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Critical symplectic connections
on surfaces

DANIEL J. F. Fox

The space of symplectic connections on a symplectic manifold is a
symplectic affine space. M. Cahen and S. Gutt showed that the ac-
tion of the group of Hamiltonian diffeomorphisms on this space is
Hamiltonian and calculated the moment map. This is analogous to,
but distinct from, the action of Hamiltonian diffeomorphisms on
the space of compatible almost complex structures that motivates
study of extremal Kéahler metrics. In particular, moment constant
connections are critical, where a symplectic connection is critical if
it is critical, with respect to arbitrary variations, for the L?-norm
of the Cahen-Gutt moment map. This occurs if and only if the
Hamiltonian vector field generated by its moment map image is
an infinitesimal automorphism of the symplectic connection. This
paper develops the study of moment constant and critical symplec-
tic connections, following, to the extent possible, the analogy with
the similar, but different, setting of constant scalar curvature and
extremal Kahler metrics.

It focuses on the special context of critical symplectic connec-
tions on surfaces, for which general structural results are obtained,
although some results about the higher-dimensional case are in-
cluded as well. For surfaces, projectively flat and preferred sym-
plectic connections are critical, and the relations between these
and other related conditions are examined in detail. The relation
between the Cahen-Gutt moment map and the Goldman moment
map for projective structures is explained.
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1. Introduction and summary of results

A torsion-free affine connection on a 2n-dimensional symplectic manifold
(M, Q) is symplectic if V;Q;, =0 (in this article a symplectic connection
is always torsion-free). The space S(M, Q) of symplectic connections on
(M, Q) is itself a symplectic affine space, and in [I3] (see also [8] or [30]),
M. Cahen and S. Gutt showed that the action of the group Ham(M, ) of
Hamiltonian diffeomorphisms on S(M, §2) is Hamiltonian, with moment map
V = K(V) € C*®(M) (see(L.10) for its definition).

This recalls the Hamiltonian action of Ham(M, ) on the space J(M, )
of almost complex structures compatible with 2, that plays an important
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role in the study of extremal and constant scalar curvature Kéhler metrics.
This analogy suggests studying the moment constant and critical symplectic
connections, where a symplectic connection V € S(M, Q) is critical if it is
critical with respect to arbitrary compactly supported variations for the
L?-norm

(L1) £(v) = /M K(V)2 L.

(In earlier versions of this article, such connections were called extremal
symplectic. The terminology has been changed because the word extremal
apparently misled some readers into thinking that critical symplectic con-
nections were a special case of the usual almost Hermitian picture.)

This article initiates the study of critical symplectic connections. It has
three main subdivisions. The first, comprising Sections [2| and [3] describes
the general framework. Most of the results are valid in all dimensions 2n.

The second, constituting Sections focuses on the case 2n = 2 of
surfaces, for which there are relations with the theory of flat projective
structures. In this setting general structural results are obtained. Basic lines
of inquiry include: the construction of moment flat and critical connections;
the description of the spaces of moment flat and critical connections on a
fixed symplectic manifold; the analysis of to what extent critical connections
are more general than moment constant connections; and, to what extent
moment flat connections are more general than other classes of distinguished
symplectic connections, such as preferred connections or projectively flat
connections.

Although one reason for interest in critical symplectic connections is the
applicability of these notions in the setting of symplectic manifolds admitting
no Kéhler metrics, the most studied symplectic connections are the Levi-
Civita connections of K&hler metrics. The third part of the paper, comprising
Sections addresses this special case. The results support the idea that
Kahler connections that are critical symplectic are uncommon, and must in
some cases be equivalent to local products of locally symmetric spaces. For
example, it is shown that the Levi-Civita connection of the Ricci-flat Yau
metric on a K3 surface is not critical symplectic.

The results reported here suggest that the higher-dimensional case 2n >
2 is interesting, and, although that context is not the focus of this article,
Section [14] contains brief discussion of analogues for symplectic connections
of the Einstein condition and Bach tensor associated with a metric.

The remainder of the introduction describes the contents in detail. For
technical reasons the ordering of the discussion in the introduction and the
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presentation of the corresponding material in the main text do not always
coincide.

1.1.

Every symplectic manifold admits a symplectic connection, for if V is any
torsion-free affine connection then

(1.2) V =V + 30"V,

is symplectic. Here the abstract index conventions (see [53] or [58]) are used,
and indices are raised and lowered (respecting horizontal position) using
the symplectic form €;; and the dual antisymmetric bivector Q% subject
to the conventions X; = X?Q),; and Xt = Qipo (so that Qinpj = —6ji,
where (5ji is the canonical pairing between the tangent space and its dual).
Enclosure of indices in square brackets (resp. parentheses) indicates com-
plete antisymmetrization (resp. symmetrization) over the enclosed indices.
Among the labels enclosed by delimiters, those further delimited by vertical
bars | - | are omitted from the indicated (anti)symmetrization. For example,
2Vihyjik = Viljr — Vihgi. A label is in either up position or down, and a
label appearing as both an up and a down index indicates the trace pairing
(summation convention).

The affine space S(M, Q) of symplectic connections on (M, Q) is mod-
eled on the vector space I'(S3(T*M)) of completely symmetric covariant
cubic tensors, for if V,V € S(M,Q) and V =V + II;; k then 0 k=0,
because V and V are torsion free, and, with 0 = V€, = —2II;(;), this im-
plies I, = Tl(;j1). (For a smooth vector bundle £ — M, I'(E) denotes the
vector space of smooth sections of E, and S¥(E) denotes the kth symmetric
power of E.)

The symplectomorphism group Symp(M,) of (M,Q) comprises
compactly supported diffeomorphisms of M that preserve (2. The bilinear
Symp(M, Q)-invariant pairing of «, 8 € T'(S¥(T*M)) defined by

(1.3) @B = [ anas

is graded symmetric in the sense that (o, 3) = (—1)!lIP1(8, o), where |a| =
k. If a function is regarded as a O-tensor, then (-, -) agrees with the L?
inner product on C*°(M). Using a compatible almost complex structure it
is straightforward to show that the pairing («, ) is (weakly) nondegenerate
in the sense that if («, ) = 0 for all compactly supported g € I'(S4(T*M))
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then o = 0. Hence, the pairing determines on S(M, Q) a weakly non-
degenerate antisymmetric bilinear form defined by v(a,f) = («, ) for
a,B € TyS(M,Q) = T'(S3(T*M)). The translation invariance, vim= v,
for II € TyS(M,2) means is parallel, so closed, and so is a symplectic
form.

The diffeomorphism group Diff(M) of M acts by pullback on the
affine space A(M) of torsion-free affine connections on M; for ¢ € Diff (M),
¢*(V)xY =T¢ N VrgxyTo(Y)). The induced action of Symp(M,€) on
A(M) preserves the subspace S(M,2) and the form . This suggests that
interesting classes of symplectic connections can be identified in terms of
the symplectic geometry of the symplectic affine space (S(M, (), ) and the
action on it of Symp(M, 2) and its subgroup Ham(M, Q) consisting of com-
pactly supported Hamiltonian diffeomorphisms; these are the elements of
the path connected component of the identity Symp(M, Q) C Symp(M, Q)
that can be realized as the time one flow of a normalized time-dependent
Hamiltonian on M x [—1, 1], where normalized means mean-zero or com-
pactly supported as M is compact or noncompact.

In general, interesting classes of connections are defined in terms of cur-
vature and as critical points of functionals constructed from the curvature. In
particular, it is natural to consider functionals on S(M, 2) invariant with re-
spect to the action of some subgroup of Symp(M, Q). The most basic classes
of functionals are those quadratic in the curvature, or those determined by
some special property of the group action, for example that it be Hamilto-
nian. As will be explained, such considerations focus attention on the classes
of preferred, moment constant, and critical symplectic connections. In order
to define these classes, some more definitions are needed.

The curvature Rijkl of V € A(M) is defined by QV[iV]-]Xk = Rijp kxp
for X € I'(T'M). The Ricci curvature is R;j = Rpi; P. (Sometimes, for read-
ability, there will be written Ric or Ric;; instead of R;;.) The basic properties
of the curvature of a symplectic connection are treated in many sources;
good starting points include [8], [25], [30], and [57]. If V € S(M,?), then,
since V preserves (2, it has symmetric Ricci tensor, for 2R = —R;;p 7 = 0.
By the Ricci identity, 0 = 2V[Nj]le = _2Rij[kl]7 where Rijkl = Rijk prl‘
With the Bianchi identity this yields R,?;; = —2R;, P ; = 2R,;; P = 2R;j; it
follows that every nontrivial trace of R;j; is a constant multiple of R;;.
From this observation together with the differential Bianchi identity it is
straightforward to obtain VPR, = V;Rjy.

The space of tensors on a vector space V having curvature tensor sym-
metries can be decomposed into irreducibles with respect to the action of a
subgroup of GL(V). The decomposition with respect to an orthogonal group
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yields the usual conformal Weyl tensor, the traceless Ricci curvature, and
the scalar curvature. The analogous decomposition with respect to the lin-
ear symplectic group yields only two irreducibles, one, W(V*, Q) = {aju €
®HV* ikl = Xijkls Qi) =0, kg =0, i =0}, comprising completely
trace-free tensors with the symmetries of a symplectic curvature tensor, and
one isomorphic to S?(V*), corresponding to the Ricci curvature. The part of
R;j; that vanishes when contracted with Q% on any pair of indices is the
symplectic Weyl tensor
(14) Wijn = Rijt — 71 (QueRiy; — QR + QijRia) € T(W(T*M, ).
Particularly in the case 2n = 2, an important role is played by the curva-
ture one-form p; = p(V); = 2VPR;, of V € S(M,2). Absent some auxiliary
metric structure, there is no reasonable analogue for symplectic connections
of the scalar curvature of a metric, but the symplectic dual of the curvature
one-form is a reasonable analogue of the Hamiltonian vector field generated
by the scalar curvature of a Kéhler metric. An almost complex structure J; 7
is compatible with Q;; if g;; = —J;PQ),; = —J;; is symmetric and positive
definite. In this case the Riemannian volume element dvol, equals % The
triple (g, J, Q) is Kdhler if J is moreover integrable; to specify it, it suffices
to specify any two of g, J, and . In particular, the Levi-Civita connec-
tion D of g is symplectic. For a Kéhler structure (€2, g, J) with Levi-Civita
connection D and scalar curvature R, = gt R;j, by the traced differential
Bianchi identity there holds 2¢gP? D, R;, = D;R,, and so

(1.5) pi = —2QPID, R, = —2¢g"°D,,(Jy YRy,
= 29" Dy(J; "Rig) = J; 1DgRg = _gqug{q’

where Hzc = —df' = QPUdf, is the Hamiltonian vector field associated with
f e C>®(M). (For a nondegenerate covariant symmetric two-tensor g;;, g/
always denotes the inverse symmetric bivector, and not the tensor obtained
by raising indices with Q%. When gij is determined by a compatible complex
structure, the two possible meanings for g/ coincide.) Equivalently, the vec-
tor field p#’ metrically dual to p; is the negative of the Hamiltonian vector
field generated by the scalar curvature: pf? = gPp, = _Hiﬂz,' In particular,
a Kéahler metric has constant scalar curvature if and only if p =0, and is
extremal if and only if p#? is a real holomorphic vector field. For a general
symplectic connection the curvature one-form p; serves as a substitute for
the rotated differential of the scalar curvature, and the vanishing of p is a
reasonable substitute for the condition of constant scalar curvature.
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The curvature one-form also admits an interpretation as a multiple of the
trace of the projective Cotton tensor of the projective structure generated by
V. Two torsion-free affine connections are projectively equivalent if the image
of each geodesic of one is contained in the image of a geodesic of the other.
This is the case if and only if their difference tensor has the form 2v;4; k
for some one-form ~;. A projective structure [V] is a projective equiva-
lence class of torsion-free affine connections. Let P;; = ﬁR(ij) — ﬁR[m.
The projective Weyl tensor Bl-jkl = Rijkl + 24 lPﬂk — 20, ZP[Z-]-] = Rijkl +
ﬁ(S[ile]k, depends only on the projective equivalence class of V. The
projective Cotton tensor is Cijr = 2V Py, = ﬁv[iRﬂk — ﬁka[iﬂ‘
When 2n > 2, by the differential Bianchi identity, Cjjr = 2(1 —n)VB;jiP.
When 2n = 2, the projective Weyl tensor vanishes and Cjj;, = —2V[; R, —
%VkR[ij] does not depend on the choice of representative V € [V]. The
projective structure [V] is projectively flat if Bl-jkl =0 and Cj;; = 0; this
is equivalent to the existence of an atlas of charts with transition func-
tions in PGL(2n,R). For V € S(M,Q), (2n —1)B,?;; = 4(n — 1)R;j, so if
2n > 2 a projectively flat symplectic connection is Ricci flat, so flat. Skew-
symmetrizing the differential Bianchi identity V? Ry, = V;Rjy, yields (2n —
1)Cijk = VP R;jkp, while differentiating yields 2(n+1)VPR; 1, =2(n+
1)VpWijkp + (2n — I)Cijk + Qi5p1 — Qk[ipj]> so that

(1.6) (2n 4+ 1)(2n = 1)Cijr = 2(n + 1)VPWijip + pefij — Qpipy)-

Tracing in ij yields (2n — 1)CpP; = p;.

The simplest Symp (M, Q)-invariant functional on the symplectic affine
space (S(M,Q2), ) associates to V € S(M, ) the integral [, R;/R;" % of
the square of the Ricci endomorphism. Its critical points are characterized
by the equation V(;R;;) = 0 (this follows from ) and are called pre-
ferred. For surfaces preferred symplectic connections were introduced by F.
Bourgeois and M. Cahen in [9] and in [10], where they were called solutions
to the field equations. One reason for interest in preferred symplectic connec-
tions, in addition to their variational character, is that, since decomposing
ViRji by symmetries yields 3V;Rj, = 3V (;Rjp) — 2(2n — 1)Cjjx), the only
possible extensions of the condition that a symplectic connection have par-
allel Ricci tensor are that it have vanishing projective Cotton tensor or that
it be preferred.

Another reason for interest in the preferred symplectic connections is
that any functional on S(M, ) that is constructed by integrating expressions
quadratic in the curvature of V € S(M, Q) has as its critical points the
preferred symplectic connections. If the curvature R;j;! of V € S(M,Q) is
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regarded as an adjoint bundle valued two-form C;j;, the 4-form tr(C A C);ju
equals 6 Ry, 1 Ryyq P The first Pontryagin class p1(M) of M is represented
by the first Pontryagin form

(1.7) Prijel = P1(V)ijit = — 5oz tr(C A C)ija
_ 3 _ 3
= — 222 Ryijipl “Rrig” = — 272 Blijip) “Brijg

of V € S(M, Q). Since

(18) 87T2p1(V) A % — 7r2p1(V)ppqq% — (RZ]RU _ %RijklRijkl)%

(see (2.59) and (2.60)), the integral

(1.9) /M(Rinij — AR R )
=87 [ oy B = 8= 2)W(er] U "2, (M),

depends only on p; (M) and the cohomology class [€2]. Since all functionals
on S(M, ) quadratic in the curvature of V must be integrals of linear combi-
nations of R% R;; and R kZRijkl, it follows that all such functionals have the
same critical points, which are the preferred symplectic connections. This
is similar to, although simpler than, the situation for quadratic curvature
functionals on the space of metrics in a fixed Kéahler class as discussed in
[15].

An action of a Lie group G on a symplectic manifold (M, Q) is sym-
plectic if G acts by symplectic diffeomorphisms. The Lie algebra homomor-
phism from the Lie algebra g of G' to symp(M, ) defined by =z — X =
%'t:(} exp(—tx) - p is Hamiltonian if there is a map pu : M — g*, equivariant
with respect to the action of G on M and the coadjoint action of G on g*,
such that for each z € g, the Hamiltonian vector field H, ;) equals X*; u is
called a moment map.

It is natural to ask if the action of Symp(M,Q) or its subgroup
Ham(M, ) on S(M,€) is Hamiltonian. The Lie algebra symp(M, ) of
Symp(M, Q) comprises compactly supported vector fields X such that
£xQ = 0; equivalently the one-form X" = Q(X, +) is closed. Since Hy,, ) =
[Hy, Hy] for the Poisson bracket {u,v} = H{,H}Q;; = —duPdv, = dv(H,) of
u,v € C*°(M), the compactly supported Hamiltonian vector fields consti-
tute a subalgebra ham(M, Q) C symp(M, Q). By a theorem of A. Banyaga,
the infinitesimal generator of a flow by Hamiltonian diffeomorphisms is a
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Hamiltonian vector field, so ham(M, Q) can be regarded as the Lie alge-
)
[

bra of Ham(M, Q). Because {u, v} = du A dv A % = d(udv A &(%)) is

always exact, if M is compact, [, {u,v} % =0 for u,v € C*°(M), so the
subspace C§°(M) C C*°(M) of mean zero functions is a Lie subalgebra of
C*>°(M), isomorphic to ham(M, Q) via the map u — H,,. If M is noncompact,
then ham(M, Q) is isomorphic with the Lie algebra C2°(M) of compactly
supported smooth functions. It follows that, for any v € C°°(M), integra-
tion against uf4; defines a linear functional on ham(M,Q), so C*°(M) can
be identified with a subspace of ham(M, )*, however ham(M, Q)* is topol-

ogized.

Theorem 1.1 (M. Cahen and S. Gutt [13]; see also [8] or [36]). On
a symplectic manifold (M,Q), the map K : S(M, Q) — ham(M, Q)* defined
by

(1.10) K(V) = VVIR;; — SRYR;; + IRM R0y = IVip; — Tp1(V), P o

is a moment map for the action of Ham(M, Q) on the symplectic affine space
(S(M, ), ), equivariant with respect to the natural actions of the group
Symp(M, Q) of compactly supported symplectomorphisms of (M, ).

Theorem is reproved in section [2| Although here there is no real
novelty, the proof given is structured differently than that given in [8] or
[36], in a manner intended to parallel the proof given by S. Donaldson in
[22] that the Hermitian scalar curvature of the associated Hermitian metric
is a moment map for the action of Ham(M, Q) on the space J(M, Q) of almost
complex structures compatible with the symplectic form €2 (in the Kéhler
case this was obtained also by A. Fujiki in [29]). This approach has the side
benefit of simplifying subsequent arguments, for example the computation
of the second variation of &.

It is reasonable to ask if the action of Symp(M, 2) on S(M, Q) is Hamil-
tonian. Although there is an obstruction when 2n > 2, for surfaces (2n = 2),
the answer is affirmative. To state the claim precisely it is necessary to spec-
ify where the moment map takes values. it is claimed that the dual space
symp (M, Q)* can be identified with the space A'(M)/d’A?(M) of smooth
1-forms modulo coexact 2-forms, where the symplectic codifferential d'« of
a k-form o, defined by d'a;, 4, , = —VPay;, 4, ,, does not depend on the
choice of V € S(M, Q) and satisfies d’ o d’ = 0. Because dX " = 0, integration
determines a pairing symp(M, ) x A?"~1(M)/dA*"~2(M) — R defined by
(X,[a]) = [, X" Aa, for any o € [a]. Because the symplectic x-operator,
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defined on a k-form 8 by k!(x8)i, ... in._, = B~ Jk( ) j1orejiin iz Satisfies
xd' = (—1)F*1dx, it induces, via [3] — [*3], an 1dent1ﬁcat10n of A*"~1(M)/
dA?"=2(M) with the space AY(M)/d'A%(M) of one forms modulo coexact
one-forms. Note that, because d’(f%,) —df A (n 1), =d(— eri" 11),) nd
d'(fQ) = —df, there hold d’A*"(M) C dA*"~2(M) and dA°(M) C d’AQ( ).
The dual of the space of compactly supported divergence-free vector fields
is naturally identified with A'(M)/dA°(M) and so the dual of its subspace
comprising symplectic vector fields is identified with the possibly smaller
quotient A'(M)/d’A?(M). Alternatively, symp(M,§2)* can be identified di-
rectly with A*(M)/d’A?(M) using the pairing (1.3)), since this pairing satis-
fies a Ax3 = (a,ﬁ)% for o, € A¥(M). Consequently, a moment map for
Symp(M, ) must take values in A(M)/d'A%(M) ~ A"~ (M) /dA*~2(M).
Moreover, its codifferential should be K(V), so that when consideration is
restricted to the action of ham(M,Q), it recovers K(V). This requirement
makes sense because the codifferential of a coexact one-form is zero.

Theorem 1.2. If M is a surface (2n =2), the map S(M,Q) — A (M)/
d'A*(M) sending V € S(M,Q) to the equivalence class —3[p] is a moment
map for the action of the group Symp(M,Q) of symplectomorphisms on
S(M,Q), equivariant with respect to the natural actions of Symp(M, Q).

In dimension 2n > 2 there is a curvature term that obstructs —3|[p] being
a moment map. It is not clear whether by modifying p this obstruction can
be overcome or even if the action of Symp(M, Q) is Hamiltonian. This issue
is discussed in section

A symplectic connection V is moment constant or moment flat if KX (V)
is constant or zero. Since the curvature tensor of a locally symmetric V €
S(M, Q) is parallel, any scalar quantity formed from it and V is constant,
and so, in this case, V is moment constant. More generally, the same is
true if the group of automorphisms of V € S(M, Q) acts on M transitively
by symplectomorphisms. For example, a reductive homogeneous space G/H
that is symplectic, meaning it admits a G-invariant symplectic form, carries
a canonical symplectic connection, namely the connection V obtained by
applying with V being Nomizu’s canonical connection of the first kind
(see Theorem 10.1 of [5I]); this V is moment constant. There are exam-
ples of solvable symplectic Lie groups for which this canonical symplectic
connection is neither preferred nor has vanishing symplectic Weyl tensor;
the simplest are constructed on the group of affine transformations of the
complex line in [28].
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When M is compact the integral of K(V) depends only on the cohomol-
ogy class of 2"~2 and the first Pontryagin class, for, by (1.9),

(1.11) (V) L = —dr? /M o A 2
= —dn*(n — 2)/([p1] U [Q" 2, [M]).

For example, when 2n = 4, [, KX(V) Qy = —127%¢ (M), where, by the Hirze-
bruch signature theorem, o(M) = %p1(M) is the signature of M. By (L.11)),
when V is moment constant, the constant value of K(V) is expressible in
terms of the first Pontryagin class and the symplectic volume of M.

The critical points with respect to variations within a fixed Kéahler class
of the Calabi functional, the squared L?-norm of the scalar curvature, are
the extremal Ké&hler metrics first studied in [I5]. Here X is regarded as
an analogue for symplectic connections of the Hermitian scalar curvature
of an almost Kéahler metric. This analogy suggests studying connections
V € S(M,Q), that are critical for £(V) with respect to arbitrary compactly
supported variations.

Definition 1.3. On a symplectic manifold (M, V), a symplectic connection
V € S(M,Q) is eritical if it is a critical point, with respect to arbitrary
compactly supported variations, of the functional € : S(M,Q) — R defined

by .

By the Symp(M, )-equivariance of K, € is constant along Symp(M, )
orbits in S(M, ), so can be viewed as a functional on the quotient S(M, Q)/
Symp(M, ). In the analogy with extremal Kahler metrics, € plays the role
of the Calabi functional.

Although the analogy is incomplete, the results obtained suggest that it
provides a reasonable guide to expectations. For example, a Kéahler metric
is extremal if and only if the (1,0) part of the metric gradient of its scalar
curvature is holomorphic. Analogously:

Theorem 1.4. A symplectic connection V € S(M, Q) is critical if and only
if the Hamiltonian vector field Hyc(vy generated by K (V) is an infinitesimal
automorphism of V.

In particular moment constant symplectic connections are critical. On a
compact manifold, constant scalar curvature metrics are absolute minimiz-
ers of the Calabi functional. In fact, by Theorem 1.5 of [19], every extremal
Kéahler metric is an absolute minimizer of the Calabi functional. It is not
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clear to what extent the analogous statements for critical symplectic con-
nections should be expected to be valid because the space over which £ is
varied is larger than the fixed Kéhler class over which the Calabi functional
is varied.

The second variation of € is computed in Lemma |3.5, and while the re-
sult formally resembles the second variation in the Kahler setting, it yields
useful information less readily, because ellipticity of the differential opera-
tors involved is not immediate as it is in the metric setting. Nonetheless,
by Corollary [3.6] the second variation is nonnegative at a moment constant
connection. The consequence, that, on a compact manifold, moment con-
stant symplectic connections are absolute minimizers is in any case obvious
since £ is nonnegative.

A complete development of the analogy between extremal Kéhler met-
rics and critical symplectic connections would include a class (or classes)
of symplectic connections analogous to Kahler Einstein metrics. In this re-
gard, there are available various possible notions, in which the first Pontrya-
gin class plays role like that of the first Chern class, but discussion here is
limited to some brief remarks relegated to the final Sections and

1.2. Surfaces equipped with a parallel volume form

The focus of sections is the consideration of the simplest nontrivial
context for symplectic connections, namely connections preserving a volume
form on a surface. The results obtained are sufficiently rich to suggest that
the higher-dimensional case merits further study. On the other hand, the
case of surfaces is special in several respects. In particular, for a surface
there are close relations between moment flat symplectic connections and
projectively flat connections, fundamentally because of the identification
sl(2,R) ~ sp(1,R); these are detailed in Section [10| and discussed further
below. Since, on a surface M, 2a;; = a,PQ;; for any «;; € D(A?(T*M)),
and Wik =0, yields

(1.12) 2Rk = Qi By; — Qe Rayi + Qij Ry = 2Q45 Ry,

showing that the curvature of V € S(M, Q) is completely determined by the
Ricci curvature. When 2n = 2, (|1.6)) specializes to

(1.13) 2Cijk = QVpRijkp = pkﬂij.

Consequently, a projective structure [V] on an orientable surface is projec-
tively flat if and only if for some, and hence every, volume form €2;;, there
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vanishes the curvature one-form p; of the unique representative V € [V] for
which €;; is parallel.

Since on a surface the first Pontryagin form vanishes, relations between
the geometry of a critical symplectic connection and the topology of the sur-
face are less direct than in higher dimensions. The part of quadratic in
the curvature is a constant multiple of the contraction of Q A € with the first
Pontryagin form of the connection V and so vanishes identically on a sym-
plectic 2-manifold. Hence, on a surface, 2K (V) = VPp,,. Alternatively, (1.12))
yields the identities 2RPIR,;j, = —2R;pR; P = —RPIRp Q5 = 3 R; Ry,
and RYMR;;, = 2RYR;;, and in these yield 2K (V) = V?p,. Since
K (V) is a divergence, when M is compact [, K(V)Q = 0. Hence on a com-
pact symplectic 2-manifold, (V) is constant if and only if it is 0.

Lemma 1.5. On a surface (2n =2), a symplectic connection is moment
flat if and only if the vector field symplectically dual to the curvature one-
form is symplectic. In particular, on a surface, a projectively flat symplectic
connection is moment flat.

Proof. Since dp must be a multiple of €2,
(114) Clpij == QV[zpj] == vpprij == —QJC(V)QU,

so that (V) = 0 if and only if p is closed, or, equivalently, the vector field
p' is symplectic. By (1.13)), if V is projectively flat, then p; vanishes, so by
(1.14), V is moment flat. O

Together ([1.13)) and (1.14]) show that K can be viewed as a sort of derivative
of the projective Cotton tensor.
Purely local computations yield Theorem

Theorem 1.6. On a symplectic 2-manifold a preferred symplectic connec-
tion is critical.

Since there are preferred symplectic connections that are not moment
flat, Theorem [I.6]demonstrates there are critical symplectic connections that
are not moment constant. By Lemma [1.5] projectively flat implies moment
flat and, by definition and Theorem moment constant and preferred
imply critical. Basic issues are determining under what conditions these im-
plications are reversible, and, when they are not, characterizing the failure:

1) Determine when there exist and describe moment flat symplectic con-
nections that are not projectively flat.
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2) Determine when there exist and describe critical symplectic connec-
tions that are not moment constant.

3) Determine when there exist and describe critical symplectic connec-
tions that are not preferred.

As will be explained, in each case there are conditions under which the
implication is not reversible, while, on the other hand, there are conditions
on surfaces that guarantee that a critical connection is moment constant or
projectively flat.

The essential content of Theorem m (the criticality of preferred con-
nections), namely that the Hamiltonian flow generated by X preserves V,
is contained in Proposition 6.1 of [I0], and its proof there uses (quanti-
ties equivalent to) K, p, and identities relating them and their differentials
that continue to be valid in the more general setting of critical symplectic
connections considered here. This motivated much of section [5] where the
key technical results that facilitate the description of a critical symplectic
connection V are recorded.

The two key technical observations underlying structural results for crit-
ical symplectic connections that are not moment flat are the following. First,
for a critical V € S(M, ), since Hy preserves V, it preserves the curvature
tensors associated with V, and, from £4, p = 0, it follows that there is a
constant 7 such that X2 + p(Hg) = 7. Using this identity it can be con-
cluded that when X is not constant each connected component of its critical
set is an isolated point or an isolated closed V-geodesic. Second, the zero set
of 7 — K? is a union of isolated points and geodesic circles, and on its com-
plement M, the one-form o = (7 — X?)71p is closed and Q = dX A o. This
means X and a local primitive of o constitute canonical action-angle coor-
dinates on M; precisely the action coordinate X is a moment map for the
action of the flow of the symplectically dual vector field o*. These observa-
tions and related technical claims are detailed in Lemma In the special
setting of preferred connections, some form of both these observations plays
a key role in [10], and this signaled their importance in the more general con-
text of critical symplectic connections. They are useful both for constructing
examples and for proving that under certain conditions a critical symplectic
connection must be moment constant.

By Theorem 7.2 of [I0] a preferred symplectic connection on a compact
surface has parallel Ricci tensor; in particular it has p = 0 so is projectively
flat. Consequently, Theorem yields no interesting examples of critical
symplectic connections on compact surfaces. By Theorem 3.1 of Calabi’s
[15], on a compact surface an extremal Kéhler metric has constant scalar
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curvature. These results both suggest that on a compact surface any critical
symplectic connection must be moment flat. Theorem mostly confirms
this expectation.

Theorem 1.7. On a compact symplectic 2-manifold (M,Q) of genus at
least two, any critical symplectic connection V € S(M, Q) is moment flat.

The canonical action-angle coordinates on M are used to show (see
Lemma that, when M is compact, each connected component of M
carries a complete flat Kahler structure preserved by Hg. This is enough to
conclude that the connected components of M are diffeomorphic to cylinders
and so M is obtained by gluing together disks and cylinders, so must have
nonnegative Euler characteristic. This argument leaves open the possibility
that on the sphere or torus there are critical symplectic connections that are
not moment flat.

In trying to construct examples of symplectic connections that are crit-
ical but not moment flat, by Lemma [5.1} it can be assumed that €2 has the
standard Darboux form dx A dy, that K(V) equals x 4+ a for some constant
a, and hence that p = (7 — (z + a)?)"'dy. The connection V can be written
as 0 + II where 0 is the standard flat affine connection preserving dzx and
dy, and p, X, and the equations £y, V = 0 can be computed explicitly in
terms of the components of II. The results of this approach are stated in
Lemmas and

The expressions for X and Hyg in Darboux coordinates recounted in
Lemma are sufficiently complicated that a complete analysis of them
has not been made, but with various simplifying assumptions they yield
tractable equations that can be solved to yield several classes of examples.
The first such simplifying assumption is to seek a critical V that satis-
fies additionally V(;p;y = 0. This supposition determines a family of critical
symplectic connections on R?, that are not moment constant, and that are
geodesically complete for certain choices of parameters. These example are
not preferred except for a particular choice of parameter, in which case
they specialize to the preferred connections constructed in Proposition 11.4
of [I0]. The observation that the preferred condition implies V(;p;) = 0 is
what suggested that the examples from [I0] could be generalized to yield
connections critical but not preferred.

Attempts to patch together critical symplectic connections on Darboux
charts on a sphere S? or torus have failed, although on S? this approach
yields an interesting example of singular critical connections. Precisely, on
the complement of two poles in the two-sphere S? there is (see Theorem
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and the surrounding discussion) a one-parameter family V(¢) of rotationally
symmetric critical symplectic connections such that V(0) is the Levi-Civita
connection of the round metric on S?, that are neither moment flat nor
preferred for ¢ # 0, and which extend continuously but not differentiably at
the poles (where X? = 7) in the sense that the difference tensor V(t) — V(0)
extends continuously but not differentiably at the poles when ¢ # 0. These
connections satisfy £(V(t)) = 3mt2, so are not absolute minimizers of £ on
S2, except when t = 0. These observations suggest that a critical symplectic
connection smooth on all of S? must be equivalent to V(0), but this has not
been proved.

Finally, the explicit expressions for X and p in Lemma [6.1] simplify con-
siderably if the difference tensor II;; k =V — 9 is decomposable, meaning
that II;;; = X;X; X for some one-form X;. If X is moreover closed, ex-
plicit expressions are obtained, and, when X = df is exact, X and p are
expressible in terms of f, df, and the Hessian of f. The conclusion, stated
in Theorem is that for a function f € C°°(R?) the graph of which is
an improper affine sphere, the connection V = 0 + df;df;df k¥ is moment flat
but not projectively flat. A conceptual explanation for the appearance of
affine spheres in these examples is lacking, but they suggest that in seeking
examples it is useful to examine symplectic connections whose difference
tensor II with some particularly nice fixed reference symplectic connection
(e.g. the Levi-Civita connection of a constant curvature metric) has a sim-
ple form, e.g. is decomposable, is the symmetric product of a fixed metric
with a one-form, etc. As is explained in Section |8 the particular case where
ik = X(;9jx) for a constant curvature metric g and a harmonic one-form
X yields a general way of constructing moment flat connections that are
not projectively flat. In particular, Theorem shows that from a compact
hyperbolic surface and a harmonic one-form there can be constructed in this
way a moment flat connection that is not projectively flat.

When X vanishes, p is closed so determines a de Rham cohomology class.
This raises the question of which cohomology classes are represented by the
one-form p of some moment flat symplectic connection. This is resolved by
Theorem that shows that every class in H'(M;R) is represented by the
curvature one form of some symplectic connection.

Theorem 1.8. Let (M, Q) be a compact symplectic 2-manifold with nonzero
Euler characteristic. Let [a] € HY(M;R) be a de Rham cohomology class.
There exists V € S(M, Q) such that X(V) =0 and p(V) € [a].

The representative V of Theorem is constructed using Theorem
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Remark 1.9. It is not clear whether the connection V constructed in the
proof of Theorem [1.8] is complete. There remains unresolved the question:
is every class in H'(M;R) represented by the curvature one-form of some
complete symplectic connection?

More generally, although a handful of the connections constructed in
the various examples are shown to be complete, many probably are not, and
the role of geodesic completeness in this context is not clear. In general,
for affine connections, useful criteria for determining the completeness of a
connection are not available, and, even in the case of flat affine connections,
it is not clear that the completeness property has the same importance as
it has in the metric setting.

In [32], W. Goldman showed that the projective Cotton tensor is a
moment map for the action of the connected component of the identity,
Diffo(M), of the group of diffeomorphisms of M on the space P(M) of pro-
jective structures on M. In section it is explained in detail how the
moment map of Theorem for the action of Symp(M, Q) on S(M, ), is
related to the Goldman moment map, with the aim of addressing the fol-
lowing general issues. First it is recalled that projectively flat connections
abound. Moreover, that a projectively flat V € S(M, Q) is moment flat leads
to the simplest examples of moment flat symplectic connections that are not
the Levi-Civita connections of Kéhler metrics, because, as a consequence of
a theorem of W. Goldman (recalled here as Theorem, on a compact ori-
entable surface M of genus at least 2 there are many flat projective structures
which are not represented by the Levi-Civita connection of any Riemannian
metric. Suppose given, on such a surface, a flat projective structure [V] and
suppose that there is a (necessarily Ricci symmetric) representative V € [V]
which is the Levi-Civita connection of some Riemannian metric g;;. Then g;;
and the given orientation determine a unique Kahler structure, and because
V is projectively flat it must be that g;; is conformally flat, so has con-
stant negative curvature. That is g;; is hyperbolic. However, by Goldman’s
theorem, the deformation space of convex flat real projective structures on
M is homeomorphic to a ball of dimension 16(g — 1). Since by standard
Teichmiiller theory the deformation space of flat conformal structures is
homeomorphic to a ball of dimension 6(g — 1), there are many flat projec-
tive structures admitting no representative connection that is a Levi-Civita
connection. By a theorem proved independently by J. Loftin and F. Labourie
(see [48] or [43]), the deformation space of convex flat real projective struc-
tures on M is parameterized by the bundle over the Teichmiiller space of
M a fiber of which comprises cubic differentials holomorphic with respect
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to the conformal structure that is the base point; up to a constant fact, the
real part of the holomorphic cubic differential is the difference tensor of a
particular representative of the conformal structure with the representative
of the flat real projective structure preserving its volume form.

In the setting of symplectic connections, the work of Goldman, Labourie,
and Loftin gives a good understanding of the convex flat projective struc-
ture on compact surfaces similar to that afforded by the uniformization
theorem, and the principal remaining questions are understanding the dif-
ference between moment flat connections and projectively flat connections,
and understanding the difference between critical symplectic connections
and moment constant connections. For both questions relevant examples
have been constructed and some substantial partial answers have been ob-
tained, but neither is completely resolved. Theorems[I.11]and [I2.1]show that,
on a compact surface, a moment flat connection that is not projectively flat
necessarily has a nonmetric character; precisely, Theorem shows that
a moment flat connection that differs from a Levi-Civita connection by the
real part of a cubic holomorphic differential is necessarily projectively flat.
This is discussed in more detail in Section [1.3]

1.3. Restriction to the case of a Levi-Civita connection of a
Kahler metric

The Levi-Civita connections of Kéhler metrics are among the most tractable
examples of symplectic connections, and it is natural to ask when they are
moment constant or critical. More generally, while there is no reason to sup-
pose that a critical symplectic connection is nicely related to any particular
compatible almost complex structure, once such a compatible structure has
been fixed, it is natural to ask what are the critical symplectic connections,
if any, among those related to it in some way. The simplest such setting is
that of Levi-Civita connections of Kéhler metrics.

When it is nonempty, the subspace Jin (M, Q) C I(M, Q) comprising
integrable complex structures compatible with Q admits a Symp(M,Q)-
equivariant map 7 : Jint(M, Q) — S(M, Q) defined by 3(J) = D where D is
the Levi-Civita connection of the metric —J;;. On the other hand, there is
no obvious canonical map of J(M, Q) into S(M, Q) (the Hermitian connec-
tion has torsion). A version of Lemma was stated independently by L.
La Fuente-Gravy as Proposition 4.4 of [42]. (Although Lemma was not
included in the first version of this article, it was known to the author then.)



Critical symplectic connections on surfaces 1701

Lemma 1.10. For the Levi-Civita connection D of a Kdhler metric (g, J, )
with scalar curvature Ry on a 2n-dimensional manifold, the Cahen-Gutt mo-
ment map s given by

(1.15) 2K 0 3(J) = 2K(D) = AR, — \Ric\g %|Riem\3
= AgRy + %’A‘Z ‘E|g 2n 1):R2
n—1)(n—2
= LyRy + %|A’3 - ﬁ|E|g + (2n(2)7(z 1))32

where A, f = g D;df; is the Laplacian, Ly = A, — Q(ST_EUCRQ is the confor-
mal Laplacian, E;j = R;; — ﬁiRggij is the trace-free Ricci tensor, A;ji is

the conformal Weyl tensor of g defined by
(1.16)  Aijrt = Riji "gp + 7 (90 Riy — qpiRjpr) — ngn_l)ﬂzggk[igj]h
and the tensor norms are given by complete contraction with the metric.

Proof. The curvature of D satisfies J;PJ; quk = Rl]k and J;PJ; 1R, =
Ryj. 1t follows that R;jz R7* = |Riem|? and RYR;; = ]Rlc]2 From the twice
contracted differential Bianchi identity there follows 2D’DJ R;j = AyRy. To-
gether these observations yield the second equality of . The ﬁnal equal—
ity of follows from the identity

(1.17) |A]2 = |Riem|% — ~2;|Ric|? + mmg
= |Rieml[g — ;2| EJ5 — n(2n— 1)5%2
that is a consequence of (|1.16)). O

Lemma states that K(D) is the Laplacian of the scalar curvature plus
terms quadratic in the curvature tensor, related to the first Pontryagin form.
So, while the Levi-Civita connection of a Kéhler metric is symplectic, the two
moment maps associated with the actions of Hamiltonian diffeomorphisms
on the spaces S(M, Q) of symplectic connections and J(M, Q) compatible
almost complex structures are different, though related (via a differential
operator).

A Kahler structure (g, J, Q) is critical symplectic if its Levi-Civita con-
nection D is critical symplectic. That a Kahler structure be critical sym-
plectic means that its Levi-Civita connection is critical for £ with respect to
variations through arbitrary symplectic connections, that in particular need
not be Levi-Civita connections of Kahler structures. Other notions are pos-
sible, and also interesting. For example, [42] studies the critical points of the
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restriction of £ to fixed a Kahler class. This restricts the class of variations
considered, and so potentially yields more critical points. An intermediate
problem is to consider the critical points of the restriction of £ to the image
I(Jint (M, Q) C S(M, ). None of these problems reduces to the previously
studied problem of finding extremal almost Kdhler structures, that by def-
inition are the critical points of the squared norm of the Hermitian scalar
curvature on J(M, ). That problem is surveyed in the last section of [2]
and studied in [46, [47]. There are potentially interesting connections be-
tween these various problems, but elucidating them is not the purpose of
this article.

Because the class of variations involved in its definition is large, the
condition that a Kéhler metric be critical symplectic is very strong, so much
so as to raise the following question: If the Levi-Civita connection D of an
irreducible (in the Riemannian sense) Kdhler metric on a simply-connected
manifold is moment constant, must the metric be locally symmetric? Some
evidence weakly supporting an affirmative answer is provided in Sections
and

In the Kahler setting the uniformization theorem classifies the constant
scalar curvature metrics, while Calabi’s theorem shows that on compact
surfaces the extremal Kéhler metrics are simply constant curvature metrics
(for simplicity the more complicated situation in the noncompact case is not
discussed here; see [18] and [59]). Theorem shows the analogous result
for symplectic connections.

Theorem 1.11. On a compact oriented surface, the Levi-Civita connection
of a Riemannian metric g is critical symplectic with respect to the symplectic
structure determined by g and the given orientation if and only if g has
constant curvature.

The difference tensor V — D of the Levi-Civita connection D of the
Cheng-Yau Riemannian metric on an oriented compact surface with a con-
vex flat real projective structure and the unique connection V representing
the projective structure and making parallel the volume induced by the met-
ric is a cubic holomorphic differential with respect to the complex structure
induced by the metric and the given orientation (this underlies the Loftin-
Labourie parameterization of the moduli space of convex flat real projective
structures by cubic holomorphic differentials). This means that V has a sort
of metric character and motivates Theorem that shows: on a compact
oriented surface of genus at least one, a symplectic connection that differs
from the Levi-Civita connection of a Riemannian metric by the real part of
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a cubic differential holomorphic with respect to the complex structure deter-
mined by the metric is moment flat if and only if it is projectively flat.

In conjunction with Theorem Theorems and can be in-
terpreted as saying that critical symplectic connections of metric origin are
projectively flat. This contrasts with Theorem that shows that moment
flat connections that are not projectively flat abound.

For a 4-dimensional Kéahler manifold, simplifies (see (13.4)) be-
cause in the decomposition of the conformal Weyl tensor into its self-dual
and anti-self-dual parts, the self-dual part is a multiple of the scalar cur-
vature. Section [I3] presents some results in this setting. The main one is:

Theorem 1.12. The Levi-Civita connection of the Ricci-flat Yau Kahler
metric on a K38 surface is not critical symplectic.

This implies that the Levi-Civita connection of a compact 4-dimensional
Ricci-flat Kéhler metric is critical symplectic if and only if the metric is flat
and the underlying manifold is a torus. Theorem destroys naive ideas
such as that the Levi-Civita connections of extremal Kéahler metrics might
be critical symplectic.

Remark 1.13. Although it was indicated in the first version of this paper
that many of the results make sense in any dimension, their statements were
formulated only for the case 2n = 2. In the current version, the more general
statements have been included when they require little extra development.
Since the first version was posted there appeared L. La Fuente-Gravy’s [42],
which studies the critical points of the restriction to the the space of Levi-
Civita connections of Kéahler metrics of the functional called here £ with
respect to variations within a fixed Kahler class. The objectives here and
in [42] are different. Some material presented here that intersects with [42]
has been included with the intention of distinguishing clearly between that
context and the one considered here. As the proofs and point of view are dif-
ferent, the newly included material hopefully provides a useful complement
to [42).

2. Variation of the moment map
In this section the variations of p(V) and K(V) are computed and this is

used to show that X is a moment map. The computations are structured
to parallel the proof given in [22] that the Hermitian scalar curvature is
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a moment map for the action of Ham(M, Q) on J(M, Q). This manner of
organizing the computations has the side benefit that the proof of Theo-
rem characterizing the critical symplectic connections is a trivial formal
computation.

Because there are only minor differences between the case 2n = 2 of sur-
faces and the general case 2n > 2, it is convenient to make the computations
assuming (M, ) is a 2n-dimensional symplectic manifold, signaling, where
appropriate, the specializations to the case 2n = 2.

2.1.

Because M is symplectic the canonical Poisson algebra structure on func-
tions on T*M polynomial in the fibers can be transferred via the symplec-
tic form to the algebra of covariant symmetric tensors. The result is the
Schouten pairing { - , - } : T(S*(T*M)) x T'(SY{T*M)) — T(SK=Y(T*M)),
expressible in terms of any V € S(M, Q) by

(21) {CV, B}'L‘l---ik+L71 = _kap(il...ik,1vaBik...’L’kJrl,l)
+ lﬁp(il.“il_lvpail“.ik_*_l_l).

In (2.1) the sign is chosen so that {X ¥, Y'Y} = [X,Y]" for X,Y € T'(TM).
More generally, if X € symp(M, Q) then

(2.2) {XY, Oé}z'l...ik = —vapail‘..ik + kap(
= XPVpai, i, + kay

’L’l...ikflvaik)
VinXP = (£xa)i, ..y,

1.0 lk—1

the penultimate equality because V[;X; = 0. In particular, £4,a = {a, df }
for f € C°°(M). The Schouten bracket of functions is trivial. The Poisson
bracket {f, g} is related to the Schouten bracket of vector fields (which is
the ordinary Lie bracket of vector fields) via the operator f — Hy; precisely

A fiberwise endomorphism A;7 € I'(End(7'M)) is infinitesimally sym-
plectic if and onlylif A[ij]': 0, and so the algebraic commutator of endo-
morphisms [A, B];? = A,?B;? — B,7 A;? induces an algebraic commutator
of symmetric covariant two-tensors a, 8 € I'(S?*(T*M)) given by [, 8];; =
2a,(;Bj)P. This algebraic bracket extends to an algebraic Poisson bracket
(«, ) :T(SHT*M)) x T(SYT*M)) — T(Sk+=2(T*M)) defined for o€
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['(S¥(T*M)) and 8 € T'(SYT*M)) by

(2'3) (a7 ﬁ)il---ikJrlfz = klap(il...ik,llgik..‘ikﬂ,z) P
kl
= k+1—2 ((k - 1)api1(7;2--.’L'k7118ik.."ik+l,2) P

G 1)5;01'1(1‘2...1'1,1Oéil...ikH,Q)p)-
That (5, ) = —(a, B) is apparent. Let v € I'(S™(T*M)). That (-, - ) is a

Lie bracket follows by summing cyclic permutations of the identity

(2'4) ((a7 /6)7 ’Y)il.,.ik+l+,,,L,4
= kim ((k - 1)apq(i1~-~ik7257:k—1~~-7:k+l—3 p’vik+[72...’ik+L+7n,4)

_(l - 1)/qu(i1...ilfzaik—l---ikﬁ»l—s pvik+l,2.‘.ik+1+m,4) q) :

q

Note that the second equality of makes sense without further interpre-
tation provided at least one of k and [ is greater than one. In the case [ = 1
and k > 1, then (o, 8) = kBP0, i, , is simply k times interior multiplica-
tion of the vector field A% in a.

2.2,

For a linear operator P : I'(SY(T*M)) — I'(SP(T*M)) write |P| = p — q. De-
fine the (formal) adjoint P* : T'(SP(T*M)) — I'(SYU(T*M)) of P by (Pa, ) =
(=1)ll?l{a, P*B), where |a| = p. The sign conforms with the rule of signs
and guarantees that (P*)* = P and (PQ)* = (—1)/Plilg*p*,
Define dy : T'(S¥(T*M)) — T'(S*H(T*M)) by
dvail_,,ikﬂ = 2V[i104

ialig. ikt

and define § : T'(S¥(T*M)) — T'(S*H(T*M)) by

(25) b, = (=D (dva)p P i = (D) Vpa, i, P

For example, p = 20Ric. The formal adjoint 6* of ¢ is given by 0, ;... =
=V (i, Qi,...ip1y)- Straightforward computations using the Ricci identity show

that, for o € I'(S*(T*M)),

(2.6) Viag, i, = =0 i, iy, + kiﬂdvai(il.._ik)-



1706 Daniel J. F. Fox

Lemma 2.1. On a symplectic manifold (M, ), for V € S(M,Q) and o €
I(S*(T*M)) there holds

(2.7) (k + 1)55*ai1...ik + ké*&azllk
= (=1 (2kR;, Pcviy._ip)p — k(k — DRP .5, 9o
= (=1)* (o, Ric)i,..i, — k(k — 1)RP .1, %ot

ia---ik)pq)

is---ik)pq) :
Proof. The Ricci identity yields
2.8) (=1 16" 0u,..i, = Vi, VP, i

= VPV, i, i + (K= 1)RP 4, 9%, iopg — B (1, %y i )p-
Combining with

(2.9) (—D)*(k +1)66" s, ..q, = (k+1)VPV ;o
= kvpv(ilaig...ik)p + VprOéil...z'k
= kVPV i, i, i0p + ERP

Zglkp)

’ig...ik)p7

yields (22.7)). O
Remark 2.2. When 2n = 2, (2.6 and (2.7) take the simpler forms

(2.10) Vittiy.oip = =6 iy + (=DM Q. 604, 4y,
(2.11) (k + 1)(5('5*041'1“.1',c + ké*éa“zk = (—1)kk‘(k + 1)R(i1 paiz...ik)p'

Differentiating the pullback of V € A(M) along the flow of X € I'(T'M)
defines the Lie derivative £xV of V along X. Explicitly,

(2.12) (£xV)ij b= Vz'vak + XPRyij k.

On a surface, simplifies to (£x'V);; k — ViVij + Rink — XPR,;9; k’,
because Rijkl = 20y lRﬂk.

For V € S(M,Q), define £ :T(T*M) — TyS(M,Q) by L(X" )ik =
(£xV)(ijr) for X € T'(T'M). Since 2(Lx V)5 = VidX ],

(2.13)  (ExV)iji = (ExV)(ijny + §VAX N = L(X iji + 5V 6dX -

If X € symp(M, ), then (£xV);;i is completely symmetric, so, in this case,

(2.14) L(Xijr = (LxV) k) = (£xV)iji-
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The induced action of ham(M, Q) on S(M, Q) is given by the differential
operator H : C°(M) — TyS(M, Q) defined by

(2.15) IU(f) = £,V = £(—df) = £(5"f).
Lemma 2.3. Let (M,) be a symplectic manifold. For V € S(M, )

(2.16) L= (6%)72 -8, H = L5 = (6%)° — 8*6*,
(2.17) L=—-62-8,  H'= (L&) =06L" =608,

where 8 : T(S3(T*M)) — T'(T*M) and 8* : T(T*M) — T'(S3(T*M)) are de-
fined by

(2.18) S(8)s = B Riabe = —=218; ™ Rt + B Wiates
(219)  8%(@)ijk = —oP Ry = — 310 Ry — 0" WiGign-
For X € symp(M, ) and f € C*(M),

(2.20) SL(X") = LxRic, dH(f) = Ln,Ric.

Proof. For a one-form a, £(«) can be rewritten as

(2.21) L(@)ije = Vi Vjon) + o’ Ry = (8" 2)ijr — 8*()iji,

and with this shows . The identities follow from

by taking formal adjoints. Tracing ([2.12)) and using the Ricci identity shows
that, for V € A(M),

(2.22) Vp(,ng)ijp = (ngiC)ij + ViVjvap
+ 2R[jp} V,; XP + QXPViR[jp].

Specializing for V€ S(M,Q), X € symp(M,Q), and f e C>®(M)
yields (12.20)). O

Remark 2.4. On asurface, Wjjp = 0 and 2X; Rj, = —XP Ry, so (2.21)
simplifies to

(2.23) L(a)ijr = (6*2a)ije + a Rk,

and ([2.15)) simplifies to U-C(f)wk = (5*3f)ijk — df(iRjk).
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2.3.

The first variation 8117 (V) of a functional F on S(M,Q2) at V € S(M,?) in
the direction of IT € TyS(M, Q) is defined by SpF(V) = %HF(V + tIT).
The formulas for the first and second variations of various curvatures are
computed now.

For any ajn € W(T*M, Q) (recall this means o;ji; has the algebraic
symmetries of a symplectic curvature tensor), define a completely trace-free
tensor C(a);ji € W(T*M, ), by

(2.24) aijrr = C(a)in + 1 (Qigwewy; — Qjeony + Qijan)

where o;; = api; P = %app ij is the Ricci trace of a;ji;. For example, Wi =
C(R)ijr when Rjyjj is the curvature tensor of a symplectic connection. For
ikl Bijrt € W(T*M, ),

(2.25) ijr B = C() i C(B) 7 + Ao B

If o, B € TyS(M, Q) are viewed as one-forms taking values in the bundle of
symplectic endomorphisms of 7'M, their commutator [a, 5] € W(M, Q) is de-
fined by [« B]ijkl =(aAB+ LA a)ijkl = 20; lﬂj]kp + QBp[ilaj]k P, More-
over, [, Blijr € W(T*M, ), as a consequence of the complete symmetry
of ayjr and Bijg. In particular, [IT, Tk = 2(I0A )45 = 410,11, P €
W(T*M, Q). Define B(II);; and C(II);;5; by

(2.26)  B(Il);; = 1L, /IL;, 7
= —(ITA T P =
(2.27) C(ID)ij = C([IL, 1))k

= [, Wijut + 737 (e By, — Qi BI)y; + Qi B(I) -

=3[ My P = =3 [IL 1), P 5,

By definition, C'(IT);;; is completely trace-free. Because
(2.28)  MyT0y P, IR = 0y, 0, FIT, PIT = —T0,,,10,, PT0, MI19M,

where the first equality follows from raising and lowering indices, and the
second from relabeling indices, there holds II;;I1;, P11, lifpka = 0. Conse-
quently,

[T, 1), 5 [T, T 7% = 8 B(TT);; B(IT) ",

CID MO0 = 8(71;11)3(1_[)1‘]'3(1_[)”-

(2.29)
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Define a differential operator on I'(S?(T*M)) by

(2.30) v1lije = C(dvIl)ijm
= dVHijkl - %H (Qz(k(SHl)] - Qj(kéﬂl)l + 29”(51—[“) .

Lemma 2.5. Let (M, ) be a 2n-dimensional symplectic manifold. For V €
S(M, Q) and Hijk S Tvs(M, Q),

(2.31) p(V +tI); = p(V)i — 26(L7(ID); 4 T(I1);)
— 2% (8 B(M); + T1; P46T1,,,) — 23T (10);,
(2.32) K(V +¢II) = K(V) + tH*(IT) + 1¢25(I1*I1)
443 <5T(H) + Lag M O () + g—;}anijB(n)ij) ,

where the linear operator T : T'(S3(T*M)) — T(T*M) is defined by

(233)  T(B): = AU (Wiape — 1000 Ryvy)
= BabC(Ri(abc) - Qi(aRbc)) = pi qupq + 8(6)27

B(II) and C(II) are defined in (2.26)),
(IT*I0); = 36 B(IT); — OV, Iy, T(I); = 1L, *B(I1), ¢,
and L* : TyS(M,Q) — T'(TM) and H* : TyS(M, Q) — C>*(M) are the ad-

joints of the operators L and 3 with respect to the pairing (-, - ). In par-
ticular,

(2.34) —$onpy = L*(IT) + T(1I), SnKy = FH*(10).
Moreover, for f € CX(M),
(2.35) (K(V + ), f) = (K(V), f) + t(FH(f),II) + $62(Ly, ILII) + O(¢%).

Proof. Given V € S(M,Q), let ik € TyS(M,Q) and let V=V +1I; k.
Let Rijkl be the curvature of V=V +tII;; k and labgl with a ~ the ten-
sors derived from it, e.g. R;; is the Ricci curvature of V. When necessary,
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the dependence of § and 0* on V is indicated by writing dv and d5. Then:

(2.36)  Riju = Rijr + 2tV Il + 2%, 11, P

= Riji + tdvIlijr + 3211 1m,
(2.37) Ry = Rij + V117 — 211, L, P = Ry; + t011;; — (2 B(IT);;,
(2.38) Wijkl = Wijk;l + tdosz‘jk:l + %tQC([Hv H])ijkl'

For a € T'(S*(T*M)),

(2.39) 0y i = 00y iy + 50D, iy
2.40) Ao Vijliy...in = AVijliy..in_, — (B = D, Pa
+ (k= DILig, Py i )ips

(2.41) o, iy, = 0w, iy, + (1) (k= DIIP ;0

iz...’ik,1)jp

i2...ik-1)pPq"

Combining (2.39)) and ([2.40) with (2.37) yields

(2.42) S5 Ric = §*Ric + t (6*0T1 + (Ric,II))

+ ¢ (=6*B(II) + £ (oI, 1I)) — ¢*(B(11),11),
(243)  dgRicijr = dyRicyi +t (dvollye — 210y PRy

— t* (dv B(I)j5, + 21 P61, + 26° Ty P B(IT) 1,

Combining (2.42)) and (2.43) with (2.6) yields

(244)  ViRj, = ViRjj, +t (Vidllj, — 2IL;; PRy,
— % (V; B(IL) ji + 2I0;(; P011y,,) 4 26711 P B(IT) .

Combining (2.41)) with (2.37) and p; = 20Ric;, or contracting (2.43)), yields

(245)  p(V +tI); = p; = p; + 2t (6°I1; — ;g RPY)
— 2% (§B(IL); + I1; P9611,,,) + 2°T1; P2 B(11) g
= p(V)i — 2t(L(I1); + T(ID);)
— 262 (§B(IL); + T1; P45TL,, ) — 23T (T0);.

For any 3 € T'(S¥(T*M)), write 3* for the differential operator sending sec-
tions of S¥(T* M) to one-forms defined as the adjoint of the Schouten bracket
{B, - } on one-forms. Precisely, for a € T'(T*M) and 3, € I'(S*(T*M)), 3*
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is defined by the equation

(246) <{570[},")/> = _<a75*7>'

A straightforward computation shows that, for IT € TyS(M, Q),
(2.47) (IT*I0); = 30 B(IT); — 1%V, I,
From the identities

8 (I;pg0TIPY) = STL,u0TTPT — TIC5* 6Ty,
3(diab 1) = —3dvTljudy IV — 2RPIB(ID),,
+ 116" 6T gpe — 3 RYMIL M350,

§B(T) = TL;pg0TIPT + TV 11,5,

(2.48)

(where, for example, the abusive notation §(II;,0I1P?) means ¢ applied to
I1;,4011P7) it follows that

(2.49) 2 B(I) + 15 (Hipqanm - deiabcH“bC>
= 352B(IT) — 15 (Habcvinabc) = Lsarm).

Note that

(2.50) ST () = VI (Qy Ry — Rijnr).

From ([2.36), (2.37)), (2.50), (2.49)), (2.25)), and (2.29)) there results

(251)

B9+ LR ROV
= —1RyRY + LR RF — 15T (10)
+ 12 (—%mijénij + Ao Tl doTT99  RYB(TT),; + [T, H]UMR”“)

M\»—A

£ (ST B(I); + Lo 17 [IL, 1] 50
14 (=3B B + 5[0 1)y 11, 1))

=~ 3Ry RY 4} Rig RIM — 6T (T0) = 425 (LT + d i1
+ £ (JaR M) 5 + 24T B )
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By - 5vp = Jyp. With this observation, combining (2.31)) and ( -
and using 9) yields

(2.52) K(V + tIT) = (V)+t5,c( )

+ 12 (BT + 36 (ILipg8T1 — dy gy, 1)
+ ¢ (ST + Ldg MO 500 + EASTIY B(1T);5)
X(v )+th{*( ) + 3?5 (IT*I1)
+ £ (ST(I0) + LA MO () gy + 24T B, )

For f € C%(M), (8(ITT), f) = —(II"IL, 6% ) = (€4, IL,TI), and so (2:35) fol-
lows from ([2.32]). O

Proofs of Theorems[1.1] and 1.3 Reinterpreting Lemma|2.5]yields Theorems
and The equivariance of p and X with respect to the action of
Symp (M, Q) follows from the evident naturalness of their definitions with
respect to pullback via elements of Symp(M, ). For V € S(M,Q), Il €
TyS(M,), X € symp(M, ), and f € CX(M) it follows from and

[£56) that

(2.53) =2 v(L(X7), M) = —2(X", L7(IT)) = dn(X ¥, p) — (X", T(ID)),
(2.54) v (H(f), D) = (f, FHID)) = dr(f, K(V)).
The identity shows that X is a moment map.

If 2n = 2, then 8(83); = —B; ® Rap, so T(B) = 0. Because T(II), d3I1, and
C(IT) vanish when 2n = 2, in this case (2.31]) and (2.32)) specialize to

(2.55) p(V 410, = p(V); — 2tL* (D),
— 2t* (6 B(M); + T1;,,0TIP9) — 2¢3T(10),
(2.56) K(V + D) = K(V) + tFH* (1) + $¢26(IT*IT) + 20T (I1).

Hence, when 2n = 2, (2.53|) becomes
(257) =2 G(L(X7)T) = —2(X ", £5(ID) = s (X", p),
showing that —2%[p] is a moment map. O

Remark 2.6. There follows an alternative derivation of (2.51|) that is per-
haps clearer conceptually. For o € W(T*M,Q), define aj; = api; P. For
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Oé,,@ S W(T*M, Q), let Tijkl = Q[ij|p| qﬁk”qp. Then

P, . 3Pq . APa abe
31" ij = —ijpgB™ — Bijpg@™ — 20 7 Bjlabes

(2.58) b a abed -
3P ¢ 1 = 2004pca — 4oy M.

Applying (2.58]) to the expression (|1.7) for the first Pontryagin form p; of
V yields
27°p1,” ij = Rijpg R" — RianeR; **
=W, achjabc L—Q ( RPIW ;50 +
2n—1
+ 2(:’“) RPIR, Y5,

mp1p” ¢ 7 = Rap R — § Rapeg R =
From (2.59) it follows that

(2.60) 872py A B2 = 2py P, 1 (Rw R — 1R Rijkl) Q

(n=2)! ) ”' - n!

1
(2.59) it il )

1 b 1 bed
2L R Ry — SWW .

1 b 1 bed 96
_ (ZHR“ Rgp — Lwobe Wabcd) o

(This is stated in both [§] and [36], although the notation is different in
those references.)

Let V € S(M,Q) and I, € TgS(M, ), and set V =V +1II;;*. The
Chern-Simons theory shows that first Pontryagin forms p1(V) and p; (V) are
cohomologous. Precisely, specializing the Chern-Simons theory (for example,
rewriting Lemma 3.1 of the appendix to [20] in the notations used here)
shows that pi(V) — p1(V) = —2do(V,II) where oy, = o(V, D)% is the
three-form

(2:61)  ougp = Ty “Rikg” + 5 o) v Tljugg ” + 510 11, 11 gy ™
= Wiy " Rjgg” + 5y “dw T30 " + 50010 "TLjjo) Tl
The difference p;(V + tII) — p1(V) = do(V, tII) can be computed either by

finding the exterior differential of o(V,tII) using (2.61) or by using the
definition of p; and (2.36)). There results

(2.62) —% (P1(V + tI)sjkr — P1(V)ijkt)
= 2t (R[mp\ TdvTliy,")
£ (dg T jgj1p) Tdv g ” + Riijpp) 1L kg1 P)

+t dVH[zﬂp| [H’H]kl}qp
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Contracting (2.62]) and using ([2.60)) yields an alternative derivation of (2.51]).

Remark 2.7. It is not clear whether the action of Symp(M, Q) on S(M, )
is Hamiltonian when 2n > 2. It is straightforward to see that

(2.63) — 34|, o (V. ), P = — 307,

. 9D . p
i ilp| " Rjklg

= (Ri(abc) - Qi(aRbc))Habc = T(H)l

where o(V,tII) is the primitive of p1(V 4 tII) — p1(V) defined in (2.61).
Nonetheless, it is not clear how to produce a one-form valued function
on S(M,) with first variation equal to T(II), although the last equal-
ity of is suggestive in this regard. Fix a reference connection V €
S(M, ) and consider the primitive o(V,V — V) of p1(V) — p1(V) defined
in (2.61). Then for 7(V); = o(V,V = V);»?, by (2.61), the first variation
duti = 4|, oT(V+ )i = &|,_o(V+ I,V =V —tIl), 7 differs  from
ijn[ilpl “Rjpe" = —%‘J’(H)i by a term involving V — V and the first varia-
tion of the curvature of V. For a construction along these lines to work, it
is not necessary that the last mentioned term vanish, rather it is sufficient
that it be the image of some two-form under d’. Nonetheless, it is not clear
if such a condition can be achieved.

One might consider restricting to the class of symplectic connections for
which the equality (£(X),II) = —38m(X ", p) holds. When 2n > 2 that
J(II) vanish for all IT means that (n + 1)W;(uy = (n — 1)Q;(; Ry Tracing
this shows that it holds if and only if R;; = 0, in whch case Wy = 0 and
so also R;(jg;y = 0. This implies R;;x; = 0. Hence restricting to the class of
symplectic connections for which there holds (£(XY),II) = —38n(X ", p)
amounts to restricting to the flat symplectic connections, in which case p is
ZEero anyway.

2.4.

This section concludes recording some miscellaneous facts about the op-
erators £, H, and their adjoints, and their relations with the orbits of
Symp(M, Q) and Ham(M, Q) on S(M,$2). These are mostly specializations
of facts that are known to hold in general for moment maps on finite-
dimensional spaces, but which need to be checked in a infinite-dimensional
setting.
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Lemma 2.8. On a symplectic manifold (M,), for V € S(M,Q), X,Y €
symp(M,Q), and f,g € C°(M),

(264)  LLXT)+TL(XT)) = —Eexp(V),

(2.65) FEH(S) ={/, X(V)},

(2.66) (H(f), H(g)) = (/{9 K(V)}) = { .9}, K(V)).

When dim M = 2, for X € symp(M, ), there holds L*L(X ) = —3Lxp(V),
and, additionally,

(2.67) (L(XY),L(Y")) = (QX,Y), K(V)).

Proof. Differentiating the relations p(¢; V) = ¢; p(V) and K(¢; V) = K(V) o
¢¢ along the flow ¢, of X € symp(M, (), and using Lemma yields

(2.68) —2(L* LX)+ T(L(X))
= fe Op(qﬁ? ) = drp—o?iP(V) = Exp(V),
(2.69) HL(X ) | (¢>t )
dt|t XKV ) = dK(V)(X) = QX, Hx(v))-

Taking X = Hy in (2.69)) gives (2.65)). The first equality of (2.66|) follows
from (2.65), and the second equality of (2.66]) follows from the identity

({a,b},c) = —=({b,a},c) = (a,{b,c}), valid for any a € C°(M) and b,c €
C*>°(M), because {b, ac}% is exact. When dim M = 2, (2.67)) follows from
(2-63) and (T.14). O

The symplectic complement V1 of a subspace V of a symplectic vec-
tor space (W, Q) is defined by V+ = {w € W : Q(v,w) = 0 for all v € v}. In
the infinite-dimensional case, for a weakly nondegenerate symplectic form,
although V C (V1)1 it need not be the case that (V+)t = V.

Lemma 2.9. On a 2n-dimensional symplectic manifold (M,), for V €
S(M, Q) there holds

(2.70) Ty (Ham(M, Q) - V)* = H(ham(M, Q)+ = ker 3*.
Moreover,
ker H* = {II € Ty'S(M, Q) : L*(IT) A 2= ), is closed},

(n=1)!

L(symp(M, Q)")" = {I1 € TgS(M,Q) : L*(I) A L7 is exact}.

(2.71)
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Proof. That ker 7(* = H(ham(M,Q))* follows from the strong nondegen-
eracy of the L? inner product on functions. By definition, ¢ (3(f),II) =
(f, H*(1I)) for all f € ham(M, ) and II € TyS(M, Q). It is immediate that
ker H* C H(ham(M,Q))+. On the other hand, if II € H(ham(M,Q))*,
then 0 = (f, H*(II)) for all f € ham(M, Q). If M is noncompact this means
H*(IT) = 0, while if M is compact it means H*(II) is constant; since H*(II)
is a divergence, this constant must be 0. Hence H(ham(M,Q))+ C ker J*.

For I € TgS(M,Q), H*(I)% = 6£*(I) %L = 24.L*(TT) A % from
which it is immediate that JH*(II) = 0 if and only if £*(II) A ? ) is closed.
From

(2.72) v(L(XV), ) = (X" L*(H))

/XL /XYAL %

it follows that IT € £(symp(M, Q)¥)+ if and only if [;, e A L*(IT) A Qn(n 11;' =
0 for all closed, compactly supported one-forms «. By Poincare duaﬁlty this

holds if and only if £*(II) A % is exact. O

If p is the moment map of an action of a connected Lie group G on a
finite-dimensional symplectic manifold, a GG orbit is isotropic if and only if
1 is constant on the G orbit. Lemma [2.10| extends this observation to the
setting considered here. Note that, since K is Symp(M, 2)-equivariant, that
XK be constant on a Symp(M, ) or Ham(M, Q) orbit implies that K(V) is
a constant function for any V in the orbit.

Lemma 2.10. Let (M, ) be a symplectic manifold and let V € S(M, Q).

1) The following are equivalent:
a) K(V) is constant.
b) The tangent space to Symp(M,Q) -V is contained in the -
complement of the tangent space to Ham(M,Q) - V.
¢) The orbit Ham(M, Q) - V is isotropic.

2) If dim = 2 then:
a) The orbit Symp(M,Q) -V is isotropic if X(V) = 0.
b) If the orbit Symp(M, Q) -V is isotropic, then K(V) is constant.
In particular, if M is compact then Symp(M,Q) -V is isotropic if
and only if X(V) =

Proof. The orbit Symp(M,Q)-V is the image of the map @V :
Symp(M, ) — S(M, ) defined by @V (¢) = ¢*(V), and Ham(M, Q) -V =
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®V(Ham(M, Q)). For ¢ € Symp(M,Q), an element of T,Symp(M,(2) has
the form T¢(X) for X € symp(M, Q). Since TOV (¢)(TH(X)) = ¢*L(X )
for ¢ € Symp(M, Q) and X € symp(M, Q), the pullback &V *( ) is given by

(2.73) OV ( )g(TO(X), TR(Y)) = 4-v(¢"L(X"),6"L(YY))
= v(£(X7), L)),

for XY € symp(M,Q). If ¢ € Symp(M,Q), f€ham(M,Q), and X €
symp(M, ), then Tp(Hy) = Hyop and, using (2.69)), (2.73) yields

(274) @V )o(T(X),Hpo) = @V )o(TO(X), TR(Hy))
= (LX), H() = —{£, LX)
—(f, QX Hx(v))) = =(f, dX(V) (X)),

By (2.74), for ¢ € Symp(MQ), T,Symp(M,§2) is contained in the -
complement of TyHam(M, Q) if and only if dX(V)(X)=0 for all X €
symp(M, ), and this last condition holds if and only if K(V) is constant.

If ¢ € Ham(M, Q2), then (2.74) yields V*( )y(Hfog, Hgos) = (f, {9, K(V)}),
for f,g € ham(M, ). Consequently, Ham(M, Q) - V is isotropic if and only

if {g,X(V)} =0 for all g € ham(M, ), and this last condition holds if and
only if K(V) is constant.

If dim = 2, then, by (2.73), (2:64), and (T.1d), for X,Y € symp(M, ),

(275)  @V*( )g(T(X),TR(Y)) = v(L(X"),L(YY))

= (XLLTLYT)) = —H(XY, 2y p)

= (X1, X(V)YT) = (X, ), K(V)).
By (2:75), if K(V) =0 then ®V*( ) =0, so Symp(M,Q) -V is isotropic.
If Symp(M,Q) -V is isotropic, then (Q2(X,Y),XK(V)) =0 for all X,Y €

symp(M, Q). In particular, 0= ({f,g},X(V)) = (f,{g,K(V)}) for every
frg € C(M). This means {g,K(V)} =0 for all g € C°(M) so that K(V)
is constant. ]

Lemma 2.11.

1) Let (M,Q) be a symplectic 2n-manifold and let V € S(M,<2). The se-
quence

(2.76) 0 — HO(M;R) - C°°(M) 25 D(S¥(T*M)) 25 (M) — 0

is a complex if and only if dX(V) = 0.
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2) Let (M,Q) be a symplectic 2-manifold and let V € S(M,QY). The se-
quence

(2.77) 0 — symp(M, Q)" =5 T(S¥(T*M)) =5 T(T*M) — 0

is a complex if and only if p(V) = 0.

For compact M, H* takes values in C§°(M), so the second C*°(M) in
(2.76) can be replaced by C§°(M).

Proof. By , if is a complex then K (V) Poisson commutes with
every f € C*°(M), so dX(V) = 0. On the other hand, by (2.65)), if dK(V) =
0 then F(ham(M, Q2)) C ker H*. By (2.67)), when 2n = 2, the sequence
is a complex if p(V) = 0. If is a complex, then, by (2.64), £xp(V) =0
for all X € symp(M,Q). For any p € M there can be chosen f € C*(M)
such that df vanishes at p and V;df’ is invertible at p. Hence, at p there holds
0= —(Ln,p)i = ppVidf? + dfPVyp; = ppV;dfP, and, by the invertibility of
V;df? at p, this means p vanishes at p. Since this is true for every p € M,
p(V) =0. O

The relation of the sequence to the deformation sequence for pro-
jective structures on surfaces is discussed in Section [I0] Compare Lemma
and Remark with Lemma One byproduct of this discussion is
the formula for L*L(X ) for an arbitrary (not necessarily symplectic)
vector field X.

3. Critical symplectic connections

Recall that V € S(M,Q) is critical if it is a critical point with respect to
compactly supported variations of the functional £(V) = [}, X(V)? Q. Re-
call that Theoremstates: A symplectic connection V € S(M, Q) is critical
if and only if H(X(V)) = 0. Theorem is the special case of Lemma
where ¢(t) = t2.

Lemma 3.1. Let (M,Q) be a symplectic manifold and let ¢ € C*(R). The
connection V € S(M, Q) is a critical point of £5(V) = [,, #(X(V)) & if and
only if H(¢'(X(V)) = 0.
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Proof. Calculating the first variation dr7€4(V) along II € Ty S(M, Q) using
Lemma [2.5] yields

(3.1) €y = (¢'(K(V)), 1" (1) = v(H(¢'(K(V))),1D),

which yields the claim. O

The assumption that ¢ be C* is needed only so that H(¢'(X)) be defined
without further fussing. Note that €, is constant on an orbit of Symp(2, Q)
in S(M, Q).

Remark 3.2. Lemma [3.1] shows that the Hamiltonian vector field on
S(M, Q) generated by £y is —H (¢ (K(V)). It follows from and Lemma
that the functions £, and &, on S(M, ) commute with respect to the
Poisson structure determined by ; that is, {€4,&,} = 0.

3.1.

Finding the critical points of £ with respect to the smaller class of varia-
tions having the form 6*« for a € T'(S?(T*M)) leads to the following notion.
Define V € S(M, ) to be gauge critical if it is a critical point of € for all
variations of the form 6*« for compactly supported o € T'(S?(T*M)). By def-
inition a critical symplectic connection is gauge critical. Lemma shows
that V is gauge critical if and only if the Hamiltonian vector field Hy(v)
generated by its moment map image preserves its Ricci tensor.

Lemma 3.3. A symplectic connection V € S(M, ) is gauge critical if and
only if Ly, o, Ric=10.

Proof. By and ,

(32)  8s-alv = 2(H(K(V)),0"a) = 2(6H(K(V)), a) = 2(Lh, -, Ric, @),
which yields the claim. U
Lemma 3.4. On a compact symplectic 2-manifold M of genus at least two,
if a symplectic connection V is gauge critical and K(V) is not identically

zero, then the Ricci tensor of V is degenerate somewhere on M.

Proof. A compact orientable surface supporting a mixed signature metric
must be a torus, so if the Ricci tensor is nondegenerate, it must be definite
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because of the hypothesis on the genus. Then, by Theorem Hac(v) is a
Killing field for a Riemannian metric, and so by Bochner’s theorem must be
identically 0. Hence K (V) is constant, so zero, because M is compact. [

3.2.

Because S(M, ) is affine it carries a canonical flat connection 6. Via the cor-
responding parallel translation, elements a, 3 € T'(S3(T*M)) can be viewed
as constant, parallel vector fields on S(M,€)). The Lie algebra structure
on vector fields on S(M, ) is generated by its group of translations, and
so, viewed as vector fields on S(M,Q), a and 8 commute. The differen-
tial of F is 0F, and d,F is its evaluation on the constant vector field a.
The Hessian of a twice differentiable functional is well defined at a crit-
ical point without the imposition of any extra structure. Given the flat
connection 8, the Hessian of a functional F on S(M,Q) is well defined
everywhere as its Hessian with respect to 8. The Hessian 80F at o and
Bis 84 (0F)(B) = 8adpF — 85.8F = 8,038 F, where 85_gF vanishes because
0o = 0. It follows that the Hessian of F at V € S(M, ) in the directions
« and [ is given by the first variation in the direction « of the first variation
in the direction 8 of F, and so can be written simply 6,03F (V).

Define the Jacobi operator J : T(S3(T*M)) — T'(S3(T*M)) associated
with V € S(M, 2) by

(3.3) J(a) = HH () + Lh, v

The name for J is justified by the following observations. Let f € C*°(M).
By the definition of 3{(f) and the fact that Hy commutes with raising and
lowering indices there holds

(3-4) (‘Saj{)(f) = %|t:(]j{v+ta)\ (f) = %“:OQHJ((V + L‘Oé)k)Y = SHfOé,

in which (a*);; ¥ = a;; ¥ and £p,(V + ta*)” means £5,(V + ta™)ji. Let
V(t) be a C! curve in the space of critical symplectic connections depend-
ing smoothly on ¢ and such that %t:ov(t) = a;; *. By and ,
differentiating 0 = Hy ;) (KX(V(t))) in t yields 0 = J(a), so that the kernel
of J describes the tangent space to the deformations of a critical symplectic
connection through critical symplectic connections.
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Lemma 3.5. The Hessian of € at V € S(M,Q) in the directions «, 5 €
TvS(M, Q) 18

(3.5) 8ad3E(V) = 2(d(a), B) = 2(H" (), H*(B)) + 2(Lhy v, B).-
Proof. By and ,

8adpE(V) = 284 (H(X(V)), B)
= 2(HH (@), B) + 2((8aFH) (X (V)), B) = 2(d(), B)

An alternative proof is to expand E(V + ¢II) using (2.56) and simplify the
result as in ([2.35]). O

Corollary 3.6. Let V € S(M,Q). If K(V) is constant then 5,6,E(V) > 0
with equality if and only if H*(a) =0. If M is compact then a moment
constant V is an absolute minimizer of €.

Proof. Because K(V) is constant, the last term in vanishes, so
0a00,E(V) = (H* (), H*(x)) > 0, with equality if and only if H*(a) = 0.
The final claim holds because, if M is compact, then a moment constant
connection is moment flat. O

Lemma 3.7. For X e€symp(M,Q) and « € TyS(M,Q), JL(XY)=
ExH(XK), where K = K(V). In particular, if V is critical then 840 ¢ (xv)E(V)
=0 for all X € symp(M,Q) and o € TyS(M, Q).

Proof. For X € symp(M, Q) and f € C*(M),
(3.6) 0"(df (X)) = —d(df (X)) = —Lxdf = [X,Hf]",

where the final equality holds because X is symplectic. Because X and Hg
are symplectic, by (3.6)),

(3.7) S LX) = Ly (Ex V)Y = (Sh, Lx V)Y
= (LHae,x1V) " + (Ex Ly )"
= L([Hac(v), X]7) + ExFH(XK)
= L5 (dK (X)) + LxH(K)
= _H(dK(X)) + LxH(K).

By (2.69), H*L(XY)=dX(X), and combining this with (3.7) yields
JL(XY) = HICL(X) 4 Lhy o, LX) = LxH(X). The final claim follows
from (3.5]). O
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4. On a surface, a preferred symplectic connection
is critical

Recall from the introduction that V € S(M, ) is preferred if —*Ric;j, =
ViRjr) = 0. Theorem states that on surface a preferred symplectic con-
nection is critical.

Proof of Theorem|[1.6. Let (M, Q) be 2-dimensional. Let V € S(M, ). Since
p = 26Ric, by (2.11)),

(4.1) 0*p = 25"0Ric = —3d5™Ric.

Since —2K = ép, by (2.11)),

(4.2) 2dK = =26"K = 6"6p = —200"p + 2R;pp".
By (2.10),

(43) Vp = —5*p - JCQ, 3V1Rjk = —3(5*Rici]’k - QZ(ka)

Since 6dX =0, by ([@.2), 6°6*p=V,(R,Pp?) = RP16* p,,. Differentiating (4.2)
and simplifying the result using (£.3), the identity §%6*p = RP15*p,q, and
[B.11) yields

(4.4) VidX; = %pl‘pj —KR;; — pp(S*RiCijp + 4R(i pd*pj)p — %55*2&7'.

Differentiating yields an explicit expression for H(X). Without some
further hypothesis, is too complicated to be useful, but it simplifies
considerably if 0*p or §*Ric vanishes.

By (4.1), if V € S(M, Q) is preferred, then §*p = 0, so simplifies to

(4.5) Vid:Kj = %pipj - fKRij.
Differentiating (4.5) shows V;V;dX}) = —dX;R;i, so that H(X) = 0. O

Remark 4.1. The essential content of the conclusion of Theorem [1.6] that
for a preferred symplectic connection the vector field Hy(v) is an infinites-
imal affine automorphism of V, is implicit in the proof of Proposition 6.1
of [10]. In particular, in sections 5 and 6 of [10], in the context of preferred
symplectic connections, a key role is played by a function 8 and one-form u
that are constant multiples of the specializations to this case of X(V) and
p- For example, the identity 3V;R;x = —Q;(;py) is in [10], and (5.6) of [10]
is equivalent to (4.5)).
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5. Structural lemmas for symplectic connections
on surfaces

Lemma 5.1 shows that given a critical symplectic connection that is not mo-
ment constant there is a large Darboux coordinate chart on which X can be
considered the action coordinate of action-angle variables. This information
is useful both for proving nonexistence of such connections in Theorem
and for constructing examples.

For f € C*>(M) let crit(f) = {p € M : df, = 0} be the set of the critical
points of f. For V € S(M, Q) let Z(p) be the set of points of M where p
vanishes and let dg(V) be the set of points in M where dX A p vanishes.
Note that dg(V) D crit(X) U Z(p).

Lemma 5.1. Let (M,Q) be a symplectic 2-manifold and let V € S(M, )
be critical symplectic with moment map K = K (V).

1) IfX is not constant then each connected component of crit(X) is a point
or a closed image of a geodesic of V, and these connected components
are isolated in the sense that around each there is an open neighborhood
containing no other connected component of crit(X).

2) There is a constant T such that
(5.1) X2 4 pldX; = 7.

Consequently dg(V) = {p € M : X(p)? = 7} and:

a) dg(V) = M if and only if X is constant.

b) If dg(V) is empty then M is noncompact.

c) If T is negative then dg(V) is empty.

d) If dg(V) is nonempty, T is nonnegative and |X| equals \/T at every
point of dg(V).

e) A mazimal integral curve of the symplectically dual vector field
p*t = pt intersecting dg(V) lies entirely in dg(V) and K is con-
stant along the curve, equal to one of ++/T.

f) If volq(M) < oo, E(V) < 00, and d(p(Hx)) is integrable then

(5.2) Tvolg(M) = 3E(V) +/ d(Xp).
M
In particular, if M is compact then Tvolg(M) = 3E(V).

3) If X is not constant, then on the nonempty open subset M = M \
dg(V) there hold:
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a) The one-form o = (1 — X?)"1p is closed.

b) d(Ko) = dK Ao = Q.

c¢) The symplectically dual vector field o™ = o* commutes with Hy
and Q(c*, Hg) = 1.

d) Around any point p € M \ crit(X), there are local coordinates (x,y)
such that p corresponds to the origin, X — K(p) =z, dy = (1 —
KA p, and Q = dx A dy.

e) The complex structure J defined on M by J(o*)=Hg and J(Hy)=
—o™* is Hyx and o invariant.

f) If T > 0, the function

(5.3) T'= 2\1ﬁlog ﬁjgz‘

is smooth on M, while if T < 0 the function

712 arctanh(7712K) if T > K2,
72 arccoth(7712K)  if 0 <71 < K2,

(5.4) T = |7|7Y/2 arccot(|r| /%K)

is smooth on all of M. With the complex structure J defined by
J(Hp) = p* and J(p*) = —Hr the flat Riemannian metric

(5.5) k‘ij = dede + 0035

forms a Kdihler structure with volume (1 —X?)"1Q =dT Ao =
d(To). Moreover, Hx is a Killing field for k;;.

g) If dg(V) is nonempty, then T maps each maximal integral mani-
fold of the vector field p* on M diffeomorphically onto its image.
Precisely, if ¢ : I — M is a mazximal integral curve of p* such that
#(0) =p € M then T o ¢(t) =t + T(p).

h) If dg(V) is nonempty, and the restriction to M of p™ is complete,
then the metric k of is complete on M, and each connected
component of M with the Riemann surface structure (k,J) is con-
formally equivalent to the complex plane or the punctured disk.

Proof. Each connected component of the zero set of an infinitesimal au-
tomorphism of a torsion-free affine connection is a closed totally geodesic
submanifold (see p. 61 of [41]). In particular this applies to the zeros of
Hyc, that is to crit(X). If a connected component of crit(X) has nonempty
interior then it must be all of M, in which case X is constant. Hence if
XK is nonconstant each connected component of crit(X) is a closed totally
geodesic submanifold of M of codimension at least one, so is a closed image



Critical symplectic connections on surfaces 1725

of a geodesic or a point. Suppose X is nonconstant. Suppose z € crit(X) and
every sufficiently small neighborhood of x contains some point of crit(X)
distinct from x. Fix a geodesically convex open neighborhood U of z and
choose y in crit(K) N U distinct from z. Let L be the unique geodesic seg-
ment connecting x to y and contained in U. Since the flow of Hy fixes z
and y it fixes L too, and so L C crit(X). Hence z and y belong to the same
connected component of crit(X). It follows that the connected components
of crit(XK) are isolated.

Since the flow of Hy preserves V and € it preserves p, so, using ,

(5.6) 0 = Lhyp = t(Hx)dp + d(p(Hx))
= 2KdX + d(p(Hx)) = d(X? + p(Hx)),

from which it follows that there is a constant 7 satisfying . From (j5.1))
it is apparent that dg(V) is the zero locus of 7 — X?. In particular, X is
constant if and only if dg(M) = M. If dg(V) is empty, then dX does not
vanish, so M must be noncompact.

By , if ¢ € dg(V) then X(q)? = 7, so if dg(V) is nonempty, then 7
is nonnegative and, at every point of dg(V), |X| equals /7. Let ¢ € dg(X)
and let I C R be a maximal open interval around 0 such that ¢ : [ — M is
a smooth integral curve of p* satisfying ¢(0) = q. By , u(t) = Ko ¢(t)
solves 1t = 7 — u?. If ¢(0) = q € dg(V) then u(0) = K(q) = £+/7 and so, by
the uniqueness of the solution to the initial value problem for @ = 7 — u?2,
Ko ¢(t) =u(t) = ++/7 for all t € I, and hence ¢(I) C dg(V).

If volg(M) is finite and £(V) is finite, then integrating and using
yields

(5.7) 7vola(M) = /M K20 + /M PPdK,Q = E(V) + /M dX A p

zg(V)—/MIKAd,o+/Md(ﬂCp):3E(V)+/ (%K),

M

where the last expression makes sense provided d(XKp) is integrable. This

shows (5.2]).
That o = (1 — X?)~1p is closed on M follows from differentiating (5.1)

and using ({1.14]) and
(5.8) dK A p= (1 —KH.

That dX A o = Q is immediate from ({5.8)). Since £, p = 0, the vector fields
p' and Hg commute. Since any function of K is constant along the flow
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of Hy, this implies o commutes with Hg. Because o*, Hy, and § are all
invariant under Hy and o so too is the complex structure J.

If V is critical but not moment constant, then on the universal cover of
each connected component of M there are coordinates z and y such that
Q=drANdy, X ==z, and p = (1 — 2?)"'dy. Simply define x = X and let y
be a global primitive of o. This proves .

The claims of are all verified by straightforward computations.
Now suppose dg(V) is a nonempty proper subset of M, so that 7 > 0.
Given p€ M let ¢: I = (—a,b) — M be a maximal integral curve of p*
such that ¢(0) = p. Since dT,p? = (1 — X?)~1dXK,pP = 1, the function u(t) =
T o ¢ satisfies u(0) =T (p) and @ =1 so u(t) =t+ T(p). Consequently T
maps ¢(I) diffeomorphically onto its image (T'(p) — a, T'(p) + b).

If p* is complete then its flow ¢; is globally defined. Let C' be a con-
nected component of M. Then C contains a connected component S of
K~1(0) and, because T o ¢;(p) =t for p € X~1(0), the map ® : R x S — C
defined by ®(t,p) = ¢¢(p) is a diffeomorphism. Since S is a connected one-
manifold it is diffeomorphic to a circle S! or the line R. Since ¢}(0) = o,
the pullback ®*(0) is a closed one-form on S extended trivially to R x S, so
is exact if S is a line, or is a multiple of the generator df of the cohomol-
ogy of St if S is a circle. It follows that the pullback via ® of the metric k
of is the flat metric on the plane R x R or on the infinite Euclidean
cylinder R x S'. The completeness of k follows. In this case, each connected
component of M \ dg(X) carries a complete flat K&hler structure and a non-
trivial holomorphic vector field preserving this Kahler structure. A Riemann
surface with biholomorphism group that is not discrete is biholomorphic to
one of the following: the Riemann sphere, the plane, the punctured plane,
a torus, the unit disc, the punctured unit disc, or an annulus of radii r < 1
and 1. Of these the only surfaces covered holomorphically by the plane are
the plane, torus, and punctured disk. Since X is not constant and dg(V)
nonempty, the torus cannot occur as the complement of dg(V). O

Remark 5.2. Let M and V be as in Lemma [5.1l Then the metric
(5.9) hl'j = |T — J<2|_1d5<id9<j + |7' — fK2|O'Z‘O'j == |7' — j<2|/{7¢j

on M = M \ dg(V) has constant scalar curvature Ry = 2 where 7 > X? and
constant scalar curvature Ry = —2 where 7 < X2, its volume form vol;, con-
sistent with the orientation given by Q) equals €2, and Hy is a Killing field for
h. However the restriction of h to a connected component of M is generally
not complete, so it is not clear how useful A is.



Critical symplectic connections on surfaces 1727

These claims can be proved as follows. Suppose dg(V) is nonempty and
fix pe M = M \ dg(V). Since ¢ is closed, there is a neighborhood of p on
which there is a smooth function ¢ such that d¢ = \/70. If p is contained
in a connected component of M on which 7 — K? is positive, then, since
K € [-\/T, /7], there can be defined on this neighborhood a smooth func-
tion € such that K = —y/7cosf. In the coordinates (6,¢) around p the
metric h takes the form df? + sin? fd¢?, which is one of the well known
standard forms of the spherical metric. This shows h has constant scalar
curvature 2. Its volume form is sin 8df A d¢ = dK A o = ). If p is contained
in a connected component of M on which 7 — K? is negative, then set-
ting K = +4/7coshf and d¢ = ++/70 as K is positive or negative, there
result h = df? + sinh? 8d¢?, a standard form of the hyperbolic metric, and
Q =dX N o =sinh6df A d¢. Since Hy preserves K, dX, €2, and o, it pre-
serves h.

Remark 5.3. Since, by Theorem [I1.6] preferred symplectic connections are
critical, it makes sense to speak of the special cases of Lemmas and
for preferred symplectic connections. For preferred symplectic connections,
Lemma specializes to the results of sections 5 and 6 of [10], and of
Lemma [5.1] specializes to Proposition 11.4 of [10].

Applying Lemma yields Lemma showing that on a compact
surface carrying a critical symplectic connection the complement of the set
of critical points of X is a union of parabolic Riemann surfaces.

Lemma 5.4. Let (M,Q) be a compact symplectic 2-manifold and let V €
S(M, ) be critical symplectic with moment map KX = K(V).

1) There holds Z(p) C crit(X) = dg(V) and every critical point of K is a
global extremum at which |X| equals /7. In particular, 7 =0 if and
only if X is identically zero.

2) If X is not constant, then:

a) Eachr € (—/T,/T) is a reqular value of X and the level set L, (X)
={q € M :XK(q) = r} is a disjoint union of smoothly embedded cir-
cles.

b) For r,s € (—/T,\/T), the level sets L.(X) and Ls(X) are diffeo-
morphic.

¢) The number of connected components of crit(X) where X assumes
its minimum equals the number of connected components of crit(X)
where K assumes its mazimum.
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d) Each connected component of M = M \ crit(X) is diffeomorphic to

the infinite Euclidean cylinder R x S, and the metric k;; of (5.5)
is complete, isometric to the standard flat metric on R x S'.

Proof. Because M is compact, K has a maximum and a minimum, at which
it takes the values +,/7. Since it takes these same values at any point in
dg(V), any point of dg(V) is a global extremum. In particular dg(V) =
crit(K). If K is not constant then for r € (—/7,/7), by (5.1)), along L,(X)
there holds pPdX, =7 —r? > 0, so that dX is nonvanishing along L, (X).
This suffices to show that L,(X) is a smoothly embedded one-dimensional
submanifold. Since it is also closed, it must be a union of circles. If —/7 <
r < s < /7 then X~!([r, s]) is compact and contains no critical point of X,
so L,(X) is diffeomorphic to Ls(X) (see Theorem 3.1 of [49]); moreover, the
flow of p* maps L,(X) diffeomorphically onto Ls(X). The claim about the
equality of the numbers of components of crit(X) on which X assumes its
minimum and maximum follows. Since M is compact, p” is complete, and

S0 follows from of Lemma O

Note that in Lemma the compactness is used in part to guarantee
the existence of a global flow for p* and several of the conclusions are valid
in greater generality provided such a global flow exists. The compactness
is used in a more essential way to invoke the regular interval theorem to
conclude that the level sets of K are unions of circles.

With Lemma [5.4) in hand the proof of Theorem is straightforward.

Proof of Theorem[1.7]. Suppose V is critical and not moment flat. It will be
shown that M must be a sphere or a torus. As in the proof of Lemma
K~1(1,) is a disjoint union of cylinders, where I, = [—/T + €,/T — €]). Each
of the cylinders constituting X~ (I.) has a positive end and a negative end,
as K tends to a maximum or a minimum at the end. For a suitably small e,
the complement M \ X~'(I.) is a disjoint union of tubular neighborhoods
of the connected components of crit(X); precisely, its connected components
are cylindrical bands around the closed geodesics contained in crit(X) and
disks around the points contained in crit(X). Each of these cylinders and
disks is positive or negative as K has on the connected component of K
that it contains a maximum or minimum. It follows that M is the union of
cylinders attached end to end and disks attached to cylinders in a manner
compatible with the assignment of signs to the cylinders and disks. A closed
compact surface obtained by attaching cylinders end to end and cylinders
to disks has nonnegative Euler characteristic; since M is oriented, it must
be a sphere or a torus.
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An alternative way of reaching the conclusion about the structure of
the complement of crit(X) goes as follows. By of Lemma [5.4] each con-
nected component of M \ crit()X) carries a parabolic complex structure J
and a nontrivial holomorphic vector field preserving J. A Riemann surface
with biholomorphism group that is not discrete is biholomorphic to one of
the following: the Riemann sphere, the plane, the punctured plane, a torus,
the unit disc, the punctured unit disc, or an annulus of radii » < 1 and 1.
Of these the only parabolic surfaces are the plane, torus, and punctured
disk. If crit(X) is nonempty, closed compact surfaces cannot be obtained as
connected components of its complement, and the plane is not the comple-
ment of a set containing at least two connected components. The remaining
option is the punctured disk which is conformally equivalent to a cylinder,
and the rest of the argument is as before. O

There remains the question of whether there exist on the torus or sphere
critical symplectic connections that are not moment flat. It was shown in [10]
that a preferred symplectic connection on a compact surface must be locally
symmetric. A key point in the argument is to show that K(V) must have a
nondegenerate critical point; this uses in an essential way the simplification
of to available in this case, and it is not clear if this argument
can be adapted to the more general setting of critical symplectic connections
considered here.

6. Symplectic connections in Darboux coordinates

Claim (3d) of Lemma motivates calculating H(X) explicitly for a sym-
plectic connection in Darboux coordinates.

Lemma 6.1. Let x and y be global affine coordinates on R? with respect
to the standard flat affine connection 0 and let Q) = dx A dy be the standard
symplectic form. Write X = 0, and Y = 0, for the coordinate vector fields
(partial derivatives with respect to x and y are indicated by subscripts). The
most general V € S(R%, Q) has the form V = 0 + II where

(6.1) (X, X) = AX + BY, II(Y,Y)=CX + DY,
I(X,Y)=1(Y,X) = —DX — AY,
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for some A, B,C,D € C*®(R?). For V € S(R%,Q) of the form V =0 +1I
with 11 as in (6.1]),

(6.2) —3p=(—244y — Byy — Dyu + (AD — BC),
+3(A® — BD), + 24D, — DA, — BC,)dx
+ (2Dyy + Ayy + Cop + 3(AC — D?),,
— (AD — BC), — 2DA, + AD, + CBy)dy,

(6.3) K(V) =3A4.yy + 3Dyay + Byyy + Caaa
— B,Cy + B,Cy + 3(A.D, — A,D,)
+3(AC — D?)p + 3(BD — A?),, — 3(AD — BO)yy,

and, writing X = K(V),

(6.4)
— H(K) = (Kpgw — 34Ky — 3BKyy + KBy — B, K,) dz®?

+ (Kyyy — 3DKyy — 3CKyy + KyCp — C,Ky) dy®?
+ 3 (Kpay +2DKyy — BKyy + AKyy + AKXy — AyKy) de © dz © dy
+ 3 (Kayy + 24Ky, — OKyye + DXy + DK, — D,K,) dz © dy © dy,

where ©® denotes the symmetrized tensor product, so, for example, 2dx ®
dy =dr®dy + dy ® dz.

Proof. By (1.14)), differentiating (6.2)) yields (6.3)) (several terms cancel), so
it suffices to check (6.2). Routine computation shows that the Ricci tensor

of V is

(6.5) Ric = (4, + By + 2(BD — A%)) dz ® dx
+ (Cy + Dy + 2(AC — D?)) dy ® dy
+2(-Ay— D, +AD — BC)dzx ® dy.

Since X and Y constitute a symplectic frame,

(6.6) —30(Z) = (VxRic)(2,Y) - (VyRic)(Z, X),
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for all Z € T'(T'M). Routine computations show that

(VxRic)(X, X) = Ayy + By +2(BD — A?), — 2A(A, + By)
+2B(A, + D,) — 6ABD + 4A® 4+ 2B%C,

(VyRic)(Y,Y) = Cyy + Dyy + 2(AC — D?),, +2C(A, + D)
—2D(Cy + Dy) — 6ACD + 4D? + 2BC?,

(VxRic)(X,Y) = —Ayy — Dyy + (AD — BC), — B(Cy + D,)
+ D(A; + B,) + 4BD* — 2A?D — 2ABC,

(VyRic)(X, X) = Ayy + By, +2(BD — A?), + 2D(A, + By)

—2A(Ay + D;) +4BD?* — 2A*D — 2ABC,

(VxRic)(Y,Y) = Cuy + Dyy + 2(AC — D?), — 2D(A, + D)

+2A(C, + D) + 4A%C — 2AD? — 2BCD,

(VyRic)(X,Y) = —Ayy — Dyy + (AD — BC), + A(Cy + Dy)
— C(Ay + By) +4A°C — 2AD? — 2BCD.

(6.7)

Substituting in , and observing that the terms involving no deriva-
tives cancel yields

(6.8)  —3p=(-2A44y — Byy — Dyy + (AD — BO), + 2(A*> — BD),
—B(Cy + Dy) — D(A, + By) + 2A(Ay + D)) dz
+ (2Dgy + Cuy + Ayy — (AD — BC), + 2(AC — D?),
—2D(Ay + D;) + A(Cy + Dy) + C(A, + By)) dy.

Simplifying yields (6.2)). From

Vdz = —Adz®? — Cdy®? + 2Ddx © dy,

6.9
(6.9) Vdy = —Bdz®? — Ddy®? + 2Adx © dy,

it follows straightforwardly that

(6.10)  VdX = (Kypw — AX, — BK,)d2z®? + (X, — OK, — DK,)dy®?
+ (Kay + DXy + AKX, (dz @ dy + dy @ dx).

Using (4.5)), (6.5)), , and (6.10)) to compute V2dX + dX ® Ric, and sym-
metrizing the result yields (6.4)). O

Remark 6.2. Different simplifying assumptions on the functions A, B,
C, and D lead to different simplifications of the equations (6.3)) that are
amenable to study:
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1) If A, B, C, and D depend only on z, then X is an affine function of
x. As is shown in the remainder of the present section, this leads to
complete examples on RZ.

2) That AD — BC =0, A2 — BD = 0, and AC — D? = 0 are the condi-

tions that the difference tensor I be the cube of a one-form o.

a) As is shown in section [7}, the case where o is the metric dual of a
metric Killing field leads to examples of critical symplectic connec-
tions that are not preferred.

b) As is shown in section [§8) the case where o is closed gives rise to
moment flat symplectic connections that are not projectively flat.

These remarks suggest considering symplectic connections whose difference
tensor with some nice metric connection has some other special form. In
section [§ and @ it is shown that when V = D + II with D the Levi-Civita
connection of a constant curvature Riemannian metric g and II;;;, the sym-
metric product of g and a harmonic one-form leads to examples of moment
flat symplectic connections for which p(V) represents an arbitrary de Rham
cohomology class.

Combining of Lemma and Lemma yields equations for crit-
ical symplectic connections that can be solved. Let V € S(M, Q) be critical
with K nonconstant and suppose p ¢ crit(X). Let 7 = p(Hg) + K2. By
of Lemma [5.1] in an open neighborhood of p there may be taken as Darboux
coordinates # = X — a where a = X(p), and y where dy = (1 —XK?)"1p =
(1 — (v +a)?)"1p. Hence X =z +a and p = (7 — (v + a)?)dy. Let V have
the form O+ II where II is as in (6.1) and O is the standard flat affine
connection in the coordinates (z,y). By (6.4),

(6.11) 0= —H(K) = Bydz® — 3A,dr ®dz ® dy
+3Dydx ©dy ©y — C'ydy®3,

so that A, B, C, and D depend only on x. This can be seen in another
way as follows. The vector field Hyx = 9, is Killing for both the flat affine
connection 0 and V, so the Lie derivative along Hgc of the difference tensor
II = V — 0 vanishes.

Comparing p = (7 — (z + a)?)dy and shows that A, B, C, and D
satisfy the equations

(Cr +3(AC — DQ))M =z+a,

(6.12)
Dyy = (AD — BC), + 2AD, — DA, — BC,.



Critical symplectic connections on surfaces 1733

The preceding is summarized in Lemma [6.3]

Lemma 6.3. Let O be the standard flat affine connection in the coordinates
(z,y) and let Q = dx A dy. The connection V = 0 + 11, where 11 is defined as
m , 1s critical symplectic if A, B, C, and D are functions of x alone and
satisfy the equations . In this case K(V) =z + a for some constant a.

Computing 6*Ric and §*p using (6.7)) and yields

(6.13)  —30"Ric = (Ago + 2By D +4BD, — 3(A%),
+4A% — 6ABD + 2B*C)dz®?
+ (20D, — 2C, D — 6ACD + 2BC® + 4D?) dy®?
+ (= 2Dgy + 64D — 4BC, — 2B,C
—6ABC +12BD? — 6A’D)dx ® dz ® dy
+ (Cyo + 6AC, — 3(D?),
+124°C — 6AD? — 6BCD)dx ® dy © dy,

(6.14) §*p = (1 — (z + a)?)(Bdz®?* 4+ Ddy®* — 2Adx © dy)
+2(z 4 a)dz ® dy.

This suggests choosing A, B, and D so that *p =0. Then B=D =0, A =
(x4 a)(t — (z +a)?)7!, and, by (6.12), (Cy + 3AC) 4z = = + a. For any con-
stants p and ¢ the function C = 671 (7 — (z + a)?)((z + a)? + p(z + a) + q)
yields a solution defined at least on the region where 7 # (z + a)?. Substi-
tuting into yields 90*Ric = (7 — q)dz © dy ® dy. If ¢ = 7 then the re-
sulting connection is preferred. The family of connections corresponding to
g = 7 (with p arbitrary) was found in Proposition 11.4 of [10], where it is
shown that every preferred symplectic connection on R? that is not symmet-
ric is equivalent to one of these connections with ¢ = 7 < 0 and p arbitrary.
On the other hand, if ¢ # 7, then the resulting connections are critical but
not preferred.

Theorem 6.4. Let O be the standard flat affine connection in the coordi-
nates (x,y) and let Q = dx A dy. For any choices of constants a, p, q, and T,
the connection V = 0 + I1 where 11 is defined as in with B=0= D,
A=(z+a)(t—(z+a)®)" ! and C = 671 (1— (z +a)®)((z +a)®> + p(z +
a) + q) satisfies:

1) On each connected component of {(x,y) € R*: 7 # (z +a)?}, V is a
critical symplectic connection satisfying K(V) = x + a and §*p = 0.
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2) V is preferred if and only if ¢ = 7.
3) If T < 0 then V is defined on all of R? and is geodesically complete.

Proof. There remains only to prove that V is complete when 7 < 0. In the
case ¢ = 7 this is claimed in section 11 of [10]. The equations of the geodesics
of V as in Lemma [6.T] are

(6.15) &+ Ai? —2Diy+Cy®> =0,  §j+ Bi? — 2Aiy + Dy? = 0.

No generality is lost by supposing a = 0. Then (/6.15]) becomes

(6.16) &+ —Li® —i(r—2?)(@® +pr+q)f =0, §— 2iy=0.

T—22

From (6.16)) it follows that along a solution (7 — 22)y equals some constant
r. (This follows from the constancy of p(%) for any V-geodesic v, which is
an immediate consequence of §*p = 0.) Hence

(617) T+ T—gﬁx2 ? — T2(6x(itp;‘;—)~_q) =0, Y= 7—_Tw2.

Suppose 7 < 0 and let x = /—7 sinh u. Then u solves the conservative equa-
tion

. i 2 —7sinh? u+py/—7 sinh u+
(6.18) i = f(u) = — 5 TR AR TSk,

Along each solution there is a constant E such that 42 + g(u) = E where
g(u) — g(ug) = —2 LZJ f(v)dv. Tt is straightforward to see that there is a
constant C' > 0 such that |f(u)| < C/(4cosh(u)) = C-L arctan(e*) for u €
R. This bound implies |g(u) — g(ug)| < C|arctan(e) — arctan(e*)| < C.
Consequently, if u(t) solves with initial conditions u(0) = up and
4(0) = v, then

(6.19) W(t)? = B — g(u(t)) < E — g(u(0)) + [g(u(t)) — g(u(0)]
< E —g(ug) + Cr = v + Cr.

Hence there is a constant K > 0 depending on vy such that |u(t)| < K for
all t. This implies |u(t)| < |ug| + K|t|, so that u(t) does not blow up in finite
time. Thus for any ug and vy there is a unique solution u of defined
for all time, so x and y are as well. Hence V is complete. 0

Remark 6.5. In the examples of Theorem [6.4] the condition B = 0 can be
dropped and solutions will still be obtained. With D = 0, the solutions are
as above, but with B,C = —2BC,.
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7. Critical symplectic connections on the standard
two sphere

Other examples can be constructed using Lemma but in general it
is difficult to find solutions that yield complete connections. For exam-
ple, let P(z) = 21/24 + az®/6 + bx? /2 + cx + d. By (6.3), (6-4), and Lemma
the V defined by taking A=B =D =0 and C = P(x) in has
K(V) =2z +a and H(K(V)) =0 so is critical symplectic but not moment
constant. These connections are not generally complete. By , a geodesic
satisfies y(t) = pt + ¢ and x(t) solves & = —p?P(x). For a polynomial Q(x)
with derivative equal to P(z), % + 2p?Q(x) is constant along a solution.
Since the constant term of () is arbitrary, the constant of integration can
be absorbed into @, and there can be written @2 + 2p?Q(z) = 0, where the
choice of primitive ) depends on the particular solution curve. In general
solutions of such an equation blow up in finite time.

The following addresses the question of whether, for an appropriate
choice of P, the connection so obtained can be extended to a symplectic
connection on the two sphere with its usual volume form. The strange re-
sult is the construction of a family V(¢) of critical symplectic connections
defined on the complement in S? of two antipodal points, such that V(0)
is the Levi-Civita connection of the round metric, and, for ¢ # 0, the dif-
ference tensor V(¢) — V(0) extends continuously but not differentiably at
the two excluded antipodal points. Moreover, £(V(t)) is a multiple of ¢2,
so while these connections are critical they are not minimizers of £ except
when t = 0.

The round two-dimensional sphere S? of volume 47 is the subset
{(sin @ cos ¢, sin fsin ¢, cos §) € R3 : § € [0, 7], ¢ € [0,27)} of R® with the in-
duced metric. In the coordinates (z,y) defined on the complement of the
poles by = —cosf € (—1,1) and y = ¢ the standard round metric g =
df? + sin? Od¢? takes the form g = (1 — 22)~'dz? + (1 — 22)dy?, and the vol-
ume form 2 = sin 8df A d¢ of g equals the Darboux form dx A dy. Let 0 be
the flat connection in the coordinates (z,y). The Levi-Civita connection
D of g has the form D = d + A where A(X, X) = 2(1 — 2?)71X, A(X,Y) =
AY,X)=—2(1 —2?)"V,and A(Y,Y) = 2(1 — 2?)X. Define V=D +T =
0 + II where the components A, B, C', and D of I =T' + A are as in .
Taking A =z(1—2?)"!, B=D =0, and C = z(1 — 2%) + P(x), where P
is a quartic polynomial in z, yields a connection V with (V) linear in z.
Precisely, C, +3AC =1+ P’ + 32(1 — 2?)"!P. Taking P = (1 — 2?)(a2? +
bx + ¢) yields K(V) = Cyaz + 3(AC) 3z = —6azx, so if a = —1/6, the result-
ing connection satisfies X(V) = x. So far this V has been defined only away
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from the poles in S2. There remains to determine whether b and ¢ can be
chosen so that it extends smoothly at the poles.

As is explained following its proof, Theorem gives an intrinsic con-
struction of a special case of the connections just described. Although its
statement appears more general, Theorem is interesting mainly in the
special case D is the Levi-Civita connection of a round metric on M = S2.

Theorem 7.1. Let (M, ) be a symplectic 2-manifold and let D € S(M, )
have parallel Ricci tensor R;j. Suppose Z; is a nontrivial one-form satisfying

(7.1) v=n24+42°2Ry,

is constant. On M = {p € M : y(p)? # v} define T'ijy, = (v — %)~ Z:;Z; Zy,.
The symplectic connection V(t) = D +tT;; * satisfies

(72) R(t)ij = Rij + t’}/(lj - ’}/2)_IZZ'Z]',

(7.3)  —dgmRic(V(1)ijr = V() R(t) j0) = —4tv(v — ) 222 Ry 27,

(7.4) p(V(1)i = 5t(v —37*)(v —7*) ' Z
(7.5) K(V(t) = —3tr,
(7.6) 7(V(t)) = (3t/16)v,

where R(t);; = Ric(V(t));; and 7 is the constant of of Lemma [5.1]
Moreover, Hy)(v) =0, so V(t) is critical. If 4v(v — 72)_2Z(iZjﬂQk)pr is
nonzero somewhere on M, then V(t) is not preferred for t # 0. Finally, the
Jacobi operator satisfies Jy;)(I') = 0 for all t € R.

Proof. Let V =V(1). For t # 0 it suffices to check all the claims for V
because tI';;;, is obtained from ¢Z; in the same way as I';; is obtained from
Z;; that is the connection V corresponding to tZ in place of Z is simply V(¢).
By assumption 2D;Z; = 2D;Z;; = ¥£;;. By the Ricci identity,
(77) 2d’)/l == 2Dl’Dpr == QDPDin — QIRipr
= Dp<751 p) — QiRipr = d71 - QiRZ’pr,

SO

(78) d’yi = —QRZ'pr.
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Since R;; is parallel, D;(Z*Z°R ) = 2Z9R o, D; Z° = 4R;, ZP. Combined with
(7.§) this shows that d(y? + 4Z2%Z%R,,) = 0, so there is a constant v satis-
fying (7.1). From (7.8]) and (7.1)) there follows

(7.9) ZPdry, = —22°Z"Repy = —(v —~?) /2.
Computing using 2D;7Z; = vQ;; and ((7.9) shows
(710) (SFU = DpI‘Z-jp = ’y(I/ - ’)/2)_IZZ‘ZJ‘.

Since I';, 'T'j? = 0 and T', P = 0, (7.2)) follows from (7.10). A bit of compu-
tation using ([7.2]) shows

(7.11) ViR = DiRji — 2Fi(j ka)p
=Di(v(v —+*) " Z;Zk) — 2(v — v*) ' Z;Z(j Ry 2P
= 2((v =)+ 29 (v =) ) ZPRip Z Z
— 2 =) ZiZ Ry 2P + ¥ (v — ) T 2y,

from which (7.3) follows. Contracting (7.11) and simplifying using ([7.9)

yields . Alternatively, follows from coupled with the ob-
servations that, by (7.10), 4£%(T); = (v — %) ' (37* = v)Z; and that in
the terms of order at least two in ¢ all vanish. Since ZPp(V), =0,
Vip(V); = Dip(V);, so to compute K(V) it suffices to compute D;p(V);
and contract the result. There results . As for , can also be
computed using and

(7.12) 35 (T) = pLh(T) = —(3/4)7.
Differentiating (7.8) yields D;dy; = —yR;j, and, with (7.9)), there follow
Vid’}/j = Did’)/j — Zpd’ypZiZj

= —’yfRi]’ + 2(ZaZb:Rab)ZiZj = _’Y:Rij + %Z@Zj,

ViVjdy, = DiVjdy, — 2(v — v ) ZiZ(; 2PV ydy
= _d'Yiijk -+ %’}/Qi(jzk) + 27(V — 7_2)_1ZiZ(ijka)p.

(7.13)
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Using (72), (78), and (7.13) yields

(7.14) —Hv(v) = ViVidy, + dviRj,
= V;Vjdy, + dviRj, + (v — v~ %) dv, 2, 2y,
= 37 Zry + (v =2 (dViZi 2y — ZiZjdoyy)
= 372y + (v = v ) (dviZy Ze + dyp 2y Z5) =0,

in which the final equality follows from 4dy}; Z; =22Pd, 2 =—(v — 1),
which uses ([7.9)).

It follows from (|7.2)) that £ (I');; = £3(I')4jk, and from ([7.10)) and (7.12))
that HG (D) = ovlo (') = 6vLH(T) = 0pLH(I) = HH(I') = —(3/4)y. Then

(7.15) Hv(r) = J‘Cvf}{*v(F) + ’QHUC(V)F
= Ho(=(3/4)7) — (3/4)LxT = —(3/4)LxT,

where X' = —d~'. Since
(7.16)  Dplijp = 3v(v =) ', Z; Zyy + 29 (v — ¥°) 2dyp Zi Zi Z,
and Dld’yj = —’}/Rij,

(717) (’SXF)ij == _d’YprFijk - SD(id’prjk)p
= 39(v — )Yy Zi Zyy + 3v(v — VD) T ZPR 2 2
=0,

the last equality by (7.8), it follows from ([7.15)) that Jv(I') = 0. While the
preceding argument does not show that Jp(I') = 0, this is easily checked

directly. O

If D is the Levi-Civita connection of a Riemannian metric then the
hypothesis of Theorem means that Z; is metrically dual to a Killing
field, so if M is compact and Z is nontrivial then M must be a sphere or
a torus. Since by hypothesis the Ricci tensor is parallel, in the case M is a
torus, the metric must be flat and any Killing field is parallel; in this case
v =0 and v = 0 and the set M of Theorem [7.1]is empty, so the construction
is vacuous.

In the case M = S?, the vector field Y = §,, which is rotation around
the axis through the deleted antipodal poles, is a nontrivial Killing field
for the round metric g for which the metrically dual one-form Z = ((Y)g =
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(1 — 22)dy has the properties required in Theorem (This example moti-
vated the theorem.) Here the notations are as in the paragraphs preceding
the statement of Theorem Precisely, Z satisfies DZ = —xf), and for an
appropriate choice of P, the difference tensor I'is (1/4)(1 — 2*)71Z,Z; Z), =
(1/4)(1 — 2%)?dy ® dy @ dy. Since v = —2x and Z*Z*Ryy, = |Z|2 = (1 — 2?),
the constant v equals 4. Theorem shows that in this setting the re-
sulting V is critical but not preferred. However, while the tensor I';;, ex-
tends continuously at the poles, vanishing there, its extension is not dif-
ferentiable at the poles. The behavior at the poles is seen most easily in

different coordinates. A convenient choice is u = tan g CoSY = 4/ i‘—i cosy

and v = tan g siny = ,/}J_r—; siny. In these coordinates g has the standard
form 4(1 + u? 4+ v?)~2(du? 4 dv?) and the origin corresponds to x = —1 (the
pole at =1 can be handled similarly). Since u? +v? = (1 +z)/(1 — z),

r=(u?+v?-1)/(u?+v%+1), and dy = (u® + v?) " (udv — vdu),
(7.18) T =401+ u? +0*) " (w? + v*) " udv — vdu)®3.

The components of I' behave like a smooth multiples of u®v3~%(u? 4 v?)~!
for a € {0,1,2,3}, so extend continuously at the origin of (u,v) coordinates,
but do not extend differentiably there.

For the V() of Theorem by (7.5), since K(V(t)) extends smoothly
to all of S?,

(119 EVE) = [ KVPEQ- @/ /0 " / 11 22 da dy = 312,

Since the Levi-Civita connection D of the round metric on S? has £(D) = 0,
this shows that V(¢) is not an absolute minimizer of £ when ¢ # 0, although
it is critical. In particular, there is a one-parameter family of critical sym-
plectic connections on the Darboux cylinder along which £ takes on all
nonnegative real values. Comparing and shows the necessity of
the boundary term in (5.2). For V = V(1), by (7.6)), 7volo(M) = 3, while,
by (7.19), £(V) = 3, rather than 97 as would imply were the bound-
ary term null. However, by there holds p = 271(1 — 3z%)dy, and so
Kp = (3/4)z(1 — 32%)dy, which does not extend differentiably at the poles
x = %1 since the one-form dy does not extend differentiably. It follows that
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the boundary term [, d(Xp) in (5.2)) does not vanish. Indeed,

27 1—eq 27 27
a2 [ d = [t [ Ko
1+El 0 0

= —27(3/4)(1 — e2)(1 — 3(1 — &)?)
+27(3/4) (e1 — 1)(1 — 3(e1 — 1)?)

which tends to 67 when €; — 0 and €2 — 0. This is what is needed to yield

equality in (5.2)).
8. Moment flat connections that are not projectively flat

For IT as in (6.1)), the components of IIY (U, V, W) = Q(II(U, V), W) are

g1 (X, X,X)=-B, I (X,X,Y)= A,
(8:1) I(X,Y,Y)=-D, I (y,Y,Y) =C.

The expressions and in Lemma simplify considerably if AD —
BC =0, A> — BD =0, and AC — D? = 0. These are the conditions for the
cubic form to take values in the image of a rational normal curve,
that is for IIY to be decomposable in the sense that there is a one-form
o such that IIV = 0 ® 0 ® 0. Theorem shows what happens when o is
metrically dual to a metric Killing field. A different simplification is obtained
by supposing that ¢ is closed. Lemma shows how Lemma simplifies
when II" is supposed to be the cube of a closed one-form, and Theorem
shows how it simplifies further when IIY is the cube of an exact one-form.

Lemma 8.1. Let (M,Q) be a surface with a volume form, and let D €
S(M, Q). Let V = D + 1I1;; ke S(M,Q), where L, = X; X; Xy and the one-
form X; is closed. Let R;j and R;; be the Ricci curvatures of V and D and
let k = det D; X7. Then

(8.2) Rij = Ryj + 0IL;; = Ry; + 2XP X ;D) X,

p(V)i = p(D); + 126X; — 6X; XPXIR,,, — 2D;(XP XD, X,)
= p(D); + 8kX; — 6X; XPXIR,, — 2XPXID; D, X,

(8.4) K(V) = K(D) — 6XPdky, + 3XPDp(X X Ryp).

(8.3)

Proof. Because 2D; X 1= D, XPQ;;, that X is closed means that D, X? = 0
For any ( )-tensor A; 7 such that A,? = 0 there holds 4;PA,7 = — det(A)<5
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and so there hold A, 94,7 = —2det(A), AP1A,, = 2det(A), and A, "4, A,
= 0. Applying these observations to A;7 = D; X7 yields

(85) DiXprXj = —/{Qij, DquDqu = 2K.
By (8.5) and the Ricci identity,

(8.6) XPXD;D,X, = Di(X?X9D,X,) — 2X"D; XD, X,
— Di(XPX"D,X,) — 2kX;.

Since R,P;; = 2R, DPD,X; = RjpXP, and, by ([12), RyuX X X! =
—X; XPXIRp,. Because X; is closed, 0ll;; = D)Il;; P = 2XPX(;Dj) X, and
follows. Using , DPD,X; = R; XP, the Ricci identity, and finally
there results

LH(ID); = —0°TL; — Mg R = —4kX; + 2XP X IR, X; + XP XD, D, X;
= —4rX; + 2XPX IR, X; + XPXU(D;DpXy — iRy “X,)
= —4kX; + 3XPX 1R, X; + XPX9D;D, X,
(8.7) = —6x8X; + 3XPXIR,, X; + D;(XPX1D,X,).

Since TI;, /11;,? = 0 and ;g0 = 0, by (255), p(V) = p(D) — 2£*(II),
and with (8.7) this yields (8.3). Since 2K(V) = VPp(V), = DPp(V),, apply-
ing D7 to (8.3)) yields (8.4). O

On a surface M, let (gi;,J;7) be a constant curvature Kéhler structure
having Levi-Civita connection D and volume form 2;; = J;Pgy,;. For f &
C>®(M), the function M(f) = det(D;df”) is the usual Hessian determinant.
Precisely, the determinant det Q) of the covariant two-tensor €2 is identified in
a canonical way with the section Q%2 of the tensor square of the line bundle of
two-forms. Consequently, as D;dfP$Q),; = D;df;, M(f)Q2®?2 = det Ddf. In the
case D is a flat affine connection and Q = dz A dy, M(f) = det Df ® Q% —2
is just the usual Hessian determinant. Since DUdfPD,df; = M(f)d; ¢, the
tensor D'df7 is the adjugate tensor of D;df;. Define U(f) = df;df; D'df?, the
contraction of the adjugate tensor of the Hessian ddf of f with df ® df.

Corollary 8.2. On a surface M, let (gi;, J;7) be a Kihler structure having
Levi-Civita connection D, volume form € = J;Pgp;, and constant scalar
curvature R. For f € C®(M), let M(f)=det(D;df’) and U(f)=df;df; D'df’.



1742 Daniel J. F. Fox

Then V = D + df;df;df* € S(M,Q) satisfies

p(V); = —3R|df|2df; + 12M(f)df; — 2dU(f);,
K(V) = 6{f, M(f)} = SR{S, 1df[3}-

Proof. Take X; = df; in Lemma 8.1 O

(8.8)

Corollary yields moment flat symplectic connections that are not
projectively flat.

Theorem 8.3. Let O be the standard flat connection on R? equipped with
the symplectic form Q = dx A dy. Define V € S(R?,Q) by V = 9 + I where
Hijk = dfldfjdfk for f € COO(M) Then

(8.9) p=12M(f)df —2dU(f),  K(V)=6{f,M(f)}.

If M(f) Poisson commutes with f then K(V) =0, but V is not projectively
flat whenever dU(f) — 6M(f)df is somewhere nonzero. In particular, if the
graph of f is an improper affine sphere then KX(V) = 0. There exist improper
affine spheres for which the resulting V is not projectively flat.

Proof. Except for the final claims, this is a special case of Corollary The
graph of f is an improper affine sphere if and only if M(f) equals a nonzero
constant. In this case M(f) Poisson commutes with f so K(V) = 0.

If f has homogeneity 2, meaning z f, + yf, = 2f, then U(f) = 2/ M(f),
so that in this case, by B.9), p = 12M(f)df — 4d(fM(f)) = 8M(f)df —
4fdM(f). If, moreover, M(f) is constant but f is not, then p = 8M(f)df
is not zero, although X (V) vanishes. This occurs for any homogeneous
quadratic polynomial, e.g. 2% +y? or xy. More interesting examples are
obtained as follows. Let u(z) be any smooth function on the line. Then
f = zy + u(x) satisfies M(f) = —1 and W(F) = z%u” — 2x(y + u'), so that
p=—2dU(f) = (4y + 4/ — 22%u"")dx + 4xdy. Since M(f) = —1 the graph
of f is an improper (ruled) affine sphere, and since p never vanishes identi-
cally the resulting connection is not projectively flat. (|

Remark 8.4. Specializing (8.2) shows that the Ricci curvature of V as
in Theorem has the form Ric = —Vy, (df ® df) = —0n, (df ® df). Hence
Ric(H¢,H¢) =0, so Ric degenerates along Hy.

Horospheres in hyperbolic space are convex submanifolds, flat in the
induced metric, and having constant Gaussian curvature, so are analogous
to affine spheres. This motivates the next example.
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Theorem 8.5. Let D be the Levi-Civita connection of the metric g on the
hyperbolic plane and let € be the corresponding volume form. Let 5 be a
Busemann function normalized to take the value —oo at a fized point in the
ideal boundary. Define V € S(R?,Q) by V = D + II where Il;j; = dfidf;dfy
and f = €B. Then p = 6f2df = 2d(f?), so K(V) = 0 but V is not projectively
flat.

Proof. In the upper half-space model of hyperbolic space, the Busemann
function at the point at infinity is the negative of the logarithm of the ver-
tical coordinate. Using this it is straightforward to check that Ddf + df ®
dfB = g, so that Ddf = Dde” = g = fg. Hence D;df7 = —fJ;7, so M(f) =
det(D;df?) = f2. As |dB|?> = 1, there holds |df|§ =e2% = f2. Hence U(f) =
dfidfi D;df; = f|df]g = fg Consequently p = —2dU(f)+12M(f)df = 6f2df.

O

Theorem provides examples of moment flat symplectic connections
on compact surfaces that are not projectively flat. These are used later in the
proof of Theorem that shows that any cohomology class in H!(M;R)
is represented by the curvature one-form of some moment flat symplectic
connection.

Theorem 8.6. On a surface M, let (gsj, J;7) be a Kihler structure having
Levi-Civita connection D, volume form $;; = J;Pgp;, and scalar curvature
Ry. Let X; be a nontrivial harmonic one-form. Then, for ;jr = 3X(;g;x),
the symplectic connection V = D + 11;; ¥ satisfies p(V); = p(D); — 6R,X;.
In particular, if g has constant curvature, then p(V) = —6R,X; and X(V) =
0.

Proof. The difference p(V) — p(D) is computed using ([2.55)). The operators
6, L, etc. are those associated with D. Since one customarily raises and
lowers indices with the metric rather than the volume form, the notation
used here can be confusing. For instance, since J; P€,; = —g;5, Jij = —9ij
and g;7 = —J;7. That X is harmonic implies that D;X; = D;X;, J;?D; X, =
J;iPD; Xy, g?1Dp, X, = 0, and DPX, = 0. Using DX, = 0, the symmetry of
J;iPD; X, and D; X;, and gP9Il;,, = 4X;, there result

(8.10) 0IL;; = —DPILjp, = DP(X;Jj + X Jip + XpJij)
= —2J; "Dy X;) = —2J;"D; X,
(8.11) §%11; = DPSIL, = 2J;P Dy DX, = —RyJ; g, 1 Xy = —Ry X,

(8.12)  L*(I); = —0%TL; — SR,IT; P g = 3R, X,
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(8.13) B(H)ij = (2X(in) 9+ Jiqu)(QX(qu) P4 quXp)
= —6XZ'X]' + 2Jiij qXqu,
(8.14) dB(II); + Hipq51_[pq = DpB(H)ip +4J; aJp prXa

=6XPD,X; +6J;"J,"DPX, = 0.

Substituting (8.12 -, and T'(IT); = —11;P1B(II),q = 0 in (2.55) yields

p(V)i=p(D); — 63% Xi. If gis assumed to have constant curvature p(D) =
0, so p(V) = —6R, X and X(V) =0. O

9. Representation of H'(M;R) by curvature one-forms
of moment flat connections

Let (M, Q) be a symplectic 2-manifold. If V € X1(0), then, by (L.14), p(V
is closed so the de Rham cohomology class [p] is defined. If ¢, is the flow
of X € symp(M, Q) and V € X~1(0), then p(¢5(V)) - p(V) = 67 (p(V)) -
p(V) is homotopic to the zero form, so exact, and hence the cohomology
class [p(V)] is preserved by the action on K~1(0) of the path connected
component of the identity Symp(M,Q)y C Symp(M, Q). Hence there is a
map

(9.1) 0:X71(0)/Symp(M, Q) — H'(M;R),
defined by
(9:2) o(V - Symp(M, Q)o) = [p(V)].

It is natural to ask if p is surjective, that is whether for a given symplectic
form a given de Rham cohomology class [a] € H'(M;R) can be represented
by p(V) for some V € KX~1(0). For compact surfaces of negative Euler char-
acteristic, Theorem shows the answer is affirmative. That is, the map o

of (9.1) and (9.2)) is surjective.

Proof of Theorem[I.8, Pick a constant curvature metric g such that the g-
volume of M equals [ v §2- By a theorem of Moser there exists a diffeo-
morphism ¢ of M isotopic to the identity such that voly. 4y = ¢*(volg) = Q.
Since ¢*(g) has constant curvature, it can be assumed from the beginning
that g is a constant curvature metric with volume form equal to €). Since the
Euler characteristic is nonzero, the curvature R, is nonzero. Let D be the
Levi-Civita connection of g and let «; be the unique g-harmonic represen-
tative of [a]. By Theorem [8.6| the connection V = D + II;; ¥, where II;;;, =
—(6Rg) (g k), is symplectic and satisfies K (V) = 0 and p(V) = o O
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For X € symp(M, Q) and f € ham(M, ), the tensors £L(X ") and H(f)
can be viewed as the vector fields generated on S(M, Q2) by the actions of the
flows of X and Hy. The images £(symp(M,Q)") and H(ham(M, 2)) are sub-
bundles of TS(M, ), where symp(M, Q)" = {a € T'(T*M) : da = 0} is the
space of closed one-forms on M, regarded as the space symplectically dual
to symp(M, Q). Since the Lie derivative commutes with the decomposition
of tensors by symmetries,

(9-3) L(X,Y]T) = exL(YY) - &y L(XT)

for X, Y € symp(M, Q). It is shown in [27], that on a compact symplectic
manifold of vanishing Euler characteristic and dimension at least four an in-
finitesimal automorphism of a symplectic connection need not be symplectic,
although this is the case in dimension 2 and in certain other situations. By
([9-3), the intersection ker £ N symp(M, Q)" and the quotient ker H/R (mod-
ulo constant functions) are identified with the Lie subalgebras of symp (M, €2)
and ham(M, ), respectively, comprising infinitesimal automorphisms of V
that preserve (). Since the group of automorphisms of an affine connection is
a finite-dimensional Lie group (see [40]), this implies ker £ Nsymp(M, Q)"
and ker H are finite dimensional.

Lemma 9.1. Let (M,Q) be a symplectic 2-manifold and let V € S(M, ).
Then ker H* comprises 11 € TyS(M, Q) such that L*(II) is a closed one-
form, and L(symp(M, Q) )t comprises 11 € TgS(M, Q) such that L£*(I1) is
an ezxact one-form. If, moreover, V € X~1(0), then

(9.4) H(ham(M,Q)) C L(symp(M,Q)")
C L(symp(M, Q)"+ C ker H* = H(ham(M, Q))*.

As a consequence the linear map map ker H* /L (symp(M, Q)Y )+ — H'(M;R)
defined by 11 + L(symp(M,Q)") — [—2L*(I1)] is injective and this map can
be interpreted as the derivative at ¥V of the map o defined in (9.2)).

Proof. By Lemma ker H* comprises I € Ty S(M, Q) such that £*(II)
is a closed one-form, and £(symp (M, Q)Y )+ comprises II € Tw'S(M, Q) such
that £*(II) is an exact one-form.

When V € X~1(0), that £(symp(M,Q)Y) cC L(symp(M,Q)Y)+ is im-
mediate from (2.67). Consider a path V(¢) in X~1(0)/Symp(M,Q)y such
that o(V(t)) is constant. Let V(t) be a path in K~1(0) projecting to V

2.5

Then p(V(t)) — p(V(0)) is exact for all ¢ and so, by (2.55) of Lemma
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—2L*(IT) = %tzop(@(t)) is exact where II = %t:o@(t)' The preceding com-
putations transform naturally under the action of Symp(M, ) on all the
objects involved, and so this justifies regarding the map IT+£(symp(M,Q)")

— [=2L%(V)] as the derivative of p at V. O

10. Relation with the Goldman moment map for projective
structures

This section describes, for a surface M, the relation between the moment
map K on S(M, Q) and the Goldman moment map on the space of of flat
real projective structures on M.

There is included a discussion of the projective deformation complex
and its use in the construction of a fine resolution of the sheaf of projective
Killing fields. The description given here of the cohomology of the sheaf of
projective Killing fields on a surface, and its relation to the deformation
space of flat projective structures, is modeled on Calabi’s treatment in [14]
of the cohomology of the sheaf of Killing fields on a constant curvature
Riemannian manifold; see also [6] and [38]. As is discussed below, it would
be interesting to describe similarly deformations of the space of moment
flat symplectic connections, but, because of the absence of a local geometric
interpretation of the vanishing of X, and despite the close relation with
deformations of flat projective structures, it is not clear what form such a
description would take.

The space of projective structures on M is written P(M ). The space P(V)
of principal connections on the R* principal bundle V obtained by deleting
the zero section from |det 7*M]| is an affine space modeled on I'(T*M).
A projective structure [V] € P(M) is in bijection with P(V) via the map
that assigns to 8 € P(V) the unique V € [V] that induces 8. The difference
tensor of two projective structures is by definition the difference tensor of
their unique representatives corresponding to 3 € P(V); this does not de-
pend on 8 and is trace free. Hence P(M) is an affine space modeled on
{I;;* e T(S?(T*M) ® TM) : I;,? = 0}, which can be taken as the tangent
space Tjy)P(M). The map sending V € A(M) to ([V],8) € P(M) x P(V),
where 5 € P(V) is induced by V, is an affine bijection, equivariant for the
action of T'(T*M) on A(M) generating projective equivalence, and the ac-
tion of I'(T*M) on P(M) x P(V) by (appropriately scaled) translations in
the second factor; the quotient of A(M) by this action is P(M). The action
of Diff (M) on A(M) by pullback commutes with the action of I'(T*M), so



Critical symplectic connections on surfaces 1747

induces an action, ¢*([V]) = [¢*(V)], on P(M), also by pullback. The bijec-
tion A(M) — P(M) x P(V) is also Diff (M )-equivariant, where the action of
Diff (M) on P(M) x P(V) is the product action, and the action of Diff (M)
on P(V) is that induced from pullback of densities on M. The Lie derivative
£x[V] is the derivative of the difference tensor with [V] of the pullback of
[V] by the flow of X. For any V € [V], this the completely trace-free part
of £xV. Regarded as a functional on P(M), the projective Cotton tensor C'
is evidently Diff (M) equivariant in the sense that C(¢*([V])) = ¢*(C([V]))
for ¢ € Diff(M).

Let M be 2-dimensional. Define sheaves C! by C%(U) = I'(TU), €' = {0}
for ¢ > 2, and

N (U) = {Il;;* € D(S(T*U) @ TU) : Iy, ” = 0},
GZ(U) = {Uz‘jk S F(®3T*U) . O'ijk = U[ij}k and U[ijk} = 0}

(10.1)

where U C M is an open subset. The restriction homomorphisms are given
by restriction in the ordinary sense. Define maps C’ : €' — @+l by

(10.2) (C°X)i " = ex[VI*,  (C'T)ij = 8uC([V])iji-

A bit of computation shows 2V;V |, 1L, P = 2V, V115, P, and a bit more
yields

(10.3)  (C'M);jx = dnC([V])
= =2V Vip L ? + 21 "Ry + 310 PRy — 31045 PRy
= =2V, Vil ” + 2003 " Ry + 310 " Ry — 510" Ry,

in which V € [V] is arbitrary. Note that this shows that the right side of
(10.3) is a projectively invariant differential operator, something tedious to
check directly.

Lemma 10.1. Let M be a 2-dimensional manifold. For [V] € P(M) and
X € T(TM), there holds C*C°(X) = £xC([V]). Moreover, [V] is flat if and
only if C'C° = 0. That is, the sequence

(10.4) 0— e el Cer o

is a complex if and only if [V] is flat.
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Proof. Let ¢; be the flow of X. As ([V] + t£x[V]) — ¢;[V] has order at least

two in ¢,

(10.5) 8o, ()C(IV]) = & g C([V] + Lix[V])
= fmoC @1 [V]) = &0 C([V]) = £xC([V]),

the penultimate equality by the diffeomorphism equivariance of the curva-
ture, and the last equality by definition of the Lie derivative. This shows
C1CY(X) = £xC([V]). If [V] is flat then C([V]) = 0, so

C1CY(X) = 8g ) C((V]) = 0.

At any p € M, there can be chosen X which vanishes at p and such that
VX is the identity endomorphism on T, M. For such an X and any tensor
Azllfr there holds £xA = (r — s)A at p, and so, if r # s and £xA = 0 for
all X e T'(T'M), then A is identically 0. Applying this with A taken to be
Cijk, it follows from C1CO(X) = £xC([V]) that if C'C°(X) =0 for all X,
then, at every p, Cj;1, = 0, so [V] is flat. O
When [V] € P(M) is flat, the complex is called the projective defor-
mation complez.

If (M,Q) is a 2-dimensional symplectic manifold the map Y : C1(U) —
[(U; S3(T*M)) defined by II;; ¥ — (II');;x = I;;x is a linear isomorphism.

Lemma 10.2. Let (M, Q) be a 2-dimensional symplectic manifold. For V €
S(M, Q) and the projective structure [V] generated by V, there hold

(10.6) Clo)(X)¥ = £(X7), Cly) (Mijr = =L (7).

for all X € T(TM) and I1 € CY(TM). Consequently, for any open U C M

the sequence ([2.77) of Lemma and the sequence (10.4]) are isomorphic
via symplectic duality, as indicated in the diagram (10.7)):

0——CU)—< ~e\(v) ¢ C2(U) —=0
(107) XIHXLT Tij ’“<—>Ji]‘k1 a'k_>Qij0'k< )O'ijkg)%ﬂppk

0——I(T*U) =% T(S}(T*U)) —= = T(T*U) ——0

Here the vertical arrows are the indicated linear isomorphisms. In particular,

(10.8) —2L5Lv(X7) = Lxp(V) + (09 X)p(V)
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for all X € T(TM). Consequently £L*L = 0 if and only if p(V) = 0.

Proof. In this proof the subscripts indicating dependence on V and [V] are
omitted for readability. By definition £x[V] is the trace-free part of £xV.
Since (£xV)ip? = ViV, XP + X9R,;, P = d;6X, there holds (£x[V])i; ¥ =
('QXV>ij k_ %(5@- kdj)(SX, so that

(10.9) (Ex[VDigr = (£xV)ijk + §%d;)0X.

On the other hand, since dX " = (6X);;, by (2.13),

(10.10) L(X)ije = (ExV)(ijny — 3 VadX

= (£xV) (i) + 5%d)0X = (£x[V])ijn,

the last equality by (10.9). This shows the first equality of (10.6)). By (10.3]),

(10.11) C'(I)ijk = =2V, VIl + 210 PRy,

= —(V,V It P + I, PRy ) 2y = —L* (1) 825

This shows the second equality of ((10.6). This shows the commutativity of
(10.7). Finally, since

(10.12) Lx(Q®p) =00 Lxp+dX @p=Q (Lxp+ (6X)p),

combining ([10.9), (10.11)), C,?; = p;, and (10.12) yields

(10.13) —LFL(X )y = —L(CO(X) )y = C'CO(X)iji
= (ExC(IV])ijr = 3&x (2@ p)ijk
= 5 ((Exp)k + (6X) pr) Quj,
showing ([10.8)). If p(V) = 0, then ((10.8]) shows £*£ = 0. If L*L(X ") = 0 for

all. X € T(T* M), then, by ([0.13), £xC([V]) = 0 for all X € T(T'M), and
by Lemma this implies C([V]) =0, so p; = C,?; = 0. O

Remark 10.3. The conclusion of Lemma, transported to the sequence
(2.77) is stated in Lemma [2.11]

If M is an oriented surface, then for a, 8 € Tiy|P(M) at least one of
which is compactly supported it makes sense to integrate the two-form
—2ay,; 1847 over M. There results the Diff(M)-invariant symplectic form

Qvy(e, B) = =2 [ oy 1By 7 on P(M).
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Regard the space vec (M) of compactly supported vector fields on M as
the Lie algebra of the identity component of the group Diff .(M) of compactly
supported diffeomorphisms. Regard £x[V] as the vector field on P(M) gen-
erated by X € vec(M). For X € vec.(M) and A € C2(M) integration de-
termines a pairing (X, A) = fM XPA;jp, in which XPA;;, is regarded as a
two-form, that identifies C2(M) with a subspace of the dual vector space
vec.(M)*. In particular, via this identification C'([V]) is regarded as taking
values in this subspace.

Theorem 10.4 (W. Goldman; [31], [32]). Let M be a smooth surface.

1) The projective Cotton tensor is a moment map for the action of
Diff.(M) on the space P(M) of projective structures on the oriented
surface M. Precisely, for X € vec.(M), [V]€P(M), and I1€ Tjy)P(M),
Su(C([V]), X) = Qv)(£x[V], 1), where the first variation §C at [V] in
the direction of 11 € Ty P(M) is defined by dnC([V]) = %‘tZOC([V] +
tIl) (see for an explicit formula for drC').

2) For a compact surface M, the symplectic quotient of Po(M) = C~1(0)
by the connected component Diff (M )y of the identity of the group of
diffeomorphisms of M 1is the deformation space of isotopy classes of
flat real projective structures on M.

8) If M is compact and x(M) < 0 then the deformation space RP*(M) =
Po(M)/ Diff(M)o is a real analytic manifold of dimension —8x(M).

Lemma shows the relation between the moment maps X and C' on
S(M,Q) and P(M).

Lemma 10.5. For a symplectic 2-manifold (M, ), the maps ¢ : S(M, Q) —
P(M) andsq : P(M) — S(M, Q) defined by o(V) = [V] and by setting sa([V])
equal to the unique representative of [V| preserving Q are inverse symplectic
affine bijections that intertwine the moment maps given by C and p in the

sense that, for [V] € P(M), V =sq([V]) € [V], and f € C>*°(M) there holds

(10.14) (C(IV]) Hp) = 3(p.6"f) = =3(dp, f) = (K(sa([V]), f)-

Proof. 1t is straightforward to check that ¢ and s are inverse symplectic affine
bijections. Once a symplectic form €2 is fixed, the projective Cotton tensor C'
of the projective structure [V] generated by V € S(M, Q) can be identified
with p via contraction with Q¥ as in (I.13)). The identity follows

from (1.13)) and (1.14]). O
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Lemma [10.5) can be summarized as saying that the diagram

C(M)
/ Tazd,
S(M,9) - AL(M)/d'AX(M)
7
P(M) C2(M)

c

commutes. Theorem shows that ¢ and sq descend to the quotients mod-
ulo the actions of the relevant groups.

Theorem 10.6. For a finite volume symplectic 2-manifold (M,Q), the
maps ¢ : S(M,Q) = P(M) and sq : P(M) — S(M,Q) induce inverse bijec-
tions between S(M, Q) /Symp(M, Q)o and P(M)/ Diff .(M)o, where Diff.(M )
is the path connected component of the identity in Diff .(M).

Proof. 1t is straightforward to check that ¢ and s are inverse symplectic
affine bijections. Once a symplectic form 2 is fixed, the projective Cot-
ton tensor C' of the projective structure [V] generated by V € S(M, Q)
can be identified with p via contraction with Q¥ as in . The identity
follows from (1.13)) and (1.14). If V € S(M, Q) and ¢ € Symp(M, Q)
then «(¢*(V)) = ¢*(¢(V)), so that the image under ¢ of the Symp(M, Q)
orbit of V is contained in a Diff.(M)o orbit of «(V) and ¢ descends to
a well-defined and evidently surjective map ¢ : S(M, Q)/Symp(M,Q)y —
P(M)/ Diff.(M)o. If ¢ € Diff.(M)o then ¢*(2) and Q are equal outside of
some compact set K. Since [, ¢*(Q) = [,,Q, by a theorem of J. Moser
([50); see also section 1.5 of [4]) there is a diffeomorphism 1), supported in
K and smoothly isotopic to the identity such that ¥* o ¢*(Q2) = Q. Then
T = ¢ o) € Symp(M,Q)g is smoothly isotopic to ¢ and equal to ¢ outside a
compact set. Therefore, given [V] € P(M), sq(7*[V]) preserves 7*(Q2) = Q,
so sa(7*[V]) = 7*(sq([V])). Hence, if the projective structures [V] and [V]
generated by V,V € S(M, Q) lie in the same Diff.(M)q orbit, then there is
a 7 € Symp(M,Q)o such that [V] = 7*[V] and V = sq([V]) = 7*sq([V]) =
7*V, so V and V lie in the same Symp(M, Q) orbit. This shows that ¢ is a
bijection with inverse induced by sq. U
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Remark 10.7. Since, by Theorem the fiber
0~ ([0]) € K(0)/Symp(M, Q)0

over the trivial cohomology class contains a subset identified with Po(M)/
Diff (M )o and this last space has dimension 8 dim H*(M;R), the fibers of
can be quite large. It would be interesting to know if the fibers of ¢ are finite-
dimensional. Since, by Lemma the derivative of p is —2L%*, this would
follow if it could be shown that, when X (V) = 0, then £(symp(M,)Y)*/
L(symp(M,Q)") is finite-dimensional.

A reformulation of this question yields the following generalization. For
a fixed cohomology class [o] € H'(M;R) let Sy, = {V € XH0) : p(V) €
[a]}. What can be said about the structure of the quotient space S,/
Symp(M, ) = o~ ([a])?

By Theorem [10.6] the space of equivalence classes of symplectomorphic
projectively flat symplectic connections is identified with the deformation
space RP?(M) = Po(M)/ Diff (M) of isotopy classes of flat real projective
structures on M. The tangent space of RP*(M) is naturally identified with
the first cohomology of the projective deformation complex.

Given a flat [V] € P(M) define the presheaf of projective Killing fields
on M by

(10.15) P(U) = {X e T(U, TM) : £x[V] = 0},

for an open set U C M. The restriction homomorphisms are given by ordi-
nary restriction of vector fields. It is clear that P is a sheaf of Lie algebras.
Let i : P — €Y be the inclusion homomorphism. By Theorem in the
projectively flat case the complex of Lemma [10.4] gives rise to a fine resolu-
tion of the sheaf P of projective Killing fields, and it follows that the tangent
space to RP?(M) is identified with the first Cech cohomology H'(M;P).

Theorem 10.8. Let M be a 2-dimensional manifold. If [V] € P(M) is flat
then

(10.16) 0—P-etSet fer o

is a fine resolution of the sheaf P of projective Killing fields and an elliptic
complex. The cohomology of the complex C*(M) of global sections is isomor-

phic to the Cech cohomology of the sheaf P of projective Killing fields. If M
is compact these cohomologies are finite-dimensional.
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Remark 10.9. Theorem [10.8]is motivated by the analogous statement for
constant curvature metrics due to Calabi in [14] (see also [6]). That
is a fine resolution is stated without proof as Theorem 1 of T. Hangan’s
[37], and also as Theorem 2.1 of [38] where it is described in more detail,
although also without proof (it is stated that the proof will appear in future
work). Presumably Hangan’s proof was similar to that here; it seems that it
was never published.

Remark 10.10. The sequence (C°*,C®) of is a concrete realization
of the generalized BGG sequence associated with the adjoint representation
of s[(3,R). In particular, Theorem can be obtained by specializing the
main theorem about BGG sequences proved in either [16] or [17], although
the demonstration of this claim requires too much space to be included here
(consult also [23] and [24] for discussion of BGG sequences in the context of
projective structures). Although it is mostly formal, some work is required,
because to connect Theorem [10.8 with the parabolic geometry formalism of
parabolic geometries there must be used a lifting construction based on the
Thomas or tractor connection. Although the resolution[I0.16/can be deduced
from the general BGG machinery for parabolic geometries, it seems useful to
record the simple direct argument given here, and its presentation makes it
possible to discuss possible parallels with the more general setting of moment
flat symplectic connections.

Proof of Theorem[10.8. Lemma implies that the sequence (C*,C®) is a
complex. That the complex be elliptic means that the associated principal
symbol complex is exact over the complement of the zero section. It suf-
fices to check that if o4;* € @} satisfies Z,Z;0;,7 = 0 for Z € Ty M \ {0},
then there is A* € T, M such that Oij k— ZiZjAk — %ZPAPZ(ich) k. Because
ZpZ[ioj]kp =0 there is 7; € T, M such that Z,0;;? = Z;7;. Then Z;7; =
0ji kz, = 0ij kz, = Z;7j, 50 there is ¢ € R such that 7; = c¢Z;. Choose linearly
independent X*,Y* € T, M such that X?Z, =1 and Y?Z, = 0 and let U; €
T M be such that XPU, =0 and Y?U, = 1. Since Zj(0i; * — 3¢(Z;Z; X" —
%Z(i(sj) ¥)) = 0 there are constants p, g, € R such that

(10.17) oy * = 3c(Z2;2; X% — 276, "N+ (0Z:iZ; + 2¢Z,Uj) + rUU;) Y™,

Since 0 = 03P = qZ; +rU; and Z and U are linearly independent, it must
be ¢ = 0 = 7. Setting A" = 3c¢X’ + pY* there results

Uij k = ZZZJAk - %ZPAPZ(Z(SJ) k,
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as claimed.

The sheaves C® are fine because they are given by sections of smooth
tensor bundles. That the sequence of sheaves is exact at the 0 level
is immediate from the definition of P. To prove exactness at the level 1 it
suffices to prove that if a tensor II;; ¥ € CL(U) satisfies 5;C([V]) = 0 then
given any p € U there is an open neighborhood V' containing p and con-
tained in U such that the restriction of II to V' is equal to £x[V] for some
X € I'(TV). Because [V] is projectively flat, there can be chosen a neigh-
borhood W of p and a representative 0 of the restriction to W of [V] such
that 0 is a flat affine connection. In the remainder of this proof the word
locally means restricting to a smaller open neighborhood of p (if necessary).
Locally there is a 0-parallel symplectic (volume) form €2;;, which will be used
to raise and lower indices. Since any two-form «;; satisfies 2a;; = ), P€);5,
that 0P Ap;,. ., =0 is equivalent to 9;Aj;,.;, =0 and so, by the usual
Poincaré lemma, implies that locally there is Bj;, ; such that A, . =
0;Bi, ... This observation will be used several times. By the flatness of
II and the hypothesis C'(II) = 0, i e P = 0p Vi1, P = 0. Hence lo-
cally there is a one-form A; such that 9,1I;;? = 0;A;. Since 0 = OpH[ij] P =
O 4], again by the Poincaré lemma, locally the}"e is a function f such that
Opll;; P = 0;0; f. Locally there is a vector field X* such that 9,X? = f. Then
Op(ll;; P — 9;0; XP) = 0 and so locally there is a tensor A;; = A;;) such that
Hijk = Glank + 8kAZj Then 0 = Hz.pp = 82‘6po — 8pAip so that 8,3(142-1’ —
0;XP) = 0. Hence there is a vector field Y; such that A;; = 0;X; + 0,Y;,
and so Hijk = Bzank -+ Bk@X] + 8k(9]YZ Since 0 = App = 8p(Xp - Yp), lo-
cally there is a function g such that Y; = X; + g. Hence Il;j; = 37(;0; X}, +
8i8j6kg. Using 815']Xk = GZaka + 28,8[])(@ = 81(9ka + @fQJk there Te-
sults IL;;, = 30;0; X — 20(; fQ)x, + 0;0;0,g. Since 9, XP = f, setting Z" =
3X* + 0'g there results

(10.18) ;¥ = 0,0; 2% — 26,0,

0pZP = £4[0] = £2[V].

This completes the proof of the local exactness of . By the abstract
de Rham theorem the cohomology of the complex C*(M) of global sections
is isomorphic to the Cech cohomology of the sheaf P of projective Killing
fields. If M is compact, becase C*(M) is elliptic, its cohomology is finite-
dimensional, by Proposition 6.5 of [3]. O

It is not clear if there is a parallel construction in the more general
context of moment flat symplectic connections. For moment flat connections
a claim analogous to Theorem that would be based on Lemma has
not been proved, and it is not clear whether it could be correct. The key
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ingredient in the description of the space of flat projective structure via
symplectic reduction is the fine resolution of the sheaf of projective Killing
fields. This construction uses in a fundamental way that a flat projective
structure can be locally represented by a flat affine connection. While there
is a corresponding complex for moment flat symplectic connections, it is
not clear that it yields a resolution. The problem is precisely that a local
geometric interpretation of the vanishing of X is lacking.

11. Critical symplectic Kahler connections on surfaces

The Levi-Civita connections of Kéhler metrics are among the most studied
and accessible examples of symplectic connections, and it is natural to ask
when they are moment flat or critical. Recall from the introduction that a
Kéhler structure (g, J, Q) is critical symplectic if its Levi-Civita connection
D is critical symplectic.

The main result of this section is Theorem that shows that on a
compact surface the Levi-Civita connection of a Kéhler structure is critical
symplectic if and only if the Ké&hler metric has constant curvature.

The well known Lemma [11.1] can be proved by computing the squared
L%mnorm of (£xg)ij = 2D(iX§.), where XZ-b = X?g,,, via an integration by
parts using the identity 2(£xD);; Pgr)p = Di(£x9)jk = 2DZ-D(]-X2,).
Lemma 11.1 (K. Yano [60]). On an orientable manifold M, a compactly
supported vector field X is an infinitesimal automorphism of the Levi-Civita
connection D of a Riemannian metric g if and only if it is g-Killing. That

is (£xD)i; ¥ = 0 if and only if (£xg)i; = 0.

Lemma 11.2. On a compact 2n-dimensional manifold M, a Kdhler struc-
ture (g, J,Q, D) is critical symplectic if and only if the Hamiltonian vector
field Xt = —QiprfK generated by K(D) is real holomorphic. In this case
the metric gradient g'? D,X(D) is also real holomorphic and X(D) Poisson
commutes with the scalar curvature Rg.

Proof. By definition, D is critical symplectic if and only if £xD = 0. By
Lemma since M is compact, this is the case if and only if £xg = 0.
On a compact Kéhler manifold a (real) vector field is metric Killing if and
only if it is real holomorphic and preserves the volume form (see Corollary
2.125 of [7]). Since X is Hamiltonian it preserves the volume form, and so
X is real holomorphic if and only if D is critical symplectic. In this case, as



1756 Daniel J. F. Fox

the metric gradient gipriK equals inX P_it is also real holomorphic. Also,
since X is ¢-Killing its flow preserves Ry, so 0 = dRy(X) = {K(D),R,}. O

By Lemma for a critical symplectic Kahler structure on a compact
manifold the (1,0) part of Hac(p) is holomorphic. This implies that a Kahler
structure on a compact manifold admitting no nontrivial holomorphic vector
field is critical symplectic if and only if K (D) is constant, and so necessarily
0. More generally:

Corollary 11.3. If, on a compact manifold, a Kdhler structure with Levi-
Civita connection D has nonpositive Ricci curvature, it is critical symplectic
if and only if X(D) is constant.

Proof. The classical Bochner argument shows that the metric gradient Y of
K(D) is parallel. Since Y must vanish where X (D) assumes its maximum,
Y must be identically 0, so X(D) is constant. O

On a surface, ([1.15)) specializes to
(11.1) 2K (D) = AgRy.

For a moment flat Kéhler structure on a compact surface, since 0 = 2K (D) =
AyRg, Ry is constant by the maximum principle. In particular, since a com-
pact surface of genus at least two has no nontrivial holomorphic vector field,
on a compact orientable surface of genus at least two, the Levi-Civita con-
nection D of a Kahler structure is critical symplectic if and only if R, is
constant. With a different argument, the restriction on the genus can be
removed, yielding Theorem [1.11

Proof of Theorem [1.11. There is a unique complex structure J;7 such that
Ji?J;9gpq = gi; and the symplectic form €2;; = J;Pg,; determines the given
orientation. By the Levi-Civita connection D of g satisfies 2K (D) =
AyR,. That constant curvature implies critical symplectic is immediate. If
D is critical symplectic, then by Lemma the metric gradient X' =
g D;K(D) is the real part of a holomorphic vector field. On a Riemann
surface a vector field is real holomorphic if and only if it is conformal
Killing. By Theorem I1.9 of [12], on a compact Riemannian manifold (M, g)
with scalar curvature R, any conformal Killing vector field Y satisfies
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fM YPD,R, dvol, = 0, and so, by integration by parts,
(11.2) 0= / X7D;R, dvol, = / 97 D;X(D)D;R, dvol,
M M
= —/ K(D)AyRg dvoly = —E(D).
M

Hence 0 = 2K (D) = AygRy, and so R, is constant by the maximum principle.
O

Some brief remarks about the characterization of critical symplectic Ké&hler
metrics in higher dimensions are made in Section

12. Critical symplectic connections of metric origin are
projectively flat

Let M be a compact orientable surface. As explained in the proof of The-
orem [1.8] as a consequence of Moser’s theorem, any volume form 2 on M
can be realized as the volume form of some Riemannian metric g, so there
is a distinguished subset of S(M, §2) comprising the Levi-Civita connections
of Riemannian metrics with volume €. Theorem [[.11] can also be seen as
saying that in the distinguished subset of S(M, Q) constituted by the Levi-
Civita connections of Riemannian metrics with volume {2 the only critical
symplectic connections are the constant curvature metrics. Fixing g deter-
mines the unique complex structure J such that g;; = J;P€;,, so once g has
been chosen it makes sense to speak of holomorphic cubic differentials. If
the genus of M is at least one, then there are nontrivial holomorphic cu-
bic differentials. A larger distinguished subset of S(M,2) comprises those
V € S(M,Q) that differ from the Levi-Civita connection of a Riemannian
metric with volume 2 by the real part of a cubic differential holomorphic
with respect to the complex structure determined by the metric. Let D be
the Levi-Civita connection of g and consider V = D + Hz-ijkp where II is
the real part of a holomorphic cubic differential. Theorem shows that,
on a compact surface, V is moment flat if and only if it is projectively flat.

Theorem 12.1. Let M be an orientable compact surface of genus at least
one. Let Q be the volume form of a Riemannian metric g with Levi-Civita
connection D and compatible complex structure J. Let Il;j; be the real part
of a holomorphic cubic differential. The following are equivalent.

1) The symplectic connection V = D + Hz-ijkp is moment flat.
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2) The symplectic connection V = D + Hiijkp is projectively flat.

3) Ry — |H|§ is constant, where R is the scalar curvature of g and \H|§ =
997" ¢ UijrIlape.

If the genus of M is at least two then the conditions f are equivalent
to the condition:

4) The symplectic connection V = D + Hiijkp 18 critical.

Proof. In this proof the operators §, £, etc. are those associated with D.
That II be the real part of a holomorphic cubic differential is equivalent
to the conditions that II be g-trace tree, g’ll;,, = 0, and that II be D-
divergence free, gP?Dpll;j; = 0; see Lemmas 3.3 and 3.5 of [26]. In this
case 21130 =TT — 4J(IT) where TI®9) is the (3,0) part of IT and J(IT);;; =
Ji PI1;jp; see Lemma 3.4 of [26]. Since J(II) is the real part of the holo-
morphic cubic differential sI1(30), it is also completely symmetric, g-trace
free, and D-divergence free. Since dIl;; = QPYD,II;;, is the D-divergence
of J(IT);, = I, Ji P, it vanishes. That is 6II = 0. Since the Ricci curva-
ture of g equals (Ry/2)g;; and II is g-trace free, it follows from that
£*(II) = 0. Recall the notation used in Lemma [2.5] From the fact that J(II)
is completely g-trace free it follows that 2B(I1) = 2J(I1) ;5499 J (I1) j 69" =
|J(I)|2gi; = [T1|2gij; see Lemma 3.2 of [26]. Here the tensor norm is that
given by complete contraction with the metric. Because II is g-trace free,
2T (IT); = 2MLiqp 2 B(I1)p 9" = |T1|211;0,Q2" gy 29 = 0. In (2.55) the pre-
ceding shows that p(V) = p(D) —20B(Il); = p(D) — Jipr|H\§. This can
be written more compactly as p(V) = p(D) — 20 B(I1) = p(D) + *d|I1|2,
where x is the Hodge star operator. By , p(D) = — % dRg, so by ,

(12.1) p(V) = p(D) + +d[TIf% = d(|TI[2 — Ry).

From it is immediate that V is projectively flat if and only if R, — |H|§
is constant. By (12.1)), xp(V) is exact. If X(V) = 0 then p(V) is also closed,
so xp(V) is metrically coclosed and hence harmonic. Hence xp(V) is an
exact harmonic one-form. On a compact surface, an exact harmonic one-
form is identically zero. Hence p(V) = 0 and V is projectively flat. Finally,
by Theorem and are equivalent when the genus of M is at least
two. g

Theorems [I.11] and have similar characters. They can be summa-
rized as saying that critical symplectic connections with a metric character
must be projectively flat. It might be interesting to turn this remark on its
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head and to interpret projectively flat connections as arising from critical
symplectic connections subject to some metric compatibility.

Remark 12.2. Together Theorems [I.7 and give an alternative proof
of Theorem for compact surfaces of genus at least two. If a Kéahler
structure on such a surface is critical symplectic, then by Theorem it is
moment flat, while by Theorem with IT = 0 it is projectively flat.

13. Critical symplectic Kahler connections in
higher dimensions

The characterizations of Kahler metrics for which the Levi-Civita connection
is moment constant or critical are interesting questions also in dimension
2n > 2. Here, to justify this expectation, some simple results are exhibited
for Kéahler surfaces. In this case the decomposition of the conformal Weyl
tensor into its self-dual and anti-self-dual parts simplifies the expression
for K(D). The most interesting conclusion obtained here is Theorem m,
showing that the Levi-Civita connection of the Ricci-flat Yau metric on a
K3 surface is not moment constant.

Recall, from , the definition of the conformal Weyl tensor of a
Riemannian metric g on a 2n-dimensional manifold M. When 2n = 4, the
conformal Weyl tensor decomposes orthogonally as the sum A = AT + A~
of its self-dual and anti-self-dual parts. If M is compact, the generalized
Gauss-Bonnet theorem shows that the Euler characteristic x (M) is given by

(13.1) 322y (M) = /M (JAYP 4+ A7) + §RZ — 2| EJ?) voly,

where F is the trace-free Ricci tensor, and, by the Hirzebruch signature
theorem, the signature o(M) = £p1 (M) satisfies

(13.2) 487r20(M):/ (JAT]2 = |A7]?) voly.
M

Lemma 13.1. On a Kdhler surface the self-dual part A™ of the conformal
Weyl tensor is given by

(13.3) Al = 15 Rg (Jri i + Qupyy — Q4 Q) -

Proof. Let A>T*M = AT @ A~ be the decomposition into self-dual and anti-
self-dual two forms under the action of the Hodge star operator x. With
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the conventions used here xo;; = —J;PJ; Yopq + %aprij. Equation
results upon rewriting, in the notations in use here, Proposition 2 of [21].
Proposition 2 of [21] is based on Lemma 2.3 and Theorem 2.6 of [34], which
describe the decomposition of the space of curvature tensors of Kahler type
into U(2) irreducibles. O

Lemma 13.2. On a 4-manifold M, the Levi-Civita connection D of a
Kihler metric (g, J,2) satisfies

(134)  2K(D) = AgRy — HR2+ LAT|2 = LRy + 15R2 + 5|42,

where Ly = Ay — %Rg 1s the conformal Laplacian. If M is compact, then
(13.5) / K(D)vol, = —12%c(M).
M

Proof. A routine calculation using (13.3]) and the J-invariance of AT shows
that 6/AT|2 = R2. When 2n = 4, (1.15) becomes

(13.6) 2K(D) = (Ag — §Rg)Ry + 3|A[Z = LyRy + 3| A2

Substituting G\Aﬂg =R2 in (13.6)) gives (13.4). If M is compact, taking
2n =4 in (1.11) yields (13.5)). O

The Fubini-Study metric on the complex projective plane is Kéahler Ein-
stein and self-dual, so by , it is moment constant.

Let ¥ be a compact orientable surface equipped with a hyperbolic met-
ric of constant scalar curvature —2, and let S be the two-sphere of constant
scalar curvature 2. Then the product S x ¥ with the product metric is a lo-
cally conformally flat K&dhler manifold with scalar curvature 0 and signature
0. More generally, since a locally conformally flat K&hler 4-manifold M is
self-dual, it has vanishing scalar curvature, and so by has KX(D) =0
and signature 0.

By a K3 surface is meant a complex dimension 2 complex manifold with
trivial canonical line bundle and vanishing first Betti number. It can be
shown that all K3 surfaces are diffeomorphic to a quartic hypersurface in
the complex projective plane; in particular a K3 surface is simply-connected.
See section VIII of [5] for background. By Yau’s Theorem, every K3 surface
admits a Ricci-flat Kahler metric. Theorem [[.12] shows that a Ricci-flat
Kahler metric on a K3 surface is not critical symplectic. The preliminary
Lemma [13.3|is needed in its proof.
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Lemma 13.3. For a Ricci-flat Kahler metric (g,J,Q) on a K3 surface
(M, J), any anti-self-dual two-form must vanish somewhere on M.

Proof. Let a;; be a nowhere-vanishing anti-self-dual two form on M. A con-
tradiction will be obtained. That «;; be anti-self-dual means J;J; 90y, =
aj and a,? = 0. Normalize a;; so that |a|? = 4. Contracting the identity
aNa=—aN*ra= —i|a|39 AQ=—-QAQ with QY and using that ol =
0 yields a;Pay; = €;5. From this it follows that the endomorphism K;/ =
—ijaz-p satisfies K; prj = —§;7 and JijZ-p =—;J = Kij,;p, so is an
almost complex structure that commutes with J (equivalently, K is an
almost complex structure anti-self-adjoint with respect to g). Because K
commutes with J, the canonical orientation induced on M by K is oppo-
site that induced by J. Let M denote M with this opposite orientation.
Since sections of A~ are self-dual with respect to the orientation induced
by K, and the rank three bundle of self-dual two forms (with respect to
K) is isomorphic to the sum of a trivial line bundle and the canonical
line bundle (with respect to K), the square c¢3(M, K) of the first Chern
class ¢1(M, K) of the canonical line bundle of M with respect to K equals
the first Pontryagin class py(A™) = p1(M) + 2co(M, K) = 2x(M) + 30(M)
of A~ so satisfies ¢2(M, K) = —30(M) + 2x(M) = 96, since x (M) = 24 and
o(M) = —16. Since 96 is not a square, this is a contradiction. (This argu-
ment is modeled on a similar one in section 3 of [44].) O

Theorem [1.12]is proved now, by obtaining a contradiction with Lemma [13.3

Proof of Theorem[I.13 Let D be the Levi-Civita connection of a Ricci-flat
Kahler metric (g,J,€2) on a K3 surface. It will be shown D is not critical
symplectic. Since there are no holomorphic vector fields on a K3 surface (see
[B]), if D is critical symplectic then, by Lemma it is moment constant.
Hence it suffices to show that D cannot be moment constant.

It follows from that 4K (D) = |A~|2. Hence the Levi-Civita con-
nection of a Ricci-flat Kahler metric on a K3 surface is moment constant
if and only if |A~|? is constant. If this constant were zero, then A~ would
vanish, so g would be flat, and the universal cover of M would be R*, which
is false. Hence it can be supposed that |A~|? is a nonzero constant. This
will be shown to be impossible (the argument that follows was suggested to
the author by Claude LeBrun). Let det(A~) denote the determinant of the

endomorphism a;; — —%aabgpagqu;qij of the bundle A~ of anti-self-dual
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2-forms. From the Weitzenbock formula

(13.7) Ag| A2 =2|DA™|* + Ry|A™|2 — 144 det (A7)

+4g" g7 g" g 9P Ay DiDg A
(see, for example, section 4 of [I1]) it follows that for a Ricci-flat Kéhler
metric there holds Ag|A™|2 = 2|DA™|* — 144 det(A™). (Recall that here the
norms are those given by complete contraction, so differ by factors of 2 and
4 from those found in many references; in particular, |A~|? is four times the
sum of the squares of the eigenvalues of A~ viewed as an endomorphism
of A™.) The Ricci-flat condition is used to conclude that g"'D; Dy Ay, = 0;
this follows from the differential Bianchi identity (see [7], chapter 16). Since
|A=12#0, 0 < |DA™|?> = 72det(A7), and so A~ has exactly one positive
eigenvalue. Since M is simply-connected there is a nowhere vanishing sec-
tion of A~ that is an eigenvector ay; of A~ corresponding to the positive
eigenvalue. This contradicts Lemma [T3.3] O

Corollary 13.4. The Levi-Civita connection of a Ricci-flat Kdhler metric
on a compact 4-manifold M is critical symplectic if and only if it is flat, in
which case M must be a torus.

Proof. By (13.1) and ((13.2)), equality holds in the Hitchin-Thorpe inequality,
and the result follows by the characterization of this case given in [39]. O

Remark 13.5. By Theorem A of [45], the connected sum My, = CPQ#k@2
admits a scalar-flat anti-self-dual Kéhler metric. Since o(My) =1 — k and
X(My) =3+ k, 30(My) + 2x(Mg) =9 — k. When k > 10, this last quantity
is negative, so by the Hitchin-Thorpe inequality M} admits no Einstein
metric; in particular the scalar-flat Kédhler metrics on it are not Ricci flat.
The argument proving Theorem [1.12|would work for these manifolds without
changes, with the exception of the step using the Weitzenbock formula ((13.7));
if the anti-self-dual Weyl tensor is not harmonic, the conclusion about its
eigenvalues does not follow. In fact, by the main theorem of [1], a scalar-flat
Kahler surface with harmonic anti-self-dual Weyl tensor is either Ricci flat
or locally a product of constant curvature Riemann surfaces, so a scalar-flat
Kahler metric on My, does not have harmonic Weyl tensor for & > 10.

Lemma 13.6. Let M be an oriented compact 4-manifold with signature
(M) > 0. Suppose the Levi-Civita connection D of a Kdhler metric (g, J, )
inducing the given orientation and having Yamabe invariant Y(g) is moment
constant.
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1) If Y(g) > 0 then Ry > 0.

2) If Y(g) = 0 then (M, g) is either flat or locally isometric to a Kdihler
product of two Riemann surfaces of opposite constant scalar curva-
tures.

Proof. By Lemma 1.2 of M. Gursky’s [35] if the scalar curvature R, of a
Riemannian metric on a compact 4-manifold satisfies L,R, < 0 then R, > 0
if Y(g) > 0 and Ry is identically zero if Y(g) = 0. If M is compact, then, by
(13.5)), K(D)voly(M) = —12720(M). Together with this yields

139 0= A% - e YA + e
— m2a0(M
= LyRy + 5By + 31A7 + 250

Because o(M) > 0, yields that L,R, <0, and so Gursky’s lemma
applies. In the case Y(g) = 0, so that R, is identically zero, then, by
and the nonnegativity of (M), A~ vanishes and (M) = 0. In particular g is
conformally flat. By the main theorem of [54] if M is not flat then it is locally
isometric to a product of Riemann surfaces of opposite curvatures. O

14. Remarks on the moment 4-form and Einstein-like
conditions

It has been argued that moment constant and critical symplectic connections
are analogues of constant scalar curvature and extremal Ké&hler metrics.
To complete the analogy there should be identified classes of symplectic
connections that correspond to Kéhler Einstein metrics. This section records
some remarks in this direction.

14.1. The moment 4-form
The moment form W(V) of V € S(M, Q) is the closed 4-form
(14.1) U =U(V) = —21"p1 — grqydp A K.

It satisfies:
1) ¥(¢p*V) = ¢*U(V) for ¢ € Symp(M, Q).
2) —51;U(V) represents the first Pontryagin class of M.

T 2n?
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3) In the Lefschetz decomposition of ¥(V) into its primitive parts, the
zeroth order part equals the moment map K(V). In particular, by

@3,

(14.2)  —40 A T = dp A By + 8771 A By = —2K(V) S

4) (V) vanishes if V is projectively flat (see Lemma . Precisely, by

-, ., and (| - ) the moment form ¥(V) of a projectively flat
V € S(M, Q) satisfies 4(1 —n)¥(V) =dp AQ =0.

Ttem is analogous to the statement that a multiple of the Ricci form of
a Kahler manifold represents the manifold’s first Chern class, while is
analogous to the statement that zeroth part of the Lefschetz decomposition
of the Ricci form of a Kéhler metric is the metric’s scalar curvature.

By these observations X(V) and ¥(V) seem to be appropriate analogues
for symplectic connections of the scalar curvature and Ricci form of a Kahler
metric. The Kéahler Einstein condition is equivalent to the statement that
the Ricci form is harmonic, and, since the Ricci form is always closed, the
condition is really that the Ricci form be coclosed; equivalently, the prim-
itive part of the Ricci form vanishes. This suggests that an analogue for
symplectic connections of the Kahler Einstein condition can be formulated
in terms of the primitive parts of the moment form ¥ (V). Since the Lefschetz
decomposition of W(V) has parts of orders 0, 2, and 4, there are various pos-
sibilities. An example of a natural question suggested by these remarks is:
if the first Pontryagin class p1(M) of a symplectic manifold (M, Q) satisfies
—272p1 (M) = [M2A Q] for some A € R, must there exist V € S(M, ) such
that ¥(V) = AQ A Q2 Other similar questions can be posed, but the natural
context for such questions appears to be some form of symplectic cohomol-
ogy, such as the primitive cohomologies discussed in [55] 56], rather than
the ordinary de Rham cohomology. Although this requires too much back-
ground to discuss further here, it is planned to discuss these possibilities in
detail in future work. Just as constant curvature metrics on surfaces play a
special role in the theory of Kéhler Einstein metrics, as a degenerate case of
the definition requiring a separate treatment, the conditions on symplectic
connections in the 4-dimensional case require special handling.

14.2. Symplectic Bach tensors

Given V € S(M, Q), define an operator W : T'(S3(T*M)) — T'(W(T*M, ))
as the first variation dpW (V) = %‘t:OW(V + ¢IT) of the symplectic Weyl
tensor of V in the direction of II, viewing II as an element of Ty S(M, Q).
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From ([2.30)) and (£2.38) it follows that W(II) = d3 II, where dg, is the operator
defined in ([2.30]). The symplectically adjoint operator W*: T'(W(T* M, 2)) —
[(S3(T*M)) is defined, via the integration pairing, by

(14.3) / W(IL) i AT £ = —/ e W (A) 7% Sy

When Aj;j; is compactly supported, straightforward integration by parts
shows that

(14.4) W*(A)ije = —2VP Ay — 5 VAP

n+l Jk)p

which is taken as the definition of W* in general. In particular it makes sense
to apply W* to Wjjy,;. Differentiating ((1.12) yields

(14.5) 2(n+ 1>vapijk =(2n+ l)ViRjk — ?’V(iRjk) + Qi(jpk)a

and from ([14.5)) there results

(14,6) W*(W)ijk = (7;’L+11)(5*R|Cijk.

Applying § to (14.6]), using (2.11)), and simplifying the result yields

(14.7) OWH(W)y; = 2D 65 Rici; = 33 VPV Ry,

On a compact 4-manifold the critical points of the squared L?-norm of the
conformal Weyl tensor of a Riemannian metric are given by the vanishing
of a trace-free symmetric 2-tensor called the Bach tensor (see [52] or [33]).
Alternatively, the Bach tensor is the image of the conformal Weyl tensor
under the metric adjoint of the second order differential operator given by
the linearization of the operator associating to a conformal structures its
conformal Weyl tensor (see [16]). For V € S(M, Q) this motivates regarding
the tensors W*(W) and éW*(W) as analogues of the Bach tensor, as their
construction is formally parallel to that of the Bach tensor via linearization.
The vanishing of these tensors gives the equations for the critical points of
the functional f M Wijleijkl % with respect to arbitrary variations of II
and gauge variations of II, respectively, and so the analogy with the Bach
tensor is also consistent with the variational derivation of the Bach tensor.
By the identity , the critical points of f M Wijleijkl % with respect
to arbitrary variations are preferred connections; as was explained in the
introduction, this is because the all functionals quadratic in the curvature
of a symplectic connection have the same critical points.
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In dimension 4 the metric Bach tensor vanishes for conformally Einstein
metrics as well as half conformally flat metrics. If the analogy is taken seri-
ously, this suggests that that the preferred and gauge preferred conditions
are reasonable symplectic analogues of the Einstein and conformal Einstein
conditions for metrics. At any rate, it gives additional motivation for study-
ing these conditions.
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