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Volume of small balls and sub-Riemannian
curvature in 3D contact manifolds

DAVIDE BARILARI, IVAN BESCHASTNYI, AND ANTONIO LERARIO

We compute the asymptotic expansion of the volume of small sub-
Riemannian balls in a contact 3-dimensional manifold, and we ex-
press the first meaningful geometric coefficients in terms of geo-
metric invariants of the sub-Riemannian structure.

1. Introduction

Let M be an n-dimensional Riemannian manifold and for p € M and € > 0
let us denote by B(p,e) the Riemannian ball of radius ¢ centered at p, i.e.,
the set of points in M at distance at most £ from p. A classical result allows
to write the asymptotic expansion of the Riemannian volume of B(p,¢) in
terms of the volume f3,, of the unit ball in R™ and the scalar curvature s(p)
of M at the point p:

(1) vol(B(p, £)) = f " (1 _ 6(2(?;)2)52 + 0(53)> |

This formula says that to the leading order the volume of B(p,¢e) coincides
with the volume of the e-ball in the model space R™ and the first correction
term (which is quadratic in €) depends on the curvature of M at p. The
purpose of this paper is to derive an analogue formula in the case of a 3-
dimensional contact sub-Riemannian manifold.

To be more specific, let M be a 3-dimensional manifold, D C T'M be a
contact distribution and g be a metric on D. For p € M and € > 0 let us
denote by B(p,¢e) the sub-Riemannian e-ball centered at p, i.e., the set of
points in M reached by a horizontal curve starting from p and of length at
most . The model space for M is the 3-dimensional Heisenberg group H?.

In this framework one can consider a natural volume form on M, called
the Popp wolume, which is defined as follows. First, we write D = ker(w)
for a one-form w normalized such that dw|p coincides with the area form
of g. If Xy denotes the Reeb vector field of w and {X7, X5} is an oriented
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orthonormal basis for D, the Popp volume form is the unique 3-form g such
that (X1, Xo, Xo) = 1. Notice that p = w A dw. We denote by vol(A) = [, p.

In the sub-Riemannian context, we obtain an expansion completely anal-
ogous to , where now the Riemannian scalar curvature is replaced by a
sub-Riemannian curvature term. On a 3-dimensional contact sub-Riemannian
manifold one can introduce two curvature functions denoted y and k (see
Section . Observe that only the latter appears in the first terms of the
asymptotics of the volume of small balls.

Theorem 1. Let (M,D,g) be a 3-dimensional, contact sub-Riemannian

manifold and p € M. As e — 0 the Popp volume of the sub-Riemannian c-ball
centered at p has the following asymptotics:

(2) vol(B(p,€)) = coe? (1 — c1h(p)e? + 0(53)) ,

where cy is the volume of the unit ball in the Heisenberg group H3. Explicitly

co = 1—12(1 +27Si(27)) and ¢ = (2 + 47Si(27) — 1) >0

cp160 2

where Si(z) = [ #2Ldt denotes the sine integral function.
A numerical estimate of the constant appearing in the statement is given
by ¢ = 0.826 and c¢; ~ 0.149.
The expansion can be used as a definition of scalar curvature for a 3D
contact sub-Riemannian structure (see Section below).

1.1. Connection with small time heat kernel asymptotics

It is interesting to observe that the behavior of the volume of small balls
is strictly related to the small time asymptotics of the heat kernel on the
manifold. It is well-known, in fact, that for the heat kernel e(t, z, y) associated
with the sub-Riemannian Laplacian, the following estimate holds for ¢ > 0
small enough

G
vol(B(p,t'/?))

&

(3) vol(B(p, 177))"

<e(t,p,p) <
This estimate follows from more general off-diagonal Gaussian estimates on
the heat kernel, investigated first in the sub-Riemannian setting in [24] 25, 27]
and then refined in several subsequent papers in the literature. The estimate
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roughly says that the main order term of the expansion of vol(B(p, t'/2))~1
and e(t, p, p) for small ¢ is the same.

Actually, in the Riemannian case, one can observe a stronger relationship
between the two asymptotics, since the following expansion holds for ¢ — 0

(1 + S(é))t + O(t2)> .

(@) (0D = 7

This shows that even in the first order correction term the expansions and
contain the same geometric invariant.

Theorem (1| compared with the results obtained in [I0] confirms that the
same analogies remain true in the sub-Riemannian setting, at least for 3D
contact structures.

Concerning higher-dimensional structures, only partial results are known
even the contact case: the small time heat kernel asymptotics for contact
structures with symmetries have been obtained in [19, 28] and the first coef-
ficient has been related to the scalar Tanaka-Webster curvature. See also [17,
18, 130] for a recent account on heat kernel asymptotics on higher-dimensional
sub-Riemannian model spaces.

1.2. On the strategy of the proof

Even if the question of computing the asymptotics of the volume of small
sub-Riemannian balls seems very natural, this is the first paper where this
question is investigated in the literature. This is related to the fact that the
classical ingredients are not available in sub-Riemannian geometry, as we now
explain.

A first obstruction is that the sub-Riemannian exponential map,
parametrizing arclength geodesics, is defined on a non-compact set (home-
omorphic to a cylinder) and is never a local diffeomorphism at zero. As a
consequence, balls are not smooth, even for small radii, preventing a uniform
description of the injectivity domain for the exponential map in the cotangent
space. In other terms, an information on the cut locus starting from a point
(that is always adjacent to the point itself) is necessary to have a correct
description of balls through the exponential map.

Another obstacle in the computation of the asymptotic expansion above
is that balls are not geodesically homogeneous in sub-Riemannian geometry:
if one shrinks a balls to its center along geodesics, one does not obtain a ball
of the corresponding radius. More precisely, defining ®, ; the maps that sends
x € M to the point at time ¢ along the unique geodesic joining p with = in



358 D. Barilari, I. Beschastnyi, and A. Lerario

time 1 (this map is well defined for a.e. x € M on a contact sub-Riemannian
manifold) one has that ®,,(B(p,r)) € B(p, tr), with strict inclusion. It is pos-
sible actually to show that, on every 3-dimensional contact sub-Riemannian
manifold, when ¢ — 0 the quantity vol(®,:(B(p,r)) goes to zero as t°, while
vol(B(p, tr)) tends to zero as t1. Hence, even if curvature-like invariants can be
extracted by looking at the variation of a smooth volume under the geodesic
flow (see [§]), this does not permits to get the volume of small balls.

To overcome these problems we use a perturbative approach: i.e., we
describe the original contact structure around a fixed point p € M as the
perturbation of the Heisenberg sub-Riemannian structure, that is the met-
ric tangent structure at a fixed point. This procedure relies on the so called
nilpotent approximation of the sub-Riemannian structure and the use of a
version of normal coordinates for the three dimensional exponential map de-
veloped in [7, @, 2I]. This permits us to compute the asymptotic expansion
of all ingredients that are involved in the computation of the volume of the
ball (the exponential map, the cut time for geodesics, the Popp volume) and
obtain Theorem [1| without explicit computations of the cut locus.

1.3. The notion of sub-Riemannian curvature and related work

In the general case, it is not straightforward to define a notion of scalar
curvature associated with a given sub-Riemannian structure. A general ap-
proach to curvature for general sub-Riemannian strutures has been developed
in [4, Bl 12, 13]. Here a notion of generalized sectional curvature is obtained
through horizontal derivatives of the distance functions and a scalar curvature
can be built by considering the trace of its horizontal part. In some specific
cases, when a canonical connection (in general with non-zero torsion) associ-
ated with the metric is available, one can also introduce curvature through
this connection, as done for instance in [I5, [16, 22, 23]. In the 3D contact
case discussed in this paper, all these approaches coincide, and define the
same scalar curvature invariant ~ (up to a constant). We relate our invari-
ants to Hughen’s ones in Proposition and to Falbel-Gorodski’s ones in
Remark |§| below. In particular we observe that using the results of [23] it is
possible to give an alternative derivation of the asymptotic expansion of the
Popp volume in exponential coordinates (see Remark |5 below).
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2. Technical ingredients

A sub-Riemannian structure on a manifold M is a pair (D, g) where D is a
vector distribution, i.e., a subbundle of the tangent bundle TM, and g is a
smooth metric defined on D. It is required that D is bracket generating, i.e.,
Lie brackets of vector fields tangent to D span the full tangent space to M
at every point.

Under this assumptions there is a well-defined sub-Riemannian (or
Carnot-Carathéodory) distance d, namely d(p, q) is the infimum of the length
of Lipschitz curves joining two points p and ¢ and that are tangent to D
(also called horizontal curves). Here the length of the curve is computed with
respect to the metric g. We refer to [3] for a comprehensive presentation.

We will also say that the triplet (M, D, g) is a sub-Riemannian manifold,
when (D, g) is a sub-Riemannian structure on a smooth manifold M.

2.1. Contact sub-Riemannian manifold

Let M be a 3-dimensional manifold. A sub-Riemannian structure (D, g) on
M is said to be contact if D is a contact distribution, i.e., D = kerw, where
w € AY(M) satisfies dw A w # 0.

A contact distribution is bracket generating and endows M with a canoni-
cal orientation. In what follows, if (D, g) is a given sub-Riemannian structure
on M, we always normalize the contact form w in such a way that dwl| I
coincides with the Fuclidean volume defined on D by g.

Remark 1. It is not restrictive to fix a sub-Riemannian contact struc-
ture by a pair of everywhere linearly independent vector fields X, X5 such
that X7, Xo,[X1, X2] is a basis of the tangent space at every point, and
declaring X7, X5 to be an orthonormal frame for g on the distribution D =
span{ Xy, Xs}.

The Reeb vector field associated with the contact structure is the unique
vector field X satisfying

(5) Xo € kerdw, w(Xp) = 1.
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The Reeb vector field depends only on the sub-Riemannian structure, and its
orientation.

Given an orthonormal frame X7, Xy for the sub-Riemannian structure
(D, g) there exists smooth functions cfj defined on M such that

[Xl, X[)] = C(l)le + CngQ,
(6) (X2, Xo] = coX1 + o Xo,
(X2, X1] = c15X1 + ¢}, Xa + Xo,

The particular structure of the equations @ are obtained from the properties
of the Reeb vector field by applying Cartan formula. In particular one can
prove from eX°D = D that ¢}, + c2, = 0.

Definition 2. We define the following quantities in terms of the structural
equations @ of the orthonormal frame

(a) the invariant x defined by

C2 cl 2
@ X = \/ ot ol e,

(b) the invariant x defined by
2 132 2 \2 , oL~ Co2
(8) k= Xa(crp) = Xi(cfa) — (c10)? = (c1)” + H5—2.
Notice that x and k are smooth functions defined on M.

Remark 2. We list here some properties of the coefficients just introduced.
More details are provided in [3] and [5, Section 7.5] (cf. also [I} [7] and refer-
ences below)

(i) These coefficients have been first introduced in [6, [7]. A direct calcu-
lation shows that x and k are independent of the orthonormal frame
X1, X5 on the distribution and are hence local metric invariants. Indeed,
Theorem (1| also shows independently that x is a metric invariant.

(ii) It is possible to introduce a canonical connection V on a 3-dimensional
contact manifold. The functions y and k are expressed in terms of V
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as follows:
(9) x = 1/—det TV (X, ), k= RY (X1, X2, X2, X)),

where TV and RV respresents the torsion and the curvature tensor as-
sociated with V, respectively. More details on the canonical connection
are provided in Appendix [A]

(iii) One can show that x > 0, and x vanishes everywhere if and only if the
flow of the Reeb vector field X is a flow of sub-Riemannian isometries
for M. When y = 0 identically, the sub-Riemannian structure can be
represented as an isoperimetric problem on a two-dimensional Rieman-
nian manifold IV, and x represents the Gaussian curvature on N.

(iv) The functions y and k are invariant by local isometries and they are
constant functions for left-invariant structures on Lie groups. In par-
ticular if x = k = 0 the structure is local isometric to the Heisenberg
group. See [I, 22] for the classification of left-invariant structures in
terms of these invariants.

2.2. Normal coordinates

The basic example of contact sub-Riemannian structure in dimension three
is the Heisenberg group: this is the sub-Riemannian structure defined by the
orthonormal frame in R?

(10) X1 =0, — %az, Xy =0, + gaz.

Notice that the normalized contact form and the corresponding Reeb vector
field for this structure are

(11) D= —dz - %dm + %dy, Xo = —0..

For a general 3-dimensional contact sub-Riemannian structure, there ex-
ists a smooth normal form of the sub-Riemannian structure (i.e., of its or-
thonormal frame) which is the analogue of normal coordinates in Riemannian
geometry. In this coordinates a general 3-dimensional contact sub-Riemannian
structure is presented as a perturbation of the Heisenberg group.

Theorem 3 ([9, 21]). Let M be a 3-dimensional contact sub-Riemannian
manifold and X1, Xo a local orthonormal frame. Fizp € M. Then there exists
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a smooth coordinate system (x,y, z) around p such that p = (0,0,0) and
_ Yy Yy
(12) X0 = (0, - B0.) + By(yd, — 29,) ~ 250
x x
(13) Xy = (@, + 282) — Ba(y0y — x0y) + 75@,

where = B(x,y,z) and v = y(x,y,z) are smooth functions satisfying the
following boundary conditions

(14) £(0,0,2) =~(0,0,2) = g’;(0,0, z) = (2;(0,0,2) =0.

Notice that, when § =+ =0, one recovers formulas . In the same
spirit as Riemannian normal coordinates, the coordinates given by Theorem 3]
normalize the zero-order term of the metric and have no first order correction
term. For this statement to be formalized, let us introduce the notion of
nilpotent approximation.

2.3. Nilpotent approximation

In normal coordinates we introduce the family of dilations J, : R? — R3, for
every € > 0, by

(15) 0c(x,y, 2) = (ew, ey, €%2).
For i = 1,2 we denote by X¢ the vector fields in R3
(16) X5 = 8(6;)*X1

For € > 0, we consider the distribution D® = span{X§, X5}; we put a
metric ¢° on this distribution by declaring {X§, X5} an orthonormal basis.
Observe that (R3, D°, ¢°) with this metric is the Heisenberg group H3. We
denote by B¢(1) the unit ball centered at the origin for the sub-Riemannian
manifold (R?, D¢, ¢°) and by B(e) C R? the image of B(p, ¢) under the normal
coordinates map.

Lemma 4. For every e > 0 small enough we have B(g) = 0.(B*(1)).

Proof. Tt is sufficient to prove that ~:I — R? is a horizontal curve for
(R?®, D', g') with length ((~) if and only if 7. = d; - o 7 is a horizontal curve
for (R®, D%, ¢°) with length e ~'£(). This is immediate from the definition (16]).

O
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Next lemma expresses the vector fields X} as perturbations of the vector
fields X; defining the Heisenberg structure and follows from a direct compu-
tation.

Given a smooth function F(z,y,z) of three variables, we denote by
FPl(z,y, z) the second order homogeneous part of its Taylor polynomial at
zero. Moreover we set FI2(z,y) := FI2(z,y,0).

Lemma 5. The following asymptotic expansion holds for e — 0
X = <<9x - g&) - 62%7[2] (x,9)0 + O(e?),

X5 = (0,+50.) + 25900, + 06,

Moreover, denoting by X§ := €2(01).Xo and (c§;) the structure constant sat-
isfying

2
(X5, X5] = (ch)°Xf, i,7=0,1,2,
k=0
we have
(17) (c1)f = 2628y’y +0(e%), (c2,)F = =220,y + O(e?)
(18) (cor)® = —2°02,7 + O(€”) (c51)7 = 2°027 + O(%)
(19) (cho)’ = —252827 +0(e%) (c3y)° = 2528§y’y +0(%).

where 7y is as in Theorem[3 and the partial derivatives of vy are computed at
zero.

Proof. The expansion of X; follows directly from the definitions of the vector
fields and their explicit form in normal coordinates and .

To prove the asymptotics of the structure constants, we note first that
the vector fields X, X5 for each ¢ > 0 define a contact structure with X§ as
the Reeb field. Indeed, it is easy to verify using the definitions that

w® = Eizégw
is the one-form defining the distribution. This means that X7 satisfy the
structure equations @ with (ci-“j)5 as structure constants, for 4,5,k =0, 1, 2.
Knowing explicitly the Reeb field X§, one could expand X7 and (cfj)s into
power series of € and solve recursively for coefficients of (cfj)s remembering
that for the Heisenberg structure ¢y = —c3; = 1 and cfj = 0 otherwise.
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To avoid explicit computations, we proceed in a slightly different manner.
Instead of considering our original contact structure defined by X;, we look
at different structure defined by X;, such that the asymptotic expansions of
vector fields X7 and Xf agree up to a certain order of €. Then by repeating the
previous argument we obtain an asymptotic expansion for (64-“]-)8 that agrees
with asymptotic expansion for (ci?j)E up to the same order.

To prove our claim we need the asymptotic expansion up to order two.
This can be achieved by considering vector fields

y(L+e*P(z,y))

Xl = az - 9 aza
- 1 2,[2]

which is just a truncation of the original vector fields. In [I0] explicit ex-
pressions for the corresponding one-form @, the Reeb vector field Xy and the
structure constants (éf]) we found. In particular

(20) ) = o @) =
(61 o _2((1 + 27)O0nyy — 20y70,7)
1) o (1+27)2
2 \e 2((1 + 27)81307 - 2(8y7)2>
(C(Jl) - (1 + 27)2
(51 )5 — 72((1 + 27)8111/7 + 2(8177)2)
(22) 0 (1+27)?
2 e _ 2((1 4 279)0ayy + 20,7027)
(002) - (1 + 2,}/)2 :

Lemma [5| now is a direct consequence of the following homogeneity property.
If ci—“j are the structure constants associated with the vector fields X;, then

(23) (cfj)7 = e H i (cf 0 6.)

where we set di = dy = 1 and dy = 2. O

2.4. Exponential map

In order to describe a geodesic ball, we need a good description of geodesics.
As in Riemannian geometry, one can define an analogue of the exponential
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map. But unlike the Riemannian case, it is defined as a map from the cotan-
gent bundle to the manifold using Hamiltonian dynamics.

We start by defining the basis Hamiltonian h; : T*M — M as linear on
fibers functions

h(N) =(\X), AeT*M, i=0,1,2.

We are going to use h;(\) as coordinate functions on fibers of 7*M and
therefore from now on we do not indicate explicitly the dependence on A.

It is well known that geodesics on a rank 2 sub-Riemannian manifold are
projections of solutions of a Hamiltonian system with a quadratic Hamilto-
nian [3]

1
(24 H = (0 +13)

So we can define the exponential map exp : T*M — M associated to the
Hamiltonian H as:

(25) exp(A) = (e (M),

where H is the corresponding Hamiltonian vector field. So if we wish to
restrict only to geodesics that go out from a point p € M, we have to consider
A € Ty M, and we define the map exp,, : Ty M — M as a restriction

exp,, = exp |r:n.

Since we are interested only in the behaviour of small balls around p,
one can use the usual Darboux coordinates on the cotangent bundle and the
standard Poisson bracket to write down explicitly the Hamiltonian system.
But it is better to take a slightly more invariant approach and consider the Lie-
Poisson bracket on T* M. The Lie-Poisson bracket of two basis Hamiltonians
hi, hj is defined as

{hjv hz}(/\) = <)‘7 [Xj7 XzD = Z Cf]hk(/\)
k=0

A bracket of any two smooth functions on the fibers of T*M can be defined
via linearity and Leibnitz rule. Then our Hamiltonian system can be written
as

(26) p = hi1X1(p) + haXa(p)
hi = {H, h;}
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Remark 3. It is interesting that the invariant y can be obtained directly
from the Hamiltonian system. If we denote by

{H., ho} = iy hi + (c§y + coo)haha + cGoh3

the corresponding quadratic form in hq, he, then trace {H, ho} =0 since
etXoD = D. The other invariant

/= det{H, ho} >0

is exactly x and it is zero when (e/X0)*g = g.

It is well known that solutions of a Hamiltonian system lie on a level set
of the corresponding Hamiltonian. In our case the projections of the level sets
to fibers of T*M are cylinders. So we can introduce cylindrical coordinates
(p,0,w) on Ty M as

hy = pcost
(27) he = psiné
ho = —w

It follows immediately that p is constant along solutions of and it is
equal to the speed of the corresponding geodesics.

We are interested in the study of small balls B(e). Lemma {4 gives an
explicit relation between B(e) and the unit ball B%(1) of the dilated system.
We can describe the ball B¢(1) and its volume using the exponential map of
the dilated system, that we denote by expj,. We also have a different set of
cylindrical coordinates, but they are related as can be seen from the following
lemma.

Lemma 6. For everye > 0 let 7. : TyM — T M be the map defined in cylin-
drical coordinates by 1-(p,0,w) = (pe,0,w). Then for every e > 0 the follow-
ing diagram is commutative:

T1

M —= L T:M

epr exp;

o=

(28) RS R?)
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Here we identify R® with an open neighborhood of p on which normal coordi-
nates are defined.

Proof. Since both 6. and 7. are diffeomorphisms, we prove the equivalent
statement:

(29) 0 © €Xp,, = eXp,, 0 T.

We start by recalling the definition of expj, = 7o 61? , where H® : T"M — R
is the Hamiltonian:

1
(30) 1 = (1) + (15)°).
By definition the hamiltonians h{ are given by:

(8) BN = (Meld1/e)-Xi) = & (617N Xi) = ehi(a (V).

where we have defined the diffeomorphisms a. = (d;/.)* : T*M — T*M. No-
tice that ag lifts 6. : M — M, hence it is a symplectomorphisms. As a con-
sequence H® = e2H o a.. In particular we can write (we use simple identities
that can be easily verified by the reader, referring for example to [3] for a
detailed proof):

—
e2Hoa.

(32) d.oexp®=d.omoe
=d.omo (Hlac ). H (by [3, Proposition 4.52])
—d.omoa o oa, (by [B Lemma 2.20))
=mo egzﬁ oa. (because a_* lifts 5§)

=moe 2o eﬁ oc?oa. (by [3, Lemma 8.33])

)

=7moeoc?o0a. (because 72 preserves the fibers of 7).

It remains to verify that £2 o o, 7+pMm = Te. Recalling the definition of a, =
(d1/2)" we see that ac|r:n is given in cylindrical coordinates by:

1% w
33 € 707 = 779777
33 ac(p.b,0) = (£.0.5)

and consequently €2 o a.(p, 0, w) = (ep, 8, w) = 7-(p, §, w). This concludes the
proof. O
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The next proposition gives the necessary asymptotics of the Jacobian of
the exponential maps expj,.

Proposition 7. The Jacobians det(J exp®) of the family of exponential maps
expj, have the following expansion in cylindrical coordinates (p,0,w) ase — 0:

(34) det(J exp) = det(J exp)) + va(p, 0, w)e* + O(e?),
where expg :R3 — R3 is the exponential map for the Heisenberg group and

(35) (. fow) = 57 (*’vg%m + o) 0520 + gy () sin20 )

with go(w), ge(w), gs(w) smooth functions of w variable only. Moreover the
functions det(J expg) and go have the following expression:

(2 —2cosw —wsinw)

(36)  det(Jexpp)(p, 0, w) = p’ —

(16 — 3w?) cos w + 2 cos 2w + 13w sin w + w sin 2w — 18

wb

(37)  go(w) =

Remark 4. We observe that the crucial information contained in Proposi-
tion [7 that we use later is

21
(38) va(p. 0, w) = K(p) fulp,w) + folp, O,w) with / fa(p, 0, w)do = 0.

Remark 5. As pointed out by the anonymous referee, the expansion of the
Jacobian of the exponential map can also be derived from the proof of [23,
Proposition 3.6], which uses similar methods.

Proof. We start by writing the Hamiltonian system for the dilated structure.
The Hamiltonian H® is given by and we can write the Hamiltonian
system explicitly using the Lie-Poisson bracket. We get

p = hiXi(p) + h5Xa(p)

hi = {H*®, hi} = {h5, hi}h5

f}g = {H°® h3} = {hi, h5}h]

hg = {H®, ha} = {hi, hg}hi + {h5, h§}1hs

(39)
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To rewrite our system in cylindrical coordinates, we make a change of variables
on the fibers of T*M

hi = pcosf
hs = psiné
hy = —w

We also introduce the following functions

a*(6) = pl{H B} = (chy)F cos(6)” + (63 + (chy)?) cos(6) sin(9)
+ () sin(9)?,

b°(0) = ({hi,h5} + hy) = (0%2)5 cos O + (0%2)5 sin 6.

1
P
Then, after various simplifications, we obtain the Hamiltonian system

p = peos(0)Xi(p) + psin(0) X3 (p)

p=0
(40) 6 = w — pb(6)
W = —p*ac(h).

Now we expand the right-hand side and the phase variables in series of
powers of €. This will give us a number of ordinary differential equations on
the coefficients, that we are going to solve. Since the Hamiltonian system
is smooth, depends smoothly on ¢, and we are interested only in the behaviour
for small €, the resulting asymptotics is going to be uniform.

We fix normal coordinates (z,y,z) around p € M. In this coordinates
p=1(0,0,0). Then we fix an initial covector (p,f,w) and look at how the
corresponding geodesic changes as € goes to zero. Thus our asymptotic ex-
pansions are

2(t) = 2o(t) + 1 (t)e + 22(t)5 + O(?)
(41) y(t) = go(t) + y1 (e + v2(t) 5 + O(%)
2(t) = 20(t) + 21(t)e + (1) 5 + O(?)
w(t) = wo(t) +wi (t)e + wy(t) S + O(e?)
{H(t) = 0o(t) + 61(t)e + 2(1)5 + O(?)
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Since the initial covector (p, 6, w) is independent of &, we have the following
boundary conditions

(43) 91(0) = wZ(O) =0, Vi e N
(44) 00(0) = 6, wo(0) = w.

Let us look at the principal and first order terms of the asymptotics. First of
all we note that from Lemma [B]it follows that all the structure constants are
O(£?). Thus functions a® and b° are O(g?) as well. Using the asymptotics of
X? from the same lemma, we then obtain a system for the zero-order term

o = pcosby .

. _ . o = wo
Yo = psin by { _0
20 = £(xqsinfy — yo cos Bp) o=

0= 3(Zo 0~ Yo 0

But this is nothing but the geodesic equations on the Heisenberg group whose
solutions are explicit

ZL'()(t) _ ﬁ(sin(@t—l:é)—sin 0)

(45) Jolt) = — Heestind)cosd) {"0(” —re
 P(t—sintid) wo(t) = w
Zo(t) = "=z

Thus we see that as ¢ — 0 geodesics of the dilated system converge to the

geodesics of the Heisenberg group as expected. Moreover, setting t = 1 in

and differentitating with respect to (p, #,w) we immediately obtain .
Next we write the system of order one. We obtain

i’l = —ﬁ@l sin 90 .
Y1 = pb cos by {

2 = g(—yl cos By + 1 sin 6y + xob; cos Oy + yoby sin )
Using the zero boundary conditions we get
wl(t) = (91(1&) = $1(t) = yl(t) = Zl(t) = 0, Vt.

From here it immediately follows that the zero-order term in the expression
is the Heisenberg term and the first order term is identically zero.

We continue this procedure. At each next step we integrate expression
involving only terms from the previous steps. Then we can plug all asymptotic
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expansions into the Jacobian and after various simplifications, we obtain the
result. The second order term in the asymptotics of the exponential map is
a result of similar but rather long computations. The simplification of the
expression for the Jacobian becomes a tedious exercise after applying various
trigonometric identities. O

2.5. The Popp volume and curvature invariants in normal
coordinates

On a contact sub-Riemannian manifold it is possible to define a canonical vol-
ume that depends only on the sub-Riemannian structure, called Popp volume.
Here we recall its construction only in the 3-dimensional case, the interested
reader is referred to [26] and [11] for the general construction and its explicit
expression in terms of an adapted frame.

Given an orthonormal frame X, X5 for the sub-Riemannian structure
and the corresponding Reeb vector field Xy, let us denote by 14, 5,149 the
dual basis of 1-forms. The Popp volume g is defined as the three-form pu =
411 A e A 1y. The sign is chosen in such a way that the volume is positive.

Recall that we denote by FI2 (x,y, z) the second order homogeneous part
of a smooth function F(x,y, z) of three variables and FP(z, ) := FPl(z,y,0).

Lemma 8. Using normal coordinates (introduced in Section the Popp
volume form can be written as p =1 dx ANdy Adz, where ¥ : R> - R is a
smooth function such that:

(46) (,y,2) = 1293 (2,9) + O (|5, 2)|F).
where
(47) YW@, y) = 2°0%y + 2ayd2 v + ¥ 0y

where the partial derivatives of v in are computed at zero.

Proof. For notational convenience, let us introduce X3 := [ X3, X1] and denote
by (x1,22,x3) the coordinates (z,y,z). Let 11,12, 13 be the dual basis of
1-forms to X7i, X5, X3. Notice that the Popp volume pu is written as pu =
11 A v2 A vs (up to the choice of positive sign), as a consequence of the relation
(X2, X1] = Xo mod D (cf. (G)). Considering the coordinate expression of the
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vector fields and the basis of 1-forms
3 3
Xi = ai;0;, i=1,2,3, and vy =Y budz, k=1,23,
j=1 =1

for some smooth functions a;;, by;. Then the matrices A = (a;5) and B = (by)
satisfy the relation B = (AT)~!. In particular

(48) p=|det(B)|dx Ady Adz = |det(A)|*dx A dy A dz.

From the explicit expression of the vector fields f and boundary con-
ditions , it is easy to check that every coefficient of the vector fields
containing 3 gives a contribution of order at least three in the expansion of
the determinant. Hence, to compute the expansion of up to second or-

der, it is not restrictive to assume that g = 0. Under this assumption, one
computes

1
(49) (X1, Xo] = (1 +79+ 5(95(%7 + yayy)) 0z,

which implies

1
| det(A)] = L+(z,y, 2) + 5 (20:7(2, y, 2) +yIyy(2.y, 2)) + O (I, 2)1°)
=1+ 29%(2,9) + O (I, 9, 2)I)

where in the last equality we used the boundary conditions . Taking the
inverse and combining with , the proof is completed. O

Along the same lines of the proof of Lemma [§] one obtains the following
result. A proof is contained in [10, Lemma 4].

Lemma 9. In normal coordinates (introduced in Section writing
7VPa,y) = aa® + 2bay + e,

we have the following expression for the curvature-like invariants at the origin

(50) rp) =2(a+c),  x(p) =20+ (c—a)
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2.6. Cut-time asymptotic

Let v : [0,7] — M be a horizontal curve. We say that ~ is a length-minimizer
if d(7(0),v(T")) = £(v). Notice that this notion is independent on the paramet-
rization of the curve.

Fix now a horizontal curve 7 : [0,7] — M parametrized by arc-length.
Then we define

(51) tewt(77) = sup{t > 0 : ¥|[g4 is a length-minimizer}.

If v is a geodesic parametrized by arclength on a 3-dimensional contact man-
ifold, then it is well-known that ¢, () > 0. This is related with the fact that
there are no abnormal minimizers, see for instance [3, Chapter 8] and [14]
Appendix].

Parametrizing geodesics as in Section with covectors in cylindrical
coordinates (p,f,w) we have a well-defined cut time associated with every
initial covector with p = 1.

We give here the asymptotic expansion for the cut time of geodesics. This
result is obtained combining [7, Theorem 4.2] and [7, Theorem 5.2], covering
the case x(p) # 0 and x(p) = 0, respectivelym

Proposition 10. We have the following asymptotic expansion for the cut
time from p € M.

2 cu 1; ) =77
(5) t t( ew) ”LU’ ”LU‘B

2r w(k(p) + 2x(p) sin” 0) 1) <‘1‘4) . w — %oo.

Thanks to this result we get an asymptotic description of the set of initial
parameters mapped on the ball of radius € through the exponential map.

Corollary 11. Fore > 0 small enough there exists a set Q(e) C T,y M, whose
description in cylindrical coordinates is given by

(53) Qe)={lol <= 0€o2n],
w € [=2m + P £(8) + O(p*), 27 — p21(6) + O(p*)]},

where f(0) is a smooth function of 6. Moreover the following properties holds:

LA note on the reference: to recover the cut time, denoted ¢, (6;v) in |7, Theo-
rem 5.2], one needs the formula of ¢1(6;v) of [7, Theorem 5.1], whose expression
contains a typo. Indeed the second summand of its expression is —7x(go)r~3 (and
not —7k(qo)r~2) as it can be directly checked from the proof.
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Figure 1: A picture of the region (e).

(i) B(p,e) = exp(Q(e));
(ii) exp [int((e)\{p=0}) 8 injective with injective differential;

(iii) exp(int(2(e)\{p = 0})) has full measure in B(p,e).

We observe that the existence of a set §(e) satisfying conditions (i)-
(iii) above is true as soon as the sub-Riemannian structure does not contain
non-trivial abnormal minimizers. This condition is, in particular, satisfied for
contact sub-Riemannian manifolds. A sample image of () is presented in
Figure[2.6] The crucial fact in Corollary [I1]is the asymptotic description given

in .

Proof. First we discuss the existence of the set Q(e) satisfying properties
(i)—(iii). For € > 0 small enough, the closure of the ball B(p,¢) is compact,
hence for every point 2 € B(p, ¢) there exists a length-minimizer v, : [0, 1] —
M, associated with initial covector A\ = (p,0,w) € T, M joining p with =.
Recall that contact sub-Riemannian structures have no non-trivial abnormal
minimizers, thus 7, does not contain any abnormal segment and cannot be
minimizing after its first conjugate time. Moreover, under the assumption that
there are no non-trivial abnormal minimizers, a cut time is either the first
conjugate time or a point where two optimal geodesics intersect. For a proof
of these statements one can see [3, Chapter 3, Chapter 8] or [14, Appendix A].
For every unit initial covector A = (1,6, w) we have

() = exp,(t(1,0,w)) = exp,(t, 0, tw)

and this trajectory is by definition a length-minimizer up to the corresponding
cut time #.,(1,0,w). Notice that exp,(0,0,w) = p for every 6,w. We stress
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that for every s €]0, tcut(A)[, the restriction (o ¢ is a length-minimizer hence
does not contain neither cut points (by construction), nor conjugate points
(by length-minimality).

Let us introduce the star-shaped set in 77 M

A={(s,0,sw) € TyM |0 €[0,2n],w € R,0 <5 < teu(1,0,w)},

and set (2(¢) := AN {0 < p < e}. It follows by construction that exp, : Q(e) —

B(p, ) is onto. Moreover

exp,(int(Q2(e) \ {p = 0})) = B(p,¢) \ Cut(p),

which has full measure in B(p, ¢). The fact that exp,, is injective with injective
differential on the open set int(Q2(¢) \ {p = 0}), is a consequence of the fact
that length minimizers do not contain neither cut nor conjugate points.

To complete the proof of the statement, we compute the asymptotic de-
scription of the set 2(¢) in the cotangent space T, M. Let us rewrite the set
A as follows, in cylindrical coordinatetﬂ

(54) A={(p,0,w) € T;M |6 €[0,2n],p>0,|w| < pt(1,60,p)},

cut

where t_,1(1,6,-) means the inverse function of the map w + tq (1,0, w), for
a fixed 0 € [0,27]. Notice that the function t..,(1,0,-) is smooth at infin-
ity, for fixed 6 € [0, 27], with derivative approaching a positive constant, and
therefore it is invertible close to infinity.

The expansion of ¢,(1,6,-) at zero is then obtained from the one of

tewt(1,0, ) at infinity as follows

2 (K + 2ysin®6)

Multiplying by p and combining with , one gets the statement by
setting

K+ 2y sin? 6

(56) F0) = — - 0

20ne can use the following identity, for ¢ : [0, +00) — [0, +00) an invertible func-
tion

{(s,50) € B |w e B0 < s < plluwl)} = {(2,y) € B |2 > 0,ly| < vy (2)}.
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3. Proof of main theorem

We compute the volume of the ball B(p, ) in normal coordinates. Recall that
in this coordinate chart the ball is denoted simply B(e) and the Popp volume
writes p = ¢ dx dy dz. We have

(57) vol(B(p,¢)) = /B(s) U(x,y,z)dxdydz

=¢t Y(ex, ey, e®z) drdydz (using Lemma [4)
Be(1)

= ¢t </ (1 —2e29¥(z, y, 2)) da dy dz + 0(53)> (using Lemma
Be(1)
Using again Lemma [4 we can write

(58)  B(1) ()
xp(Q(e))  (by property (i) from Corollary [11]
(12(Q(e)))  (by Lemmal[6)

I
S o

(B
1(exp
= exp

Observe also that Q°(1) = 71(€(¢)) has the following description in cylindrical
coordinates: :

(59) 71(2(e)) = {lpl < 1,0 € [0, 2],
€ [-2m + 2p2f(0) + O(e%), 21 — 2p* £(0) + O(*)]}.

In particular we can write:

(60) vol(B(p,¢e)) = &* (/3 (1 — 2248 (2, y, 2)) da dy dz + 0(53)> :

xpe (92(1))

Observe now that properties (ii) and (iii) from Corollary [L1|remains true if we
compose the various maps with a diffeomorphim, after considering the images
of the corresponding sets under the diffeomorphism itself. In particular, since
both 41 and 71 are diffeomorphisms, we can apply the change of variable
formula and Co;npute the integral in as:

(61)
21 p2m—e2p? f(0)+0(e?)
vol(B( </ / / u(p, 0, w) dwdf dp + 0(53)> ,

2m4e2p? f(0)+0(e?)
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where
(62)  ulp,0,w) = (1 =26+ (exp®(p, 0, w))| det (] exp®) (p, 6, w)].

We compute now the expansion in ¢ of the various terms involved. Let us
start with u, which using the expansion exp;, = expg +0(e) and we can
write as

(63) u(p,0,w) = det(J expg)(p, 0, w)

+ &2 (=292 (exp)(p, 0, w)) det( exp) (p, 0, w) + v (p, 0, w) )
+ 0(e?)
= uo(p, 0, w) + *uz(p, 6, w) + O(%)

Observe now also that:

2m—e2p f(6)+0(e?)
ey

u(p, 0, w)dw
2m+e2p? f(0)+0(e?)
2m—e?p?f(0)+0(e?) ) 5

= / up(p, 0, w) + =ua(p, 8, w)dw + O(e”)
2m+e2p? f(0)+0(e?)

—/ uo(p, 0, w) + *us(p, 0, w)dw
f( ) (UO(p7 ’ 27T) + uO(pv 97 27[-)) + 0(53)
2m 2m
= / uo(p, 0, w)dw + £ / uz(p, 0, w)dw + O(?),
—2m —27
where in the last line we have used the crucial fact that wug(p,0,27) =
uo(p,0,—2m) =0, as it can be immediately verified from . Recall that
= det(J expg) is the Jacobian determinant in the Heisenberg group. In
more geometric terms, the last equality is saying that the cut time coincides

also with the first conjugate time in the Heisenberg group.
Consider now the fixed domain Q = {|p| <1, 6 € [0, 27], w € [—27, 27]}.

Plugging into , we obtain:
(65) vol(B(p, e)) — & (/ o+ 52/ s + 0(53)> .
Q Q
From the definition of ug = det(J expg), we immediately recognize

(66) cp = / ug = volume of the unit ball in the Heisenberg group.
Q
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For the integral of us, we proceed analyzing the various functions appearing
in its definition

(67)  ug = =29 (expp(p, 0, w)) det(J expp)(p, 0, w) + va(p, 0, w).
Writing 12 (z, y, 2) = az® 4 2bzy + cy? as in and using (45)), we have:

(68) — 2412 (expg) det(J expg)

= 4(a + )p °sin (3 ) (200520+ws1nw—2)
w
4p” sin (%)2 ((a —¢) cos(20 + w) + bsin(20 + w))
_ =
)2(2005w+wsinw—2)

det(J expg)
5 o3 w
p° sin (¥
— on(p) 70

G
+ cos(20 + w)g1(p, w) + sin(20 + w)ga(p, w),

where in the last line we have used the fact that 2(a + ¢) = (p) and that
det(J exp)) only depends on (p,w) (see the explicit expression (36))). Note in
particular that, exchanging the order of integration and using the fact that for
every fixed w € [0, 27] the integrals [7™ cos(20 + w)df and [;" sin(26 + w)df
vanish, implies:

(69) / 2912 (exp?) det (] exp?)

// p sin (2)? (2 cos w + wsinw — 2)

wb

dw dp

- w.

2 27 sin (%) (2cosw + wsinw — 2)
= r(p / 3 ;
—27 w

Let us look now at the integral of the function v,. Using its explicit expression
and integrating the #-variable first, we obtain:

/vg / ( )+9c( ) cos 20 + gg(w) sin29) dw df dp

27
=k(p / / 59 dwd

=ﬁ@)[ZQmWMw
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Combining and we obtain:

) /Qu2 _ ) /271' <2Wsin (%)" (2cosw + wsinw — 2) N Wgo(w)> dw

—27 3 w6 6
27 7 (5wsinw — (w? — 8) cosw — 8)
—vo) [ 3 - du
— h(p)— (1—2—4 Si(2 ))
~ W60 \ 72 TR
Together with this finally gives:
(72) vol(B(p,¢)) = e (1 — k(p)cre? + 0(53)> ,
where:
(73) (2+4 Si(2) 1)>o d L (1 4 2rSi(2m))
Cc1 = TN LT ) — —& all Co = —= TOI 27T ) ).
LT 6160 2 T 12

The explicit formula of ¢y, which is the volume of the unit ball in the Heisen-
berg group, coincides witht the one obtained in [2, Remark 39].

Appendix A. Remarks on curvature coefficients

The study of complete sets of invariants, connected with the problem of equiv-
alence of 3D sub-Riemannian contact structures, has been previously consid-
ered in the literature in different context and with different languages, as for
instance in [23] and [22].

In this appendix we recall the relation of the geometric invariants y and
r defined in Section with invariants derived in [22, 23].

A.1. Invariants of a canonical connection

We extend the sub-Riemannian metric g on D to a global Riemannian struc-
ture (that we denote with the same symbol ¢g) by promoting Xy to an unit
vector orthogonal to D.

We define the contact endomorphism J : TM — TM by:

(A1) g(X,JY) =dw(X,Y), VXY eT(TM).

Clearly J is skew-symmetric w.r.t. to g. In the 3-dimensional case, the previ-
ous condition forces J2 = —I on D and J(X;,) = 0.



380 D. Barilari, I. Beschastnyi, and A. Lerario

Theorem 12 (canonical connection, |20}, 22, 29]). There exists a unique
linear connection V on (M,w, g, J) such that

\V4
Vg =0,
T

where T is the torsion tensor of V.

If X is a horizontal vector field, so is T'(Xp, X). As a consequence, if we
define 7(X) = T'(Xo, X), 7 is a symmetric horizontal endomorphism which
satisfies 7o J+ JoT =0, by property (v). Notice that trace(r) =0 and
det(r) <0.

A standard computation gives the following result.

Lemma 13. Let RY be the curvature associated with the connection V. Then
(A.2) k= RYV(X1, X9, X0, X1),  x=1/—det(r).

Notice that a contact structure is K-type if and only if X, is a Killing
vector field or, equivalently, if and only if 7 = 0.

A.2. Relation with other invariants in the literature

Let us denote by ¢ the Riemannian metric on M obtained by declaring the
Reeb vector field Xy to be orthogonal to the distribution and of unit norm
and denote by V the Levi-Civita connection associated with the Riemannian
metric g. The Christoffel symbols ffj of this connections are defined by

(A.3) Vi X; =T5X,,  V.ij=0,1,2

and related with the structural functions of the frame by the following for-
mulae:

1 . _
(A4) Ty = =5 (e = G+ ,)-

1) 2 ()

Let us denote by Sec(Il,) the sectional curvature with respect to V of the
plane II,, generated by two vectors v, w € T, M.
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Proposition 14. The sectional curvature of the plane 11, = D, is
(A.5) Sec(D,) =k +x* — =

Proof. 1t is a long but straightforward computation, using the explicit ex-
pression of the covariant derivatives (A.3). In terms of an orthonormal frame
X1, Xy for the distribution D, we have

Sec(Dz) = g(leszXQ — VXQVX1X2 - V[Xl,Xg]X27X1)
= _Xl(C%Z) + Xo(crp) — (0%2)2 - (052)2

1 1 3
+ 5(631 - Céz) + (0(111)2 + 1(0(1)2 + 631)2 B

and (A.5) follows from the explicit expressions and of ¥ and k. O

In [23], using the Cartan’s moving frame method, Hughen introduces the
generating set of invariants aq, ao, K, that are a priori functions on a circle
bundle over M (denoted By in [23], Sect. 2.2]). It turns out that K and a? + a3
are pullback of well-defined functions on M [23, Prop. 2.1].

Proposition 15 (Relation with invariants defined by Hughen). We
have the following identity

(A.6) k=K, X =\/a? + a3.

Proof. The author in [23] p.15] proves that K = 4W, where W is the Tanaka-
Webster curvature of the CR structure associated with the sub-Riemannian
one. Notice that also that x = 4W from Lemma hence k = K. Moreover
one has [23] p.15]

(A.7) Sec(D,) = K + af + a3 — %

This, together with Proposition , gives the other relation x% = a? +a3. O

Remark 6 (Relation with invariants defined by Falbel-Gorodski).
In [22], the authors introduce a family of generating invariants K, 1o, Wy, Wa,
associated with this connection. It follows directly from Lemmal[I3|that k = K
and x = 279 (notice that in [22] the authors use a different normalization on
the contact structure).
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