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Unknotted Reeb orbits and nicely
embedded holomorphic curves

ALEXANDRU CIOBA AND CHRIS WENDL

We exhibit a distinctly low-dimensional dynamical obstruction to
the existence of Liouville cobordisms: for any contact 3-manifold
admitting an exact symplectic cobordism to the tight 3-sphere,
every nondegenerate contact form admits an embedded Reeb or-
bit that is unknotted and has self-linking number —1. The same
is true moreover for any contact structure on a closed 3-manifold
that is reducible. Our results generalize an earlier theorem of Hofer-
Wysocki-Zehnder for the 3-sphere, but use somewhat newer tech-
niques: the main idea is to exploit the intersection theory of punc-
tured holomorphic curves in order to understand the compactifica-
tion of the space of so-called “nicely embedded” curves in symplec-
tic cobordisms. In the process, we prove a local adjunction formula
for holomorphic annuli breaking along a Reeb orbit, which may be
of independent interest.
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1. Introduction
1.1. Statement of the main results

Contact structures arise in the context of Hamiltonian dynamics via the
notion of converity: a convex hypersurface in a symplectic manifold nat-
urally inherits a contact structure, and the orbits of its Reeb vector field
then match the Hamiltonian orbits defined by any Hamiltonian function
that has the hypersurface as a regular level set. In this paper, we consider
contact structures that are induced on convex and concave boundaries of
symplectic manifolds, i.e. symplectic cobordisms. Our main theorem relates
the existence of exact symplectic cobordisms between given contact mani-
folds to a dynamical condition on their Reeb vector fields. In particular, we
will restrict attention to dimension three and discuss the existence of closed
Reeb orbits v : ST — M that are not only contractible but also unknotted,
meaning

v = flop>  for some embedding f : D? < M,

where D2 C C denotes the closed unit disk. All definitions relevant to the
following statements may be found in §2.T] but let us stress the following
convention from the start since it sometimes causes confusion:

Convention. In this paper, the words “symplectic cobordism from (M7, &1)
to (My, &2)” always mean that (M, &) is the concave boundary and (Ma, &2)
the convexr boundary of the cobordism (cf. §2.7]). This usage is standard, and
is natural from the perspective of contact surgery, but a few other authors
(especially e.g. in the literature on embedded contact homology) sometimes
interchange the order of “convex” and “concave,” which would make our
results false.

Theorem 1.1. Assume (M,§) is a closed contact 3-manifold that admits
a Liouville cobordism to the standard contact 3-sphere (S®,&gq). Then for
every nondegenerate contact form o on (M,§), the Reeb vector field R,
admits a simple closed orbit v whose image is the boundary of an embedded
disk D C M. Moreover, the Conley-Zehnder index and self-linking number
of v with respect to D satisfy

pez(v;D) € 42,34 and  sl(y;D) = —1.

A minor variation on the same techniques in the spirit of ﬂﬂ] will also
imply the following:
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Theorem 1.2. Assume (M, &) is a closed contact 3-manifold and that ei-
ther of the following is true:

1) M s reducible, i.e. it contains an embedded 2-sphere that does not

bound an embedded ball;

2) (M,&) admits a Liouville cobordism to an overtwisted contact mani-

fold.

Then for every nondegenerate contact form o on (M,§), the Reeb vector
field R, admits a simple closed orbit v whose image is the boundary of an
embedded disk D C M such that

ucz(v;D) =2  and  sl(vy;D) = —1.

Recall that an oriented 3-manifold is reducible if and only if it is either
St x S% or Mi#Ms for a pair of closed oriented 3-manifolds that are not
spheres. This condition is now known to be equivalent to the hypothesis
mo(M) # 0 used in @] in one direction this follows from the sphere theorem
for 3-manifolds, and in the other, from , Prop. 3.10] and the Poincaré
conjecture. Note that both of the above theorems require nondegeneracy of
the contact form «, but it is possible for the sake of applications to weaken
this condition; see Theorem below.

1.2. Context

The prototype for Theorems [[1] and is a 20-year-old result of Hofer-
Wysocki-Zehnder @], which amounts to the case (M, &) = (53, &xq) of The-
orem [Tl The result in ﬂﬁ] was in some sense far ahead of its time, as it
required ideas from both the compactness theory E] and the intersection
theory ] of punctured holomorphic curves, but it appeared several years
before either of those theories were developed in earnest. In the mean time
the available techniques have improved, and our proofs will make use of
those improvements.

A weaker version of Theorem [Tl can be shown to hold in all dimensions,
namely:

Theorem 1.3. If (M,¢) is a closed (2n — 1)-dimensional contact manifold
admitting a Liouville cobordism to a standard contact sphere (S*"~1 &44q),
then every contact form for (M,&) admits a contractible closed Reeb orbit.
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This result can largely be attributed to Hofer, as most of the ideas needed
for its proof are present in ﬂﬁ] We will sketch a proof in §I.4] which is sim-
ilar in spirit to one that has previously appeared in the work of Geiges and
Zehmisch [15, Corollary 3.3] (see also [16, [17]); there is also an alternative
proof via symplectic homology by Albers, Cieliebak and Oancea (see the ap-
pendix of [4]). Analogous results that may be viewed as higher-dimensional
versions of Theorem have appeared in ﬂIL @, @, @] The conclusions of
our main results however are stronger and uniquely low dimensional: for in-
stance in L3l below, we will see examples of contact 3-manifolds that always
admit contractible but not necessarily unknotted Reeb orbits. Theorem [LLT]
thus gives a new means of proving that these examples cannot be exactly
cobordant to the standard 3-sphere.

We are aware of three general classes of contact 3-manifolds that satisfy
the hypothesis of Theorem [I.1l

Example 1.4. If £ is overtwisted, then a theorem of Etnyre and Honda
] provides Stein cobordisms from (M, ) to any other contact 3-manifold,
so in particular to (S3, &xq). Of course, in this case Theorem [L2 also applies
and gives a slightly stronger result.

Example 1.5. Suppose (M, §) is subcritically Stein fillable, or equivalently,
that it can be obtained by performing contact connected sums on copies of
the tight S% and S x S2. In this case, (M, ¢) is the convex boundary of a
Weinstein domain W constructed by attaching 1-handles to a ball, and these
1-handles can then be cancelled by attaching suitable Weinstein 2-handles.
This procedure embeds W into the standard 4-ball as a Weinstein subdomain
and thus produces a Weinstein cobordism from (M, &) to (5%, £q). Note that
Theorem also applies in this case unless M = S3.

The third class of examples was brought to our attention by Emmy
Murphy.

Example 1.6. Suppose L C [1,00) x S? is an eract Lagrangian cap for
some Legendrian knot A in (S3,&4q), i.e. L is a compact Lagrangian sub-
manifold properly embedded in the top half of the symplectization R x S3,
such that OL = {1} x A, L is tangent near its boundary to a globally de-
fined Liouville vector field pointing transversely inward at {1} x S3, and
the restriction of the corresponding Liouville form to L is exact. A result of
Francesco Lin ﬂﬂ] guarantees that such caps always exist after stabilizing
A sufficiently many times. Now suppose Uy, is an open neighbourhood of L
in [1,00) x S3, where the latter is viewed as sitting on top of the standard
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Weinstein filling B* of (52, &xq). This neighbourhood can be choosen such
that, after smoothing corners, B* U}, is a Weinstein filling of some contact
3-manifold (M, ¢), and ([1,7] x S) \ Uy, for suitable 7' > 1 defines a Liou-
ville cobordism W, from (M, &) to (S3,&xq), see Figure [l Using a Morse
function on L that has one index 2 critical point and an inward gradient
at OL, one can find a Weinstein handle decomposition of B* Ul having
exactly one 2-handle (see Remark [A22)), thus B* Ul is not subcritical, and
it follows from the uniqueness of Stein fillings in the subcritical case M, The-
orem 16.9(c)] that (M,¢) is not subcritically fillable. For more details on
this construction, see Appendix [Al

One can now use a well-known result of Eliashberg M, ] to extract from
this example contact 3-manifolds other than (S, &q) to which Theorem 1]
applies but Theorem [[2 does not. Indeed, while (M, ¢) = d(B* Ul ) could
be reducible, it is Stein fillable and therefore tight, so Colin ﬂa] (see also ﬂﬂ,
§4.12]) provides a prime decomposition

(M, &) = (M1, &) # - - #( Mg, k),

and Eliashberg’s theorem implies that B* U/, must be Weinstein defor-
mation equivalent to a domain obtained by attaching Weinstein 1-handles
to Weinstein fillings of the summands. But the summands cannot all be
St x 8% since (M, ¢) is not subcritically fillable, so at least one of them is
an irreducible tight contact 3-manifold admitting a Liouville cobordism to

(537 gstd)'

Corollary 1.7. The contact 3-manifolds (M,§) described in Example
and their prime summands all admit unknotted Reeb orbits with Conley-
Zehnder index 2 or 3 and self-linking number —1 for every choice of nonde-
generate contact form.

The construction outlined in Example also works in higher dimen-
sions using the exact Lagrangian caps of Eliashberg-Murphy [10], cf. Ap-
pendix [l In this case it produces Weinstein subdomains of the standard
ball which are presumably flexible in the sense of @] Recently, Murphy and
Siegel @] have also found examples of nonflexible Weinstein subdomains in
the standard ball, whose boundaries therefore also satisfy the hypothesis of
Theorem

Remark 1.8. It is not known whether any contact 3-manifolds satisfy the
hypothesis of Theorem [[L2([2) without being overtwisted, though Andy Wand
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Figure 1: An exact Lagrangian cap for a Legendrian in (5%, &4q) produces
a Liouville cobordism W, from (M, ¢) to (53, &xa), where (M, &) := O(B*U
Uy) is not subcritically fillable.

@] has proved that the answer is no under the stronger condition that the
cobordism is Stein. Theorem [[2([2) may thus be interpreted as a small mea-
sure of support for the conjecture that Wand’s theorem extends to Liou-
ville cobordisms (cf. ﬂﬁ, Question 5]): that is, Theorem [L2[2]) provides a
mechanism for detecting tightness, but it cannot detect the (conjecturally
nonexistent) distinction between an overtwisted contact manifold and one
that is only Liouville cobordant to something overtwisted.
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We remark that the word “Liouville” definitely cannot be dropped from
the statements of any of the above theorems: for instance, any Lagrangian
torus in the standard symplectic R?" gives rise to a strong symplectic cobor-
dism from the unit cotangent bundle of the torus to (S?" !, &:q), but one can
easily find contact forms on the former that have no contractible Reeb orbits,
corresponding to metrics on the torus with no contractible geodesics. The
cobordism of course cannot be Liouville because, by a well-known theorem of
Gromov @], the Lagrangian torus cannot be exact. Similarly, ﬂﬂ] and @]
show that every contact 3-manifold with positive Giroux torsion is strongly
symplectically cobordant to something overtwisted, including e.g. the non-
fillable tight 3-tori, which admit contact forms without contractible orbits.

1.3. Applications

Here is a specific situation in which Theorem [[LT] can be used to rule out
the existence of exact symplectic cobordisms. Good candidates for mani-
folds that fail to satisfy the conclusion of the theorem are furnished by the
universally tight lens spaces L(p, q) for p # 1. Recall that L(p,q) is defined
as the quotient

L(p, Q) = Sg/Gp,(p

627ril~c/p 0 >

where G, C U(2) denotes the cyclic group of matrices ( 0 o2mika/p

for k € Z,, acting on the unit sphere S* C C? by unitary transformations.
This action preserves the standard contact form agq = %Z?Zl(xj dy; —
y; dz;) on S3, written here in coordinates (21, 22) = (1 + iy1, ¥2 + iy2), S0
the standard contact structure &sq on L(p, q) is defined via this quotient.

Proposition 1.9. For every relatively prime pair of integers p > q > 1,
L(p,q) admits a nondegenerate contact form with only two simple closed
Reeb orbits, both of them nondegenerate and noncontractible.

Proof. We present (L(p,q),&std) as a quotient of the so-called irrational el-
lipsoid. Let apy := %astd on 53, where H is the restriction to the unit sphere
S3 C C? of the function

2 2
Z1 Z9
(21’ 22) ’ CL2‘ | 52’

for some a, b > 0. The closed orbits for the Reeb flow on S determined by a7
are then in bijective correspondence with the closed orbits on the ellipsoid
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H~'(1) C C? for the Hamiltonian flow of H on the standard symplectic C2.
In particular, if a/b is irrational, then the only simple closed orbits of this
flow are (up to parametrization) the embedded loops 71,7, : St — S3 C C?
defined by

n(t) = (77,0),  (t) =(0,e7)

for t € S' = R/Z, and moreover, these orbits and their multiple covers are
all nondegenerate. Now since agq and H are both invariant under the action
of U(1) x U(1) € U(2), which contains G, 4, ap descends to a well-defined
contact form on L(p,q), and this contact form is nondegenerate. But the
orbits 1 and -2 project to orbits in L(p, q) that are p-fold covered, so their
underlying simple orbits lift to the universal cover S® — L(p, ¢) as non-closed
paths since p > 1, hence they are noncontractible. O

Corollary 1.10. For every pair of relatively prime integers p > q > 1,
(L(p,q),&xa) admits no exact cobordism to (S2,&sq)-

Remark 1.11. The Reeb flow on any universally tight L(p,q) admits a
contractible Reeb orbit since w1 (L(p, ¢q)) is torsion, so previously known cri-
teria for excluding such cobordisms do not apply.

While the lens space example is relatively easy to work with, the non-
degeneracy of a contact form is usually a rather difficult condition to check,
and for this reason one might sometimes want to have the following technical
enhancement of Theorems [[.1] and It will be an immediate consequence
of our proofs, requiring only that one pay closer attention to the relationship
between periods of orbits and energies of holomorphic curves.

Theorem 1.12. Assume (M,&) satisfies the hypotheses of either Theo-
rem [l or Theorem[L2, and fix a contact form aq for (M,§). There exists
a constant T > 0, dependent on «q, such that the following holds: suppose
a = fag is a contact form on (M,§) such that

1) f: M — (0,00) satisfies f < T, and

2) All closed Reeb orbits for ac with period less than T are nondegenerate.

Then the Reeb flow of « satisfies the conclusions of Theorems[I1l or[L.2 re-
spectively, and the unknotted orbit can be assumed to have period less than T .

One could apply this in practice if e.g. ag is Morse-Bott and admits no
unknotted Reeb orbits, as then one can define perturbations of g as in E]
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whose orbits up to some arbitrarily large period are nondegenerate and still
knotted—the topology of orbits with large period may be harder to control,
but for Theorem [[.12] this does not matter.

Remark 1.13. We have chosen to adopt a mainly contact topological
perspective on the main theorems of this paper, but for other purposes
(e.g. quantitative Reeb dynamics, cf. ﬂﬁ, §3.23]), one could also state more
quantitatively precise versions of Theorem

Note that no such enhancement is necessary for Theorem [[L3], which does
not require nondegeneracy, see Remark [[.T5]

1.4. Outline of proofs, part 1: seed curves and compactness

All proofs of theorems in this paper follow a similar scheme, which in the
case of Theorems [T and [[3] can be described as follows. Suppose (W, d\) is
a Liouville cobordism from (M, &) to a standard contact sphere (S?" ™1, &,:4q),
and let (W, d)\) denote the completion obtained by attaching cylindrical ends
in the standard way (see §2.3). Then the positive end of W can be assumed
to match the top half of the symplectization

(1.1) (R x §*" 71 d(e"aga)) »

where agq is the standard contact form, defined by restricting the Liou-
ville form Agq := Z?Zl(mj dy; — yj dz;) to the unit sphere. We will assume
also that the negative end matches ((—o0, 0] x M, d(e"a)) where « is (after
a positive rescaling) an arbitrary nondegenerate contact form for (M,¢).
(The nondegeneracy assumption was not included in Theorem [[L3] but this
assumption will be easy to remove in the final step, see Remark below.)

The first step in the proof is then to choose a suitable almost complex
structure J on the symplectization (II]) that admits a foliation by a (2n —
2)-dimensional family of J-holomorphic planes, so-called “seed curves,”
which are asymptotic to a fixed Reeb orbit « for agq that has the smallest
possible period. We will be able to verify explicitly that these planes are
Fredholm regular for the moduli problem with fixed asymptotic orbit, hence
the moduli space is cut out transversely, and moreover, there exist no other
curves in R x §?"~1 with a single positive end approaching . Once these
curves are understood, we can regard them as living in the cylindrical end
[0,00) x S2"~1 C W, so after extending J to a compatible almost complex
structure on the rest of (W, d\), they generate a nonempty moduli space
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M(J) of unparametrized J-holomorphic planes in W, all asymptotic to the
same simply covered Reeb orbit in the sphere, and this moduli space is a
smooth (2n — 2)-dimensional manifold for generic extensions of J since all
curves in M(J) are somewhere injective. Our main task is then to under-
stand the natural compactification M(J) of M(.J), that is to say, the closure
of M(J) in the space of stable J-holomorphic buildings in the sense of B]
Recall that a J-holomorphic building in a cobordism may have multiple
levels, including one main level which is a (possibly empty) curve in the
completed cobordism, and arbitrary finite numbers of upper levels living
in the symplectization of the convex boundary and lower levels living in
the symplectization of the concave boundary. The uniqueness of the seed
curves in the positive end implies the following:

Lemma 1.14. If u € M(J) is a stable holomorphic building with a non-
trivial upper level, then it has exactly one upper level, which consists of one
of the seed curves in R x S?~1 and all its other levels are empty.

The lemma means that the only way for a sequence of planes in M(J)
to “degenerate” with something nontrivial happening at the positive end is
if the planes simply escape into the positive end and become seed curves; in
particular, this cannot happen to any sequence of planes that have points
falling into the negative end. Theorem can now be proved as follows.
Let M1(J) denote the smooth 2n-dimensional moduli space consisting of
curves in M(J) with the additional data of a marked point, hence there is
a well-defined evaluation map

ev: My(J) = W.

Choose a smooth properly embedded 1-dimensional submanifold ¢ C W with
one end in [0,00) x S?"~! and the other in (—oco,0] x M, and perturb it to
be transverse to the evaluation map. Then

M(J) :==ev1(0)

is a smooth 1-dimensional manifold, and it has a unique connected compo-
nent M?J(J) C My(J) that contains seed curves in the positive end. This
component has a noncompact end consisting of a family of seed curves that
escape to +0o, thus it is manifestly noncompact and therefore diffeomorphic
to R. We claim now that MY(J) must also contain curves with points that
descend arbitrarily far into the negative end. Indeed, the SE'T compactness
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Figure 2: When holomorphic planes in an exact cobordism converge to a
holomorphic building with nontrivial lower levels, at least one of them must
include a plane.

theorem would otherwise imply that every sequence in MY(J) has a subse-
quence convergent to either an element of MY(J) or a holomorphic building
of the type described in Lemma [[LT4l But the latter can only happen if the
sequence escapes through the neighbourhood of +o0o in which all curves are
seed curves. In particular, we obtain a contradiction by considering a non-
compact sequence escaping to the opposite end of MY(J) 2 R from the one
consisting of seed curves, and this proves the claim. It follows that one can
find a sequence uy € My(J) of curves converging to a holomorphic building
Use € M(J) with a nontrivial lower level (see Figure[). Since the cobordism
is exact, every component curve in us, must have exactly one positive end,
and it follows that at least one of the curves in a lower level of us, is a
plane, whose asymptotic orbit is the contractible Reeb orbit promised by
Theorem

Remark 1.15. To remove the nondegeneracy assumption from Thm. [[3]
one can take advantage of the fact that due to the exactness of the cobor-
dism, the contractible orbit found in the above argument comes with an a
priori bound on its period. Then if « is a degenerate contact form on (M, &)
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approximated by a sequence «j of nondegenerate contact forms, the above
argument gives a sequence 7 of contractible Reeb orbits with respect to
. whose periods are uniformly bounded, so by Arzela-Ascoli, these have
a subsequence convergent to a contractible Reeb orbit with respect to a.
Note that if the orbits 7, are also unknotted, it is not so clear whether the
limiting orbit will also be unknotted, hence the need for the more technical
Theorem [[L12]

1.5. Outline of proofs, part 2: intersections

The argument described thus far is quite standard and, as mentioned earlier,
is largely attributable to Hofer @] (though the use of the path ¢ C W to
define a 1-dimensional submanifold of the moduli space is borrowed from
Niederkriiger @]) The arguments required for finding an orbit that is
not only contractible but also unknotted are significantly subtler, and here
we must make liberal use of Siefring’s intersection theory ] in the low-
dimensional setting.

To explain the idea, we briefly recall the notion of nicely embedded
holomorphic curves, introduced by the second author in , ] The pre-
cise definition will be reviewed in §2.4.5] but in essence, a holomorphic curve
w:Y = Wina completed 4-dimensional symplectic cobordism W is nicely
embedded if it has the necessary intersection-theoretic properties to guaran-
tee that it does not intersect its neighbors in the moduli space. This condition
implies that the moduli space near v can be at most 2-dimensional, and in
the 2-dimensional case the curves near u form the leaves of a foliation on a
neighbourhood of u(E) in W. If W is a symplectization R x M or the image
of u is confined to a cylindrical end, then being nicely embedded has the
additional implication that u projects to an embedding into M, i.e. u can
be written as

u = (ug,ups) : X — R x M,

where the map uys : ¥ — M is also an embedding. It is easy to show that the
seed curves we find in the symplectization of (52, &yq) are nicely embedded,
and the homotopy invariance of the intersection theory then implies that
the same is true for all curves in M(J).

The fundamental principle behind the proof of Theorems [l and
is then the notion that “nice curves degenerate nicely,” i.e. if a sequence
uy, € M(J) converges to a holomorphic building u., € M(.J), then we should
expect the component curves in levels of us, to be nicely embedded. This
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statement as such is false in full generality (see m, Example 4.22 and Re-
mark 4.23] for counterexamples), but we will show that it is true in the
present situation. As a consequence, the plane we find in a lower level of uq
has the form (ug,upr) : C - R x M, where ups : C — M is an embedding
asymptotic to a contractible Reeb orbit.

There remains one complication: the fact that w : C — R x M is nicely
embedded does not guarantee that its asymptotic orbit must be simply cov-
ered, i.e. the image of ups : C — M might look like an immersed disk that
is embedded on the interior but multiply covered on its boundary. We will
show in fact that this can happen, but only in very specific ways, and to
prove it, we develop a “local adjunction formula” for holomorphic annuli
breaking along a Reeb orbit.

1.6. Local adjunction

We now briefly interrupt the outline of the proof to describe a tool of more
general applicability. To set the stage, suppose that o — as is a C>-
convergent sequence of contact forms on a 3-manifold M, and J — J
is a corresponding sequence with each Jj belonging to the usual space (see
§2.1)) of admissible translation-invariant almost complex structures on the
symplectization (R x M, d(e"ay)). Assume then that

ug : ([=k, k] x S,i) = (R x M, J;)

is a sequence of pseudoholomorphic annuli which are converging in the sense
of SFT compactness to a broken J,.-holomorphic curve

up — (u|ug,),

where uZ is the top level with a negative puncture, and uy is the bottom
level with a positive puncture, both asymptotic to the same nondegenerate
Reeb orbit v with covering multiplicity m(+). It is natural to choose holomor-
phic cylindrical coordinates around these punctures and thus parametrize
the two levels in the form

uld : ((—00,0] x S*,4) — (R x M, Js),

o0

ug, : ([0,00) x S1i) = (R x M, Js),

[e.9]

so that the two half-cylinders together can be regarded as a broken holo-
morphic annulus arising as a limit of the finite (but increasingly long) holo-
morphic annuli ug; see Figure Bl This is intended as a local picture of the
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neighbourhood of a breaking orbit as a sequence of smooth finite energy
curves converges to a holomorphic building as in E]

Recall from @] that for any finite energy punctured holomorphic curve
that is not a multiple cover, sufficiently small neighbourhoods of each punc-
ture are always embedded, hence if ul, and u, are not multiply covered then
we are free to assume without loss of generality that both are embedded.
This implies that each uy, is also embedded near the boundary of [k, k] x S*
for sufficiently large k, but if m(v) > 1, then uy can have finitely many dou-
ble points and critical points that “disappear into the breaking orbit” in the
limit. See §2.4.7] for precise definitions of each of the quantities discussed
below. We let

d(ug) >0

denote the algebraic count of double points and critical points of ug: this is
a nonnegative integer that equals zero if and only if u; is embedded. The
half-cylinders uX are embedded by assumption, but if m(y) > 1, then they
may have “hidden double points at infinity” in the sense of ﬂA__‘IJ], i.e. double
points that must emerge from infinity under generic perturbations of the
curves. We denote the algebraic counts of these hidden double points by

they are nonnegative integers that vanish if and only if generic perturbations
of uL remain embedded. We denote by

() >1

the so-called spectral covering numbers of v as in ﬂﬂ] these are covering
multiplicities of certain asymptotic eigenfunctions of -, and are thus positive
integers that equal 1 if and only if those eigenfunctions are simply covered
(which is always the case e.g. if m(y) = 1). For one last piece of notation,
we let

p(y) €{0,1}

denote the parity of v, i.e. its Conley-Zehnder index modulo 2. The result
we will prove in §4 can now be stated as follows.

Theorem 1.16 (local adjunction). In the setting described above, as-
sume u, — (ul|uy,) is a sequence of holomorphic annuli in R x M converg-
ing to a broken pair of half-cylinders, where ul, and uy, are both embedded
and asymptotic to a nondegenerate Reeb orbit v with covering multiplicity
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Figure 3: A sequence of pseudoholomorphic annuli u; converging to a bro-
ken annulus consisting of embedded half-cylinders v asymptotic to a dou-
bly covered breaking orbit . In this case, ug can have double points that

disappear in the limit.

m(7y), parity p(7y) and spectral covering numbers G4 (). Then for all k suf-
ficiently large,

26(up) = 2000 (uly) + oo (usy)] + [0+ () — 1]
+[o-(7) = 1+ [m(y) — 1 p(v).

The usefulness of this theorem lies in the fact that every bracketed term
on the right hand side of the formula is known a priori to be nonnegative,
so if we also know that the annuli u; are embedded, then all these terms
must vanish. In that case, we will easily be able to deduce the following
consequence:

Corollary 1.17. In the setting of Theorem [I.18, if uj is embedded for
every k, then one of the following is true:

e v is a simply covered orbit;



72 A. Cioba and C. Wendl

e v is a double cover of a simply covered orbit v such that p(y') =1
and p(y) = 0, and both of the half-cylinders uX, have no hidden double
points at infinity.

1.7. Outline of proofs, conclusion

In the situation at hand, our degenerating curves are all embedded, so Corol-
lary [LT7 applies and we conclude that the breaking orbit is always either
simply covered or a double cover of a negative hyperbolic orbit, what is
known in the SFT literature (cf. ﬂﬁ]) as a bad orbit. In the first case we are
done, and in the second, we will show that degenerations of this form can
always be glued back together so that they are interpreted as interior points
of the compactified moduli space, and the moduli space must therefore have
additional degenerations besides this. In other words, breaking along bad or-
bits can happen, but it cannot be the only type of breaking that happens, so
there is still guaranteed to be some breaking along a simple orbit somewhere,
producing a nicely embedded curve asymptotic to an unknotted orbit. The
resulting constraints on the Conley-Zehnder index and self-linking number
of the orbit then follow by a straightforward and essentially standard topo-
logical computation.

The major differences between the above summary and the proof of
Theorem [[.2] are as follows. For the first statement in the theorem, the sym-
plectic cobordism W is taken to be symplectically trivial, i.e. its completion
has the form (R x M, d\), where A is a Liouville form matching e"a near
{£o0} x M, and a4 are two nondegenerate contact forms for (M,¢), of
which «_ is given but « is carefully chosen. The assumptions of the theo-
rem then allow us to choose ay and a compatible almost complex structure
J4 near +o0o so that we find a smooth 1-dimensional moduli space of seed
curves. Since this moduli space is only 1- and not 2-dimensional, it does not
form a foliation, but the curves are still nicely embedded and the same prin-
ciples therefore apply: a variation on the same argument described above
leads to a nicely embedded plane asymptotic to a simple Reeb orbit for a._.

Here is an outline of the remainder of the paper. In §2] we clarify the
essential definitions and review the necessary facts about punctured holo-
morphic curves and their intersection theory in dimension four. The purpose
of §3lis then to specify the data at the positive ends of our symplectic cobor-
disms, construct the seed curves and prove that they are Fredholm regular
and nicely embedded. Theorem and Corollary [L.T7 on local adjunction
for breaking holomorphic annuli are proved in §4l Finally, §0 carries out
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the main compactness arguments, and §0l completes the proofs of the main
theorems.
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2. Preparation

The purpose of this section is to fix definitions and review some known
results that will be needed in the rest of the paper.

2.1. Contact manifolds and symplectic cobordisms

We begin by reviewing some basic definitions from contact geometry and the
precise way in which contact manifolds arise as hypersurfaces or boundary
components of symplectic manifolds.

Suppose (W, w) is a 2n-dimensional symplectic manifold, and M C W is
a smooth oriented hypersurface. We say that M is convex if there exists a
Liouville vector field near M that is positively transverse to M: here a vector
field V' is called Liouville if its flow dilates the symplectic form, meaning
Lyw = w. This is equivalent to the condition that the dual 1-form A :=
w(V, ) satisfies dA = w, and being positively transverse to M then means
that the restriction « := A|pps satisfies

a A (da)" 1 > 0.

This makes « a (positive) contact form on M, and the induced (positive
and co-oriented) contact structure is the co-oriented hyperplane field £ :=
kera C TM. It follows from Gray’s stability theorem that if V' is replaced
with any other Liouville vector field positively transverse to M, then the
induced contact structure is isotopic to &, hence the contact form can be
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regarded as an auxiliary choice, but the contact structure is canonical up to
isotopy.

Remark 2.1. In this paper, every contact structure is assumed to be
co-oriented and positive (with respect to a given orientation of the man-
ifold), and contact forms are always assumed compatible with the given
co-orientation.

Example 2.2. We denote by &iq C T'S?"~! the standard contact struc-
ture on the sphere, which arises as the convex boundary of the standard
symplectic unit ball with a Liouville vector field pointing radially outward. In
coordinates (z1,¥1,...,Tn, yn) € R?", the standard contact form ayq is
the restriction to S?"~* C R?" of the Liouville form % > i (wy dy; — yj daj).

Any choice of contact form a determines a Reeb vector field R, on
M via the conditions

da(Rq, ) =0, a(R,) = 1.

If M is a convex hypersurface in a symplectic manifold (W,w), then the
orbits of R, are precisely the orbits on M of any Hamiltonian vector field
defined by a Hamiltonian function on (W, w) with M as a regular level set;
moreover, convexity implies that a neighbourhood of M is foliated by other
convex hypersurfaces that have the same Reeb orbits up to parametrization.
See ﬂﬂ] for more on contact structures, and @] for more on the convexity
condition in Hamiltonian dynamics.

Given two closed contact manifolds (M_,¢_) and (My,£4), a strong
symplectic cobordism from (M_,{_) to (My,£+) is a compact symplec-
tic manifold (W, w) whose boundary can be identified with —M_ LI M such
that M_ and M are both convex hypersurfaces and the contact structures
they inherit are isotopic to £ and &, respectively. Note that the orientation
reversal for M_ means that the Liouville vector field points inward at M_
(for this reason we sometimes call M_ the concave boundary component),
whereas it points outward at M. Additionally, (W,w) is called a Liou-
ville (or exact symplectic) cobordism from (M_,¢_) to (M4, &) if the
transverse Liouville vector field defined near W can be assumed to extend
to a global Liouville vector field. This is equivalent to requiring w = d\ for
some 1-form A that restricts to the boundary as contact forms a4 := Xrar,
for &..

The symplectization of a contact manifold (M, & = ker «) is the open
symplectic manifold (R x M, d(e"«)), where r denotes the coordinate on R.
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Its symplectic structure is independent of the choice of o up to isotopy, but
a determines a special class of compatible almost complex structures J(«)
on (R x M,d(e"a)) such that J € J(«) if and only if:

e J is R-invariant (i.e. invariant under the flow of 0, );
o JO, = Ry;

° J(§) =6

da(-, J-)|¢ is a bundle metric on &.

Given a symplectic cobordism (W,w) from (M_,¢_) to (M4,&y) with in-
duced contact forms a4+ at M4, the corresponding Liouville vector fields
defined near M, and M_ determine collar neighbourhoods (—e¢,0] x M,
and [0,€) x M_ respectively in which w = d(e"ay). One then defines the
symplectic completion

W = ((—00,0] x M_) Upr_ W Unz. ([0,00) x M)
by extending w over the cylindrical ends as d(e" ). We shall denote by
TW,w,ay,a-)

the (nonempty and contractible) space of almost complex structures on W
that are w-compatible on W and restrict to the cylindrical ends as elements
of J(ax). Almost complex structures of this type will be referred to simply

as admissible whenever the corresponding symplectic and contact data is
fixed.

2.2. Reeb orbits and the Conley-Zehnder index

Given a contact form a on a contact manifold (M, &) of dimension 2n — 1,
a closed Reeb orbit can be regarded as a smooth map

v:8'=R/Z—> M

satisfying 4 = TR (7) for some T > 0, which is the orbit’s period. Indeed,
setting x(t) := 7(t/T'), such a map is equivalent to a path = : R — M that
satisfies & = Ry (x) and z(t + T') = x(¢t) for all t. The number T need not
generally be the minimal period, hence v may be a multiple cover (t) =
vo(kt) of another closed Reeb orbit vy for some integer k > 2; when this
is not the case, we say v is simple, and the map v : S' — M is then an
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embedding. When + is simple and dim M = 3, it makes sense to ask whether
7 is unknotted, meaning it is the boundary of an embedded disk, or more
explicitly there exists an embedding

w:D? = M
whose restriction to the boundary coincides with the Reeb orbit:

u|3D2 =7.

To every closed Reeb orbit one can associate an integer-valued invariant,
the Conley-Zehnder index, which depends on a trivialization of the contact
structure along the orbit. We will recall the definition of this invariant by
way of a theorem regarding asymptotic operators.

Fix J € J(a) and suppose v:S' — M is a closed orbit of R, with
period T'. Given any symmetric connection V on M, define A, : C*(y*¢) —

C=(v¢) by
(2.1) Ay =—J(Vin —TVyRa).

This operator is well defined and independent of the choice of connection V
(see e.g. ﬂ5__1|, §3.3]), and it is symmetric with respect to the inner product
on C*®(y*¢) defined by

(n, Q) = /S Wy (n(t), J(v(£))¢ (1)) dt.

It also extends to an unbounded self-adjoint operator on L?(y*¢) with do-
main W1H2(7*¢), referred to as the asymptotic operator associated to 7.
Its spectral properties have been described in [23].

Proposition 2.3 (ﬂﬁ]) With the notation above, let o(Ay) C R denote
the spectrum of A, and for any A € 0(A,), denote the corresponding eigen-
space by Ey. Then:

1) 0 € o(A,) if and only if v is degenerate;

2) 0(A,) is a discrete subset;

3) For each A € 0(A,), 1 <dimE) <2(n—1);
)

4) All nontrivial eigenfunctions of A, are everywhere nonzero.
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If dim M = 3, then the last statement implies that one can define winding
numbers Windq’(n) € Z of nontrivial eigenfunctions n relative to any fixed
unitary trivialization ® of v*&. The following statements then also hold:

5) If n,¢ € Ey are two nontrivial elements of the same eigenspace, then
wind® (1) = wind®(¢), hence we can sensibly denote both by wind®(\).

6) The map o(Ay) — Z: X+ wind®(\) is 2-to-1 (counting multiplicity
of eigenvalues) and increasing. Hence if two distinct eigenvalues have
the same winding, they are consecutive and their eigenspaces are 1-
dimensional.

It follows that one can speak of the largest negative eigenvalue and the
smallest positive eigenvalue associated to the asymptotic operator, and when
dim M = 3, their winding numbers relative to a chosen trivialization ® are
denoted by

a®(), af(y) ez

respectively. Proposition 3] implies that these two numbers differ by either
0 or 1 if v is nondegenerate, and in this case, the Conley-Zehnder index
relative to the trivialization ® of v*¢ can be characterized (according to a
theorem in ﬂﬁ}) via the relation

(2:2) 1Ez(7) = a?(y) +al(v) € Z,

and its parity (which does not depend on ®) by

(2.3) p(y) =af(y) — a®(y) € {0,1}.

As these formulas indicate, ,ugi 4 (7) depends only on the asymptotic operator
and can thus sensibly be written as

nez(Ay) = péz (7).

With this in mind, (Z2]) can also be used to compute Conley-Zehnder indices
in higher dimensions, via the relation

(2.4) PP O (A @ ® Ap) = pB (A1) + - 4 pdn (A,

which holds for any collection of asymptotic operators A; with trivial kernels
on Hermitian line bundles trivialized by ®; for j = 1,...,m. We will use this
to compute the indices of higher-dimensional seed curves in §3.11
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While M%Z(’y) depends generally on the choice of trivialization &, in
certain situations one can make natural choices to remove this ambiguity.
If ~ is nullhomologous and forms the boundary of an immersed surface D
in M, we define

pcz(v; D) € Z

as ,ug »(7) with ® required to admit an extension to a unitary trivialization of
¢ along D. The index in this case still depends on the choice of surface D, but
this ambiguity also disappears if ¢;(£) = 0, which is true e.g. on (S, &44q)-

We require the following standard lemma on the behaviour of the index
for multiply covered orbits in dimension three. Let

AR S Mot (k)

denote the k-fold cover of the orbit v : S — M for k € N, and note that
any trivialization ® of 4*¢ induces a trivialization ®* of (y*)*¢.

Lemma 2.4. Suppose dim M = 3, and that v and all its multiple covers
are nondegenerate. Then for any unitary trivialization ® of v*&,

2.5 &, () =
(2:5) nez (1) 20k0] +1  if v is elliptic

{k p&,(y) if v is hyperbolic
for every k € N, where in the elliptic case, 6 € R is an irrational number
determined by v and P.

We will occasionally also need to deal with Reeb orbits v that are degen-
erate but belong to Morse-Bott families, in which case the following defini-
tion will be convenient. If v is degenerate, then 0 € o(A,) but one can find
€ > 0 such that (—e,0) No(A4,) = 0. It follows that for any ¢ > 0 sufficiently
small, A, + € is the asymptotic operator of a perturbed nondegenerate orbit,
whose index we will denote by

(2.6) HE2 (1 + ) = ulz (A, + o).

This is independent of the choice as long as € > 0 is sufficiently small, and
this perturbed Conley-Zehnder index gives a sharp lower bound on the
indices of possible nondegenerate perturbations of «v. The winding numbers
af (v + €) € Z are defined similarly after replacing A, by A, + ¢, and they
are then related to /L% (v + €) by the obvious analogue of ([22)). Notice that
a®(y+¢€) =a®(v), but af (v +¢) and a?(y) may differ if v is degenerate.
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Finally, here is a definition that will be needed for intersection theory
when dim M = 3. Observe that for any Reeb orbit vy and integers k > 2,
every eigenfunction in the A-eigenspace of A, has a k-fold cover that belongs
to the kA-eigenspace of A .. In the three-dimensional case, one can use
Proposition to show that the covering multiplicity of an eigenfunction
depends only on its winding number, thus all elements of the same eigenspace
have the same covering multiplicity. The (positive and negative) spectral
covering numbers

o:(y) €N

are defined as the covering multiplicity of the eigenspace that has wind-
ing a? (7). Note that this is only interesting when = 7(])“ for some other
orbit vy and k > 2; if 7 is simple then 4 (y) = 1 always.

2.3. Holomorphic curves in completed symplectic cobordisms

In this subsection, fix a 2n-dimensional symplectic cobordism (W,w) with
completion W and admissible almost complex structure J € 7 (W, w, a4, a—),
with the restrictions of J to the cylindrical ends denoted by Ji € J ().

2.3.1. Asymptotics. We will consider asymptotically cylindrical pseudo-
holomorphic curves u : (X, j) — (W, J), where

Y=%\T

is the result of removing finitely many punctures I' C 3 from a closed Rie-
mann surface (X, j). The set of punctures is partitioned into sets of positive
and negative punctures I't and I'~ respectively, where z € I'* means that
one can find a biholomorphic identification of a punctured neighbourhood of
z with [0, 00) x St or (—00,0] x St respectively such that for |s| sufficiently
large, u in these coordinates takes the form

u(s,t) = exp(rs 1)) M(s,t) € [0,00) x M or (—o0,0] x M-

for some closed Reeb orbit v : S' — My with period T > 0, where the ex-
ponential map is defined with respect to any choice of translation-invariant
metric on the cylindrical ends, and h(s,t) is a vector field along the trivial
cylinder which satisfies |h(s,t)] — 0 as s — +o0o. We say in this case that u
is (positively or negatively) asymptotic to « at z, and h(s,t) is called the
asymptotic representative of u at z. The asymptotic behaviour of h(s,t)
is described by a formula proved in ﬂﬂ, @, @, ]: namely if the orbit v
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is nondegenerate or Morse-Bott, then for |s| sufficiently large, h is either
identically zero or satisfies

(2.7) h(s,t) = e *(e1(t) + r(s, 1)),

where 7(s,t) — 0 uniformly in all derivatives as s — +00, A € 0(A,) is an
eigenvalue of the asymptotic operator of v with £\ < 0, and e; € C*®(y*¢4)
is a nontrivial element of the corresponding eigenspace.

2.3.2. Moduli spaces and compactness. It is a standard fact that ev-
ery asymptotically cylindrical J-holomorphic curve u : (3, 5) — (W, J) ei-
ther is somewhere injective or is a multiple cover of a somewhere injective
asymptotically cylindrical curve, and moreover, the set of injective points
of a somewhere injective curve is open and dense. A complete proof of
this statement may be found in ﬂﬁ], using asymptotic results of Siefring
@] Recall that z € 3 is called an injective point of u if v~ (u(z)) = {z}
and du(z) # 0, and we call u a k-fold multiple cover of another curve
v (X =X\T",5) = (W,J) if

U=v0¢

for some holomorphic map ¢ : (X, 5) — (X, j') of degree k.

Fix finite ordered tuples of Reeb orbits v = (v, ... ,vkt) and v~ =
(71 5---»7 ) in My and M_ respectively (the case k+ = 0 is allowed), as-
suming that all of them are either nondegenerate or belong to Morse-Bott
families. For an integer m > 0, the moduli space

Mm(J> 7+77_)

of unparametrized .J-holomorphic spheres asymptotic to v* and
~~ with m marked points is defined as the set of equivalence classes of
tuples (X, 7,07, T, u, (C1,...,(n)) where (X, 5) is a closed Riemann surface
of genus zero, I'",I'~ C ¥ are disjoint finite sets, each equipped with an or-
dering, the marked points (1,..., G, € X := X\ (I'" UT™) are all distinct,
and

w:(%,5) — (W,J)

is an asymptotically cylindrical J-holomorphic curve with positive punctures
I'* and negative punctures I' ", such that u is asymptotic at the ith punc-
ture in T'* to fy;t fori =1,...,k4+. Two such tuples are considered equivalent
if one can be written as a reparametrization of the other via a biholomor-
phic diffeomorphism of their domains that maps marked points to marked
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points and punctures to punctures, with signs and orderings preserved. The
topology of M., (J,4T,~v7) can be characterized by saying that a sequence
converges if it has representatives with a fixed domain ¥ and fixed sets of
punctures and marked points such that the conformal structures converge
in C*°(¥) while the maps to W converge in C° () and also in C° up to in-
finity (with respect to translation-invariant metrics on the cylindrical ends).
We shall often abuse notation by referring to the entire equivalence class of
tuples [(3, 7,7, T, u, ((1,...,¢n))] forming an element of M., (J, v, v7)
simply as w. In this paper we will only consider the cases m = 0, 1, abbrevi-
ating the former by

M(Jv 7+77_) = MO(J7 ’Y+77_)'

For m > 0, the evaluation map

M

ev: Mp (ST, ) =W
[(Eaja F+7 F_7u7 (Clv <. 7Cm>)] = (U(C1)7 oo ,'I,L(Cm))

is well defined and continuous by construction.

Recall that neighbourhoods in M., (J,4",~47) can be described as zero-
sets of smooth Fredholm sections in suitable Banach space bundles (see
e.g. @]) A curve u is called Fredholm regular whenever it forms a trans-
verse intersection of such a Fredholm section with the zero-section. The
virtual dimension of M,,(J,y",~7) at u is given by the Fredholm index
of the linearized section at « minus the dimension of the group of automor-
phisms of the domain, and in the case m = 0 is also called the index of wu.
If the orbits are all nondegenerate, it is given by the formula

(2.8) ind(u) = (n — 3)x(X) + 2¢§ (w*TW)

ke ke
+) 107 =D wda ()
=1 =1

Here ® is an arbitrary choice of unitary trivializations of £+ along each of the
asymptotic orbits, which naturally induce asymptotic trivializations of the
complex vector bundle w*TW — ¥, and ¢?(u*TW) € Z then denotes the
relative first Chern number of «*TW with respect to these asymptotic
trivializations. This term ensures that the total expression is independent
of the choice ®. We will also need a special case of the index formula under
Morse-Bott assumptions: if all positive asymptotic orbits are Morse-Bott



&2 A. Cioba and C. Wendl

(but possibly degenerate) and all negative orbits are nondegenerate, then

(2.9) ind(u) = (n — 3)x(2) + 2¢F (u*TW)
oy k_
+> (=Y ()
=1 =1

where € > 0 is assumed sufficiently small (see (Z0)). Note that this is the
virtual dimension of the moduli space of curves near u with fized asymptotic
orbits, i.e. the orbits are not allowed to move continuously in their respective
Morse-Bott families. The index without this constraint would be larger; see

| for an explanation of (2.9) and the constrained/unconstrained distinc-
tion. Adding a marked point generally increases the virtual dimension by 2,
s0 My, (J,4",47) has virtual dimension ind(u) 4+ 2m on any component
that includes the curve u € M(J,~v*,~v7).

A standard application of the implicit function theorem implies that
the open subset consisting of Fredholm regular curves in M., (J, v, v7)
admits the structure of a smooth finite-dimensional orbifold whose dimen-
sion locally equals its virtual dimension, and it is a manifold near any curve
that is somewhere injective. Moreover, a standard argument via the Sard-
Smale theorem (see E] or @]) shows that after perturbing J generically in
J (W, w, ay, a_) on some open subset U C W with compact closure, one can
assume that all somewhere injective curves passing through U are Fredholm
regular. Similarly, Dragnev ﬂ] (see also @]) has shown that on a symplecti-
zation (R x M, d(e"«)), generic perturbations within J (o) suffice to make
all somewhere injective curves regular, and this result can also be applied
to any curves in the cobordism W that are contained in a cylindrical end.

If the Reeb flows on M, and M_ are both globally nondegenerate or
Morse-Bott, then M,,,(J,4",~7) has a natural compactification

ﬂm(‘L ’Y+7’Y_)

defined in B], consisting of stable holomorphic buildings of arithmetic
genus zero with m marked points. An example of a holomorphic building
(with higher arithmetic genus) is shown in Figure @l We shall write holo-
morphic buildings using the notation

(x| o fwolor |-+ ),
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where N, N_ > 0 are integers, vf, B vﬁi are each (possibly disconnected

and/or nodal) J-holomorphic curves in the symplectizations R x My, form-
ing the upper and lower levels respectively, and vy is a (possibly discon-
nected and/or nodal) J-holomorphic curve in W, the main level. Note that
by convention, the main level is allowed to be empty (i.e. vg is a curve with
domain the empty set) if N or N_ is nonzero. Each upper or level is de-
fined only up to R-translation, and the same is true of all levels when W
is a symplectization, in which case there is no distinguished “main” level
or distinction between “upper” and “lower” levels. The evaluation map ex-
tends continuously over M., (J,y",~7) if we also compactify W by adding
{£o0} x M1 to the top and bottom of the cylindrical ends, i.e. marked
points in upper or lower levels are mapped to {oco} x My or {—oo} x M_
respectively.

Our notation for buildings is convenient but suppresses an additional de-
tail that will sometimes be quite important: the data also includes a one-to-
one corresondence between the positive punctures of each level (other than
the topmost) and the negative punctures of the level above it, such that cor-
responding punctures have matching asymptotic orbits, the so-called break-
ing orbits. Additionally, each pair of corresponding punctures is equipped
with a choice of a rotation angle for gluing the corresponding positive and
negative ends along the breaking orbit—this choice is unique if the orbit
is simple, but in general there are m € N distinct choices if the orbit has
covering multiplicity m. All of this data together is called a decoration of
the building. Different choices of decoration often produce buildings that
are biholomorphically inequivalent to each other and thus represent distinct
elements of M, (J,v",v7).

Whenever (W,w) is a Liouville cobordism (and in particular if W is a
symplectization), Stokes’ theorem prevents the existence of curves with no
positive ends, sometimes referred to as holomorphic caps. The following
standard result is then immediate from the definition of convergence in B]

Proposition 2.5. Suppose W is either a symplectization or the comple-
tion of a Liouville cobordism, and uj € M, (J,7v,0) is a sequence of J-
holomorphic planes converging to a holomorphic building. Then the limiting
building has the following properties:

e Fach connected component of each level is a punctured sphere with
precisely one positive puncture.

e The lowest level has no negative punctures (so it is a disjoint union of
planes).
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Figure 4: The picture shows the degeneration of a sequence of punctured
curves of genus 2 into a building with a main level, one upper level and three
lower levels. We label the building as (v} |vg|vy |vy [vg ), where each v is in
general a disconnected nodal curve in a single level. The arithmetic genus of
the building is still 2, and the levels match along their respective asymptotic
orbits.

e The top level is connected.

e There are no nodes.

We shall refer to the components without negative ends in the above
lemma as capping planes; they are not to be confused with “holomorphic
caps,” which have only negative ends.

The converse of compactness is gluing, as discussed e.g. in ﬂﬁ, Chap-
ter 7]. We will only need the following special case.

Proposition 2.6. Assume oo is a Morse-Bott Reeb orbit in My, v is a
nondegenerate orbit in M_, m > 0 is an integer, and (volv; ) € My (J, Voo, 0)
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is a (decorated) stable J-holomorphic building such that vy € M, (J, Yoo, Y)
and vy € M(J_,7,0)/R are both somewhere injective and Fredholm regular.
Then there exist neighborhoods

vy € Z/{(] C Mm(J, ’700,'7)
vy €U C M(J_,~,0)/R

and a smooth embedding
U [0,00) X Uy x U- — M (J, Yoo, D)

such that for any sequences [0,00) 3 1y — +00, U — Uss € Uy and u, —
U, € U_,
\Ij(’l"k,’LLk,U];) - (u00|u;o) € Mm(']v 'Vooaq))

in the SE'T topology. Moreover, every smooth curve in M, (J, Yoo, 0) suffi-
ciently close to (vg|vy ) in the SE'T topology is in the image of V.

Remark 2.7. The notation for buildings used in Proposition [Z6 implicitly
assumes that if multiple buildings can be constructed out of us and u_, via
different choices of decoration, then (us|us,) is the unique choice that is
close to (vo|v; ) in the SFT topology.

2.4. The low-dimensional case

We now specialize to the case where the cobordism (W, w) is 4-dimensional,
so all contact manifolds under consideration will be 3-dimensional.

2.4.1. Indices of covers. We begin with a pair of convenient numerical
observations. The first is borrowed (along with its proof) from @]

Proposition 2.8. Suppose J € J(«) for a contact 3-manifold (M, & =ker o),
and u: (3,5) = (R x M,J) is a J-holomorphic branched cover of a triv-
1al cylinder over a Reeb orbit whose covers are all nondegenerate. Then
ind(u) > 0, and equality can hold only when the cover is unbranched or the
orbit is elliptic.

Proof. If the underlying orbit v is hyperbolic, then the index formula gives
ind(u) = —x(X) > 0 due to Lemma 2.4} which is an equality if and only if
3} is the cylinder, in which case the Riemann-Hurwitz formula implies that

the cover is unbranched. If the orbit is instead elliptic, we can make our
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lives slightly easier with the observation that u has the same index as that
of some holomorphic building whose connected components are all thrice-
punctured spheres that are also branched covers of the same trivial cylinder.
It therefore suffices to prove that the inequality holds for thrice-punctured
spheres. If for instance u has two positive punctures at v* and 7¢ and a
negative puncture at ¢, then Lemma 7] gives

ind(u) = —x(£) + (2[k0] + 1) + (2[£0] + 1) = 2[(k + O8] + 1),
where x(X) = —1, and the index is thus nonnegative due to the relation
la+b] < |a|+ |b] + 1. In the inverse case with one positive puncture and
two negative, we get the same result using |a] + |b] < [a +b]. O

Proposition 2.9. Suppose dimW =4 and u=vo ¢ : (Z,j) — (W, J) is
a k-fold cover of a somewhere injective J-holomorphic curve v : 5" =
(W, J) whose asymptotic orbits are all nondegenerate and hyperbolic. Then

ind(u) > kind(v),

with equality if and only if the cover ¢ : (3,7) — (2, 5') has no branch points
in the punctured surface 3.

Proof. This is a direct consequence of the index formula (2.8]) together with
Lemma 24 and the Riemann-Hurwitz formula Z(d¢) = —x () + kx(¥'),
where Z(d¢) > 0 denotes the algebraic count of zeroes of the holomorphic
section d¢ € T'(Home (TS, ¢*T%)), and thus vanishes if and only if the cover
is unbranched. O

2.4.2. Asymptotic defect. Suppose u: 3 — W is asymptotic at z € I+
to a T-periodic orbit v :S' — My and has an asymptotic representative
h(s,t) at this puncture that is not identically zero. Then the asymptotic
formula ([Z7) provides a nonzero eigenfunction e; € C*°(~v*¢), and given a
trivialization ® of "¢, one can define

Windg)(u; 2) := wind®(e;) € Z.

If z € I't, then a®(7) is the winding of the greatest negative eigenvalue of
A, thus Wind?(u; 2) < a®(v), and similarly, Windg)(u; z)>al(y)ifzel.
The difference a®(7y) — wind?(u;z) or Wind?(u; z) —a%(y) for a positive
or negative puncture respectively is denoted dy(u;z) >0 and called the
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asymptotic defect of u at z € I'. Notice that it does not depend on the
trivialization. The total asymptotic defect of u is then a nonnegative integer

do(u) = Zdo(u; z).

zel

This is well defined for any curve u that is not identical to a trivial cylinder
in some neighbourhood of any of its punctures; in particular, if W is a
symplectization (R x M,d(e"«)) with J € J(«), then dp(u) is well defined
for every curve other than covers of trivial cylinders.

2.4.3. The normal Chern number and wind;(u). The normal
Chern number of a curve u € M(J,v",~~) with all asymptotic orbits
nondegenerate is defined by

ks k_
en(u) = (W TW) = x() + > a?(3) =Y at(y),
=1 =1

where @ is again an arbitrary choice of unitary trivializations of £+ along
the asymptotic orbits, and the sum does not depend on this choice. The
index formula and relations between Conley-Zehnder indices and winding
numbers imply

(2.10) 2en(u) = ind(u) — 2 4 29 + #1o,

where g > 0 is the genus of the domain (zero in our case) and I'g C I" denotes
the set of punctures of v that have even parity. In the Morse-Bott setting of
(239), the definition of cy(u) given above remains valid, and so does ([2.10)
after interpreting I'y as the set of punctures for which the perturbed Conley-
Zehnder index (see (Z4]) is even. One can interpret cy(u) as “c; of the
normal bundle” when u is immersed; in particular, ¢y (u) then predicts the
number of zeroes for a generic section in the kernel of the linearized normal
deformation operator at u, see e.g. @]

For curves in the symplectization R x M of a contact manifold (M, =
ker v), there is a further invariant related to ¢y (u) and the asymptotic defect.
Let w: TM — & denote the fibrewise linear projection along the Reeb vec-
tor field. Then the nonlinear Cauchy-Riemann equation for u : 3 — R x M
implies that 7 o du € C*®(Home (T, u*€)) locally satisfies a linear Cauchy-
Riemann type equation, so zeroes of m o du are isolated and positive by the
similarity principle unless m o du = 0. The latter is the case if and only if u
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is a cover of a trivial cylinder, and otherwise, we define
wind;(u) > 0

to be the algebraic count of zeroes of 7 o du. The asymptotic formula (2.7)
implies that zeroes of 7 o du cannot accumulate near infinity, so wind, (u) is
always finite. It equals 0 if and only if u = (ug,ups) : Y — R x M has the
property that upy : Y — M is an immersion transverse to the Reeb vector
field. From ﬂﬁ, Prop. 5.6], we have

(2.11) en(u) = wind (u) + do(u).
In particular, this implies
(2.12) en(u) > do(u) >0  and  en(u) > windg(u) >0

for any curve that is not a cover of a trivial cylinder, so ¢y (u) = 0 gives a
homotopy-invariant sufficient condition for both the asymptotic defect and
wind, (u) to vanish.

2.4.4. Self-linking numbers. Let v be a nullhomologous transverse knot
in a closed contact 3-manifold (M, &), let ¥ C M be a Seifert surface and X
a framing of v, i.e. a non-zero section of v*¢. The self-linking number of
~ with respect to X is then the algebraic count of intersections between X
and a generic push-off of v in the direction of X:

sl(vy, X) = (exp, X) - ¥ € Z.

Note that this depends on X up to homotopy, but not on X, as a different
choice of Seifert surface changes sl(v, X) by the homological intersection
number of v with a closed 2-cycle, which vanishes since « is nullhomologous.
Replacing X with another framing changes sl(vy, X) by the relative winding
of the two framings,

(2.13) sl(y, X1) — sl(v, X2) = wind(X1, X»),

where wind (X, X2) € Z denotes the winding number of the section X7 along
~ in the trivialization induced by Xs. Note that the Seifert surface deter-
mines a canonical homotopy class of framings Xy via the condition that Xy
should extend to a trivialization of ¢ along Y, so with this choice we shall
denote

sl(7; %) :=sl(v, Xx).
This depends on ¥ since Xy, does, but the dependence vanishes if ¢;(£) = 0.
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With this definition in mind, suppose v is an unknotted Reeb orbit and
u = (ug,ups) : C — R x M is a J-holomorphic plane asymptotic to v for
which ups : C — M is embedded. The closure of u/(C) is then a Seifert
disk D C M for v, and we claim

(2.14) sl(y; D) = wind(Xp, e1(u)),

where Xp is the canonical framing determined by D as discussed above,
and e (u) is the nonzero eigenfunction appearing in the asymptotic formula
@) for the approach of u to 7. Indeed, e;(u) gives the direction of the
approach of u to v and is thus homotopic to the Seifert framing of v, implying

sl(v,e1(u)) =0, so
sl(y; D) = sl(, Xp) = sl(y, e1(u)) + wind(Xp, e1(u)) = wind(Xp, e1(u)).

2.4.5. Siefring intersection theory. We recall here some useful prop-
erties of the intersection product on classes of J-holomorphic curves in al-
most complex manifolds with cylindrical ends. In ], Siefring associates to
any pair of (not necessarily J-holomorphic) asymptotically cylindrical maps
uj 21 — W and us : 22 — W with nondegenerate or Morse-Bott asymp-
totic orbits an integer

Uy * U € 7,

which matches the homological intersection number [uq] - [ug] if both curves
have no punctures, and in general has the following properties. First, the
pairing is symmetric

UL * Uy = Ug * U7,

and it is invariant under homotopies of asymptotically cylindrical maps with
fixed asymptotic orbits; in fact, uy * us depends only on the asymptotic
orbits of u; and us and their relative homology classes. If both maps are J-
holomorphic and their images are non-identical, then the relative asymptotic
results of @] imply that all intersections between u; and us are isolated and
contained in a compact subset, so by positivity of intersections, the algebraic
count of intersections wuj - ug is finite and satisfies

uy - Uy > ‘{(2’1,2’2) €Y x Xy ui(z1) = u2(22)}) ;

with equality if and only if all intersections are transverse. This is then
related to uy x ug by

UL * Ug 2> UL - U2,
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so the condition u; * ue = 0 gives a homotopy-invariant sufficient condition
for u; and wue to be disjoint. The following computation is an easy conse-
quence of the definition (cf. ﬂA_lL Prop. 5.6)):

Proposition 2.10. Suppose J € J(«) for a contact 3-manifold (M,§ =
ker ), and u and v are both J-holomorphic covers of the same trivial cylin-
der in (R x M, J) over a nondegenerate Reeb orbit with even parity. Then
uxv=0.

The intersection product also has a natural extension to holomorphic
buildings such that homotopy invariance holds for all continuous deforma-
tions in the SFT topology. We will need a particular result about this ex-
tension:

Proposition 2.11. If v = (v;\ru\ o volvy |- vy ) is @ holomorphic
building in a 4-dimensional completed symplectic cobordism, we have

N, N_
EX ZU;F >|<v;r + vg * vg +ZU; *U; +zm(7)p(7)a
j=1 J=1 v

where the last sum is over all orbits ~v that occur as breaking orbits in v,
with covering multiplicities denoted by m(~y) € N.

Proof. The existence of a formula

N, N_
_ + ot -
VxU = v kU] v * v + vy *U; +Q
Jj=1 Jj=1

with some error term @ > 0 is stated in ﬂA_J_L Prop. 4.3(4)], and our lower
bound on the error term can be extracted from the proof of that result. The
point is the following. Using notation from @], the pairing u * w can be
written in general as

UKW = U op W — Z OF (72, 7¢) — Z Q% (12, 7%¢),
(2:0) (2:)

where © ¢ w € 7Z denotes the relative intersection number of v and w with
respect to an arbitrarily chosen asymptotic trivialization ®, the two sums
are over all pairs of positive resp. negative punctures z of u and ¢ of w, =,
and ~y¢ are the corresponding asymptotic orbits, and Q2 (7., 7¢) are integers
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determined by the winding numbers ai(’yz) and Oz$ (7¢) (see @, §4.2] for a
precise formula). The same formula for u  w is valid if © and w are buildings,
and the relative intersection numbers are additive across levels. The differ-
ence between v x v and the sum of the invariant self-intersection numbers of
its levels is therefore a sum of terms of the form Q% (v,~') + Q% (v,') where
~ and ~' are pairs of breaking orbits of v. All of these terms are nonnega-
tive, and in particular whenever v is a breaking orbit (with v denoting the
underlying simply covered orbit), they include

QL (Y™ A™) + Q2 (v, ™) = maf (Y™) — ma® (v"™) = mp(y™).
0

If u: Y — W is somewhere injective and J-holomorphic, then the rela-
tive asymptotic results of @] also imply that it is embedded outside a com-
pact subset, so there is a finite singularity count d(u) € Z, defined as the alge-
braic count of double points {(21,22) € ¥ x ¥ | u(z1) = u(z2) and 2 # 23}
after perturbing u in a compact subset to make it immersed. Standard local
results due to Micallef and White ﬂﬁ] imply that d(u) > 0 with equality if
and only if u is embedded, but in contrast to the closed case, 6(u) is not
generally homotopy invariant. Instead, it satisfies the generalized adjunction
formula

(2.15) u* U = 20t0tal(v) + en(u) + [0(u) — #I7,

where
5t0tal(u) = (S(U) -+ 600 <U)

includes an additional contribution do(u) > 0 counting “hidden” double
points that can emerge from infinity under generic perturbations, and the
term o(u) € N is a sum of the spectral covering numbers (see §2.2)) of all
asymptotic orbits, hence d(u) — #I" is also nonnegative. The formula im-
plies that dota(w) is homotopy invariant, and since doo(u) > 0, the condi-
tion dgotal (1) = 0 then suffices to ensure that all somewhere injective curves
homotopic to u are embedded. The converse is false in general: a curve can
still be embedded with d¢pta1() > 0 due to hidden intersections, which can
emerge from infinity under perturbations—but this can only happen if u
has at least one multiply covered asymptotic orbit or at least two punctures
of the same sign that approach covers of the same orbit, thus giving the
following useful criterion:

Lemma 2.12. [Ifu is a somewhere injective curve whose asymptotic orbits
are all distinct and simple, then doo(u) = &(u) — #I' = 0.
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The following is a minor improvement on a definition originating in

l4d, lad).

Definition 2.13. An asymptotically cylindrical J-holomorphic curve u :
¥ — W is called nicely embedded if it is somewhere injective and satisfies
uxu < 0 and dgotar(u) = 0.

It is clear from the above discussion that if u is nicely embedded, then
so is any other somewhere injective curve v’ in the same component of
the moduli space, and moreover, v and u must then be disjoint. Nicely
embedded curves arise naturally in the study of finite energy foliations,
initiated in @] Their most important properties for our purposes are the
following.

Lemma 2.14. Ifu € M(J,~",~v7) is nicely embedded then cn(u) < 0 and
ind(u) < 2.

Proof. The first inequality follows directly from the definition and the ad-
junction formula (ZIH), and this implies the second via (210). O

Proposition 2.15. If u € M(J,v1,y7) is a nicely embedded curve with
ind(u) € {1,2}, then u is Fredholm regular.

Proof. Since u is immersed by assumption and, by Lemma 214l satisfies
en(u) <0, it satisfies the criterion ind(u) > ¢y (u) for automatic transver-
sality given in M] O

Proposition 2.16. Suppose M™ C My (J,v+,~7) is an open and closed
subset of the space of nicely embedded index 2 curves, equipped with the
extra data of a marked point, such that all curves in M™ represent the
same relative homology class. Then M™ is a smooth 4-manifold, and the
evaluation map

ev : MM T

is an embedding onto an open subset of W.

Proof. This is a mild generalization of a similar result proved in ﬂﬂ] for
planes with simply covered asymptotic orbits. We know every u € MMice
is Fredholm regular by Proposition T8 and cy(u) = 0 due to (ZI0) and
Lemma 214l It follows that M™¢ is smooth and has dimension ind(u) + 2 =
4, and since u*u < 0 (which becomes u*u =0 when cy(u) = 0), invari-
ance of the intersection number implies that no two curves in M™ can
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intersect, hence ev : M™% — W is injective. To see that it is also an immer-
sion, observe that for a given curve ug : 3 — W and marked point ¢y € %
with the pair (ug, (o) representing an element of M™c the tangent space

(uo’CO)Mmce is naturally identified with the direct sum of TCOE and the ker-
nel of the linearized Cauchy-Riemann operator acting on the normal bundle
of ug. The condition ¢y (up) = 0 then implies via |44, Equation (2.7)] that
sections in this kernel are nowhere zero, hence the derivative of the evalua-
tion map ev(u, () = u(¢) at (ug,p) is injective. O

Proposition 2.17. Suppose W is a symplectization (R x M,d(e"a)) and
J € J(a). Then for any nicely embedded J-holomorphic curve u = (ug, uns) :
> — R x M that is not a trivial cylinder, the map uyy = 3% — M is embedded.

Proof. Since cy(u) <0 by Lemma 214 wind,(u) =0 due to ([ZII) and
ups is therefore immersed and transverse to the Reeb vector field. To show
that uys is injective, observe that any double point ups(21) = ups(22) can be
interpreted as an intersection of u with one of its R-translations u¢ := (ug +
¢, upr) for some ¢ € R, and ¢ must be nonzero since dyota1 (1) = 0 implies that
u itself is embedded. By homotopy invariance of the intersection product,
u*xu=ux*xu <0, so such an intersection is possible only if v and u¢ are
the same curve up to parametrization. But this would imply that wu is also
equivalent to u*¢ for every k € N, so taking k — 0o, we conclude from the
asymptotically cylindrical behaviour of u that its image lies in an arbitrarily
small neighbourhood of a collection of trivial cylinders. This can only happen
if u itself is a trivial cylinder, so we have a contradiction. OJ

Lemma 2.18. Under the assumptions of Prop.[2.17, suppose w = (ur, upr) :
C — R x M 1is a nicely embedded plane asymptotic to a simply covered or-
bit v and ind(u) € {1,2}. Then if D C M denotes the Seifert surface with
interior upr(C), we have

2 ifind(u) =1,
3 ifind(u) =2,

pez(v; D) = {

and in both cases sl(vy; D) = —1.

Proof. If ® is the trivialization of 4v*¢ that extends over D, then the relative
c1 term in the index formula vanishes and gives the stated relation between
ind(u) and p&;(v). By (Z2) and (Z3), this implies a®(y) = 1. Moreover,

~(u) <0 by Lemma T4, thus (ZI2]) implies that u has zero asymptotic
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defect, so the nonzero eigenfunction e;(u) appearing in the asymptotic for-
mula (Z7) satisfies

wind® (ey(u)) = a®(y) = 1.

Now by 2.14),
sl(y; D) = — wind® (1 (u)) = —1.

3. Seed curves in the positive end

In this section we describe the seed curves that will generate the moduli
spaces required for proving Theorems [[T] and

3.1. The standard sphere

The following construction is for the proofs of Theorems [[LT] and

Regarding S?"~! as the unit sphere in C", fix the standard contact form
agtq described in Example 2.2], along with the unique admissible complex
structure Jgq € J(agq) on R x S?7~1 that restricts to &g C TS? 1 c C?
as the standard complex structure ¢. Recall that the diffeomorphism

(3.1) (R x S Jiq) = (C*\ {0},4) : (r,z) — ¥z

is then biholomorphic, so we can regard holomorphic curves in C" \ {0} as
Jstq-holomorphic curves in the symplectization of (S?"~1, &:q). With this
understood, define for each w € C*~1\ {0} the holomorphic plane

Uy : (C,7) = (C"\ {0},1) : 2 — (2, w).

As a curve in R x 8271 each wu,, is asymptotic at oo to the same closed

Reeb orbit in (S2"7!, agq), namely
Yoo 1 St — STl (€27 0,...,0).

This orbit belongs to a (2n — 2)-dimensional Morse-Bott family of closed
embedded Reeb orbits with period 7, which foliate S?"~1; indeed, they form
the fibres of the Hopf fibration S! — §2"~1 — CcP" 1.

Lemma 3.1. For each w € C" 1\ {0}, ind(uy) = 2n — 2.

Proof. Abbreviate W =R x §?"~1. The fibres of the contact bundle along
Yoo are naturally identified with {0} @ C"~! C T'S?"~1 C C", so 7% &sq has
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a natural trivialization, which we will denote by ®, and it extends to a nat-
ural trivialization of the normal bundle N,, — C of u,,. The latter implies
cf(Ny,) = 0, so writing u’, TW = TC & N, gives

c?(ufUTW) =x(C)+cf(N,,) =1.

To compute M%Z(’Yoo +€), we observe that the asymptotic operator A,
splits with respect to the obvious decomposition

Vibsta=S'xC" =Ly L,

into trivial complex line bundles, so we can write A, = A2 @ --- ® A, and
the trivialization ® is now also a direct sum ®9 @ - - - O &, of trivializations
of these line bundles. The kernel of A, is a complex (n — 1)-dimensional
space of sections along v, that point in the directions of other Hopf fibres,
and its intersection with each of the summands L; for j =2,...,n is a
complex 1-dimensional space spanned by a section of the form

n;: St = Lt (0,...,0,e*™0,...,0).

We thus have wind®(n;) = 1, and A; + ¢ therefore has a real 2-dimensional
eigenspace with the smallest positive eigenvalue € and winding 1. By Propo-
sition 23], the largest negative eigenvalue A; 4+ € must then have winding 0,

so by (2.2),
®;
MCZ(AJ +e€) =1,
and (Z4) then implies

n 5,
pEz (Voo +6) =D nciy(Aj+€) =n—1.
j=2
Finally, ([Z.9) gives
ind(uy) = (n = 3)x(C) + 2¢7 (up, TW) + iz (Yoo + €)
=n-3)+24+(n—1)=2n-2.
Lemma 3.2. The Jgq-holomorphic planes u,, are all Fredholm regular.

Proof. Note that the standard genericity arguments do not apply here since
Jsta 18 very far from being generic. But in this case we can check regular-
ity explicitly. Recall that by @, Theorem 3], it suffices to check that the
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linearized normal operator
DY W'P9(N,, ) — LP®(Home(TC, Ny, ))

is surjective, where ind(D} ) = ind(u,). Here p € (2,00), and § >0 is a
small exponential weight, meaning that if sections n: C — N, in the do-
main of D}’ are written near co in cylindrical coordinates (s,t) € [0,00) X
S1 corresponding to z = e2m(s+it) ¢ C, then the section e5sn(s,t) must be
of class WP on [0,00) x S'. This definition also assumes a translation-
invariant metric on R x $2"~! for computing LP-norms of sections along 1.
Note that since p > 2, sections of class WP are continuous, and we can
therefore assume

(3.2) n(s,t) -0 as s— 0

for n € WHPI(N, ).

From a different perspective, however, DfXU is an extremely simple oper-
ator: sections 7 of the normal bundle to u,, : C — C™ \ {0} can be identified
canonically with functions 7 : C — C"~! using the obvious trivialization of
N,,,, and since DJU\L is the linearization of the standard (and thus already
linear) Cauchy-Riemann operator 0, 1 € ker DfXD implies that 7 is a C?~!-
valued holomorphic function. Under the transformation (B.1J), the condition
(B2) then implies

n(z

[7(2)] —0 as z— oo,
2|

so the growth of 77 at infinity is strictly smaller than that of an affine function.

Complex analysis then implies that the singularity of 7 at oo is removable,

so 1) is constant, proving
dimc keerXU =n-—1.

The real dimension of the kernel of Dﬁlw is thus equal to its index according
to Lemma B}, so DY has trivial cokernel. O

Lemma 3.3. Up to parametrization, every asymptotically cylindrical Jgq-
holomorphic curve in R x S?"~1 with a single positive puncture asymptotic
to Yoo and arbitrary negative punctures is either the trivial cylinder over vy
or one of the planes u,,.

Proof. Since no Reeb orbit in (93, agta) has period smaller than that of s,
any curve u: ¥ — R x §?"~! of the specified type with a nonempty set of
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negative punctures would satisfy fz u*agqg = 0 by Stokes’ theorem, and since
the positive asymptotic orbit is simple, u in this case could only be a trivial
cylinder. If u has no negative punctures, then it defines via ([B1]) a proper
holomorphic map u = (ug,...,uy) : 3 — C" such that ug,...,un: > — C
are all bounded holomorphic functions that decay to 0 at the unique punc-
ture, so these all extend to holomorphic functions on the compact domain
S and are therefore constant. The remaining function u; : 3 — C has a pole
of order 1 at its unique puncture, thus it extends to a nonconstant holomor-
phic map ¥ — S? of degree 1, implying that ¥ = S? and, after a suitable
reparametrization, ¥ = C with u; : C — C an affine map. O

Lemma 3.4. In the case dim M = 3, the planes u,, satisfy cn(uy) =0 and
are nicely embedded.

Proof. We saw in the proof of Lemma Bl that ud,(veo + €) is odd and
ind(uy) = 2, so (ZI0) implies ¢y (uy) = 0. Since u,, is embedded and has
only a single simple asymptotic orbit, dtotal(tyw) = 0(tyw) — 1 = 0 by Lemma
Thus by Siefring’s adjunction formula ([2.15),

Uy * Uy = 25total(uw) + CN(uw) + [5(uw) - 1] =0. O

3.2. Reducible tight contact 3-manifolds

We now describe the seed curves for the first case of Theorem As-
sume M is a reducible closed oriented 3-manifold with a contact struc-
ture &; we are free to assume ¢ is tight since the overtwisted case will be
dealt with separately in §3.3] below. The reducibility hypothesis means that
M is either S' x S? or a nontrivial connected sum M;#M,, and in the
latter case, tightness of ¢ implies via Colin’s connected sum theorem ﬂa]
that (M, &) = (My,&1)#(Ma, &) for some tight contact structures & on M;,
i =1,2. The case S' x S? can also be understood via connected sums since
the unique tight contact structure on S x S? is the one that is obtained
from (53, &4q) by attaching two disjoint neighborhoods in S® to each other
via a self-connected sum. In either case, (M, §) contains a special embedded
2-sphere
S22~ 8 c M,

the belt sphere of the connected sum, and £ takes a certain standard form in
a neighbourhood of S. Moreover, S represents a nontrivial element of o (M):
this follows from the Poincaré conjecture after applying ﬂﬂ, Prop. 3.1] to
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deduce that [S] € mo(M) can be trivial only if S bounds a contractible sub-
manifold in M.

The desired .J-holomorphic curves in R x M can now be borrowed whole-
sale from a construction of Fish and Siefring ﬂﬂ] Specifically, Theorem 5.1
in their paper provides a nondegenerate contact form ay on (M,&) and
an almost complex structure J; € J(a4), which may be assumed generic
outside a neighborhood of R x S, such that there exists a nondegenerate
embedded Reeb orbit

Yoo : St — M

with even Conley-Zehnder index and with image in S. This orbit splits S
into two hemispheres S and S_, and there exists a pair of nicely embedded
and Fredholm regular J;-holomorphic planes

ut = (ug,ui;) :C—Rx M

with index 1, both asymptotic to v, such that uf/[ (C) is the interior of Si.
They satisfy

and they approach v, “from opposite sides” in the sense that after suitable
R-translations, one can arrange
)

er(u”) =—er(u),

where e1(u™) denotes the nontrivial asymptotic eigenfunction appearing in
the asymptotic formula (Z7) for u*.

Lemma 3.5. Up to parametrization and R-translation, every asymptoti-
cally cylindrical J4-holomorphic curve in R x M with a single positive punc-
ture asymptotic to Yo and arbitrary negative punctures is either the trivial

cylinder over voo or one of the planes u™.

Proof. We use Siefring’s intersection theory. Fix a trivialization ® of ¢
along 7o The first observation is that since do(u®) < cy(ut) = 0, the eigen-
functions ej(u®) both have maximal winding a®(ys). Since pd, (Vo) is
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even, Proposition implies that there is only a 1-dimensional eigenspace

Ex CC*(758)

of A, with negative eigenvalue and winding a®(v), and e (u®) € Ej.
Denoting the trivial cylinder over 7., by R X 74, this implies

uF * (R X Y00) = 0.

Indeed, there are no geometric intersections between u* and R x 7o since
ui;(C) is the interior of Sy, but one must still rule out asymptotic con-
tributions, i.e. “hidden” intersections at infinity. These are characterized in
ﬂél_lﬂ in terms of relative winding numbers, and in the present situation, the
asymptotic contribution to u™ * (R X 74 ) vanishes if and only if the asymp-
totic representative describing the approach of u* to R x 74 at infinity has
maximal winding. This is true since wind® (e; (u®)) = a® (700).

Now suppose u: ¥ — R x M is a Ji-holomorphic curve with the speci-
fied properties. We claim

(3.3) uxut =0.

To see this, first use R-translation to move u® until its image is contained
in [0,00) x M, which is possible since u* has no negative punctures. Then
notice that since u has only one positive puncture and it is asymptotic
t0 Yoo, w admits a homotopy through asymptotically cylindrical (but not
necessarily J;-holomorphic) maps to a map whose intersection with [0, c0) x
M is identical to the top half of the trivial cylinder R X ~,,. Using the
homotopy invariance of the intersection product, it follows that u* u* =
uT % (R X v50) = 0.

Finally, let e1(u) denote the nontrivial asymptotic eigenfunction in (2.7])
that controls the approach of u to v at its positive puncture. If 1 (u) & E},
then wind®(e1(u)) < a®(ys0) = wind®(e; (uF)). In this case the projections
of uw and u™ to M obviously intersect each other near v, implying that some
R-translation of u intersects ™, but this is impossible by ([B3]). We therefore
have e1(u) € E). But observe now that applying R-translations to u modi-
fies e1 (u) by multiplication with a positive constant, so since dim £ = 1 and
e1(u™) and e1(u~) have opposite signs, there exists a unique R-translation
for which e (u) precisely matches either e (u™) or e1(u~). For concreteness,
suppose e1(u) = e1(u™). Then the main results of <@] imply that unless
u=u" up to parametrization, there is a nontrivial asymptotic eigenfunc-
tion controlling the approach of u to u™ at their positive ends, and it lies in
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a different eigenspace, with winding strictly less than a® (74 ). The charac-
terization of asymptotic contributions in NALJJ] then implies that u x u™ > 0,
again contradicting (3.3)). O

Remark 3.6. The above lemma does not specifically require the mani-
fold M to be reducible: it only requires the existence of a simple Reeb
orbit ., spanned by two disjoint embedded index 1 holomorphic planes
uT that approach 7., “from opposite sides” in the sense described above.
The conditions cy(u®) = u® * u™ = ut x u~ = 0 follow automatically from

these assumptions via (ZI0) and Siefring’s adjunction formula (215]).
3.3. Overtwisted contact 3-manifolds

If (M, €) is overtwisted, then Eliashberg’s appendix to @] uses the following
geometric picture to prove vanishing of contact homology. There is a non-
degenerate contact form a4 and an almost complex structure Jy € J (o)
admitting an embedded Fredholm regular J.-holomorphic plane

u™® = (ug,ugy) :C >R x M
with index 1, asymptotic to a simple Reeb orbit
Yoo : St — M

with even Conley-Zehnder index, such that u® is (up to parametrization
and R-translation) the only nontrivial J;-holomorphic curve in R x M with
one positive puncture asymptotic to 7o (and arbitrary negative punctures).
A more detailed version of this construction can be extracted as a special
case from }, using intersection-theoretic arguments similar to those of
§3.2] above. Since u® is asymptotic to a simple orbit, Lemma implies
Joo(u™®) = a(u™) — 1 =0, and since it is also embedded, d¢ota(u™) = 0.
Moreover, by (ZI0), cn(u°) = 0, so the adjunction formula (2.I5]) now gives

u™ % u = 2040t (™) + ey (u™) + [0 (u™) — 1] =0,

implying that u°° is nicely embedded.
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4. A local adjunction formula for breaking
holomorphic annuli

The aim of this section is to prove Theorem and derive Corollary [LI7
We assume throughout that M is a 3-manifold endowed with C*-converging
sequences of contact forms ap — as, and admissible almost complex struc-
tures Jp € J(ay), k < oo. Fix a nondegenerate closed Reeb orbit v : St —
M for a with covering multiplicity m € N, period T > 0 and parity p(y) €
{0,1}. We consider a sequence of Ji-holomorphic annuli

up, ([~ Ry, Ry x S*,1) = (R x M, Jy),
where Ry, Rj, — oo and uy, converges in the SFT topology to a broken Ju-
holomorphic annulus
up = (uglus)

in which both levels are embedded and ~ is the breaking orbit. More pre-
cisely, uX are embedded J..-holomorphic half-cylinders

ug, : [0,00) x ST = R x M, ul 1 (—00,0] x ST - Rx M

o

with
ufo(s, t) = exp(rs () hx(5,1)

for some translation-invariant metric on R x M and asymptotic represen-
tatives satisfying h4 (s,-) — 0 with all derivatives as s — Foo. To say what

the convergence uy — (ul|ugy ) means, denote the R-translation action on
R x M by

Te:RXM—=RxM:(r,x)— (r+c)
for ¢ € R. Then we require
Tr O UR(- 4+ Riy ) = uly  in CR2((—o00,0] x ST, R x M)
for some sequence r; — —oo, while

T oup(- — Rp,) —ug, in C([0,00) x ST, R x M)

o0

for some sequence rp — +o00. Additionally, choose diffeomorphisms ¢_ :
[-1,0) = [0,00) and @4 : (0,1] = (—00,0], let mps : R x M — M denote the
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natural projection, and define the continuous map

mar oul (o4 (s),t) if s >0,
a 1,1 x ST = M : (s,t) = () if s =0,
T oug(p—(s),t) if s <O.

We then also require the existence of a sequence of diffeomorphisms ¢y :
[—1,1] x St — [~ Ry, R}] x S! such that

marougopr — Xt in C%([-1,1] x ST, M).

With these hypotheses understood, the statement of Theorem [[.16] is that
for all k sufficiently large,

20(uk) = 20000 (uds) + oo (uge)] + [54+(7) = 1] + [5-(7) = 1] + (m — 1)p().

The proof is based on a relative adjunction formula in the style of Hutch-
ings @] Since ul, and ug, are embedded, we are free to assume wy, is embed-
ded near the boundary of its domain for sufficiently large k; moreover, if we
reparametrize uX by suitable shifts to focus only on neighborhoods of o0,
the corresponding adjustments in u; can be arranged so that its tangent
spaces are close to those of a trivial cylinder for large k. This means replac-
ing the domains [— Ry, R;] x S 1 of u, with smaller domains that nonetheless
still expand to infinite length, and we do not lose any singularities this way
since uL, are both embedded on the corresponding portions of their domains
that are being discarded. With this understood, if we choose a trivialization
® of £ = ker a, along v, this determines a trivialization of the normal bun-
dle of uy along its boundary uniquely up to homotopy for large k. Define
the relative self-intersection number of uy,

U, 0 Ui € Z

as the algebraic count of intersections between uy and a generic perturbation
of uy that is pushed in the direction of ® near the boundary. This number
depends on ® up to homotopy. We can similarly define uoio 5 uoio with the
condition that the second copy of uZ is pushed by some small but nonzero
amount in the direction of ® both near its boundary and near infinity. The
convergence uy — (ul |uy,) then implies

(4.1) Up, 0 Up = UL, 0 UL + U, 0 U,
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for sufficiently large k. The relative adjunction formula relates these self-
intersection numbers to the count of double points and corresponding rela-
tive first Chern numbers

L (WiT(R x M)), et (u)*T(R x M)) € Z,

e e

defined by regarding ® as a trivialization of the normal bundle of uy, or uZ,

over the boundary and/or near infinity—this sums with the canonical par-
allelization of the domains (annuli and half-cylinders) to give trivializations
of the pulled back tangent bundle on these regions. Appealing again to the
convergence ux — (ul |uy), we have

(42)  PERT®R x M) = ¢ (ud) T(R x M) + P (uz,) T(R x M)

for large k. Note that if uy is immersed with normal bundle N,,, then
(TR x M)) = cf(N,,) since the domains have vanishing Euler charac-
teristic. If uy is not immersed, one can perturb it to an immersion without

changing cf (u;T(R x M)), so the same argument used to prove the adjunc-
tion formula for closed holomorphic curves gives the relative formula

up 0 up = 26(up) + ¢ (uiT(R x M)).

This makes crucial use of the fact that w; is embedded near the boundary
for large k, so pushing it in normal directions determined by ® does not
produce any intersections near the boundary.

The analogous story for X is slightly more complicated if v has covering
multiplicity m > 1, because new intersections can appear near infinity after
pushing off via ®. This phenomenon was observed in 30, §3.2] and quantified
in terms of the writhe of a braid determined by the asymptotic behaviour
of u% . Using notation adapted from ﬂA_lL §3.2] (see also [50, §4.3]), we denote
by

the algebraic count of intersections near infinity between uZ and a small

erturbation of itself via ®. This number matches the writhe described in
E} up to a sign. It is only nonzero if m > 2, and in that case it depends
on ® up to homotopy; in ] it is expressed as a sum of winding numbers
of asymptotic eigenfunctions that control the relative approach of differ-
ent parametrizations of uZ near the orbit. The bounds on these winding
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numbers coming from Proposition lead to the bound

(4.3) ioo(use) 2 Q(7) = £(m —1)al(y) + [6£(7) — 1],

which furnishes the definition of the number . (uZ) counting “hidden”
double points at infinity:

(1.4) o) = 5 [i2 (%) ~ 92()] 2 0.

Including the contribution from intersections near infinity, the relative ad-
junction formula for u% takes the form

U 00 Uz, = 26(uzy) + ef (uzy)"T(R x M)) + i3, (uzy).

o0

We are now ready to prove both the theorem and the corollary.

Proof of Theorem [1.10. We can use the various relative adjunction formulas
to rewrite both the left and right hand sides of ([@Il), thus

26(ur) + ¢f (upT(R x M) = 20(ul,) + ¢ (ul) T(R x M)) + (u+)
+20(uge) + ¢f (uge) T(R x M) + i, (uz)-

The terms 6(uZ) vanish since uX, and ug are embedded, and combining

this with (£2]) gives

20 (ur) = g, (ud) + i (usg)-

Now plugging in (Z4) and p(y) = a?(y) — a®(v) gives the stated formula.

O

Proof of Corollary[I.17. The local adjunction formula implies that if § (uy) =
0, then

1) doo(udy) = doo(usg) = 0,
2) 6+(y) =0-(y) =1, and
3) ~ is either simply covered or has even parity.

In the case with even parity, we can derive further constraints on the mul-
tiplicity m from the condition on the spectral covering numbers: recalling
Proposition 23] the extremal winding numbers aZ () for positive and nega-
tive eigenvalues match, and 64 () = 1 means that any nontrivial eigenfunc-
tion in the corresponding eigenspaces E. is simply covered. Both of these
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eigenspaces are also 1-dimensional, and since v has multiplicity m, there is a
linear Z,,-action on each E generated by the map that sends an eigenfunc-
tion e € E4 to e(- + 1/m). This defines a real 1-dimensional representation
of Z,,, and the representation must be faithful since Fy contains simply
covered eigenfunctions. Real 1-dimensional representations of finite groups
can act only by +1, so the only possibility for m > 1 is that m = 2 and the
generator of Zy acts by —1. We claim finally that in this case, the underlying
simple orbit has odd parity. Indeed, Proposition implies that it would
otherwise have two eigenfunctions with the same winding but eigenvalues
of opposite sign, and E4+ would then have to consist of the double covers of
those eigenfunctions, which is a contradiction. O

5. Compactness for nicely embedded planes in cobordisms

In this section we fix the following assumptions. Let (W, d\) denote a 4-
dimensional Liouville cobordism with concave boundary (M_,{_ = kera_)
and convex boundary (M, &4 = ker ey ), where A|7pr, = o, with a_ as-
sumed nondegenerate and a4 Morse-Bott. The symplectic completion of W
will be denoted as usual by W, and we choose J € J(W,w,a,,a_) to be
generic in the interior of W such that its restriction J_ to the negative end is
also generic; in particular, this means that all simple J-holomorphic curves
in W that pass through the interior of W have nonnegative index, and all
simple J_-holomorphic curves in R x M_ other than trivial cylinders have
index at least 1. Fix a simply covered Reeb orbit

oo:Sl—>M+.

The main objective of this section is the following theorem, which char-
acterizes the closure in the SF'T compactification of the set of planes in
M(J, Yoo, ) that are nicely embedded in the sense of Definition For
application to our main theorems, the results of §3] permit us to ignore holo-
morphic buildings with nontrivial upper levels.

Theorem 5.1. Suppose ur € M(J, Voo is a sequence of nicely embed-
ded planes converging in the sense of E] to a holomorphic building us €
M(J, Yoo, 0) with no nontrivial upper levels but at least one nontrivial lower
level. Then all components of the levels of us other than trivial cylinders
are nicely embedded, all breaking orbits are either simply covered or are dou-
bly covered bad orbits, and us fits one of the following descriptions (see
Figure[3):
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e Type (I): (volvy ), where vy is an index O cylinder, vy is an indez 1
plane, and the breaking orbit has even parity.

e Type (II): (vo|vy ), where vy is an index 0 cylinder, vy is an index 2
plane, and the breaking orbit has odd parity.

o Type (III): (volvy ), where vy is an index 1 cylinder, vi is an index 1
plane, and the breaking orbit has even parity.

e Type (IV): (volvy ), where vo has index 0 and two negative punctures,
vy @s a disjoint union of two index 1 planes, and both breaking orbits
have even parity.

e Type (V): (volvy |vy ), where vy has index 0 and two negative punctures,
vy 48 the disjoint union of a trivial cylinder with an index 1 plane, and
vy is an additional index 1 plane, with all breaking orbits having even
parity.

e Type (VI): (vo|vy |vy ), where vy is an index 0 cylinder, vy is an index 1
cylinder and vy is an index 1 plane, the breaking orbit between vy and
vy has odd parity, and the breaking orbit between v and vy has even
parity.

We begin with a few preliminary observations that will be used repeat-
edly in the proof. Recall that by Prop. 28l us must have the structure of
a tree, with all connected components having exactly one positive puncture
and the bottom level being a disjoint union of capping planes. The top of
this tree is the main level, which will always be somewhere injective since
Yoo 18 a simply covered orbit. Moreover, since J is generic, Equation 210l and
Lemma 214 imply that the curves u in our sequence can be assumed to sat-
isfy either ind(ug) € {1,2} and ¢y (u) = 0 or ind(ug) = 0 and ey (ug) = —1.
Note that all the building types in the above theorem have total index 2 ex-
cept for Type (I), which occurs in the index 1 case. We shall denote

Uoo = (volvy |-+~ vy)

where by assumption N > 1, and each v is in general a disjoint union of
m; > 1 connected curves

Uj71’ e 7vj,mj7

each having exactly one positive puncture. The definition of the normal
Chern number, together with the relation (Z.3]) between parities and winding
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(1) (1)

.@
8 ~
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«;

Figure 5: The six types of holomorphic buildings in Theorem [B.11

numbers, implies the formula

N N m;
020N<Uk>=CN<vo>+ZZCN v+ 2. > p(a),
=11 7j=11i=1

Where 74, denotes the asymptotic orbit at the unique positive puncture of
v, Le. the ;; are all the breaking orbits of us,. Since u, has no negative
punctures in its lowest level, we can conveniently repackage this formula as

N m;

(5.1) 0> en(up) = én(vo) + > en(v;y),

j=1i=1

where for any punctured holomorphic curve w, we define éx(w) to be the
sum of cy(w) with the parities of the asymptotic orbits at all its negative
punctures.
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Lemma 5.2. All the components vj; in lower levels have cN(v;i) =0, and
one of the following holds:

1) All breaking orbits in u~ have even parity and the main level vy sat-
isfies cn(vo) =0, or

2) The main level vy is a cylinder with cy(vy) = —1 whose negative asymp-
totic orbit has odd parity, and all other breaking orbits have even parity.

Proof. Genericity implies ind(vg) > 0, so by 2I0), cy(vg) > —1 with equal-
ity if and only if all the asymptotic orbits of vy have odd parity, hence
¢n(vo) = 0. For components v;; in lower levels, [2.12]) implies cN( i) =0
unless v;; is a cover of a trivial cylinder. If on the other hand v;; COvers a
trivial cylinder over some orbit v, Proposition [2.§ gives ind (v v ) > 0, with
strict inequality unless « is elliptic or the cover is unbranched. Strict in-
equality would imply cy(v;;) > 0 due to 2.I0). The scenario cy(v;;) <0
can thus happen only if v IS elliptic and ind(v;;) = 0, in which case (IZIII)
gives ¢y (vi;) = —1 and thus én(v; ;) > 0, Wlth strict inequality if v; ; has
more than one negative puncture. Using (|5:|]), we conclude that é(vg) =0
and ¢(v; Ly ;) = 0 for every i, j, which implies that all components in u having
negative normal Chern number have exactly one negative puncture, i.e. they
are cylinders. For components in lower levels, this means they are trivial
cylinders over elliptic Reeb orbits, and no other lower level components can
have any negative asymptotic orbits with odd parity since this would imply
¢n(v;;) > 0. Note that since uo is assumed to be stable in the sense of [3],
it does not have any levels consisting only of trivial cylinders. It follows that
if us has any odd breaking orbits at all, then vy is an index 0 cylinder with
en(vg) = —1 and a negative orbit with odd parity, but all other breaking
orbits in the building are even. O

Proof of Theorem[51]. Consider first the case where all breaking orbits have
even parity. We know that vy is somewhere injective since v~ is a simple
orbit, but each lower level component vy could be a multiple cover, say a
k;i-fold cover of a somewhere injective curve w;j;. Each w;; that is not a
trivial cylinder satisfies ind(w;;) > 1 due to genericity, so by Proposition 23]

ind(v;i) Z kjﬂ‘ . ind(ij) Z kj,i,

with strict inequality unless the cover is unbranched. Thus if any k;; is
greater than 1, the fact that ind(uy) <2 then implies ind(v;;) = kj; = 2,

v;; is an unbranched double cover of w;;, and all other components in the
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building must have index 0. Note that if this happens, v, ,; cannot be a
plane, as w;; would then also be a plane and the Riemann-Hurwitz formula
precludes the existence of an unbranched cover C — C. But s, definitely
also has components that are capping planes, which also must have positive
index, so this gives a contradiction, proving that every v;; s either some-
where injective or is a trivial cylinder over an orbit with even parity. Since
the curves uy converging to us are all embedded, Corollary [LT7lnow implies
that all breaking orbits are either simple or doubly covered bad orbits. To
see that all components are also nicely embedded, we use Proposition [Z11]
to write
N m;

Ozuk*ukZUO*UOJFZZU;Z’*U;g'

j=14.6=1

Positivity of intersections together with Prop. implies that all terms on
the right hand side are nonnegative, hence all of them vanish, including each
v;; * v, Since en(vy;) = en(vo) = 0, the adjunction formula ([ZIE) then
gives 5tota1(U;u) = Jtotal(vo) = 0, hence all components are nicely embedded.
By Lemma[5.2] we must also consider the case where vy is a cylinder with
en(vg) = —1 whose asymptotic orbits are both odd, while all other break-
ing orbits are even and all lower level components satisfy cN( ) =0. The
adjunction formula ([ZI5]) implies v * v9 > —1. For any pair of Components
vy and Uiy that are not both trivial cylinders, positivity of intersections
gives v;; % v;, > 0; note that this is guaranteed even if they are (covers of)
the same curve since R-invariance allows us to push one of them so that
they have only isolated intersections. This trick only fails if both are covers
of the same trivial cylinder, but in that case, we know that the underlying
Reeb orbit cannot have odd parity, hence Prop. applies again to give

v;;*v;, > 0. Now Proposition 211l implies
0> up *up > —14m(y),

where 7 is the odd breaking orbit between vy and v; ; and m(vy) € N denotes
its covering multiplicity; we conclude that this orbit must be simply covered.
It follows that vy ; is a somewhere injective curve and thus has ind(vy;) > 1.
For all curves in levels below this, the absence of odd orbits means that we
can again use the arguments of the previous paragraph to rule out multiple
covers, and we conclude again that all components in u., are somewhere
injective except possibly for trivial cylinders. The constraints on multiplici-
ties of the breaking orbits and the conclusion that all nontrivial components
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are nicely embedded now follow from the same arguments using the local
adjunction formula and Proposition 2111

To obtain the classification of buildings stated in the theorem, it remains
only to add up Fredholm indices, using the fact that ind(vp) > 0 and all
nontrivial components in lower levels have index at least 1. The conclusions
about parities of Reeb orbits then follow directly from the index formula. [J

6. Proofs of the main theorems

We shall now prove Theorems [[.1] and in reverse order.

Proof of Theorem [LA[2). Assume (W, d\) is a 4-dimensional Liouville co-
bordism from (M, &) to (M;, &), where (M4, &) is overtwisted, and « is
a nondegenerate contact form for &. After possibly rescaling o by a positive
constant, we can arrange A|ry = o and A, = oy, where oy is the partic-
ular nondegenerate contact form described in §3.31 Arguing by contradiction,
assume « does not admit any unknotted Reeb orbit with Conley-Zehnder
index 2 and self-intersection number —1. By Lemma [2.I8] this means that
nicely embedded planes with index 2 and simply covered asymptotic orbits
cannot exist in (R x M, J_) for any J_ € J(«a); we will use this to exclude
some of the possible buildings listed in Theorem B.1] and thus derive a con-
tradiction.

Choose J € J(W,d\, ay,a) to be generic in the interior of W such that
its restriction to the negative cylindrical end is a generic element J_ € J(«)
and its restriction to the positive end matches Jy € J () from §331 Then
the nicely embedded plane u™ € M(Jy, o0, 0) constructed in that section
gives rise to a 1-parameter family of nicely embedded curves in M(J, voo, 0),
living in the cylindrical end [0, 00) x My C W; we shall refer to these hence-
forth as the seed curves in W. They are Fredholm regular by Prop.
Let

MEC( T € M(J, Yoo, D)

denote the set of all nicely embedded planes in M(J, v, ?) that belong to
the same relative homology class as the seed curves. These all have index 1,
and the uniqueness of curves in (R x M, J;) implies that all of them other
than the seed curves intersect the region where J is generic, thus M®c(.J)
is a smooth 1-manifold. Its closure

Mnice(J) - M(J, ’Yoo’@)
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in the SFT compactification can now be described as follows. If 1), € M™(.])
is a sequence converging to a building with a nontrivial upper level, then the
uniqueness of curves in (R x M, J;) implies that this building is (u™| 0),
where u® here is an upper level and the main level is empty. This can
only be the limit if uj consists of seed curves for sufficiently large k, so a
neighborhood of (u>| ) in M (J) is homeomorphic to the interval (-1, 0],
with (u*°] 0) as the boundary point. If the limit is any building with trivial
upper levels but a nontrivial lower level, then it is described by Theorem [5.1],
and must in fact be a building of Type (I) since all the others in the list have
total index 2. We can thus write the limit as (vg|v] ) for an index 0 cylinder
v in (W, J) and an index 1 plane v] in (R x M, J_), both nicely embedded.
The breaking orbit between these must be a doubly covered bad orbit due
to the assumption excluding unknotted orbits. Proposition on gluing
implies that a neighborhood of (vglvy) in M (J) is also homeomorphic
to (—1,0], with the building forming the boundary point. We’ve thus shown
that each connected component of ﬂmce(J ) has the topology of a compact
connected 1-manifold with boundary, so either a circle or a closed interval,
and at least one component is of the latter type, namely the one containing
the seed curves. We claim in fact that M (J) itself is compact. In light of
the above description, this can only fail to be true if M (J) has infinitely
many connected components, in which case we can find a sequence of nicely
embedded curves uy € M™(J) all belonging to separate components. But
these curves are all homologous and thus satisfy a uniform energy bound, so
they have an SFT-convergent subsequence by B], whose limit is in M (.J)
by definition. We conclude that M (J) is a compact l-manifold with
boundary.

The crucial observation is now that since the breaking orbit in (vg|v;)
is doubly covered, there are always exactly two choices of decoration which
give two distinct elements of M(J,ys0,?) having the same curves as their
main and lower levels. Indeed, these cannot represent equivalent elements of
M(J, Voo, D) since the levels are both somewhere injective and thus admit no
automorphisms that could change the decoration. Moreover, both buildings
can be glued via Prop. to produce smooth 1-parameter families of some-
where injective planes in M (J, voo, ), which will be nicely embedded since
they are homologous to the seed curves, thus both buildings also belong

——nhice

to M (J). With this understood, let

M\nice(J) _ Mnice(J)/ ~
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where the equivalence relation identifies any two buildings that have match-
ing levels but different decorations. Topologically, M\nice(J ) is formed by
gluing components of M™“(.J) together along boundary points of the form
(volvy ), all of which become interior points in ./\//\lnice(J ). But exactly one
boundary point of M (J) does not belong to a matching pair, namely
(u®] 0), thus M (.J) is homeomorphic to a compact 1-manifold with one

boundary point, giving a contradiction. Il

Proof of Theorem[LA[]). Assume (M, ¢) is a reducible tight contact 3-mani-
fold, and fix the contact form 4 and almost complex structure J; € J (o)
described in §3.2] so there is a homotopically nontrivial 2-sphere S C M
containing a simple nondegenerate Reeb orbit v, : S — M that divides
S into hemispheres S+ = uﬁ(@) that are each images of nicely embedded

Ji-holomorphic index 1 planes
ut = (ui,ui;) : C— R x M.

By Lemma B3] these are the only J-holomorphic curves up to parametriza-
tion and R-translation that have a single positive puncture asymptotic to
Yoo (and arbitrary negative punctures).

Now pick an arbitrary nondegenerate contact form a on (M,¢&), and
suppose it admits no unknotted Reeb orbit with Conley-Zehnder index 2
and self-linking number —1. We are free to rescale a so that oy = efa for
some f: M — (0,00) without loss of generality. There is then a Liouville
cobordism (W, d\) with

W:{(Tax)GRXMIOSTSf(J:),xGM}, A=e¢"a,

which inherits the contact form « on its concave boundary M_ := {0} x M
and a4 on its convex boundary My := {(f(z),z) | x € M}. Choose a generic
J € J(W,d\, at,a) that matches Jy in the positive end and has a generic
restriction J_ € J(«) to the negative end. The R-translations of ut and u~
then give rise to a disjoint pair of 1-parameter families of nicely embedded
seed curves in the completion W, living in the positive cylindrical end.

As in the overtwisted case, we consider the space M™(.J) C M(J, Yoo, 1)
of nicely embedded planes that are in the same relative homology class with
either family of seed curves, and its closure M™(J) in the SFT compacti-
fication. Then M" *(.J) contains the two elements (u*| §)) with empty main
levels, plus (by Theorem [5.1)) buildings of the form (vp|v; ) with a nicely
embedded index 1 plane v; in the lower level and breaking orbits that are
doubly covered. The same argument as in the overtwisted case proves that
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M™(J) has the topology of a compact 1-manifold with boundary, where
boundary points of the form (vg|v; ) come in matching pairs with the same
levels but different decorations due to the doubly covered breaking orbit.
The space

M\nice(J) _ Mnice(J)/ N

defined by identifying matching pairs is thus a compact 1-manifold with
exactly two boundary points, the two buildings (u*| @) and (u~| 0). It
follows that these two buildings belong to the same connected component
in M™c(.J), and the images of the curves or buildings in this component
under the projection R x M — M then give a continuous 1-parameter family
of disks with fixed boundary 7~ forming a homotopy from Sy to S_ in M.
This is a contradiction since [S] # 0 € ma(M). O

Proof of Theorem [I1l. Recall from §3.1] the definitions of the standard con-
tact form agqg and the almost complex structure Jsq € J(astq). Given a
Liouville cobordism (W, d\) from some contact manifold (M, &) to (S3, &)
with A|pgs = astq and a nondegenerate contact form A7y = a on (M, §),
one can choose a generic J € J (W, d\, agq, o) that matches Jgq in the pos-
itive cylindrical end and has a generic restriction J_ € J(a) to the negative
cylindrical end. The seed curves u,, constructed in §3.1] that are contained
in [0,00) x S? can then equally well be regarded as nicely embedded .J-
holomorphic planes in the completed cobordism W with images in the pos-
itive cylindrical end. Recall that by Lemma [3.3} every curve in R x S2 with
one positive puncture asymptotic to the particular orbit 7, (and arbitrary
negative punctures) is one of these planes.

Let M3i¢(.J) € M1 (J, Y00, !) denote the set of all nicely embedded planes
in the same relative homology class as the seed curves, carrying the extra
data of one marked point, and denote its closure in the SF'T compactifica-
tion by M} (J) € M1(J,Ye0,®). All curves in M2¢(.J) have index 2 and
are Fredholm regular, so M}i°(J) is a smooth 4-dimensional manifold. As a
consequence of Lemma 33, all buildings in M) (J) with nontrivial upper
levels are of the form (u.,| () with u,, a seed curve and the main level empty.
All other buildings in M"™“(.J) are described by Theorem B.11

We will now show that if o admits no unknotted Reeb orbits with self-
linking number —1 and Conley-Zehnder index 2, then it must admit one with
Conley-Zehnder index 3. To this end, choose points p, € S® and p_ € M,
and a 1-dimensional submanifold

U(R)cW
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defined via a smooth proper embedding £ : R < W such that £(t) = (¢,p;) €
[0, 00) x S3 for all t > 0 sufficiently large and £(t) = (t, f(t)) € (—00,0] x M
for t < 0 sufficiently small, with lim;,_ f(f) = p—. After generic perturba-
tions of both p_ and ¢ away from +o0, we are free to assume:

1) ¢ is transverse to the evaluation map on the moduli space of all some-
where injective J-holomorphic curves in W that are not fully contained
in the positive end;

2) p_ is not contained in any closed Reeb orbit;

3) R x {p_} is transverse to the evaluation map on the moduli space of
all somewhere injective J_-holomorphic curves in R x M.

Now consider the 1-dimensional submanifold
Miee(J) = ev T (U(R)) € MYe(J),
and for convenience define
leice (J) C Mrllice ()

to be the set of all buildings in its SE'T-closure that have the marked point
in the main level. The evaluation map then restricts to

M () =% ¢(R),

and the image of this map clearly contains an interval of the form ¢([tg, 00))
due to the seed curves. The goal of the next two paragraphs is to show that
this map is in fact surjective onto ¢(R).

Observe first that the restriction of ev to MJ(J) is an open map

due to Prop. We claim moreover that any building u € M, (J) with
ev(u) = {(ty) has a neighborhood in M, *°(.J) whose image under ev con-
tains £([to,to + €)) or £((to — €,1o]) for sufficiently small € > 0. To see this,
note first that unless u is a smooth curve, it is necessarily one of Types (II)
though (VI) on the list in Theorem [5.J] but our genericity assumptions im-
pose further restrictions: since £ intersects the evaluation map transversely,
the main level of the building must have index at least 1, excluding all
options other than Type (III). We can thus write u = (vg|v; ) for an in-
dex 1 cylinder vy € M1 (J, V0, 7y) with a marked point, and an index 1 plane
vy € M(J_,7,0), both nicely embedded. Here the lower level v repre-
sents an isolated element in M(J_,~,0)/R, while vy has a neighborhood
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Vo € Mi(J,Vs0,7y) that is a smooth 3-manifold, and by choosing this neigh-
borhood sufficiently small, we can assume that

(6.1) Vo <5 W

has only one intersection with ¢(R), namely at vy, and it is transverse. Propo-
sition now gives a smooth gluing map

v [0,00) X Vo — Ml(Ja'%@)

whose image contains all smooth curves close to (vp|v; ) in the SET topology,
and all of these belong to M}i(.J). The maps

{R} x Vo = W 1 v ev(¥(R,v))

can then be assumed to converge uniformly to (6.]) as R — oo, implying that
their algebraic count of intersections with ¢(R) is 1 for all R > 0 sufficiently
large. Choosing Ry > 0 large and generic, the subset

Uy = {(R,v) € [Ro,00) x Vo | ev(¥(R,v)) € L(R)}

is then a smooth and properly embedded 1-manifold that intersects {Rp} x
Vo transversely at its boundary OU,, which is a finite set of points. This
1-manifold must have at least one noncompact component, otherwise the
algebraic count of points in U, could not be 1, hence there exists a smooth
path U C [Rp,00) x Vo whose image under W is a smooth family of curves
uy € MY(J) with ¢ € [0, 00) such that

ug — (volvy )  as ¢t — oo.

The image of this path under ev necessarily contains ¢((tg, to + €)) or £((to —
€,tp)) as claimed.

Now, given the lack of unknotted orbits with Conley-Zehnder index 2,
the breaking orbit in the building (vg|v; ) of the previous paragraph must
be doubly covered, so that building has a twin obtained by keeping the
same levels but changing the decoration, and the fact that both levels are
somewhere injective implies that the two buildings are not equivalent in
M1(J,Ys0,?). Thus the twin building can also be glued using Prop.
and produces a nearby family of curves in M¥(.J), some of which satisfy
ev(u) € (R) and whose images under ev again cover an interval of the form
{((to,to +¢€)) or £((to — €,tp)). But since no two curves in MM(J) can
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intersect, the curves in M?ice(J ) obtained by gluing the same curves vy and
vy with two distinct decorations necessarily cover two disjoint intervals, so
that the entirety of £((to — €, tg + €)) is necessarily in the image of M, (J)
for sufficiently small € > 0. This proves that that image is an open subset of
£(R), hence it is all of £(R).

With this established, we can now find a sequence uj € M}(J) with
ev(ug) = £(t) for some sequence t; — —oo, and a subsequence of wu; must
again converge to one of the buildings listed in Theorem [B.I] but this time
with the marked point ending up in a lower level and mapping to R x {p_}.
Since p_ is not in the image of any Reeb orbit, the marked point in the
limit does not lie on a trivial cylinder. Transversality of R x {p_} to the
evaluation map thus implies that the component with the marked point
must have index at least 2, which rules out all options in the list other than
Type (II): uj has a subsequence covergent to (vg|v; ) where v is a nicely
embedded plane in (R x M, J) with index 2 and an asymptotic orbit with
odd parity, which is therefore simply covered. This is the promised unknotted
orbit with self-linking number —1 and Conley-Zehnder index 3. U

Appendix A. Liouville cobordisms from exact
Lagrangian caps

In this appendix, we provide the details behind Example[L.6l using a general
construction that was explained to us by Emmy Murphy.

Proposition A.1. Suppose (M,€) is a closed contact manifold of dimen-
sion2n —1>3, A C M is a closed Legendrian submanifold and L C [1,00) x
M is an exact Lagrangian cap for A. Then L has an open neighbourhood
U, C [1,00) x M such that, after smoothing corners,

W_:=([0,1] x M)uly

admits the structure of a Weinstein cobordism from (M, &) to some contact
manifold (M', &), and for suitably large constants T > 1,

W, = ([1,T] x M)\ U

is a Liouville cobordism from (M’ &) to (M,§).
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Proof. Being an exact Lagrangian cap means that for some choice of contact
form a on (M, ¢) and some constant 7' > 1, the trivial Liouville cobordism

(Z,d)\) = ([1,T] x M, d(e"a))

contains L as a compact and properly embedded Lagrangian submanifold
with 0L = {1} x A, such that the Liouville vector field 0, is tangent to L
near L and
Alrr = dg

for some smooth function ¢ : L — R. Note that since A is Legendrian and
A annihilates its dual Liouville vector field, g must be constant near JL; we
shall assume without loss of generality that it vanishes there. By a combi-
nation of the Lagrangian and Legendrian neighbourhood theorems, L has a
symplectic neighbourhood (Uy,d)\) whose closure U, is symplectomorphic
to the unit disk bundle in DT*L C T*L for some choice of Riemannian met-
ric on L. Note that this disk bundle has boundary and corners, its boundary
consisting of two smooth faces,

O_ U :=DT*L|sy, and 0 UL = ST*L,

where ST™*L is the unit cotangent bundle. We shall write points in T*L as
(¢,p) for ¢ € L and p € T; L, and use the metric and its induced Levi-Civita
connection to identify T(, (1™ L) with T, L & Ty L = T,L © T, L, where the
first splitting comes from the horizontal-vertical decomposition given by the
connection, and the second uses the isomorphism 7, L = T7 L determined by
the metric. The canonical Liouville form \g on T*L can then be written as

Xo = —dFyoJ,

where Fy(q,p) = %]p\Q and J is the compatible almost complex structure on
T*L that acts on Ty, (T*L) = T, L ® T,L as <_0]1 g) In particular, Fj

is a J-convex function, and therefore so is

F(q,p) :==€f(q) + %Ip\2

for any smooth function f: L — R if € > 0 is sufficiently small. Setting
Ae := —dF. o J, d)\¢ is then a symplectic form isotopic to dAg on a suit-
able neighbourhood of the zero-section L, and since the antipodal map
(q,p) — (q,—p) is J-antiholomorphic but preserves Fi, it also preserves the
Liouville vector field V. dual to A, proving that V. is tangent to L.
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Now choose f : L — R in this construction to be a Morse function that is
constant with inward-pointing gradient along dL. After possibly shrinking
the neighbourhood U/}, = DT*L of L, we can then assume that V. points
transversely inward at O_I;, and transversely outward at 0,U . Since the
Liouville field of (Z,d\) is also tangent to L near 0L and points inward at
{1} x M C 97 (see Figure[ll), we can now assume after an isotopy of U, that
the two Liouville fields match near 0_I{7,, meaning A = A, on that region.
We can therefore use A¢ to extend A from [0,1] x M over W_ so that the
dual Liouville vector field remains gradient like, making W_ a Weinstein
cobordism from (M, &) to the new contact manifold (M’ ), obtained by
removing a neighbourhood of A from {1} x M and replacing it with ST™L.

It is also immediate from the above construction that W, is a strong
symplectic cobordism from (M’ &) to (M,€), and the exactness of the
cobordism follows from the fact that L is an exact Lagrangian. Indeed, let
Uy =U; \O_Up = DT*L|;. Since A and A match near O_Up and are both
primitives of the same symplectic form, A — A\ represents an element of the
compactly supported de Rham cohomology H} (LO{L), which is isomorphic to
H} (L) But under restriction to L, A vanishes and A is exact, so this coho-
mology class is zero, implying A = A¢ + dh on U, for some smooth function
h : Uy, — R that vanishes near O_U . By multiplying h with a suitable cutoff
function, we can then find a Liouville form on W, that matches A, near L
and matches A\ outside a neighbourhood of L. O

Remark A.2. If W is a subcritical Weinstein filling of (M, &), then the
Weinstein filling of (M’, &) obtained by stacking W_ on top of W is never
subcritical. To see this, note that the Morse function f : L — R in the above
proof can always be chosen to have exactly one critical point of index n,
in which case F; also has exactly one critical point of index n. If W is
subcritical, this produces a handle decomposition of W Ujy; W_ that includes
exactly one critical handle, so H, (W Uy W_) # 0.

References

[1] P. Albers and H. Hofer, On the Weinstein conjecture in higher dimen-
sions, Comment. Math. Helv. 84 (2009), no. 2, 429-436.

[2] F. Bourgeois, A Morse-Bott approach to contact homology, Ph.D. The-
sis, Stanford University, (2002).

[3] F. Bourgeois, Y. Eliashberg, H. Hofer, K. Wysocki, and E. Zehnder,
Compactness results in symplectic field theory, Geom. Topol. 7 (2003),
799-888.



[4]

[5]

[6]

[7]

8]

[9]

[10]

[11]

[12]

Unknotted orbits and nicely embedded curves 119

K. Cieliebak and Y. Eliashberg, From Stein to Weinstein and Back:
Symplectic Geometry of Affine Complex Manifolds, American Math-
ematical Society Colloquium Publications, Vol. 59, American Mathe-
matical Society, Providence, RI, (2012).

K. Cieliebak and A. Oancea, Symplectic homology and the FEilenberg-
Steenrod azioms, Algebr. Geom. Topol. 18 (2018), no. 4, 1953-2130.
Appendix written jointly with Peter Albers.

V. Colin, Chirurgies d’indice un et isotopies de spheres dans les variétés
de contact tendues, C. R. Acad. Sci. Paris Sér. I Math. 324 (1997), no. 6,
659-663 (French, with English and French summaries).

D. L. Dragnev, Fredholm theory and transversality for noncompact pseu-
doholomorphic maps in symplectizations, Comm. Pure Appl. Math. 57
(2004), no. 6, 726-763.

Y. Eliashberg, Filling by holomorphic discs and its applications, Geom-
etry of Low-Dimensional Manifolds, 2 (Durham, 1989), London Math.
Soc. Lecture Note Ser., Vol. 151, Cambridge Univ. Press, Cambridge,
1990, pp. 45-67.

Y. Eliashberg, A. Givental, and H. Hofer, Introduction to symplectic

field theory, Geom. Funct. Anal., Special Volume (2000), 560-673.

Y. Eliashberg and E. Murphy, Lagrangian caps, Geom. Funct. Anal. 23
(2013), no. 5, 1483-1514.

J. B. Etnyre and K. Honda, On symplectic cobordisms, Math. Ann. 323
(2002), no. 1, 31-39.

J. W. Fish and R. Siefring, Connected sums and finite energy foliations
I: Contact connected sums, J. Symplectic Geom. 16 (2018), no. 6, 1639
1748.

D. T. Gay, Four-dimensional symplectic cobordisms containing three-

handles, Geom. Topol. 10 (2006), 1749-1759.

H. Geiges, An Introduction to Contact Topology, Cambridge Studies in
Advanced Mathematics, Vol. 109, Cambridge University Press, Cam-
bridge, (2008).

H. Geiges and K. Zehmisch, Symplectic cobordisms and the strong Wein-
stein conjecture, Math. Proc. Cambridge Philos. Soc. 153 (2012), no. 2,
261-279.



120 A. Cioba and C. Wendl

[16] H. Geiges and K. Zehmisch, How to recognize a 4-ball when you see one,
Miinster J. Math. 6 (2013), 525-554.

[17] H. Geiges and K. Zehmisch, Erratum to: How to recognize a 4-ball when
you see one, Miinster J. Math. 6 (2013), 555-556.

[18] H. Geiges and K. Zehmisch, The Weinstein conjecture for connected
sums, Int. Math. Res. Not. 2 (2016), 325-342.

[19] P. Ghiggini, K. Niederkriiger, and C. Wendl, Subcritical contact surg-
eries and the topology of symplectic fillings, J. Ec. polytech. Math. 3
(2016), 163-208.

[20] M. Gromov, Pseudoholomorphic curves in symplectic manifolds, Invent.
Math. 82 (1985), no. 2, 307-347.

[21] A. Hatcher, Notes on Basic 3-Manifold Topology, unpublished
manuscript, available at
https://www.math.cornell.edu/~hatcher/3M/3Mdownloads.html.

[22] H. Hofer, Pseudoholomorphic curves in symplectizations with applica-
tions to the Weinstein conjecture in dimension three, Invent. Math. 114
(1993), no. 3, 515-563.

[23] H. Hofer, K. Wysocki, and E. Zehnder, Properties of pseudo-
holomorphic curves in symplectisations. II. Embedding controls and al-
gebraic invariants, Geom. Funct. Anal. 5 (1995), no. 2, 270-328.

[24] H. Hofer, K. Wysocki, and E. Zehnder, Properties of pseudoholomorphic
curves in symplectisations. 1. Asymptotics, Ann. Inst. H. Poincaré Anal.
Non Linéaire 13 (1996), no. 3, 337-379.

[25] H. Hofer, K. Wysocki, and E. Zehnder, Properties of pseudoholomorphic
curves in symplectisations. IV. Asymptotics with degeneracies, Contact
and symplectic geometry (Cambridge, 1994), (1996), pp. 78-117.

[26] H. Hofer, K. Wysocki, and E. Zehnder, Unknotted periodic orbits for
Reeb flows on the three-sphere, Topol. Methods Nonlinear Anal. 7
(1996), no. 2, 219-244.

[27] H. Hofer, K. Wysocki, and E. Zehnder, Properties of pseudoholomorphic
curves in symplectizations. I1I. Fredholm theory, Topics in Nonlinear
Analysis (1999), pp. 381-475.

[28] H. Hofer, K. Wysocki, and E. Zehnder, Finite energy foliations of tight
three-spheres and Hamiltonian dynamics, Ann. of Math. (2) 157 (2003),
no. 1, 125-255.


https://www.math.cornell.edu/~hatcher/3M/3Mdownloads.html

Unknotted orbits and nicely embedded curves 121

[29] H. Hofer and E. Zehnder, Symplectic Invariants and Hamiltonian Dy-
namics, Birkhduser Verlag, Basel, (1994).

[30] M. Hutchings, An index inequality for embedded pseudoholomorphic
curves in symplectizations, J. Eur. Math. Soc. (JEMS) 4 (2002), no. 4,
313-361.

[31] F. Lin, Ezact Lagrangian caps of Legendrian knots, J. Symplectic Geom.
14 (2016), no. 1, 269-295.

[32] D. McDuff and D. Salamon, J-Holomorphic Curves and Symplectic
Topology, American Mathematical Society, Providence, RI, (2004).

[33] M. J. Micallef and B. White, The structure of branch points in mini-
mal surfaces and in pseudoholomorphic curves, Ann. of Math. (2) 141
(1995), no. 1, 35-85.

[34] E. Mora, Pseudoholomorphic cylinders in symplectisations, Ph.D. The-
sis, New York University, (2003).

[35] E. Murphy and K. Siegel, Subflexible symplectic manifolds, Geom.
Topol. 22 (2018), no. 4, 2367-2401.

[36] J. Nelson, Applications of automatic transversality in contact homology,
Ph.D. Thesis, University of Wisconsin at Madison, (2013).

[37] J. Nelson, Automatic transversality in contact homology I: regularity,
Abh. Math. Semin. Univ. Hambg. 85 (2015), no. 2, 125-179.

[38] K. Niederkriiger, The plastikstufe — a generalization of the overtwisted
disk to higher dimensions, Algebr. Geom. Topol. 6 (2006), 2473-2508.

[39] K. Niederkriiger and A. Rechtman, The Weinstein conjecture in the
presence of submanifolds having a Legendrian foliation, J. Topol. Anal.
3 (2011), no. 4, 405-421.

[40] R. Siefring, Relative asymptotic behavior of pseudoholomorphic half-
cylinders, Comm. Pure Appl. Math. 61 (2008), no. 12, 1631-1684.

[41] R. Siefring, Intersection theory of punctured pseudoholomorphic curves,
Geom. Topol. 15 (2011), 2351-2457.

[42] A. Wand, Tightness is preserved by Legendrian surgery, Ann. of Math.
(2) 182 (2015), no. 2, 723-738.

[43] C. Wendl, Compactness for embedded pseudoholomorphic curves in 3-
manifolds, J. Eur. Math. Soc. (JEMS) 12 (2010), no. 2, 313-342.



122

[44]

[45]
[46]

[47]

A. Cioba and C. Wendl

C. Wendl, Automatic transversality and orbifolds of punctured holomor-
phic curves in dimension four, Comment. Math. Helv. 85 (2010), no. 2,
347-407.

C. Wendl, A hierarchy of local symplectic filling obstructions for contact
3-manifolds, Duke Math. J. 162 (2013), no. 12, 2197-2283.

C. Wendl, Non-exact symplectic cobordisms between contact 3-
manifolds, J. Differential Geom. 95 (2013), no. 1, 121-182.

C. Wendl, A biased survey on symplectic fillings, part 4 (cobordisms and
flezibility), Blog post, available at
https://symplecticfieldtheorist.wordpress.com/2014/11/17/.

C. Wendl, Some good news about the forgetful map in SF'T, Blog post,
available at
https://symplecticfieldtheorist.wordpress.com/2015/07/16/.

C. Wendl, Lectures on holomorphic curves in symplectic and contact
geometry, preprint, arXiv:1011.1690.

C. Wendl, Lectures on Contact 3-Manifolds, Holomorphic Curves and
Intersection Theory, preprint, arXiv:1706.05540, to appear in Cam-
bridge University Press.

C. Wendl, Lectures on Symplectic Field Theory, preprint, arXiv:
1612.01009, to appear in EMS Series of Lectures in Mathematics.

M.-L. Yau, Vanishing of the contact homology of overtwisted contact 3-
manifolds, Bull. Inst. Math. Acad. Sin. (N.S.) 1 (2006), no. 2, 211-229.
With an appendix by Yakov Eliashberg.

DEPARTMENT OF MATHEMATICS, UNIVERSITY COLLEGE LONDON
GOWER STREET, LoNnDON WCI1E 6BT, UK
FE-mail address: a.cioba.120@ucl.ac.uk

INSTITUT FUR MATHEMATIK, HUMBOLDT-UNIVERSITAT ZU BERLIN
UNTER DEN LINDEN 6, 10099 BERLIN, GERMANY
FE-mail address: wendl@math.hu-berlin.de

RECEIVED SEPTEMBER 22, 2016
ACCEPTED NOVEMBER 15, 2018


https://symplecticfieldtheorist.wordpress.com/2014/11/17/
https://symplecticfieldtheorist.wordpress.com/2015/07/16/

	Introduction
	Preparation
	Seed curves in the positive end
	A local adjunction formula for breaking holomorphic annuli
	Compactness for nicely embedded planes in cobordisms
	Proofs of the main theorems
	Appendix Liouville cobordisms from exact Lagrangian caps
	References

