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Potential functions on Grassmannians of

planes and cluster transformations

YUuicHlI NOHARA AND KAZUsHI UEDA

With a triangulation of a planar polygon with n sides, one can
associate an integrable system on the Grassmannian of 2-planes in
an n-space. In this paper, we show that the potential functions of
Lagrangian torus fibers of the integrable systems associated with
different triangulations glue together by cluster transformations.
We also prove that the cluster transformations coincide with the
wall-crossing formula in Lagrangian intersection Floer theory.
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1. Introduction

Quantum cohomologies of Grassmannians give quantum deformations of the
classical Schubert calculus. It is a fascinating subject, which is related to
many branch of mathematics such as moduli of vector bundles on a Riemann
surface [Wit95], total positivity [Rie01], and eigenvalue problems [TWO03] to
name a few.

Mirror symmetry is a powerful tool to study quantum cohomologies of
symplectic manifolds. The mirror of a Fano manifold is a Landau—Ginzburg
model, i.e., a pair (X,W) of an analytic space X and an analytic func-
tion W: X — Al called the LandauGinzburg potential. Landau-Ginzburg
mirrors of flag varieties are introduced in [Rie08], where X are the comple-
ments of anti-canonical divisors in the flag manifolds associated with the
Langlands dual groups, and W are regular functions. In the type A cases,
the restrictions of W to certain open subvarieties give mirrors introduced
earlier in [EHX97, BCFKvS00]. For the Grassmannian Gr(k,n) = Gr(k,C")
of k-dimensional subspaces in C", Marsh and Rietsch [MR] give a description
of the Landau—Ginzburg mirror

(1.1) W: X =Gr(n—k,(C")*)\ D — Al

in terms of Pliicker coordinates on the dual Grassmannian Gr(n — k, (C™)*)
of Gr(k,C").

With a Lagrangian submanifold of a symplectic manifold, one can as-
sociate the potential function, which is a Floer-theoretic quantity obtained
as the generating function of numbers of pseudo-holomorphic disks bounded
by Lagrangian submanifolds [FOOO09]. In the case of toric manifolds, the
potential functions of Lagrangian orbits of the torus action can be identified
with the Landau—Ginzburg potentials of the mirrors.

In contrast to the toric cases where the toric moment maps give canonical
Lagrangian torus fibrations, there are a priori no preferred Lagrangian torus
fibrations on flag manifolds. In the case of the Grassmannian Gr(2,n) of 2-
planes, with any triangulation I' of a convex polygon with n sides, one can
associate a completely integrable system

(1.2) Ur: Gr(2,n) — R4

whose image Ar = ¥p(Gr(2,n)) is a convex polytope. Note that the num-
ber of ways to triangulate a convex m-gon is given by the Catalan number

Cho = ﬁ (277__24). The potential function of Lagrangian torus fibers of the
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integrable system W is computed in [NUI4, Theorem 1.6]. It is written as a
Laurent polynomial Wr, which gives a regular function on a torus (G,,)?" .

If two triangulations I and I are related by a Whitehead move (see
Figure , the corresponding potential functions Wt and Wr. are related
by a subtraction-free birational change of variables of the form

(13) WF'(' .. 7y/7y17y27 Y3, Y4, - - ) = WF( - Y Y1,Y2, Y3, Y4, - )
where

1
(14) y/ _ . Y1Y2Y3Y4 ‘

Y Y3+ Y294

Moreover, the tropicalization of this coordinate change gives a piecewise-
linear transformation on R?*~* which maps Ar into Ar.

In what follows we identify the dual Grassmannian Gr(n — 2, (C™)*) with
Gr(2,n) in a canonical way, and write the Pliicker coordinates as p;; (1 <
i < j <n). The first main result in this paper is the following:

Theorem 1.1. For any triangulation I', there is an open embedding
(1.5) ir: (Gp) P X

such that the restriction of the Landau—Ginzburg potential coincides with the
potential function; ;W = Wr. The change of variables (1.4]) can be identi-
fied with the Pliicker relation

(1.6) DikPjl = PijPkl + PiDjk
by a suitable choice of a coordinate on (G,)*" 2.

In other words, the potential functions for different triangulations glue
together to form an open dense subset of Marsh—Rietsch’s mirror. The
Pliicker relation is a prototypical example of a cluster transformation
in the theory of cluster algebras [FZ02].

Remark 1.2. Rietsch and Williams [RW] also study the relation between
piecewise-linear transformations for “moment polytopes” Ar and cluster
transformations from a slightly different view point, where Ar are
regarded as Newton—Okounkov bodies.

For a pair I and I of triangulations related by a Whitehead move, one
can construct a one-parameter family ¥, (0 < ¢ < 1) of completely integrable
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systems on Gr(2,n) such that ¥y = ¥pr and ¥; = Uy, (up to coordinate
changes on the base spaces). For t # 0,1, the integrable system ¥, has sin-
gular fibers over a codimension two subset in the interior of the base space
B; = ¥4(Gr(2,n)). The presence of singular fibers leads to a codimension
one wall in By which divides B; into two chambers. The SYZ mirror in the
sense of [AAKT6l Definition 1.2] of Gr(2,n) with respect to this Lagrangian
torus fibration is given by gluing (open subsets of) Landau—Ginzburg mod-
els ((Gm)Q"_4,Wp> and <(Gm)2"_4 , Wp/) (and then completing). Each of
these Landau—Ginzburg models comes from the moduli space of objects of
the Fukaya category supported by Lagrangian torus fibers above each cham-
ber, and the gluing is given by a wall-crossing formula obtained by counting
pseudo-holomorphic disks of Maslov index zero. The second main result in
this paper is the following:

Theorem 1.3. For(0 <t < 1, the wall-crossing formula in the construction
of the SYZ mirror of Gr(2,n) with respect to the Lagrangian torus fibration
W, is given by the coordinate change (|1.4)).

Theorem is proved by reduction to the case of Gr(2,4) by a degen-
eration argument, which is then handled directly along the lines of [Aur07,
Aur(09).

It is suggested in [Aur07, [Aur09] that the mirror of a Fano manifold is ob-
tained by first taking a special Lagrangian torus fibration on the complement
of an anti-canonical divisor, and then equipping its Strominger—Yau—Zaslow
mirror with the potential function of the fiber. The integrable system W,
does not restrict to a Lagrangian torus fibration on the complement of an
anti-canonical divisor, and it is an interesting problem to find a Lagrangian
torus fibration on the complement of an anti-canonical divisor, which allows
one to fit Rietsch’s mirror into this framework. Another interesting question
is whether there are other mirrors associated with other Lagrangian torus
fibrations on the complement of other anti-canonical divisors.

This paper is organized as follows. After fixing notation for triangula-
tions of convex polygons in Section 2, we give in Section 3 the construction
of completely integrable systems on Gr(2,n). In Section 4 we recall toric
degenerations of Gr(2,n) associated with triangulations of a convex n-gon,
which enables us to compute potential functions of Lagrangian torus fibers
of Wp. In Section 5 we show that the potential functions for different tri-
angulations are related by the coordinate change . Section 6 is a quick
review of cluster algebras. Theorem is proved in Section 7. In Section
8 we recall the wall-crossing formula given by Auroux in [Aur(07, [Aur(09],
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which is enough for our purpose since the integrable system W; has only one
wall. In Section 9 we prove Theorem in the case of Gr(2,4). The proof
for general Gr(2,n) is given in Section 10.

Acknowledgment: We thank Yanki Lekili for collaboration at an early
stage of this work; it is originally conceived as a joint project with him.
We thank River Chiang for organizing a workshop in Tainan in July 2014,
where this project has been initiated. We also thank the anonymous referee
for reading the manuscript carefully, pointing out mistakes, and suggesting
a number of improvements. Y. N. is supported by Grant-in-Aid for Scien-
tific Research (15K04847). K. U. is supported by Grant-in-Aid for Scientific
Research (24740043, 15KT0105, 16K13743, 16H03930).

2. Triangulations

Fix an integer n greater than 2, and let P be a convex planar polygon with
n sides called the reference polygon. We order the vertices of P in such a
way that respects the natural cyclic order on the boundary of P, and define
the side vectors e; € R? for i = 1,...,n as the difference between the i-th
vertex and the (i + 1)-st vertex. Setting I(i,j) = {é,i +1,i+2,...,5 — 1},
we can write the diagonal connecting the i-th vertex and the j-th vertex as

(2.1) dij = Z Ck-

kel(i,j)

Take a subdivision I" of P given by a set of diagonals which are pairwise
non-crossing in the interior of P. Note that the non-crossing condition for
diagonals d;;, dj; is equivalent to

(2.2)  I(i,§)  I(k,1) or I(k,1) C I(i,) or I(i,§) N 1(k,1) = 0.

We consider the dual graph of the subdivision I', which is a tree with n
leaves. Let €(i,j) denote an edge in the graph intersecting a diagonal d;;
or a side e; = d; ;41 of P connecting the i-th and j-th vertices, where we
assume €(n,n + 1) = ¢(1,n). In what follows we regard I" as the set of edges
in the dual graph by abuse of notation, and let

(2.3) It T = {e(i,j) € T | |i — j| > 2},
Or = {e(i,i+1)|i=1,...,n}
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Figure 2.1: A triangulation of a convex polygon and its dual graph.

be the sets of interior edges and leaves of I, respectively. We also consider
a “pruned” tree obtained from I' by removing the n-th leaf €(1,7n), and let

(2.5) Pl =T\ {e(1,n)}

be the set of its edges. If I is a triangulation of P, which is given by n — 3
diagonals, then we have

(2.6) 4T =2n — 3,
(2.8) #Prml = 2n — 4 = dime Gr(2,n),
(2.9) #Int[' = n — 3 = dimc Gr(2,n) /Ty ()

where T,y C U(n) is a maximal torus consisting of diagonal matrices.
3. Integrable systems on Gr(2,n)

Fix a constant A > 0, and identify the Grassmannian Gr(2,n) of 2-planes in
C™ with the adjoint orbit

(3.1) Oy ={z € vV—1u(n) | eigenvalues of = are A\, \,0,...,0}
of a diagonal matrix diag(A, A, 0,...,0) in the space /—1u(n) of Hermitian

matrices. For each 1 <17 < j < n+ 1, we consider the adjoint action on Oy
of the subgroup

(3-2) G(i,j) = U(j—1) =U(j—1)
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of U(n). Its moment map is given by

(3:3) pa@y): Ox = V=1u(j —1), == (zu) = paiy)(®) = (Tr)rieri,),

where we identify the dual space of the Lie algebra Lie G(i,7) = u(j — i) of
G(i,j) with v/—1u(j — ¢) by an invariant inner product. Since
(3.4) rank g ) (r) <rankz <2, x € Oy

for each (4, j) with |i — j| > 2, each Hermitian matrix pg(; ;) (7) has at most
two nonzero eigenvalues )\gm)(x) > )\;m)(a:) > 0. Foreach 1l <i<j<n,we
define a function 1;; on Oy by

(3.5) by = I @), i i — j| > 2,
. 1] - . .
pagivn () = T, j=i+1.

Note that the the moment map pr,,, : Ox — R" of the action of the maxi-
mal torus Ty, = [[;2; G(i,7 4 1) is given by

(36) Uy ey = (’(7[)1% ¢237 7/)34, tee 7wn,n+1)7

and hence {; ;41 }1<i<n satisfies one relation

(3.7) P12(z) + Yo3(x) + - + Y10 (x) + Yppt1(x) = traz = 2A.

In general, for any n x n Hermitian matrix = (z;;), the mini-max principle
implies that the eigenvalues Ay > --- > A, of x and those uy > -+ > pup_1
of the submatrix (x;;)1<i j<n—1 satisfy

(3.8) M2 2 A2 2> A3 > 2 A1 2 fn—1 > A

In our situation, each x € O, has eigenvalues \, A,0,...,0, and hence the

. (1,n) .
largest eigenvalue 1, (x) = A} (7) of pugn)(r) = (Tij)1<ij<n—1 is con-
stant:

(3.9) Pin = A

For a triangulation I' of the reference n-gon P, the non-crossing condi-
tion implies that G(i,7) C G(k,l) or G(k,l) C G(i,j) or the actions
of G(i,7) and G(k,l) on O, commute for each pair €(i,j),e(k,l) € IntT" of
interior edges. By applying the construction of completely integrable systems
in [GS83], we obtain the following:
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Theorem 3.1 ([NU14, Section 4]). For a triangulation T of the reference
polygon, the map

(310) Up = (7/)1]) €(i,j)EPmT * O)\ — RPrnF = RQn_4

is a completely integrable on Gr(2,n) = O, with respect to the Kostant-
Kirillov form. The natural coordinate (wij)e(; jyeprnr 0T RP™T gives an ac-
tion coordinate, and the image Ar = Wr(QO)) is a convex polytope.

Remark 3.2. One can apply this construction for general partial flag man-
ifolds of type A to obtain several completely integrable systems.

Remark 3.3. In [NUI4], we defined 1;; = )\g’j) for |i — j| > 2 instead of
)\gw)' Since

(3.11) AP A0 = b BG(i, Zwk k15

the completely integrable system Ur in (3.10|) and that in [NU14] are related
by a linear transformation on the base space, and hence fibers of these
integrable systems are the same.

To describe the polytope Ar explicitly, we recall bending Hamiltonians
on polygon spaces introduced by Kapovich and Millson [KM96] and Klyachko
[KIy94]. For an n-tuple » = (rq,...,7r,) € (R>%)" of positive numbers, the
polygon space M, is defined to be a moduli space of n-gons in R? with fixed

side lengths 71, ..., 7y,:
Z& =0 }/ 0(3),

where S%(r) C R3 is a 2-sphere of radius r centered at the origin. For each
1<i<j<n,let g;;: My — R be the function which measures the length
of the diagonal or the side of each polygon & connecting the i-th and j-th
vertices:

(3.12) M, = {g gl,...,gneHs%Z

(3.13) ©0ij (&) =& + &ir1 + -+ &1

Note that ¢; ;41 = r; are constant functions. The function ¢;; for |i — j| > 2
is called a bending Hamiltonian, since its Hamiltonian flow bends polygons
& € M, along the diagonal connecting the i-th and j-th vertices.
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Theorem 3.4 (Kapovich and Millson [KM96], Klyachko [Kly94]).
For each triangulation I’ of P, the map

(3.14) ®r = (¢ij) (i jemer: Mr — R

is a completely integrable system on M,.. The image ®p(M,.) is a convex
polytope defined by triangle inequalities

(3.15) [pij — ikl < @ik < pij + Pjk
for each triangle with vertices 1 <1 < j < k < n in the triangulation T'.

The Grassmannian Gr(2,n) is obtained as a symplectic reduction of
the space Mat,x2(C) = (C?)" of n x 2 matrices by the right U(2)-action,
and hence the Gelfand-MacPherson correspondence [GM82] gives an iso-
morphism between the polygon space and a symplectic reduction of Gr(2,n)
by the Ty (,)-action. For a later use, we describe the isomorphism explicitly.
Since the moment map of of the right U(2)-action on Mat,,«2(C) is given by
(3.16)

Z1 w1

: Matyx2(C) = vV—=1u(2) . o li |zi|2 Zow;
HU@): X ’ : ' 2 4 2w |wil?)”
Zn  Wp =1

the level set “5%2)()‘12) of fur(2) comsists of (z;, w;); € Mat,x2(C) satisfying

n n n
(3.17) STl =Y lwilP =2 > zwi =0,
=1 =1 =1

and hence

S

(3.18) Z = (zi,wi)i — §ZZ = 5(2’1'2’]' + wiwj)iyj

gives an isomorphism ,U/E%Q)()\].Q)/U(2) — Oy = Gr(2,n). The moment map
KTyt Matyx2(C) — R™ of the left Ty (n)-action on Mat, x2(C) is given by

21 wq

(3.19)

. (IZlI2 + w2 [znl” + !wn|2>
2 AR 2 )

Zn  Wn
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and thus the projection

(320)  pp) . @)= [[SP@vE) — Tuw\up, 2r) =[] S*(r)
i=1 i=1
1s written as
Z1 w1
(321) — (V(Zlﬁwl)a"'>y(zn7wn))
Zn  Wnp

by using the Hopf fibration

2w |2

. g3 2 2 — w]?
(3.22) v: S?(2yr) — S%(r), (z,w)—~ 5 1 ,

where we regard S3(2/r) C C? and S?(r) C C x R. Since the condition
(3.17) implies >, v(z;, w;) = 0, the map (3.21) induces an isomorphism

(3:23)  Tu\ar Gr(2,n) = T\ (g ly (M2) Nzl (2r) /U(2)

(ﬁl s%m) //0 SU(2) = M,..

Let ¢;; also denote the pull-back to Gr(2,n) of the bending Hamiltonian.

(3.24)

1

Proposition 3.5 ([NU14, Proposition 4.6]). Two completely integrable
systems (Vi)e(i jyepenr 4nd (9i3)e(ijyepemr are related by

-1
1 J
(3.25) Yij = Pij — 3 ;%,kﬂ,
=i

and thus Vr induces ®r on each polygon space M, under the symplectic
reduction.

Note that ;41 = (1/2)1; ;41 is not an action coordinate, since its
Hamiltonian flow has period m(# 27). We give a proof of this proposition
for readers’ convenience.
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Proof. We first note that the function 1; ;11 associated to the leaf €(4,7 + 1)
is given by

‘21‘2 + |w1‘2

(3.26) Viit1([zk, wi]) = 5 ;Lo wik € Gr(2,n),

which coincides with 2¢; ;1 ([2%, wg]). Recall that, for |i — j| > 2,

(3.27) i ([ wi]) = AP (2, wr]) = A7 (2, wi]) = 0

are the first and second eigenvalues of

1 ' . .
(3.28) = : (Z Z“) .
2 : : w; ... W1

Zj—1 Wj—-1

Then the 2 x 2 Hermitian matrix

e B Z wj = P =
Zi .. Zi_q . . 2k ZE W
3.29) -~ -7 : : == kI
( ) 2 <wz ... U)j_1> ' : 2 kX—: <kak |wk|2>
Zj—1 Wj-—1 =t
i1
IS (el ol 2z, Z ~ Lz’ : wel® (10
4 ‘ 221 W |wk]2 ’Zk’2 0 1

has eigenvalues )\gi’j ) > )\g’j ). Since

i—1
L (Il = lwel? 2z )
3.30 — _ € v —1lsu(2
(3.30) 42,@,( 2wyl - |zf2) €V

has eigenvalues || Zi;i V(zg, wi)|| = £pij([2k, wi]), we have
|2]* + [wi|* 2+ |wg|?
2 2
(3.32) AG) Z 2 + ol

which prove the proposition. O
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We introduce another coordinate (u (7, j))e(i j)eprr ON R4 correspond-
ing to (@ij)e(i,j)ePrnF defined by

-1
- 15
(3.33) u(i, j) = uij — B Zuk,k+1-
k=i

Corollary 3.6. The moment polytope Apr = Wp(O,) is defined by triangle
inequalities

(3.34) (i, j) — u(j, k)| < uli, k) < u(i,j) + u(j, k)

for each triangle with vertices 1 <1i < j < k < n in the triangulation T.

In terms of the action coordinate (u;)(; j)epmr, the inequalities (3.34)
are written as

k—1
(3.35) Uik = Uij — Ujk + Z UL 1+1,
=y
j—1
(3.36) Uik = Ujl — Ugj + Z UL 1+15

=t

(3.37) Ui < U5 + Ujk.

Figure 3.1: The caterpillar.

Example 3.7 (Hausmann and Knutson [HK97]). For the triangula-
tion ['cay given by

(3.38) Int Teat := {€(1,3),€(1,4),...,¢e(1,n —2)}

shown in Figure [3.1] called the caterpillar, the integrable system Vg :=
Wr  gives the Gelfand-Cetlin system introduced by Guillemin and Sternberg

cat
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[GS83], and the triangle inequalities (3.34]) give the Gelfand-Cetlin pattern

A S i — A
Q T
(] S it — Va1

Q 7D

-3
Yin—2 S i1 — Yin—2

(3.39) R
’ 0
Q 7 %
Y13 S Wit — P13
Q %
()

Suppose that we have two triangulations I', IV of P which are related by
a Whitehead move in a quadrilateral Py with vertices 1 <a<b<c<d<n
(see Figure where Py is unshaded). Let T be the subdivision of P

C c

Figure 3.2: A whitehead move.

given by common diagonals in T' and T” (see Figure ; its dual graph
is obtained from that of T' (resp. I') by contracting the edge €(a,c) € T’
(resp. €(b,d) € I'). Note that the action coordinates on Ar C RP™I" and
Ap C RP™IY gre written as

(340) u = ((uij)e(i,j)ePrnF”auac)a u' = ((uij)e(i,j)EPrnF”a ubd)7

respectively.
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C

Figure 3.3: A subdivision of P given by common diagonals in two triangu-
lations in Figure 3.2

Proposition 3.8. Let I', IV be two triangulations of P as above. Then the
piecewise linear transform uw — u’ defined by

(341) ubd = —Uge + uab + ubc + ucd + uad
c—1
— min (uab T Ued; Uad + Upe — Z ui,i"'l)
i=b

gives a bijection between Ar and Ar.

Remark 3.9. The piecewise linear transformation (3.41)) is different from
the one given in [NUI14, Proposition 3.5].

Proof. For each fixed (@ap, Pbes Peds Pad) = (r1,72,73,74) € (RZ?)*, the ranges
of the bending Hamiltonians .. and ¢pq are given by

(3.42) max{|r1 — ra|, |rs — ra|} <u(a,c) <min{ry +ro,r3 + 14},
(3.43) max{|ry — 74, |r2 — r3|} < wu(b,d) < min{ry + rq,re +r3},

respectively. Since

(3.44) — max{|r; — ral,|rs — 4|}
(3.45) = min{min{r; — ro,73 — r4}, min{re — r1,r4 — r3}}
(3.46) = min{min{ry + r4,72 +r3} — ro — 14,

min{rl + 714,79 + 7"3} -7y — 7”3}
(3.47) = min{ry + r4,r2 + r3} + min{—ry — r4, —ry —r3}
(3.48) = min{ry + 74,79 + 73} + min{ry +r3,ro + 74}

— (7’1 +T2+T’3+7‘4),
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the lengths of the ranges are the same;

(3.49) min{ry + ro,r3 + r4} — max{|ry — ro|, |rs — ra|}

= min{ry + r4,r9 + r3} — max{|ry — r4, |re — 73|}
Thus the map u(a, c) — u(b, d) defined by

u(b,d) = —u(a,c) + min{ry + ro,rs + rq} + max{|ry — r4|, |r2 — 3/}
(3.50) = —u(a,c) +r1+ry+ry+ry—min{r; +r3,ro + rg}

gives a bijection between the ranges of p,. and ¢pg. One can easily check
that this map is written as (3.41]) under the coordinate change (3.33). O

4. Degenerations of Grassmannians

Speyer and Sturmfels [SS04] have shown that toric degenerations of the
Grassmannian Gr(2,n) are parametrized by the tropical Grassmannian, and
its top dimensional cells are in one-to-one correspondence with the set of
trivalent trees I' with n-leaves. For each I', the corresponding toric degen-
eration fr: Xp — C"3 of Gr(2,n) can be constructed as follows. Let p =
[pijli<i<j<n be a homogeneous coordinate on P(A*C") so that Gr(2,n) C
P(A%C") is given by the Pliicker relations

(4.1) Fijri(p) = pijpr — pikpji + pupjk =0

forl<i<j<k<l< nH For each 1 <i,5 <mn, let v(i,j) denote the path
in the tree I' connecting the i-th and j-th leaves e(i,i + 1), €(j,7 + 1). We
introduce n — 3 deformation parameters t = (tx1)c(k)emer € C™T, Define a
weight w(i, /) = (wii(i, ))erpyemer € QT of a Pliicker coordinate p;; by

o 1/2 if v(4,7) contains the edge €e(k,1),
(1.2 wklu,y):{ 2 ) e el

0 otherwise,

and consider an action of (C*) on A%2C™ given by

(4.3) t-p= (tw(i’j)pij) _ H t?}:)lm(z’,j)pij _ H 75/161/2]%]'
(k1) (k1) Cy(4.4)

Note that the indices of the the Pliicker coordinates are labels of leaves of ' (or
equivalently, sides of the reference polygon P), while the indices of the Hamiltonians
1;; (and hence, those of coordinates on the SYZ mirror) are labels of vertices of P.
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Figure 4.1: A path (i, j) connecting the i-th and j-th leaves.

For a polynomial

(4.4) F(p) = Z CIPivjy « - - Pimjm

I:(ihjlv"'yinujm,)
in Pliicker coordinates, let
(4.5) wi (F) = max{wy (i1, j1) + - - + Wi (im, jm) | €1 # 0}

be the maximum of weights of monomials in F(p) with respect to tg;, and
define F"'(p,t) € C[p,t] by

(4.6) Fl(p,t) =t Pt 0)py),
where

w Wil F
(4.7) tw(F) — H £ (F)

e(k,l)€Int T
Then the degenerating family fr: Xp — C"~3 associated with I is given by
(48)  Xp={(p,t) e P(N’C") x C"3 | FL, (p,t) =0, i < j <k <1},

whose central fiber Xt = flfl(O, ...,0) is a toric variety with moment poly-
tope Ar (see [NU14, Example 5.2] for the case n = 5). [NU14] Theorem 1.2]
combined with [HK15] Theorem 5.4] gives the following.

Theorem 4.1. The completely integrable system ¥r on Gr(2,n) can be
deformed into a toric moment map pr. on Xr with moment polytope Ar.
There exists a map ¢: Gr(2,n) — Xp which sends each Lagrangian torus
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fiber Lr(u) = W' (u) diffeomorphically to the fiber ;L%Fl (u) of pr. over the
same point u € Int Ar.

The map ¢: Gr(2,n) — Xr is given by the gradient-Hamiltonian flow
for fr introduced by Ruan [Rua0l]. Harada and Kaveh [HK15, Theorem 5.4]
show that the gradient-Hamiltonian flow extends to singular loci of Xr.

Let (X,w) be a symplectic manifold, and fix a compatible almost com-
plex structure J. For a Lagrangian submanifold L in X and a relative ho-
motopy class 3 € m2(X, L), let M1(X, L; 3) denote the the moduli space of
stable J-holomorphic maps of degree 8 from a bordered Riemann surface
of genus zero with one marked point and with Lagrangian boundary condi-
tion. Fix ¢ € (CX)"=3 ¢ C"3 sufficiently close to the origin, and let .J; be
the complex structure on the fiber Xy = fr*(¢) of the family (£.8). By us-
ing a symplectomorphism Gr(2,n) — X; given by the gradient-Hamiltonian
flow, we regard J; as a complex structure on Gr(2,n). The fact that the toric
variety X is Fano and admits a small resolution [NUI4l Section 8] enable
us to apply the argument in [NNUIL0, Section 9] to obtain the following:

Theorem 4.2 ([NNU10, Proposition 9.16]). For each u € Int Ar and
B € m2(Gr(2,n), Lr(u)) of Maslov index two, there exists a diffeomorphism

(4.9) My(Gr(2,n), Lr(u); B) = My(Xr, pg (u); B)
such that

H.(Mi(Gr(2,n), Lr(u); 8)) — H.(Lr(u))

(4.10) l l“i’:l

H,(Mi(Xr, iz (w); ) —— Hi(ug, (u))

commutes, where ev: My(X,L;3) — L is the evaluation map at bound-
ary marked points, and [ in the right hand side of (4.9) is regarded as
a homotopy class in Xr via the isomorphism ¢.: mo(Gr(2,n), Lr(u)) —

mo(Xr, iy, (w)).

Suppose that we have two triangulations I' and I related by a White-
head move as in Figure Then the subdivision I' defined by common
diagonals in T" and I" gives a subfamily

(411) fl“//: %l‘w — Cn74 — Clnt T
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of fr: Xpr — C™7T (vesp. fr: Xp — C™T") defined by tq. = 1 (resp. tyg =
1), on which Ur = (¥ij)e(ij)eprr (tesp. W = (¥ij)e(ij)eprnr) can be de-
formed into a completely integrable system ¥ = (¢%)E(i’j)eprnr (resp. ¥ =
(¢%)E(i7j)eprnrl) on the central fiber Xy = flf/,l((), ...,0). We write fibers of
WP as Lp(u) = (¥7) ' (u).

Corollary 4.3. For eachu € Int Ar and 8 € ma(Gr(2,n), Lr(u)) of Maslov
index two, there exists a diffeomorphism

(4.12) M (Gr(2,n), Lr(u); B) = My (Xo, Lp(u); B)

which commutes with evaluation maps on the homology groups. The same s
true for T'.

We observe defining equations for X are:
(4.13) Fl(p,0) = Fli(p, (0,...,0,t5 = 1)) = 0.

If the paths ~(i, k) and v(j,[) intersect transversally in the interior of the
quadrilateral Py as in Figure 4.2} then all monomials in Fjjz; have the same
weight, and thus the Pliicker relation is unchanged:

(4.14) le;kz (p,0) = Fiju (p) = DijDkl — PikDjl + DilPjk-

In the case where ~(i,k) and 7(j,1) share at least one interior edge, the
Pliicker relation is deformed into a binomial

(4.15) Fz'%z(Pv 0) = —pipji + PiPjk-

where we assume that ~(i,7) and v(k,l) do not share any edge in '’ (see
Figure .

We give a description of X following an idea in [HMMI11]. By cutting
the reference polygon P along the diagonals in I'”, we obtain a subdivision
of P into one quadrilateral Py and n — 4 triangles P, ..., P,_4, and the cor-
responding forest (i.e., a set of trees) I'g,I'1,...,T',—4. For each subpolygon
P,,, we associate a cone Gr(P,) € A?Cl« over the Grassmannian

Gr(2,4) a=0,

4.16 Gr(P,) := Gr(2,Cl=) =
(4.16) r(Fa) r( ) {PQ o=1,.. . .n_d

on which the Pliicker coordinates (pf °)e,ecr, are indexed by pairs of (bound-
ary) edges of I',. We consider an action of a torus (C*)Mel'« = (C*)37=8 on
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i J
j N k
Figure 4.2: (i, k) and ~(j,1) Figure 4.3: v(i,k) and ~(j,1)
intersect transversally. share an interior edge in I'".
a
d
b
C

Figure 4.4: A subdivision of P and the corresponding forest.

= Gr(P,) defined by
(4.17) T (pf?)e,e’ = (TeTe'psz')E,E’

for = (7)een,r, € (C)MeTa. We regard (C*)%T" =[], CX as a sub-
group of (C*)Hels by identifying leaves ¢; = e(i,i + 1) of I'"" with corre-
sponding edges in the forest II,I'y, and define C;, = C* to be the diagonal
subgroup of (C*)%"(c (C*)1aT=), For an interior edge € = (i, ) € Int T,
let €T, e~ be two copies of € in IT,I'y, and define

(4.18) cx

ete~

={(r, 7)) eCl xCL|reC}=C~

to be the anti-diagonal subgroup of C, x C* (C (C*)"el'=). Then the torus
action (4.17) induces an action of the (n — 3)-dimensional subtorus of
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(CX)HQFO
(4.19) Cxp X H CX, - > X x (CX)n*
eclnt '’
on [, Gr(P,). We define
(420) TC,, = ( H (CE+ o )F” o~ (CX)Qn—ZL'
eclnt I

Proposition 4.4. The central fiber X of the family (4.11)) is given by the
GIT quotient

(4.21) Xo ﬁ@}(Pa)// CXP <« I cx 6,),
a=0

eclnt '’

and the inclusion Xo < P(A\?C") is given by

(4.22) pi= [] »

€,¢' Cy(4,)
where the product in the right hand side is taken over a sequence of edges
of U,T'y contained in the path ~(i,j). Furthermore, the induced action of
TE, /Chp = (C*)2"75 on X is the complezification of the Hamiltonian torus
action of (¢z])e(z,])€PrnF”'

See [NU14, Section 5, 6] for more detail. Note that the (C*)?T"-action
on X coincides with the complexification of the Ty (,)-action. Define a sub-
group ']I‘F,,\F (C*)2n=8 of TS, = (C)I by

(423) T%’\Fo = {(Té)eer” | Te=1fore= 6((1, b)> 6(b7 C)v 6(67 d)a 6(0’7 d)}

(424) ~ (CX )F”\{e(a,b),e(b,c),e(c,d),e(a,d)}’
and set
(4.25) T, = Tt /Trp, = (C)*

We consider an anti-canonical divisor of Xy given by

(426) Do = U{Pi,iH = 0}
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For each a = 0,...,n — 4, we define
(4.27) E}VI"O(PQ) = {[ps‘g/] € Gr(P,) | pfg, # 0 for adjacent leaves ¢, €'}

so that its projection image Gr°(F,) in Gr(F,) is a complement of an anti-
canonical divisor in Gr(P,). Since Gr (%2 > (C*)¥3fora=1,...,n—4,the
torus (C*)Mazole acts freely on [["Zt Gr (P.).

Proposition 4.5. The complement Xy \ Dg is isomorphic to the geometric
quotient

(4.28) Xo\Dognffao(Pa)/ (cspx TI €5.)

a=0 e€lnt I’
of T, Gt (Pa).

Proof. First note that the image in Xo € P(A®C") of the right hand side
of is the complement of a subvariety in Xy defined by p;; =0 for
any ¢ < j such that ~y(4,j) contains no path €e(a,b) Ue(c,d), e(a,d) Ue(b,c)
in Ty connecting opposite sides of Py. Since each path 7(i,7 + 1) connecting
adjacent leaves contains neither €(a, b) U €(c, d) nor €(a,d) U e(b, ¢), we have
Diji+1 = pr‘g, # 0 for i =1,...,n, which means that the complement X \
Dg contains the right hand side of . To show the converse, we renumber
Py, ..., P,_4 if necessary in such a away that, for each @« = 1,...,n — 4, the
a-th triangle P, shares two sides with the polygon P\ (Py U ---U P,_1) with
n — (o — 1) sides. Suppose that I'; contains the i-th and (i 4+ 1)-st leaves of
I'”. Then the paths (i — 1,4) and (i + 1,7 + 2) share at least one interior

1+ 1

1+ 2
Figure 4.5: Paths connecting adjacent leaves.

edge (see Figure , which implies from (4.15) that the defining equation
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"

F i ii142(p,0) = 0 is a binomial

(4'29) Pi—1,iPi+1,i+2 = Pi—1,i+1DPi,i+2;

and consequently we obtain p;—1 11, pii+2 7 0. In other words, we have
pjk # 0 for each pair (j, k) such that the path (7, k) induces one in I \ T'y
connecting adjacent leaves in the polygon P\ P; with n — 1 sides. By re-
peating this process inductively, we obtain (4.28)|). O

The TF”—action on the quotient Xy \ Dy is free, and the projection
L= 3Gr (Py) — Gr (P) induces the quotient

(4.30) Xo\ Dy — (Xo \ Do)/TF, = Gr°(P)/TF, = CX,
which extends to the GIT quotient
(4.31) Xy — Xo// Tt = Gr(Ry) T, = P

Note that the functions 4?2, wgd descend to bending Hamiltonians g, ©pd
(up to additive constants) on a 1-dimensional polygon space Gr(Fp)// ']I‘%] =
Gr(Py)//»Tr, parameterizing spatial quadrilaterals. It follows from Proposi-
tion that the GIT quotient of Xy by the action of the subtorus TF,,\F
mduces a torus bundle

(4.32) Xo\ Do — (X0 \ Do)/Tfinp, = Gr°(Py)

over Gr°(Fp). The inclusion Gr (Po) = 11, Gr~ (P,) defined by pE ¢, =1 for
all & # 0 and ¢, € induces a section Gr°(Fy) — Xo \ Dy of the torus bundle
(4.32), and thus we obtain the following.

Corollary 4.6. The complement Xo \ Dy of the anti-canonical divisor Dy
is isomorphic to Gr°(Py) x TF”\F >~ Gro(2,4) x (CX)2(n—4).

Remark 4.7. From the argument in [NNUI0, Section 5], the central fiber
Xo admits a small resolution 7: Xy — X such that Xo is a tower of pro-
jective planes over Gr(FPp). The map 7 is isomorphism on Xy \ Dy, and the
torus bundle structure is given by restricting the tower structure to
the open subset Xy \ Dy C Xp.
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5. Potential functions

Let (X,w) be a symplectic manifold, and fix a compatible almost complex
structure J. For a (relatively) spin Lagrangian submanifold L the cohomol-
ogy group H*(L; Ag) has a structure of a filtered Ao-algebra [FOOO09)

(5.1) my,: H*(L; Ag)®* — H*(L; Ao), k=0,1,2,...

over the Novikov ring

(5.2) Ao = {i a;T™

1=0

a; € C, A € RZO, IILI&AZ = OO}

defined by ‘counting’ J-holomorphic disks (D?,dD?) — (X, L). A solution
to the Maurer-Cartan equation

(5.3) imk(b,...,b) =0 mod PD([L])
k=0

is called a weak bounding cochain, where PD([L]) is the Poincaré dual of
the fundamental class [L]. The potential function is a map P : M(L) — Ao
from the space M(L) of weak bounding cochains defined by

(5.4) > my(b, ..., b) = P(b) - PD([L)).
k=0

For b € H'(L;/—1R) C H*(L; Ap) satisfying the Maurer-Cartan equation,
the potential function is naively given by

(5.5) BO) = D np(L)zs(b),
Bema(X,L),
pr(B)=2

(5.6) 23(b) = holy(98)T /5,

where p 1, is the Maslov index, hol,(9f) is the holonomy of b regarded as a flat
U(1)-connection on L along the boundary 93, and ng(L) is the “number”
of pseudo-holomorphic disks in the class 8 bounded by L defined by

(5.7) evi[M1(X, L; 8)] = n(B)[L].

Cho and Oh [CO06] and Fukaya, Oh, Ohta and Ono [FOOO10] com-
puted the potential functions for Lagrangian torus orbits in toric manifolds.
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Combining this with Theorem one can compute the potential function
of Lagrangian torus fibers L(u) = Lr(u) of the completely integrable system
Ur on Gr(2,n). Let

(5.8) li(u) = (vi,u) —7; > 0

be the defining inequalities of Ar given in (3.35)), (3.36[), (3.37));

(5.9) Ar ={u e R | {j(u) >0, i=1,...,m}.

Recall that a holomorphic disk in the toric variety Xt of Maslov index
two bounded by a Lagrangian torus orbit intersect transversally a unique
toric divisor at one point. Let f3; € ma(Gr(2,n), L(u)) denote the class of a
pseudo-holomorphic disk which is deformed into that in Xt intersecting a
toric divisor corresponding to the codimension one face {¢;(u) = 0} of Ar.

Theorem 5.1 ([NU14, Theorem 8.1]). For any u € Int Ar, one has an
inclusion H'(L(u); Ag) C M(L(w)), and the potential function of L(w) is
given by

(5.10) Pr(L(u),z) =Y z,(u,z),
i=1
(5.11) 25, (w, ) = (VoD THW)

for @ = (ij)(ijyeper € H'(L(u); Ag) = AF" ™.

By setting y;; = T"7e" for €(i,j) € PrnT" and ¢ = T?, we have a Lau-
rent polynomial

(5.12) Wr: (Gp)? 4 — Al
iny= (yij)e(i,j)ePrnF defined by
(5.13) Pr(L(u), z) = Wr(y, q).

For 1 <i < j < n, define a new variable y(i, j) corresponding to u(i,j) by

i, j=i+l<n+l,

(5.14) y(i,g) = § /(T2 yeas) 2, (05) = (L),
yii/ TS yrrr) Y2, i — 4] > 2.
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Then Wr is given by

_ y(i,7)y(G, k) | y(@,9)y(, k) | y(i, k)y(d, k)
(515 WF‘Z< R ) )

where the sum is taken over all triangles in the triangulation.

Example 5.2. Recall that the polytope Ar_, corresponding to the cater-
pillar Tyt is given by (3.39)). Then the potential function is given by

Yin—1 i q

(5.16) Wi, = 28 L 4y
Yyi2 Y13 Yin—2  Yin-1

cat

4 Y1,2Y1,3 n Y1,3Y1,4 T Yi,n—2Yin-1 i qYi,n—1
2 3 =2 —1
szl Yk k+1 szl Yk,k+1 HZ;l Yk,k+1 HZ=1 Yk,k+1
+ Y1,2Y2.3 + Y1,3Y3.4 bt Y1,n—2Yn—2n—1 + Y1n—1Yn—1,n
Y1,3 Y14 Y1,n—1 q

Proposition 5.3. LetT' and I be two triangulation related by a Whitehead
move in a quadrilateral with vertices a,b,c,d (1 <a <b<c<d<n). Then
the corresponding potential functions W, Wt are related by the geometric
lift

Yab¥YbcYcdYad
Yabed + Yaalve/ TL5=p Yiit1

of the piecewise linear transformation (3.41)) in the sense of [BZ01).

(517) YacYvbd =

PTOOf. Setting Y1 = y(a7 b)u Y2 = y(b7 C)7 Y3 = y(cv d)? Yqa = y(a)d) and Yy =
y(a,c), vy = y(b,d), the potential functions corresponding to I" and I can
be written as

(5.18) Wp= DY Y2y V1Y | YsY | Yy | YsUs g
Y2 hn Yy Y4 Y3 Yy
+ —+ +
(5.19) _ (vt oy aya oeys) L v s s
Y1Y2Y3Y4 Y
(5.20) Wi — (y1y3 + y2ya) (Y1y2 + Y3ya) o w +Fy),
Y1Y2Ysya Y

for a Laurent polynomial F'(y) independent of y,y’. (3.50) implies that the
coordinate change (5.17)) is given by

_ 1 niyeysy
Yy y1ys + yaya’

which transforms W, into Wr.. Il

(5.21) Yy
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1 6
16
A

5
2 /@—>@ (16) 5

A 4
34

3 4

Figure 6.1: A quiver.

6. Cluster algebras

The homogeneous coordinate ring C[Gr(2,n)] is generated by {pi;}1<i<j<n
with Pliicker relations E| It is a prototypical example of a cluster alge-
bra defined by a quiver, also known as a skew-symmetric cluster algebra of
geometric type. The notion of cluster algebras is introduced in [FZ02]. The
cluster algebra structure on the homogeneous coordinate ring of Gr(2,n)
is established in [FZ03], which is generalized to Gr(k,n) in [Sco06]. It is
also the cluster algebra associated with a disk with n marked points on
the boundary, which is a special case of a cluster algebra associated with a
bordered surface with marked points [FG06l, I(GSV05] [FSTO0S].

A quiver Q = (Qo,Q1,s,t) consists of a set Qy of vertices, a set Q1 of
arrows, and two maps s,t: Q1 — Qo sending an arrow to its source and
target respectively.

A disk with n marked points is homeomorphic to the reference polygon
P with n sides. With each triangulation I' of the reference polygon P, we
associate a quiver Qr as shown in Figure [6.1] The arrows in Qr are oriented
in such a way that each cycle contained in a triangle of the triangulation is
oriented clockwise. Boxed vertices on the boundary corresponding to edges of
P are frozen, and circled vertices in the interior corresponding to diagonals
in I' are mutable. For a mutable vertex v in the quiver Qr, the mutated
quiver f,(Qr) is constructed in three steps:

2The Grassmannian Gr(2,n) = Gr(2,C") in this section is canonically identified
with its dual Grassmannian Gr(n — 2, (C™)*), which appears in the B-model side.
Hence the indices of the Pliicker coordinates are labels of vertices of P.
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1) For each path u — v — w of length two passing through v, add a new
arrow u — w.

2) Reverse all arrows with source or target v.

3) Annihilate pairs of arrows a, b with s(a) = t(b) and t(a) = s(b), in such
a way that no oriented 2-cycle (i.e., a path of length two with the same
source and the target) remains.

One can easily see that Whitehead moves of triangulations correspond to
mutations of associated quivers.

We name mutable vertices as vq,...,v,_3, and frozen vertices as v,_o,
...,U2,_3. With each vertex v;, we associate a variable x;, which is called
a cluster variable if i =1,...,n —3 and a frozen (or coefficient) variable
if i=n—2,...,2n — 3. The sequence x = (x1,...,X,—3) is called a cluster.
The pair (x,Qr) of a cluster and a quiver is called a labeled seed. Under the
mutation pu, of the quiver Qr at the vertex v, the labeled seed is transformed
as (x,Qr) — (X', 1y(Qr)), where x/, = x,, for v # w and

(61) X;Xv: H Xt(a)+ H Xs(a)-
s(a)=

v t(a)=v

The cluster algebra is the Z[x,—2, ... ,Xa,—3]-subalgebra of the ambient field
Q(x1,-..,x2,—3) generated by cluster variables in all the seeds obtained from
the initial seed (x,Qr) by any sequence of mutations. One can easily see
that the cluster transformation for the Whitehead move interchanging
the diagonals d;;, and d;; gives exactly the Pliicker relation . It follows
that the cluster algebra in this case is the homogeneous coordinate ring of
Gr(2,n).

7. Landau—Ginzburg mirrors

The mirror of Gr(2,n) is identified with the Landau-Ginzburg model

n
(7.1) X, W=y P2 s x o al
— Piit+1

by Marsh and Rietsch [MR], where d;,,_1 is the Kronecker delta, and X :=
Gr(2,n) \ D is the complement of an anti-canonical divisor

(7.2) D={pi2=0}U{pas =0} U---U{pp—1,n =0} U{p1,n = 0}.
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Here (pij)1<i<j<n is the Pliicker coordinate on Gr(2,n) and ¢ =T" is an
element of the quotient field A of the Novikov ring Ag. The arrow W in
is a morphism of algebraic varieties over A. The Landau—Gizburg model
is a special case of [Rie08], where Landau—Ginzburg mirrors of general flag
varieties are introduced.

An open subspace of this Landau—Ginzburg model is given earlier in
[EHX97, BCEFKvS98, BCEKvS00]: Consider a quiver @ = (Qo, Q1,s,t) of
the form

Pin
q zLn
P12
N v N
Pn—1n Pin—1
Pin-1 P12
N v N
Pn—2n-1 P1,n—2
P1,n—2 P12
(73) NN :
. . 1
N v N v
Psa ]
Pp13 P12
N v
P23
P12

where vertices are Laurent monomials in the Pliicker coordinate. It is shown
in [MR], Proposition 5.9] that the restriction of the Landau—Ginzburg poten-
tial to the torus in Gr(2,n) defined by p; ;11 #0 fori=1,...,n—1
and p1; #0fori=1,...,n —1is given by

(7.4) wW=>" z((z))
a€Qn

For each triangulation I' of the reference polygon, define an open em-
bedding tr: Ur i= (G,,)P™ ! X by
qpln, 1=2,3,...,n—1and j =n,
Din
Djj+1
Pij

(7.5) Yij =

, otherwise.
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Remark 7.1. Applying (7.5)) formally to the case (i,5) = (1,n), we obtain
Y1in = ¢, which is consistent with the fact that ¢y, = A is constant.

Theorem 7.2. 1) For each triangulation T' of the reference polygon, the
potential function Wr is the restriction of the Marsh-Rietsch superpo-

tential (7.1));
(7.6) Wr = it W.

2) Let T' and T" be two triangulation related by a Whitehead move in a
quadrilateral with vertices a,b,c,d (1 <a <b<c<d<n). Then the
transformation (5.17)) is equivalent to the Pliicker relation

(7.7) DPacPbd = PabPed + PadPbe-

under the coordinate change ((7.5)).

Proof. In the case of caterpillar I'cat, it is straightforward to see from ([5.16|)

(or (3.39)) and ([7.3]) that the Landau—Ginzburg potential ([7.4]) is identified
with the potential function (5.10) under the coordinate change ([7.5)). One
can also easily check that the coordinate change (5.17)), which can be written
as

1 1 1
= c—1 + )
Yachvd  YabYed | [j_p Yiji+1  YadYbe

(7.8)

is equivalent to the Pliicker relation . This implies that Ur and Ut
are glued together in X C Gr(2,n). Since any triangulation is related to the
caterpillar by a sequence of Whitehead moves, Proposition [5.3| prove the
first statement for any I'. O

Remark 7.3. The union |J Ur does not cover the whole X in general. In
the case of Gr(2,4), the complement of the open subset |J Ur is given by

(7.9) X\ JUr ={lpij] € X | p1s = pas = 0} = (Gp)*.
I

In this case, the superpotential W has two critical points with zero criti-
cal value, which are contained in this complement. We expect that singular
Lagrangian fibers of the Lagrangian torus fibration interpolating Wr for dif-
ferent I' correspond to points in this complement under homological mirror
symmetry just as in [CPU1L6, Section 8]. See also [NU16, [CKO) [CK].
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8. Wall-crossing formula

Let ®: X — B be a Lagrangian torus fibration on a symplectic manifold
(X, w) possibly with singular fibers.

Definition 8.1. A Lagrangian fiber L(u) = ®~!(u) is said to be potentially
obstructed if it bounds a pseudo-holomorphic disk of Maslov index zero. The
set of uw € B with potentially obstructed fiber L(u) is called a wall.

We assume that any wall has codimension one, and any Lagrangian fiber
L(u) satisfies the following conditions([Aur(07, Assumptions 3.2, 3.8]):

e there are no non-constant holomorphic sphere v: P! — X with ¢;(TX) -
[v] <0;

e holomorphic disks of Maslov index two in (X, L(u)) are regular;

e all simple (non multiply covered) non-constant holomorphic disks in
(X, L(u)) of Maslov index zero are regular, and the associated eval-
uation maps at boundary marked points are transverse to each other
and to the evaluation maps at boundary marked points of holomorphic
disks of Maslov index 2.

Let Uy, U; C B be two chambers separated by a wall on which each fiber
bounds a unique non-constant pseudo-holomorphic disk of Maslov index
zero. Let o € ma(X, L(u)) be the class of such a disk.

Proposition 8.2 (Auroux [Aur07, Proposition 3.9]). Forwug € Uy and
uy € Uy, the functions zg gwen in (5.6) defined for L(ug) and L(u1) are
related by

(8.1) 25 — 25h(zq) 1001197

for a function h(zq) =1+ O(z4).

This wall-crossing formula also follows from the isomorphism of filtered
Ao-algebras associated with the change of almost complex structures given
in [FOOO09|.

Now we recall an example of the wall-crossing formula given by Auroux
in [Aur07, Section 5] and [Aur09l Section 3.1].
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Example 8.3. Consider the C*-action on

(8.2) Y = {(z1,20,23) € C3 | 120 = 14+ 23} 2 C?=C,, x C,,
defined by
(8.3) 7 (21,29, 23) = (11,7 ‘20, 23), T EC*.

Then the projection f:Y — C, (x1,x2,23) — x3 gives the GIT quotient
with respect to the C*-action. Equip Y with an S'(C C*)-invariant sym-
plectic form, and let pugi: Y — R be the moment map of the S'-action.
Define a Lagrangian torus fibration on Y by

(8.4) DY = Rsg xR, = (x1,29,73) — (|23, psi (x)),
and write its fibers as

This fibration has a unique singular fiber 77 ¢ over (1,0), which is a two-
torus with one circle pinched. For r # 0, each fiber 77, over the line R =1
intersects a coordinate axis of Y viewed as C,, x C,, at a circle, and thus
it bounds a holomorphic disk of Maslov index zero, which has the form
D? x {0} or {0} x D? in C,, x C,, 2 Y. Hence the wall of ® is given by
R=1. Let o € ma(Y,T1,) denote the class of disks of the form D? x {0}.
Lagrangian fibers over the chambers R > 1 and R < 1 are said to be of Clif-
ford type and of Chekanov type, respectively. A Clifford type fiber T} g can
be deformed into a torus of the form S!(ry) x St(rq) C C,, x C,,, which
bounds holomorphic disks of Maslov index two of the forms D?(ry) x {pt}
and {pt} x D?(rs). Let B1, B2 € m2(Y, T, r) be the classes of these holomor-
phic disks. On the other hand, a Chekanov type torus 7;. g bounds a family
of holomorphic disks of Maslov index two, which are sections of f: Y — C
over the disk D?(R) enclosed by the image f(T,.r) = {3 € C | |z3| = R} of
T, r. Let B3 denote its homotopy class. Then the wall-crossing formula is
given by

o 252(1 + Za) (T > 0),
(8.6) Z&_éﬂLmj)&<m

Since zo = 2, /23,, the transformations onr > 0 and r < 0 are identi-
cal.
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Let us go back to the case of the Grassmannian Gr(2,n). Suppose we
have two triangulation I', I of the reference polygon related by a Whitehead
move in a quadrilateral with vertices 1 <a <b < c<d <n, and let I'” be
the subdivision given by common diagonals in I and I". Note that Ut and
Y, are written as

(8.7) Ur = ((Yij)e(i,jyepmt Yac),  Yrr = ((Yij)e(i,j)ePmT > Vbd)-

. -1 d—1 .
Since Yo = Yac — 5 25—y Yisi+1 and @pg = Vg — 5 >, Vii+1 Poisson com-
mute with all other 15, €(7, j) € PrnT”, the function

(8.8) e = (1= 1)(¢ac) — tppa)?

also Poisson commutates with the functions v;; for any ¢ € [0, 1]:
(8.9) {W¢, i} = 0.

Hence we obtain the following.

Proposition 8.4. Let T', IV be two triangulations of P as above. Then

(8.10) Uy = (($ig)e(i,jyepmr> Y1), t€[0,1]

is a one-parameter family of completely integrable systems on Gr(2,n) con-
necting Wt and Y.

Theorem 8.5. Let ' and I be two triangulations as above. Fort € (0,1),
the wall-crossing formula (8.1) for W, is equivalent to the coordinate change

(5.17) (and hence, to the Plicker relation (7.7))).

We prove this theorem in the next two sections.
9. Wall-crossing formula on Gr(2,4)
In this section we prove Theorem in the case of Gr(2,4).

Let I', T be the two triangulations of a quadrilateral P given by diagonals
di3, dog, respectively. Then the corresponding potential functions

(9.1) Wpo Y18 Y13 Ytes | i3 Yisysd | 4
Yiz Y23 Y13 Y12Y23Y34 q Y13
(9.2) Wi = Y24 Y24, YsYsa Y2 Y2k G

Y23 Y23 Y24 Y12Y23Y34 q Y24
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are related by the coordinate change (5.17)), which is given by

1 1
(9.3) - (1 + 1 )
Y13Y24 qY23 Y12Y34

in this case.
Recall that the image of the moment map pur, ., : Gr(2,4) = O\ — R?
is an octahedron in {r = (ri,...,r4) € R* | 320, r; = A} = R3 defined by

(9.4) 0<m <> ry, =14
J#i

shown in Figure and critical values of pur,,, inside the octahedron
KTy, (Oy) form three walls Hy U Ha U H3, where

(9.5) Hy={r|ri+reo=r3+rs},
(9.6) Hy = {7‘ ’ r+r3=71r9+ 7’4},
(97) H; = {’I" ’ rT+1r4 =19+ 7“3}

(see [HK97, Proposition 4.3] or (9.19)) below). For each interior point 7 in

(0,0,1,1)

(1,0,1,0) (0,1,1,0)

(1,0,0,1) (0,1,0,1)

(1,1,0,0)

Figure 9.1: The moment polytope of yur,,, and the hyperplanes H (red),
Hj (green), and Hj (blue).

KTy (Or), the completely integrable system

(9.8) Uy = (P12, a3, ¥aa, (1 — 1) (013)? — t(p24)?)

induces the function

0.9 pr=(01-1)pw) - e’ My = pz), (1)) T — R
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on the polygon space. Let B; = W;(Gr(2,4)) and I}, = pi(M,.) denote the
ranges of U, and oy, respectively. Since (112,93,134) gives the moment
map of the Tyy4y-action on Oy, we have a natural projection

(9.10) By — iy, (Oy) C R3,  (uq,ug, us, ug) — (U, Uz, us).

Lemma 9.1. Foreacht € (0,1) andr € Int pur,,, (Oy), the map ¢ : My —
Iy is an St-bundle over the interior Int Iy, and the fibers over boundary
points of Iy, are single points.

Proof. We first note that the S'-fibration w130 My — Lo (resp. o) is
not homeomorphic to the toric moment map on P! exactly when min 3 =
0 (resp. mingyy = 0), or equivalently, r1 = ry and r3 =ry (resp. 11 =1y
and 72 = r3); in this case, the fiber ¢ (0) consists of “broken lines” & =
(&1,...,&,) satisfying & + & = &3+ &4 = 0, and it is diffeomorphic to a line
segment. We consider the map

(9.11) ¢ = ((¢13)%, (p24)%): My — R?,

and let (v1,v2) be the standard coordinate on R2. Then the boundary of the
image ¢(M,) contains a line segment in a coordinate axis if min p13 = 0 or

min 94 = 0 (see Figure and Figure [9.6).

Claim 9.2. For any r and t € (0, 1), the intersection
(9.12) ©(M,) N {(v1,v2) € R? | (1 — t)vy — tvg = ¢}

is a line segment for ¢ € Int Iy ., and is a single point in Op(M,;) when
(S a]t’,,«.

Assuming Claim Lemma, follows from the fact that ¢: M, —
©(M;.) is a double cover which branches along the boundary dp(M,.). O

Proof of Claim[9.3 Fix vy > 0 and consider a quadrilateral & € M, with
©13(€) = \/v1. Then the angles 6; (resp. 64) between the side &; (resp. —£4)
and the diagonal &1 + & connecting the first and the third vertices are given
by

v1+7“%—7"§ v1+ri—r3

2ri/or 2ry,/v1

(see Figure [0.7). Since o4 restricted to the level set ¢ (,/07) takes its
maximum and minimum when £ is contained in a plane, the range of

2

(9.13) cosf = cosfy =
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V2

U1

Figure 9.2: ¢(M,.) for generic r

U2

U1

Figure 9.4: ¢(M,.) in the case
of r € HyN Hs

V2

U1

Figure 9.3: ¢(M,.) for r € H;

V2

Figure 9.5: (M) in the case
of r € Hi N Hs

U1

Figure 9.6: ¢(M,) in the case of r € Hy N Ho N H3

61

3

€4

€3

Figure 9.7: A diagonal &; + & in a quadrilateral & € M,..

(p20)? [ (o) 18

9.14) 72 + 12 — 2rr4(cos By cos 04 + sin 0y sin 04
1 4

<y < r% + ri — 2r174(cos 61 cos B4 — sin 0 sin ).
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Equality in (9.14]) holds if and only if

T%—f—TE—Ug

(9.15) cos 8y cos Oy +sin 6y sinfy =
2r17a

which, combined with (9.13)), gives

T%""TZ_UQ B vl+r%—r% . vl+ri—7“§
2riry 2r14/01 2ry,/U1
By taking the square of the both sides of (9.16|) and using

(9.16) +sinf; sinfy =

(9.17) sin® 0 sin® 0, = (1 — cos? 91) (1 — cos? 94) ,
we see that

(9.18) F(v1,v9) = v2vg 4+ 0103 — (13 + 72 + 72 + 1) v10y

+(rf = 1) (r3 = rvr + (1] — 1) (r] — 13)va

+(rf =13 +rf =) (rirg - rird)
gives the defining equation for the boundary of the image (M) C R2. The
discriminant of F'(v1,vs2) is given by

(9.19) 7”%7'%7“?%7&0'1 + 7o+ 173+ 7’4)2(—7"1 +re+r3+ 7’4)2

><(rl—T2+r3+r4)2(r1+r2—r3+7"4 2

[\

2

)

)
X (7“1 +1ro+ 13 — 7“4)2(?”1 + 19— 13 — 7"4)
)

X (T1 —7”2+7‘3—T4)2(7”1 —T9—T3+ 14

which means that the discriminant locus is d(ut,,, (Ox)) U H1 U Ha U H3.

When r does not lie on the discriminant locus, then 9(p(M,.)) is the
positive real part of a smooth plane cubic curve. A smooth real plane cubic
curve has either

e one non-compact connected component, or

e one non-compact connected component and one compact connected
component.

Only the latter can happen in our case, and the boundary 9(¢(M,)) of
©(M;.) is the compact connected component of the cubic curve. When r
lies on exactly one wall, say Hi, then the resulting cubic curve has one
node, and p(M,.) is the closure of the compact connected component of the
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complement of the nodal cubic curve (see Figure . In either case, ¢(M,)
is strictly convex.

Next we consider the case where r lies on exactly two walls. If 7 lies in
Hy and Hjs, one has 11 = r9 # r3 = 14, so that

(9.20) F(vi,v2) = v1 ((rf —r3)? 4+ vive — 2(r] + 73)v2 + v3)

and ¢(M,) is bounded by a hyperbola and the ve-axis. Similarly, if r lies
in Hy N Hy, the image ¢(M,.) is bounded by a hyperbola and the vj-axis.
When 7 lies in H; N Hs, one has ry = r3 # r9 = r4, and thus

(9.21) F(vi,v2) = (v1 +v2 — 2(r? +72)) (v1ve — (12 — r2)?),

which means that ¢(M,) is bounded by a hyperbola and a line as in Fig-
ure

When r lies on all the three walls Hy, Hy and Hs, then one has ry =
ro = r3 = r4, SO that

(9.22) F(vy,v2) = vive(v) + vy — 47‘%),

and ¢(M,) is a triangle.
In all these cases, the line {(v1,v2) | (1—t)v; —tve=c} intersects (M)
in a line segment or a single boundary point. O

For a fixed interior point r in ur,,, (Oy), we identify the symplectic re-
duction M,. = ,LJ,T_F;(4)(2T)/TU(4) with the GIT quotient Gr(2,4)//’]1‘%(4). Re-
call that Gr(2, 4)//T%(4) is embedded into P? by

(9:23) Gr(2,4) [ Ti gy < %, [pij] = [prapsa : pi3pas : prapos),
and its image is given by

(9-24) {[C1:¢: Gl eP? | o=+ G} =P

Let D' be a divisor in Gr(2,4) defined by

(9.25) D" = {p12 =0} U {pa3 = 0} U {p3s = 0},

which is contained in an anti-canonical divisor

(9.26) D = {p12 =0} U{peg = 0} U{p3s = 0} U {p14 = 0}.
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Recall that the defining equation for Y C C? given in (8.2)) is
(927) T1T2 =1+ x3.
Then Gr(2,4) \ D' is identified with Y x (C*)? by

. . . . . _ . o1 . . .
=M:2: I : 89l
(9.28)  [p12:p13 P14 P23 i P2a i P3a) = [1 a1 1 S] Sa3 1 1t Saka ¢ S2)

or equivalently,

P13 P24 P14P23 P23 P34
(929) <w173727373731732) = <7 oy Ty T ) .
P12 P34 P12P34 P12 P12

We equip Y x (C*)? with the symplectic structure induced from that on
Gr(2,4). The Ty (4)-action

(9.30) 7 [pijh<icj<a = [Timipij], 7= diag(m,...,7a) € Ty
on Gr(2,4) induces a Ty g)-action on Y x (C*)? given by

T3 T2 73 T3T4
(931) T ($1,$2,$3,81,82) = | —%1, —X2,T3, —S1, — S22 | -
T2 73 T1 T172

Then the projection Y x (C*)2 — C,, to the x3-plane is identified with the
restriction to Gr(2,4)\ D" of the GIT quotient of Gr(2,4) by the Ty 4)-
action:

Y x (C*)?2 < Gr(2,4)
(9.32) ) \J ,
C = Gr(2,4)/Tg

where the inclusion C < Gr(2, 4)//']1‘(5(4) is given by x5 = (3/(1.

Lemma 9.3. For each r, the bending Hamiltonians p13: M, — R and
po4: My — R take their maximums at the points (1 = 0 and (3 = 0 respec-

tively under the inclusion (9.23)).

Proof. Assume r1 + ro <13+ 14 so that max i3 =11 + 9. Take a point
[zi, wi]; € Gr(2,4) = Matgx2(C) /AU (2) such that ;3 attains its maximum
at & = (v(zi, w;))i=1,..4 € My, where v is the Hopf fibration given in (3.22]).
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Since the side vectors & = v(z1,w1) and & = v(z2,ws) of € have the same
direction, (z1,w;) and (22, ws) are proportional, which implies that

_ 21w _
(9.33) p12 = det <22 w2) = 0.

Hence we obtain (1 = p1ops4 = 0. In the case where r1 + ro > r3 + 14, we
have pss =0 at [z;, w;]; € Gr(2,4) such that max 3 is attained at & =
(v(zi,w;)); € My, which leads to the same conclusion. The proof for a4
is similar. O

Remark 9.4. The points ¢(; =0 and (3 = 0 corresponds to x3 = oo and
x3 = 0 respectively. The point (2 = p13p24 = 0 corresponding to z3 = —1 is
given by quadrangles satisfying &; || {3 or &2 || &4, i.e., trapezoids. If r is
general, then there is only one trapezoid, which must be planar and thus
lies on the boundary of Figure (9.2

Proposition 9.5. Fort € (0,1), the discriminant locus of the completely
integrable system W, inside Int By is

) 2
ug = (1 —t)(ry —ro)? — t(ry — r4)?

Proof. Let

(9-36)  Le(u) = {z | (Y12(x), Pa3(@), ¢3a(x), ¥e(2)) = (u1, uz, us, ua)}

be a Lagrangian fiber of W, over an interior point w = (u1,ug,us,uq) €
Int By. Since the moment map of the Ty 4)-action on O, is given by

(9.37) KTy = (Y12,%23,134, 2N — (Y12 + Y23 + 134)),

the fiber L;(u) lies in the level set “Eu) (2r) for

(9.38) r = (u1/2,u2/2,u3/2, A — (u1 + uz2 + u3)/2),

and it is mapped to a level set of ¢, under the symplectic reduction

(9.39) T u£§(4) (2r) = M,..
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Recall that the stabilizer at « € Gr(2,4) of the action of the maximal torus
Tsv(a) = Ty N SU(4) of SU(4) is nontrivial exactly when

(9.40) x € {p12 = p3a = 0} U {p13 = pas = 0} U {p14 = p23 = 0}.

In this case, the corresponding point & = 7(x) € M., regarded as a “quadri-
lateral” in R?, is contained in a straight line. If x lies in {p12 = p34 = 0} (resp.
{p14 = p23 = 0}), one has r € H; (resp. r € H3), and

(9.41) pom(z)=((r1+72)% (r1 —r4)?) = (Hj\l/?X(ma)Q? HAIAiH(SOM)Q)

kg g

(9.42) (resp. pom(x) = ((r1 —r2)*, (r1 +74)%) = (If/}n(8013)27ﬂj}jx(8024)2))

[g kg

is the “lower-right” (resp. “upper-left”) node of 9(p(M,)). Hence the fiber
Li(u) over w = (u1, ug, u3, us) = (211,212,213, ¢) for ¢ € Int I; , is singular if
and only if the line {(v1,v2) | (1 — t)v; — tvg = ¢} passes through the “lower-
left” node

(9.43) ((r1 = r2)*, (r1 = 14)?) = (%i?(@lg)?, HAlAiil(8024)2)

of 9(p(M,)) as in Figure which means that » € Hy and

(9.44) c=1—t)(r1 —r2)? —t(ry —ra)*.

V2

U1

Figure 9.8: The image in 9(¢(M,)) of a singular fiber L;(u).

Fix t € (0,1) and let w = (u1, ug, us, ug) be a point in Int By which is not
on the discriminant of Wy, so that L;(u) := ¥; '(u) is a Lagrangian torus
fiber. First we assume

(9.45) p13(u)/p2a(u) > 1,

so that m(Li(u)) is a small simple closed curve enclosing the point (pax €
M, =Pl at which max ¢, is attained. One can deform 7(L;(u)) into a
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level set of @13 without crossing z3 = 0,—1 by a Hamiltonian flow which
sends (max to £z = co. We may assume that the Hamiltonian is supported
in a small neighborhood of the domain bounded by m(L:(u)). Note that
if r lies in the wall Hj, then one has (pax = [0: 1 : 1], which corresponds
to x3 = co. Hence we may assume in this case that the support of the
Hamiltonian does not contain the point 3 = co. We pull-back the Hamilto-
nian, and multiply a cut-off function supported near the level set ,uqlfjw (1).
Since it Poisson-commutes with the Hamiltonians of the Ty 4)-action near
ui}m(r), the induced Hamiltonian flow on Gr(2,4) sends L(u) to a La-
grangian torus fiber Lp(u') of the integrable system Wp over some point
u' = (u12, uz3, ussg, u13) € Int Ap. We simultaneously deform the locus

U ™ ({1 = max X 1))

to

(9.46) {p13 = max i3} = {p12p3a = 0} C D,

so the Lagrangian torus fiber does not cross this locus during the Hamil-
tonian isotopy from L;(u) to Lr(w'). Note that ¥; does not have a global
action—angle coordinate because of the existence of the discriminant in Int B,
and 4’ is a local action—angle coordinate in the region ((9.45)).

One can further deform 7(Lp(u')) to a circle {z3 € C | |z3] = R} by
a Hamiltonian flow without crossing x3 = 0, —1,00. The pull-back of the
Hamiltonian gives a Hamiltonian flow Gr(2,4) which sends Lr(u’) to a La-
grangian torus of the form T, rp x T" for a Clifford type Lagrangian torus
T, r CY defined in and a two-torus 7" C (C*)2.

Note that Lp(u’) (and hence T, r x T”) can be deformed into a toric
fiber in the toric variety Xr. The anti-canonical divisor D can be deformed
into the toric divisor in Xr, and thus the Maslov index of a holomorphic
disk in (Gr(2,4), Lr(u’)) (and hence that in (Gr(2,4),T, r x T")) is twice
the intersection number with D (if the Lagrangian torus does not intersect
D). Then, by considering the projection Y x (C*)? — C, no Lagrangian
torus bounds holomorphic disks of non-positive Maslov index through the
Lagrangian isotopy from L;(u) to T, g x 1", where we consider a compatible
almost complex structure which induces the standard complex structure on
C under the symplectic reduction. We also note that each holomorphic disk
in Gr(2,4) \ D’ of Maslov index two bounded by L;(u) intersects the divisor
{p14 =0} C D at one point, and hence it descends to a disk in Y of the
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same Maslov index. For 8 € (Y, T,.r), let 5 € mo(Gr(2,4), L;(u)) denote
its lift induced from an inclusion Y 2Y x {pt} C Y x (C*)2.

Lemma 9.6. The boundaries 831,032 € m1(Li(w)) of the lifts of 1, P2 €
mo(Y, T, r) defined in Example are represented by Hamiltonian S'-orbits
of Y13 — a3 and Y13 — W10 — o3 — Y34, respectively. The symplectic areas
of Bi1, B2 are given by

47) W(Bl) = w1z — (w12 + u23 — w13) = U3 — U23,
(9.48) w(f2) = w13 — (u12 + ug3 + uza) + A

Proof. Theorem [4.2] allows us to consider holomorphic disks in the central
fiber Xt of the toric degeneration

Xr ={(p,t) € P(A\*C*) x C | p13p24 = tp12p3s + p1apas}
(9.49) !

C

associated with I, instead of those in Gr(2,4). We recall a construction of the
family Wl = (’l/),fj)e(i’j)eprnr‘ of completely integrable systems connecting ¥
and the toric moment map. Extend the actions of T4y and G(1,3) C U(4)
on Gr(2,4) to those on P(A?C*) in an obvious way, and let

(9.50)  firy ., (P) = (Y12(p), Y23(p), ¥34(p), P14(P))

A
(9.51) = 25 pis 2 Z p1;l° Z Ip2; 1, Z Ip3; z pa;l* |
" J#2 J#3 J#4
A < Zj;él Ip1il> pospiz + p24p14>
23 |pij|? \P13Pas + prabas D Ip2s)?

denote the moment maps of these actions. Then we obtain an extension
13 P( /\2 C*) — R of 913, which associates to p the maximum eigenvalues
of fi(1,3)(p). The family of integrable systems Wt is given by the restrictions
1/1% = ijlx,, €(i,j) € PmT to each fiber X; = fr1(t). Note that Poisson
commutativity of UL follows from the fact that the actions of T4y and
G(1,3) € U(4) on P(\* C?) preserve each fiber X;.

Using the defining equation

(9.52) fig13)(p) =

(9.53) D13P24 = P14P23
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of the central fiber X1, we have

A
(9.54) i3 = s (Ip12” + |p1sl” + [pral® + [p2sl® + [p2al®)
23 [pijl

A |p3a? )
9.55 —2(1- ,
(9-55) 2 < e

which implies that Hamiltonian S'-action of w?g is given by

(9.56) eV p=[p1o:pi3: pia: pas i p2a e Y Vpdl.
We consider a deformation family
(9.57) Q‘jr‘:{(l‘l,l‘g,fﬁg,t) EC3 x C |$11‘2=t—|—l’3}—>(ct

of Y induced from the toric degeneration (9.49)), whose central fiber is given
by

(958) Yr = {(xl,xQ,.Tg) c (C3 ‘ r1To = 1‘3}.
The complement Xt \ D, of the divisor
(9.59) Dp = {p12 =0} U {pa3 = 0} U {p34 = 0}

on Xr is identified with Y x (C*)2, on which the Hamiltonian S*-action of
¥Y; is given by

(9.60) eﬁe(xl, To, T3, 81,52) = (T1, eﬁ%g, eﬁaxg, s1, e*HGSQ).

Since the lifts 31, 2, regarded as relative homotopy classes in Y x (C*X)2,
are represented by holomorphic disks of the form (z2,s1,s2) = const. and

(21,51, s2) = const., respectively, it follows from (9.31)) and that 91,
03y are represented by the following Hamiltonian S!'-orbits
(9.61) (eﬁexl,mg, eﬁewg, 51,82) ¢ s — s,
(w1, €V Va0, eV Va5, 51, 59) > 905 + 9,
(9.62) = 0y — Yy — 135 — P, + const.,

respectively. Here we recall the formula [CO06, Theorem 8.1] for symplectic
area of holomorphic disks Maslov index 2 in a toric manifold. Suppose that a
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holomorphic disk w: (D% 8D?) — (Xr, Lo(u)) of Maslov index 2 intersects
a toric divisor D, corresponding to the facet

(9.63) {u € Ar | l(u) = (v,u) — 7 =0}
of the moment polytope. Then
(9.64) [w(0D?)] = v € HY(Lo(u); Z) = 72,

and the symplectic ares of w is given by

(9.65) /D 0 = fu).

Comparing (9.61]) and (9.62)) with the defining inequalities

A u12 + U3 + uzq — A 0
N T Q %
(9.66) u13 u12 + ugz — u13
Q %

U2

of the moment polytope Ar, it follows that Bl and Bg intersect toric divisors
corresponding to the facets of Ar defined by

(9.67) O (u) = w2 — (w12 + ugg — u13) = w1z — ugs,
(9.68) lo(uw) = uiz — (u1g + ugg + ugs — A),

respectively. By topological reason, the results w(f;) = ¢;(u) proved in
(XT, Lo(u)) is true also in (X, Li(u)) for ¢ > 0. O

Note that the defining functions (9.67) and (9.68]) for Ap correspond to
the following triangle inequalities

(9.69) w(2,3) — u(1,2) < u(l,3),

(9.70) u(3,4) —u(1,4) <wu(l,3)
in the coordinates defined in (3.33)), respectively.

Next we assume that w € Int B, satisfies p13(u)/p24(u) < 1. Then the
image m(L¢(u)) C M, can be deformed into a level set of ¢a4, which is a
simple closed curve enclosing the point (3 = 0, and thus L;(u) is deformed
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into a fiber W/ (u”) of the other completely integrable system Ur for some
u” = (u12,u23,u34, u24). Since the point (3 =0 corresponds to the origin
in the xs-plane, the fiber Ly (u”) can be deformed into T, p x T" for a
Chekanov type Lagrangian torus T,z C Y and a two-torus 7" in (C*)2.

Lemma 9.7. The boundary 083 € m1(Li(u)) of the lift of the class B3 €
(Y, Ty r) defined in Example is represented by a Hamiltonian St-orbit
of a4, and the symplectic area of B3 is given by

(9.71) w(B3) = A — ugg.
Proof. We consider the central fiber Xt of the toric degeneration

(9.72) X = {(p,t) € P(A\’C*) x C | p1apas = p12psa + tprapas}

associated with I", and let ¥, = (go?j)e(m)epmp denote the toric moment
map on X throughout this proof. Since Xt is defined by

(9.73) P13D24 = D12P34,
one has
0 A 2 2 2 2 2
(9.74) Vo1 = s==—5 (IP12|” + [p13]" + |p23|® + |p2a|® + |p34]”)
2> |pijl

A Ip14]? >
9.75 ~ 2 (1= ,
(6-75) 2 < > pis]?

which implies that its Hamiltonian S'-action is

(9.76) eV p=[pia:piz e pis pag : paa : paal.
Consider the family

(9.77) VDr = {(z1, 22, 23,1) € C* x C| 2125 = 1 + ta3}

of affine varieties induced from , whose central fiber is given by
(9.78) Yo = {(x1,22,23) € c? | z1xo = 1}.

For a divisor Df, on X1 defined by the same equation as (9.59)), the com-
plement X \ D}, is identified with Y x (C*)?, on which the Hamiltonian
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Slaction of 19, is given by

(979) e\/?le(xla €2,T3,S51, 82) = (':Ula €2, e_\/?lexf}a S1, 82)'

From this and (9.31)), the boundary 863, regarded as a class in the central
fiber, is represented by a S'-orbit of 194. Since the moment polytope Ar is
defined by

A w1 + u23 +uzs — A 0
Q % Q T
(9.80) U24 U23 + U34 — U4 ;
Q T

u23

the holomorphic disk in S35 intersects the toric divisor corresponding to the
facet of A/ defined by

(9.81) 63(u) =\— U4,
which corresponds to the triangle inequality
(9.82) u(2,4) < u(1,2) + u(l,4).

Lemma follows the area formula (9.65]) and invariance of symplectic areas
under the deformation. O

Finally we take a point u € B; on the wall, and consider the lift & of the
class a € mo(Y, T, r) of Maslov index zero. Since a = 81 — 2, we have the
following:

Lemma 9.8. The boundary 0& € m1(Li(w)) of the lift of « is represented
by a Hamiltonian S*-orbit of 1o + 34, and the symplectic area of & is given
by

(9.83) w(@) = u1g + uzg — A
One can see this also from the fact that the class & is represented by

a disk of the form (x2,s1,s2) = const., and thus (9.31)) implies that the
boundary of the disk is a Hamiltonian S'-orbit of 9 + 1)34.
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From Lemmas the functions z5(b) = T hol,(dp) for B =

B1, B2, B3, @ are given by

Y13
9.84 25 = —,
( ) B yog
qy13
9.85 25 = ————
( ) B y19Y23y3a
q
9.86 z; = —,
(9.86) Bs ™ oy
(9.87) 25 = ?/12y347
q

where ¢ = T* for the Novikov parameter T, and therefore the coordinate

change (9.3) gives
(988) 25, = %3, +252 2252(14-2&),
which coincides with the wall crossing formula .

Remark 9.9. The Lagrangian torus fibers Ly (ug) and Ly (ug) above the
centers

A A A3
. = — - A
(9.89) uo = (u12, u23, Us4, U13) (2, 5' 3 1 ) € Ar,
A A A3
(9.90) uf = (u12, 23, usd, Ugg) = (2, 3y 34> € A

are monotone by [CKl, Theorem BJ. The fiber Lr(ug) (resp. Lr(uf)) is con-
tained in the complement Gr(2,4) \ D of the anti-canonical divisor D given
by (9.26), and the image under the projection m: Gr(2,4)\ D — C,, is a
simple closed curve enclosing z3 = 0,—1 (resp. x3 = 0). Note that Lr(uo)
and Lp (u() lie on the level set ,ui}m()\/Z, ..., A/2), and the intersection
m(Lr(uo)) N (L (ug)), viewed as a subset in the polygon space, consists
of two points corresponding to spatial quadrilaterals such that the configura-
tion of vertices define a regular tetrahedron. The fiber L = Lr(A/2,...,\/2)
of W on the boundary point

(9.91) (u12, w23, uzs, u13) = (A/2,A/2,A/2,\/2) € OAr
is a Lagrangian U(2) = S! x $3 (see [NUIL6, Proposition 2.7]). It is easy

to see that ¢13 =0 on L and the image ¢(L) is a line segment connecting
z3 = 0and z3 = —1 (see Figure. Therefore the Lagrangian torus Ly (uy))
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together with the inverse image in L of the line segment connecting xg =
—1 and the intersection point ¢ (L (ug)) N¢(L) give a higher dimensional
mutation configuration discussed in [PT17, Section 5|. Similarly, the fiber
L' of ¥/ on the boundary point

(9.92) (ulz,UQg,U34,UQ4) = ()\/2, )\/2, )\/2, )\/2) € 0Ar
is a Lagrangian U(2), whose image in the xs-plane is ¢(L') = (—oo, —1].

Thus the pair of Lr(up) and the inverse image of the line segment connect-
ing 23 = —1 and ¢(Lr(ug)) N (L) gives a mutation configuration. The

m(Lr(uo)) (L (up))

Figure 9.9: Images of Lagrangian fibers in the x3-plane.

Lagrangian tori Lt (ug) and Ly (uy) are related by (the multiplication with
a 2-torus of) a Lagrangian surgery studied in [Yaul7], and the wall-crossing
formula between them is obtained from [PT17, Theorem 5.7].

10. Wall-crossing formula on general Gr(2,n)

In this section we complete the proof of Theorem
We consider the family fr.: Xp» — C" 4 associated with the subdivision
I'” given by common diagonals in I" and I, and let

(101) \II% = ((wioj)e(i,j)ePrnF”?wgc)v \IIO/ = ((ng)s(i,j)ePrnF“awgd)

be the completely integrable systems on the central fiber Xg = fIT,,l (0) ob-
tained by deforming ¥ and Vv, respectively. Then Wy is deformed into the
completely integrable system

(102) \Ijg = ((w%)e(i,j)eprnf’/a (1 - t)(@gc)Q - t((Pgd)Q)

on X, where we set ap% = w% — % Zi;i 1/12 k+1, and thus Corollary im—
plies that we may work on Xg. For an open dense subset Y° of Y defined
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by

(10.3) VO ={(z1,29,23) € Y | w3 # 0} = C*\ {myzp = 1},
the isomorphisms given in Corollary and yields
(10.4) Xo\ Do 2 Y° x (C*)? x Thp, =Y x (C*)*°

such that the restriction to Xo \ Dp of the GIT quotient X§® — Xo//T(lg,, =
P! is identified with the projection

(10.5) fY°x (CH0 5 ¥° 5 C,,

to the zz-plane. Since Tig,, is the complexification of a torus T~ generated
by Hamiltonian flows of (ng)s(z"j)el"//’ each Lagrangian torus fiber LY(u) of
UY is mapped by f to a level set of ¢; in a complex 1-dimensional polygon
space Xo// T, = Gr(2, 4)//']1‘%(4), which implies that LY(u) can be deformed
into a Lagrangian torus of the form 7, g x T” for some (r, R) € R x R5 and
a (2n — 6)-torus 7" in (C*)?"~6, We first assume that T, g is of Clifford type.
From the argument in the previous section, the lifts 51, 82 € 72 (Xo, LY (u))
of classes 31, B2 in Y have symplectic areas

b—1
(10.6) U (u) = uae + Ugh — Upe — Z Ui it-1s
i=a
c—1
(10.7) la(u) = Uge + Uqq — Ued — Z Wi 5415
i=a
which correspond to the triangle inequalities
(10.8) u(b, ¢) — u(a,b) < ula,c),
(10.9) u(e,d) —u(a,d) < ula,c),

respectively. On the other hand, in the case where T} g is of Chekanov type,
the symplectic area of 33 is by

b—1
(10.10) O3() = —tpg + Uad + Uea — Y Uiit1,

i=a

which corresponds to

(10.11) u(b,d) < u(e,d) + u(a,d).
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Hence the functions zj, are given by

(10.12)
(10.13)

(10.14)

s — YabYac
o b—1 ’
b Ybc Hi:a Yii+1
- YadYac
=——
% yea ITizs vii
o YabYad
By =

b—1 :
Yod | [i—q Vit

Since z4 corresponding to a = 1 — (B2 is given by

(10.15)

~ -1
#B _ Yabed [Tizy Yiita
ZB2 Yad¥Ybc ’

zg =

the coordinate change ([5.17)) is equivalent to the wall-crossing formula (9.88)),
which complete the proof.
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