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On Ls-cohomology of almost
Hermitian manifolds

RI1cHARD HIND AND ADRIANO TOMASSINI

We prove two results regarding the Lo cohomology of almost-
complex manifolds. First we show that there exist complete, d-
bounded almost Kahler manifolds of any complex dimension n > 2
such that the space of harmonic 1-forms in Lo has infinite dimen-
sion. By contrast a theorem of Gromov [6] states that a complete
d-bounded Kéhler manifold X has no nontrivial harmonic forms of
degree different from n = dim¢ X. Second let (X, J, g) be a com-
plete almost Hermitian manifold of dimension four. We prove that
the reduced Ly 2™¢-cohomology group decomposes as direct sum of
the closure of the invariant and anti-invariant Ls-cohomology. This
generalizes a decomposition theorem by Draghici, Li and Zhang
[] for 4-dimensional closed almost complex manifolds to the Lo-
setting.

1. Introduction

Cohomological properties of closed complex manifolds have recently been
studied by many authors, focusing on their relations with other special struc-
tures (see e.g. [Il, [, 9] and the references therein). The aim of this paper
is to study cohomological properties of non compact almost complex man-
ifolds. In this context, Ls-cohomology provides a useful tool to study the
relationship between such properties and the existence of further structures,
e.g., Kahler, almost Kéahler structures.

In [6] Gromov developed Ls-Hodge theory for complete Riemannian
manifolds, respectively Kahler manifolds, proving an Lo-Hodge decompo-
sition Theorem for Lo-forms.
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As a consequence, for a complete and d-bounded Kéhler manifold X, denot-
ing by H5, respectively H5, the space of A-harmonic Lo-forms of degree
k, respectively Ag-harmonic Lo-forms of bi-degree (p,q), he showed that
HE ~ @,k H5?; furthermore, denoting by m = dimc X, that H5 = {0},
for all & # m and hence H5? = {0}, for all (p, ¢) such that p + g # m. A key
ingredient in the proof is the Hard Lefschetz Theorem.

In the present paper we show that such a conclusion no longer holds
in the category of non compact almost Kéhler manifolds. Indeed, by using
methods of contact geometry, starting with a contact manifold (M, ) hav-
ing an exact symplectic filling (see Definition , we construct a d-bounded
complete almost Kithler manifold Y satisfying LoH'(Y) # {0}. More pre-
cisely, we prove the following main result (see Theorem [3.9)).

Theorem. There exist d-bounded, complete almost Kdhler manifolds Y of
every real dimension 2n > 4 with LoH'(Y') infinite dimensional.

Next we focus on Lo-cohomology of almost complex 4-dimensional man-
ifolds. In the closed case a theorem of Draghici, Li and Zhang [4] states that
the 27¢-de Rahm cohomology group decomposes as the direct sum of J-
invariant and J-anti-invariant cohomology subgroups, which can be viewed
as a sort of Lo-Hodge decomposition theorem for almost complex manifolds.
We generalize this to Ls cohomology defined with respect to a complete
Hermitian metric, see Theorem 4.8

Theorem. Let (X, J, g) be a complete almost Hermitian 4-dimensional man-
ifold. Then,

LyH*(X;R) = LyH(X) @ LyH— (X).

The paper is organized as follows: in Section 2 we recall some generalities
regarding Ls-cohomology. Section 3 is devoted to the proof of non vanishing
of the first La-cohomology group. In Section 4 we prove the decomposition
Theorem [£.§ and also give cohomological obstructions for an almost complex
structure to admit a compatible complete symplectic form.

Finally, we would like mention an open question. An almost-complex man-
ifold of dimension at least 6 may have a taming symplectic form but not
a compatible symplectic form (see e.g., [§]). For closed 4-dimensional man-
ifolds however, there are no local obstructions and Donaldson in [2] raised
the following question:

Donaldson’s Question([2])If J is an almost complex structure on a com-
pact 4-manifold which is tamed by a symplectic form, is there a symplectic
form compatible with J?
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Moving to the complex case, it is still unknown whether a closed complex
manifold X of dimension at least 6 with a taming symplectic form also has
a compatible symplectic form, in other words, whether it is Kéahler. Such
a question has a positive answer by Li and Zhang for complex surfaces [9,
Theorem 1.2]. Here is an analogue of the question for open manifolds.

Question. Let (X, J) be a complex 2n-dimensional manifold. Suppose there
ezists a d-bounded symplectic formw taming J such that g(-,-) = S(w(-, J-) —
w(J-,-)) is complete. Does (X, J) admit a complete d-bounded Kdhler struc-

ture whose corresponding metric is uniformly comparable to g?

Our construction in section 3 gives d-bounded complete almost complex
manifolds Y which admit a compatible symplectic form and correspond-
ing complete metric satisfying Lo H'(Y;R) # {0}. If our construction could
be upgraded to give examples of (integrable) complex manifolds which still
admit a taming symplectic form with corresponding complete metric and
satisfy LoH'(Y;R) # {0} then by Gromov’s theorem there could not be a
compatible Kahler structure with comparable metric, thus implying a neg-
ative answer.

Acknowledgments. We thank Weiyi Zhang for useful comments. We are also
pleased to thank the referee for fruitful suggestions and remarks leading to
a better presentation of the results. The second author would like to thank
the Math Departments of Stanford and Notre Dame Universities for their
warm hospitality.

2. Preliminaries

We start by recalling some notions about Ls-cohomology. Let (X, g) be a
Riemannian manifold and denote by Q¥(X) the space of smooth k-forms
on X. Then a € Q%(X) is said to be bounded if the Lo-norm of « is finite,
namely,

el £ x)= sup |a(z)] < +o0
rzeX
where |a(z)| denotes the pointwise norm induced by the metric g on the
space of forms. By definition, a (smooth) k-form « is said to be d-bounded

if a =dp, where ( is a bounded (k — 1)-form. Furthermore, a k-form « is
said to be Ly, namely a € LoQF(X) if

ol Ly = ( /X |Oé($)\2dx) oo,
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that is the pointwise norm |a|? is integrable. Denote by (L2A®(X),d) the
sub-complex of (Q°(X),d) formed by differential forms « such that both «
and da are in Lo. Then the reduced Lo-cohomology group of degree k of X
is defined as

LoyH*(X;R) = LyAF(X) N ker d/dLg(Ak—l(X)).
We recall the following (see [6, Lemma 1.1.A])

Lemma 2.1. Let (X, g) be a complete Riemannian manifold of dimension
n and let o € L1Q"Y(X), that is

/X ()] dz < +o0.

Assume that also dao € LiQ™"(X). Then

/da:O.
X

Let A = dd + dd denote the Hodge Laplacian and set
HE = {a € LyQF(X) | Aa =0}
namely, H5 is the space of harmonic Lo-forms on (X, g) of degree k. Then,

under the assumption that (X, g) is complete, Gromov proved the following
Hodge decomposition for Lo-forms (see [0]), namely,

(1) Ly (X) = HE @ d(L2251(X)) @ §(La QL (X)),
where d(LoQ*F~1(X)) means the closure in LyQF(X) of

Lok (X) N d(LoQF (X))

and similarly for §(Lo(Q++1(X)). Given any «, 8 € QF(X), we set

<Oé,ﬁ>:/Xg(Ol75)dl'-

We have the following
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Lemma 2.2. Let (X,g) be a complete Riemannian manifold and let o €
LyQF(X). Denote by

a=ag+A+u

the Hodge decomposition of o, where
ag € HE N ed(LQF1(X)), u e d(LQF1(X)).

Then

i) dA=0.

ii) If da =0, then p = 0.
Proof. i) Let X\ be a smooth k-form. First of all note that d\ = 0 if and only
if for every compactly supported (k + 1)-form ¢ we have (A, dp) = 0.

Let {d\;}jen be a sequence of d-exact forms in LyQ¥(X) such that \; €
LyQF~1(X) for every j € N and d\; — A in Ls. Then

(A, dp) = jlggo(d/\j, dp) =0,

since 0 is the adjoint of d.

ii) Let {6u;}jen be a sequence of d-exact forms in LyQ¥(X) such that yu; €
LoQFF1(X) for every j € N and duj — p in Lg. Then, by Lemma we
obtain

(o, 6pj) = (dav, pj) = 0.
Now
s = )| = | [ o= dngyas| < [ ol = ol

< lallp, ol = ol L x)-

Hence, the sequence {(c,dp;)}jen converges to (a,u). and consequenltly,
(ar, ) = 0. Therefore, by the Lo-orthogonality of the Lo-Hodge decomposi-
tion, it follows that p = 0. ]

3. Ly-cohomology and contact structures
Let now (X, J) be a complex manifold and g be a Hermitian metric. Then

according to Gromov [6, 1.2.B], if X is a complete n-dimensional Kéhler
manifold whose Kéhler form w is d-bounded, then H%5 = {0}, unless k = %.
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In this section we will see that the same conclusion does not hold in the
category of almost Ké&hler manifolds.

To begin, let M be a (2n — 1)-dimensional compact contact manifold,
n > 1 and denote by a a contact form. Let £ = ker a be the contact distri-
bution and R be the Reeb vector field.
On the product manifold X = M x (3, +o0), with ¢ the coordinate on (3, c0),
let p = p(t) be a positive smooth function, such that p' >0 and let w, =
d(pa). Then w, is a symplectic form on X.

Definition 3.1. We say that a contact manifold M with contact form «
has an ezxact symplectic filling if there exists a compact exact symplectic
manifold (W,w = d\) with OW = M and A|y; = a. Furthermore we require
the Liouville field ¢ defined by {|w = A to be outward pointing along M.

We remark that if a particular contact form on M has an exact sym-
plectic filling then so do all other contact forms which generate the same
contact structure, that is, all o such that ker o/ = ker av.

A version of Darboux’ Theorem implies that a tubular neighborhood of
M = OW in W can be identified symplectically with (M x (=6,0],d(e'a)),
and we may choose a primitive on W equal to e’ in this neighborhood.

Proposition 3.2. Suppose that (M, «) has an exact symplectic filling and
p(3) > 1. Then there exists an exact symplectic manifold (Y,w = df) such
that the complement of a compact set may be identified with X = M x
(3, 400) via a diffeomorphism pulling back pa to [3.

Proof. We set Y =W U (M x (—6,00)) where we identify M x (—d,0] with
a tubular neighborhood of M = 0W as above. Then define 8|y = A and
Blamx(0,00) = p(t)a where p is extended to (—d, +00) such that p = e’ for ¢
close to 0 and p’ > 0 for all ¢t > 0. O

Remark 3.3. We note that if pa is bounded (with respect to a choice of
metric) on M x [3,400) C Y then it is globally bounded; any compatible
almost complex structure on M x [3,400) extends to a compatible almost
complex structure on Y; any exact 1-form  on M x [3,+00) extends to an
exact 1-form on Y, and if v lies in Lo then so does its extension.

Suppose the contact form has a closed Reeb orbit and we can choose
coordinates (z;, i, z) € R%"~1 x R/Z in a tubular neighborhood of the or-

n—1

bit such that the contact form is given by a = dz + %(21:1 xidy; — yidzx;).
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Hence the Reeb vector field R = %. Set

n—1 P n—1 P
2 2 2 _ _ .
oSt V=g =23 (o by )
=1 =1
n—1
o\ 1,0
V= o i )
#1<y6i+$8%>+2 EP

Observe that the vector fields U,V € £ = ker . Then define £’ C £ by
gl — <U, V>J_doz’

the symplectic orthogonal complement of the span of U and V in £ with
respect to da. Accordingly, we have a direct sum decomposition

d

(2) TX =(R)@® <dt

> U)o (VYo

We will call an almost complex structure JJ on X adapted to the local coor-

dinates, if there exist smooth functions f,e : (3,4+00) — (0, +00) such that
d 1d

J— =fR, JR=---
f ) fdt’

== J©) =¢

on TX. Further, on a subset A < r?> < B, we have in addition
1
JU = EV’ JV = —¢U, Je =¢.

We will denote by g, the Riemannian metric associated with (w,, J), that
is g7,(-,-) = wy(+, J-). Note that the direct sum ([2)) is an orthogonal decom-
position with respect to g ,.

Theorem 3.4. Let p(t) =logt, (t) = p(t)t1™" and f(t) = @. Then
(X,wp,J) is an almost Kdhler manifold, and if (M, o) has an exact sym-
plectic filling then the structure extends to Y . Further:

i) w, is d-bounded.
i) (Y,wp,J,97,) is complete.

iii) Let b= b(r?) be a smooth function satisfying b’ = 0 if r* ¢ (A, B). Set
vy =db. Then v € LyQY(X). Moreover, v € dLo(C>®(X)) only if v = 0.
The 1-form ~ extends to a 1-form on Y and the conclusions hold for
the extension.
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For the proof of Theorem we will need the following general

Lemma 3.5. Let (Z,g) be a Riemannian manifold and let v € LyQ¥(2),
v #0. Let {dp;}jen be a sequence in d(LoQF~1(2)) N LaQ¥(Z) such that
dp; — v in Lo. Then, for all j >> 1,

for a suitable positive constant C(7).

Proof. Since 7 # 0 there exists a bump function a such that (v, ay) > 0. We
have:

(v, av) — (dpj,ay) = (v — dpj,ay) = /Zg(v —dpj,ay)dx
< /Z Iy — dgjllarlde < Iy — ;Lo larll Lz,

Set
Cj = v = dgjllL.(z) llavll L. (2)-
Note that C; — 0 for j — +oo. We obtain

(v, am) = Cj < {dwj, a) = (g5, 6(a7)) < ll@jllLa(z) 10(a) | L.(2) -
For j large the left hand side is positive, hence [|0(a)]|,(z)> 0 and therefore
setting

_ yay)
O = s

we get

1€l ,(2)= C(7) > 0.

We give now the proof of Theorem

Proof of Theorem[3.4. By Remark it suffices to work on X. By con-
struction, J is an almost complex structure on X which is compatible
with w,. Therefore, gj,(:,-) = w,(:,J-) is a Riemannian metric on X and
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(X,wp, J,97,) is an almost Kéhler manifold. Then
wy, = 20 0" Ldt A a A (do)" !

is a volume form on X and Voly; = 2a A (da)" ! is a volume form on the
compact contact manifold M, so that

wy = o' p"tdt A Volyy .
i) By assumption, w = d(pa) = d\, where A = pa; by definition w, is d-
bounded if A € Lo (X). Recalling that JR = —%%, we have,

1d 0

R?=w,(R,JR) = —w, (R, >+ | = =

R = (R IR) =~ (R ) =

Since J preserves the contact distribution &, we see that « is dual to %R

with respect to g ,. Therefore |\|? = p2§. Hence A € Loo(X) if and only if
o

(3) f<c4

p?’

where C is a positive constant. By our assumptions,

1

= logt, = —,
r 8 / tlog?t

so that is satisfied.

ii) In order to check completeness of (Y,w,,J) it is enough to estimate
f+°° |%|dt. We obtain:

3
2 / / /
_ 7 _ _ /
—Wp<lt7 lt) ("’p<ltafR)—fp'

d
dt

Therefore,
/+oo ‘ Cl /+OO
—| = v p fdt = 400,
3 dt 3

that is (Y, wp, Jz . ge 1) is complete.
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iii) First of all we check that v € LoQ!(X). We have the pointwise estimate
valid on the support of v:

2 11200212 _ /2(d7"2(U))2

since dr? vanishes on the orthogonal complement of (U) in the decomposition
, indeed, dr? = —2V |da. Therefore,

2 2 (dTZ(U))2 m2 €
= —_— < _—

since

1 2p1?
U = w(U,JU) = ~w(U,V) = 2"
€

€

Therefore, as € = pt'~™, for suitable constants ci, co we get:

6 e _—
V12,00 < e /X fup=a /X £7757=1 /it A Vol

+o00 1 n—1 t
= 02/ o8 dt < +o0.
3

tn

Let v # 0. We show that v ¢ dLa(C>®(X)).

By contradiction: assume that there exists a sequence {¢;}jen in La2(C*(X))
such that dp; € L2QY(X) for every j € N and dp; — v in LyQ'(X). Set
vj = dp;. We also write

fi(t) = /Mx{t}m)?\fow.

Then

b logt)"~*
15117, (3 xa,60) :/ <t)dt/ ()% Volus
a Mx{t}

_ / ’ (log )"~ ?n_l £(0)dt.

We will show that f;(t) is bounded away from 0 for large j, contradicting
the assumption that ¢; € Lo(C*>(X)). First, for the pointwise norm of +,
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since 7(%) = 0, we have the estimate:

G

=y =V = Iv Yl

(4)

<ly-— ’YJ’

Now

d d
G :/ 2pidp; () Vol = 2(0; ( >V01M
() Mxqry 0 \dt Mxqy 0 \dt

Therefore, by , setting

Vi (t) = 2017 — Y5l o)

/ 2| ’y'(d>
Mxgr ]\t

2

@H‘Pj”Lz(MX{t})H'Y =Yl Laarxqey)

= VB 0w,

From the last expression,

we obtain:

() |15l

IN

IN

©  [Jr0] <

Now, by definition,

b o n—1
") /(logt) %()dt:4/ </Mx{t}|7_%|2VOIM> : gz) at

<4y =yl 7
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In view of @ and , we obtain

1 1
®) 50— /hie < 2¢ e~ miiogtyr 0o

By assumption, dy; — v in Ly(X), and consequently dy; — v also in
Lo(M x [3,3 +9]). By Lemma it follows that there exists a constant
C(v,9) such that that

el 2, hrxis e C(1,6)

for all j >> 1, where C(v,0) > 0 is independent of j, that is

3+46 n—1
conp < [ BB par

But

349 (log t)" ! 0 (log )"
/ (t)fj(t)dt < sup fj(t)\/ (t)dt’
, 3<I<3+5 3

which implies

, nC(v,9)
st M2 (BT 8 — (og3)

Therefore, for all large j there exists a ¢ € [3,3 + €] such that

nC(vy,0)/2

1) 2 Gog3 + 8)) — (log 3)7

and we note that the lower bound is independent of j. By , this implies
that f;(t) is bounded below for large j and all ¢, since v; — v in Lo(X).
This gives our contradiction as required. (]

Corollary 3.6. Let (Y,w,,J,975,) be an almost Kdhler structure adapted
to a contact form « as above. Then for ~y, €, [ as in Theorem[3.4] we have

LoHY(Y;R) # {0}.

Proof. Let v be a non-zero exact 1-form on M satisfying the hypothesis iii)
of Theorem Then the pull-back of v to X extends to a 1-form on Y,
still denoted by ~, such that [y] # 0. O
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Corollary 3.7. Suppose bi(r?),ba(r?), ... is an infinite family of linearly
independent real valued smooth functions on M such that by = 0,b, =0, ...
for r? ¢ (A,B). Let y; be an extension to Y of the pull-back of v; = db;
to X. Then (Y,wp,J,q,,) is an almost Kihler structure and LoHY(Y) is
infinite dimensional.

Proof. Any finite linear combination Z;zl cjvj, for ¢; € R, j =1,...,r sat-
isfies the assumptions of Corollary Hence

> il #0.
Jj=1 O

Corollary 3.8. The almost complex structure J is not integrable.

Proof. By [6, 1.2.B], complete d-bounded Kihler manifolds have LoH' =
{0}. O

We collect the previous results in the following

Theorem 3.9. There exist d-bounded, complete almost Kdhler manifolds
Y of every dimension 2n > 4 so that LoH'(Y) is infinite dimensional.

4. Ls-Decomposition for almost complex 4-manifolds

Let (X, J, g) be a 4-dimensional almost Hermitian manifold. Then J acts as
an involution on the space of smooth 2-forms Q?(X): given a € Q?(X), for
every pair of vector fields u, v on X

Ja(u,v) = a(Ju, Jv).

Therefore the bundle A2X splits as the direct sum of +1-eigenspaces A+,
ie., A2X = A, & A_. We will refer to the sections of Aj, respectively A7
as to the invariant respectively anti-invariant forms, denoted by Q(X),
respectively Q7 (X). Let us denote by L2 Z(X) the space of closed 2-forms
which are in L9 and set

Ly 2% = L Z(X) N QE(X).
Define

LyH*(X) = {a € LoH*(X;R) | 3o € LyZF such thata = [a]}.
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We will assume that g is a complete J-Hermitian metric on X and we
will denote by w the corresponding fundamental form. Let A;t be the +1-
eigenbundle of the * Hodge operator associated with g. Then, we have the
following relations

(9) A = Spang (w) & A, A} = Spang(w) & A7,
In general if o~ is anti-invariant then

(10) xa =a .

Therefore,

Corollary 4.1. Closed anti-invariant forms are harmonic, that is, we have
an inclusion LoZ~ — H3. All anti-invariant forms are self-dual, while anti
self-dual forms are invariant.

For closed almost complex 4-manifolds Draghici, Li and Zhang showed
in [4] that there is a direct sum decomposition

H?p(X;R) = HY(X)® H (X).

In this section we generalize such a decomposition to the Lo setting. The
arguments follow closely those in [4].

First of all, by the Lo-Hodge decomposition and Lemma[2.2] the vector space
LoH?(X;R) is isomorphic to the space H3 of Ly-harmonic forms on X, which
is a topological subspace of the Hilbert space L2Q?(X). The following lemma,
is well known.

Lemma 4.2. H3 is a closed subspace of LoQ%(X), and hence inherits the
structure of a Hilbert space.

Proof. We recall the proof for the sake of completeness. Let {c;}jen be a
sequence in ’H% such that a; — «, for j — 400 in La. Then, for every smooth
compactly supported 2-form ¢ on X we have:

(a,6p) = lim (o, dp) = 0.

j—+oo
In the same way,
<O£, d90> = <O£j, d(,D> = Oa

that is « is harmonic in the sense of distributions. Therefore, by elliptic
regularity, o € H3. O

lim
J—+oo
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Lemma 4.3. Let a € LoQ?(X) be self-dual and let o = apy + X+ p be its
Lo-Hodge decomposition . Then,

sd __  ,sd asd __ __, asd
Ao =Hg s Ay = THg

where A = )\;d + )\ng and p = Mgd + ,ungdenote the x-decomposition. Fur-
thermore, the forms

(11) a+ 2005 = ap + 2\
are closed.
Proof. By assumption xa = «. Hence, if
a=ag+A+p,
where A € d(LaQL(X)), p € 6(LoQ3(X)) then,
ko= *xop AN+ R =ag + A+

Now, if {A;j}jen, {#j}jen are sequences in d(L:Q'(X)), respectively
§(La3(X)) such that

Aj=dNy, py=dpl, A€ LeQ (X)), py € LeQ*(X),  dN; — A du; — p
in the Lo-norm, then
1A = M Loy = 1dN; = Ml L, = [N = *X| £,
so that *d)\;- — *\ in Lo and, similarly, *du; — xu. Therefore, since
xd\; € 5(LoQ%(X)),  #0uf € d(L2Q*(X)),
we obtain that
* X € Lo(X), spe Lo0?(X), #Ae€d(Lo3(X), =p e d(LaQ2(X).
Therefore, by the uniqueness of the Ls-Hodge decomposition,
*A =, * = A

Then follows. The form apy + 2\ is closed since « is harmonic and A
is closed by Lemma [2.2 O
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Lemma 4.4. The following holds

LoH¥(X) N LyH-(X) = {0}.

Proof. Let {ai}ien, {B;}ien be sequences of harmonic forms in LoQ?(X)
with [a;] € LoHT(X) and [B;] € LoH ™ (X) such that o; — «, for i — +00
in Ly and B; — «, for i — +00 in Lg. Then, using Lemma [2.2] and Corollary
41 we can write

ai=0+XN, Bi=n

where 0 € LoZT, 07 € LyZ7, \; € dL2(Q1(X)). Then, as anti-invariant
forms are self-dual we can use Lemma [2.1] to obtain

0:/ 0i+/\ni:/ HM*mz/ a; N\ *B; = (o, Bi).
X X X

Taking a limit this implies
|7, )= 0,

that is, LoHT(X) N LoH—(X) = {0}. 0

Lemma 4.5.
(LoHY (X) @ LoH ™ (X)) = {0}.

The orthogonal complement is defined by recalling that Ly H*(X) can be
thought of as subspaces of the Hilbert space H3.

Proof. By contradiction: assume that there exists 0 # [a] € LoH?(X;R) such
that, for every [07]+ [07] € LoH(X) & LoH ™ (X),

<a, 0" +67 >=0.

To compute the inner product we assume that o, 67 and 6~ are harmonic
representatives. By taking 6% to be the anti self-dual part of « (which is
invariant by Corollary and #~ =0 we see immediately that the anti
self-dual part of o must vanish, that is, « is self-dual. Therefore, by @ we
have

a=cw+0",

where ¢ is a function on X such that ¢ # 0 and 6~ € Q™ (X).
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Since [a] ¢ LoH ™ (X) we may assume that there exists x € X such that
c(z) > 0. Let a be a bump function and W be a compact neighborhood of
x such that a|yy = 1 and

suppa C {z € X | c(z) > 0}.
Let ® : X — R be defined as
®(z) = g(a, aw)(x).
Then
®(x) = gla, aw)(x) = glew + 67, aw)(x) = c(x)a(z) > 0,

Now we apply Lemma [4.3]to the self-dual form a®w. Let A be the exact part
of the Ly Hodge decomposition of a®w. Then Lemma gives

(adw) g + 2\ = a®w + 2)\° € LyH T (X).

Therefore, using Lemma, and noting that self-dual and anti self-dual
forms are pointwise g-orthogonal, we obtain

0 =< (aPw+ 2)\35‘1)1{, a>= [ (adw + 2)\23d) A xa
= [y 9(a,a®w) + 2g(or, X2 Voly = [ g(ov, a®w)Volx = [y ®*Voly.
Hence ® = 0 and ¢(x) = 0. This gives a contradiction. O

Lemma 4.6. We have

LyH?*(X;R) = LoHH(X) ® LyH— (X).

Proof.

LoHT(X) @ LyH~ (X) = ((LeH* (X) @ LyH~ (X))1)" = {0} = #3

using Lemma [1.5] O

Lemma 4.7. The subspace LoHt(X) ® LoH~(X) is closed in Lo H?*(X; R).

Proof. As LoH+(X) and LoH~(X) are orthogonal, we can check that a
sequence {(w;, 5;)} in t he direct sum is Cauchy if and only if both {«;} and
{pi} are Cauchy. O
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Theorem 4.8. Let (X, J,g) be a complete almost Hermitian 4-dimensional
manifold. Then, we have the following decomposition

LyH?*(X;R) = Lo H(X) @ LyH—(X).

Proof. Indeed, by Lemma the direct sum is closed and so by Lemma
contains LyH?(X;R) = LoH+(X) ® LoH—(X). O

Let now J be an almost complex structure on a manifold X of any dimen-
sion. The following Proposition provides a cohomological obstruction on J
in order that there exists a compatible symplectic form w such that the
associated Hermitian metric ¢;(-,-) = w(-, J-) is complete.

Proposition 4.9. Let (X, J,w,gy) be an almost Kdihler manifold such that
gy is complete. Then

LoHY(X) N LeH™ (X) = {0}.

Proof. Let [a] € LyH(X) N LoH~(X). Then, there exist a* € Ly Z* such
that
a=a"+ ), a=a +u,

where a® € LyZ*. Then
(12) at=a +7n

where 1 € d(LaA'(X)). Let {n;}jen be a sequence in Ly(X) such that n; =
dnj, m; € L2(X) and dn; — 1 in Le(X). Then, by bi-degree reasons,

(13) / at Aam AW =0.
X
We claim that
(14) / nAa” Aw" 2 =0.
X
Indeed,
[y Ao xw"%) — (pAa”, ")

S/ ](dn}—n)/\aH*w"ﬂVolng/ \(dng—n)Ha*]VolX
X X

< lldnj = nll L)l Lo x)s
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that is (dn; Aa™, *w"2) = (n Ao, xw"2), for j — +oo. On the other
hand, by Lemma [2.1

0= lim (dn; Aa™, w2 = / nAQT Aw2,

that is, . Therefore, by , and we have
0:/ at Aam Aw?
X
:/(04_—1—77)/\04_/\0.1"_2 :/ o Ao Aw 2
X X
=(n—2)! /Xa_ Axa” = (n— 2)!||a‘”%2(X),

since given any J-anti-invariant form o~ on a 2n-dimensional almost Her-

mitian manifold X, we have xa~ = ﬁa_ A w2 Hence [a] = 0. O

Example 4.10. Let A% = {(21,22) € C? | |21| < 71, |22| < 72} be a poly-
disc in C? endowed with the complete and d-bounded Kihler metric

2
w= i@gzlog(l —12]?).
j=1

Then, the real J-anti-invariant forms

1 1

§(d21 Ndzo + dzy /\d?g), Z(dzl Ndzo — dzy /\dzg)
and the real J-invariant forms

1 1

5(dz1 NdzZo + dzy Ndzy) , Z(dzl/\dfg —dz1 Ndzg)
are Lo-harmonic, so that Lo H*(A?%) # {0}.

Remark 4.11. Notice that for the de Rham cohomology, Draghici, Li and
Zhang in [5, Theorem 3.24] constructed non-compact complex surfaces for
which HT(M)n H~ (M) # {0}.
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