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We show that the novel figure eight singularity in a pseudoholo-
morphic quilt can be continuously removed when composition of
Lagrangian correspondences is cleanly immersed. The proof of this
result requires a collection of width-independent elliptic estimates
that allow for nonstandard complex structures on the domain.
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1. Introduction

We consider compact Lagrangian correspondences Lg; C M, x M; and
Lis C My x Ma, where My, My, M, are closed symplectic manifolds, and
where M, := (M;, —wys, ). The geometric composition of the Lagrangian
correspondences is Loj o Lio := mo2(Lo1 Xas, L12), the image under the pro-
jection moo: My x My x M, x My — M, x M, of the fiber product

Lo1 X M, Lyg = (L01 X L12) N (MO_ X AMl X MQ).
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Figure 1: The left figure illustrates a figure eight bubble, the middle figure
illustrates its reparametrization as a pseudoholomorphic quilt whose domain
is the punctured sphere, and the right figure illustrates an inverted figure
eight (defined in §2| and equivalent to the left figure via z — —1/z). The
domain of the left and right figures is C, and the point at infinity in the left
figure corresponds to the punctures in the middle and right figures.

Here Aps, € My x My is the diagonal. If Loy x Lq2 intersects M, x A x
M, transversely then mo2: Loy X pr, L12 — My x My is a Lagrangian immer-
sion (see [GS,[WW?2]), in which case we call Ly; o L2 an immersed com-
position. In the case of embedded composition, where the projection
is injective and hence a Lagrangian embedding, monotonicity and Maslov
index assumptions allowed Wehrheim—Woodward [WW1| to establish an
isomorphism of quilted Floer cohomologies (as defined in [WW2])

(1) HF(...,LOl,[qQ,...) gHF(...,L()lOLlQ,...).

The analytic core of the proof was a strip-shrinking degeneration, in
which a triple of pseudoholomorphic strips coupled by Lagrangian seam
conditions degenerates to a pair of strips, via the width of the middle strip
shrinking to zero. The monotonicity and embeddedness assumptions allowed
for an implicit exclusion of all bubbling, which was conjectured to include
a novel figure eight bubbling that (unlike disk or sphere bubbling) could
be an algebraic obstruction to (|1).

1.1. Removal of singularity

The current author and Katrin Wehrheim prove in [BW] that a blowup
of the gradient in a sequence of pseudoholomorphic quilts with an annu-
lus or strip of shrinking width gives rise to one of the standard bubbling
phenomena (pseudoholomorphic spheres and disks) or a nontrivial figure
eight bubble, as depicted in Figure[I] The latter is a tuple of finite energy
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pseudoholomorphic maps

wo: R x (foo,f%]%Mg, wy: R x [f%,%]%Ml,

(2)

wo: R X [%,OO) — M,
satisfying the seam conditions
(wo(s, —3)swi(s,—2)) € Lo1,  (wi(s,3),wa(s,3)) € L1a VseR.

In the current paper we apply this Gromov Compactness Theorem to show
that the figure eight singularity can be removed, as [WW1] conjectured:

Removal of Singularity Theorem If the composition Loy o Lo
is cleanly immersed (immersed, and in addition the local branches of
Lo; o L2 intersect one another cleanly), then wy resp. wy extend to contin-
uous maps on D? = (R x (—o0,0]) U {co} resp. D? = (R x [0,00)) U {c0},
and w1 (s, —) converges to constant paths as s — +oo. If Ly; o L1o is embed-
ded, then the latter limits are equal.

This theorem is the first step in the program outlined in [B], which proposes
a collection of composition operations amongst Fukaya categories of different
symplectic manifolds.

In support of [B], Appendix [A| also proves the analogous removal of singu-
larities for pseudoholomorphic disks with boundary values in an immersed
Lagrangian with clean self-intersections. These results are not necessarily
new, see Appendix [A] for citations, but provided for the sake of complete-
ness. It is also conceptually useful to recast the (possibly singular) disk
bubbles with boundary on Lg; o Li2 as squashed eight bubbles, that is
as triples of finite energy pseudoholomorphic maps

wp: R x (—o0,0] — My, wy: R — My, wy: R x [0,00) = M,
satisfying the generalized seam condition

(wo(s,()),w1(s),w1(s),w2(s,0)) € Lo X M, Lo VseR.

1.2. Uniform elliptic estimates for varying widths and
complex structures

There is a further logical dependence between [BW] and the current paper:
In Lemma |3.8 we substantially strengthen the strip-shrinking estimates in
[WWI1] — in particular, from embedded to immersed geometric composition.
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These strengthened estimates form the analytic core of Theorem which
is used to prove a Gromov Compactness Theorem in [BW]. One of the
ingredients in Lemma [3.8| is a special connection that allows us to obtain
estimates without boundary terms for quilted Cauchy—Riemann operators,
with uniform constants for all small widths of a strip. This allows us to
strengthen the uniform H? N W4 estimates established in [WWT1] to H3
and thus C', which is e.g. needed to deduce nontriviality of bubbles with
generalized boundary condition in Lg; o Lis.

Our estimates allow for nonstandard complex structures on the shrinking
strip. This is necessitated by the following analytic formulation for the figure
eight singularity: In cylindrical coordinates for a neighborhood of infinity
in , the two seams become two pairs of curves approaching each other
asymptotically (see the right figure in Figure . On finite cylinders, the
standard complex structure on this quilted surface can be pulled back to a
quilted surface in which the width of the strips is constant and the complex
structures are nonstandard, but converge in C° and stay within a controlled
CF-distance from the standard structure for any k > 1.

The hypothesis that My, M7, M are closed is not essential: As explained in
[BWI], it is enough for the symplectic manifolds to be geometrically bounded
and to have a priori C%-bounds on the various pseudoholomorphic curves. In
a future paper we will treat the noncompact setting in a systematic fashion.
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2. Removal of singularity for the figure eight bubble

In this section and the next we will be working with symplectic manifolds
My, My, Ms, almost complex structures Jy, Ji, J2, and pseudoholomorphic
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curves with seam conditions defined by compact Lagrangian correspondences
(3) Lo C MO_ X Ml, Lo C Ml_ X MQ,

with Lgi o L1 either immersed or cleanly immersed:

e Lo and Lio have immersed composition if the intersection
Loi X M, Lo = (L01 X ng) N (MO X AMl X Mz)

is transverse. This implies that mo2: Lo1 X, L12 — M, X M is a La-
grangian immersion, e.g. by [WW2], Lemma 2.0.5], and in this situation
we will denote the image by Lg1 o Li2 := mo2(Lo1 Xar, L12).

o If Lo1, L1 have immersed composition and furthermore any two local
branches of Lg; o L1s intersect cleanly — i.e. at any intersection of two
local branches there is a chart for M;” x M (as a smooth manifold) in
which each of those two branches is identified with an open subset of
a vector subspace of R” — then the composition Lg; o L1s is cleanly
immersed.

The purpose of §2]is to prove a removal of singularity theorem for inverted
figure eight bubbles.

Definition 2.1. An inverted figure eight bubble between Lgp; and
Lq2 is a triple of smooth maps

wo - El(—i)\{O} — My
w= | w: C*\(El(l) U Bl(—i)) — M,
wy: B1(i)~{0} — My

satisfying the Cauchy—Riemann equations dswy + Jy(wy)Opwy =0 for £ €
{0,1,2} and the seam conditions

(wol—i + ), wi(—i +e?)) € Loy VO #T,
(wi(i +e),wa(i +€”)) € L1s VO # 3T,

and which have finite energy

f’waO + fw}‘wl + fw;CUQ = %(f]dw0|2 + f|dw1‘2 + f’dw2|2> < o0,
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where we have endowed M, with the metric
(4) 9o = we(—, Jo—).

Throughout the norm of a tangent vector on M, will always be defined
using gy.

Fiz for §3 closed symplectic manifolds Mo, My, Ma, compatible al-
most complex structures Jy € J(My,wy), £ € {0,1,2}, compact La-
grangians Lgi, L1 as in with cleanly-immersed composition, and
an inverted figure eight bubble w between Loy and Lqo.

In fact, only the arguments in §2.2 require the composition Lg; o L1 to be
cleanly immersed, rather than just immersed, but we assume the stronger
hypothesis throughout §2| for cohesiveness.

The following theorem says that the singularity at 0 of a figure eight bub-
ble can be continuously removed, under the hypothesis of cleanly-immersed
composition.

Theorem 2.2. The maps wg,ws continuously extend to 0, and the limits
lim, o Re(z)>0 w1(2) and lim,_,o re(z)<ow1(2) both ewist. If moreover the
immersion mo2: Loy X a, Lz — My x My is an embedding, then the latter
limits are equal so that wy also extends continuously to 0.

The proof of this theorem draws on the removal of singularity strategies in
[AH, §7.3] and in [MS] §4.5]. First, we follow [AH] and establish a uniform
gradient bound in cylindrical coordinates near the puncture (Lemma ,
which we use to show that the lengths of the paths 6 — wy(ee??) converge to
zero as € — 0 (Lemma. The substantial modification to the argument of
[AH] is that we must use the Gromov Compactness Theorem [BW]| in order
to prove uniform gradient bounds in Lemma Once we have proven that
lengths go to zero, we follow [MS] and prove an isoperimetric inequality for
the energy (Lemma , which we use to show that the energy on disks
around the puncture decays exponentially with respect to the logarithm of
the radius. Here the nontrivial modification is in the quilted nature of our
isoperimetric inequality. Finally, an argument from [AH] allows us to con-
clude that wg and wy extend continuously to the puncture. The continuous
extension of wy follows from the gradient bound in cylindrical coordinates
and the immersed composition of Lg; and Lqs. The formal proof of Theo-

rem is given in
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2.1. Lengths tend to zero

The first step toward the Removal of Singularity Theorem is to show
that the lengths of the paths 6 — wy(ee®) converge to zero as e — 0. This
is nontrivial since the conformal structure of the quilted surface near the
singularity does not allow us to apply mean value inequalities effectively,
as in previous removal of singularity results for pseudoholomorphic curves.
Hence the finiteness of energy only provides a sequence ¢ — 0 along which
the lengths tend to zero. This allowed Bottman—Wehrheim to deduce a weak
removal of singularity in [BW], but the stronger Theorem will require
the full strength of the generalized strip-shrinking analysis developed in
and the resulting Gromov Compactness Theorem in [BW]. We record a
consequence of the latter as Corollary below.

1-6
3+0
1

2

0
0

Figure 2: Two views of the domains V), Vi, Vo C (—00,0] x R/Z used in §2.1,
as a half-infinite strip and cylinder, respectively.

In this subsection we will work in cylindrical coordinates centered at the
singularity, hence we define the reparametrized maps

(5) ve(s, t) 1= we (27 for ¢€{0,1,2},

whose domains Vp, V1, Vo C (—00,0] X R/Z are given by

Vo == {(s,t) |5§0, |t—%|§;11—9(5)},
Vo= {(s,t) | s <0, [t =} < —0(s) },
Vi={(s,t) [s<0, [t =5/ <0(s) V [t=1[ < 0(s) },

with

(6) 0(s) := 5= arcsin(1e”™).
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(See Fig. 2 for an illustration of these domains.) Now the paths wy(ee'?) for
fixed € € (0, 1] correspond to the following paths for fixed s = 1°2§T € <0:

fyg: vo(s,—) : [% +6(s),1 —0(s)] — My,
(7) V2 = va(s, ) [0(s), 5 — 0(s)] — Mo,
Ve = vi(s, =) 1[5 —0(s), 5 +0(s)| UL —0(s),140(s)] — M.

The length of ¢ is given by the integral £(+%) : =[] dt’ys]dt over the re-
spective domain, and will be controlled by the followmg main result of this
subsection.

Lemma 2.3. The L%-lengths of the paths 70, ~L,v2 defined in @ converge
to zero as s — —00:

1-6(s) 1/246(s) 1+6(s) Lo
Yo |7 dt + / +/ vs |7 dt
//2 +0(s) |dt ’ 1/2—0(s) 1-6(s) ‘dt |

V26 | 24

s [ g — o
0(s) dt §——00

In particular, the length €(vs) :== £(72) + £(v}) + £(+2) tends to zero as s —

—00.

The proof of Lemma will use ideas from [AH]. The novel difficulty — due
to the conformal structure — is to establish the following uniform gradient
bound on |dv|, the upper semicontinuous function defined by

(®) |du]: (=00, 0] x R/Z — [0, 00),
|du(s, )]? = |dvo(s,)|? + |dvi (s, 8)[* + |dva(s, 1),

where the functions |dvg(s,t)| are set to zero where they are not defined.
Lemma 2.4. The gradient |dv| defined in is uniformly bounded.

We will prove Lemma[2.4] below. For now, we sketch the proof. It proceeds by
contradiction: if |dvy| is not bounded for some ¢, then there is a sequence of
points (s”,t") (necessarily with s — —o0) at which |dv,| diverges. Rescal-
ing at these points produces a nonconstant quilted map, as illustrated in
Figure 3, but this contradicts the finite-energy hypothesis on v. The techni-
cal input is the Gromov Compactness Theorem in [BW], a consequence of
which we record as Theorem [2.7. This theorem is needed to deduce that the
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Figure 3: To prove Lemma [2:4 we assume that the cylindrical
reparametrizations vy do not have uniformly bounded gradient, then bubble
off a nonconstant quilted map. In this illustration, the bubbled-off map is a
figure eight bubble.

rescaled maps actually converge. In order to state it, we need to define the
domains of the maps and a controlled fashion in which the strip-width can
tend to zero.

The following definition is the only instance in §2| where we allow the
almost complex structures to be domain-dependent, so that the notion of a
squiggly strip quilt is flexible enough to be used in

Definition 2.5. Fix p > 0, a real-analytic function f: [—p, p] — (0, p/2],
domain-dependent compatible almost complex structures J;: [—p, p]? —
T (My,wy), £ € {0,1,2}, and a complex structure j on [—p, p]?.

e A (Jo,J1,J2,j)-holomorphic size-(f, p) squiggly strip quilt for
(Lo1,L12) is a triple of smooth maps

vo: {(s,t) € (=p,p)* [t < = f(s)} = Mo
(9) v=[vi: {(s,t) € (=p,p)* | [t| < f(s)} = M
va: {(5,) € (=p,p)* [t > f(s)} = M>

that fulfill the seam conditions

(10) (vo(s, =f(s)),v1(s, = f(s))) € Lot
(vi(s, £(5)),v2(s, f(5))) € L1z Vs € (=p,p),

satisfy the Cauchy—Riemann equations
(11)  dwe(s,t) o j(s,t) — Je(s,t,ve(s,t)) odue(s,t) =0  VLe€{0,1,2}
for (s,t) in the relevant domains, and have finite energy

E(v) = [vjwo + [viw + [vsws < oo.
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e A (Jo,J2,j)-holomorphic size-p degenerate strip quilt for
Lo1 XM, Li2 with singularities is a triple of smooth maps

vo: (—p,p) X (—p,0] N S x {0} — My
(12) v=|vi: (—=p,p) NS — M
va: (—p,p) X [0,p) N S x {0} — My

defined on the complement of a finite set S C R that fulfill the lifted
seam condition

(13)  (vo(s,0),v1(s),v1(s),v2(5,0)) € Lot Xar, L1z Vs e (—p,p)\S,

satisfy the Cauchy-Riemann equation (11) for £ € {0,2} and (s,t) in
the relevant domains, and have finite energy

E(v) := [vjwo + [vsws < oo.

When j is the standard complex structure i: ds +— O, O; — —0s, the
Cauchy-Riemann equation (11) can be expressed in coordinates as:

atUK(S, t) - J((S’ t, ’U[(S, t))asvf(sa t) = 0.

The novel hypothesis necessary for a sequence of squiggly strip quilts of

widths (f”),en to converge CiX. away from the gradient blow-up points is

that the widths “obediently shrink to zero”:

Definition 2.6. Fix p > 0. A sequence ( fv )V N of real-analytic functions

fY: [=p, p] = (0, p/2] obediently shrinks to zero, f = 0, if

max fY(s) — 0
sG[—ﬂm]f ( )V—’OO

and

d* v
sup maxfe[_pvp} ‘ ase | (S)’ =: O} < 00 VEkeN,
veEN MM se[—p,p] fy(s)

and in addition there are holomorphic extensions F”: [—p, p]> — C of f¥(s)
= F"(s,0) such that (F") converges C* to zero.

The key to the following special case of the Gromov Compactness Theo-
rem from [BW] is a collection of width-independent elliptic estimates proven
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in §3| for the linearized Cauchy—Riemann operator. Those elliptic estimates
allow for a nonstandard domain complex structure, which is necessary in
order to allow widths f“ that are not constant in s.

Corollary 2.7 (consequence of Gromov Compactness Theorem,
[BW]). Fiz p >0, a sequence (f: [—p,p] — (0,5]) of real-analytic func-
tions shrinking obediently to zero, and a sequence (vV")yen of (Jo, J1, J2,1)-
holomorphic size-(f¥, p) squiggly strip quilts for (Lo1, L12) of bounded energy
E :=sup,cy E(v”) < o0.

If (s, t7) — (5%°,t°) € (—p, p)? is a sequence of points where the gradi-
ent blows up, i.e.

lim sup [o*|(s", ) = oo,
V—00

then there must be a concentration of energy h > 0 at (s°°,t>), i.e. radii
r¥ — 0 such that:

. 1 V|2
hjﬂg.}f fBTu(soo,tW)§|dQ | > 0.
We are finally in a position to bound the gradients of the reparametrized
maps vy from (5).
Proof of Lemma[2.4. We will prove the equivalent statement that the “folded
maps”
up: Up — My x M, U,g(s,t) = (w(s,t),w(s, % — t)) for £=0,1,2

have uniformly-bounded gradients, where the domains U, are given by

Up :={(s,t)|s <0, -3 <t < —0(s)},
Uy :={(s,t)|s <0, 0(s) <t <1},

U :={(s,t) | s <0, =0(s) <t <0(s)}.

These maps are pseudoholomorphic with respect to the almost complex
structures J; := J; @ (—J;) and satisfy the following boundary and seam
conditions for s < 0:

uo(s,—1) € Angy, (uo(s, —0(s)), u1(s, —0(s))) € (Lor x Lo1)7T,
us(s, 1) € A, (u1(s,0(s)), ua(s,0(s))) € (L1g x L12)T.

(Here 6(s) = o arcsin(3e*™) as in (6), and (L;; x L;;)T is the image of
Li; x Li; under the permutation (x;, z;,yi, y;) — (i, ys, ¢, vy;).) Finiteness
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of the energy of the inverted figure eight w translates into convergence of
the integral limg_, oo f(s 0x[—1/4 1/4]%|dg]2 < oo of the energy density

|du|: (=00, 0] x [—i, i] — [0, 00),
|du(s, )|? := |duo(s, t)|* + |dui (s, t)|* + |dua(s, t)[?,

where the functions |duy(s,t)| are set to zero where they are not already
defined (so |du| is upper semi-continuous). This convergence in particular
implies

(14) Jcoosiicranapaldul® — 0.

Now assume for a contradiction that there exists a sequence (s”,t") €
(—00,0] x [—1/4,1/4] with |du(s",t")| — oco. Since the u, are smooth, this
is possible only for s¥ — —o0; passing to a further subsequence, we may in
fact assume s¥T! < s — 1 and s' < 1/4. Depending on whether ¢t is 41 /4
or is contained in (—1/4,1/4), we derive a contradiction to (14)):

t>° = £1/4. Assume t™ = —1/4; the t>° = 1/4 case can be treated in anal-
ogous fashion. Define a sequence (ug) by:

ug: Byg(0) NH — Mo x My, ug(s,t) :==up(s+s”,t —1/4).

The map uf is jo—holomorphic and satisfies the Lagrangian boundary con-
dition ug(s,0) € Ay, for s € (—1/8,1/8). Furthermore, |dug(0,t” + 1/4)] —
00, t¥ +1/4 — 0 by assumption, and the energy of g is bounded by the en-
ergy of v, so [MS, Lemma 4.6.5] implies the inequality

s e V|2
hyrglorgf fBl/S(O)%|du0] >0,

which contradicts .

t> € (—1/4,1/4). Define a sequence (ug,uy,uy) of (Jo, J1, J2,7)-holo-
morphic size-(0", i) squiggly strip quilts, with

0": [—1, 1) = (0, 3], 0"(s) = 5= arcsin(%e%(s*su)),
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The energy [ Bujs (0)%]dg” |2 is bounded by the energy of v, and by assump-
tion, the gradient |du”(0,t”)| tends to oo. In the following sublemma we
establish the last hypothesis needed to apply Corollary

Sublemma 2.8. The functions 0(s) = 5 arcsin(1e?™(+s")) obediently
shrink to zero as v — oo.

Proof of Sublemma[2.8. The convergence s — —oo implies %62”(”5’”) -0
in CY, so the equality arcsin(0) = 0 implies the C°-convergence of ¥ to zero.

To check the second condition for obedient shrinking, fix k> 1 and
note that d;;,: (s) = %(8 + s¥), with 6(s) = 5 arcsin(3e?™*) as above. The
derivative %(s) is a linear combination of the functions

Fols) 1= (4 — ehms)=(=1/2) gin(t=1/2)s

for =1,...,m. (This can be seen by induction starting from dzg) =(4-
64”5)_1/262“5 ) This decomposition, the inequality arcsin(z) >z for z €0, 1],

and the convergence s* — —oo allows us to establish the second condition:

sup sl 1/41/4 11 fe(s)] < exp(dn(f = 3)(s” +1/4))
veN Milge_1/41/40(s) ~ ven 4= exp(2m(s” — 1/4))

= sup4mexp(4dn(({ — 1)s” + 1))
veN

< 4mexp(m).

The arcsine function extends to a holomorphlc function arcsin: B1(0) —

()

C by the power series arcsin(z) := > ;- Tk S0 [ extends to a holo-

morphic function F” from [—1/4,1/4]? to C. Since the functions 4e?7(*+5")
tend C* to zero and since arcsin(0) = 0, the extensions F also tend C* to
zZero. g

Part (2) of Corollary now implies the inequality
oo 1 2
i int [, o024 > 0

which contradicts . O

Proof of Lemma[2.3 First note that the domain [1/2—6(s),1/2+0(s)]U
[1—6(s),1 4 0(s)] of 7! has total length 46(s) = 2 arcsin(%e?™*), which con-
verges to 0 as s — —o0. Hence the gradient bounds of Lemma immedi-
ately imply that the L2-length of ! converges to zero as s — —oo. Moreover,
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these gradient bounds imply that to show the L2-lengths of 7V, 2 converge
to zero, it suffices to fix an arbitrary € > 0 and show that the L?-lengths of
7§|[€,1/2_€],y§|[1/2+€,1_€] converge to zero as s — —00.

Fix € > 0. We will show that the L?-length of 72\[1/2+671_€] converges to
zero as § — —oo; the proof for 79 is similar. Choose sy so that the domain
of 7Y contains [1/2 + €/2,1 — ¢/2] for all s < sg9. Now the C’-bound on |duvy|
from Lemma induces a C™-bound on vo|(—ao,so—1]x[1/2+¢,1—¢ for any m >
0. Indeed, we can apply the interior elliptic estimates (e.g. [AH, §6.3]) on
each of the precompactly-nested domains

[so—k—1,50— k] x[1/24+¢€,1 — €]
Clso—k—2,80—k+1] x[1/24+¢/2,1—¢/2]

for k € N. Since for different k£ these domains are translations of one other,
the constants in the elliptic estimates are independent of k, and thus yield

the desired C™-bounds.
For s < s¢, define

1—¢
(I)(S) = %fioofl/2+€ (‘6500‘2 + ‘@7}0‘2) .
Then ®: (—o0, sg] — [0, 00) is nondecreasing with limg_,_ o, ®(s) = 0 and

1—e

1—e
P'(s) = %/ (|8Svo(s,7')|2 + ]8t00(3,7)|2) dr = / |85v0(s,7')|2d7',
1

/2+e 1/2+e€

1—e¢
' (s) =2 /1/2 (Osvo(s,T), V%QS’U()(S,T» dr,
+€

where in the last quantity we are using the Levi-Civita connection with
respect to the metric gy defined in . By the previous paragraph, there
exists a constant ¢ > 0 so that ®”(s) <c for all s <syp— 1. Now for any
fixed § > 0 we can choose 51 < sg — 1 such that ®(s;) < §2/4c. For s < s1,
we obtain:

4]

2 s
ez e et = [0 #ers S -9,

where the last step uses the bound on ®” to deduce ®'(o) > ®'(s) — ¢|s — o.
This inequality can be rearranged to yield ®'(s) < ¢ for all s < s1, and thus
proves lim,_, o, ®'(s) = 0. Since ®'(s) is equal to H%Vg‘|%2([1/2+e,1—e}) and
since 1%72\ is uniformly bounded, we have now shown that the L?-norm of
7Y converges to zero as s — —oc.
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The Cauchy—Schwarz inequality implies that the L'-norm of %fyg —i.e.
the length ¢(v]) — also tends to zero as s — —oo. O

2.2. An isoperimetric inequality and the proof of
removal of singularity

In this subsection, we prove Theorem The crucial inputs will be Lemma,
from §2.1 together with the following isoperimetric inequality for the
energy on (—o0, so] X R/Z,

E(v; s9) := f(—oo,so}XR/Z%|dy|2 dsdt.

Lemma 2.9. There exists C > 0 depending only on My, Lygq1y,we, Jo such
that the following inequality holds for all s <0:

E(y;s) <C > ()™

i€{0,1,2}

We defer the proof to later in §2.2} now, we turn to the proof of removal of
singularity. Throughout this subsection we denote

M0112 = MO_ X M1 X Ml_ X MQ, M02 = MO_ X MQ.
Proof of Theorem [2.3

Step 1. There exist Cy1,Cy >0 such that the inequality E(v;s) <
Cy exp(Cas) holds for all s < 0.

Fix s < 0. The following inequality follows from Lemma [2.9}
Lem. 2.9
Evs) < C Y Llus,—))
2e{0,1,2}
<5 (Joldu(s, Dl dt)” < < [{ldu(s, )P dt = C(B(u:s)).

Manipulating this inequality and integrating from s to 0, we obtain E(v;s) <
E(v;0) exp(s/C).

Step 2. The limit lims_, o vo(s, —) exists in CO([5/8,7/8], My).
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Fix a C! embedding i: My — RY; we will show that

A= sgr_n (i 0 vol[5/8,7/8)

exists in CP.

We will do so by showing that A exists in W2, where W12([5/8,7/8], RY)
is defined using the Euclidean metric on RY. Fix sy < s1 < 0. Cauchy—
Schwarz implies the following inequality:

(15) [(é0wvo)(s1,—) — (i 0 v0)(S2: =)l L2 ([5/8,7/8)

7/ 1/2
(/ / Os(i0ovp)ds dt)
1/2
< (81 — s2) 1/2 / / s(i0wvp)| 2 dsdt .
5/8 Js, e

Since My is compact, there exists a constant of equivalence u > 0 for the
norms induced by gnz, and ¥ geyc, SO yields the following;:

(16) [(i0vo)(s1,—) — (i 0 v)(s2, —)HB ([5/8,7/8])
@) 1/2
< (st — / / |0s vo|gM dsdt

5/8
Step 1

< pCj 12 (51— 59)/2 exp(Cys1/2)
= 03(81 - 82)1/2 exp(0231/2).

Write so = (m + €)s; for m € N and € € [0,1). We have:

(17) [(é0wvo)(s1,—) — (i 0vo)((m + €)s1, =) | 2([5/8,7/8))
< [|(Z 0 vo)(ms1, —) — (iovo)((m + €)s1, =)l L2(5/8,7/8))

+ > I ovo) (s, =) = (i0v0) (5 + 1)s1, =)l r2(sys,7/8)

moo
< 03]31\1/2 Z exp(jCas1/2)

j=1
< C3|s1]"? exp(Cys1/2)
1 —exp(Cas1/2)
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This estimate would be enough to show that A exists in L?; we now make
a further estimate in order to upgrade this convergence to W'2. Define
f(8) = L (i 0vg)(s, —=)|z2([5/8,7/8))- This quantity tends to zero as s — —oo:

. . Lem. 2.3
limsup f(s) < limsup ,u\%vo(s, _)|L2([5/8,7/8]) =“70.

S——00 S——00

We can now show that A exists in W12: We have

(i 0 vo) (81, —) — (i 0v0) (52, =)|wr2(5/8,7/8))
<|(iowp)(s1,—) — (10vo)(s2, =)|r2(5/8.7/8)) + f(51) + f(s2)

@D C3)51]"/? exp(Cos1/2)
S T ow(Cos1 2) + f(s1) + f(s2),

which implies the equality

1iH_1>Sllp (SUP ] |(i o) (s1,—) — (i o vo)(s2, =)wr2(i5/8,7/8)) = O-
8§17 =0 s,&(—00,81

Since W12([5/8,7/8],RY) is complete, A exists in W12, The Sobolev em-
bedding W2 < C° for one-dimensional domains now implies that A exists
in C°.

Step 3. We prove Theorem[2.3,

By Lemma[2.3] the first claim of Theorem 2.2 would follow from the existence
of the limits

— 1 3 — 1
Ag = S11131 vo(s, 1), Ay 511151 v1(s, 3),
I 1; — 1 1
A = Shm_ vi(s, 1), Ay = Shgl va(s, 1)

It follows from Step 2 that Ag exists, and an analogous argument shows that
A exists. It remains to show that Aj, A} exist.
To show that A; exists, we will show convergence of the path

VS (UO(Sa % + 9(5))7U1(57 %)7’01(87 %)71]2(5’ % - ‘9(5))

as s — —oo. This path takes values in My x Ay, x My and

lim dMonz ('y(s), L01 X L12> =0 (by Lemma ,

S—>—00
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so the distances dps,,,,(7(s), Lot Xar, L12) converge to zero. Hence there ex-
ists a path 8: (—o0,0] — L1 X s, L2 satisfying the equality

(18) lim ds,,,,(7(5), B(s)) = 0.

S§—>—00

(Indeed, define 8 by choosing a tubular neighborhood U of Lg; Xz, L2,
and compose v with the projection U — Lo; Xz, L12.) We will show that
limg—, o y($) exists by showing that lim,_, ., B(s) exists.

Lemma the existence of Ay and A, and imply that gy :=
limg—, o mo2(B(s)) exists. Since mpe restricts to an immersion of Lg; Xy,
Lis into My, there exist finitely many preimages z(lnu, . 75515112 of xp2
in Lo X7, Li2. Choose € > 0 small enough that the preimage of Be(xg2)
under 02|y, xy, L, consists of k connected components UL,...,U* with
1%112 contained in U7. Now choose sy € (—00, 0] such that moe(8((—00, s0]))
is contained in Be¢(zo2). The image 3((—o0,s3]) must then be contained
in a single Uj. If (s,), (s)) are sequences with limit —oo such that (), :=
lim, o0 B(sy) and x5 := lim, . B(s),) exist, then j; and j, must be equal;
since Lo1 Xz, Li2 is compact, this is enough to conclude that limg_, o 5(s)
exists. As noted above, this is enough to conclude the first statement of
Theorem [2.2

The points (Ag, A1, A1, A2) and (Ao, A}, A}, Ag) are lifts in Loy Xz, Li2
of (Ag, Ag), so if the projection from Lg; Xz, L2 to Mys is injective, then
A1, A} are the same point. O

52 S1

Figure 4: The start of our argument for Lemma [2.9]is to restrict an inverted
figure eight to an annulus centered at the singular point (the portion in the
left figure between the dotted circles), then reparametrize to a quilted tube
with straight seams (the tubular part of the boundary of the cylinder on the
right). Next, we piecewise-smoothly extend to the interior of the cylinder.
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Our proof of Lemma is an adaptation to the quilted setting of [MS)]
Lemma 4.5.1], which is an isoperimetric inequality for the energy near an
interior point of a J-holomorphic curve. Their argument went like this: re-
stricting the map to an annulus, then reparametrizing, yields a map defined
on the curved part of the boundary of a cylinder. By a lengths-go-to-zero re-
sult analogous to our Lemmal[2.3] they extend this map to the entire cylinder.
Their result now follows from Stokes’ theorem, along with the isoperimetric
inequality for the symplectic area applied to the top and bottom caps of the
cylinder. The difficulty in adapting this result to the quilted setting is in the
extension to the cylinder (see Figure [4] for an illustration of the setup); the
key will be the consequences of cleanly-immersed composition recorded in
the following lemma.

Lemma 2.10. There exist C' > 0,e > 0 such that:
(i) If w02, yo2 € Lo1 o Lia have lifts
z, 2" € moy {zo2} N (Lot X s, Li2), Y,y € Toa {02} N (Lot X1, L12)

with small distances

maX{dMouz ((L‘, Z/), dMouz (.%'/, y/)} <

then there exists a smooth path ~o2: [0,1] — Moa with image in Lo o
Lis and smooth lifts ~v,~": [0,1] = Lo1 X, L12 that have bounded
lengths

£(702) + E(’Y) + €(’}/) < C dMo2 (x027 y02)

and satisfy 4(0) = 2, 7(1) = y, 7'(0) = ', and /(1) = ¢/

(ii) For x,2’ € Lo1 Xnr, Lig with dypy,, (mo2(z), mo2(2")) <€, there exists a
point yoo € Lo1 o Lo and preimages v,y € 7r621 (yo2) N Lo1 X ar, L2
such that the following inequality holds:

At (mo2(x"), Y02) + dat, (To2(), 02) + dioyrs (2, y) + diyys (2, Y)
< C dpgy, (mo2(x), mo2(2")).

We will give only a brief sketch, since a formal proof is no more enlighten-
ing. The key is that the cleanly-immersed hypothesis implies that any two
branches of Ly o L12 meet like two vector subspaces.
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(i) If 2,2, y,y lie in the same local branch of Lg; o L12, then the conclu-
sion is immediate. Otherwise, x and y lie in one branch, and 2’ and
y' lie in another. Represent these branches as open subsets of vector
subspaces V, V' C RN, Then g2, yo2 lie in V N V', and we may define
Y02 to be a path in VNV’ from g2 to yo2 and ~ (resp. 1) to be the
lift to the portion of Loy X7, L1 corresponding to V' (resp. to V).

(ii) If 2,2 lie in the same local branch of Ly o L2, the conclusion is
again immediate. Otherwise, represent the branches containing xz, z’ as
open subsets of V, V' € RV, Set yg2 to be the nearest point in V NV’
to z, and let y (resp. y') be the lift to the portion of Lg; X7 L12
corresponding to V' (resp. to V).

Ay

Figure 5: The domains used in the proof of Lemma [2.9

Proof of Lemma[2.9.

Step 1. We prove Lemma[2.9 up to an extension result, which we defer to
Steps 2 and 3.

It suffices to prove the lemma for s < sy < 0, where sy is chosen so that
supy<y, £(72), i € {0,1,2} is bounded by a constant § > 0 to be determined
later. As illustrated in Figure [5| partition the unit circle S;(0) into four
segments by

Ap = {(z,y) € S$1(0) |y <=, y < —x},
Ay ={(z,y) € $1(0) [z =2y, > —y},
Ag = {(z,y) € $1(0) |y > =, y > —x},
Az :={(z,y) € 51(0) |z <y, < —y}
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and set pjp1) = A; N Ajpq for i € Z/4AZ. Given s1,s3 with sg < 51 < sp,
define mapﬂ oi: Ai X [s2,s1] = M, i € {0,1,2,3} (where we set M3 := M)
like so:

oo(exp(2mit), s) 1= vo (s, 5 + 0(s) +4(5 — 20(s))(t — 2)),
o1(exp(2it), s) == vy (s, 86(s)t),

oa(exp(2mit), s) 1= va(s,0(s) + 4(5 — 20(s))(t — 1)),
os(exp(2mit), s) == v1 (s, 3 +80(s)(t — 1)),

where we take ¢ € [—1/8,7/8]. These maps satisfy the seam condition

(0i(Pi(it1)> 8)s Tit1(Pigi+1)5 8)) € Liiv1), Vi € LJAZ, s € [s2,51],

where we set Log := L{Q, Ly := Lgl.

In order to apply Stokes’ theorem, we will extend the maps o; to the
domains U; X [sg, s1], where U; are the following four quadrants of the closed
unit disk (refer again to Fig. |5)):

Up :={(z,y) € B(0,1) |y <z, y < —x},
Uy = {(z,y) € B0,1) |z >y, z > —y},
Uy :={(z,y) € B(0,1) |y >z, y > —x},
Us :={(z,y) € B(0,1) |z <y, z < —y}.

Choose so =ty < t1 < -+ < tx = s1 such that for every j, the diameters of
the images 0;(A; X [t;,t;41]) are bounded by ¢. As long as ¢ is small enough,
Steps 2 and 3 below allow us to extend o; to a continuous map o;: U; X
[s2,81] = M; that is smooth on U; X [tj,t;41], such that the extended maps
satisfy the Lagrangian seam conditions

(19) (0i(p, 8),0i+1(p,8)) € Ligigry VP €UiNUiya, s € [s2,51].

Indeed, use Step 2 to define the maps o; on the slices U; x {t;}, then use
Step 3 to extend o; to all of U; X [s2, $1].

I The maps o; are simply the reparametrizations of vy, v1, v2 from the intersections
of Vo, V1, Vo with {(s,t)|s2 < s < s} to the domains A; X [s9, s1]. We are doing
nothing in the s factor and rescaling in the ¢ factor. See Fig. [4] for an illustration
of this reparametrization.
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Since wy, w1, ws are closed, Stokes’ theorem yields the following:

E(v;[s2,81] x R/Z) < Z Z J v, %5735
i6{1,2} j6{071,2,3}

<Oy, Y L

1€{1,2} je{1,2,3}

where in the first inequality we have used the seam conditions , and
in the second inequality we have used the isoperimetric inequality for the
symplectic area [MS, Theorem 4.4.1]. Taking the limit as so goes to —oo and
applying Lemma [2.3] yields the conclusion of the lemma.

Throughout the final two steps, the constants C; may depend on the
geometry of Lo, Li2, we, and Jy, but are independent of k.

Step 2. There exist C > 0, kg > 0 so that if 0g, 01, 02,03 are smooth maps
with

oi: Ay — M;, (0i(Pi(i+1))s Ti+1(Pigir1)) € Ligiv1)
k:= max diamo;(4;) < ko,
i€{0,1,2,3}

then there exist extensions o;: U; — M; of o; such that:

(Gi(p),0i+1(p)) € Litiy1y Vp € UiNUiy,
14 ~i ; di ~i UZ‘ < Ck.
iegél,%(,s} (Gilov.) + ief&%ﬁz} tam (Vi) "

The points

2 := (o0(po1), o1(po1), o1(p12), 02(P12)),

/

2" = (00(p30), 03(P30), 03(p23), 02(P23))
lie in Lg; X L12. Since the intersection (L1 X L12) N (Mo x Az, X Ms) defin-

ing Lo1 Xz, Lo is transverse, there are points z, 2" € Loy Xy, L12 that are
close to z resp. 2/,

(20> dMouz (:L‘, z) < Cik, dMouz (:U/? Z/) < Cik,

for a uniform constant C7 > 0. The triangle inequality bounds the distance
between the projections of z, 2':
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Ay, (m02(2), mo2(2")) < dary, (To2(2), m02(2)) + dasy, (T02(2), T02(2"))
+ daty, (mo2(2"), T2 (2))
<2(C1 + 1)k,

As long as ko is chosen to be small enough, it follows from Lemma [2.10ii)
that there exist lifts y,y’ € Loy X, L1z of a single point yo2 € Lo © L2
with small distances to x resp. z’:

(21) AMoy 1 (7, y) < Car, Aty (2',y') < Cor,

where Cy > 0 is another constant. We can now define the extensions o; at
the origin:

(00(0),51(0),51(0),02(0)) :== v, (0(0),73(0),33(0),52(0)) := ¢/
Inequalities and and the triangle inequality yield:
AMorrs (¥, 2) < (C1+ Co)i, dig,n (¥, 2') < (Ch + Co)r.

The local triviality of smooth submanifolds implies that there exists a con-
stant C'3 > 0 such that after redefining kg if necessary, we may extend the
maps 7; to the set {(a,b) € B(0,1)|b = +a} such that the seam conditions
hold and the length of the loop &;|gy, is bounded by C3k. Once more
redefining kg if necessary, we may extend each map &; to U; in such a way
that the diameter of 7;(U;) is bounded by Cyk for Cy > 0 another constant.

Step 3. There exists A >0 such that the following holds. Assume that
00,01,09,03 are smooth maps and a < b are real numbers with:

o;: A X [a,b] UU; x {a,b} — M;, max diamimo; < A,
i€{0,1,2,3}

(0i(q), 0i41(0)) € Liir1y Y q € (pii41y X [a,b]) U (Ui N Uiy1) x {a,b}).

Then each o; can be extended to a smooth map 7;: U; X [a,b] — M; such
that the following seam conditions hold:

(0i(9),0i+1(9)) € Liiy1y Vg € (UpNU1) X [a,b].
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Define z,2’,y,y" € Lo1 X1, L12 like so:

= (007 03,03, 02)(0, CL),
= (007 03,03, 02)(0, b)

(00,01,01,02)(0,a),

xXr = IL’/
Yy = (00701701702)(07b)7 y/ :

Then 72 () = mo2(2’) and mo2(y) = mo2(y’), and x resp. =’ are close to y
I,
resp. y':
dM0112 (x’ y) S 4A7 dM0112 (:17/7 y/) S 4A.

It follows from Lemma m(l) that as long as A is chosen to be small enough,
there exists a path yo2: [a,b] = Lo1 o L12 and lifts v,~": [a,b] — Lo1 X,
L5 from x to y resp. from 2’ to 3’ of small lengths:

0(y) +4(v') < CsA
for C5 > 0 a constant. Define o, 01, 02,03 on {0} X [a,b] like so:
(00,01,01,02)(0,1) := (1), (Go,03,03,02)(0,) :==7/(t).

The diameter of the loop (d0,01)|a((w,nv7)x[ap)) 18 bounded by 2(C5 + 1)A,
so by redefining \ if necessary, we may extend (0g,01) to a map (Up N U;) x
[a,b] = M, x M; with small diameter:

diam((?fg,ﬁl)((Uo M Ul) X [a,b])) < CgA

for Cg > 0 a constant. Extend (o1, 02), (02,03), (03,00) to (U1 NUs) X [a,b],
(U2 NUs) x [a,b], (Us N Up) X [a,b] in the same fashion. Finally, 7;|aw, x[a,4])
is a map to M; from a domain homeomorphic to S?, and its diameter is small:

diam (73 (0(U; % [a,b]))) < (2Cs + 1)
Redefining A if necessary, we may extend o; to all of U; x [a, b]. O
3. Convergence modulo bubbling for strip-shrinking

The purpose of this section is to prove a convergence-mod-bubbling result,
which we state as Thm. 3.1 below. It is a strengthening of the strip-shrinking
analysis of [WWT] from H? N Wh%-convergence to C*-convergence; we also
allow the domain to be equipped with nonstandard complex structures and
the geometric composition Lg; o L12 to be immersed, rather than embedded.
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Thm. is used to prove the Gromov Compactness Theorem in [BW],
which we in turn rely on in of the current paper to prove the Removal
of Singularity Theorem The proof of Thm. m (which we will give in
relies on a collection of d-independent elliptic estimates, which we will
formulate and prove in

Theorem 3.1. There exists € > 0 such that the following holds: Fix k €
N>1, positive reals 6V — 0 and p > 0, symmetric complex structure:ﬂ 7v on
[—p, p]? that converge C*® to j*° with |7 —i|lco <€, and C{Z‘f—bounded
sequences of domain-dependent compatible almost complex structures Jj :
[—p, pI> = To(My,wp), £ € {0,1,2} such that the C**1-limit of each (J}) is
a compatible C* almost complex structure J3°: [—p, p]*> = T (Mg, wy).

Then if (vg,vY,v5) is a sequence of size-(6",p) (J§,JV,Jy,j")-holo-
morphic squiggly strip quilts for (Loi, L12) with uniformly bounded gradients,

sup |dv”|(s,t) < oo,
veEN, (s7t)€[7p7p]2
then there is a subsequence in which (vg(t — ")), (v{|i=0), (v§(t+ "))
converge C{ZC to a (J§°,J5°, j°°)-holomorphic size-p degenerate strip quilt
(v§°, v7°,v5°) for Lo X n, Laa.
If the inequality liminf, o (s )e[—p,p)2 [dV”[(8,1) > O holds, then v§®, v3°
are not both constant.

We now fix some data and explain the basic setup we will use for the
proof of Thm.

Fix for §3 closed symplectic manifolds My, My, My and compact La-
grangians Lo C My x My, Lia C M| x My with immersed compo-
sition as defined in the beginning of §3

For convenience, we will denote by (M2, wo2), (Mo211,wo211) the symplectic
manifolds

(Moz11,wo211) == Mo x My x M; x My
= (Mo x My x My x My, wo ® (—w2) ® (—w1) ®wy),
(MOQ,UJOQ) = M[; X M2 = (MO X MQ, (—LL)O) &) wz)

and by (L1 X ng)T C Mpyo11 the transposed Lagrangian gotten by permut-
ing the factors of M0211 by (SL‘Q, xT1,Y1, 5(52) —> (1‘0, Xo,T1, yl)-

2See for the definition of a symmetric complex structure.
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The analysis in our proof of Theorem will be phrased in terms of
pairs of smooth map&ﬂ (wo2, W) = ((wo, wa), (W), wh, wi,wr)):

(22)  woz: (=p,p) x [0,p = 20) = Moz,  w: (—p,p) x [0,6] = Mop11,
(wog,@)(S,O) S AMm X AMU {U\(S,é) S (Lm X L12)T Vse (—p, p),

where 0 is nonnegative. From now on we denote the domains of wge and w
by

Q02,5,p = (_P, p) X [07p - 25)7 @§,p = (_pa p) X [075]7

and combine them into the notation Qs , := (Qo2,5,p; @J,p)- We denote the
closures in R? by

Qo2.6., = [—p, p] x [0, p —20], 55,,) = [—p, p] x [0,4].

For § > 0,p > 0 (resp. 6 = 0,p > 0), the setupﬁ 57[, is equivalent to a
triple of smooth maps (vg, v1, v2) with the same domain and targets as a size-
(0, p) squiggly strip quilt for (Lo1, L12) (9)f=s (resp. as a size-p degenerate
strip quilt for Loy X, L12 (12))) and that fulfill the seam conditions (10) j—s
(resp. ) but are not necessarily pseudoholomorphic or of finite energy.
Indeed, given such (vg, v1,v2), define (wp2, w) like so:

(23) woa(s,t) == (vo(s, —t — 29),va(s, t + 29)),
w(s,t) == (vo(t — 29),va(s, —t + 26),v1(s, —t),vi(s,1)).

Conversely, for § > 0 and (wg2, @) satisfying (22)s,,, define (vo, v1, vo) satis-
fying (9) r=s, (10) s=5 (for § > 0) or (12), (for § = 0) like so:

3This “folded” setup was first used in [WWTJ. It is more convenient to work with
maps of this form, e.g. when we construct the compatible connection in Lem. [3-4]
and prove the first estimate in Lem.

4Here we use the notation &p to explicitly indicate the dependence of
on § and p. We will use similar notation elsewhere; it will be a succinct way to refer
to equations with the parameters specialized in various ways.
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(5.1) w( (s, t 4 29), —26 <t < -6,
vo(s,t) =
0 wo(s, —t —29), t< —20,

— 2 <t <2
(24) o(s.1) = {w s,—t+29), §<t<20,

o
(
a(
wa(s,t —29), 26 <t,
(
(

vi(s.1) = {’1
w1

The transformations (23]), (24]) are inverse to one another.

S, — )7 _5§t§07
s,t), 0<t<d.

3.1. Complex and almost complex structures in the folded and
unfolded setups

The Gromov Compactness Theorem in [BW] is proved by “straightening”
the seams of a squiggly strip quilt. Pushing forward the standard complex
structure from the squiggly strip quilt to the new quilt with horizontal seams
produces a nonstandard complex structure, which is symmetric under con-
jugation. We axiomatize this property in the following definition.

Definition 3.2. Fix p > 0. A symmetric complex structure on [—p, p]?
is a complex structure j such that the equality

j(sat) = —JOj(s,—t)OO‘

holds for any (s,t) € [—p, p]?, where o is the conjugation ads + 30 + ads —
BOy.

When a symmetric complex structure, almost complex structures, and a
pseudoholomorphic squiggly strip quilt are “pushed forward” by the folding
operation , the result is a “coherent system of complex structures”, a
“coherent pair of almost complex structures”, and a “pseudoholomorphic
folded strip quilt”, defined as follows.

Definition 3.3. Fix § > 0 and p > 0.
e A coherent collection of complex structures j on 657 p 1s apair
j = (j027j) = ((j07j2)7 (jé?]é?ji?]l))? WheL@ j07j2 (resp. .767]%7]{7]1) are
complex structures on Qo 5, (resp. on Qs ,) such that the following
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equalities hold for all s € (—p, p):

(25) jg(S,O) = —0 Ojé(&()) oo
(26) jo(s,8) =7j5(s,6), 4i(s,0) =ji(s,8), ji(s,6) =—0cojy(s,0) 00

e A coherent palr of almost complex structures J on Q; pisa
pair J = (Joz, J ) where Jy2, J are almost complex structures

Joz2 : Qoa,6,p = J (Moz,wo2), J: ég,p — J (Mo211,wo211)

~

satisfying the following compatibility condition: For s € (—p, p), J(s,0)
decomposes as

J(5,0) = (—Joz(s,0)) @ Ju1(s),

where Ji1(s), s € (—p, p) is some almost-complex structure on M.

e Fix a coherent collection j of complex structures and a coherent pair
J of almost complex structures on Q; ,. A (J,j)-holomorphic size-
(0, p) folded strip quilt is a collection of smooth maps w = (wg2, W) =
((wo, wa), (W), wh, wi,wr)) satistying that have finite energy,

* P
me,a,puOQwOQ < 0, f@s,pu w211 < 00,

and satisfy the Cauchy-Riemann equations

03, jw = (902,J2.jo W02, I 55W) = 0,

~

where 935 = (802,000 GM.) is the pair of operators defined by:

002,70.jos W02 = (dwo, dwz) o (jo, j2)(0s) — Jo2(—, wo2) © (Dswo, Dsw2),
_‘]( ) (8 w0,8w2,8w1,8w1)
Given a (Jy, J1, J2, j)-holomorphic squiggly strip quilt (vg, v1, v2) with j sym-
metric, we can produce a folded strip quilt like this: Define a coherent col-
lection j of complex structures by

(28) joa(s,t) = (Jo, j2)(s,t) := (=0 0 j(s, —t — 28) 0 0, ji(s,t + 26)),
( ) (](/)7j27]1>]1)( t) = (j(37t_26)3_aoj(87_t+25)Oaa
—ooj(s,—t)oa,j(s,t))
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and a coherent pair J of almost complex structures by

(29) J()Q(S, t) = (—J()(S, —t — 2(5)) ©® JQ(S, t+ 25),
J = Jo(t — 28) @ (—Ja(—t + 20)) & (—Ji(s, —t)) & Ji(s,1).

If (w2, W) is defined by applying (23)) to (vg,v1,v2), then (wpe, W) is a (J, j)-
holomorphic size-(6, p) folded strip quilt. Indeed, (wp2,w) have the correct
domains and codomains and satisfy the seam conditions, as discussed earlier,
and the finite-energy hypothesis on (vg, v1, v2) implies that (wgz, W) has finite
energy. The Cauchy—Riemann equation (11) for vy on (—p, p) X (—p, —26]
can be rewritten as

dwq(s,t) o (—o o j(s,—t —20) o0)
— (=Jo(s, —t — 26, wp(s,t))) o dwp(s,t) =0
for wo(s,t) := vo(s, —t — 26) as in ([23)), so wp is (—Jo(s, —t — 26), jo(s, t))-
holomorphic on Qg2,5,. Five similar calculations complete the check that
(wp2, W) is (J,j)-holomorphic.
Finally, we consider the coordinate representation of a coherent collec-
tion of complex structures. Fix a coherent collection

j = ((ij.jQ)? (J{)?jéa.]iu]l))
of complex structures on Q&p. Define ag(s,t),co(s,t) € R by
(30) jO(Sat)(as) = aO(Sat)as +CU(Svt)at’

and define a;(s,t),c;(s,t) for j € {1,2} and a)(s,t),c,(s,t) for k € {0,1,2}
in the same way. Then and translate into the following conditions
on these coeflicients:
(31) a;(s,0) = —aj(s,0), ¢;(s,0) = ¢;(s,0) vVje{0,1,2},
aU(Saé) :a2(875)7 all(sv(s) :a1(575)> a0(375) = —a/1(8,5),
60(376) 262(375)7 c/1(375) 261(376)7 60(875) :C/1(876)'
We will use this coordinate representation in

3.2. A collection of §-independent elliptic estimates

This subsection is devoted to proving Lemma [3.8] which is the crucial 4-
independent elliptic estimate needed for the proof of Theorem
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In addition to the data fized at the beginning of §3, fix for p>0
and a pair of maps u = (ug2,w) satisfying 5:0,,).

Furthermore, we continue to denote by i the standard coherent collection of
complex structures defined in (60]), and for any § € (0, p/4] we define a pair

us = (uo2,5, Us) of smooth maps satisfying 57/, by:
(32) 02,5 *= 02| Qos.s.,» us(s,t) :=u(s).

Our approach is inspired by [WW1], but we deviate from that approach
by working with a special connection which allows us to drop boundary
terms from the H2-estimate [WW1l, Lemma 3.2.1(b)]. This special connec-
tion is constructed in the following lemma, which is a generalization to the
immersed case of a connection constructed in [W2].

Lemma 3.4. There is an assignment 0 — V5 = (Voas, @5) that sends § €
(0, p/4] to a pair of connections Va5 resp. Vs on Uy s T Moz — Qo2,6,p T€SP-
usTMoo11 — @570 such that the following hold:

e Parallel transport under @5 preserves usT (Lo x L12)" and usT (Mg x
AMl )7'

e For a section C € I'(usT(Moz < Ay, ) we have Vg, s.6(p o E) =po @5752,
where p: Uy T(Moz X Apg,) = uby s5TMoz|i—o is the projection;

o For 61 < b2, the restrictions of Vs,, Vs, agree:
vOQ?‘Sl ‘Q02‘52=P = v027527 V52 ‘@51,0 - v51‘

Proof. Fix metrics on ugy,T Moz and uw*TMgp211 so that given a smooth sub-
bundle, we may form its orthogonal complement. For any fixed s € (—p, p)
we denote:

Aoz11 = T(e) (Lot x Li2)T, A= Ty (Mo x Angy),
Ago := Ago11 N A, Agz == T7T02,ﬂ(s) (Aoz).

The transversality of ILOI x Lyg h My x Apr, x My implies Kog = TE(S)ZOQ,
so the projection from Agg to Agz is injective (see e.g. [WW2, Lemma 2.0.5]).
Hence the intersection of Agz and {0} x T, (Q,ﬂl(s))A M, 1s trivial. Tt follows
that if we let C'y denote the complement of Agz + ({0} X T, (s)a () A0y)
in A, the diagonal decomposes as A = Ag2 @ C1 @ ({0} X T g, (5)m, (s)) A, )-
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Let C5 be the complement of KOQ in Ago11. Transversality implies
Ta(syMoz211 = Ao211 + A,
so we have deduced the following decomposition:
Ta(s)Moz211 = C2 & Aoz ® Cy @ ({0} x T (@ (), (5)) Doty )-

The subspace Ag211 (resp. A) is given by the sum of the first two factors
(resp. the sum of the last three factors) in this decomposition. Therefore, if
we choose connections on each of these four subbundles and set V to be the
product connection, then extend V to a connection V5 onu 5TM0211 — Q5 p
by defining V(;S((s t) = C(s t)) := V(s — C(s t)) and defining Vs t((s,1) =
C(s t) := Vg (t — C(s t)) in terms of the Levi-Civita connection Vj, Vs
satisfies the first bullet.
Denote by p: w*T (Mo x Apr,) — uieTMoz|t=o projection and by i :
uSQTMOQ\tZO — upo T(Moz x Apg,) the inclusion defined by sending v €
Tooy(s,0)Moz to (v,0) € Ty(s)(Moz x Apy,). Define a connection p.V on
uhs TMoz|i—o by (p+V)(Co2) :=po V(iop2). Extend p,V in any way to a
connection Vg on ug,TMog; for § € (0, p/4], define Voo 5 := V2|, ;- The
second bullet now follows from a computation, in which (Cog,a,a) is an
arbitrary section of uiT(Moa x Ap,):

po 6(5,86\: pbo 6(5,8(2\027 617 6\1)
=poVss(iopo()+poVs4(0,(1,¢1) = Voss(pod).

The term p o V5 s(0, Cl, Cl) in the third quantity vanishes since the subbundle
{0} x T (@s.1,@5.)A M, is preserved under parallel transport by V5 s |

We will use the connections Vs just constructed throughout the rest of
Due to the third property in Lemma [3.4] it is unambiguous to drop the
subscript and refer to Vs simply as V. Note that this pair of connections
induce connections on the pullbacks by g2 s or us of any tensor bundle of
T Moo or TMys11 in a canonical way.

Before we state the elliptic estimate Lemma we need to define our
function spaces and delbar operators.

Definition 3.5. Fix r € (0,p), 6 > 0, and k > 2. Define the space of sec-
tions T'X (Qs,») and the norms || — ||ge(qQ,.) | — Hﬁk(Qa,,) as follows.
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e Define ' (Qs,) by:

It (Qsr) = { (502 € H*(Qoz,6,r, U 6T )’.}

€ € H*(Qs,r, U3 T Moa11)
where denotes the following linearized boundary conditions:

(33) (€02(5,0),&(5,0)) € TApg, x TApg,,

~

5(8,5) S T(L()l X ng)T Vs e (—7“, ’I").

e Define two norms || — ||gx(q;,,), | — Hﬁk(Qa,r) on T*_ by:

L PN | H
k-2
H(ﬁozf)”%w%r) = [1(602: 3@,y + 2 1V €02, VIO B (q, )

- ||(502, 3@

+ Z (t [Sup2 ||v62£02(_7t)||%{1((—T77’)7U0215(—7t)*TM02)
€|0,r

+ sup Hvl (_ t)HHl r,r),ﬂg(—,t)*TMo211)>’
te(0,d]

Note that || — HHk Q,,) is a well-defined norm on I'* (Qs,) due to the em-
bedding H' — CO for one-dimensional domains. However, the constant in
the bound || — ]\Hk( < C(0, )| = llz+(qs.,) is 0-dependent.

In [WWI1J, Wehrheim Woodward introduced an exponential map with
quadratic corrections, which allowed them to treat the Lagrangian boundary
conditions as totally geodesic. Wehrheim—Woodward assumed the compo-
sition Lo o L12 to be embedded, but their construction of the corrected
exponential map only used the immersedness of that composition. We may
therefore import their corrected exponential map into our setting:

Definition 3.6. Givenr > 0 and d > 0, define the corrected exponential
map ey, and its linearization de,, and s- and t-derivatives as follows.

o Let ey; = (€uy, 45 €a,) be the pair of maps defined in [WWI, Lemma
3.1.2]; ey, sends ¢ € I'z (Qs,) with [|C]|co(q, ) sufficiently small to a

pair of maps ey, (¢) = (eu, (Co2). €5, (0)) satisfying (22).



Pseudoholomorphic quilts with figure eight singularity 33

e For pOZEUSQ’(gTMOQ‘(s,t)a deum,s(p()?): ’U’SQ,(STM()?’(SJ)_>T€u02'5(p02)M02
is defined by including the fiber ug, s TMo2|(s4) into Tpoz g s T Moz
as the vertical vectors, then postcomposing with the tangent map
T(Cuos,s )pos : Tpoztipg s T Moz — T Mps. The linearization deg, (p)

Cuga 5 (poz)
is defined analogously.

e For pgo € U8275TM02’(5¢)7 define Dgew,, (Poz2) € Te.... (poz)Mo2 to be
the vector gotten by choosing a flat section o of Wi, T Moa|(s—e s+¢)x {1}
for € small, then setting Dsey,, (po2) := Ts(ew(o))(0s). The deriva-
tives Dieqy,, (Po2), Dses(P), Dieg(p) are defined analogously, and each
of these derivatives depends smoothly on the argument pgs or p.

This exponential map will allow us to define fiberwise complex structures in
the following, which are parametrized by vector fields rather than by maps.

In the following definition of the linear delbar operator, we must go into
coordinates. Fix 0 > 0 and a coherent collection j = ((jg,jg) (365 35, 915 71))
of complex structures on Qg - Then j induces via ) two pairs of endo-
IIlOI‘phlSl’IlS A= (AOQ, A), C = (CQQ, C) of U02 6TM027 uéTMggll, with COQ, C’

defined as follows and Agg, A defined in analogous fashion:

C()Q(S,If)i Tuog,g(s,t)MOQ — Tu02,5(8,t)M027
(vo, v2) — (co(s, t)vo, ca(s, t)va),
C(s,t): T U5(s HyMoz11 — T, (s, Moz211,

(vg, vh, v1,v1) = (s, t)vg, (s, t)vh, ¢y (s, t)vy, e (s, t)vr).

(34)

Note that the conditions (which are equivalent to the coherence condi-
tions , ) imply that for any s € [—p, p], the endomorphisms

C(s5,8),  Co2(5,0) % (Cliwp u)-T1100) (5, 0), (Cl(utury-Tar, ) (5,0)

are scalar multiples of the identity; we will use this fact later in § In
addition, the reader may find it helpful to note that in the case that jis
the standard collection i, Ags and A are zero and Cop2 and C are identity
operators.

Definition 3.7. For d > 0, r > 0, k > 2, a coherent collection j of complex
structures and a coherent pair of almost complex structures J on Qs,, and
¢ €T2 (Qs,), define the linear delbar operator D¢ to be the following
map from HY(Qo2.6.r, Ugy, s TMo2) x Hl(QM, usT Mo211) to H° (u02 sTMo2) x
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HO (ﬂ;TMOQll ) :

DEC = Avs( + CVtC - J(S)VSC
= (A02Vo2,5C02 + Co2Vo2,:02 — Jo2(&02) Voz,sCo2,
AV +CVE - T(OV0),

where J(&) is the pulled-back complex structure

J(é)(s,t) = de, (§(5,1) I (s, eua( (s,%)))dews (£(s,1))
= (deugs.s (G02(5,1) ™ Jo2(5, 1, ugs 5 (02(5, 1)) )deug, 5 (€02(5, 1)),

~

deg, (s, )" T (s, t, €3, (£(s,)))de, (€(5, 1))

If ¢ = (Coo, Z) is a pair of sections in I'Z_(Qs,), we can write 95(e,(¢)) and
O(ew(C) in terms of dey;, Dgey,, Diey,:

0s(eus(C)) = (Ds(Eups 5 (C02)), Ds(eq, (0)))
= (deuy, 5 (€02)(Vo2,5¢02)
(35) + Dyeugs s (Goz) deq (V) + Dse, (0)),
O(€eus(€)) = (Ot(eup, 5 (Co2)), Ot (ez;(€)))
= (deuy, 5 (€02)(Vo2,:€02)

+ Dt6u02,5 (C02)7 d6a5 (Z) (ﬁta) -+ Dteﬂa (Z))

This decomposition allows us to relate the delbar operator Oy j from
with the linear delbar operator D¢ just defined:

93,j(eus(€)) = Ads(eu; (€)) + Ci(ews (C)) — I (5,1, e, (€))Os(euy (€))
= dey, (€) (AVsC + OV ¢ — dey, (O) 71 (5.t ew(())dew, (O)VsC)
+ (ADgey, (¢) + CDiey, (¢) — I(s,t, 4, (¢))Dseu, (€))
(36) = dew,; (()DeC + F(Q).

The inhomogeneous term F' depends smoothly on (, which is crucial for the
proof of Theorem

The following is the main result of It generalizes [WW1), Lemma
3.2.1], which bounds the H'-norm of ¢ when the domain complex structure
is standard.
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Lemma 3.8. There is a constant € > 0 and for every Cy >0, k > 0, and
ri,Te with 0 < 11 < ro < p there is a constant C1 such that the inequality

(37) Il s q,. ) < CLlPC N rq,) + IS H@s.)

holds for any choice of 6 € (0,71/4], a coherent collection j of complex struc-
tures on Qs , with ||j — illco < € and ||j — il|cmsxie.y < Co, a coherent pair J
of almost complex structures on Q&p which are contained in a C™*k:1} _pal]
of radius Cy and which induce by metrics whose pairwise constants of
equivalence are bounded above by Cy, and a pair of sections ( € I’fij(Qg’m)
with Cllev < €, [[Cller < Co, and ¢l 0(q, .., < Co-

We begin by establishing d-independent Sobolev estimates for elements
of TX (Qs,).

Lemma 3.9. Fix Cy >0, k>0, and ri,ry with 0 <ry <rg < p. Then
there is a constant C1 and a polynomial P such that the inequality

38)  IV*Clleom(qs,) < Crl¢lErs2(qs,) + V¥ ' Delllcorn(qs.))

k—1
+ P (Z Hvlf||COH1(Q5,T)>

=1

k—2
X (HCHHW(QS,,.) +) HVZD»ECHCOHl(Qa,,.)>

=0

(where the term HV’“_IDgHCoHl(QM) is to be omitted when k = 0) holds for
any choice of 6 € (0,r1/4], r € [r1,72], a coherent collection j of complex
structures on Qg , with ||j —illcx < Co, a coherent pair J of compatible al-
most complex structures on Qs , which are contained in a C*-ball of radius
Co and which induce by metrics whose pairwise constants of equiva-
lence are bounded above by Cy, and pairs of sections (,& € Fﬁj2(Q57T) with

1€ller < Co.

Here is the idea of the proof: [WWIl Lemma 3.1.4] is a uniform Sobolev
inequality for sections ( satisfying the linearized boundary conditions. Since
the special connection constructed in Lemma preserves the linearized
boundary conditions, [WWI, Lemma 3.1.4] immediately gives a bound on
IVE¢llcorri(q,,)- To derive a bound on |[VaClleom(q,,) for a € {s,t}*, we
trade indices using the operator Dg.
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Proof. We prove this lemma in two steps: first, we prove a slightly differ-
ent inequality, which has terms of the form ||V!(|lcog: on the right-hand
side. Then, we prove the desired inequality by inductively removing these
unwanted terms.

Throughout this proof, C; and P will denote a -independent constant
and d-independent polynomial that may change from line to line.

Step 1. We prove the following inequality:

(39) IV*¢lleor < (IICIIHW + V¥ DeCflcor

ko1 ko1
+P (Z ||Vl§||COH1> > HVZCHCOH1>-
=1 =0

We begin by proving the & = 0 case of , which is essentially a conse-
quence of [WWI| Lemma 3.1.4]. One modification must be made to that
lemma: we must relax the hypothesis that the composition Lg; o Lio is
embedded to the hypothesis that this composition is immersed. To make
this modification, change the proof of [WW1, Lemma 3.1.41 like so: instead
of using [WWI1, Lemma 3.1.3(c)], use the fact that for £ = (§,,&1,61) €
COO((—T, ’I”), ﬂ*TMogll),

1ENm1 (e < Cr (b2l zrr ((ryy + 1€ = E1llar (i) + | Ta312E L ((—rir)))

where 7r0l211 is the projection onto the orthogonal complement of the tangent
space of (Lo1 % L12)T. This inequality follows from the pointwise estimate
€] < C(|€ho] + €] — &1] + |Tg211£]), which can be proved like [WW1l, Lemma
3.1.3b).

Next, fix k > 1; let us prove for this k. Let (, £ be sections in Fﬁ;w,
and assume that the other hypotheses of the lemma are satisfied. We will
show that for every tuple a = (a1, ...,ax) € {s,t}*, there is a polynomial
P, so that the following inequality holds:

(40) IVaCllcom < Ch (lC\IHk+2 + V¥ DeCflcor

k—1 k—1
+ P, (Z Hv’fucom) > \vlcucw)
=1

=0

We prove this by induction on n.(«) := #{m € [1, k] | ay, = t}.
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niy(a) =0. If « = (s,...,s), then since the special connection we have
constructed preserves the boundary conditions of Fﬁjz, the desired in-
equality follows immediately from the k = 0 case of the current lemma:
IVECllomn < CL|IVEC] 52

n¢(a) € [1,k]. Let us prove the inductive step (i.e. that there is a
polynomial P, for which holds) for some ni(«) € [1,k]. Write aw =
(o, =t,8,...,s). Using the assumed bound on j, we estimate:

IValllcom = [[Var (CTHDe(VETC) — (A= J()VE M) lcomn

<G (Hva@s(meC)HmHl + [V Vi o

m—2

Ve FEOVE o + Y NIV o
(=0

m—2
£y Hvl<J<s>vk—m+lo||coHl).
=0

Let us bound separately the five terms in the last expression.
Vo De(VET™C)||corrr. | We estimate:

IV De(VEC) o
< ||V VE™DeClcomn

k—m—1
+ Y IV VE(0AVE I+ 0,0V V) o
(=0
k—m
+ ) Ve VEIE)VE o
k—m—1
+ Vo (CVL [V, VI VET10) o

=0

Let us bound each of the four terms on the right-hand side. The first
term on the right-hand side, ||V VE ™De(||copr, is bounded by
[V*=1D¢(||com. Due to the assumed bound on j, the term

k—m—1

> IV VL@:AVE e+ 0,CVE ™11 ,0) o
=0
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is bounded by a constant times Zf:_ol |V¥|lcosr:. To bound the term
TNV V(I (€))VET 1| co g1, observe that the assumed bound
on J yields:

> Ve VEI@)VE ™o
=1

< S IVFREEO)VTT o

B,v=0,
Bty=k—2

k—1 k—1
<P <Z ||vl£\|com> DIV Cleor
=1 I=1
(In the last inequality we have used the Banach algebra property of
C°H'.) Finally, the curvature of V is a tensor, so the term
k—m—1
> IV (CVLV S, VVE 10 o

=0

can be bounded by a constant times E 2V ||co -

|V VE=™ 41 | cogi.| By the inductive hypothesis, this term is bounded
appropriately:

IVar Vi leon < Oy (HCHHk+2 +IV* " DeClcor

k—1
e (ZHV £Hcom> -va’gucom).
=0

[Var (J(E)VE™ 1) |cogr.| To bound this term, it suffices to bound

1T () Vo VETF I |co g and || VATH(I(€)) VT ||cofrr separately, where
in the second term (8 and ~ are nonnegative integers with § + v = k — 2.
The quantity ||J(£) Ve VE=™F1¢||cog: can be bounded using the Banach
algebra property of CYH', the assumed C'-bounds on &, and the induc-
tive hypothesis. Using the Banach algebra property of COH 1 the quan-
tity HVBH(J(g)) T+1¢||cozr can be bounded by P (2 v gHCoHl)

S Vo
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m—2

| V=L | co i . | This term is already bounded appropriately.

=0
2

m—

Z [VHI(E)VE=F1C)||corr. | By the Banach algebra property of COH?,
1=0

this term is bounded by P (372 || V€||co H) SNV o

This establishes the inductive step, so we have proven for all k£ > 0.
Step 2. We prove by induction on k.

As in Step 1, the k£ = 0 case follows from [WWI, Lemma 3.1.4]. Next, say
that holds up to, but not including, some k£ > 1. By , we have:

IV*¢|corn < Cy <||c||m+2 + IV 'DeClleom

k—1 k—1
+P (Z ||vl»s||com) > uvl<|com>.
=1 =0

Replacing the sum Zf:_ol |V!¢||com: appearing in the last term using the

inductive hypothesis finishes the inductive step. [l

We now turn to the proof of Lemma [3.8] Here is our strategy: in Lemma
we bound |[|¢||g in terms of ||(||go and ||D¢C|| o, for ¢ supported in
Q5. In Lemma we use Lemma to bound |[nV*¢||g: in terms of
¢l 7 and ||D¢Cl| ., where 1 is supported in Qo2 and ¢ has arbitrary
support. Finally, we use Lemma [3.11] to prove Lemma [3.8]

Lemma 3.10 (elliptic estimate for k=0 and ( compactly supported).
There is a constant € >0 and for every Co >0, k>0, and r1,r0 with
0 <ry <1y < p there is a constant C1 such that the inequality

(41) V¢l o@s.) < CrlDeCllroqs.) + ISlmo(s.n)

holds for any choice of 6 € (0,71/4], r € [r1,72], a coherent collection j of
complex structures on Qg , with |j — illco < € and ||j — illcx < Co, a coherent
pair J of almost complex structures on Qg , which are contained in a ct-
ball of radius Cy and which induce by metrics whose pairwise constants
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of equivalence are bounded above by Cy, and sections (, & € F%é(Q(s,r) with
[€]lco < €, [[]ler < Co, and supp Coz, supp ¢ compact subsets of Qoz,6,r, Qs

Proof. Throughout this proof, C; will denote a d-independent constant that
may change from line to line, and A = (A2, 4), C = (Cp2, C) will be the
endomorphisms of u(’§27 s TMo2 and u5T Moy defined in .

We begin by fixing convenient metrics on Mpe and Mgo11 that will be
used for the pointwise norms in the definition of the Sobolev norms. Via
, J induces fiberwise metrics go2, g on uj, sTMo2 and uj;TMgz11. In this
proof, however, we will use the pullback metrics 9¢ = (9026, 9¢) of go2, g

under dey,, , (§o2), deq, (§); note that g¢ is J(§)-invariant. If we pick € > 0 to
be sufficiently small, then de,, (¢) is C%-close to the identity, and hence the

induced norm | — ||¢ g+ = (fQé” | — \g dsdt) Y2 on I'% (Qs,) is equivalent
to the standard norms || — ||g+ = || — [|o.z+. (Here we have denoted | — |¢ =
gﬁ(iv 7)1/2')

With these metrics we calculate for ( € Fg5 compactly supported and
e I‘%S satisfying ||§||Co(Q5’T) < € and ||V€HCO(Q8)T) < Cp:

IDeCIIE o = [, ((IVsCIE + [AVSCIE) + 206 (AVC, CViC) + [CViCJZ) dsdt
(42) + [, (96(CVCIEVIC) = g6 (CV(, I (6) V() dsdt.

Let us estimate the two integrals on the right-hand side separately. We begin
with the first integral:

(43) fQ5,T,((|VsC|§ +]AVCI2) + 20¢(2AV,C, 3CVC) + [CVC[2) dsdt
AM-GM , b )
2 IQ5,1~((|VSQE B 3|AVSC|§) + Z‘CVtQE) dsdt

> SV CIIE ko

where the last inequality follows from the hypothesis ||j — i|| < € as long as
€ is chosen small enough.

To bound the second integral on the right-hand side of , we first
derive a convenient formula for its integrand:
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(44)  ge(CVLCIEVIC) — ge(CVL, I(E)VsC)
= (95(9e(C¢,I(EV)) — (Vsge) (CEI(E) VL)
— ge((VsO)C, I(E)ViC) — ge(CC, V(I (£)) Vi)
— ge(CCI(E VYY)

— (0:(ge(CC. I(E)VS0)) = Vilge) (CC, I (V)
— ge((V4C) ¢, I(E)VC) — ge(CC, Vi(I(€)) V()
+9¢(CC, IOV, ViJC) — ge(CC, (Vs ViE))

= (05(9¢(C¢, I(E) V) — Bi(9e(C¢ IV C)))

— ((Vsge)(CCIE)ViC) — (Vege) (CC,I(E)VL0))

— (96 ((VsC)C, T ViC) — ge((ViC)C, T(E)V Q)

— ge(CC, V(I(€)) Vi€ — Vi(I(€))VsC) — ge(CC, I(E)[Vs, ViIC).

We can now use Green’s formula and the assumed C'-bounds on j, J, and &
to bound the second integral on the right-hand side of :

(45)  [q, (9e(CV.CIEOVC) — ge(CViC, I(E)V.0)) dsdt

S ooy 96 (CC IO V) dsdt = [ 15,36 (CC T VC) dsdt
— [, (Vsge)(CC, I Vi) — (Vige) (CC, I(E) V() dsdt

~ [, (9:((VsC)C, IOVIC) = ge((ViC)S, T(€)VC)) disdt

~ [q,,96(CCVI(E)ViC = Vi(I () VsC) dsdt

— [ q,, 9¢(C¢, I(E)[Vs, Vi) dsdt

AM-G
> 0. ClCle(Cle + V¢l dsdt = LIV o — CalICI2 o
- Qs,r = 2 &H £,HO>

I[E

J
¢, J

where in the first inequality we have eliminated the integrals over the t =
0 and ¢ =4 boundary via the coherence condition on j and the fact that
9e(C I(E)VsQ)li=0 and ge (¢, J(§) V() |t=s vanish. Indeed, ge((, J(§) V() |t=s
vanishes by the Lagrangian boundary condition:

NN AN~ o~ o~

<Z,J(f) C>g|t 5 = woz11(deg, (£)C,

where we crucially used the fact that both the exponential map deg, (2)
and the connection V preserve T(Lo; x Li2)”. The boundary term
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9¢(¢, J(§)Vs()|i=0 vanishes due to the facts that de,, (&) preserves TAyy,, x
TAp,, V satisfies Voz sCo2/t=0 = p o Vs(|i=o for p: Mo211 — Moz the pro-
jeCtiOIl, and w2, Wo211 Satisfy W0211|TM02><TAMI = —p*WQQZ

(¢, J(E)VsC)¢li=0 = —woa(dew,, , (§o2)Co2; deuy, 5(§02) Voz,sC02) [t=0
— woz11(deg, (§)¢, deg, (§) V&) li=0
= _WOQ(deuw,s (502)(2? o C)’ deuoz,é (fo2>(17 © VSC))‘tZO
+ p*woz(deg, (£)¢, deg, (£) V() |t=0 = 0.
Combining , , and yields the following inequality:
HD»:CHZHU > %HVCHE,HO - C1HCH§,H0-

Adding C1|¢ Hg 0 to both sides of this inequality and taking the square root
of the result, we obtain:

IVClle o < CrIPeClIZ o + ISNZ 7o) < CrlIDeClle o + (1€ le,r0)-
In this estimate, we may replace || — ||¢,go with || — ||go by using the J-
independent uniform equivalence of these norms, which yields . O

Lemma 3.11 (elliptic estimate for k > 0). There is a constant ¢ > 0
and for every Cy >0, k>0, and 0 <ry <rg < p there is a constant Cy
such that the inequality

(46) IV ¢l @ < CrllPeCllnq,,) + Il 74 q,.))

holds for any choice of 6 € (0,r1/4], r € [r1,7r2], a coherent collection j of
complex structures on Qg , with ||j —illco < e and [|j — il cwaxcey < Co, a
pair J of compatible almost complex structures on Qs , which are contained
in a C™*1Y_pall of radius Cy and which induce by metrics whose
pairwise constants of equivalence are bounded above by Cy, a pair of sec-
tions ¢ € T572(Qsy) with |Cles < €, [Cller < Co, and €] 7. < Cor and

a smooth function n: Qys, — R with ||n|c+ < co and suppn C Qua,5-

Proof. Throughout this proof, C; will denote a d-independent constant and
P will denote a d-independent polynomial, and both may change from line
to line.

We break down the proof into several steps: in Step 1, we establish ,
but with an extra term on the right-hand side. In Step 2, we bound this extra



Pseudoholomorphic quilts with figure eight singularity 43

term, using different arguments in the k& # 3 and k& = 3 cases. In Step 3, we

establish .

Step la. We prove the following inequality:
(47)

InValllzr < Co | IDClme + ¢+ Y IV (I(C))V Vil 10

B>1,420,
B+y=k

fora=(s,...,s).
k

Since the connection V preserves the linearized boundary conditions and 7
is supported in Qa,s.,, we may estimate ||nV~(| 1 using Lemma

InVEC| e < CLIPe(VE) 1o + InVEC] 10)

k
k _
¢, <an§<HHo +[avine = 3 (3 )uasavitac

=1

- [k -
+0,CVs lvt<>+; <l>nVi(J(C))V’§ i

)

SCl(HD<CHm+HCHm+ > anﬁw(cnwvsdlm)-

B>1,v>0,
Bt+y=k

k
=Y eV VL VVETL
=1

— (0s1(A = J(C)) + Com)VEC

Step 1b. We prove for a general multiindex o of length k.

We establish Step 1b by induction on ny(a) := {#m € [1, k] | a, = t}. Step
la is the base case for this induction. For the inductive step, fix a with
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ny(a) > 1, and write a = (o/, a, = ¢, 8, ..., 8). We estimate:
——

k—m

InValllm = [nVar (CTHD(VE™C) — (A= J(O)VE ™)
< C1([[¢ll e + 1MV ar P (VE™O i + [V VET I 11
+ IV (JOVE ) 1)

k—m
—m kE—m o
—Cl<\|<\|Hl«+ana/(VE DcC—Z( l )(éiAV’; S
=1

k—m
+ OOV + ) (k F m) V(I
=1

k—m
- OV, vt]V’zm%) ‘
=1

+ 1NV VT
H

+ IIWaI(J(C)V’S’“_m“C)IIH1>

<Ci <IID<C||Hk e+ Y \InV'B(J(C))V”VSC\IHo),

B>1,720,
B+=k

where in the last inequality we have used the inductive hypothesis to bound
17V ar Va1 1.

Step 2a. In the k # 3 case, we prove the following inequality:

(48) > InVPI)VIVC o < CLlIC] -

B>1,72>0,
Bt+y=k

It follows from the assumption k # 3 that if 5, > 1 satisfy 6 +v =k + 1,
then min{f3,v} < max{k — 2,1}. Furthermore, the assumption |||/ 7. < Co
implies the inequality ||¢||ck-> < C; by the embedding of H' < C for one-

dimensional domains whose lengths are bounded away from zero. This, along
with the assumed C'-bound on (, yields in the k # 3 case.

Step 2b. In the k = 3 case, we prove the following inequality:

49) > VeIV, Vscllie < CLlDCl o + 1€ s + 62V C i)

B>1,4>0,
B+~=3
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The assumed C'-bound on ¢ implies that the only term in the left-hand side
of that is not immediately bounded by C4 ||| g5 is [|nV2(I () VV || gro-
Choose smooth maps

S, U: a*TM()QH — iL\* hom((TM0211)®2, TMOQH),
T: 0T Myg11 — @* hom((TMgg11)®3, TMgo11),
V: ﬂ*TMogu — u* hOl’n(TMogH, TM()QH)

so that the formula
(50)  VA(J(Q) = SC)(VX) + T()(VE, VE) + U)(VC) + V(C)

holds, where the maps S,T,U,V preserve fibers but may not respect their
linear structure. Since J is bounded in C3, S,T,U,V must be bounded in
C!. We may now use to bound the hat-part of |[nV2(J(¢))V V(|| go:

(51) 7V (T(E)VV 7o

< Gl + 1SV VVllle)

= Ci(I<llm= + [V<(S (V2 VT

= VSOV + S (V)IV, Vil o)

< Gl + 8215V Vleosr)

< C([I€lls + 8IS0V leorn |V leor )
where in the last inequality we have used the §-independent Banach algebra
property of C'H'. By Lemma ||§E||COH1 is bounded by C1 (|| D¢l 7. +
[[¢[|z2) and therefore by C1||¢| ;75; on the other hand, the C'-bound on S and

the C'-bound on ¢ implies the inequality ][S(E)(n%QZ) llcop <C4 ”77§2ZHCOH1-
Substituting these inequalities into , we obtain:

~

(52) V2TV Cllmo < CrllClms + 6Y2¢ 71V lcor)
< C1([[¢ll s + 82V |lcorn).-

Next, we use Lemma to bound ||[nV2¢||cop:

(53) [1V*Clleorr < C1lI¢l s + IV (1) lcorr)
< Ci(lncllas + VD) lleorr + 1I¢] =)
+ P(IVClicom )l mg, + 1PClicor)
< C1IDeCl s + ¢l s + InV2Cl ) + PACH ) I s
< C1IDeCll s + ¢l zs + 10V,
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where the last inequality follows from the assumed bound on ||¢|| 5. Substi-

tuting into , we obtain:

(54) 1nV*(T(C)V V]l 1o
< CL(I¢as + 0Y2(IDeC o + 1€l 75 + 19V3Car1))
< CLIPeCll s + 1€ s + 62 V3¢ ).

To bound the 02-part of ||nV2(J(¢))V V(| mo, we use the the fact that
the domains Q2 s, satisfy a uniform cone condition:

Holder
(55)  [nVoa(J02(C02)) Vo2 Voz,sCozll oy < C1llVa(Joz(Co2)) |t | Va¢ [ 2o
< Cr(L+ [IKla)IC e,

where the second inequality follows from the Sobolev embedding H' — L*
for two-dimensional domains satisfying a cone condition. Combining
and and using the assumed bound on [[(|| 7. yields the desired bound:

IV2(I(C)VVsCllre < Crll Pl s + ISl s + 82NV ar2)-
Step 3. We prove Lemmal3.11]

The k # 3 case of Lemma [3.11]is an immediate consequence of Steps 1b
and 2a.

Toward the k =3 case of Lemma let us show that there exists
do € (0,71] such that holds for ¢ € (0,dp]. Combining and
yields the following inequality:

(56) 1nV2C < CLllIDeCl s + SN s + 8210V Cllare)-

If we set dp := min{(2C1)~2,71}, where C is the constant appearing in ,
then yields the uniform inequality [[nV3¢||g < C1(|DeCll s + 11<1 s)
for all 6 € (0, dg).

It remains to establish the k = 3 case of for ¢ € [0, r1]. To do so,
we begin by bounding ||[V2(J(¢))V2(| g0, using the fact that the domains
Qs satisfy a uniform cone condition for ¢ € [0y, 71/4]:

67 VAV S CuIVEEO) 193¢

Sobolev
< Cr(1 A ([l z204) €] 220
< Cr(X+ ([l me)lIClas < CullCll s
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Substituting into (47)) yields the k = 3 case of for 6 € [dp,71/4]:

InV2¢ ) < C1<||D<<HH3 ¢+ Y IITIVﬂ(J(C))V”VsCHm)

B21,v20,
B+y=3

< Ci[DCllas + lIC] a9)- -

Proof of Lemma([3.8 Lemma follows immediately from Lemmata
and Indeed, choose 7: @02’5“ — R to be a smooth function with
77|§02M1 =1 and supp”n C Qo2,.r,- C1 and P will denote a ¢-independent
constant and a d-independent polynomial that may change from line to line.

Lemma yields a bound on ||(||gzx+1(q,,,):

(58) ¢l arvr1(@rr) < Il 015y < C1 (I ey + I1PeCl (s ,0)-

Lemma [3.9 yields a bound on Zf:_ol ||vlCHCOH1(Q57T1):

k—1
(59) D IVilieomqs.,)
=0
< Ci(lIKllme+2(Qs.y) T 1DCll (g, )
+P(HCHHk(Q5YT1)) (HCHH’” (Qs.ry) + HDCCHﬁk—l(Qé‘TI))
(158)

< Cl(”DCCHﬁk(QMQ) + HCH[}k(QMz))y

where in the second inequality we have used the assumed bound on

H(Hﬁk(le). Combining and yields

HCHﬁkH(Q&ﬁ) < Cl(HDCCHﬁk(Q&Tz) + ||<||I?k(Qa,r2))’

which can be used to inductively prove the desired inequality . O

We will not use the following proposition in this paper. However, it will
be used in [B] to show that the linearized Cauchy-Riemann operator defines
a Fredholm section.
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Proposition 3.12 (linear elliptic estimate for k = 2). There is a con-
stant € > 0 and for every Co >0, k > 0, and 0 < r1 < 19 < p there is a con-
stant Cy such that the inequality

Ilms1@s.) < CLlPeClme(@s.ry) + IS H0(Qs0,))

holds for any choice of 6 € (0,71/4], a coherent collection j of complex struc-
tures on Qs , with ||j —illco < € and [|j —illcz < Co, a pair I of compatible
almost complex structures on Qg , which are contained in a C2-ball of ra-
dius Cy and which induce by whose pairwise constants of equivalence
are bounded above by Cy, and two pairs of sections (,& € F’fij(Q&m) with
1€llco < € and [|€]|er < Co.

The proof is an easier version of the proof of Lemma (3.8
3.3. Proof of Thm. [3.1]

Now that we have established the necessary definitions and estimates in
843.1] we are finally ready to prove Thm.

Proof of Theorem [3.1. We divide the proof into steps: in Step 1, we show
that the squiggly strip quilts converge Cﬁ)c in a subsequence. In Step 2, we
upgrade this convergence to C{ZC. Finally, we prove in Step 3 that if the
gradient satisfies a lower bound at a sequence of points with limit on the
boundary, then at least one of v§®, v5° is nonconstant. Throughout this proof,

C1 will be a constant that may change from line to line.

Step 1. After passing to a subsequence, (v§(t — ")), (v{]i=0), (v5(t + "))
converge Cl%c to a (J§5°,Js5°, i)-holomorphic size-p degenerate strip quilt
(0%, v7°,v5°) for Loi X, Lia.

The Arzela—Ascoli theorem implies that there exist continuous maps

vt (=p,p) X (=p,0] = Mo, vi%: (=p,p) = M,
v"t (=p,p) X [0, p) = M>

such that after passing to a subsequence, (v{(s,t —0")), (v} |t=0), (v5(s,t+

d”)) converge CI% . to vg®, v°, v3°. Standard compactness for pseudoholomor-

phic curves (e.g. [MS, Theorem B.4.2]) implies that this convergence takes

place in Cff)c on the interior (i.e. away from the line ¢ = 0); in particular,

vg° resp. v5° are J§°- resp. J5°-holomorphic on the interior, hence C* by
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[MS| Theorem B.4.1]. In fact, we claim that v§® and v$° are C* on their full
domains, and that they satisfy a generalized Lagrangian boundary condition
in L01 X M, L12 at t = 0.

Denote by v the map

V= (,Ugo(_’0)71}?0(_)71}50(_),1};0(_’0)): (_p’ :0) - M(; x My x Mf X M.

To show that v3°, v5° satisfy a generalized Lagrangian boundary condition
in Lo; o L12, we will show that for any s € (—p, p), v(s) lies in Lo1 Xz, Li2.
The containment v(s) € My x A, x My is clear. To show the containment
v(s) € Lo1 x Li2, we will show that (v5°(s,0),v7°(s)) lies in Lo1; the proof
that (v°(s),v5°(s,0)) lies in L1 is analogous. Since (vg (s, —6"), v} (s, —d"))
lies in Lg1, and since (vY|t=o) converges C&C to v7°, it suffices to show that
the distances d(v{ (s, —6"),v{(s,0)) converge to zero. This follows from the
uniform gradient bound on (v{) and the convergence of 6" to zero.

Let us show that vg® and v§° are C*°. We have already concluded that
these maps are C* on the interior, so it only remains to show that they are
C> at the boundary points, w.l.o.g. at (0,0). For that purpose we choose
a neighborhood U C Lg; Xps, Li2 of ©(0) such that mpo|y: U — Mp2 is a
smooth embedding, hence mp2(U) C My is a noncompact embedded La-
grangian. Since v5° and v§° are continuous we find € > 0 such that 7((—¢,€))
is contained in U, which implies that (v5®, v5°)((—¢,€) x {0}) is contained
in mp2(U). The maps v§ and v§ have uniformly-bounded derivatives and
converge CL . to v5°,v5° on the interior of their domains, hence (v§°(s, —t),
v$°(s,1)) is in W4 ((—¢,€) x [0,€)). Standard elliptic regularity (e.g. [MS]
Theorem B.4.1]E[) applied to (v§°(s,—t),v5°(s,t)) now shows that v5° and
v5° are C* at (0,0). Since mo2|yr is a diffeomorphism onto its image, v is C*°
at 0 and thus we have shown that v§®, v{°, v5® are C*.

Step 2. After passing to a further subsequence, the convergence of (vg(s,t —
§")), (V¥|i=0), (V4(s,t+ 6Y)) takes place in Cf .
In order to establish CF . convergence near (—p, p) x {0}, we cannot rely on
[MS| Theorem B.4.2]. Rather, we will establish uniform Sobolev bounds for
all three sequences of maps. The compact Sobolev embeddings H*+2 — CF
resp. H**1 < C¥ for two-dimensional resp. one-dimensional domains will

: k
then provide Cj} -convergent subsequences.

°The hypothesis of [MS] that the Lagrangian submanifold is closed can be re-
moved.
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Set J¥ resp. j¥ to be the coherent pair of almost complex structures resp.
coherent collection of complex structures resulting from the transformations
resp. applied to JY, JY,J5 resp. j¥, and set (wfy, W) to be the
(J¥,3”)-holomorphic size-(§, p) folded strip quilt resulting from the trans-
formation applied to (vg, vy, v4). Then wg, resp. w"|;—o converge CI%C to
up2(s, t) := (v5°(s, —t),v5°(s,t)) resp. u(s,t) := (v§°(s,0),v5°(s,0),v7°(s),
v$°(s)), where we have used the assumed Cl-bounds on (v§), (v%). Since
(J¥) resp. (J¥|i=o) resp. (J¥) converge CK*1 to J§° resp. Ji© resp. J$°, and
since (JY), (J¥), (J%) are C¥2-bounded, (J%,) resp. (J*|i—o) converge CF+
to J§5 resp. J °°; since j¥ converges in C;°. to the standard complex structure
i % — %, % — —%, the components of j* converge in Cy%,. to the standard
coherent collection i of complex structures,

(60) = ((i,4), (i,1,4,1)).

Fix p' € (0,p) and choose p > p1 > pa > -+ > prio = p'. Set ug to be
the restriction and extension to Qv ,, of u as defined in (32)). Due to the C_ -
convergence of wgy resp. W |¢=o to upz resp. and the uniform C L_bounds on
WY, we can express W, resp. WY on Qo2 5,5, resp. Qsv 5, for sufficiently large
v in terms of the corrected exponential maps ey, ;. resp. eg;, and sections

(¢4y, C¥) € THHL as introduced in

usv

o~

w62 = Cugasv (<02)7 W = Clsv (C)

The sections (s, Z” converge to zero in CY as v — 00, are uniformly bounded
in C!, and satisfy boundary conditions in the linearizations of (Lo X
ng)T and M() X AMI X Mg.

Iteration claim. We bound HD”VC"H}}[(Q&V ) and ||(”H;IZ(Q§V ) Jor le

[1, k + 2] by induction on 1, where H! and D¥ are the modified Sobolev space
and the linear delbar operator defined in using J¥, j¥, and the pair of
connections V = (Voa, V) constructed in Lemma .

The first key fact for this claim is the formula
(61)  DEC” = deus (€))7 (Dav o (s (C)) = FY(CV)) =2 G¥(CY),

justified in , where apd-u is the nonlinear delbar operator defined in .
The relevant fact here is that G¥ is a pair of smooth maps

GEQZ u82’5vTM02 — USZ(;UTMOQ, G": ﬁEVTMOQH — /’IIEUTMOQH
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that preserve fibers but do not necessarily respect their linear structure.
Furthermore, for any k, G¥ is uniformly bounded in C*. The second key fact
is Lemma, which is a collection of d-independent elliptic estimates.

Since ¢¥ is uniformly bounded in C?, 1< 1 1 Qs ) a0 [ DEC 1 Qs )
= G"(¢")|l#1(qsv,,) are uniformly bounded. This establishes the base case
of the iteration. B

Next, say that ¢¥ and DY (" are uniformly bounded in H' (Qsv,p,) for
some [ € [1,k+1]. Lemma yields:

62) 1 rqu,, ) < CIDEC g,y + 1€ Qe )-
It remains to bound [ D¢, ¢"| 7 Qo ) Since ¢¥ is uniformly bounded

in H*+1(Qs. pii1)s it is uniformly bounded in C""1(Qgv p,,,) by Lemma
which allows us to bound [|Df, ¢” HHl+1

Qé" P+1)
HDEvCVHﬁHl(QSu,,,M)
(61)
A Am
§01< Z H|v 1CV‘|V CV|HHO(Q6”,pl+1)
Alyeens Am >1
A+ Am <U+1
A1 Am
i Z H|V CV||V <V|HC°H°(Q5”vﬂz+1)
A1y Am>1,
At Am
n Z H‘VSVA1CV|’V)\2<V|...’V)m’f”|HCoHo(Q{;V’le)>
A1>0,Ag,..., Am>1,

A4+ Am<i—1

—1
S Cl(HCVHH”l(QaV,le) + Z ”VmCVHC(JHl(Q(SV’pI+1) + 1)

m=0

< Cl(HCVHf[Hl(qu,le) * 1)'

This, together with , establishes the iteration step and completes the
Iteration Claim.

The uniform bounds on ||CV||E,€+2(Q5V ) and the Ck-bounds that
P42

result from Lemma yield uniform bounds on HWZO/QHH’C“(QW,%H)?

~ s . .
||w HHk#»2(Q5VYPk+2), and [[w0"” [i=o || g5 +1 ((—pys2,pr12))- Lhese bounds induce uni-
form bounds on the H*¥*2-norms of vg, vy on the relevant subdomains of

(—pri2, prr2)? and on the H*1-norms of VY| (“prsaprss)x{0}- The compact
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embeddings H¥*2 < C*F resp. H*1 — CF for two-dimensional resp. one-
dimensional domains implies the desired Cf _-convergence of (vj(s,t — 6¥))
resp. (v{(s,0)) resp. (v§(s,t+ 6")) to vg° resp. vi° resp. vs°.

Step 3. We show that if for some ¢ € {0,1,2} and k > 0 the gradient sat-
isfies a lower bound |dvy(0,7")| > k for some 7V — 7°° € (—p,p), then at
least one of vg°,v5° is nonconstant.

In the notation of Step 2, it suffices to show that if for some 7% — 7°° ¢
[0, p) and & > 0 the inequality |dw”(0,7")| := |dwf,(0,7)| + |[dw” (0, 7")| >
k is satisfied, then wugo is not constant. We prove the contrapositive of this
statement: assuming that wugo is constant, we will show that the quantities
limy 00 SUPseg ) |[dwia (0, 2)] and limy o0 SUpcg 501 [d@” (0, )| are both zero.

Since the convergence of (w{,) to upe takes place in Clloc, the quantity
limy, 00 SUPse(o,p) [dwga (0, 2)| is zero. To see that the quantity

lim sup |dw”(0,1)]
V0 4e[0,67]

is also zero, note that by the last paragraph of Step 1, the limit @ of (@) is
also constant, which implies the formula dw” = deg,, (¢¥)(V(Y). It follows
that to prove the equality lim, oo SUpcio 5v] IV@”(0,)] = 0, it suffices to
prove the equality lim, o0 SUpsco 5] ]@EV(O, t)] = 0. We can now estimate,
using the Sobolev inequality || — ||co < Ci|| — ||z for one-dimensional do-
mains whose lengths are bounded away from zero:

limsup sup |V¢Y(0,¢)| < lim sup |V¥(0,0)|
v—00  te[0,6v] V00 te(0,6v]

+ lim sup |VC(0,t) — VE(0,0)]

V=00 4210,6v]

= lim sup |V¢"(0,t) — V¢¥(0,0)]

Vo0 4e(0,0v)
. S S
. v S S 1/2
< Vlgﬁlo Cy(6 )1/2 (fo IViV¢ (07t>‘2dt)
Sob<ole\1/. C (5" 1/217) —0
> 1(67) HCHHs(QSV,p) -

This completes the contrapositive of Step 3, which concludes our proof of
Theorem [B.11 d
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Appendix A. Removal of singularity for cleanly
intersecting Lagrangians

In this appendix, we sketch a proof of removal of singularity for a holo-
morphic curve satisfying a generalized Lagrangian boundary condition in
an immersed Lagrangian with locally-clean self-intersection. We emphasize
that this is not a new result, see e.g. [Abl [CELL [F, IS, [Sc]. We have included
the following proposition in this paper because our methods allow us to give
a short proof.

This removal of singularity will be stated for maps u with Lagrangian
boundary conditions lifting to paths 7, ~":

(A1) wu: (B0,1)NH)~{0} - M, ~":(-1,0) =L, ~:(0,1)— L,
@/(7/(3/)) = u(s/,O), @(7(8)) = U(S,O) Vs e (_170)7 s € (07 1)7
Osu+ J(s,t,u)u =0, E(u):= [u'w < oo,

where (M,w) is a closed symplectic manifold, p: L — M and ¢': L' — M’
are Lagrangian immersions with L, L’ closed, and J is an almost complex
structure J: B(0,1) NH — J(M,w). We will assume that ¢(L), ¢’ (L) in-
tersect locally cleanly, which means that there are finite covers L = | J;_, U;,
L' = Ué:l U/ such that ¢ resp. ¢’ restrict to an embedding on each U; resp.
U, and ¢(U;), ¢'(U}) intersect cleanly for all , j.

Proposition A.1. If u,v,~" satisfy (A.1]), then u extends continuously
to 0.

Sketch proof of Proposition[A.1. The first part of the proof of [AH, Theo-
rem 7.3.1] yields a uniform gradient bound on w« in cylindrical coordinates
near the puncture. We must make a minor modification due to the fact
that the Lagrangians defining our boundary conditions are immersed, not
embedded: Recall that the uniform gradient bound in cylindrical coordi-
nates is established in [AH] by assuming that there is a sequence ((sg,tr)) C
(=00, 0] x [0, 3] so that limy_,« [du(sy, t))| = 0o, which necessarily has sj, —
—o0. Rescaling at the points (s, tx) yields a sequence of maps that con-
verges in C;X to a nonconstant map on either R? or +H, which contradicts
the finiteness of the energy. To adapt this proof to our situation, let § be a
Lebesgue number for L = Ule U;and L' = U§=1 U/. That is, if A is a subset
of L (resp. of L’) with diam A < ¢, then A C U; (resp. A C U]) for some i.
Now rescale at the points (sg,?;) as in [AH], but restrict the resulting maps
to the intersection of B(0, %5) with their domain. The gradient bound on
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these rescaled maps and our choice of ¢ allows us to pass to a subsequence
so that for some i, j, all the rescaled maps have boundary values in 7(U;) or
7' (U}). A further subsequence converges in Cpy,, so we get a contradiction
and therefore a uniform bound on |Vu| in cylindrical coordinates.

The analogue of Lemma holds in this setting; the proof is the same
as for Lemma [2.3] but simpler. As in the first paragraph, some care must be
taken with the immersed Lagrangians.

The analogue of Lemma[2.9 holds in this setting, though the proof must
be modified. Specifically, the domains Uy, U1, Us, Us used in the proof of that
lemma must be replaced by the domain B(0,1) N H.

A slight modification of the proof of Theorem establishes Proposi-
tion [A1l O

References

[Ab] C. Abbas, Pseudoholomorphic strips in symplectisations. I. Asymp-
totic behavior, Ann. Inst. H. Poincaré Anal. Non Linéaire 21 (2004),
no 2, 139-185.

[AH] C. Abbas and H. Hofer, Holomorphic Curves and Global Questions
in Contact Geometry, (2006), unpublished.

[B] N. Bottman, Pseudoholomorphic Quilts with Figure Eight Singu-
larity, Thesis, MIT, (2015).

[BW] N. Bottman and K. Wehrheim, Gromov compactness for squiggly
strip shrinking in pseudoholomorphic quilts, arXiv:1503.03486.

[CEL] K. Cieliebak, T. Ekholm, and J. Latschev, Compactness for holo-
morphic curves with switching Lagrangian boundary conditions,
J. Symplectic Geom. 8 (2010), no. 3, 267-298.

[F] U. A. Frauenfelder, Floer homology of symplectic quotients and the
Arnold-Givental conjecture, Thesis, ETH Ziirich, (2003).

[GS] V. Guillemin and S. Sternberg, The moment map revisited, J. Dif-
ferential Geom. 69 (2005), no. 1, 137-162.

[IS] S. Ivashkovich and V. Shevchishin, Reflection principle and J-
complex curves with boundary on totally real immersions, Commun.
Contemp. Math. 4 (2002), no. 1, 65-106.



Pseudoholomorphic quilts with figure eight singularity 55

[MS] D. McDuff and D. A. Salamon, J-Holomorphic Curves and Sym-
plectic Topology, Volume 52 of American Mathematical Society Col-
loquium Publications, American Mathematical Society, Providence,
RI, (2004).

[Sc] F. Schméschke, Functoriality for Floer homology in view of sym-
plectic reduction, Thesis.

[W1] K. Wehrheim, Fredholm notions in scale calculus and Hamiltonian
Floer theory, arXiv:1209.4040.

[W2] K. Wehrheim, Strip-Shrinking for Pseudoholomorphic Quilts with
Multiply-Covered Geometric Composition, Unpublished notes.

[W3] K. Wehrheim, Uhlenbeck Compactness, EMS Series of Lectures
in Mathematics, European Mathematical Society (EMS), Ziirich,
(2004).

[WW1] K. Wehrheim and C. T. Woodward, Floer cohomology and geometric
composition of Lagrangian correspondences, Adv. Math. 230 (2012),
no. 1, 177-228.

[WW2] K. Wehrheim and C. T. Woodward, Quilted Floer cohomology, Ge-
ometry & Topology 14 (2010), no. 2, 833-902.

SCHOOL OF MATHEMATICS, INSTITUTE FOR ADVANCED STUDY
1 EINSTEIN DR, PRINCETON, NJ 08540, USA
E-mail address: nbottman@math.ias.edu

RECEIVED JuLy 8, 2018
AcceEPTED OCTOBER 31, 2018






	Introduction
	Removal of singularity for the figure eight bubble
	Convergence modulo bubbling for strip-shrinking
	Appendix Removal of singularity for cleanly intersecting Lagrangians
	References

