior vertex connected to the root
of T. Again, the set of all nodes |J I, contains an even number of elements

v
organized in pair and we denote

va = {p1,p1} U{p2, P2} U U {pk, Pr}

the partition of |J I, in such pairs, where k is the number of interior edges
of T.

Definition 5. Given integers k—, k™ > 0, an unfinished pseudo-holomorphic
building of height k~|1|k™ in R x Y with boundary on ¥ is the data of:

1) a planar rooted tree 7' and the corresponding union of triples
U(Sy,, Iy, Ly) and the distinguished vertex vy,

v

2) a choice of asymptotic in A(X) for each node in |JI,. We require that
for each pair {p;,p;}, the same asymptotic is assigned to p; and pj,

3) a choice of asymptotic for each marked point in |J L,,

4) a pair (uy, py) for each interior vertex v # vy of T, where wu, : S,, —
R x Y is a pseudo-holomorphic disk asymptotic to the given asymp-
totics assigned to elements in I, U L,,, and p, is the floor of v, satisfying
_ki S Pv S kJra

5) apair (uy,, py,) Where uy, : Sr, — R x Y is a pseudo-holomorphic disk
asymptotic to the given asymptotics assigned to elements in I, U L,,,
in the bottom level (i.e. p,, < 0), so in particular u,, is only asymptotic
to Reeb chords (no intersection points).

These data are required to satisfy some conditions. First, let us
denote v1, ..., v; the interior vertices of 1" connected to vy respectively
by edges that we denote e, ..., e;. Add a vertex [, on each edge e;, in
particular we have |l.,| = 2. Denote T the planar rooted tree obtained
from T' by adding these vertices. Consider now the subtrees T1,...,T;

of T rooted at le, and containing all the descendants of [, (under the

canonical orientation from the root to the leaves given by a rooted
tree). Remark that then Tp =T\ {J; T} is a planar rooted tree with
one interior vertex, v, leaves l.,, ..., lc,, a root ly (the original root of

T) and potentially other leaves of the original tree T' that we denote

l1,...,ls. The numbering is not significant here. Remark that each I,

corresponds to a pair of nodes of T' that we denote without loss of

generality {p;, p;}, and we assume p; € I,,, and p; € I,,,. The following
conditions are required:
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a) each floor —k~ < p < k™ admits at least one non trivial disk,
b) each tree T; associated with the given asymptotic data and pseudo-
holomorphic disks chosen above gives a pseudo-holomorphic build-

ing,
c) Sr,, has boundary punctures at p;, 1 <14 < j, and boundary punc-
tures corresponding to lyp and [y, ...,[s; that we still denote [, ...,

ls € Ly, by abuse of notation, such that
(i) uy, has a positive Reeb chord asymptotic at [y and negative
Reeb chord asymptotics at [; for 1 <7 < s,

(ii) if u,, has a positive (resp. negative) asymptotic to a Reeb chord
v € A(X) at the node p;, then u,, must have a negative (resp.
positive) asymptotic to 7y at p;, and we have p,, = p,, — 1 (resp.
Po; = Pu, +1).

Remark 10. Although the previous definition is quite long and compli-
cated, remark that an unfinished pseudo-holomorphic building is an object
which satisfies the conditions of Definition [2| except the condition (g), and
has the following additional properties:

e the middle level is non-empty,

e the component u,, lives in the bottom level and has exactly one posi-
tive Reeb chord asymptotic which is not a node,

e the other pseudo-holomorphic disks defining the building (but not wu,, )
satisfy the condition (g) of Definition

Next, we define the notion of equivalence of unfinished pseudo-
holomorphic buildings. The definition is actually the same as Definition
for pseudo-holomorphic buildings.

Definition 6 (Equivalence of unfinished pseudo-holomorphic build-
ings). Two unfinished pseudo-holomorphic buildings are equivalent if they
become the same after the removal of an appropriate number of trivial cylin-
ders together with the obvious deformation of the underlying planar rooted
tree, to each of them in the bottom and top levels. In other words, two
unfinished pseudo-holomorphic buildings are equivalent if they become the
same after:

e removing all possible trivial cylinders in the bottom and top levels
attached to asymptotics assigned to UL,,
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e removing simultaneously trivial cylinders attached to all the positive
ends and/or all the negative ends corresponding to nodes in UI, of a
component in the bottom or top level.

See Figure for an example of 4 equivalent unfinished pseudo-
holomorphic buildings.

Remark 11. The trees associated to equivalent unfinished pseudo-
holomorphic buildings are the same up to the addition/removal of vertices
of valency 2.

Remark 12. Observe that condition (5)(a) in Definition |5/ implies that we
do not consider any unfinished building with boundary only on the nega-
tive ends R x A™, because such an unfinished building would actually be
equivalent to a pseudo-holomorphic building as defined in Section [2.6]

=L 15l A

a

Figure 5: Four equivalent unfinished pseudo-holomorphic buildings, where
the 70”7 indicates a trivial strip.

o
o
o

—
A

Roughly speaking, one can imagine unfinished buildings as being build-
ings where we have removed some component in the middle level in such a
way that it is not a building anymore. Thus the map m™ counts unfinished
pseudo-holomorphic buildings. On Figures [6] [7], [ and [0 are schematized the
different types of curves and unfinished buildings that contribute to ms.

Remark 13. By [6, Proposition 3.2] for curves with boundary on three
transverse exact Lagrangian cobordisms instead of two, we can express the
dimension of the moduli spaces involved in the definition of mo by the degree
of the asymptotics. Then it is not hard to check that mo is a degree 0 map,
with the shift in grading for Reeb chords (see Section .
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Figure 6: Left: curve contributing to m,(z2, x1); right: curves contributing
to mgg (22, 21).

.’E+ ) To
b 2
V3,1 m V3,1 /\
M U ozl U
Rx A~

7

Figure 7: Left: curve contributing to m8_(:n2, ~1); right: curves contributing
to my_(22,71)

ER\V/A\

Y2

RxA™

Figure 8: Left: curve contributing to m(lo(vg, x1); right: curves contributing
to mZy(y2, 71)

5.2. Proof of Theorem [l

In this section, we prove that mo satisfies the Leibniz rule:

m2(_7a—oo) + m2(8—007 _) + a—oo o mQ(_7 _) =0
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t+

m 73,1
a! 72

Al 72

Rx A~

Figure 9: Left: curve contributing to m® _ (2, 71); right: curve contributing
to m__(’)/g, "yl).

In order to do this, we show that the above relation is satisfied for each pair
of generators in CF_ (X2, X3) ® CF_ (X1, X2). For example, for (x2,z1) €
CF (3o, 23) & CF(El, Y2), this gives:

mo (CEQ,a_OO(CUl)) —+ mo (8_00(352),371) 4+ 0_o © mg(acg,wl) =0
& my (22, (doo + d—o)(z1)) + ma ((doo + d—o)(z2), 1)

+ (dOO + d_0> o mo(xg,xl) + (do_ + d__) o m*(xg, a:l) =0
& (m® (w2, (don + d0)(21)) +m®((doo + d_o)(z2), 1)

+ doo o mo(xg, :El) + do_ o m_(SUQ, xl))

+ (mf (22, (doo + d—0)(x1)) + m™ ((doo + d—0)(z2), x1)

+d_go mo(l‘g,l‘l) +d__o m_(l‘z,l‘l)) =0

and in the last equality the two terms into big brackets must vanish because
the first one is an element in CF(X1,¥3) and the second one is an element
in C(A7, A3 ). Thus, considering each pair of generators we obtain in total
eight relations to prove which are the following.

1. For a pair (x9,x1) € CF(X2,33) ® CF (X1, %2):

(8) o mgo(m doo(1)) + mgo(doo(z2), 21) + doo © Mgy (2, 1)
+mp_ (2, d_o(z1)) + m2o(d_o(x2), 1) + do— 0 mgg(z2,21) =0
(9) & mgy(w2, doo(x1)) + mgg(doo(@2), 1) + my_ (22, d—o(21))
+m_y(d—o(z2) x1)+d_gom80(x2,x1)+d__omgo(xg,xl) =0

)
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2. For a pair (x2,71) € CF(32,%X3) ® C(A]AS):

(10) o my(w2,do— (1)) +my_(doo(z2),71) + doo © my_ (x2,71)

(11) e mgy(w2,do— (11

3. For a pair (7y2,21) € C(Ay,A3) @ CF(X1,X2):

(12) o m2y(v2, doo(x1)) + mg(do—(72), 1) + doo © M2 (72, 1)
+m? _(v2,d—o(x1)) + m®o(d—_(72),21) + do— o m_y(72,21) =0
(13) & mZy(v2, doo(z1)) + mgg(do—(72), 21) + mZ_ (72, d—o(z1))
+mZo(d——(72),21) + d—g o m® (72, 1) + d—— omy(y2,21) =0

4. For a pair (y2,71) € C(Ay, A7) ® C(A],AY):

(14) o m%y(v2,do— (1)) +mY_(do—(72), 1) + doo © Mm% _(y2,71)
+m®_(v2,d——(m1)) + m? _(d——(72),71) + do— omZ_(v2,71) =0
(15) o m__(v2,d——(m1)) +m__(d——(72), 1) +d——om__(v2,71) =0

To obtain these relations, we study the different types of pseudo-
holomorphic buildings involved in the definition of each term appearing in
the relations. Each curve in these buildings are rigid because the Cthulhu
differential and the map my are defined by a count of rigid configurations.
This means that the curves are of index 0 if their boundary is on non-
cylindrical Lagrangians, and of index 1 if their boundary is on the negative
cylindrical ends of the cobordisms. Compactness and gluing results imply
that these broken curves are in bijection with elements in the boundary of
the compactification of some moduli spaces. We recall below some properties
that must be satisfied by the pseudo-holomorphic buildings we will consider
here:

1) each curve in a pseudo-holomorphic building must have positive en-
ergy, so for example each component with only Reeb chords asymp-
totics must have at least one positive Reeb chord asymptotic. For
curves with also intersection points asymptotics, as the action is inde-
pendent of the label, it is possible to have curves with only negative
action asymptotics, but in any case the energy must be positive (see

Section and Subsection below),
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2) each curve has a non negative Fredholm index because of the regularity
of the almost complex structure,

3) the following relation on indices must be satisfied: if wuq,...,u; are
curves forming a pseudo-holomorphic building, the glued solution
has index given by ind(u) = v + >, ind(u;), where v is the number of
pair of nodes asymptotic to intersection points (Section .

xt+

q

x1
Figure 10: Pseudo-holomorphic building contributing to m3,(za, doo(x1)).

5.2.1. Relation . The first term appearing in this relation is
my (w2, doo(z1)). For every intersection point ™ € ¥ N X3, the coefficient
(m8y (w2, doo(z1)),xT) is defined by a count of pseudo-holomorphic build-
ings whose components are two index-0 curves with boundary on ¥; U
Y9 U X3, which have a common asymptotic at an intersection point ¢ €
CF(X1,%2). One curve contributes to (doo(x1),¢) and the other contributes
to (mdy(x2,q),z") (see Figure [L0| where the numbers in the curves indicate
the Fredholm index).

The two curves can be glued together along ¢ and the resulting curve
is an index-1 curve in the moduli space /\/ll2123 (x%; 81,21, 82, 29,03). This
implies that the holomorphic buildings contributing to md,(za, doo(x1)) are
in the boundary of the compactification of this moduli space. In fact, each
term of the Relation (8) is defined by a count of holomorphic buildings whose
components can be glued to give a curve in /\/ll2123 (x%; 81,21, 82, T2, 03).
Thus now we look at all the possible breakings that can occur for a one
parameter family of curves in this dimension 1 moduli space. The curve can
break on:

1) an intersection point in X1 N Xg, 39 N X3, or X3 N X1, giving a pseudo-
holomorphic building with one level containing two curves with a com-
mon asymptotic at this intersection point,

2) aReeb chord, giving a building of height 1|1|0, the middle level contain-
ing index 0 curves with boundary on 3; U Xy U X3, the bottom level
containing an index-1 curve with boundary on R x (A] UA; UAZ).
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Figure 11: O-breaking of a curve in M (x*; 81,21, 82, 22).

Remark 14. In the second case, if the curve breaks on a pure Reeb chord
v € R(A;) for i € {1,2,3}, this is called a 0-breaking (see Figure . One
component of such a broken curve contributes to 9°(y), where 0" is the

differential of the Legendrian contact homology of A;. We denote by

ﬂa(:v+;61,$1,52,x2,63) the union of all the 0-breakings obtained as de-

generation of curves in ./\/ll2123 (xt; 81,21, 82, T2, 03). Now, the Cthulhu dif-
ferential and the maps involved in the definition of the product mo are
defined by a count of elements in some moduli spaces of curves with two
or three mixed asymptotics and every possible words of pure Reeb chords
asymptotics §;. Thus, the 0-breakings on a chord ~y for every possible words
of pure chords §; will contain all the curves contributing to 9;(y). Then, in
the definition of the Cthulhu differential and the product, pure chords are
augmented by €, and by definition ¢ o 0" = 0, so this means that the total
contribution of 0-breakings vanishes.

The boundary of the compactification of /\/ll2123 (x%; 81,21, 82, 22, 3) can be
decomposed as follows:

OMLs,,. (x5 81,21, 89, 22,03) = ﬂ8($+751,$1,5271’2,53)

/ 1 " !
U M(x+;61’p7 2)352)63) X ME12(p;517x1762)
p621022
6107=0,,0,05=06-
/ " " /
U M(er;élaxl? 27Q753) X'ME23(q; 2,%2,53)

qEEQ 023
8,8=0,,0,04=0,

U M213($+; ll?ra 5{’:) X M(r;élllaxlaé%w?aég)

reXiNis
6107=01,0404=063
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JM(@T:87, €21, 05, w2, 85) x M(&2,1; 07, €1.2,85) x Ms,, (€1,2; 07, 1, 8%)
UM($+;517$1,5/2,53,2,5§,”) X fVlV(f:s,z; 5,£2,3,0%) X My, (£2,3; 85, w2, 85)
UMz, (@581, 85) x M(&315 07,613, 85) x M(&15: 87,21, 8, 72, 8%)
UM213($+;5’1753,1,5§;/) X M(E3,1; 07, €12, 8%, €23, 85)

X M, (61,2107, @1, 05) X M, (62,3105, w2, 83)

where the 68}, 87, 8" are words of Reeb chords of A; such that §;8; = §; for

1771
the three first unions, and 8,67 67" = &; in the four last unions where we sum

171 71
also respectively for:

° 617267?,/\, ,52,167?,1\,

(A7, AS) Ay, A7),
o &1 €R(A;,AY), &3 € R(ALLAY),
o $32€R(AF,AY), &23 € R(AS,Ay),
o &1 €R(ATLAT), &3 € R(A;,AF), 12 € R(AT,A).

See Figure[12]for a schematic picture of the above pseudo-holomorphic build-
ings (except the 0-breakings because we do not draw the pure Reeb chords).
From this, we can deduce Relation . Indeed, there is a one-to-one corre-

Figure 12: Pseudo-holomorphic buildings in the boundary of the compacti-
fication of M (zT; 67, 21,85, 29,85 ).

spondence between buildings involved in the definition of each term in Rela-
tion (from left to right) and buildings in M1y, (z1; 81, 1, 8o, 29, 83)
(from left to right on Figure , except that the last term of Relation
is defined by a count of the two last types of buildings at the right of the
figure. Moreover, M1y, (z7;81, 21,89, 20,83) is a compact 1-dimensional
manifold so its boundary consists of an even number of points, hence the
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count of such points vanishes over Zs and we get:

moo (w2, doo (1)) + my(doo(22), 21) + doo © My (w2, 1)
+ mg, (332, d_o(a?l)) + mgo(d_o(wg), 1'1)
+ do— o myy(x2,21) =0

5.2.2. Relation (9). The first term of Relation (9 is mgq(z2, doo(z1)).
For each Reeb chord 731 € R(A3, A} ), the coeflicient (m,(doo(2), 1), ¥3,1)
is defined by a count of unfinished buildings of two types, as we saw in Sec-
tion for the definition of m ™. These unfinished buildings are of height
1/1]0 and the components in the middle level form a pseudo-holomorphic
building so its components can be glued (see Figure . Indeed, the curves
in the middle level glue together at an intersection point to produce unfin-
ished pseudo-holomorphic buildings of height 1|1|0 of two types. These live
in the following products of moduli spaces:

Mlgons, (v3,15€171,3,€3) ¥ M5, (71,361, 21, 82, 2, 53)

MleA;23 (73,15 €15 71,25 €25 72,3, C3)
X Mélz (7172; Bl? x1, 162) X M%Q?, (72,3; 52; x2, 53)

Similarly to the previous relation, we will study degeneration of curves

X2 Z1

0 T2 by
73,1 ﬂ)\ 01 731

\%/ AT/

Figure 13: Unfinished buildings contributing to (mg,(z2, doo(z1)),73,1)-

in these products of moduli spaces. However, these are not the only one we
have to consider. Indeed, the second term of Relation (9)) is mgq(doo(z2), z1),
and analogously to the first term, unfinished pseudo-holomorphic buildings
contributing to (mgy(x2, doo(x1)),73,1) for a Reeb chord 731 € R(A5,A])
have a pseudo-holomorphic building middle level whose components can be
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glued. After gluing, we get unfinished buildings in the following products:

MUpons, (161,713, €3) X My, (713381, 21, 82, 22, 83)
Mg in- (13,15€1,71,2,€2,72,3,C3)

123

X M%n (’7172;1617:1:1762) X M£23(72,3; 627$27 63)

Observe that the first product type is the same as one we already obtained
above, but the second is different. Let us consider now the third term of
Relation @D, which is by definition a sum

mZo(z2,d—o(21)) = bo fO(23,d_o(21)) + b (fV (22), d_o(21))

The first term of this sum counts unfinished buildings of height 2|1|0 such
that the components in the middle level and on floor —1 are curves contribut-
ing to f®(zq,d_o(z1)) and form a pseudo-holomorphic building of height
1]1]0. On floor —2 there is one curve contributing to the map b. The second
term, b (f(z3),d_o(x1)), also counts unfinished holomorphic buildings of
height 2|1|0 but this time the components in the bottom level on floors —2
and —1 give a holomorphic building of height 2|0|0. Gluing the components
of these buildings, we get unfinished buildings in the following products (see
Figure [14)):

MUpoas, (161,73, €3) X My, (713381, 21, 82, 29, 83)
Mz]RxA* (73,1;C1771,27C2,’72,37C3)

123

x MY, (1,2: B, @1, By) X M3, (72,35 82, T2, 03)

Again, we already got the first type of product but the second product
is a new one we will have to study. Then, the fourth term of Relation @D,
my_(d—o(x2),x1)), is symmetric to the third and so counts unfinished build-
ings such that some levels can be glued to give unfinished buildings in the
same products of moduli spaces as above (for study of the third term). The
fifth term is d_g o mJy(z2,1). The middle level of unfinished buildings con-
tributing to this term is a pseudo-holomorphic building with two curves
which glue together at an intersection point in 1 N X3. After gluing, we get
unfinished holomorphic buildings in the product:

Migoaz (13,15€1:71,3, €3) X M5 (71,361, 21, 82, 72, 83)
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0 R x A~
V3,1

7 NS/ R,

T2

) T

b
V3,1 V3,1 0 0

Figure 14: Unfinished pseudo-holomorphic buildings contributing to the co-
efficient (mZ,(x2,d—o(x1)),73,1) and gluing of some levels.

Finally, the last term of the relation, d__ o mg,(x2,21), counts unfinished
buildings of height 2|1|0 of two types, such that the components in the
bottom level on floors —2 and —1 form a holomorphic buildings of height
2|0]0. Gluing these components, we get unfinished buildings in the products:

M2 a- (131:€1,7.3,€3) X MS,, (71,3381, 21, 82, T2, 83)
MQRXA7 (’7371; Cla 71,2, C27 72,3, C3)

123

x M3y, (71,2; B, 71, By) X M3, (72,35 62, T2, 63)

Now, in order to obtain Relation @D, we need to study the boundary of the
compactification of each product of moduli spaces appearing above, where
all the broken curves that are involved in the definition of each term of the
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relation live. So, to sum up, we must study the boundary of the compacti-
fication of the following products:

(16) MlRXA;s (7371; 617 /71,37 63) X Mlzmg (’}/173; 617 X1, 527 X2, 63)
(17) M2]R><A1_3 (’73,1; gla 71,3, 53) X M%ma (71,3; 617 X1, 52a X2, 53)

(18) Mlgons,, (1315€15 71,2, €2, 72,3, C3)

X MY, (71,2; 81, w1, By) X Mg, (72,35 82, 22, 83)
(19) M Rx AL, (13,13 €1: 71,2, €25 72,3, C3)

X Mg, (71,2; 81, @1, By) X M3, (72,3582, 22, 83)
(20) M? “Rxas,, (13,15 €1, 71,2, €25 72,35 C3)

x M3 (71,2 B1, @1, By) X M3, (72,3582, 22, 83)

In these products, moduli spaces of index-0 curves with boundary on non-
cylindrical Lagrangians are compact 0-dimensional manifolds, as well as the
quotient of moduli spaces of index-1 curves with boundary on the negative
cylindrical ends of the Lagrangian cobordisms. On the other hand, mod-
uli spaces of index-1 curves with boundary on non-cylindrical Lagrangians
are non compact 1-dimensional manifolds, as well as the quotient of mod-
uli spaces of index-2 curves with boundary on cylindrical Lagrangians. By
compactness results, these 1-dimensional moduli spaces can be compactified
and the boundary of the compactification consists of pseudo-holomorphic
buildings with rigid components. Thus, we need to describe the followings
spaces:

71,3501, 21, 02, 22, 03),

2 73,1; 517 71,33 63)7

(
(
1(72,3; 02, 22, 83),
(
M3(

555

i

1 7172; /817 xluﬁQ)a
2

9“.*“.“!\"’.‘

73,1561, 71,2, $2, 72,35 €3)

where we write M2 instead of M2 = (M2/R) to simplify notation for the
compactification of the quotient of a moduli space of index-2 curves with
boundary on cylindrical Lagrangians. Once we understand the boundaries of
the compactified moduli spaces above, we understand all the broken curves
appearing as degeneration of unfinished buildings in the products , ,

(8, {9 and 0.
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1. 8@(71,3;51,331,62,@,53): the different pseudo-holomorphic buildings
in this space are listed below, where the unions are, depending on cases,
over intersection points p € Y1 N Yo, ¢ € Yo N X3, € X1 N X3, Reeb chords
&ij € R(A;, A_) for 1 <i# j <3, and words of pure chords 8},4;,48, of
A fori=1, 2, 3 satisfying 8,0) = &; or 8,878} = §;.

— —8
OMI (71,3501, 21,02, 22,03) = M (71,3; 01,21, 02, 72, §3)
U M 71 3,61,]9, 62>$2)63) X M(p7 331’5,)
6/ 6//
U M(n3;61,21,85,4,85) x M(g; 8,22, 83)
q,6;67
U M(Vl,SQ 6/17T7 6,3/) X M(Ta 6/1/,IE1,52,$2,5/3)
6,8
U M(v1,3; 61, €21, 05, 22,03)

62,1»51,2
1oSIr SI
61‘761' 751’

X M(fll; /1,7 51,27 6/2,) X M(£1,2; 5,1”1 X1, 5/2>

U M(’)/l’g;(51,%’1,5/2,5372,63”)
52‘3)53,2
58080

X M(&3,2; 05,23, 0%) X M(Ea3; 05, 12, 05)

U M(71,3; 87, &1,3,603) X M(&3; 07, 21, 82, 22, 85)
&3
8.5

U M(71.3; 61, &1.2,05,82.3,0%)

§2,37£1,2
93,07, " / " /
X M(&2,3: 05, w2, 03) X M(&1,2; 07,21, 63)

See Figure for a schematic picture of the different types of pseudo-
holomorphic buildings in IM! (x2; 83,713, 01,21, 02).

T1 xo

VY TR T

71,3 71,3 7.3 71,3

Figure 15: Pseudo-holomorphic buildings in the boundary of
M (y1,3;01, 21,02, 22, 83).
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2. 8@(73’1; &1,7,3,&3): pseudo-holomorphic buildings appearing as degen-
eration of index-2 bananas are of two types. We have:

OM2(731:€1, 713 €3) = M (73,1161, 713, €3)

U Mrsa: €060, €5) x M(E15€0,71.3.€5)
§3,1,€0,€7

U M(7315 €1, 61,3, €5) x M(€1,3;€7,71,3, €5)
SR IR

with again & ; € R(A;,A;), and &, & words of Reeb chords of A, with
£iel = ¢, (see Figure .

71,3 73,1 71,3 V3.1

x (AfUAY)

Figure 16: Pseudo-holomorphic buildings in the boundary of
M2(73,15 01,713, 3).

X1 X9

X To T
T
0 €Ty X2 0 5
V3.1 73,1 o ’Ys 1 /\ A (\ /\

9 \V/V { W\ e

73,1 73,1
\l/ u Rx A~
zz T To Tr1 X2 1
) X
0 0 >

L\ i

1 Ki/ u v RxA™

Figure 17: Unfinished pseudo-holomorphic buildings in and .
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With 1. and 2. above, we can describe all the types of broken curves in the
boundary of the compactification of the products and . Instead of
writing again huge unions of moduli spaces, in Figure [17| we drew schematic
pictures of the corresponding unfinished holomorphic buildings. The first
seven (from left to right and top to bottom) are in:

(21) M(V3,1;E1771,37€3) x OM (71 3; 01,21, 82, Ta, 03)

and the last two are in:

(22) OM2(y31;€1,7m,3,€3) x M° (71,33 01,21, 82, 22, 83)

Remark 15. In the bottom of Figure [I7 two of the unfinished holomor-
phic buildings are equivalent (Definition @: the leftmost compensate with
the rightmost. The leftmost is in : the component in the middle level
together with the component in the bottom level in floor —1 form a pseudo-
holomorphic building which lives in 8@(’71,3; d1,71,02,22,03). The right-
most unfinished building in the bottom of the figure is in : the com-
ponents of the bottom level form a pseudo-holomorphic building living in
0@(73,1;51,71,3,53). These two unfinished buildings correspond thus to
different geometric configurations because they live in the boundary of the
compactification of two different products of moduli spaces (one is in ,
the other in ) However, these buildings differ only by a trivial strip
R x 731 so they contribute algebraically to the same map which is in this
case bo d__ o f@)(xy, 1), where §__ is the dual of d__.

In order deduce the algebraic relation that these boundary elements give,
we introduce a new map:

AP, 1 (A5, A7) X Cug (A, AT) = Coorw(A5, A7)
defined on pairs of generators by:

AP (y93,712) = > #M (y1,5; 81,712, 02,72,3, 03)e] (81)e5 (82)e5 (85) - 713

71,3

AP (y93,921) = > #M (1,3;81,72.1,82,72.3, 83)e7 (81)e5 (82)e5 (85) - 713
1,3

AP (y35,712) = Y #M (71,3 81,72, 02,73.2,83)e7 (81)e; (62)e5 (83) - 1.3
1,3

A®) (73,2,72,1) =0
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Now, as for Relation , the mod-2 count of unfinished pseudo-holomorphic
buildings in the products and equals 0. On the other hand, these
broken curves contribute to some composition of maps we have defined ear-
lier. This implies that the following relation is satisfied:

(23)  bo fP(x2,doo(1)) +bo fP) (doo(w2),21) + d—o 0 mip(22, 1)
+bo [P (xa,d_o(1)) +bo fP(d o(ws), 1)
+bo AP (fM(@y), fM(@1)) +d—obo [P (wg,21) =0

where we did not write the term bod__ o f(2) (x9,x1) as it would appear
twice so this vanishes over Zy (see Remark .

3. 8@(72,3;52,332,53): pseudo-holomorphic buildings in this space are of
the following type (see Figure .

S -9
OM(y2,3; 02, 22,03) = M1 (72,3; 02, 22, 03)
U M(r2s:65.4.84,) x M(qg; 85, 2, 85)

(IGEQOZ;;
8.8

U M(ya.3; 8, €03, 84) X M(&2,3; 05, T2, 65)
52,376i/767/;/

T2
€2
A
2,3 )
1
Rx A~
2,3

Figure 18: Pseudo-holomorphic buildings in 8@(7273; d2,2,03).

4. 6@(71,2; B1,71,3,): same types of degenerations as above (case 3.).

5. 6@(73,1; ¢1,7,2:C2, 72,3, C3): we describe here degenerations of index-2
bananas with three positive Reeb chords asymptotics (see Figure for a
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schematic picture of the corresponding broken curves).

— -9
OM2(731;€1,71,2, 62,723, C3) = M (73.15€15 71,25 €25 72,35 C3)
U M€l &2.¢5, 723, 63) x M(E1,2:¢7,71.2,¢h)

51,27Cficfi/

U M5 ¢i,7m2, Chr €28, C5) x M(&2,3;€5, 7231 C5)
£2,3,€5CY

U Mis:¢i61,¢5) x M(&s1;¢7 1.2, €2 72,3,C5)
€3.1,65¢7

U Msai¢h&a,¢5, 72, ¢3) x M(&a5¢7, 71.2,¢h)
€2,1,65¢7

U MOsi:¢i,72.1, o €82,¢5) x M(Es.2;€5, 723, ¢5)
£3,2,€;¢7

U M€l €us,¢5) x M(s;¢1 7.2, Ca, 723, C5)
€1.3,€5¢7

where ¢, ¢ are words of pure chords of A; such that {i¢} = ¢;.
72,3 V1,2 73,1

R AT AVAYI IS
AL AUAY I /A B &/

Figure 19: Pseudo-holomorphic buildings in the boundary of the compacti-
fication of MQ(Vg,l; 01,71,2,02,72,3, 03).

S}

By 3.,4. and 5., we can describe all the types of unfinished pseudo-
holomorphic buildings in the boundary of the compactification of the prod-
ucts , and , that is to say, unfinished buildings in the spaces:

M (3315112, Coi123, Cs) X OMI (72,35 82, 22, 83) x MO(710: By, 21, By)
Um(%,l;ﬁﬁl,%@?%,&C3)

x MO(y2,3; 82, 2, 63) x OM™ (1,25 By, 1, B)
an(%,l; ¢1,71,2:62,72,3,C3)

x MO(v2,3; 82, 22, 83) x MO (71.2; By, 71, B3)
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X9 xy
Eat T X T2 p) T Z2 T )
0 ﬂ.\ 3,1 ﬂ)\ /0\ ﬂ)\ 0 V3,1 0 [(N 0 [0\ V3,1
I ST AT e
3,1 V3,1
b 1 \j \/ 1 U @ Rx A~
Ty x Ty @y To X1 Ty X 1‘2 .’L’ 5
ﬂ)\ AJ\ ¥3,1 0 o) 31 731 /o\ d)\ o V3,1 o o Y31
R \u/ IV \U/
1 0 0 0 0 0 0 R x A~
K/ . v, u U 1 Rx A~

Figure 20: Unfinished buildings in the boundary of the compactification of

the products , and .

The corresponding buildings are schematized on Figure 20} the first two
(from left to right and top to bottom) are in the boundary of the com-
pactification of , the following two are in the boundary of the com-
pactification of , and finally the six others are in the boundary of the
compactification of . As in the previous case (see Remark , several
unfinished holomorphic buildings are equivalent (so their algebraic contri-
butions are the same). Indeed, the second and the sixth one, differing by
a trivial strip R x 431 contribute to b (5__ o fM(zq), fM(z;)), and the
fourth and the fifth, differing also by the same type of trivial strip con-
tribute to b(Q)(f(l)(xQ), 6__ o fM(x1)). We obtain this time the relation:

24) AW odog(az), FP(21)) + 0P (fD (22), fY o doo(1))

+d— o b (D (zg), fM(@1)) + b (fD (1), do(21))
+ 6 (d_g(2), fD (1)) + b0 AP (fD(5), fD(21)) =0

Combining Relations and , we get Relation @D:

mgo(doo(22), £1) + mgg (@2, doo(x1)) + mZy(d—o(x2), z1)
+mg_(z2,d—o(z1)) +d—go mgo(:cg,xl) +d__ omyy(x2,21) =0
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where the term bo A® (fM)(zy), fM(z;)) disappeared because it is at the
same time in and so vanishes over Zs.

5.2.3. Relation . This relation is really analogous to Relation
except that one of the three mixed asymptotics is a Reeb chord. Each term
in counts pseudo-holomorphic buildings of height 0]1|0 or 1]1|0 whose
components can be glued on index-1 disks in the moduli space

ML (81,71, 89, 22, 83).

To determine Relation , we have thus to study the broken curves in the
boundary of the compactification of this moduli space. This gives:

— ——0
8M12123($+;61,’}/1,62,.%’2,53) =M (x+7511717627x2753)
L M(@@";80,p, 65, x2,83) x Ms,, (p; 87,71, 8%)

p,87,67

U M(‘T+7 517 Y1, /27 q, 6g) X Mzzg (Q7 6/2/7 o, 62’,)
q,0;,67

U Ms,, (@80, 7,85) x M(r; 87,71, 85,22, 8%)
r, 05,67

U M(.’E+;6/1,€271,5/2,,$2,63) X M(£2,1;5/1/77176/2)
&2,1,07,07

U M*;61,7,85 &2, 67)
g3,27£2,3
5.5.8)"

X M(E3.9; 85, €23, 8%) X M, (Ea3; 85, 1o, 8%)

U M(x+;6/17§3,155g,)

63,1751,3
SIS
5i76i 751'

X Mv(f:s,l; T, &13,05) x M(& 3,07, 71, 2,22, 85)
U M@*:6,6.4,6%)

61‘ a‘si 751'

X M(&31;07,71,05,&2.3,03) X My, (£2.3; 05, 12, 8%)

where the three first unions are respectively for p € 1N X9, ¢ € Yo N X3
and r € 31 N X3. On Figure each broken configuration contributes from
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z9 at zt T2

zt @
zt T2
zt )
0 0 0 ry at 0 ot T2 )
; W@@VW/A A [N A A
71 T T U U
1 Rx A~
71
Figure 21: Pseudo-holomorphic buildings in the boundary of the compacti-
fication of M%ms (l‘+; (51, Y1, 52, o, (53)

<
(C

1

g4l gé! 71

left to right to the terms of Relation (L0]), and so we get:

mio(x2, do— (1)) +my_(doo(w2),71) + doo © m_(z2,71)
+mf_(z9,d—_(y1)) +m®_(d_o(z2),71) + do— o mg_(z2,71) =0

5.2.4. Relation . Again, to find this relation we argue the same way
as for Relation @ First, let us remark that one term in this relation already
vanishes for energy reasons. More precisely, by definition we have:

Mmoo (22, do—(71)) = bo B (za,do—(71)) + P (f P (x2), fV 0 do—(11))

but @ (fM (), D o dy_(71)) = 0 because such a term would count nega-
tive energy curves which is not possible, see Figure Indeed, if there exist
pseudo-holomorphic curves u € M%(g; 81,71, 2) and v € M®(v1.2;¢1,4,¢s),
then the energies of these curves are given by (see Section :

Ejxa)(u) = a(g) — a(y1) — a(d1) — a(d2)
Egyay(v) = —a(q) — a(y1,2) — a(¢y) — a(Cs)

The energy of a non-constant pseudo-holomorphic curve is always strictly
positive and the action of Reeb chords is also always positive, so the existence
of v implies that ¢ is an intersection point with a strictly negative action,
which then contradicts the existence of u. The other terms of Relation
are defined by a count of unfinished buildings of height 0|1]0, 1|1|0 or 2|1]0.
In each case, either the curves in the middle level form a pseudo-holomorphic
building, or the curves in the middle level and on floor —1, or the curves on
floors —1 and —2 form a building. In any case, after gluing, we get unfinished
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To v\ q y
.
V3,1

U UVLQ

1 0 Rx A~

7

Figure 22: Impossible breaking.

buildings in the following products of moduli spaces

M (315 €1,71,3,€3) x M (71,3501, 71, 82, 2, 63

)
M2(y315 61,713, €5) X MO (7135 81,71, 02, 72, 03)
)
)

(

(
MY (73131571, €, 72,35 C3) X M (72,35 82, 22, 83
M2 (3.1 €111, Cas 12,3, C3) X MO (2,3 82, 22, 63

Now, in order to get the relation, we have to find the broken curves in the
boundary of the compactification of these products, i.e. broken curves in:

(25) M (73,15 €1,71.3, €3) X OMI (71,381, 71, 82, 2, 83)
(26) OM? (73,15 €1,7.3,€3) X M (71,381, 71, 82, 2, 83)
(27) MU (7315 €15 715 Cos 12,3, Cs) X OM(72,3; 82, 2, 83)
(28) OM2(73,15C1, 71, 20723, C3) X MO (y2,3; 82, 22, 83)

Section

We already described 8@(’}’371;617’71,3753) and 8@(7273;62,3;2,53) in
so it remains to study (9./\/11(7173;51,71,52,@,53) and
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OM?(v315€1,71, €25 72,3, C3)- First, we have the following decomposition:

— —
OMY (1,33 01,71, 02, 22,03) = M (71,3: 01,71, 02, T2, 03)
U M(’Yl,f&;é{lapa 6/2/7$2753) X M(p; 3/77176/2)

pGElﬂEQ
6;,67
. !/ " .Sl /
U M (71,33 61,71, 63, ¢, 03) x M(q; 83, 2, 83)
q622023
6,87
/ " " /
U M(71,3;517r563) XM(T;515717625$2363)
rexXiNXs

1974

U M(y1,3; 81,21, 85, T2, 83) X-//\;l/(&,l; Yy, 0%)

£2,1,6,67
U M(71,3;6177176/27§2,376g) X M(§2,3;6/2/7x2)6é,)
£2,3,07,67
U Myisi 81,603, 05) x M(&1: 87,7, 82, 72, 85)
§1,3,67,67

Finally, the buildings occurring as degeneration of index-2 bananas with two
positive Reeb chord asymptotics and one negative one are of the following

type:

— —a
OMZ(73.13€1,715 €25 72,35 €C3) = M (713,15 €15 715,625 72,35 C3)
U M(s.15¢1€.1,€5, 72,3, C3) x M(&215¢1,m, ¢h)

52,17C;7<;l

U M€ 7. €h 28, 65) x M(&,3:¢5, 723, C5)
52,3:C;:C/i/

U M(f}/&l; Cla Y1, C/27 53,27 Cg) X M(§3,2; C/2/7 72,3, Cg)
&3,2,¢5,¢7

U Msa5¢h &1, ¢5) x M(&15¢7,m,¢,723.¢5)
§3,1,¢7,¢7

U M(’Y3,1§ Clla 51,37 Cg) X M(§1,3; Clll7 1, C27 72,3, Cg)
£1,3,¢5,¢7

The different types of unfinished buildings corresponding to elements in

the products , , and are schematized on Figures

and Observe that again some unfinished buildings are equivalent (see
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T2 2 To To

o AT AN AR
AN A

pa!

Figure 23: Broken curves in .

T2 ZTo

73,1 A V3,1 //?\\ 73,1 X K)\ >
ol M N
I I A
1 /
W/ N\, ! \/ .

71

Figure 24: Broken curves in and .

Z2 T2

73,1 ﬂ)\ 73,1 A 73,1 ;g 73,1 ,
HATTA -
) £

! 24! 24! gi! gi!

S>8
2
W
o>
™M

Figure 25: Broken curves in .

Remark . Indeed, the fifth configuration (from left to right) on Figure
and the last configuration on Figure contribute both algebraically to
bo AP (fMW(23),~1). Then the last configuration on Figure [23| and the first
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ot
2t =+
zt zt
0 0
0 0 0 zt
o L L) O O T
M T2 0N Y2 N V2
1 L Rx A~
71 Y2

Figure 26: Pseudo-holomorphic buildings in 8@(3:*; d1,71,02,72,03).

1 0

o

ga! 72 7 72

on Figure contribute both algebraically to bod__ o f(z2,7v1). Finally,
the last unfinished building on Figure and the second one on Figure
contribute to b (5__ o f(M(zy),41). Summing the contributions of the
remaining unfinished buildings gives the Relation :

Mgy (2, do—(71)) + mg_(doo(x2), 1) + my_(x2,d——(71))
+mZ_(d_o(2),71) + d—o 0 m{_(x2,71) + d—— omg_(22,71) =0

5.2.5. Relations and . By symmetry, Relations and

for a pair (72, 1) are obtained by studying same types of holomorphic curves
as for Relations and corresponding to a pair of asymptotics (x2,71).

5.2.6. Relation . Each term of this relation corresponds to a count
of broken curves in the boundary of the compactification of

Ml(x+; 617 Y1, 627 Y2, 53)5
and we have (see Figure [26)):

aﬁ(l’+;617’71a627’72753) = Ma(x+;51771362a72763)
U MO($+;6/1,Q, 5?’:) X Mo(q7 /1/77176277276({5)

qGElﬂEg
5,57
U M0($+;6/13(Ia 6,2/3’72763) X MO(Q? ,1/37176/2)

qeEX 1Ny
5,67
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) MO@a":01,71.05,9,84) x MO(q; 85,72, %)
qGEQHZg
8,687

U Mo(x+;6/17§3,175g) XM1(§3,1;5,1/77M62772)6§)
£3,176£75:‘/

U MOa™:67, 61,05, 72,85) x M1 (&1:87, 71, 85)
£2,1,0;,07

U MO (x381,71, 05, €32, 6%) x M1 (€323 85,72, 0%)
£3,276275:‘/

5.2.7. Relation ([15). The product of two Reeb chords being given by the
product ,ugru 1 in the augmentation category Aug_(A; U A, UA; ), Relation
is satisfied because it is the Aoo-relation for d = 2 satisfied by the maps
{4} a1 (see [®) in Section. We recall the different kinds of degeneration

of a curve in M2(~31;81,71, 02,72, 03) (see Figure :
— —0
OM?Z(v3,1; 01,71, 02,72, 03) = M (73,1; 01,71, 02,72, 03)
UM (31561, 3.1, 85) x M(&3.15 67,71, 62,72, 85)
JM(13.1: 0%, 62,1, 85,72, 85) x M(&2,15 87,71, 8%)
JM(y3.0: 81,71, 85, €32, 05) x M(E3.2: 85,72, 8%)

V3.1 V3.1 V3.1
1

A A
A

T Y2 71 Y2

1

o
o

RxA™

Figure 27: Pseudo-holomorphic buildings in the boundary of
M2(y3,1; 01,71, 02,72, 03).
5.3. Proof of Theorem [2| and Corollary

Recall that F' := d o + d; _ and that the acyclicity of the Cthulhu complex
implies that F! is a quasi-isomorphism (Section [4.1)). We consider as before
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three transverse exact Lagrangian cobordisms ¥, 5 and Y3 such that the
algebras A(A;) admit augmentations. As introduced in Section we
need to consider the following moduli spaces of curves with boundary on
¥ U UXs (see Figure :

(29) MElzs('Y:;:ﬁ517351,52;332,53)
(30) M., (0315 01,71, 02, 22, 83)
(31) M2123(7;1;617:171762772753)
(32) M2123(’Y‘;:1;61)717627’)/2763)
with

* Y1 € R(AGAT), m € R(Ag, A7) and 75 € R(Ag, Ag),
e x1 €EX1NXo, 9 €XoN X3,
e J; are words of Reeb chords of A", for i = 1,2, 3.

"/3+,1 7;1 73+,1 ’73+,1
by
T
T Z2 : 1 m
st Y2 71 Y2

Figure 28: Examples of curves in the moduli spaces , , , and
respectively.

By a count of rigid pseudo-holomorphic disks in these moduli spaces, we
introduce a map:

F2: CF-0o(32,%3) ® CF_oo (31, 82) — C*(AT,AT)

defined on pairs of generators by:

FPxg,m1) = Y #M°(y31381,21,80, 32, 85)e7 (81)e5 (82)e5 (83) - v,
7;—,1751'

Fowz,m) = > #MO(v15 61,71, 82,9, 83)e7 (81)e; (82)e5 (83) - v,
’Y;—,l’éi
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FPyz,m1) = Y #MO(vy; 81,31, 82,72, 83)e7 (81)e5 (82)e5 (83) - 74,
'Y;:la‘si

F2(y2,m) = Z #M (V313 01,71, 82,72, 83)e7 (81)e5 (82)e3 (83) - 73,
7’;1761‘

We have again to study breakings of index-1 pseudo-holomorphic curves in

the moduli spaces , , , and in order to prove Theorem

For example, we describe below the boundary of the compactification of

Figure 29: Pseudo-holomorphic buildings in 8@(’@71; 01,21, 02, T2,03).

Ml(vzl; 31, 21,09, 22,083) (see Figure :

— —0
OMY(v 1561, 21, 82,22, 83) = ML (74581, 21, 82, 22, 83)
U M(’Yé‘:l; llapa 5,2/7372763) X M(p; /1,733116/2)

pEZlﬂEz
U MOi1561,21,85,4,685) x M(g; 85,29, 83)
q622ﬁ23
U M(/y?il’ /1?T7 6{’;/) X M(T’ 6/1,733176271‘275/3)
rex Nas
U M(Vi;:l; ,1752_,175/2”7$2753)
E21:61,2

x M(§2_,1’ Il/’gl_,27 6/2/) X lez (51_,27 /1//7$15 6/2)

U M(7;1;617$175/27§3_7276g/)
53_,2762_,3 —
X M(§3:25 g’€i3? 6g) X M223 (fi?ﬁ ,2”7x2’ (5&)
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U MG6E85.654085)
g;lvfiﬁl —
X M(f?)_,h /1I7£1_,575g) x lezs(gl_,?); I1//7x1752,$2,6g)

U MO3:80,65.89) x M(&513 87,615, 05,85.5,05)
€3.1:61.2:82.3
X Mzm(gl 2’51 7$175/) X MZ23(€2 3’62 ?$276,)

UM1(73,1;51,13---aﬁl,sy§3,1aﬁ3,1a---753,1&) x MO(&51: 87, w1, 82,2, 8%)
&1

XHle /6127511 XHM B3,]7637j)
j=1

U M 73,1; Bl,l ceey 51,lag2,1a 52,17 o 7/82,7)’“5;2763,17 e 753,n)

&217&32
XM (§2Ia 1,%1,5’))(./\/10(6;2; g,’x%a,)

X Hle B1i:01,) XHMEZ Ba,i; 62,i) XHMZ3 (Bs,i503.)
i=1 = i=1

where all unions except the last two are also for words of pure Reeb chords
0,87 and 87" of A; such that &,,8 = §;, or 8,8,8) = &;, depending on

) (A 17 T 171 T
cases. The second to last union is for:

e B1; € R(AT) for 1 <i <s,
® B3, € R(A;) for 1 <j<t,
e &7 and 01, for 1 <14 < s words of Reeb chords of A],

° (Sg and d3; for 1 < j <t words of Reeb chords of Aj,

such that 811 - 61756'1’ =67 and 85831 - - - 83, = 83. The count of curves in
the moduli space /\/lE (B1,i; 61,;) contributes to the coefficient (¢x;, (51,i), 01,i),
with ¢z, : A(A]) — A( 1 ) is the chain map induced by ¥ (see Sectlon
So the count of curves in

Ml(’}g_l;ﬂl15"'751875;175317"'7/63,t)

XHME (B1,i:01,) XHM (83,53 93,5

7j=1

contributes to <,u + +(631) 731> because €, =¢; o ¢y,. Finally, the last
union is for
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e B1; € R(AT) for 1 <i <,

e By; € R(AJ) for 1 <i<m,

e (B3, € R(AT) for 1 <i <,

° 6’1’ and 01 ; for 1 < ¢ <[ words of Reeb chords of Ay,

e 0%, 85 and 82, for 1 < i < m words of Reeb chords of A5,

° 6% and d3; for 1 < < n words of Reeb chords of A,
such that

® 0110107 =0y,

® 05021 02,05 = &2, and

® 05037103, = 03.

Again, the count of broken curves in
M(ﬂ)/:;:h /81,1 o 761,[? 5;:17 62,17 <o 762,m7 6;27 53,17 <o 763,'@)
l m n
X HMozl(ﬂl,i;(Sl,i) X HM%Q(@J; 2,i) X HM%J (83,5 03,1)

=1 i=1 =1

contributes to the coefficient <,u€+ et et (53 2 52 1573, 31)-
By denoting d4 for ,u et the study of breakings above implies that

F? satisfies the relation:

(33) F2 (2, doo(21)) + F*(x2,do- (1)) + F*(doo(2), 1)
+ fZ(d ($2) CC]) + d+0 o mgO(IQ,xl) + d+_ o moo(xg,xl)
+dig o F(xa,21) + M8;2‘1(d+0($2), dio(z1)) =0

Analogously, the different types of buildings in
amxlza (7;:17 617 71, 527 x2, 63)
are schematized on Figure and this gives for 7?2 the relation:

(34)  F(wa,do—(m)) + F*(x2,d——(m)) + F(doo(w2), 1)
+ F*(d—o(x2), 1) + dyo 0 mg_ (2, m1) + di— omg_(w2,7)
+diyy o Fwo,m) + p2 (doo(2),di— (1)) =0
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The symmetric relation for the pair (2, 1) of asymptotics is of course also
satisfied. Finally, pseudo-holomorphic buildings in

8Wzns (7;:17 617 Y1, 627 Y2, 63)

are schematized on Figure [31| and thus we get:

(35)  F*(v2,do-(m)) + F2(y2,d——(m)) + F*(do—(72),71)
+ F2(d——(72),71) + dyo o m® _(y2,71) + dy— omZ_(y2,7)
+dyy o F(y2,m) + i (di—(12),di— (1)) =0

Combining Relations , and its symmetric one, and , we deduce

Rx A~

7

Figure 30: Pseudo-holomorphic buildings in Bm('y;f 1:01,71,02, 22, 03).

’Y;—,l 75:1
1 1 Rx At
+
Y Y Vi Y Y Vi a
0 0
0 0 0 0 0 ol y»
0
0
) of | (V] LM [
7 V2 71 72 Y1 Y2 71 Y2 Nn Y2
1 0 0 1 1 Rx A~
71 72 71 V2 71 72

Figure 31: Pseudo-holomorphic buildings in OW(V; 1:01,71, 02,72, 03).
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that F?2 satisfies:
F2(,0-00) + FA(0-o0,7) + Fgomag +dyy 0 F> 4 M?;z?l(fsl%]‘}ll) =0
The map induced by F' in homology satisfies then
F3p0my +M§;271(]‘—3127}—211) =0,

and so F! preserves products in homology. This concludes the proof of The-
orem [21

Let us now prove Corollary [1] Given X1, 3y, X3 pairwise transverse exact
Lagrangian cobordisms from A; to Aj as before, Theorem |2 gives that the
following diagram is commutative.

HF oo($9,%3) @ HF oo(31,%) L2255 [ (C(Af,AT)) @ H(C(AF,AD))
my | bl
HF_(¥1,%3) 7 H(C(AT,AY))

Now, assume that A] = (), then ¥; is an exact Lagrangian filling of Af.
Then €] in this case is given by the DGA map ¢y : A(A]) = A(A]) = Zo.
We denote ¥ := X, A := Af and ey, := 5;“. Let us assume moreover that
the cobordisms 5, 33 are appropriate Hamiltonian perturbations of ¥ as
considered in Section[f.2and that we recall now. First, remember that by the
Weinstein Lagrangian neighborhood theorem, a neighborhood of ¥ C R x Y
is identified with a neighborhood Uy of the O-section in T*3. For € sufficiently
small, then Yy := &% (¥) and Y3 := @%}D(Z) are identified with the graph
of d(eHp) and d(2¢Hp) respectively in Uy, for the functions e Hp and 2¢ Hp
restricted to X. Define then Y9 C R x Y (resp. ¥3 C R x Y) to be the exact
Lagrangian cobordism identified with the graph of dfs (resp. df3) in Uy, for

f2, f3 : ¥ = R Morse functions such that:
1) f2 is a small perturbation of eHp on X,
2) f3 is a small perturbation of 2eHp on X,
3) the critical points of f, and f3 are all contained in ¥ N ([T, 7] x Y),
)

4) the cylindrical positive ends R x A5 of 33 and R x A; of ¥3 are such
that the link A U AJ U AJ is a perturbed 3-copy of A (see Section .
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Then we have HF_ (31, %2) = HF (X1, Y2) ~ H*(X, A), where the first
equality comes from the fact that the negative ends are empty, and the
second equality comes from Proposition (here we used that A = 9,3)). We
also have HF_ (32, %3) ~ HF_ (31, 33) ~ H*(Z, A). By Proposition[2 we
also have that

H(C(AA)) =~ H(C(AF,AY)) =~ H(C(A,AT)) ~ LCH?_(A)

In this case, the vertical arrow on the left in the diagram above is given
by a count of pseudo-holomorphic disks with 3 punctures on the boundary
asymptotic to intersection points (the negative ends are empty so there is
no Reeb chord asymptotic). Moreover, these intersection points are all con-
tained in a compact so these disks will also all be contained in a compact
subset of R x Y. So by the discussion in [37, Section 8.1], the map my com-
putes the cup product on H*(X, A). A proof of this fact is also contained in
[30], the authors prove an isomorphism between Morse and Floer cohomol-
ogy rings for the 0-section of the cotangent bundle of a compact manifold.
On the other side, we saw in Section that the product 2 on LCH? (A)
can be computed as the product on the 3-copy of A, which is the vertical
map on the right in the diagram above. We end by a remark on the degree.
Recall that the Cthulhu complex is defined with a grading shift, i.e. we have

Cth(El, 22) = C(AT,A;—)[Q] D CF(El, 22) (&) C(Al_, AQ_)[l]

Considering these shifts, the two horizontal maps in the diagram have degree
1 and the two vertical maps have degree 0.

Remark 16. We could use other types of Hamiltonian perturbations to
compute the product. We give here some example with no details. If ¥,
Y9, X3 are pairwise transverse exact Lagrangian cobordisms such that g
(resp X3) is a small Morse perturbation of @ (1) (resp @1}15(21)), then
we have HF_ (%, Z,-H)i:iH*(il,Al_). Moreover, by [6l Proposition 7.5],
H*C(Aii,/\;il) ~ LCH, 7™ (Af). In the same setting but if the cobor-
disms ¥; are Lagrangian fillings, then Theorem [2] illustrates the fact that
the Legendrian contact homology is endowed with a unital ring structure,
corresponding to the cohomology ring of ¥, as observed in [34, Remark 5.9].

Remark 17. Actually, (a unital version of) Corollary appears in a paper
of Ekholm and Lekili [20]. Considering an exact Lagrangian filling ¥ in a
Liouville domain X of a Legendrian A in 90X, the [20, Theorem 53] states
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that there is an A-quasi-isomorphism between the Floer complex of L af-
ter adding a unit and the Legendrian A-algebra LAZ_(A). This Legendrian
Aso-algebra can be computed using perturbed k-copies of A. The case corre-
sponding to Corollary 1 is when this k-copy A = A1, Ag, ..., Ag is such that
A; is a perturbation of A + ieR where R the Reeb vector field, then LA (A)
is the Ay-algebra Zy @ LCH_(A), where the extra Zs; is used to make the
algebra unital. The As-structure on CF(X) is also computed using a sys-
tem of parallel copies ¥ = ¥1,%,,..., X441 of the filling. The maps giving
the Aso-structure are then the same as the maps my, (defined in Section
below) for the case of fillings. Moreover, the family of maps we construct in
Theorem [ in this paper, for the case of fillings, recover the maps defining
the functor in the proof of |20, Theorem 53] computed with the parallel
copies such that the positive end consists in the k-copy A = A1, Ag, ..., Ay
as above.

6. Example

We give in this section a very simple example of computation of the prod-
uct using Theorem [2| Consider a cobordism A <y, A] where A is the
Legendrian unknot and Af the right-handed trefoil in R3 (see Figure .
The unknot has one Reeb chord c¢ in degree 1, and the Chekanov-Eliashberg

Figure 32: Left: Lagrangian projection of A, right: Lagrangian projection
of A(J{ .

DGA A(A7) admits a unique augmentation e~ which is trivial (¢~ (c) = 0).
The trefoil has 5 Reeb chords with |b’| = 0 and |a‘| = 1. The differential is
given by

da' =1+ + 0% + b1p%°
8a? =1+b" 4+ b+ °v°p!
o' =0,i=1,2,3
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The DGA A(A]) admits five augmentations, which are all geometric (see
[19]). Let us assume that the cobordism X is such that e~ o ¢y, =t
where €T is the augmentation of A(A]) defined by e*(b) = 1 and e (b?) =
et (b3) =0.

Consider now a small Morse perturbation Y of ®; (¥1) by a Morse
function fy as described in Section [£.2] and in the proof of Corollary [l We
have A, <y, A2+, where Aét is a perturbation of Ali + e%. Moreover, the
critical points of fy are contained in X; N ([~T,7T] x R?) and we assume
that there is no minimum (it is possible since ¥; is a punctured torus). For
a small enough perturbation, the DGAs A(AT) and A(AF) are the same (by
canonical identification of the Reeb chords). Furthermore, the Reeb chords
from A2i to Ali are in bijection with the Reeb chords of A% (Section ,
we denote by 791 the chord from Ay to A corresponding to the chord + of
A

We have C(A], A]) = Za(ad,, a3, b3, b3,,b3;) and using the augmenta-
tion €T we can compute

dy 1 (by) = dy i (b3,) = aby + a3
di(b31) =0
dyi(ahy) =0, i=1,2
and we get
H((C(AT,AY) dyt)) = Zolan]) @ Zo([byy + b3], [b3:]) ~ LOHZ (A]).

On the other side we have C(A],A;) = Za(c21), and d__ =0, thus
H((C(AT,A7),d--)) = Zs([ez]) = LOHZ (A7)

Using a third copy X3 being a perturbation of <I>12§D (X1) by a Morse
function fs, such that f3 — f2 is also Morse and these two Morse functions
have no minima, we compute that the non trivial components of

p2e : C(AF A @ C(AT AY) — C(A], AY)
in homology are

112+ ([b3y + bio], [031]) = pZs ([b3a], [by + b31]) = [ad]

(which under canonical identification of the generators is the product on
LCH* (A))).

We now want to compute HF_ (31, 32) and the product structure on
it. Recall that ' : CF_o(X1,%2) — C(AT,A;) is a quasi-isomorphism, so



1726 Noémie Legout

HF_(31,%2) is of rank 3. Also, there exists
[A] = [AO + A,] € HF,OO(El, 22),

with Ag € CF(21,%2) and A_ € C(A], A;), such that F1([A]) = [ad;] in
homology. This gives

[d+0(Ao) + di—(A-)] = [a]

which implies |Ag| = |ad;| +1=2 and |A_| = |ad;| =1 as d.¢ is a degree
—1 map and d;_ a degree 0 map. By Proposition [2 Ag corresponds to a
linear combination of critical points of fo of Morse index 0, but we have
assumed that fo has no minimum so there is no such Ag. Then the only pos-
sibility is A_ = c91 and so cg1 is a non-trivial cycle in HF_ (X1, X9), with
F([ca1]) = [ad;]. Then, there must also exist [w21],[yo1] € HF (21, X2),
with z21,y91 € CF(X1,X2) of degree 1 such that F([z21]) = [b3; + b3,] and
F([y21]) = [b3,]. Therefore, by Theorem [2| the product in homology

mo : HF_OO(EQ,E;;) ®HF_OO(21,22) — HF_OO(El,Ey,)

is given by ma([32], [y21]) = ma([ys2], [w21]) = [ea1]-

Of course, if we fill the unknot by a disk then ¥; are Lagrangian fillings
of the trefoil. In this case, the homology HF_.(X;,%2) is generated by
x21, Y21 and a minimum mg; € CF (31, X2). By Corollary (1} the non trivial
components of the product on HF_,, are the non trivial components of the
cup product on the punctured torus

U: H' (21, A7) @ HY(S1,A)) — H*(Z1,A))
7. An A_.-structure
The goal of this section is to show that the product structure can be ex-

panded to an A..-structure induced by a fixed sequence of pairwise trans-
verse cobordisms. More precisely, let us consider a fixed (d + 1)-tuple of

transverse cobordisms X1, ..., X 41. For every 1 < k < d and every (k + 1)-
tuple i1,...,ig41 of distinct indices in {1,...,d + 1}, we will construct a
map mg:

mg: CF—OO(Eik7 Eik“) (SRR CF—OO(Eila Eig) — CF—oo(Zz‘NEikH)
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such that the family of maps {my}1<x<q satisfies for every 1 <k <d and
every (k + 1)-tuple of distinct indices i1, ..., ig11:

> m i ((dF T e m; @1d®") = 0
1<j<k
0<n<k—j

where in the sum above, for 1 < j <k and 0 <n < k — j, we have

m; CF_OO(EZ'%H,
— CF_ (X

2in+j+1) @ CF—OO(Ein,+1 ) 2in+2)
x

Tng1) in+j+1)

and my_;q has domain
CF—OO(Eik7Zik+1) ®-® CF_OO(Z’L7L+17 Ei7z+j+1) X CF—OO(EiN 27«2)

and codomain CF_o(%;,, 3, ,)-

In order to simplify notations when defining these maps in the following
section, we will assume without loss of generality that the (k + 1)-tuple
of distinct indices 41,...,%k4+1 is equal to 1,...,k + 1. Then, for each 1 <
k < d, we have my, = mg +m, where m% takes values in C'F(X1, Xg41) and
m,, takes values in C*(A7,A; ;). We will define those two components
separately.

7.1. Definition of the operations

Let 31,...,3441, for d > 2, be transverse Lagrangian cobordisms from A;
to A for i =1,...,d+ 1 such that the algebras A(A;) admit augmenta-
tions ;. For 1 <k < d, we define m;, as follows. First, for £ = 1, the map
my : CF_o(X1,32) = CF_ (X1, %) is the differential 0_o on the Floer
complex. For k = 2, it is the product on Floer complexes as defined in Sec-
tion Then, for 3 < k < d, the component m% is naturally the generaliza-
tion of mJ and is thus defined by a count of rigid pseudo-holomorphic disks
with boundary on non cylindrical parts of the cobordisms, and with &+ 1
mixed asymptotics. Indeed, we define:

my: CF* (S, Bkt1) @ - @ CF* (21, %2) = CF* (21, Sk 41)
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by

(36) m%(akv s 7@1) = Z #Mo(x+a 61,@1,62, .- 'aak‘vék‘-i-l) -E - 33+
2t eXiNSki
G100 11

where J; are words of Reeb chords of A, for 1 <+i < k 4 1, and the term “c™”
means that we augment all the pure Reeb chords with the corresponding
augmentations, i.e. ¢~ should be replaced by e, (81)ey (d2) - €11 (dky1)
in the formula. Also, the choice of Lagrangian label for the moduli spaces
involved in the definition of m) is (X1,...,%k41). Now let us define m; .
As in the case k = 2, this map is defined by a count of unfinished pseudo-
holomorphic buildings, except when all the asymptotics are Reeb chords,
and so we define it as a composition of maps. First, consider the map

FE L OF (S, Bpy1) @+ ® OF (81, 2) — Cr1—4(Ap, 1, A7)

defined for a k-tuple of asymptotics (a,...,a1) with a; € CF_ (3, Xi41)
by:

f(k)(ak, ey al)

Y1,k+1
01,0kt

These maps f*) are generalizations of the maps f1) and f® defined in
Section 5.1} For k& > 2, in the case where all the mixed asymptotics are Reeb
chords (g, ...,71), with 73 € C*(A;, A;, ), we have f(k)(fyk, ...,m) =0 for
energy reasons. However, recall that for k =1 and v € C*(A],A;) a Reeb
chord, we set by convention f1)(v) =~ (and not f(M () = 0).

Now we generalize the bananas b (Section and b (Section in a
family of maps b*), 1 < k < d. For j > i, recall that we denote €*(A;, A7) =
Cr—1-+(A;, A7) & C*(A;, A7) We define for all 1 < k < d:

b € (A, M) @ - @ € (AT, AY) — C* (AT, Ap,y)
by

B (s o) = D HEMI (113 01,71, 82, Ve Bkg1) € Ve

Yk+1,1
51»---7 k41
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where the choice of Lagrangian label is (R x Ay,...,R x A, ), and the §;
are still words of Reeb chords of A;” and are negatwe asymptotics. This for-
mula for k = 1 gives b)) = b+ d__ and for k = 2 it is the same formula as
in Section to define b(®). Remark also that as for k = 2, for any k-tuple
(Vis - - - ,71) of chords v; € C*(A;, A;| ;) with & > 2, the map b(k) is equal to
the map ,u _ - restricted to C(A,, A ) ®---®@C(A],Ay) in the aug-

k+17 ,81

mentation category Aug_(A] U---U Ai11)- On Figure |33| are schematized
examples of curves involved in the definition of the banana maps.

Y41 V3,4 V2,3 V1,2 V5,1 V4,5 V3.4

VAAVARV VARV,

1

Rx A~

)

72,1 73,2

Figure 33: Left: a curve contributing to b (73,4,72,3,71,2); right: a curve
contributing to b™ (v45,73.4,73,2: 72,1)-

Finally, for 3 < k < d, we generalize the maps A := §__ and A (defined
in Section [5.2.2)) by:

AW (A 7Ak+1) (AL A)) — Cn—l—*<Al;+1vA_>

defined for (4, ...,71) a k-tuple of Reeb chords, with v; € €* (A, A by:

z+1)

AP (e, m1) = ) #EMU (k15 01,71, 82, Yk Okg1) 1€ Ykt

Y1, k+1
where the Lagrangian label is (R x Ay, ... ,Rx A ). If (9,...,m) is a
k-tuple of Reeb chords v; € C*(A;, A, ), we have AF) (v y1) =0 for
energy reasons. Remark that chords from A;” to A;,; that are asymptotics
of curves in moduli spaces involved in the definition of A®) are positive
asymptotics, while chords from A; | to A;” are negative asymptotics. These
maps A®) are not directly involved in the definition of m,. but they will be
useful in order to express algebraically the unfinished pseudo-holomorphic
buildings appearing in the study of breakings of pseudo-holomorphic curves.
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We schematized on Figure examples of curves contributing to f*) and

A®) Now we can finally define the map:

T3,4 T2,3

0 Y

m V4,5 V3,4 V2,3
V1,4 72,1 U

1

[

V1,5 V2,1

Rx A~

Figure 34: Left: a curve contributing to f©) (3.4,223,72,1); right: a curve
contributing to A® (y45,v34,72:3,72.1)-

my 2 OF (Si, Si) © -+ © OF ($1,52) = C*(A7, Ag,y)

by setting

(37) my (ak,...,a1)
= Z b(j)(f(ij)(ak‘w"aak—ij-l—l))'"af(il)(ailw"7a1))

1<j<k
14t =k

for a k-tuple of generators (ay, . ..,a1), and recall the following conventions
on the f@’s in the formula:

(38) FP(a) = a; if a; = yir1s
(39) T ity Yisi1s -+ o Viesaniosi1) =0 for 1<s<i<d

Remark that the formulas and in the case k =1 give m; = 0_
and in the case k = 2 recover the product my as defined in Section [5.1
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7.2. Proof of Theorem 3l

In order to show the A.-relations, again we study breakings of pseudo-
holomorphic curves. The Ay-relations for the maps {my}1<x<q can be rewrit-
ten as follows. For all 1 < k < d:

0 :1Qk—j—n s 1®n

E My i1 (177" @my @1d®")
1<j<k
0<n<k—j

Y M (d¥TT e m©id) = 0
1<j<k
0<n<k—j

First we start by showing that

(40) > omp (T e m; ©id®") =0
1<j<k
0<n<k—j

and then we will prove that

(41) > om o ([d®FT T e m;eide") =0
1<j<k
0<n<k—j
7.2.1. Proof of Relation (40).. To show this relation we need to under-
stand the different types of pseudo-holomorphic buildings contributing to
the maps in the sum. For a k-tuple (ag,...,a;) of asymptotics, each term
of is either of the form

(42) mg_jﬂ (ak, e ,mg-)(anﬂ, ey Upg1), Gy - - ,al)
or
(43) mgfjﬂ (ak, . ,m;(anﬂ-, ey Upg1), Gy - - ,al)

The pseudo-holomorphic buildings contributing to are of height 0[1]0.
The middle level of each building contains two curves which have a com-
mon asymptotic on an intersection point, and can be glued on a pseudo-
holomorphic disk in the moduli space

(44) M1($+;61,a1,62,a2,...,5k,ak,6k+1)

The same happens for pseudo-holomorphic buildings contributing to the
terms in (43). Such a building is of height 1|1|0 and has components that
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can be glued on an index-1 curve in the moduli space . Indeed, m™ counts
unfinished buildings (as soon as one asymptotic at least is an intersection
point, otherwise it counts just one banana) of height 1|1|0 such that the
curve with boundary on the negative cylindrical ends is a banana which
has for output a positive chord v, 4j41n41 € R(A;HH,A;H). The map
m? applied to the remaining asymptotics and Yn+j+1n+1 is then given by
the count of index-0 pseudo-holomorphic curves in the middle level. The
unfinished buildings contributing to m~ and the curves contributing to m®
together give a pseudo-holomorphic building, and the corresponding glued
curve is an index-1 pseudo-holomorphic curve in .

Now, in order to establish Relation , we must study the boundary of
the compactification of this moduli space. As for the case d = 2, the pseudo-
holomorphic buildings arising as limit of a one parameter family of disks in
must satisfy some conditions that we recall here:

1) each curve in the building must have positive energy,

2) each curve in the building has a non negative Fredholm index,

3) the building is asymptotic (the asymptotics that are not nodes) to
x7,a1,...,ax, so in particular contains at least one non trivial curve
with boundary on the compact parts of the cobordisms, having the
intersection point z+ as asymptotic.

4) if the building consists of the pseudo-holomorphic disks {u;}, the re-
lation ) ind(u;) + v = 1 must be satisfied (where v is the number of
pair of nodes asymptotic to intersection points, see Section , which
implies that there are basically two types of buildings to consider:

a) buildings with two rigid components and boundary on the compact
parts having a common asymptotic at an intersection point (pair
of nodes),

b) buildings with several disjoint rigid components with boundary on
the compact parts, each having a node asymptotic to a negative
Reeb chord, and one index-1 component with boundary on the neg-
ative ends, having these Reeb chords as positive asymptotics, and
possibly some negative Reeb chord asymptotics among a1, ..., ax.

In the case (4)(a), the limit building is of height 0|10 and the middle level
contains two index-0 disks having a node asymptotic to an intersection point
q€ CF(Xn11,2n4j+1) for some 1 <j <k and 0 <n <k—j. One disk is
asymptotic to (z*,a1,...,an, ¢, antji1,.-.,ax), the other one is asymptotic
to (¢, an+1, - - - anyj) in this cyclic order when following the boundary of the
curves counter-clockwise. Such a pseudo-holomorphic building contributes
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then to:

mg—j—kl (ak, . ,m?(anﬂ-, ey Qpg1), Gy - - ,al)

In the case (4)(b), the limit building is of height 1|1|0. The middle level
contains some rigid curves and the bottom level contains one index-1 banana.
For some 1 < j <k and 0 <n <k — j, there is a disk in the middle level
asymptotic to 7, a1, ..., an, Yntj+1n+1s ntjti,---,a) in this cyclic order
and which contributes to the map m°. Then, there are some Reeb chords
Yas,aes for 1 < s <1, such that (ay)s is a strictly increasing finite sequence
of length r < j, with n+ 1 < as <n+j+ 1 such that each of the other
disks in the middle level has one negative puncture asymptotic to a chord
Vao,asp, ad g1 — g other asymptotics. Such a curve contributes to the
map f(*+1=%) The banana in the bottom level has positive Reeb chords
asymptotics to 441,041 (the output), and v, ,,, (which are inputs),
and possibly negative Reeb chords among the asymptotics (an+j, ..., ant1)
which are not asymptotics of curves in the middle level (see Figure for
an example of such kind of breaking). So finally such a pseudo-holomorphic
building contributes to:

mg_j+1<ak,..., Z b(s)(f(is)(anﬂ,...),...,f(il)(---)),an,...,m)

1<s<j
i tie=)

which is by definition equal to

mgfjﬂ (ak, My (@ntjs-- ey ngt), Gn, - - . ,al)

We have thus described every types of pseudo-holomorphic buildings
arising as limits of curves in the moduli space

1/..+.
M (l‘ 761,(11,62,@27 o -)6k)ak76k+1)'

These buildings are in bijection with the elements in the boundary of the
compactification of the moduli space. This compactification being a 1-
dimensional manifold with boundary, its boundary components arise in pair,
which gives 0 modulo 2. This implies Relation (40)).

Remark 18. As in Section [p, J-breaking can occur when a family of
curves in the moduli space M*(z";81,a1,082,a9,...,0k, ax, 0k 1) breaks on
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T
a6

RxA™

aq as as

Figure 35: Example of pseudo-holomorphic building arising as limit of a
family of disks in M (z7; a1, az, a3, a4, as, ag).

a pure Reeb chord v € R(A;). In such a type of breaking, we get a pseudo-
holomorphic building of height 1|1|0 with one rigid component in the mid-
dle level and a disk contributing to 8() in the bottom level, where &' is
the differential on the Chekanov-Eliashberg algebra asssociated to A (Sec-
tion . Then as we apply the augmentations e; to all pure negative Reeb
chords, and as €; 0 0" = 0, the contribution of such a pseudo-holomorphic
building vanishes. In the following section, d-breaking also occurs, but its
contribution vanishes for the same reason so we don’t mention it.

7.2.2. Proof of Relation (41).. In this section, in order to cause less
confusion, we do not write the pure chords asymptotics in the moduli spaces
anymore. As before, the left-hand side of Relation , with inputs a k-tuple

of asymptotics (ag,...,aq), splits into two sums:
2 : - 0
(45) mk7j+1 (ak, ceey g4, mj (an+j, ey an+1), Apy e vy al)
1<5<k
0<n<k—j
and
(46) E m]:_jﬂ(ak,...,an+j+1,mj_(an+j,...,an+1),an,...,a1)
1<5<k
0<n<k—j

First, let us look for example the term

b o plk=i+1) (ak, ce mg(anﬂ-, ey Opl), Gy e e al)
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appearing in . If (ak,...,a1) is a k-tuple of Reeb chords, then as we
already saw this term vanishes for energy reasons. So let us assume that at
least one a; is an intersection point. Then, the term we consider is given by
a count of unfinished buildings of height 1/1|0 with two components in the
middle level having a common asymptotic at an intersection point, and a
banana in the bottom level. Gluing the middle level components gives an
unfinished building in (see Figure :

M (V1157 641) X MY (Y1 k415 01,02, . . ., ag)

Rx A~

Figure 36: On the top: example of unfinished building contributing to b o
@ (45,34, %2,3,72,1) and the corresponding glued curve. On the bottom:
impossible breaking for energy reasons.

Let us take another term of , for example:

p(2) (f(k—n—j) (ak7 e anﬂ-Jrl), f(n+1) (m?(anﬂ', ey Opg1), Gy e ey al))

This one counts again unfinished buildings of height 1|1|0 with the following
conditions:
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1) assume ag, ..., an4j+1 are Reeb chords: if n + j 4+ 1 < k, then

f(k_n_j)(ak, RN an+j+1) =0,

and if n+j +1 =k, then f((ay) = ay. In this latter case, the term
above counts unfinished buildings with two components in the middle
level having a common asymptotic to an intersection point, and one
banana in the bottom level having 3 mixed Reeb chords asymptotics:
one output positive Reeb chord asymptotic at a chord 4411, and two
inputs which are a positive Reeb chord ~; ;, (output of f ("“)), and
the chord aj as a negative asymptotic.

2) if ag, ..., antj41 contains at least one intersection point, we get then
an unfinished building with three components in the middle level: two
of them have a common asymptotic to an intersection point and the
other is disjoint from them and has asymptotics to ay, ..., an+;+1 and a
Reeb chord 7,4 j+14+1 (output of f*77=7)). The bottom level contains
a banana with 3 mixed Reeb chord asymptotics which are all positive:
a Reeb chord 71 4 j4+1 (the output of f(”H)) and the chord vy, 441 k41
as inputs, and a chord 7,411 as output.

In the two cases above, we assume that at least one asymptotic among
Qptjs -« 0ntls An, ..., 01 1S an intersection point, otherwise the term van-
ishes for energy reasons. Then, in each case the two components in the middle
level having a common asymptotic can be glued and thus after gluing we
get an unfinished building in:

(47) MY (V1,15 Y1k @) X M (y1 k301, a9, ... ap_1)

for the case (1) above, and in

(48) M1(7k+1,1;’71,n+j+17%+j+1,k+1) X Ml(’}’17n+j+1; ai,ag, ... ,an+j)

0 .
X M (Vpgjof 1 k415 Ot 1y Gy 425 - - - 5 Q)

for the case (2) above. More generally, each term of the sum takes the
form

b(]) (f(la) R ® f(is)(id®p ®m2 ® id®7") R ® f(ll))
with p + ¢ + r = is. Hence, analogously to the two special terms described
above, the unfinished buildings contributing to , are composed by sev-

eral rigid curves in the middle level so that two of them have a common
asymptotic to an intersection point, and one index-1 banana in the bottom
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level, having for positive input asymptotics the output chords of the maps
f (ia)  and potentially some negative chords among ay,...,a; (which hap-
pens when f (i) = f(l) and the corresponding input is a Reeb chord), and
finally a positive Reeb chord asymptotic ;41,1 as output. These buildings
are in the boundary of the compactification of products of moduli spaces of
type , with possibly more or no (as for ) rigid components in the
middle level. In such products, there is only one moduli space of non-rigid
pseudo-holomorphic disks. These disks have:

1) boundary on the compact parts of the Lagrangian cobordisms that
without loss of generality we label X1,..., Y1 (in order to simplify
the indices notation in the description of the boundary below),

2) punctures asymptotic to intersection points and chords in the com-
plexes CF_oo (3, Xi41),

3) one negative puncture asymptotic to a Reeb chord 7 41 (output of
the map f(*)).

We denote by

1 .
Ms, o (krs a1, a2, ... ag)

seees

such non compact moduli spaces, with a; € CF_(3;,%;41), and say that
these moduli spaces are of type A. The discussion above implies that in
order to deduce Relation , we will have to study the boundary of the
compactification of moduli spaces of type A. Before that, let us describe the
kinds of buildings that contribute to the terms of the sum . One of the
terms in is for example:

b(l) o f(k_l) (ak, ... a3, b(l) o f(2) (ag, al))

which vanishes if a9, a1 are both Reeb chords or if a,...,a3 are all Reeb
chords. If it does not vanish, such a composition of maps is given by a
count of unfinished buildings of height 2[1|0 such that the components in
the middle level and in the bottom level on floor —1, corresponding to curves
contributing to f*—1 (ak, ..ya3,bM 0 f2) (a2, al)), form together a pseudo-
holomorphic building and therefore can be glued. After gluing, we get an
unfinished building in

(49) M1(7k+1,1; ’Yl,k+1) X M1(71,k+1; a1,a2,. .. ,ak)

(see Figure where the first moduli space is a rigid banana and the second
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45 L3,4

x1,2

ALY

73,2

1
V5,1

\®)

Figure 37: Unfinished pseudo-holomorphic building contributing to b o
f(?’)(:v4,5, x3.4, bW o () (73,2, 1,2)) and the corresponding glued curve.

is of type A. Another term appearing in is for example:

b (f*=D(ay, ..., a3), fY o b o fP(ag,a1))
= 0@ (f5 D (ay,...,a3), b o P (az, a1))

where the equality comes from the convention . The unfinished pseudo-
holomorphic buildings contributing to this term are of height 2|1|0 again,
but this time the components in the bottom level (on floor —1 and floor
—2) form a building. After gluing the components of this building we get an
unfinished building in:

(50) M2 (Ver1,1571,3, Va,p41) X MO (71,35 a1, a2)
X M0(73,k+1; as,ayg, . .. ,ax)

The first moduli space is a moduli space of non rigid bananas, whereas the
two last moduli spaces are rigid and contribute respectively to the maps f2)
and f*=2),

More generally, each term of is given by a count of unfinished build-
ings of height 2|1|0 such that either

(A) the components in the middle level and in the bottom level floor —1
form a building, or

(B) the components in the bottom levels form a building.

In the first case, after gluing we get an unfinished building in a product of
moduli spaces of type (49) (with possibly several rigid curves with boundary
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on the non-cylindrical parts). In such a product, the only non compact
moduli space is of type A. In the second case (which appears only when the
interior m~ is composed with ), because f) om™ = m™ by convention)
we get an unfinished building in a product of type . In this case, the
non-rigid disks are index-2 bananas: disks with boundary on the negative
cylindrical ends of the cobordisms, with input punctures asymptotics to
positive Reeb chords (which are outputs of maps f(), i > 2)) and negative
Reeb chords (in the case of f(1)), and an output puncture asymptotic to a
positive Reeb chord. We will say that such moduli spaces of index-2 bananas
are of type B.

To sum up, we have seen that each term on the left-hand side of Relation
is defined by a count of unfinished pseudo-holomorphic buildings arising
at the boundary of the compactification of some product of moduli spaces
(as , , , and with possibly more rigid curves with boundary
on the compact parts). In any case, the non compact components in such
products are moduli spaces of type A or of type B. So let us now describe
the boundary of the compactification of such moduli spaces.

Type A: We describe now OMYs, (y1441; 01,02, .. .,ax). Remark first
that this moduli space is empty if the asymptotics a; are all Reeb chords
in CF_(%;,%i+1). The pseudo-holomorphic buildings arising as limits of a
one parameter family of disks of type A must satisfy:

1) each curve in the building has positive energy,

2) each curve in the building has a non negative Fredholm index,

3) the building is asymptotic (the asymptotics that are not nodes) to
M,k+1,015 - - -, QF,

4) if the building consists of the pseudo-holomorphic disks {u;}, the re-
lation > ind(u;) + v = 1 must be satisfied. This implies that the fol-
lowing types of buildings can appear:

a) buildings of height 0|1|0 with two rigid components and boundary
on the compact parts having a common asymptotic at an intersec-
tion point (pair of nodes),

b) buildings of height 1|1]|0 with several disjoint rigid components with
boundary on the compact parts, and one index-1 component with
boundary on the negative ends. We can divide this case into two
subcases:

(i) the output chord 7 k41 is an asymptotic of a disk with bound-
ary on the compact parts in the building,

(ii) the chord 7 g+1 is an asymptotic of the non trivial disk with
boundary on the negative ends of the cobordisms.



1740 Noémie Legout

In the case (4)(a), the component containing the output v; 41 has a
node asymptotic to an intersection point ¢ € CF(¥, 41, X, 4j4+1) for some
1<j<kand0<n<Ek-—j. This disk is asymptotic to

Y1,k+1,Q1,---5,0n, G, An4j41,-- -, Ak

in this cyclic order, and thus contributes to the map f*—7+1) (with output
Y1,k+1). The other component is asymptotic to ¢, an41,...,an+; and con-
tributes to (m°(an+j, ..., ant1),q) (coefficient of ¢ in m®(anj,...,an+1)).
Thus in this case the building contributes to

f(k_j+1) (akv s 7m9(an+ja s 7an+1)7 Qns - - - 7a1)-

In the case (4)(b)(i), the disk containing the output 7 41 is asymptotic
to

Y1,k+1,Q15 - -+ Any Vntj+1,n+1, Antj+1s - - - Ak
with Ynyjt1,n41 € C(A, 41, Ay ;4 1) negative Reeb chord which is a node
corresponding thus to the positive output Reeb chord asymptotic of the
disk in level —1. This disk in the middle level contributes to
(FEIHD (g, G 1y Yt gt Lt 1y G - -+ @)y V1 frL)-
Then, the disk in level —1 is a banana with output v, 4411 and may have
inputs at

e negative Reeb chord asymptotics among a, 11, ..., anyj,

e positive Reeb chord asymptotics which are nodes and are therefore
negative asymptotics for (rigid) disks in the middle level having asymp-
totics among an41,. .., Gnyj-

The banana together with the rigid components in the middle level not
containing i y4+1 contribute to <mj_(an+j, ey Ont1), Yntjtln+1). Putting
these together, the buildings of case (4)(a)(i) contribute to:

f(k—j—irl)(ak, cee m;(anﬂ-, ey A1), Gy - - ,al)

In the case (4)(b)(ii), the disk containing the output 7; y41 is an index-1
curve contributing to a map A. Then, every curve in the middle level (such
a curve exists because as observed before we can assume that at least one
asymptotic is an intersection point otherwise the moduli spaces of type A
are empty) has in particular a negative Reeb chord asymptotic not in the
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Floer complexes (chords 7;; with ¢ < ') which corresponds to the output
of a map f. These chords are nodes being also positive Reeb chords inputs
for the map A. Of course, the disk in level —1 can also have negative Reeb
chords asymptotics among a1, ..., a;. Using the conventions and ,
we have that the pseudo-holomorphic buildings of case (4)(b)(ii) contribute
to:

A®) (f(is)(ak, ey Qi 1)y e f(il)(ail, ... ,al)) with g +---+4 =k
Finally, all these possibilities of breakings give the relation:

(51) > I (PR @m @ 1d®n)
1<j<k
0<n<k—j

+ Z f(k—j-i-l) ( id®k—j—n ®m; ® 1d®n )
1<j<k—1
0<n<k—j

+ Z A(S) (f(is) R ® f(il)) =0
1<s<k
it tia=k

with conventions and .

Type B: Index-2 bananas. Let us assume without loss of generality that
such an index-2 banana has boundary on the Lagrangian label R x Al_ k1o
with output a positive Reeb chord asymptotic at yx411 € R(A,, Ay ) and
other Reeb chord asymptotics at Reeb chords ; € €* (A7, A; ), for 1 <
1 < k. We want to describe 8@(%“71;%, .+.,7)- An index-2 banana in
M2(Yes11;715 - -, Yk) i a pseudo-holomorphic disk with boundary on the
negative cylindrical ends of the cobordisms, so it can break on a pseudo-
holomorphic building with boundary on the negative cylindrical ends too,
in particular, each (non trivial) component of the building has index at least
1. So, an index-2 banana can only break into a building of height 2|0|0 such
that each floor in the bottom level contains one non trivial component, and
both have a common asymptotic to a Reeb chord (node which is a positive
asymptotic for the component on floor —2 and negative asymptotic for the
component on floor —1). We can distinguish two cases:

1) the output 41,1 is an asymptotic of the component on floor —1,

2) the output 74411 is an asymptotic of the component on floor —2.
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In case (1), the component on floor —1 is asymptotic to

VE+1,1, Y15 - - 5 Ins In4j+1n+1s Intj+1 -+ Vk

with Yn4jt1n41 € R(A;_s_j+17 A, 1) negative asymptotic which is a node, for
some 1 < j<kand 0<n<k—j. Then, the disk on floor —2 has asymp-

totics t0 Ynjrin+1s Yntls - - s Yntj With Ynijt1,n41 positive output. So the
two components of the buildings are bananas and together contribute to

b(k_j+1) (’Vk’? ] b(j) (7n+j7 s 77n+1)a Yry - - 771)

In case (2), the component on floor —2 is asymptotic to

Ve+1,15 Y1y -« Vns Vn+ln+j54+1 Yntj+ls -5 Vk

with Y41 n4j+1 € R(A, 1, A;+1+j) positive asymptotic which is a node, for
some 1 < j<kand 0 <n <k—j. Then, the disk on floor —1 has asymp-

totics t0 Ynt1,n4j4+1> Ynt1s - - - s Yntj With Y41 4541 negative output. Thus,
this disk on floor —1 contributes to

<A(7n+j, e »7n+1)» ’7n+1,n+j+1>

and the disk on floor —2 is a banana with output 7 1. Hence, the building
in case (2) contributes to

b(k_j+1) (7]67 ey A(]) (’Yn-l—ja .. 77714—1)7 Yy o - 771)

We described above all the types of pseudo-holomorphic buildings in the
boundary of the compactification of M2(Vk4+11;71,.-.,7) and we deduce
from this the relation:

(52) > b (@R g (b0) + AU @id¥") =0

1<j<k
0<n<k—j
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By combining Relations and , we get the following:

Z ps) (f(is) R ® f(ia+1)

1<s<k
B4 +is=k
1<a<s
® Z f(la—J-‘rl)(id@Za—"—J ®m2 ® id@m) R--® f(11)>
1<j<ia
0<n<io—j
POy <f<is) o...
1<s<k
b=k
1Sa§s . . . . .
® Z f(za—]—i-l)(id@za—n—] ®m; Q id@n) QR ® f(Zl))
1<j<ia—1
0<n<in—j
LY <f<u> 9. @ flias)
1<s<k
i1+-+is=k
1<a<s

® Z A(j)(f(”j) @...@f(”l)) ®...®f(i1)>

1<j<ia
ny o, =i

+ 3 Y ey <f<zs-> Q-

C1<s<k 1<5<s
=k 0SnSs =) o) (fo) @ @ fir)) ... @ f(i1)>

_— S et <f<is> Q-

) lgsgk 1<j<s
BrLEROSIST g A (fli) @@ fli)) @ @ f<z1>) =0

where the sum of the first three lines equals zero because of , as well
as the sum of the two last lines because of . The sums in the third and
fifth lines are equal so cancel each other (on Zg) and we get then:

Z ps) (f(is) ® -

1<s<k
it =k
1<a<s
© Y flI (g% J®m‘;®1d®”)®---®f(“)>+
1<j<ia
0<nSi—j
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_ b<s><f<m®...

1<s<k

i+ Fi=k
1<ass Z f(ia—j-i-l)(id@ia—n—j om; © id®") @ ® f(il))
1<j<io—1
0<n<ia—j

+ Y 3 et <f<z‘s> ®- -

1<s<k  1<j<s

i1+:+is:k 0<n<s—j ® b(J) (f(inJrj) R--® f(/[:n‘f’l)) R X f(ll)) =0

The first sum corresponds to

- s 1Rk—j—n 0 c 1®n

E, my_jpq (id ®m; ©id*" )
1<j<k
0<n<k—j

and the two last sums to

— s I®k—j—n — s 1®n
> mja(id ®m; ®id*")
1<j<k

0<n<k—j

because the sum in the third line is equal to the missing terms
(s=d+1) [ £(s) ... (intit1) TR (41)
b () @ fl) @y @@ f)
in the second line, which gives the relation. This ends the proof of Theorem 3]

7.3. Ao-functor

In this subsection, we naturally generalize the maps F' and F? with higher
order maps. Again, let us consider a fixed (d + 1)-tuple of pairwise trans-
verse exact Lagrangian cobordisms ¥y, ...,3441. For every 1 <k <d and
every (k + 1)-tuple i1, ...,i541 of distinct indices in {1,...,d+ 1}, we will
construct a map

Fr o OF (S, Biyy) ® - @ CF_oo(84,, 53,) — C* (AL AL )

[

such that the family of maps {F*}; << satisfies the A -functor relation, i.e.
for every 1 < k < d and every (k + 1)-tuple i1,...,ig41 of distinct indices,
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we have:
(53) > FEI(AR T @ my ©1d®)
1<j<k
0<n<k—j
+ Y pFreeF) =0
1<s<k
Jittgs=k
where

e for1 <j<kand 0<n<k—jwe have

mj : CF—OO(Zin_Ha Ein+j+1) KX CF—OO(Ein-H ) Ein,+2)
S OF (S, 5

Tnt19 Z'n+j+1)

and F*~7+1 has domain
CF*OO(Eik ’ Zik+1) ®-® CF*OO(E%JFU Ein+]‘+1) K- CF*OO(EiN 212)

and codomain CF_(%;,, %, ., ),

e for all 1 < s <k, all indices ji,...,Jjs such that j1 +---+ js = k and
all 1 < a < s, the domain of Fl= is

CF_oo(S )@+ @ CF (S 5

Vi1t tia? Ez’jl+"'+ja+1 Vi1t tia 1417 Zj1+-~-+ja_1+2)

and the codomain is CF_ (% z

Ljp b i1 +17 ij1+»-»+a‘a+1)’

e 4° are the As-maps of the augmentation category Aug_ (A U---U

A;H). In the formula above, we have

IU‘S . Cpfoo(zij1+-"+75*1+l’
— OF -0 (Zi,, Zig,)

Eik+1) [ ®CF,OO(E“,E

i11+1)

and we did not write the augmentations in the index in order for the
formula to stay readable.

Now, to simplify notations once again, let us assume that the (k + 1)-
tuple iy,...,44q of distinct indices is equal to 1,...,k + 1. The maps FF¥,
for k > 3, are defined analogously to the maps F' and F?, by a count of
rigid pseudo-holomorphic disks, but with more mixed asymptotics (see for
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example Figure . So we define
F: OFoo(Shy Sg1) ® - @ CF_oo (21, 52) — C*(A], AfL)
by

(54) FFag,...,a1) =

0 +. - . ~t

Yoo #MS, (Ve an, Ok ag, Oksr) e oy
WGR(ALNAT)
G1yes0kt1

where as always the §;’s are words of Reeb chords of A", and again the term
e~ should be replaced by [[ ; (d;). In order to show the A -functor relation,

+
V5,1

Z1,2 T34

73,2 V5,4
Figure 38: Example of curve contributing to .7:4(7574, 34,732, 21,2)-
we study degeneration of curves in the moduli space M!(y";81,a1,. .., 8,

ak, 0x+1). A family of curves in such a moduli space can break into:

1) a pseudo-holomorphic building of height 0|1|0 such that the middle
level contains two index-0 curves which have a common asymptotic at
an intersection point. These buildings contribute thus to

(FEIH (a7 @mf @ 1d®"), 4 *)

2) a pseudo-holomorphic building of height 1|1|0 with possibly several
index-0 curves in the middle level and one index-1 banana in the bot-
tom level (for index reasons, this level can not contain any other non
trivial curve). These buildings contribute to

<]:k:fj+l(id®k:fjfn ®mj_ ® id®n)7 ,Y+>
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3) a pseudo-holomorphic building of height 0|1|1 with again possibly sev-

eral index-0 disks in the middle level and one index-1 curve in the top
level. These buildings contribute to

(W (Fr @@ F) )

As boundary of a 1-dimensional manifold, the sum of all these contributions
gives 0 modulo 2, and this implies the relation (53]).
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