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In this paper, we give the notion of a CLWX 2-algebroid and show
that a QP-structure (symplectic NQ structure) of degree 3 gives
rise to a CLWX 2-algebroid. This is the higher analogue of the result
that a QP-structure of degree 2 gives rise to a Courant algebroid. A
CLWX 2-algebroid can also be viewed as a categorified Courant al-
gebroid. We show that one can obtain a Lie 3-algebra from a CLWX
2-algebroid. Furthermore, CLWX 2-algebroids are constructed from
split Lie 2-algebroids and split Lie 2-bialgebroids.
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1. Introduction

This paper is motivated by the following questions:

o A QP-structure of degree 2 gives rise to a Courant algebroid. What is
the geometric structure underlying a QP-structure of degree 37

e What is a categorified Courant algebroid? Or, equivalently, what is
the Loo-analogue of a Courant algebroid?

e Split Lie 2-algebroids have become a useful tool to study problems
related to NQ-manifolds. What is a split Lie 2-bialgebroid? What is
the double of a split Lie 2-bialgebroid?

The CLWX 2-algebroid that we introduce in this paper provides answers of
above questions.

A QP-manifold of degree n is a graded manifold equipped with a graded
symplectic structure of degree n and a degree n + 1 function satisfying the
master equation. A QP-manifold is also called a symplectic NQ manifold
in some literature, e.g. [Roy02]. QP-manifolds are very important in the
topological field theory. Classical QP-manifolds of degree 1 are in one-to-
one correspondence with Poisson manifolds. The 2-dimensional topological
field theory constructed by AKSZ formulation [AKSZ] is the Poisson sigma
model. Classical QP-manifolds of degree 2 are in one-to-one correspondence
with Courant algebroids [Roy02]. Courant algebroids can be used as target
spaces for a general class of 3-dimensional topological field theory [Roy07B].
The notion of a Courant algebroid was introduced by Liu, Weinstein and
Xu in [LWX97] in the study of the double of a Lie bialgebroid [MX]. An
alternative definition was given in [Roy|. See the review article [KS] for
more information. Roughly speaking, a Courant algebroid is a vector bun-
dle, whose section space is a Leibniz algebra, together with an anchor map
and a nondegenerate symmetric bilinear form, such that some compatibil-
ity conditions are satisfied. If a skew-symmetric bracket is used, in [RW9S],
the authors showed that the underlying algebraic structure of a Courant
algebroid is a Lie 2-algebra, which is the categorification of a Lie algebra
[BCl Roy07A].

In [IU], the authors studied QP-manifolds of degree 3 and derived a
new 4-dimensional topological field theory by the AKSZ construction. The
authors showed that a QP-manifold of degree 3 gives rise to a Lie algebroid
up to homotopy (Ikeda-Uchino algebroid), and analyzed its algebraic and
geometric structures.
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In this paper, we restudy QP-manifolds of degree 3 and find that a QP-
manifold of degree 3 can give rise to a more fruitful geometric structure,
which we call a CLWX 2-algebroid. Roughly speaking, a CLWX 2-algebroid
is a graded vector bundle £ = Fy & E_1 over M, whose section space is a
Leibniz 2-algebra, together with an anchor map p : £y — T'M and a nonde-
generate graded symmetric bilinear form of degree 1, such that some compat-
ibility conditions are satisfied. See Definition for details. Since Leibniz
2-algebras are the categorification of Leibniz algebras, CLWX 2-algebroids
can be viewed as the categorification of Courant algebroids. This viewpoint
can also be justified by another fact: a Courant algebroid over a point is a
quadratic Lie algebra while a CLWX 2-algebroid over a point is a quadratic
Lie 2-algebra. Generalizing Li-Bland and Meinrenken’s construction of a
Courant algebroid from a coisotropic action of a quadratic Lie algebra on a
manifold [LM], we construct a CLWX 2-algebroid, called the transformation
CLWX 2-algebroid, using an action of a quadratic Lie 2-algebra on a mani-
fold. We show that we can obtain a Lie 3-algebra (3-term Loo-algebras) from
a CLWX 2-algebroid if we use the skew-symmetric bracket. This is a higher
analogue of Roytenberg and Weinstein’s result given in [RW9S].

Usually an NQ-manifold of degree n is considered as a Lie n-algebroid
[Vor10]. In [SZ], the authors defined split Lie n-algebroids using graded vec-
tor bundles. The equivalence between the category of split Lie n-algebroids
and the category of NQ-manifolds of degree n is given in [BP]. The language
of split Lie n-algebroids has slowly become a useful tool to study problems
related to NQ-manifolds [Jotl, [Jot18] [Jot19]. There is a Courant algebroid
structure on A @ A* associated to any Lie algebroid A. Similarly, we con-
struct a CLWX 2-algebroid structure on A @ A*[1] associated to any split
Lie 2-algebroid (A = Ay ® A_1,l1,l2,13,a). The notion of a Lie bialgebroid
was introduced in [MX] as the infinitesimal object of a Poisson groupoid.
Using the graded Poisson bracket on T*[3|E[1], where E = Ay ® A*{, we
introduce the notion of a split Lie 2-bialgebroid. Furthermore, we show that
there is a CLWX 2-algebroid structure on the double A & A*[1] of a split
Lie 2-bialgebroid (A,.A*[1]), which is a higher analogue of the fact that
there is a Courant algebroid structure on the double A ® A* of a Lie bial-
gebroid (A, A*). Recently, the notion of an L..-bialgebroid is introduced in
[BV], which is a natural generalization of the Kravchenko’s notion of an
Loo-bialgebra [Kral. Even though the 2-term truncation of an L-algebroid
is a split Lie 2-algebroid, the 2-term truncation of an L.,-bialgebroid is not
a split Lie 2-bialgebroid.

The theory of Courant algebroids is very rich, and we can go on to
study analogously for CLWX 2-algebroids. In [LSh], we introduce the notion
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of a weak Dirac struture of a CLWX 2-algebroid and establish its relation
with Maurer-Cartan elements of certain homotopy Poisson algebra. In [She],
transitive CLWX 2-algebroids are studied in detail, and it is shown that a
quadratic Lie 2-algebroid admits a CLWX-extension if and only if its first
Pontryagin class, which is represented by a closed 5-form, is trivial.

The paper is organized as follows. In Section 2, we recall QP-manifolds,
Courant algebroids, Lie n-algebras, Leibniz 2-algebras and Lie 2-algebroids.
In Section 3, we give the definition of a CLWX 2-algebroid and analyze
its properties. We construct “transformation CLWX 2-algebroid” from a
quadratic Lie 2-algebra action on a manifold. We show that a CLWX 2-
algebroid gives rise to a Lie 3-algebra (Theorem . In Section 4, we
construct a CLWX 2-algebroid from a split Lie 2-algebroid directly (Theo-
rem [4.4). In Section 5, we show that the degree 3 QP-manifold T*[3]A[1]
gives rise to a CLWX 2-algebroid through the derived bracket (Theorem [5.1)).
In Section 6, we give the definition of a split Lie 2-bialgebroid using the
canonical graded Poisson bracket on T*[3]A[1], where A = Ay ® A_; is a
graded vector bundle. Then we show that the double A & A*[1] of a split
Lie 2-bialgebroid (A, .A*[1]) is a CLWX 2-algebroid (Theorem [6.2]).

Acknowledgements. We give our warmest thanks to Zhangju Liu, Alan
Weinstein, Xiaomeng Xu and Chenchang Zhu for very useful comments and
discussions. We also give our special thanks to the referee for very helpful
suggestions that improve the paper.

2. Preliminaries
2.1. QP-manifolds and Courant algebroids

Recall that a graded manifold M is a sheaf of a graded commutative algebra
over an ordinary smooth manifold M. The structure sheaf of M is locally
isomorphic to a graded commutative algebra C*°(U) @ S(V'), where U is an
ordinary local chart of M, S(V') is the polynomial algebra over V' and where
V :=)",5, Vi is a graded vector space such that the dimension of V; is finite
for each 1.

Definition 2.1. A graded manifold M equipped with a graded symplectic
structure w of degree n is called a P-manifold of degree n.
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The structure sheaf C*°(M) of a P-manifold becomes a graded Poisson
algebra. The graded Poisson bracket is defined by

(1) {f,9} = —1x,1x,w,

where f, g € C°°(M) and X} is the Hamiltonian vector field of f,i.e. 1x,w =
—df. We recall the basic properties of the graded Poisson bracket,

(2) {f, 9} = —(=n)HI=mlsl=m) £4 £}
(3) {f.gh} ={f. gt h+ (—1)II=n ‘g‘g{f h}
(4) {f.{g,h}} = {{f, 9} b} + (—1)ITI=msl=m) £ L £ p}y

where | f | is the degree of f and n is the degree of the symplectic structure.
The degree of the Poisson bracket is —n.

Definition 2.2. Let (M,w) be a P-manifold of degree n. A function © €
C>®(M) of degree n + 1 is called a Q-structure, if it is a solution of the
classical master equation

(5) {©,0} =0.
The triple (M, w, ©) is called a @ P-manifold.

It is well-known that QP-manifolds of degree 2 are in one-to-one corre-
spondence with Courant algebroids [Roy02, Theorem 4.5].

Definition 2.3. [LWX97] A Courant algebroid is a vector bundle E
together with a bundle map p: E — T'M, a nondegenerate symmetric bi-
linear form S, and an operation ¢ : I'(F) x I'(E) — T'(E) such that for all
e1, ez, e3 € I'(E), the following axioms hold:

(i) (T'(E),©) is a Leibniz algebra;
(ii) S(e1oe1,e2) = 3p(ea)S(er, e1);
(iii) p(e1)S(e2,e3) = S(e1 o ea,e3) 4+ S(ea, e1 o e3).
Given a QP-manifold of degree 2, the Courant algebroid structure is
obtained by the derived bracket using the @-structure © [Roy02]. See [Getl,
Vor05] for more information about higher derived brackets.

For a vector bundle A, the graded manifold T*[2]A[1] is a P-manifold of
degree 2. Let (2%, £%) be local coordinates on A[1], we denote by (z%, £, 6,, ;)
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the local coordinates on T*[2] A[1]. About their degrees, we have
degree(z’, %, 60,4, p;) = (0,1,1,2).
The graded Poisson bracket satisfies

{xzvpj} = 5; = —{pj,xz}? {gaveb} = 5g = {91”511}‘

A Lie algebroid structure on A is equivalent to a degree 3 function u =
pipsz 2ubC§b§CH such that {y,u} = 0. A Lie bialgebroid structure on
A is given by a degree 3 function p + «, which can be locally written as

= pipi€® + 5#‘&5%‘39@, v = o®piby + 7 €030,

and they satisfy
{4y, p+v}=0.

On A @ A*, there is a natural Courant algebroid structure, in which the
Q-structure © is exactly pu + 7.

2.2. Lie n-algebras, Leibniz 2-algebras and Lie 2-algebroids

A Lie 2-algebra is a 2-vector space C' equipped with a skew-symmetric bilin-
ear functor, such that the Jacobi identity is controlled by a natural isomor-
phism, which satisfies the coherence law of its own. It is well-known that
a Lie 2-algebra is equivalent to a 2-term L.-algebra [BC|. L.o-algebras,
also called strongly homotopy Lie algebras, were introduced in [Sta]. See
[LMO95, ILS] for more details.

Definition 2.4. An L.-algebra is a graded vector space g = ®;czg_;
equipped with a system {I;| 1 < k < oo} of linear maps Iy : AFg — g with
degree deg(ly) =2 — k, where the exterior powers are interpreted in the
graded sense and the following relation with Koszul sign “Ksgn” is satisfied
for all n > 0:

(6) Z W= Dngn )Ksgn(o)

i+j=n+1
X lj(li(xa(l)a T 7330(1'))7 Lo(i41)s """ 7:60'(71)) =0.

Here the summation is taken over all (¢, n — ¢)-unshuffles with i > 1.
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People usually refer to an L..-algebra with g_; =0 for all i > n and
1 < 0 as an n-term L,-algebra and we will call an n-term Lo.-algebra a Lie
n-algebra.

As a model for “Leibniz algebras that satisfy Jacobi identity up to all
higher homotopies”, the notion of a strongly homotopy Leibniz algebra, or a
Lod.-algebra was given in [Liv] by Livernet, which was further studied by
Ammar, Poncin and Uchino in [AP] [Uch|. In [SL], the authors introduced
the notion of a Leibniz 2-algebra, which is the categorification of a Leibniz
algebra, and prove that the category of Leibniz 2-algebras and the category
of 2-term Lods.-algebras are equivalent.

Definition 2.5. A Leibniz 2-algebra )V consists of the following data:
e a complex of vector spaces V : V_; 4, Vo,
e bilinear maps lo : V_; x V_; — V_;_;, where 0 < i+ j <1,
e a trilinear map I3 : Vo x Vo x Vg — V_q,

such that for all w,z,y,z € Vy and m,n € V_q, the following equalities are
satisfied:

(a) diag(z,m) = la(z,dm),

(b) dla(m,z) = lz(dm, ),

(¢) lo(dm,n) = la(m,dn),

(d) dis(z,y,2) = la2(z,l2(y, 2)) = l2(l2(,y), 2) — l2(y, l2(, 2)),
(e1) ls(z,y,dm) = lz(w,l2(y, m)) — l2(l2(x,y), m) — l2(y, l2(x,m)),
(e2) ls(z,dm,y) = lz(z,l2(m,y)) — l2(l2(z,m), y) — l2(m, I2(2,y)),
(e3) ls(dm,z,y) = la(m, l2(x,y)) — l2(l2(m, @), y) — l2(x,l2(m, y)),
(f) the Jacobiator identity:

la(w,l3(z,y, 2)) — la(x, l3(w,y, 2)) + la(y, I3(w, 2, 2)) + la(l3(w, z,y), 2)
—Is3(lo(w, x),y, 2) — l3(x, l2(w,y), 2) — l3(z,y, l2(w, 2))
+ l3(w, la(z,y), 2) + Is(w,y,la(x, 2)) — l3(w, x,l2(y, 2)) = 0.

We usually denote a Leibniz 2-algebra by (V_1,Vp,d,l2,l3), or simply
by V.
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Definition 2.6. A split Lie 2-algebroid is a graded vector bundle A =
Ao ® A_1 over a manifold M equipped with a bundle map (called the anchor)
a: Ag — TM, and brackets [; : T(A"A) — I'(A) with degree 2 — i for i =
1,2, 3, such that

(i) (I'(A),l1,12,13) is a Lie 2-algebra;

(ii) Io satisfies the Leibniz rule with respect to the anchor a:
(X, [Y) = [1o(X°,Y) + a(X°)())Y,

for all X0 € T'(Ag), f € C®(M), Y € T'(A);
(iii) {; and I3 are C°°(M)-linear.
Denote a Lie 2-algebroid by (A,l1,1l2,13,a).
Remark 2.7. In our definition of a Lie n-algebroid, the section space is an

Loo-algebra. In [Bru], the author introduced a notion of an L..-algebroid,
where the section space is a superized (Zg-graded) Loo-algebra.

Lemma 2.8. Let (A,l1,l2,13,a) be a Lie 2-algebroid. Then we have

(7) aoly =0,
(8) a(lo( X0, YY) = [a(X0),a(Y?)], VX, Y0 eTI(A4p).

Proof. On one hand, for all X € T'(4p), X! € T'(A_1) and f € C®(M), we
have

(L (X"), fXo) = fla(L(X1), Xo) + a(li (X)) (F)X°.
On the other hand, since (I'(A), 11, l2,13) is a Lie 2-algebra, we have

L(Iy(XY), fX0) = L(l(XY, £X0)) = L(fla( XY, X0)) = fli(l2(X1, X0)).

Therefore, we have a(l;(X'))(f)X° = 0, which implies that holds.
For all X%, Y? 7% € T'(Ap) and f € C>°(M), by

b(l2(X°,Y°), f2°) + b ((Y?, £ 2°), X°) + la(12(£ 2°, X°),Y")
= _l3(X07YO7fZ0) = _fl3(X07Y0720)7

we can deduce that holds. O
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3. CLWX 2-algebroids and Lie 3-algebras
3.1. CLWX 2-algebroids

In this subsection, we introduce the notion of a CLWX 2-algebroid (named
after Courant-Liu-Weinstein-Xu) and analyze its properties.

Definition 3.1. A CLWX 2-algebroid is a graded vector bundle & =
E_1 & Ey over M equipped with a non-degenerate graded symmetric bilin-
ear forrrﬁ S on &, a bilinear operation o : ['(E_;) x T'(E_;) — T'(E_(; 1)),
0 <i+j <1, which is skewsymmetric on I'(Ey) x I'(Ep), an E_;-valued 3-
form Q on Ey, two bundle maps d: F_1 — Fy and p: Eg — T M, such
that £_1 and Ej are isotropic and the following axioms are satisfied:

(i) (T'(E-1),T(Ey),0,0,9) is a Leibniz 2-algebra;

(i) for all e € I'(£), ece = 1DS(e,e), where D : C®(M) — I'(E_;) is
defined by

(9) S(Df,e%) = p(e®)(f), Ve € T(Eo);

(iii) for all el, el € T(E_1), S(O(el),ed) = S(el, a(ed));
(iv) for all eq,e2,e3 € I'(E), p(e1)S(e2, e3) = S(e1 ¢ ez, e3) + S(ez, €1 ¢ €3);

(v) for all €9, €9, €3, el € T'(Ep), S(Q(el, €9, e9),el) = —S(e3, Q(eY, €9, €?)).

Denote a CLWX 2-algebroid by (E_1, Ey, 9, p, S,©,2), or simply by &.
Since the section space of a CLWX 2-algebroid is a Leibniz 2-algebra, the
section space of a Courant algebroid is a Leibniz algebra and Leibniz 2-
algebras are the categorification of Leibniz algebras, we can view CLWX
2-algebroids as the categorification of Courant algebroids.

Remark 3.2. When M is a point, both Ey and E_ are vector spaces and
the operators D and p vanish. In this case, the operation ¢ is skew-symmetric.
It follows that (E_1, Ey, 0, ¢, () is a Lie 2-algebra. Furthermore, S is a degree
1 pairing. Axioms (iii)-(iv) imply that S is invariant. Thus, what we obtain is
a metric (quadratic) Lie 2-algebra. This is a higher analogue of the fact
that a Courant algebroid over a point is a metric (quadratic) Lie algebra.

Here graded symmetry means S(e?,h?) = (—=1)%S(h7,e?) for all €' € T'(E_,;),
hi e F(E_7)
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See [BSZ] and [Kra] for more information about general notion of an Lao-
algebra with a degree k nondegenerate graded symmetric invariant bilinear
form.

Remark 3.3. Note that via the nondegenerate bilinear form S, we obtain
that F_; = Ej. Comparing to the Lie algebroid up to homotopy introduced
in [[U], the main difference is that our bilinear operation ¢ is defined from
[(E-;) x T(E_j) to I'(E_(j1j)), 0 <i+j < 1, while their bilinear operation
[-,-] is only defined from I'(Ep) AT'(Ep) to I'(Ep). Consequently, we have a
Leibniz 2-algebra underlying a CLWX 2-algebroid, which is the higher ana-
logue of the fact that there is a Leibniz algebra underlying a Courant alge-
broid. It turns out that the operation o : I'(E_;) x T'(E_;) — T'(E_(;1;)),
i+ j =1, behaves more like the Courant-Dorfman bracket in a Courant
algebroid. Thus, CLWX 2-algebroids are more fruitful structures than Lie
algebroids up to homotopy.

Remark 3.4. The standard Courant algebroid T'M & T* M can be viewed
as a CLWX 2-algebroid (T*[1|M,TM,0 =0,p =1id, S,©,2 = 0), where S is
the natural symmetric pairing between T'M and T* M, and ¢ is the standard
Dorfman bracket given by

(10) (X+a)o(Y+8)=[X,Y]+ LxB — tyda,

forall X, Y € X(M), a, B € QY(M). Similarly, a Courant algebroid A & A*,
in which A is a Lie algebroid and A* is abelian, can also be viewed as a
CLWX 2-algebroid. However, there is not a canonical way to obtain a CLWX
2-algebroid from an arbitrary Courant algebroid. See Remark for an
interpretation from the viewpoint of QP-manifolds.

Example 3.5. Let H € Q*(M) be a closed 4-form, which can be viewed as
a bundle map from ASTM — T*M. Then (T*[1]|M,TM,0 = 0, p = id, S, o,
Q = H) is a CLWX 2-algebroid, where S and ¢ are the same as the ones given
in the above remark.

Lemma 3.6. Let (F_1,Ey,0,p,S,0,Q) be a CLWX 2-algebroid. For all
e1,e0 €T(E), €V,€Y € T(Ey) and f € C®°(M), we have

(11) e1 o fea = f(e10e2) + ple1)(f)ez,
(12) (fer)oea = f(e1oe2) — ple2)(f)er + S(e1, e2)Df,
(13) p(ed o ed) = [p(e?), p(e3)].
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Proof. By axiom (iv) in Definition [3.1| and the nondegeneracy of S, we have

S(e1 o fea,e3) = p(e1)S(fea,es3) — S(fea,e1¢e3)
= fp(e1)S(ea, e3) + S(ez,e3)pler)(f) — fS(ez, e1 0 e3)
= S(f(e1oe2),e3) + S(pe1)(f)ez, es),
which implies that holds.

By axiom (ii) in Definition follows immediately.
By (d) in Definition 2.5 for f € C°°(M), we have

FO(el, e3,€5) = €] © (€5 o fe§) — (€] o €) o fe —eh o (e] © fey)
0 0w 0y o0 0. (.00

= f(€(1)<>(€(2)<>€3) —(e1oey) oey —620(61063))
+ (D) F) — ADAS) () = pled o ed)(f) )
= 100el, 3, e§) + (In(e), peD)](F) — pled o D)) )b,
which implies that holds. O

Lemma 3.7. Let (E_1, Eg,0,p,S,0,9Q) be a CLWX 2-algebroid. For all e® €
I'(Ep) and f € C*°(M), we have

(14) pod =0,
(15) 0oD =0,
(16) ®oDf =DS(2, D),
(17) Dfoe’ =0.

Proof. By (c) in Definition and (11)), for all e}, e} € T'(E_1), we have
p(A(e1))(flez = (A(er)) o (fez) — f(er) o ey
=ej 0 9(fey) — fA(e1) o ey =0,
which imply that holds.
By axiom (iii) in Definition and ((14)), follows immediately.

Finally, for all h° € I'(Ejp), by axiom (iv) in Definition [3.1) and (13)), we
have

p(e)p(h°)(f)

p(eNS(Df, %) = S(e® o Df, h%) + S(Df, e o hO)
S(e® o Df, h%) + p(e o RO)(f)
S(e? o Df, h°) + p(e")p(h°)(f) = p(h°)p(e°)(f)-
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Hence,
S(® o Df,h%) = p(h)p(e)(f) = S(h°, DS(e°, Df)).

Since S is nondegenerate, we deduce that holds.
By axiom (ii) in Definition follows immediately. O

3.2. Transformation CLWX 2-algebroids

One can obtain a transformation Courant algebroid from a coisotropic action
of a quadratic Lie algebra on a manifold, see [LM| for more details. The
notion of an L..-algebra action on a graded manifold was given by Mehta
and Zambon in [MZ]. One can obtain a transformation L..-algebroid from an
Lo-algebra action. Here we give explicit formulas of a Lie 2-algebra action
on a usual manifold and the corresponding transformation Lie 2-algebroid,
by which we construct a CLWX 2-algebroid, called the transformation CLWX
2-algebroid.

Definition 3.8. An action of a Lie 2-algebra g = (g-1, g0, (1,l2,13) on a
manifold M is a linear map p : go — X(M) such that

(18) p(l2(2°,4%)) = [p(z"), p(y")],  Va°,4° € go,
(19) poly =0.

Let p: g — X(M) be an action of a Lie 2-algebra g on a manifold M.
Then p induces a bundle map from M X gg to T'M, which we use the same
notation p. On the graded bundle (M x g_1) ® (M x go), define Iy : M x
g1 — M xgo, lo:T(M xg_;) xI'(Mxg_j) —T'(Mxg_i;),0<i+
7 <1, and[3:A3(ngg)—>ng_1 by

(XY =h(Xh,

(20) {Q(XO,Y = lQE ) + L (XO)YO — Lp(yo)XO,
l_g(XO,Y )= —I (Y1 X0) = 1(X YY) + Ly xo)Y?,
I3(X°, Y% 729 = 13(X°, Y0, 2.

Then (M x g_1,M X go, p,l1,12,13) is a Lie 2-algebroid, called the trans-
formation Lie 2-algebroid. See [MZ] for the general case of transformation
Loo-algebroids.

Now let g = (g-1, 80,1, l2,13) be a quadratic Lie 2-algebra, i.e. there is
a degree 1 nondegenerate graded symmetric invariant bilinear form S on g.
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In this case g_ is isomorphic to g;. More precisely, the invariant condition
reads

Szt l(yh),
—S(y la(a?,21)),
=8(2", 3(a”, 5", w?)),

S(h(z'),y")
S(la(2,4°), 2")
S(Z3($O7 y07 ZO)’ w )

for all 2%, 0, 20, w° € go and z',y', 2! € g_1. Let p: g — X(M) be an ac-
tion of g on M. With the same notations as above, on the graded bun-
dle (M x g_1) ® (M x go), we define the operation o : I'(M x g_;) x I'(M x
g—j) — F(M X g_i_j),O S ) ‘l‘j S 1, by

X060 Y0 =15(X0Y0),
(21) X0Vt =1(X0 YY) + p*S(dX°, Y1),

Yo X0 =I5V X0) + p*S(dY?, X9),
for all X0 Y° e I'(M x gg) and Y' € (M x g_1).
Theorem 3.9. Let g = (g-1,90,01,l2,1l3) be a quadratic Lie 2-algebra with
a degree 1 nondegenerate graded symmetric invariant bilinear form S on g
and p: go — TM an action of g on M such that
(22) ll o p* = 07
where p* : T*M — M x g_1 is defined by

S(p*(@), X%) = (a, p(X?)), VX’ €T (M x go),a € Q'(M).

Then (M x g_1, M x go,0 = l1, p, S, 0,2 = I3) is a CLWX 2-algebroid, where
o 1s given by .

We call this CLWX 2-algebroid the transformation CLWX 2-algebroid.
Proof. Obviously, for all X € T'(M x go) and Y' € I'(M x g1), we have
X0 ¥+ Y1 o X0 = p*(S(@X% Y + S(X%dyh)) = p*dS(X°, Y1),

which implies that axiom (ii) in Definition [3.1| holds.
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For all X% Y € T'(M x go) and Z! € T'(M x g1), since S is an invariant
bilinear form on g, we have

S(XYev0 ZH) +5(Y? X% Z1)
= S(12(X°,Y?) + Lyxo)Y? — Lyyoy X°, Z)
+S(YY (XY, ZY) + Lyxo) 2" + p*S(dX°, Z1))
= S(Lyx0) Y% Z") + S(Y?, Lyx0)Z")
= p(X°)S(Y", ZY),

which implies that axiom (iv) in Definition holds.

Also by the fact that S is an invariant bilinear form on g, axioms (iii)
and (v) in Definition hold naturally.

Finally, we show that (I'(M x g_1),I'(M x go),0 =11,0,Q =13) is a
Leibniz 2-algebra. By , we have

I(X%o X1

L(l(X% XY + p*S(dX°, X))
L(l(X° X)) = 1L(XY 1 (XY) = X0 0(X1),

which implies that Condition (a) in Definition holds. Similarly, we can
deduce that Condition (b) holds. Since S is an invariant bilinear form on g,
we have

(X1, YY) + p"S(dl(X1), YY)

(XLO(YY) +pS(X h(Y!) = X e d(YY),

(XY ov?!

>
I

which implies that Condition (c) in Definition holds.
Since for all X°, Y% € I'(M x gg), we have X? o Y0 = [5(X? Y?). Thus,
Condition (d) in Definition holds naturally.
For all X%, Y% € I'(M x go) and Z! € T(M x g_1), by axiom (iv) in Def-
inition [3.1] that we have proved above, we have
S(XO o(YP0 7)) — (X060 Y) 0 2! — Y00 (X006 21
- Q(Xov Y07 a(Zl))7 ZO)
- S(XO o (I(Y?, ZY) + p*S(dY?, 7)) — I(X°,Y%) 0 21
— Y00 (I(X", 2Y) + p"S(dX", 2Y)) ~ Iy(X°, YO, [1(21)), 2°)
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- S(ZQ(XO, LY, ZY) + p*S(dX°, (Y, Z1) + X 0 p*S(dY°, ZY)
—Ip(Ia(X°,Y9), Z2Y) — p*S(dix(X°,Y0), Z1) — Io(Y?, In(X°, ZY))
— (YO, (X0, ZY) — YO o p*S(dX0, Z1) — I3(XO, YO, [ (ZY)), ZO)
- S(p*S(dXO, LY, ZY) + X006 p*S(dY°, ZY) — p*S(dlx(X°, Y°), 21
— p*S(dY°, (X0, ZY)) — Y%p*S(dXO,Zl),ZO)
=S(L (ZO)XO Y00 28— p*S(dY°, Z")) + p(X°)S(Ly70)Y", Z1)
(Lip(x0),pz0y Y, Z1) = S(Lyz0)l2(X°,Y?), Z)
(Ly(z0) YO X0 Z' = p*S(dX°, Z") — p(Y°)S(Lyz0yX°, Z")
+ S(Liy e 1oz X% 2
—S(la(Y?, Lyz00X"), Z') = S(Lpr,, 0, x0yY ", Z1)
(L[p( )z Y ", ZY) = S(Lyz0)l2(X°,Y0), Z1)

p

0

CQ

+S(2(X0, p(z)Y "), ZY) + S(Lpr,, o vy X5 Z1)
+ S(Lipyoy pzoy X°, 21
- -s(r ZO)ZQ (X0, Y0) = I (Lpz0y X%, Y°) = I(X°, L 200 Y°)

0 0 0
T Lor, 0,x0Y " = Lp(L,,0,v0) X~ + Lip(x0),p(z0Y

= Loy oz X 2")
—0.

The last equality is due to the following Lemma Thus, Condition (e1)
in Definition [2.5 holds. Similarly we can show that Conditions (eq), (e3) and
(f) in Definition [2.5| hold. Thus, (I'(M x g_1),T'(M x g9),0 = l1,0,Q = I3)
is a Leibniz 2-algebra. The proof is finished. U

Lemma 3.10. For all Z € X(M) and X,Y € T'(M x go), we have

(23) ZIp(X,Y) = 12(LzX,Y) = (X, LzY) 4+ Ly, x)Y
~ Ly, X + Lipx),z1Y = Lip(v), 21X = 0.

Proof. If X, Y € g are constant sections, it is obvious that the above equality
holds. Generally, since I'(M x gg) = C*°(M) ® go, we can assume that X =
fu,Y = gv, where u,v € gy are constant sections and f,g € C°°(M), then
it is straightforward to deduce the above equality. U
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3.3. Lie 3-algebras

In this subsection we prove that we can obtain a Lie 3-algebra from a CLWX
2-algebroid via skewsymmetrization.
We introduce a skew-symmetric bracket on I'(E),

(24) le1, es] =

2(61062—62061), Vel,eQEF(S),

which is the skew-symmetrization of ¢. By axiom (ii) in Definition
can be written by

1
(25) [[61, 62]] =e1o069 — §DS(61, 6’2).

Lemma 3. 11 Let (E_1,Ep,0,p,5,0,Q) be a CLWX 2-algebroid. For all
eV € T(Ep), el el el e T(E_1) and f € C°°(M), we have

(26) 9 [[e ' =[e"aN],
(27) [[8 el), 62]] [[e%,@ (e )]] ,
(28) [, Df] = %DS(eO,Df).

Proof. By (a) in Definition and (15, we have
1
9 e e'] =a( oe) - 58 0 DS(ep,e1) = e’ 0 d(el),

which implies that holds.
By (c) in Definition and axiom (iii) in Definition [3.1} ([27) follows

immediately.

By and , is obvious. U
For simplicity, for all e; € T'(£),i = 1,2, 3, we let

(29) K(el, €9, 63) =e1< (62 < 63) — (61 < 62) oez —€ex0 (61 063),
(30) J(e1,e2,e3) = [[e1,e2] , es] + [[e2, es] ,er] + [[es, e1] , e2] -

By and , we can deduce that K is totally skew-symmetric.
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Lemma 3.12. Let (E 1,E0,6 p,S,0,0) be a CLWX 2-algebroid. For all
eV, el e9,ed € T(Ey), elyel,ed € T(E_1), we have

(31) J(€?7egﬂeg) = _8Q(e(1)76(2)76g)7
(32) J(e(l],eg, 1) :DT(el,GQ, 1) 9(61,62,86)
(33) T(aelae ,6%) = —T(6€2,€ 76%)7

where the totally skew-symmetric T : T'(Ey) x I'(Eg) x I'(E_1) — C*®°(M)
s given by

1
34) T(eheel) =SSl [ehel]) + (el [, e3]) + Sted. [eL d])).
Proof. Tt is obvious that J(e,e9,e3) = —K (e, €9, ¢€Y), which implies that
holds.

By straightforward computations, we have
K (e}, e, ') = —J(ef, e3,¢!) + R(e], 3, €',
where
R(€Y, €9, e!) = 1(’DS el, [€9,e']) — DS(e', [}, e5]) — DS(ed, [ef. e'])
+ DS(el,DS(e 62)) DS(@Z,DS(e el)))

Similarly, we have

K(eh el ed) = —J(et, el,e9) + R(el, €Y, €9),
where
R(e!, el ed) = %(DS(@%, [e2,e']) + DS(e, [}, e3])
+ DS(e(l], [[eg, el]]) — DS(@?,DS(@I, eg))),
and
K(e9,et,ed) = —J(€9, et el) + R(€9, e, e),
where

1
R(e§, e ef) = 5 (= DS(el, [ef, e']) ~ DS(el, [€4, ']
+ DS(e!, [[6(1), eg]]) +DS(e9, DS (e, e?))).
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Since both J and K are completely skew-symmetric, we have
3K (e, €9, et) = —3J(eY, €9, e!) + 3DT (€7, €9, e!).
Then by axiom (e1) in Definition we have
K(ef,e9,e') = Q(e?, €9, del),

which implies that holds.
Finally, by axiom (iii) in the Definition and (27), we have

(O(et), €’ e3)
(S (e1), [[e 62]] )+ S(e [[627 )])—i—Sez,[[@el ]])
= (¢

617 [[6 )]]) + S(eo’ [[0(6%), eﬂ]) + S(a(e%)v [[6%, 60]]))
= —T(ded, e el).

CM»—ACM.—! ~

The proof is finished.
Lemma 3.13. For alle! € T(E_1) and €Y, €3, €9, el € T'(Ey), we have

[[e 62]] 63,64 [[el, ]] 6(2),62 +Q(|I61,€4]] 62,6g)
+ Q [[62,63]] 61,64 [[62,64]] 61,63 )+ Q( [[63,64]] 61,62
— [[Q el,eg,eg 64]] [[Q(e(l),e3,e4 62]] + [[Q 61,63764),6gﬂ
+ [[Q 62,63,64 ]] + DS Q(e?,eg,eg) ) =0,

and
2J+ K= _S(Q(aelv 6(2]7 6g)7 62)7

where

J= S(J(el 68,6%) 62) S(‘](el 6%,62) 63) +S(J(€ 63,62) 68)
+3S( (36 62,63) 62)

K =S([e', €3] . [€3,eq]) — S([e',ed] . [€9,eq]) + S([e, €] . [9,€])-
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Proof. By axiom (f) in Definition axiom (v) in Definition [3.1] and (25)),

we have

([}, €9] , 63,64 —Q [[61,63]] 62,64 )+ Q([ed, €] . €5, €9)
+Q([[62,63]] 61,64 [[e 62]] 61,63 )+ Q( [[e 691]] e(l),eg)
— [ €9, €9, ¢9), 64]] [[Q (9,¢9,¢9),e ]] + [ 9, e9,¢ed), ]]
+ [[Q eg,eg,eg ]] + DS Q(e?,eg,eg) 62)

Q(el < 6(2)’ egv 62) Q(e? < 63, 687 62) + Q(e(l) < 627 687 eg) =+ Q(eg < ega 6?, 691)

- Q(62 oed el ed) + Qed oed, el ed) — (el eg, e9) o el
+ DS(Q(el,eg,eg) 64) + €90 0(el, e, ed) — fDS(Q(el,eg,eg) e9)
— 5o Q(ef, ), ef) + DS(Q(@D e3,€]),€3) — ef 0 Q(e3, e3, €]
+ 95(9(62,63762) €1) + DS (el €3, €3), €f)
fDS(Q(el,eg,eg) 9 - *DS(Q(elaega%) e5) + 95(9(61768762) e3)
+ DS(Q(ez,eg,e4) e7) + DS(Q(ef, €5, €3), e1)
= —DS(Q(el,eg,eg) e) + DS (Y, €9, €9),€9) = 0.

The second equality can be proved by the same method in the proof of
Lemma 2.5.2 in [Roy]. We omit the details. O

Let (E_1, Ep,0,p,S,0,Q) be a CLWX 2-algebroid. Consider the graded
vector space ¢ = ¢_g @ e_1 @ ¢g, where ¢g = I'(Ep), ey =T'(E_;) and e_o =
C>®(M).

Theorem 3.14. A CLWX 2-algebroid (E_1, Ey, 0, p, S,©,82) gives rise to a
Lie 3-algebra (e,l1,12,13,14), where l; are given by the following formulas:

L(f) =D(f), v feo®(M),

li(e') = a(eh), Vel eT(E_),
l2(e(1) A eg) = [[6(1),6(2)]] ) v 6?76(2) € F(Eo),
lo(e® Aet) = [ e'], Vel € T(Ep),e' e T(E_y),
(O A f) = %S(eO,Df), v e € T(Ey), f € C(M),
la(e] Ved) =0, Vei,es € T(E ),



1872 J. Liu and Y. Sheng

l3(€? N 68 N eg) Q(6(1)7 eg? eg)? v 6(1), 6(2)7 eg < P(Eo),
Is(ef nednely=—T(el,ed,el), Vel el eT(Ey), e eT(E,),
la(e) Aey Neg Ael) = (el €3, e5,€h), Vel b, e, ef € T(Eo),

where Q : AN*T(Eg) — C™(M) is given by
Q(e}, e3¢5, ef) = S(Q(eY, €3, €3), €).

Proof. We need to show that @ holds for n=1,2,3,4,5. For n =1, we
need to show that [? = 0, which follows from d o D = 0.
For n = 2, we need to verify that for all z; € e,

(35) —la(ly (1), w2) + (—1)lle2liy (1 (29), 1) + lila(21, 22) = 0.

For 21 = €' € ¢g, 20 = f € ¢_o, by (28)), we have

I(Df, ) + Dla(e”, f) = — [°, Df] + %DS(eO,Df)

= —%DS(eO,Df) + %DS(eO,Df)
= 0’

which implies that holds for x1 € ¢g and x5 € e_o. The other cases can
be proved similarly and we omit the details.
For n = 3, we need to prove that for all x; € e,

(36)  I3(l1(z1), w2, 3) — (=)= 3(0 (29), 21, 3)
+ (—)lealmalHlz2Dys (1 (25), 21, 22) + lo(la(21, 22), 23)
_ (_1)Imzllw3\l2(12(x1’ x3), T9) + (_1)Ifc1I(\xz\+|w3\)52(52(x2’xs)’xl)
+ Ll3(x1, w2, x3)
=0.

By , we can deduce that holds for x1, x2, 3 € ¢g. By , we can
deduce that holds for two elements in ¢y and one element in e_;. By
(33]), we can deduce that holds for one element in ¢y and two elements
in e_;. The other cases can be proved similarly and we omit the details.
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For n = 4, we need to verify the following equality:

(ll( ) $2,$3,IE4) + (_1)‘$1||$2|l4(l1($2),33‘1,IE3,IL‘4)
1 a:3|(\331\+|12\ l4(l1($3),l‘1,l’2,$4)
1)zl (e [+ |+]2s])

+

la(li(x4), 21, 22, 23)
1)l==l2al13 (1 (21, 23), @, 4) 4+ (=1)TelU@l 22D 15 (1 (21, 224), 2o, 23)
1)l tlzD s (15 (20, 23), 21, 24)

—ly

- (-1

(1)

- (=1

(1)

— (- 1)|21|(\:v4\+|w2\ Hxs\lullg(lg(x%M),m’$3)
(1)

- (=1

(1)

[

_l’_

1 (lzsl+lzal) (|21 |+]z2])

_l’_

la(la(x3, x4), 1, 22) — la(l3(21, T2, T3), T4)
p)lellesl oDy, (15 (21, 25, 24), 22) + (1)1l (15 (21, 22, 24), 23)
1)zl +lasltlea)yy (15 (g, 23, 24), 1) + I3(la(21, T2), 23, 24)

1la(z1, 22, 3, 24) = 0.

+ +

For z; = 6(1),2112 = eg,xg = eg, Ty = eg € ¢g, we need to prove that

Q([[e 62]] 63,64 [e 63]] 62,64 )+ Q [[el,e4ﬂ eg,eg)

+O( [[e 63]] ef,ed) [[e 691]] 61,63 ) + Q( [[63,64]] ef,e9)
— HQ e?,eg,eg 64]] [[Q e?,eg,eg 62]] + [[Q e?,eg,eg 63]]
+ [[Q eg,eg,eg ]] + DO 61,62,€g,62) 0,

which holds by Lemma [3.13
For z1 = el € ¢ 1,20 = €, 73 = eg,x4 = e € ¢g, we need to prove that
7(861 e9,e9,el) — [[61 9] e, ed) + T([e', €] . €3, €})
T([e', €], 62,63) [[e eg]] 6(1),62 + T( [[eo eg]] e?,eg)
=T [[e 64]] et ed) + [T ( et 62,63 64]] + [[T el e, ed), 62]]
— [[T (€9, €9, ¢el), 1]] — [[ el €9, ed), 63]]

On one hand, by direct calculation, we have

[[T(el,eg,eg),eg]] + [[T(el,eg,eg ,68]]

1
— [[T 62,63,64 ]] [[ et,e). ed), 63]] = —5.].
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On the other hand, we have

—5(881’ 8(2), eg? 62) [[6 62]] 63, 64 + T [[6 63}] 6(2)7 62)
T([e',€l] €9, €d) [[e 9] et 64 )+ T([e5, €] ,e'.el)
[[63, e4ﬂ 8 62 = _7(‘] + 2K) - 79(66 627 ega 62)

Therefore, by Lemma we prove the equality above.
Finally, we can show that (6] holds for n = 5. We omit the details. The
proof is finished. O

Remark 3.15. In [Roy07A], Roytenberg showed that one can obtain a
semistrict Lie 2-algebra from a weak Lie 2-algebra via the skew-symmetri-
zation. For a CLWX 2-algebroid (E_1, Ey, 0, p, S, ¢, ), the Leibniz 2-algebra
(T(E-1),T(Ey), 0,0,Q) is not necessarily a weak Lie 2-algebra. Thus, we ob-
tain a Lie 3-algebra rather than a Lie 2-algebra via the skew-symmetrization.

Remark 3.16. In this remark, we give a possible way to understand The-
orem conceptually. In [Roy07A], Roytenberg introduced the notion of
a weak Lie 2-algebra and showed that via skew-symmetrization, one can
obtain a Lie 2-algebra. Assume that this result could be generalized to the
higher case: one can obtain a Lie n-algebra from a weak Lie n-algebra via
skew-symmetrization. Then hopefully our Leibniz 2-algebra in a CLWX 2-
algebroid can naturally be completed to a weak Lie 3-algebra and the Lie
3-algebra given in Theorem [3.14]is exactly its skew-symmetrization.

4. The CLWX 2-algebroid associated to a split Lie
2-algebroid

In this section, we first describe a split Lie 2-algebroid structure on a graded
vector bundle A_; & Ap using the graded Poisson bracket on T77[3](A¢ &
A* )[1]. Then we construct a CLWX 2-algebroid A & A*[1] from a split Lie
2-algebroid A with explicit formulas using the usual language of differential
calculus. In Section 6, we will generalize this result to the case of split Lie
2-bialgebroids using the tool of derived brackets and graded geometry.

Let A=A _1® Ay be a graded bundle. The shifted cotangent bun-
dle T*[3](Ag ® A*)[1] is a P-manifold of degree 3 over M. Denote by
(mi,é’j,ek,pi,gj,ﬁk) a canonical Darboux coordinate on M, where z! is a
coordinate on M, (£7,6;) is the fiber coordinate on Ag ® A* 4, (p;, &, 0F) is
the momentum coordinate on M for (x%, &7, 6;). The degrees of variables
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(2,89, 0k, pi, &5, 6F) are respectively (0,1,1,3,2,2). The degree of the sym-
plectic structure w = da'dp; + d&? dg&; + df,df* is 3 and the degree of the
corresponding graded Poisson structure is —3.

Now we consider the following functiorﬂ u of degree 4 on M:

(37) = (2 + poly(w)&i6?

1 i¢j = 1 i¢cd
st (2)ERE'E + g0’ €0k + s (0)0E"EET,

where /u;", M2§-,M3fj,u4§j, M5§jk are functions on M. The function p can be
uniquely decomposed int

M= 2 + H134 + M5,
where po, 1134 and ps are given by
pa = po(x)&:6",
piisa = pa(@)ps&? + %M:s?j(ﬂ?)fkﬁiﬁj + pal; €076y,
1

ps = 6N5§jk($)0l€i§j£k'

Define a bundle map I : A_;1 — Ag by
(38) (X)) = {X", pa}.
Define Iy : T'(A_;) x T(A_j) — T(A_;;), 0<i+j<1by

(X% Y?) = {V° {X% 34} },
(39) LXO, YY) ={Y' {X% s} },
LYY X% = —{X°{Y", pisa}}-

Define a bundle map I3 : A4y — A_; by
(40) (X0 Y0, 2% = {Z° {Y" {X us}}}

where X0 Y0 79 € T'(Ag) and X1, Y € T(A_,).

2We thank very much the referee for pointing out that such a function is linear

on A*.
3Tt is routine to check that the decomposition does not depend on the choice of
local coordinates. See also [IU] for more details.
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Finally, define a bundle map a : A9 — TM by
(41) a(X")(f) ={f{X % mzl}}, VX°eT(A), feC®(M).

Theorem 4.1. Let A= A_1 ® Ag be a graded vector bundle and p a de-
gree 4 function given by B7). If {p,pn} =0, (A, l1,l2,13,a) is a split Lie
2-algebroid, where 11, la, I3 and a are given by f respectively.
Conversely, if (A, l1,l2,13,a) is a split Lie 2-algebroid, we have {u, u} =
0, where p is given by , in which ulé,ﬂgé,ugg,uﬁj,ug)éjk are given by:

&) = iz g. Llb)) = Hej&,
12(&,65) = palirs 12(05,6) = a0k, 13(&. &5, &) = psiibr.

Proof. One can easily prove that {u,u} =0 is equivalent to the following
three identities:
{,LL1347,U'2} — 07
1
3 {134, pasat + {p2, us} =0,
{p1za, s} = 0.

It is straightforward to deduce that Conditions (ii) and (iii) in Definition [2.6]
holds.

In the following, we prove that (I'(A),l1,l2,1l3) is a Lie 2-algebra. It
is easy to see that Iy and I3 are totally skew-symmetric. For all X° ¢
I'(Ap), X! € T(A_;), we have

(X A{XO {po, s} = —1(XO L(XY) + Li(X°, X)) =0,

which implies that I1l2(X?, X1) = Io(X°, ;3 (X1)).
For all X!, Y1 € T(A_4), we have

(YU X {pe, s} } = (L (XY, YY) — (X L (YY) =0,

which implies that l(l3(X1), Y1) = lo(XY 11 (Y1)).
For all X°,Y? 70 € T'(Ap), by

{Z07 {Yo, {Xov % {r134, psa} + {p2, MS}}}} =0,
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we get

(X% (Y, Z29) + (2%, 1o(X°, Y0) + L(Y?, 15(2°, X°))
= L13(X°,Y°, 29).

For all X°,Y? € T'(4g), Z € T(A_1), by

{Zl» {Yo’ {Xo» % {1134, p1za} + {M27H5}}}} =0,

we get

(X% (Y, ZY) + (21, 12(X°, Y0) + (Y, 1221, XP))
= I3(X% Y 1,(ZY)).

For all XYY" Z0 W° € I'(Ay), by

{W07 {Zoa {Yo, {Xoa % {p134, pasat + {p2, Ms}}}}} =0,

we deduce that (6] holds for n = 4. Therefore, (I'(A),l,l2,13) is a Lie 2-
algebra.

The proof of the converse part is similar as the above deduction. We
omit the details. The proof is finished. U

Let (A,ly,l2,13,a) be a split Lie 2-algebroid with the structure function
. Then we have a generalized Chevalley-Filenberg complex

(T(Sym(A[1])%),9),
where 9§ is defined by
(42) 6(-) ={m,}-
In particular, for all f € C®(M),a® € T(A}),al € T(A*,), we have
S(f)(X?) = a(XO)(f),
0

(43) ¢ 6(aN(X%Y?) = a(X9(a®, Y —a(Y?){a? X0 —(a®,15(X°, Y?)),
(a)(X%Yh) = a(X%) (!, Y1) — (al, 12(X%, V1)),

where X9 Y0 € T'(Ap),Y! e T(A_y).
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Given a split Lie 2-algebroid (A, 11, 12,13, a), define I} : A5 — A* | by
(44) (), X1 = (a1 (X)), Va®eT(4)), Y eT(A).
For all XY € T'(Ap), define L%, : I'(A*,) — I'(4*,), i = 0,1, by

(Loa®,Y?) = p(X°)(Y", a®) — (¥, 1 (X°, Y7)),
<Lg{0a17Y1> = p<X0)<Y1,041> - <041,12(X0,Y1)>,

where a® € T'(A}), Y? € T'(Ap), ot €T(4*,), Y eT(A_y).
For all X' € I'(A_), define L, : T'(4* ;) — T'(A}) by

(45) (L', Y0 = — (! (X1 Y?), Vol eT(4%,),Y? e T(Ay).
For all X%, Y0 € ['(Ay), define L3 yo : T(A*;) — T(Aj) by

(46) (Lkayoal, 2% = —(al,15(X, ¥, 2%), Va' € T(A*}), 2 € T(4).
The following lemmas list some properties of the above operators.

Lemma 4.2. For all X° € T(A4g), X! € T(A_1), f € C®(M), o € T(A}),
al € T(A* ), we have

Liyia' = f(Lxa') +(X" ah)a(f),
Lg(oOlO = LX05050 + (SLXOOéO,
Lﬁ(lal =dixial — 1x10al.

Proof. Tt is straightforward. 0

Lemma 4.3. For X°,Y? € T(4g), X! € T(A_1),a’ € T(A}),at € T(4* ),
we have
47 LY o vy — LYo LY%0a® + LYo L% 0a® = — L3 yolial,
15(X0,Y0) X0ty yolx Xo,yoly
(48) L?z(Xo7yo)a1 — LOXOLg)mOél + Lg)/oL())(oal = —lTIg(o,yoal,

(49) L}Q(Xl’YO)Ckl — L}){lL%OO&l + Lg)/oLAleOél = —L?I(X1)’yoa1-
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Proof. For all Z" € T'(4yp), we have
L?Q(XO,YO)QO — Lg(oLg)/oaO + Lg)/oLg(oOéo, ZO>

= (a(l2(X°,Y?)) — a(X")a(Y?) + a(Y)a(X%))(a’, 2°)

+(a®, =l (1o(X°,Y0), Z%) — 1Y, 15(X°, Z%)) + 1o(X°, 15(Y?, Z2)))
= (a®, 1113(X°,Y°, Z%)

(
(=Lkoyolia’, 2%,

which implies that the first equality holds. The others can be proved simi-
larly. U

Let (A,l1,12,03,a) be a split Lie 2-algebroid. Now let Ey = Ag & A* 4,
E1=A_, @Aéandé’:Eg@E,l.Leta :E_ 1 — FEpand p: Eg — TM
be bundle maps defined by

(50) X+ a®) = (XY + 15 (a2),
(51) p(X°+a') = a(X°).

On I'(£), there is a natural symmetric bilinear form (-, -)4+ given by

(52) (X0+()é1+X1+040,Y0+,81+Y1+B0)+
= (X%, 8% + (V%% + (X1, 87) + (Y1, ah),

where X0, Y0 € I'(Ap), X1, YT € T(A_1),a% 8% e T(4p), at, Bt e T'(A4* ).
On I'(€), we introduce the operation ¢ by

(X0 +al)o (VO +B1) = 1p(X°, V) + Lo B — LYo,
(53) (X04+al)o (X +a®) =1(X% XY + Lol + tx10(at),
(X' +a% o (X0+al) =1(X1 X% + Liial — ix08(a®).

An E_j-valued 3-form 2 is defined by

(54) QX+l Y0+ 8,20+ &)
= lg(XO, YO, ZO) + L§(07Y0C1 + L3ZO’X0,81 + L%OVZOCYI,

where X9 Y0 70 € T'(Ap), o, g%, ¢t € T(A* ).
It is easy to see that the operator D : C*°(M) — I'(E_,) is given by

(55) D(f) =6(f), V[feC=(M).
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Theorem 4.4. Let (A, l1,l2,l3,a) be a split Lie 2-algebroid. Then
(E—la Ey, (9, P S: °, Q)

is a CLWX 2-algebroid, where 0 is given by , p is given by , S is
given by , o is given by and ) is given by .
Proof. 1t is easy to verify that eoe = %D(e, e)y for all e e T'(E).

In the following, we verify that (I'(F_1),I'(Ep), 0,9,Q) is a Leibniz 2-
algebra. For all e® = X0 + o' € I'(Ep), e! = X! + a°, we have

(X% +a') o (X' +a%) = Lla(X%, X1 + 1} (Lo + tx18(at)),
(X +a) 0 d(X! +a°) = (X, (X)) + Loli(a”) = L] (xnya'.

Since (I'(A),l1,12,13) is a Lie 2-algebra, we have
Lip(X0 XY = L(X% h(XY), LXY, YY) =LXYL ).
Then by the fact that a oly = 0, we get
[} (Lxoa® + ex16(at) = Lsoli(a) = L] (xnya'.
Therefore we have
(56) (e oel) = el o a(eh),

which implies that Condition (a) in Definition [2.5 holds.
Also by the fact a oly = 0, we have

(et oe?) =11 (5(eh, e)y) — (e o eh)

=0 oel) = -0 a(e!) = a(e') 0l

which implies that Condition (b) in Definition holds.
Similarly, for all e} € I'(E_1),i = 1,2, we have

(57) d(ei) o ey = e1 0 de),

which implies that Condition (c) in Definition [2.5 holds.
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For all X? € I'(Ap),i=1,2,3, it is obvious that
K(X?,XS,X:?) = l1l3(X?an>Xg) = GQ(X?,XS,X??)

Furthermore, for all X? € T'(Ap),i = 1,2 and ol € T'(4*,), by Lemma
we have
= ZTLE(?,Xgal - 8Q(X1aX27 )

Therefore, for all € € T'(Ep),i = 1,2, 3, we get
(58) K(e(l)7egve3) 8Q(elveg7€g)

which implies that Condition (d) in Definition [2.5| holds.
Similarly, for all e € T'(Ep),i = 1,2 and e! € I'(E_1), we have

(1)768761) - Q(61762786 )s
K(e?,el,eg) = Q(el,ﬁe ,eg),
1

K(e 76(1)763) 9(86176?,68),

which implies that Conditions (e1)-(e3) in Definition holds.

By the coherence law that I3 satisfies in the definition of a Lie 2-algebra,
we can deduce that Condition (f) in Definition also holds. We omit the
details. Thus, (I'(E_1),I'(Ep), 0,¢,) is a Leibniz 2-algebra.

Finally, for all e], el € T(E_1), e1,e2,e3 € T'(E) and €Y, €9, €3, €] € T'(Ep),
it is straightforward to deduce that

(O(e1), e3)+ = (e1,0(e3))+,
pler)(ez,e3)+ = (e10e2,e3)+ + (e2,e10€3) 4,
(Q(e?,eg,eg) 62)"!‘ = _(egvﬂ(eg’eg’eg))-‘m

which implies that axioms (iii), (iv) and (v) in Definition 3.1 hold. The proof
is finished. O

Example 4.5. Let (g_1,80,1,l2,l3) be a Lie 2-algebra. Denote by 0y =
go @ g*, and 0_1 = g1 @ gj. Then the CLWX 2-algebroid given by Theo-
rem[4.4]is over a point. By remark[3.2] we obtain a metric Lie 2-algebra struc-
ture on the graded vector space 99@®0_1. The Lie 2-algebra (9_1,90, 9, [, -], )
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is given as follows:

0=1+1,
(20 + o', y° + B = lo(a°,9°) + ad’L. Bt — adozoal,
[ + ol y! + 8% = la(2,y") + ad’50 B0 — ad' i,
Q2" +at,y” + 5120+ ¢ = 1320, 40, 20) +ad®g ¢t +ad®y oal
+ad®% 08,

for all 20,9, 2° *E go, =1yt € g_1, al,él €gty, a0 95, where ad():o
g, — 9%, adl’, g°, — gy and ad3mo’y0 : g*; — g; are defined respec-
tively by

1'07 )>7

)>

O,ZO)>

Thus, this Lie 2-algebra is exactly the semidirect product of the Lie 2-algebra
(9-1,80,01,12,13) with its dual g§[1] & g*[1] via the coadjoint representa-
tion.

5. QP-manifolds T*[3] A[1] and CLWX 2-algebroids

Let A be a vector bundle over M and A* its dual bundle. The shifted bundle
A[1] is a graded manifold whose fiber space has degree —1. We consider the
shifted cotangent bundle M := T*[3]A[1]. It is a P-manifold of degree 3
over M. In this section, we construct a CLWX 2-algebroid from the degree 3
QP-manifold T*[3] A[1].

Denote by (¢%,£%, &4, pi) a canonical Darboux coordinate on T*[3]A[1],
where ¢’ is a coordinate on M, £ is the fiber coordinate on A[1], (p;,&s) is
the momentum coordinate on T*[3]A[1] for (¢%, £%). The degrees of variables
(¢%, €%, &4, i) are respectively (0, 1,2,3). The degree of the symplectic struc-
ture w = dq'dp; + d€¥d€, is 3 and the degree of the corresponding graded
Poisson structure is —3. In the local coordinate, any @Q-structure © is of the
following form:

(59) © = Fil ()" + F5(@)6uls + S (DEEEe + & FrapeaD)EEEE
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We write © = 0y + 613 + 04, where the substructures are

0> = f2""¢uls,
s = P ()P’ + 3 frinl €%,
01 = L Framao€6

The classical master equation {©,0©} = 0 is equivalent to the following three
identities:

(60) {bhs, 02} =0,
(61) %{913,913} +{62,04} =0,
(62) {013,043 = 0.

Define two bundle maps 0 : A* — A and p : A — T'M by the following
identities respectively:

(63) da ={a,02}, VaeT(A"),
(64) p(X)(f) ={fA{X bs}}, VX eTD(A),feC™(M).

A natural non-degenerate bilinear form S on A* @ A is given by
(65) S(X+a,Y +8) = (X,8) + (V,a), VX,Y €T(4),a,8¢€I(4).
Define the operation ¢ by

XoV ={Y,{X,013}}, VX,YeT(A),
(66) Xoa={a{X,03}}, VXeD(A),acl(A4%),
aoX = —{X,{a,0i3}}, VX eT(A),acT (A

An A*-valued 3-form 2 is defined by
(67) AUX,Y,Z)={Z{Y,{X,04}}}, VXY, ZeT(A).

Theorem 5.1. Let (T*[3]A[1],0) be a QP-manifold of degree 3. Then
(A*[1], A, 0, p,S,0,8) is a CLWX 2-algebroid, where O is given by (63]), p
s given by , S is given by , © 18 given by and ) is given by
(67)-

The proof follows from the following Lemma directly.
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Lemma 5.2. With the above notations, e o e = %DS(@, e), where S is given
by and D : C®°(M)—T(A*) is given by (D(f), X) = p(X)(f), in which
p s given by .

Proof. By and , we can deduce that

(68) XoY =-YoX,
(69) Xoat+aoX =0X,a),
which finishes the proof. O

Lemma 5.3. With the above notations, (I'(A*),T'(A),9,0,Q) is a Leibniz
2-algebra, where 0 is given by , © 18 given by and ) is given by
respectively.

Proof. By (60]), we have {62, {X,6013}} = 0. Thus we have

(70) (X oa)={{a,{X,013}}, 62}
= _{{927 O‘}a {X7 013}} - {a> {927 {X7 013}}}
= {{a,02},{X,013}} = X ¢ I(av).

By , we get
(71) pod=0.
Then by (69), we have
(72) d(aoX) =0(6(X,a) — X oa) =d(6(X,a)) — X 0 d(a) = d(a) o X.
Similarly, we have
(73) Ia)o B =aod(B).
By and the following two facts:

{Z AV AX, {013,013}}}} = 2(X o (Yo 2Z)—(XoY)oZ-Yo(X0Z)),
{ZAY,{X,{62,04}}}} = 09X, Y, Z),

where X,Y,Z € T'(A), we have

(74) Xo(YoZ)—(XoY)oZ—-Yo(XoZ)=00X,Y,2).
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Similarly, we can obtain

(75) XoYoa)—(XeoY)oa—Yo(Xoa)=QX,Y,0(a)),
(76) Xo(aoY)—(Xoa)oY —ao(XoY)=Q(X,0(a),Y),
(77) ao(XoY)—(aoX)oY —Xo(aoY)=0Q0(x),X,Y).

Finally, expanding {W,{Z,{Y,{X,{013,04}}}}} = 0 by the graded Jacobi
identity, we have

(78) WoQ(X,Y,Z) - XoQW,Y,Z) +Y o QW, X, Z) + QW, X,Y) o Z
—QWoX,Y,Z) - QUX,WoV,Z)— QX,Y,Wo Z)
FQW, XY, 2)+QW,Y, X0 Z) — Q(W,X,Y ¢ Z) = 0.

By , , , 7, we deduce that (I'(A*),T'(A),d,¢,0Q) is a

Leibniz 2-algebra. O

Lemma 5.4. With the above notations, for all a, f € T'(A*), X, Y, Z,W €
I'(A) and e, ez,e3 € I'(A) & T'(A*), we have

(79) (Oa, B) = (v, 0B),
(80) ple1)S(ea,e3) = S(ey o ea,e3) + S(ea, e1 ¢ e3),
(81) SQUX,Y,Z),W)=-S(Z,QX,Y,WW)).

Proof. By the Jacobi identity of the graded Poisson bracket {-,-}, we have

(0a, B) = {0, B} = {{, 02}, B}
={a, {02, 81} — {02, {e, }} = —{, 0B} = {95, a} = (9B, a).

For X,Y € T'(A),a € T'(A*), we have
{Yi{a, {X, 0131} = {{Y, 0} {X, 013} } + {0, {V, {X, 013} } },
which implies that
(Y, X 0a) = p(X)(Y,0a) — (a0, X o Y).
That is p(X)S(Y,a) = S(X oY, a)+ S(Y, X ¢a). Therefore, holds

when e, ey € I'(A) and e3 € T'(A*). Similarly, we can show that holds
for all the other cases.
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Finally, follows from

SOUX,Y, Z2), W) = {W,{Z,{Y,{X,04}}}}

={W. Z} {Y A{X,04}}} = {Z AW AY. {X, 04} }}}
= —S(QUX,Y, W), Z).

The proof is finished. O

Remark 5.5. The P-manifold of degree 3, T*[3]A[1], can be viewed as a
shifted manifold of T*[2]A[1], which is a P-manifold of degree 2. However,
in general, a degree 3 function © on T*[2]A[1] is not a degree 4 function on
T*[3]A[1]. Thus, there is not a canonical way to obtain a QP-manifold of
degree 3 from a given QP-manifold of degree 2. Therefore, we can not obtain
a CLWX 2-algebroid from an arbitrary Courant algebroid.

Remark 5.6. Let us consider the degree 3 QP-manifold 7%[3]T'[1]M where
the Q-structure is given by p;& in local coordinates. On one hand, accord-
ing to Theorem [5.1 we obtain the CLWX 2-algebroid (T*[1]M,TM,0 =
0,p=1id, S,¢,Q = 0) given in Remark Then according to Theorem
we have a Lie 3-algebra structure on C*°(M)[2] ® QY(M)[1] ® X(M). On
the other hand, according to [Zaml|, there is also a Lie 3-algebra structure
on C®(M)[2] & QY (M)[1] @ (X(M) & Q*(M)). However, we do not find any
connection between the two Lie 3-algebras.
Furthermore, if we consider the @-structure given by

;1
Pi€' + & frapea€"€€°E,

we obtain the CLWX 2-algebroid (T*[1]M,TM,0 =0,p =1id, S,¢,Q = H)
given in Example

6. The CLWX 2-algebroid associated to a split Lie
2-bialgebroid

In this section, we introduce the notion of a split Lie 2-bialgebroid and show
that there is a CLWX 2-algebroid structure on A & A*[1] associated to any
split Lie 2-bialgebroid (A, A*[1]).

Now assume that there is a split Lie 2-algebroid structure on the dual
bundle A*[1] = Aj[1] & A*,[1]. Since T*[3]((Ao & A*)*[1])[1], T*[3](Ao &
A* )[1] and T*[3](Ap ® A*;)*[2] are naturally isomorphic, by Theorem [4.1
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the dual split Lie 2-algebroid (A*[1], 1, l2, I3, a) gives rise to a degree 4 func-
tion v on T*[3](Ap & A*,)[1] satisfying {v,~v} = 0. It is given in local coor-
dinates (xi,fj,ﬁk,pi,fj,ﬁk) by

(82) v = %" (z)p;0; + Wzg(x)ﬁjm

1 ii 1 i
+ 588 (0)0°0:6; + 1 60;€" + 5" (2)€10:0,6.

We will also write v = 2 + 7134 + 5.

Definition 6.1. Let (A,l1,l2,13,a) be a split Lie 2-algebroid with the struc-
ture function p given by and (A*[1],1, [y, [3,a) a split Lie 2-algebroid
with the structure function + given by (82). The pair (A, A*[1]) is called a
split Lie 2-bialgebroid if v = puo and

(83) {p+~y—po, p+v—p2} =0,

where {-,-} is the graded Poisson bracket corresponding to the symplectic
structure w = dz'dp; + dé7d¢; + dfrdo* on T*[3](Ag ® A* )[1].

Denote a split Lie 2-bialgebroid by (A, A*[1]).

We denote by L9 L', £3 6, the operations for the dual split Lie 2-
algebroid (A*[1], 11, 2, I3, @) corresponding to the operations L%, L', L3, for
the split Lie 2-algebroid (A, I3, s, 13, a).

Now we assume that (A,l1,l2,l3,a) and (A*[1], 11,2, [3,a) are split Lie
2—algebr0ids. Let EO = AO ) A*_l, F_1= A,1 ) Aa and £ = EO e FE_q.

Let 0: F_1 — Ey and p : Eg — T'M be bundle maps defined by

(84) X+ a%) = 1(XY) + (),
(85) p(XY +al) = a(XY) + a(ah).

On I'(€), we introduce the operation ¢ by

(X0 4+ at)o (YO +8Y) =15(X° V) + L% 8" — LYal
+lo(at, BY) + L3, Y0 — £5, X°,
(86) (XO+al)o (X! +a%) = (X% X)) + LEoa® + 1x1d(at)

(
(X1 +a% o (X0+al) =1(X, X
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An E_i-valued 3-form 2 is defined by
(87) QX+l YO+ 8L, 2%+ ¢
= lg(XO, YO, ZO) + L§(07y0<1 + L:;)/0720061 + L?’Zoyxoﬁl
+I3(a', B¢ + Lo 51 20+ L 0 X0+ Lh YO,
where X0 Y0 Z0 € T'(A),at, B, ¢t e T(A* ).
Theorem 6.2. Let (A, A*[1]) be a split Lie 2-bialgebroid. Then
(E—l7 EOv av P, ('a ')-i-a <, Q)

is a CLWX 2-algebroid, where Eg = Ag ® A* |, E_1 = A_1 ® A}, 0 is given
by ([84), p is given by (85), (-,-)+ is given by (52)), o is given by and 2
s given by .

Proof. Since pu+ v — p2 is a degree 4 function on T%[3]|Ey[1] satisfying

{w+~y—p2,p+~v—p2} =0,

by Theorem there is a CLWX 2-algebroid defined by p + v — po through
derived brackets. It is straightforward to deduce that f are exactly
the one obtained through derived brackets. The proof is finished. O

References

[AKSZ] M. Alexandrov, M. Kontsevich, A. Schwarz, and O. Zaboronsky,
The geometry of the master equation and topological quantum field
theory, Internat. J. Modern Phys. A 12 (1997), no. 7, 1405-1429.

[AP] M. Ammar and N. Poncin, Coalgebraic approach to the Loday in-
finity category, stem differential for 2n-ary graded and homotopy
algebras, Ann. Inst. Fourier (Grenoble). 60 (2010), no. 1, 355-387.

[BC] J. C. Baez and A. S. Crans, Higher-dimensional algebra VI: Lie
2-algebras, Theory Appl. Categ. 12 (2004), 492-528.

[BSZ] C. Bai, Y. Sheng, and C. Zhu, Lie 2-bialgebras, Comm. Math.
Phys. 320 (2013), no. 1, 149-172.

[BV] D. Bashkirov and A. A. Voronov, On homotopy Lie bialgebroids,
arXiv:1612.02026.



QP-structures of degree 3 and CLWX 2-algebroids 1889

[BP] G. Bonavolonta and N. Poncin, On the category of Lie n-
algebroids, J. Geom. Phys. 73 (2013), 70-90.

[Bru] A. Bruce, From Lu-algebroids to higher Schouten/Poisson struc-
tures, Rep. Math. Phys. 67 (2011), no. 2, 157-177.

[Get] E. Getzler, Higher derived brackets, arXiv:1010.5859v1.

[IU] N.Ikeda and K. Uchino, QP-structures of degree 3 and 4D topolog-
ical field theory, Comm. Math. Phys. 303 (2011), no. 2, 317-330.

[Jot] M. Jotz Lean, N-manifolds of degree 2 and metric double vector
bundles, arXiv:1504.00880.

[Jot18] M. Jotz Lean, The geometrization of N-manifolds of degree 2, J.
Geom. Phys. 133 (2018), 113-140.

[Jot19] M. Jotz Lean, Lie 2-algebroids and matched pairs of 2-
representations: a geometric approach, Pacific J. Math. 301
(2019), no. 1, 143-188.

[KS] Y. Kosmann-Schwarzbach, Courant algebroids. A short history,
SIGMA Symmetry Integrability Geom. Methods Appl. 9 (2013),
Paper 014, 8pp.

[Kra] O. Kravchenko, Strongly homotopy Lie bialgebras and Lie quasi-
bialgebras, Lett. Math. Phys. 81 (2007), no. 1, 19-40.

[LM95] T. Lada and M. Markl, Strongly homotopy Lie algebras, Comm.
Algebra 23 (1995), no. 6, 2147-2161.

[LS] T. Lada and J. Stasheff, Introduction to sh Lie algebras for physi-
cists, Int. Jour. Theor. Phys. 32 (1993), no. 7, 1087-1103.

[LM] D. Li-Bland and E. Meinrenken, Courant algebroid and Poisson
geometry, Int. Math. Res. Not. 11 (2009), 2106-2145.

[LSh] J. Liu and Y. Sheng, Homotopy Poisson algebras, Maurer-Cartan
elements and Dirac structures of CLWX 2-algebroids, to appear in
J. Noncommutative Geom. (2020).

[LWX97] Z. Liu, A. Weinstein, and P. Xu, Manin triples for Lie bialgebroids,
J. Diff. Geom. 45 (1997), no. 3, 547-574.

[Liv] M. Livernet, Homologie des algébres stables de matrices sur une
Aso-algebre, C. R. Acad. Sci. Paris Sér. I Math. 329 (1999), no. 2,
113-116.



1890 J. Liu and Y. Sheng

[MX] K. Mackenzie and P. Xu, Lie bialgebroids and Poisson groupoids,
Duke Math. J. 73 (1994), no. 2, 415-452.

[MZ] R. Mehta and M. Zambon, L.-algebra actions, Differential Geom.
Appl. 30 (2012), no. 6, 576-587.

[Roy] D. Roytenberg, Courant algebroids, derived brackets and even
symplectic supermanifolds, PhD thesis, UC Berkeley, (1999),
arXiv:math.DG/9910078.

[Roy02] D. Roytenberg, On the structure of graded symplectic superman-
ifolds and Courant algebroids, in: Quantization, Poisson Brackets
and Beyond (Manchester, 2001), Vol. 315 of Contemp. Math. pages
169-185. Amer. Math. Soc., Providence, RI, (2002).

[Roy07A] D. Roytenberg, On weak Lie 2-algebras, XXVI Workshop on Ge-
ometrical Methods in Physics, AIP Conf. Proc. Vol. 956. pages
180-198. Amer. Inst. Phys. Melville, NY, (2007).

[Roy07B] D. Roytenberg, AKSZ-BV formalism and Courant algebroid-
induced topological field theories, Lett. Math. Phys. 79 (2007),
no. 2, 143-159.

[RW98] D. Roytenberg and A. Weinstein, Courant algebroids and strongly
homotopy Lie algebras, Lett. Math. Phys. 46 (1998), no. 1, 81-93.

[She] Y. Sheng, The first Pontryagin class of a quadratic Lie 2-algebroid,
Comm. Math. Phys. 362 (2018), no. 2, 689-716.

[SL] Y. Sheng and Z. Liu, Leibniz 2-algebras and twisted Courant alge-
broids, Comm. Algebra 41 (2013), no. 5, 1929-1953.

[SZ] Y. Sheng and C. Zhu, Higher extensions of Lie algebroids, Comm.
Contemp. Math. 19 (2017), no. 3, 1650034, 41 pages.

[Sta] M. Schlessinger and J. Stasheff, The Lie algebra structure of tan-
gent cohomology and deformation theory, J. Pure Appl. Algebra
38 (1985), 313-322.

[Uch] K. Uchino, Derived brackets and sh Leibniz algebras, J. Pure Appl.
Algebra 215 (2011), 1102-1111.

[Vor05] T. Voronov, Higher derived brackets and homotopy algebras, J.
Pure Appl. Algebra 202 (2005), no. 1-3, 133-153.

[Vor10] T. Voronov, @-manifolds and higher analogs of Lie algebroids,
XXIX Workshop on Geometric Methods in Physics, AIP CP 1307,
pp. 191-202, Amer. Inst. Phys., Melville, NY, (2010).



QP-structures of degree 3 and CLWX 2-algebroids 1891

[Zam] M. Zambon, Ly -algebras and higher analogues of Dirac structures
and Courant algebroids, J. Symplectic Geom. 10 (2012), no. 4,
563-599.

DEPARTMENT OF MATHEMATICS, JILIN UNIVERSITY
CHANGCHUN 130012, JiLiN, CHINA

E-mail address: 1iujf12@126.com

E-mail address: shengyh@jlu.edu.cn

RECEIVED MARCH 03, 2016
ACCEPTED SEPTEMBER 13, 2018






	Introduction
	Preliminaries
	CLWX 2-algebroids and Lie 3-algebras
	The CLWX 2-algebroid associated to a split Lie 2-algebroid
	QP-manifolds T*[3]A[1] and CLWX 2-algebroids
	The CLWX 2-algebroid associated to a split Lie 2-bialgebroid
	References

