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Periodic symplectic cohomologies

JINGYU ZHAO

Goodwillie [I6] introduced a periodic cyclic homology group associ-
ated to a mixed complex. In this paper, we apply this construction
to the symplectic cochain complex of a Liouville domain M and
obtain two periodic symplectic cohomology theories, denoted as
HPg (M) and HPg, 1,.(M). Our main result is that both coho-
mology theories are invariant under Liouville isomorphisms and
there is a natural isomorphism HP§, . (M, Q) = H*(M,Q)((u)),
which can be seen as a localization theorem for HPg, (M, Q).
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Symplectic homology of an exact symplectic manifold with boundary was
introduced by Cieliebak—Floer—-Hofer—-Wysocki in a sequence of papers [10}
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11], 14, [15]. There are several versions of the theory defined for slightly dif-
ferent notions of symplectic manifolds with boundary. In this paper, we will
consider a specific class, called Liouville domains, which are exact symplec-
tic manifolds with contact type boundary. The completion M of a Liouville
domain (M,w = df) is defined to be (M Ugps [1,00) x OM,d(Ra)) with av =
0|anr. Symplectic homology theory can be viewed as an infinite-dimensional
Morse theory, or Floer theory, for an action functional A: LM — R. There
is a natural Sl—/ziction on the free loop space LM by reparametrizations
which makes £M into a topological S'-space. This suggests that one can
define S/l\—equivariant symplectic homology using the Borel construction of
X := LM. There are two equivalent definitions of S'-equivariant symplec-
tic homology. In [33 Section 5], Morse theory on Xpoel := X xg1 ES! is
defined by Viterbo as Morse theory on X x ES! modulo a free S'-action,
that is, Morse theory for an S'-invariant action functional on X x ES!.
Whereas in [29], using the fact that Xpee is a locally trivial fibration over
CP>, Morse theory on Xpgre can be viewed as the family Morse homology
associated to a family of Morse functions parametrized by CP in the sense
of [I8]. Both of these formulations are made explicit in the work of Bourgeois
and Oancea in [§].

If one takes the Liouville domain M to be the unit cotangent bundle of
some closed smooth manifold @, then the Liouville completion M is T%Q.
Under the assumption that @ is Spin, the work of [Il 2, B3] shows that
Viterbo’s isomorphism gives rise to an isomorphism of BV algebras

(1.1) SH"™ ™*(T*Q,7) = H.(£Q,Z),

where H,(L£Q,Z) is the homology of the free loop space equipped with the
Chas-Sullivan product [9] and the BV operator. There is an S!-action on
L@ which is homotopy equivalent to the S'-space LT*Q. Given an S'-space,
one can define three versions of S'-equivariant homology theories, which are
called positive, negative and periodic S!'-equivariant homology respectively.
In the situation that the S'-space is the free loop space £@Q, there are iso-
morphisms between positive, negative and periodic S'-equivariant homology
of £ and positive, negative and periodic cyclic homology of the singular
cochains on the based loop space of @) respectively. This is proved by Good-
willie in [16] also see [19] 22].

Motivated by Viterbo’s isomorphism and the definition of the pe-
riodic cyclic homology of the cochains on the based loop space, we apply
periodic cyclic homology to the symplectic cochain complex on the symplec-
tic side. One feature of the symplectic cochain complex shown in [§] is that
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it is an S'-complex, or an co-mixed complex which was introduced in [21].
This means that it satisfies the definition of a mixed complex up to higher
homotopies. We call the periodic cyclic homology of the symplectic cochain
complex the periodic symplectic cohomology and denote it by H P& (M).

There is another version of periodic symplectic cohomology that one can
associate to a Liouville domain M. This version is inspired by the work of
Jones and Petrack in [20] on the periodic equivariant cohomology of the
free loop space. It is proved by Goodwillie in [I6] that the usual periodic
Sl-equivariant cohomology does not satisfy localization or the fixed point
theorem when the S'-space is infinite-dimensional as in the case of the free
loop space. To deal with this problem, Jones and Petrack defined a variant
of the usual periodic S'-equivariant cohomology, which satisfies localiza-
tion but not the weak homotopy invariance property in [20), Sections 1, 2].
The application of this equivariant cohomology theory to on the symplectic
cochain complex was first proposed by P. Seidel in [29, Remark 8.1]. Our
main result can be now viewed as a symplectic cohomology analogue of the
localization theorem for the periodic S'-equivariant cohomology of Jones
and Petrack. We call the corresponding cohomology theory the localized pe-
riodic symplectic cohomology of the Liouville domain M and denote it as
HP:Skl,loc (M)

Theorem 1.1. Given a Liowville domain (M,0), the natural inclusion of
the constant loops v: M < LM induces a map

be: HY(M)((u)) = HPg1 100 (M),

which is an isomorphism as Z/2-graded Q((u))-modules after tensoring both
sides by Q.

Remark 1.2. Albers, Cieliebak and Frauenfelder in [5] have independently
discovered a similar construction under the assumption that 2¢; (M) =0
for Rabinowitz Floer homology, and named it symplectic Tate homology.
When 2¢1 (M) = 0, we can equip our periodic symplectic cohomology groups
HPg (M) and HPg ),.(M) with extra Z-grading, and the isomorphism
H*(M,Q)((u)) = HP§:,,.(M,Q) is in fact an isomorphism of Z-graded
Q((u))-modules.

We end the introduction with an outline of this paper. Section [2| con-
tains a discussion of the algebraic formalism of S!-complexes following [§]
and the definition of the cyclic homology of an S'-complex. In Section
symplectic cohomology SH*(M) of a Liouville domain M is defined to be
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the direct limit of Floer cohomology groups of admissible Hamiltonians that
are linear on [Rg, 00) x OM for Ry > 1. In Section [4] we introduce the local-
ized periodic symplectic cohomology H Pgil’loc(M ). The Floer cochain group
CF*(M, Hy) of an admissible Hamiltonian H; can be equipped with an S*-
complex structure {J; };>0, where dp = d is the usual Floer differential and
01 = A is the BV operator. This implies that

CF*(M, Hy)((u)), 0% =80+ ud 4+ u’dy+ - --

is a cochain complex, where CF*(M, H;)((u)) denotes the formal Lau-
rent series with coefficients in CF*(M, Hy). Let HP§, (M, Hy) denote the
homology of this cochain complex. Then HPg,,, (M) is defined to be
lim H Pg, (M, Hy), where the direct limit is taken over all admissible Hamil-
tonians H; with respect to appropriate continuation maps. By definition
H P;l’IOC(M ) is invariant under Liouville isomorphism. In practice, to com-
pute HPg (M) and HPg ,.(M) one can use a specific class of admissible
Hamiltonians, described in Section [5] which are autonomous away from its
1-periodic orbits, grow quadratically on [1, Ry — €p) x OM and grow linearly
of slope 7 on [Ry,00) x M for some large enough constant Ry and suffi-
ciently small ¢y > 0. Such autonomous Hamiltonians H” are convenient to
work with, since non-constant 1-periodic orbits of H™ are in bijection with
Reeb orbits of period less than 7 on the contact manifold M. Furthermore,
if we define the Floer cochain complex using a carefully chosen perturba-
tion H] of the autonomous Hamiltonian H7, then there is in fact a filtered
St structure on CF*(M, H]). One can then deduce the main theorem by
computing the local S'-equivariant Floer (co)homology contributions to the
equivariant differential 6°" = d + uA between the 1-periodic orbits 7 and
5 of H] associated to a Reeb orbit v of multiplicity k& on OM. A detailed
computation in Proposition shows that d(¥) = £27 and A(y) =0 if v
corresponds to a bad Reeb orbit, and d(§) =0 and A(7) = £k7 if ~ cor-
responds to a good Reeb orbit. This implies that the associated spectral
sequence of the filtration on CF*(M, H] )((u)) degenerates at Ej-page over
Q-coefficients and converges to H*(M,Q)((u)) for each Hamiltonian H; of
slope 7. After taking direct limit, one obtains the result of Theorem [1.1
In Section 7|, we define the periodic symplectic cohomology H P, (M) using
the homotopy colimit construction introduced in [3, Section 3g] and prove
that HP§, (M) is an invariant of M up to Liouville isomorphism. Finally,
we include explicit computations of HPg, (M) and HPg, (M) when M is
the unit disk D? and the annulus A in C in Section 8| The localized periodic
cohomology H P 1,.(D?) of the unit disk D? is Q((u)), which agrees with

1 loc
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the main result. Whereas the periodic symplectic cohomology H Pg, (D?)
vanishes. This shows that HPg, (M) does not satisfy localization as in the
case of the usual periodic S!-equivariant cohomology of the free loop space.

Standing Notations:

(1)(Grading) We will assume that the cochain complexes are only Z/2-
graded. In the case that the symplectic manifold (M,w) satisfies the condi-
tion 2¢1(M) = 0, then one can promote the Z/2-grading to a Z-grading of
the cochain complexes. Nevertheless, we write all of our operations and in-
dices with respect to some Z-grading. When only a Z/2-grading is given, one
should interpret an operation of degree k as one of degree k£ mod 2, and simi-
larly interpret the indices of 1-periodic Hamiltonian orbits |y| = k and Morse
critical points Indy/(Z) =k as |y| = k mod 2 and Indp;(Z) = k mod 2 re-
spectively.

(2)(u-adic completion) Let u be a formal variable of degree 2, or de-
gree 0 if only a Z/2-grading is present. Let K be a fixed commutative ring
with unity, for instance, K can be taken to be Z or Q. We denote by K[[u]]
the ring of formal power series in u and K((u)) the ring of formal Lau-
rent series in u. Given a graded K-module M, we will denote by M[[u]] the
completion of Mu] := M ®g K[u] in the category of graded K|[u]-modules
with respect to the w-adic filtration F? M [u| := uP M [u] for p € N. Elements
in M([u]] := Jim M [u] /uP M[u] consist of formal power series in u with co-
efficients in M. Similarly, the notation M ((u)) denotes the completion of
Mu,u™1] := M ®x Ku,u"!] with respect to the u-adic filtration defined
by FPM[u,u'] := u?PM[u,u"!]. For a cochain complex C*, we define

C*[[u]] := lim C* &g Klu]/FP

to be the completion of the graded cochain complexes C*[u] := C* @k K[u]
with respect to the w-adic filtration FP := C* ®g uPKlu]. Similarly, the
notation C*((u)) denotes the completion of the graded cochain complex
C*[u,u™ '] := C* @k Klu,u™!] with respect to the wu-adic filtration FP =
C* @ uPKlu, u™1].
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2. Cyclic homology of S!-complexes

Given a cochain complex (C*, §y), there are notions of an S*-structure on C*
and three cyclic homology theories of such an S'-complex C*. The exposition
in this section is based on [19] Section 2] and [8, Section 2.4] while using a
cohomological convention.

Definition 2.1. Let (C*,dp) be a Z/2-graded (resp. Z-graded) cochain
complex over K such that C? is a free K-module for all i € Z/2 (resp. i € Z).
An Sl-structure on (C*, &) is given by a sequence of maps

0= (607 01,02, .. ) with §;: C* — Cret1-2i
such that the relation

(2.1) > 66, =0

is satisfied for every k > 0. Such pair (C*,) is called an S'-complex.

A mixed complex (C*, b, B) is a cochain complex C* equipped with maps

b: C* — C*HL,
B: C* — Cc* !
that satisfy the relations
(2.2) =0, B2=0 and Bb= —bB.

Cyclic homology of a mixed complex is studied in [23]. It is clear from above
definitions that a mixed complex is an S'-complex with

(50:(), (51=B and (Si:() fOI"&HiZQ.



Periodic symplectic cohomologies 1519

One should view an S'-complex as an oco-mixed complex, which means that
an S'-complex (C*,d) satisfies up to higher order homotopies.

There are also notions of cochain maps and homotopy operators defined
for S'-complexes.

Definition 2.2. Let (C*,4) and (D*,d) be two Sl-complexes. An S'-
equivariant cochain map is a sequence of maps

k= (Ko, K1, K2, ..) with k;: C* — D*2i
such that the relation

(2.3) Z Hi(Sj — aj/ﬂ =0

itj=k

is satisfied for every k > 0. Similarly, given two S'-equivariant maps , &/,
an S'-equivariant homotopy operator is a sequence of maps

h:= (hg, h1, hg,...) with h;: C* — D*~ 271
such that the relation

Kk — li?C = Z hiéj + ajhi
it+j=k

is satisfied for all £ > 0.

To an S'-complex (C*,d), one can associate three cyclic homology the-
ories as follows.
Let u be a formal variable of degree 2. We define the following cochain

complexes
C™ = C*[[u]];
0% = u(C7) 2 O ()
CT:=C®/uC™,
where C*[[u]] denotes the completion of C*[u] := C* @k K[u] in the cate-

gory of graded cochain complexes with respect with the exhaustive u-adic
filtration FP = C* @k uPK]u], that is, C*[[u]] = Jim C* [u] /uPC*[u]. This con-
vention has been used, for instance, in [29] Section 8b] and [31], Section 3.6].
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The S'-structure on C* gives rise to a differential on C~ given by
5 :50+u51+u252+--- ,

and the relation ensures that ((551)2 = 0. We also denote the differ-
entials induced in the localization C° and the quotient C~ by §%". Then
the cyclic homology of the S'-complex (C*,6), denoted as HC.(C*) (or
HCH(CY)), is defined to be H,(C*t,6%"). The periodic cyclic homology
HCX(C*) of C* is given by H,.(C, 551), and the negative cyclic homology
HC(C*) of C* is defined to be H,(C—,8%"). All three cyclic homology
theories satisfy the following invariance property.

Proposition 2.3. Let k = (ko, k1, K2,...) be a cochain map between S*-
complezes

(C*,6 = (80,061, 02,...)) and (D*,8 = (3y,d1,Ds,...)).

If ko: (C*,60) = (D*,00) is a quasi-isomorphism, then k induces isomor-
phisms

HC,(C*) = HC,(D*),
HCX(C™) = HCX (DY),
HC-(C*) = HC(D*).

The proof of Proposition is similar to [19] Lemma 2.1] in the case of
mixed complexes.

Proof. The isomorphism HC,(C*) = HC.(D*) follows from applying the
Comparison Theorem [35], 5.2.12] to the Ej-pages of the spectral sequences
associated to the bounded below and exhaustive u-adic filtrations on C*
and DT. As taking homology commutes with localization with respect to
the multiplicative set S = {1,u,u?,...}, we obtain that

HCX(C*) = u tHC (CY).

So it suffices to prove that HC, (C*) = HC (D*). For fixed m,n € Z with
m > n, we consider the quotient complex

C(m,n) :==u"C~ Ju"C".
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There is a finite filtration on C'(m,n)

m—1
FPC(m,n) := Z aiu'|a; €C*,p>np forn<p<m—1.
i2p

The filtration FPD(m,n) on D(m,n) is defined similarly for D~. The Ej-
pages of the associated spectral sequences are given by

EVY = H, ,(C*,6) and EPY=H, ,(D*,d) ifn<p<m-—1,

and EP'? = EP? = 0 otherwise. Since g induces a quasi-isomorphism be-
tween E'? and Eip 4 for all p, q, by the Comparison Theorem we obtain an
isomorphism

fe: H*(C<m,n>,(5sl) =N H,.(D{m,n),d°") for any m,n € Z with m > n.
By construction we have that

(2.4) u"C™ = lm C(m,n),

where the inverse limit is taken as m — co. Again, the same statement holds
for D~. By the lim 1 exact sequence, there is a commutative diagram of short
exact sequences

0= lim " Hy1(C{m,n),65") — Hy(u"C~,8%") = lim Hy(C(m,n),6%) 0

Jf* J Jf*
0= lim ' Hyyy(D(m,n),0%) = Hy(u"D~,05") = lim Hy(D(m,n),0%") »0

m m

This implies that
H,(u"C~,6%) > H,(u"D~,8%"), Vn e Z.

In particular, when n = 0 we obtain that H,(C~, 6%") = H,(D—,9%"), that
is, HC (C*) =2 HC_ (D*) as desired. O

If C* is acyclic, then the proof of Proposition implies the following
immediate consequence.
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Corollary 2.4. If H.(C*,09) =0, then
HC.(C*)=HCxX(C*)=HC_(C*)=0.

Remark 2.5. The fact that the complexes C~ and C* are u-adically com-
plete is used in equation in Proposition to prove that the negative
and periodic cyclic homologies of S'-complexes are quasi-isomorphism in-
variants. Another reason to take u-adic completed complexes is that the
structure morphisms §; may be nonzero for infinitely many i € N for general
S'-complexes unlike the case of mixed complexes, so the differential 6°" is
only well-defined on the u-adic completion C*[[u]].

Remark 2.6. Given a Z-graded S'-complex (C*,d), there is another re-
fined negative cyclic cochain complex that one can consider

O[]} = €D CHul",

kEZ

where C*[[u]]9" is defined to be the subspace of C*[[u]] which are spanned by
homogeneous series of degree k. Such completion has been considered in [20],
Section 1] and [32], Section 3.5]. If our cochain complex C* is furthermore
bounded below and finitely generated over K in each degree, then we have
the following isomorphisms

O[]} = C*[u] and C*((u)) = C*fu,u”!
as K[u] and K[u,u™!] modules.

3. Symplectic cohomology

In this section, we define symplectic cohomology of the class of exact sym-
plectic manifolds with boundary. This is first defined by Cieliebak—Floer—
Hofer-Wysocki in a sequence of papers [10] 11l [14], 15] and reformulated by
Viterbo in [33] and Seidel [29]. In this section, we follow the exposition in
[29].

Definition 3.1. A Liouville domain is a compact manifold with boundary
(M,0M), together with a 1-form € such that:

(1) w = df is a symplectic form on M;

(2) The Liouville vector field Z, defined by izw = 6, points strictly out-
wards along the boundary 0M.
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This definition implies that « := 6|gps is a contact form on OM. There-
fore a Liouville domain is also called an exact symplectic manifold with
contact type boundary.

Given such a Liouville domain (M, 0), the flow of the Liouville vector
field ¢}, for r € (—o0, 0] gives rise to a canonical collar neighborhood of M

U: (—00,0] x OM — M, (r,y) = ¥ (y).

It follows that ¥*0 = e"a and ¥*Z = 0,.. One can then define the completion
of the Liouville domain (M, 6) to be

M = M Uga ([0,00) x 0M), Bljg.coyxonr = €'t Zloyons = 0r, &= db.
We set R :=e€" from now on. Then the completion of (M, 0) is given by
Z/\Z = M Ugns ([1,00) X aM),é\‘[LOO)XaM = Ra, Z\’[l,oo)xaM = ROR, W= dé\

Definition 3.2. Two Liouville domams My and M are L10uv111e isomor-
phic if there is a diffeomorphism : M(] — M1 | satisfying 7#*91 = 90 + df,
where f is a compactly supported function on Mg

We will be interested in studying the Liouville isomorphism type of the
completion M of a Liouville domain (M, #).

3.1. Floer cohomology of admissible Hamiltonians

Let (M,& = d(Ra)) be the completion of (M, §). We know that (9M, o) is a
contact manifold with the contact distribution £ := ker(«). The Reeb vector
field R, of « is defined by

i, da=0 and «a(R,) = 1.

We denote by W%a the flow of the Reeb vector field R, at time ¢. A Reeb
orbit is a smooth map z: R/IZ — OM satisfying ©(t) = Ra(x(t)). Such Reeb
orbits are called nondegenerate if the linearized return map dwéza : &x(0) —
§z(0) has no eigenvalues equal to 1. For a generic choice of the contact form
« on M, all Reeb orbits of R, are nondegenerate and their periods form a
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discrete subset of RT, called the action spectrum, defined by
(3.1) S = {A(x) = /a ’ x is a Reeb orbit of Ra} .

A time-dependent Hamiltonian Hy: M — R is admissible if it satisfies
(3.2) Hy(r,y) =TR+ C for R > 1,

for some 7 ¢ 8, and 7 is called the slope of H;. We denoted by H(M) the
space of admissible Hamiltonians on M such that all 1-periodic orbits are
nondegenerate. There is a pre-order on H (M) defined by

H; =< K, if the slope of H; is less than or equal to the slope of K.

Given a Hamiltonian H; € H (M), the action functional Ag, : LM — R is
given by

A (x) = _/51 20+ /S Hy(o(t))dt.

The Hamiltonian vector field Xy, of H; is defined by iy, = —dH;. Criti-
cal points of Ay, are precisely the nondegenerate 1-periodic orbits of X H,s
denoted by P(H;). We consider the space of time-dependent w-compatible
almost complex structures J(M) such that elements J; € J(M) satisfy

d(R) o J, = —0 for R> 1.
This implies that on
T([Rp,00) x OM) = (RZ @ RR,) & & with Ry > 1,

the almost complex structure J; is standard on RZ ® RR,, and allowed to be
any da-compatible time-dependent almost complex structure on £ = ker(a).
If Hy € H(M) and J; € J(M), then we call (Hy, J;) an admissible pair. Given
an admissible pair (Hy, J;), we let M(xq, 1, H¢, J;) be the moduli space of
solutions to the Floer equation

(3.3) Osu + Jy(u)(Opu — Xpg, (u)) =0,

with E(u) = [5, ¢ |0sul|?dsdt < co. The finite energy condition is equiva-
lent to having asymptotic conditions

lim wu(s,t) =xo(t), lm wu(s,t)=z1(t),

§——00 s—400
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where zg, z; are 1-periodic orbits of Xy, such that
E(u) = An,(x0) — An, (1).

It can be shown that for fixed H; € H(M) and a generic choice of J; € J(M),
the moduli space

M(zo, x1) := M(zo, 21, Hy, Jr) /R

is a smooth manifold of dimension |zg| — |z1| — 1, where |z| = n — pcz(x)
for x € P(H¢), and pcz(z) denotes the Conley-Zehnder index of a nonde-
generate 1-periodic orbit x.

Due to the openness of (M,®), the usual Gromov-compactness argu-
ment fails for arbitrary Hamiltonians and w-compatible almost complex
structures on M. However for an admissible pair (Hy,J;), Floer trajectory
u € M(xg, z1, Hy, J;) obeys a maximal principle, shown in [24, Lemma 1.4],
which implies that images of any sequence of Ji-holomorphic maps lie in a
compact region M Uy [1, Rp] for some Ry > 1. One can define the Floer
cochain complex of the admissible Hamiltonian H; by

CF'(M,H):= @ loal,
$€(P(Ht),‘$|:7,

where |o,| and the differential d: CF*(M, H;) — CF***(M, H;) are defined
in the following section.

Remark 3.3. We have suppressed the dependence of CF*(M, H;) on the
almost complex structure J; as the homology of (CF*(M, Hy),d) is indepen-
dent of the choice of J; € J(M).

3.2. Orientations

To define the Floer cochain complex over Z-coeflicients, we will relatively
orientate the moduli space M(xg,x;1) for all 29 and z; in P(H;) as in [2
Section 1.4].

Given a path ¥(¢) in Sp(2n) such that ¥(0) =1 and det(I — ¥(1)) # 0,
one can reparametrize ¥(¢) and associate to it a loop of symmetric matrices
S(t) that satisfies

U(t) = JoS(t) - U(t).

Such a loop S(t) will be called nondegenerate if det(I — ¥(1)) # 0. For non-
degenerate S(t), we denote by 04 (S) and O_(S) the spaces of all operators
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of the form

(3.4) Dy : WHP(C,R*") — LP(C,R*"), p>2
Dy(X) = 0sX + Jo0: X + 5 - X,

where S € C(C, gl(2n)) is required to satisfy

S(es+27rit) — S(t) for s > 07 lf D\I} S O+(S);
S(@—S—Qﬂ'if) — S(t) for s K 0’ lf D\IJ c O—(S)

Similarly, for loops of nondegenerate symmetric matrices S_(t) and Sy (t)
corresponding to paths U_(¢) and ¥, (¢) in Sp(2n), we define O(S_, S4) to
be the space of all operators

D: WYP(R x §*,R?") — LP(R x S, R*), p> 2
D(X) = 0X + Jo& X + 5 - X,

with S € CO(R x S!,gl(2n)) satisfying
S(s,t) =S_(t) for s < 0 and S(s,t) =S, (t) for s > 0.

It can be shown that O (S), O_(S) and O(S_, S4) consist of Fredholm
operators. One can define line bundles Det(04(S)), Det(O(S—,S+)) over
04(S) and O(S_, S;+) by declaring the fiber over an element D in O (S5)
or O(S_,5+) to be the determinant line bundle det(D) of the Fredholm
operator D. If we fix nondegenerate asymptotic data S(t) and Si(t), the
spaces O4(S) and O(S_,Sy) are contractible. This implies that line bun-
dles Det(0+(S)) and Det(O(S—_, S4)) are trivial for fixed loops of symmetric
matrices S(t) and S4(%).

For given nondegenerate asymptotic data S (), S_(t) and S(t), we con-
sider Fredholm operators

KeO(S_-,5) and L € O(S,S,),
or K€ 04(S) and L€ 0O(S,54),
or K€0O(5_,5) and L€ O0_(S5).

There is a linear gluing operation, denoted as K#,L, for Fredholm op-
erators K and L defined as follows. Let Z = R x S! be the infinite cylinder.
One first forms the glued Riemann surfaces Z#,Z, C#,Z and Z# ,C under
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the identifications

[=p,p] x ST C (=00, p] x " = [=p,p] x ST C [=p,00) x S
(s,t) — (s,1),

[0,20] x ST C (—00,2p] x 8 = {z |’ <|2| <} C {z]]2] <}
(S,t) s 63,0—3—27'rit’

[p,2p] x St C [p,00) x St = {z] e < |z| < e} C {z]|z| < €*}:
(8, t) — es+27rit'

For p > 0, the restrictions of the inhomogeneous terms of K and L to the

glued regions coincide with the value of S, we then obtain the glued operators

K#,Lin O(5-,54), 04(54+) and O_(S-) in each case. With respect to this

gluing operation, it is shown in [13] Proposition 9] that there is a canonical

isomorphism

(3.5) det(K#,L) = det(K) @ det(L)

up to multiplication by a positive real number.

We now define the Floer differential on CF*(M, Hy) over Z. Let ¢%; be
the Hamiltonian flow generated by the Hamiltonian vector field Xp,. Each
1-periodic orbit yields a map x: S* — M such that 1%, (z(0)) = x(t). For any
Jir € J(M), the complex vector bundle (z*T' A/Z/,\Jt) over S! can be trivialized.
We choose a trivialization £(t): R*® — T, ;)M and obtain a path W,(t) in
Sp(2n) as the composition of

N Y Ny Y O o)
Given g and x1 in P(H;), we denote by Sy (t) and Sp(¢) the loops of symmet-
ric matrices which generate ¥, (t) and ¥, (¢), respectively. The construction
in yields operators Dy, and Dy, in O_(Sp) and O_(S1) respectively.
We introduce the notation

0z, := |det(Dy, )| for i =0,1,

where | - | denotes the graded abelian group generated by the two orienta-
tions of det(Dy, ) and modulo the relation that the sum vanishes. Simi-
larly for u € M(zg, z1) we define o, := | det(D,)|, where D, € O(Sp, S1) is
the linearization of the Floer equation at u with respect to a trivialization
of u*(TM) — R x St that agree with the trivializations of x¥(TM) — S*
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as s — too. For different choices of trivializations, Lemma 13 in [13] and
Proposition 1.4.10 in [2] show that the corresponding determinant line bun-
dles det(Dy, ) and det(D,) are isomorphic. This implies that o,, and o, are
well-defined for i = 0,1. By the gluing property , we have a canonical
isomorphism

0y ® 0gy = 0y,
Together with the fact that o, = |ROs| ® [M(zg,z1)|, we obtain an iso-
morphism

(3.6) 0z, = [RO5| @ |M(z0, 21)| ® 0,

where RJ; is the 1-dimensional subspace of ker(D,) spanned by transla-
tion in positive s-direction. For |xg| = |z1]| + 1, we have that TM(xo,z1) is
canonically trivial as M(zg, x1) is a 0-dimensional manifold. By comparing
the fixed orientations on both sides of , we obtain an isomorphism

(3.7) dy: 0y, = Og,-

The differential d: CF*(M, H;) — CF**1(M, Hy) is then defined to be

dlo,, = @ Z dy.

|zo|=]z1]|4+1 ueM(zo,x1)
3.3. Symplectic cohomology as a direct limit

Given admissible pairs (Hy, J;") and (K3, J;”) with Hy < K, one can choose
a monotone homotopy (Hs,Js) between (Hy, J;") and (Ky, J; ). Precisely,
this means that the family of Hamiltonians satisfy

/

oh
Hy(r,y) = hs(R) and 838 <0 for R>> 1,

and the family of W-compatible almost complex structures Js; belongs to
J(M) for each s € R. It is shown in [29, Section 3c] that there is a well-
defined continuation map

(3.8) k: HF*(M, Hy) — HF*(M, K;)

associated to such a monotone homotopy. Furthermore, the continuation
map k is independent of the choice of monotone homotopy. The symplectic
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cohomology of M is then defined by

SH*(M) = lim  HF*(M,H),
H, admissible

which is the direct limit of all Floer cohomology groups of admissible Hamil-
tonians H; with respect to the continuation map (3.8).

3.4. The BV operator on the symplectic cohomology

Given an admissible Hamiltonian Hy of slope 7 as in (3.2)), we define a family
of admissible Hamiltonians H §7t: M — R parametrized by R x S* by

Hg’t:Ht 1f8>>0, Hsg,t:Ht-‘rH 1f5<<0,
Hg’t(r,y) =7R+C for R> 1.

We also choose a family of almost complex structures J f}t € J(M) that agree
with J; if s > 0 and Ji4 if s < 0. The moduli space Ma (xg,x1) consists of
pairs (6, u) such that € S* and u: R x S! — M satisfies

Osu+ JE,(Opu — Xppo (1)) =0
Er_n u(s,t+6)=zo(t+0), lim wu(s,t)=x1(t).

S——+00

For each element (0,u) € Ma(zo,x1), the linearization of (3.9) at w is a
Fredholm operator

TypS' @ WY (Z,u*(TM)) — LP(Z,u*(TM)),

where the second component of this Fredholm map is given by the linearized
operator D,, with respect to the Floer data (H Lf’t, Jgt) for the fixed element
6 € S', and the first component of the Fredholm map is given by

a 8J89,t 8 X JG s,t
o — 90 (0 Hft(u) T Ust g

The pair (6,u) is said to be regular if for generic choices of Floer data
Hﬁt and ijt, the map TpS! — coker(D,) is surjective. For such generic
Floer data, the dimension of Ma(zg,x1) is |xo| — |x1| + 1. Given (0,u) €
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Ma (zg, z1), there is a short exact sequence

0 = TuMa(xg, z1) — TpS* @ ker(D,,) — coker(D,,) — 0,
which induces an isomorphism of determinant lines
(3.9) det(T,Ma (o, z1)) = det(D,) ® det(TpSt).

By the gluing described in (3.5]), an orientation of det(D,,) is determined by
the isomorphism

| det(Dy)| ® 0z, = 04, -

If one fixes the orientation of TpS* by the trivialization TyS! = R(dp), then
(3.9) yields an isomorphism

(3.10) Ay 0z, = 0g,.

Then we define the BV operator A: CF*(M, Hy) — CF*~Y(M, Hy) as

A|011 = @ Z Ay

\$o|:\z1\—1 (O,u)EMA(xo,zl)

It is shown in [2, Section 2.2] that this in fact defines an operation A on the
symplectic cohomology SH*(M) = limg H F™ (M, Hy).
4. Localized periodic symplectic cohomology HPg, | (M)

1loc

4.1. The equivariant differential

The equivariant differential was first introduced by Seidel in [29, Section 8b]
and defined explicitly by Bourgeois and Oancea [§] and by Seidel [30), Sec-
tion (5b)] using Floer (co)homology associated to the locally trivial fibration
LM x g1 ES' — CP>. The following exposition follows the definition of the
equivariant differential given by Bourgeois and Oancea [8, Sections 2.2, 2.3]
while using a cohomological convention.

We consider a sequence of Morse-Smale pairs (fy,gn) on CPY, where
fn is the standard Morse function

X+ Dl

N
2 =0 |71

(4.1) In([z0 -+ 1 2n]) for some C' > 0,
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and gy is the metric induced by the standard round metric on S2N+L We
denote the S'-invariant lift of fx to SN+ by fy. Each critical point zy of
[n on CPN gives rise to a critical orbit S' - zy of the Morse-Bott function
fn on S2N*+L On the principal S'-bundle 7y : S2V*+1 — CPN, we choose a
flat connection V¥ so that the horizontal section s of 7y over some neigh-
borhood N (zp) of zp defines a horizontal local slice U, := s(/N(zp)) that is
transverse to orbits of the S'-action for each zy € Crit(fy). For any point z
in V,, := S!-U,,, there is a unique element 6, € S* such thzlt\&,jl - z belongs
to the horizontal local slice U,,. A Hamiltonian Hy: S L M x §2N+1 5 R
is said to be admissible if it satisfies the following conditions:

(1) (S'-invariance) Hy(t + 0, 2,0 - 2) = Hy(t,z, z) for 6 € St

(2) (Nondegeneracy) The Hamiltonian H (t,z) := Hy(t,x,20) has only
nondegenerate 1-periodic orbits for all zg € Crit(fy).

(3) (Locally constant family near critical orbits of fy) On S* x M x Vs
the Hamiltonian Hy satisfies Hy(t,z,2) = Hy_g (z) for some H; in
H(M) and for all zy € Crit(fn).

We denote by f]'f;f,l the space of admissible time-dependent Hamiltonians on
S x M x S2N+1 The condition (3) ensures that the Hamiltonian extension
Hp is the constant family along each local horizontal slice U,. Together with
the Sl-invariance property in condition (1), we conclude that the admissible
extension Hpy are locally constant families defined over each neighborhood
N(zp) of zy € Crit(fn). For instance, given a Hamiltonian Hy; in H(M ), we
can extend it to an admissible Hamiltonian Hy € THJS(; by

(4.2) Hy(t.2,2) = B(z)Hy_g. (2) + (1 - B(=))p(a) Hy(2),

where (3(z) is an S'-invariant cut-off function on S?V*! which is equals to
1 on some open subset V] C V., and 0 outside V;, for each 2y € Crit(fn),
and p(z) is a cut-off function which is 1 on [Ry,00) x M for Ry > 0 and
0 in the region where H; depends on time. Similarly, we define the space
of S'-invariant &-compatible almost complex structures on M parametrized
by S2N+1 as follows

I = {Ji,t € 8tz e SN J%% = JF and JF € J(M),Vz € SPVFLY
For each N, we choose Jy € H}S\}l such that J3; is independent of z along

the horizontal local Nslice U,,, and we choose an Slinvariant metric gn on
S2N+1 guch that V fy is tangent to U,, for each zo € Crit(fy).
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For Floer data (Hy, Jy, fN,EN) chosen as above, it is shown in [§] that
for large enough constant C' > 0 in (4.1)) the critical points of

A LM x SN+ LR

HN+f~N

are of the form
N
[I5" (@) < {Z;}),
j=1

where Z; is a critical point of index 2j. Let CF*(M, H;) be the Floer cochain
complex of H;. The cochain complex associated to A has a particularly

. Hy +fN
simple form

CF*(Hy + fn. Jn, gn) = CF* (M, Hy) ®7 Z[u)/(uV )

under the map St - (v, Z;) — v ® uj for v € P(H;) and Z; € Crit(fy). The
index of x = (v, Z) in CF*(Hy + fn,Jn,gn) is defined by

|| = |y + Indn(2),

where Indj/(Z) is the standard Morse index of the critical point Z with
respect to fu. .

Let Hf, := Hn(-,-,2) be the Hamiltonian defined on M. For critical
points given by xo = (10, Z;) and x1 = (71, Zo) in P(Hy) x Crit(fn) with
Ind s (Zo) = 0 and Indp/(Z;) = 24, we denote by

Mi(y0, 1) := Mi(zo, 21, Hx, In, v, Gn)

the moduli space of solutions u: R x S — M and z: R — S2N+1 ¢ the
system of equations

(4.3) {asu + JJZ\I(S) (u)(Opu — XHZ(” (u)) =0,

2+ Vin(z) =0,
with asymptotic behaviors

lim (u(s,-),2(s)) € S' -z, Sli)nolo(u(s, ), 2(s)) € S* -y,

§—>—00

where St x; is the S1-orbit of x; for j = 0,1. There is a free R x Sl-action
on M;(v0,71) given by reparametrizations in the domain R x S*. We denote
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the quotient space by

Mi(Y0,71) = Mi(70,71)/R x S*.

For a generic choice of data (Hy, Jn, fN, gn), it is proved in [8, Section 2.1]
that the dimension of the moduli space M;(yo,71) is

lzol — |z1] = 0| — [v1| — 1+ 24.

In particular, if |yo| = |y1] + 1 — 24, then the moduli space M;(7o,71) is zero
dimensional. For each element u of M;(v0,71) one obtains an isomorphism

Oiu: Oy —> Oy

by relatively orienting the parametrized moduli space M;(7p,71) as in
the case of the BV operator. This yields an operation 6;: CF*(M, Hy) —
CF*t1=2¢(M, H;) defined by

(4.4) 5o, = €D > i

Ivol=[y1[4+1—-2 u€M:(v0,71)

The formula 63 () = EZ]\L o u'0; () defines a differential on the cochain com-

plex CF*(M, Hy) ®z Z[u]/(uNT1Z[u)). B .
For different N, the Floer data (Hy, Jy, fn, gn) chosen for M x §2N+1

and the Floer data (Hyi1, N1, fv4+1,9n+1) chosen for M x S?N+3 are
required to satisfy compatibility conditions as in [8], Section 2.3]

HN-H(t? T, Zl(z)) = HN—i—l(t’ €T, ZO(Z)) = HN(ta z, Z)7
INE = I8 = Tk and igni = idgner =g,
where ig and i; are the natural inclusions ig, i1 : SN+ — §2N+3 defined by

IiO(ZOleu--'va) :(Z0)217"')ZN70)7
i1(20, 21, ..., 28) = (0,20, 21, ..., 2v), Where £;|z|* = 1.

Similarly, the flat connections VV,VN*1 on the principal S'-bundles
an: SN 5 CPYN and mygq: S2VH3 — CPYN*! can also be chosen so that
they are compatible with the inclusions igp and ¢;. These conditions ensure
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that the S'-equivariant differentials defined on the cochain complexes
CF*(M, Hy) ®z Z[u]/(uN T Z[u]) and CF*(M, Hy) ®z Z[u]/(u™ T2 Z[u])

are compatible. After taking inverse limit as N — oo, one obtains a well-
defined S'-equivariant differential on

CF*(M, Hy)|[u)] = lim CF*(M, Hy) @z Z[u] / (u" " Z[u])
N

given by
65" = 60+ udy + udy + - .

It is shown in [8, Section 2.2] that (6°)? = 0, which is equivalent to the
fact that § = (Jo, 61,02, ..) gives rise to an Sl-structure on CF*(M, H;).
The operations §y and §; agree with the usual differential d and the BV
operator A defined on symplectic cohomology SH*(M), respectively.

Given admissible pairs (Hy, J,") and (K, J; ) with H; < K, there is a
map of S'-complexes between CF*(M, H;) and CF*(M, K;). We choose a
monotone homotopy (Hg, Js¢) between (H,J;") and (Ky, J; ). Using the
same extension formula as in , we can extend H,; to a family of mono-
tone homotopies parametrized by S2V+1

(4.5) Hyo:Rx S x Mx SN+ 4 R

such that HE , := Hns(l,-,2) belongs to H(M) for all z € S2N+1 One
can also choose Jy s € 3%1 for s € R such that along each horizontal local
slice Uz, one has that J§ ; , is independent of z and agrees with the chosen
homotopy of almost complex structures J,; € J(M). Given z_ = (v—, Z;)
and x4 = (v4+, Zo) with Indps(Zy) = 0 and Indp(Z;) = 2j, we denote by

M}?(’Y—u/—%‘r) = j\?[?(x—7$+7 HN,S; JN,Sa fN}gN)

the moduli space of solutions u: R x St — M and z: R — S2N+1 tg the
system of equations

(4.6) Osu + J]Z\/(,Ss),t(u)(atu = Xp=o, (u)) =0,
| £+ Vin(z) =0,

with asymptotic behaviors

lim (u(s,-),z(s)) € S*-z_, lim (u(s,-),2(s)) € S* -z .

S——00 5—00
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There is a free S'-action on Mf(y_,7+) and we define

ME(v—,7v4) = MG (7, 74)/S".

For generic choice of data (Hy s, Jn,s), the dimension of the moduli space
M (-, 7+) is given by

ol = |1] = Iv—| = Iy + 25
For each u € Mf(v-,7v4) with |y_| = |v4| — 2j, there is an isomorphism
Kjut Oy, = Oy_,

by relatively orienting the parametrized moduli space Mf(’y_, v+). As N —
00, there are operations k;: CF*(M, Hy) — CF* % (M, K;) defined for all
J =0 by

(4.7) Hj|0w+ = @ Z Rju-

[v= = [v+ =25 weMF (v-,7+)

By the definitions of d; and ;, one can verify that

> (k;jdi — 8ikj) = 0 for all k > 0.
i+j=k

For admissible Hamiltonians H; < K;, we obtain a cochain map defined by

w: CF*(M, Hy)[[u]] = CF*(M, K¢)[[u]],

H:H0+Uf£1+u2ﬁ2+"' .
4.2. Localized periodic symplectic cohomology

For an admissible Hamiltonian H; of slope 7 ¢ 8, the periodic symplectic
cochain complex of H; is defined to be

CP*(M, Hy) := CF*(M, Hy)((w)).

We denote the cohomology of (CP*(M, Hy),5%") by HP% (M, Hy).
For any Hamiltonians H; < K, there is a cochain map

K: CF*(M, Hy)((w)) — CF*(M, K;)((«))
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induced by (4.8)) in the localization. The induced map in the homology
(4.8) ky«: HPg (M, Hy) — HP& (M, Ky)

is well-defined and independent of the choice of the monotone homotopy
between H; and K;. The localized periodic symplectic cohomology is defined
to be
HPg 1, (M) := thPEl(M,Ht),

where the direct limit is taken over the pre-ordered set of all admissible
Hamiltonians Hy in H(M) with respect to (4.8)). By definition, the localized
periodic symplectic cohomology H Pgil,loc(M ) is an invariant of the com-
pletion M up to Liouville isomorphisms. We denote HPg, | (M) ®z Q by
HP, 1, .(M,Q). It will be shown that HPg, | (M,Q) = H"‘(]W7 Q)((w)) in
Section [l 7

Joc

Remark 4.1. Suppose that 2¢; (M) = 0, we can equip the Floer cochain
complex CF*(M, H;) with a Z-grading. Since there are only finitely many
generators of CF*(M, Hy), the degrees of the generators are bounded from
above and below, and the S!-equivariant differential 85" on each C F’* (M, Hy)
has only finitely many non-zero terms by degree reasons. This implies that
the (refined) periodic cyclic homology of the S-complex (CF*(M, Hy),§)
defined in Remark 2.6 satisfies

CF*(M, Hy)((u)" = CF*(M, Hy)[u,u™]

for any admissible Hamiltonian Hy € H(M). As a direct limit of Z[u, u™1]-
modules, one obtains that the (refined) localized periodic symplectic coho-
mology

HPjs 1op(M) = lig B*(CF* (M, Hy)(())"", 5%")
is a Z[u, u~!]-module when 2¢; (M) = 0. The corresponding localization The-
orem states that HP% , (M) = H*(M,Q)[u,u""]. One can compare this
with the main theorem in [5]. However, for a general Liouville domain M, the

localized periodic symplectic cohomology H P&, ;,.(M) is only Z/2-graded.
So we keep the notation of the u-adic completion in the statement of Theo-

rem (1.1las HPg 1,.(M, Q) = H*(M,Q)((u)) .

5. A convenient complex for computations

In this section, we restrict ourselves to a special class of admissible Hamil-
tonians which are autonomous away from neighborhoods of its 1-periodic
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orbits. Explicitly, for 7 ¢ 8§ we consider an autonomous Hamiltonian shown
in Figure 1, which is of the form

f(x), if x € Int(M);
(5.1)  H'(z)={ B if 2 = (r,y) C [1, 7+ 1] x OM;
T(R—1) - %, ifa=(ry) C[r+1,00) x M,

where f(x) is a negative C?-small Morse function in the interior of M. To
obtain a smooth Hamiltonian, we define the value of the Hamiltonian H”
on the collar neighborhood [1 — €y, 1] x OM to be p(R)f(x), where p(R)
is a smooth cut-off function which equal to 1 at {1 — €y} x M and zero
at {1} x OM for ¢y sufficiently small. One notices that HT is only C° at
R =7+ 1, so we need to modify the value of H™ on [T+1,74+ 1+ e x OM
such that

R—-1, fRe[l,7+1];
=4q9(R), fRe[r+1,7+1+¢);

T, if Re|r+14¢€,00),

dHT(R)
dR

where g(R) is a smooth function whose values agree with R — 1 and 7 to all
orders at R=7+4 1 and R =7 + 1 + ¢ respectively. On [7 + 1,7 + 1 + €],
the function g(R) satisfies

T+14¢€o
/ g(R)AR =T + €.
T+1

We denote the resulting smooth Hamiltonian by H”.

For the autonomous Hamiltonian H” chosen above, all 1-periodic orbits
~ of H™ are transversely nondegenerate, that is, the linearized return map
dw}(m when restricting to the contact distribution &, dl/)}(m le 2 &5(0) = $4(0)
does not have 1 as its eigenvalue. There is a non-trivial S'-action on trans-
verse nondegenerate 1-periodic orbits by

SUx P(HT) — P(HT), (5,7(t)) —= y(t + 5).

We can break the S'-symmetry by choosing small perturbations of the
Hamiltonian H™ in some isolated neighborhood N(7) of each orbit v as
follows. Let U = UVQTP( ay N (7) and define the space of time-dependent per-
turbations of H™ by

(5.2)  FHP = {h € C®(S' x U,R) | |Vh(t,z)| <1, V(t,z) € S x U},
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where | - | is the norm with respect to the metric (-, ) = @(:, J;-) for some
almost complex structure J; on U. For a fixed 1-periodic orbit v of H7
that corresponds to a Reeb orbit of multiplicity k&, one can choose a Morse
function hg: ST — [0, 1] that has one minimum value 0 at 0 € S and one
maximum value 1/2 at cg for some small enough co € S'. We define

hy(t): N(7) = [0,1], hy(£)((s)) = ho(ks — kt) for s € S,

and smoothly extend it to N(v) such that hv(t)’am = 0. We define an

explicit time-dependent perturbation H? (t) of H™ by

(5.3) HI(t)=H"+ehi :==H +e >  hy(t)
YEP(HT)

for some € > 0 and supp(h]) C U. One observes that the perturbed Hamilto-
nian H7 (t) has two 1-periodic orbits in N(vy) for each v € P(HT). It is proved
in [I1], Proposition 2.2] that the new 1-periodic orbits are translations of v(t)
defined by

(5.4) () =), 70 =7 (t+2).

In fact, these orbits 7(¢) and J(¢) are the only 1-periodic orbits of H7 (¢) in
the neighborhood N () such that

7l =17l +1

In the subsequent discussions, we will fix an appropriate choice of ¢; > 0
depending on i and h] € HP" in (5.3)) satisfying Lemma and Lemma
For simplicity of notations, we denote by H/ the time-dependent per-
turbation H/ (t) of the autonomous Hamiltonian H7 if there is no further
confusions.

5.1. Relations with Reeb dynamics on O M

Given a Liouville domain (M, 0), we recall that (OM,& = ker(0|oar)) is a
contact manifold. Let 1/152& be the flow of the Reeb vector field. Reeb orbits
of period [ are smooth maps x: R/IZ — M such that ¢f (2(0)) = =(t).
Such an orbit is simple if the map z is injective. We further assume that all
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Liouville domains in consideration satisfy:
(5.5)  distinct Reeb orbits x, 2’ have different periods [ a # [, a.

This is a generic condition which can be achieved by perturbing the contact
form in the neighborhood of each Reeb orbit as in Theorem 13 of [4].

Definition 5.1. Let z be a simple Reeb orbit. Then z is called hyperbolic
if dz/zéza: §x(0) — Sz(0) has no eigenvalues in the unit circle, otherwise it is
called non-hyperbolic. If dwgza has an odd number of eigenvalues belonging
to (—1,0), then z is called a negative hyperbolic Reeb orbit.

Definition 5.2. Let x be a simple Reeb orbit that is negative hyperbolic.
Its 2k-fold covers z2* are called bad Reeb orbits. A Reeb orbit is called good
if it is not a bad Reeb orbit.

Remark 5.3. There is another characterization of bad Reeb orbits appear-
ing in [I2] on symplectic field theory, that is, a Reeb orbit 22* is called bad
if it is a 2k-fold cover of some simple orbit x such that pcz(2%*) — pucz(x)
is odd.

For any autonomous Hamiltonian H™ [ yxon = h™(R) as in (5.1)), we
have

Xpr=h"(R) - Ro=(R—1)Rq on [1,00) x M.
This implies that Reeb orbits on dM of period [ with [ < 7 are in one-to-

one correspondence to non-constant transversely nondegenerate 1-periodic
Hamiltonian orbits of H™ under the map

x(t) = y(t) = (1 + 1, z(lt)).

It should be observed that for a 1-periodic orbit v(¢) = (I + 1, z(it)) in {I 4+
1} x OM C [1,00) x OM, the action of the Hamiltonian orbit v(¢) has a
simple form

(5.0 A (2(0) = = [ 2@)+ T (20
— —RI™'(R) + I"(R) = —122 )

In particular, the action of v(¢) = (I + 1,z(lt)) is given by the y-intercept of
the tangent line to A7 at R = [ + 1, which is exactly —/?/2 — [ in this case.
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A hr

V(1) = (1 + 1,2(lt))

1 I+1 7+1 R

An(1(1)) ]

Figure 1: Action of 1-periodic orbits of an autonomous function.

We set

=———1
aj 5
in the following discussions.
For the perturbed Hamiltonian H;, the actions of 1-periodic orbits 7
and ¥ of period [ are given by

~ 1t s~ €
(5.7) .AH;(’)/) _‘AHT(’)/)-FG/ hWOT/JHtT(’Y)dt:CLl"FEhO(CO) :al—i—i,
Sl

A (5) = Ase (1) + € / B o gt (3)dt = ag + eho(0) = au.
Sl

This implies that for sufficiently small choices of € > 0, the values of Ag- (7)
and Ag; (7) differ from that of Apy-(y) slightly.

5.2. The action filtration on the S'-complex CF*(M, H])

Let 8 be the action spectrum of the Reeb orbits associated to the contact
form o« defined in (3.1]). One can list all the elements of 8 in an increasing
order 0 =1y <y <lp < ---, where [; corresponds to the minimum period
of a Reeb orbit. We choose 7; ¢ 8 such that 7; = % There is a natural
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action filtration on CF*(M, H) defined by

(5.8) FICF*(M,H[)= & Z{o).
‘AH[(’Y)ZGT]'
YEP(HT)

The following lemma implies that for specific perturbations of H™ defined
using (5.3)), the action filtration is preserved by the S'-structure.

Lemma 5.4. For each i > 0, there is a constant €; > 0 which depends on
i and the time-dependent perturbation hi € JHP" such that

§;FICF*(M,HT) C FICF*(M,H]) forallj >0 and T¢8.

Proof. Given an element (u, ;) € M;(zo, 1) for i > 0, one can choose a fixed
representative (u, z;) € M;(zo,x1) such that u: R x S1 — M is a solution to
(A3) that is asymptotic to yo and v with Agr(v1) > ar,, and z;: R — S2N+1
is a negative gradient flow line from 0z, - Z; to 0z, - Zo on S*N*! for some
0z, and 0z € S'. The energy of u is given by

(5.9  E() /R e

:.AH[('YO)—-AH;(’h)-F/R . (0 HZ™) (u(s, t))dsdt.

a 2
U dsdt

We will prove that the last term in is bounded by € - i - C, where C is
some constant which depends on the choice of time-dependent perturbation
hi in HP?". For Hamiltonians of the forms H/ = H "+ eh] for the fixed
time-dependent perturbation hi € HP" defined in , we extend it to a
Hamiltonian H? Y x M x 52N+1 — R by

(5.10) en(@) = B(2)(H"(z) + ehyg(z)(x)) + (1 = B(2)) H (),

where (z) and 6(z) := 6, are defined in (4.2). We remark that this exten-
sion is different from the extension defined in . It gives a convenient
admissible extension in 9{]%1 for the time-dependent perturbation of the au-
tonomous Hamiltonian H; considered in . Given this explicit extension

(5.10), we can compute that
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$1 s1+ec s2 satc2 s3 sztez o 82i—182i—1 + C2i—152i S2; + Co;

Figure 2: The value of 5(z;(s)) and the support of 0s0(z;(s)) shown as the
shaded regions.

/ (8SH§}S;))(u(s,t))dsdt = / (08 (2i(s))eht—p(z,(s)) (uls, t))dsdt,
RxS? Rx St

where we have used the fact that the term ((z;(s))edshs_g(z,(s))(u) vanishes.
This is due to the local triviality of the extension on J,, eCrit(fx) Uzos
80 Oshy_g(z,(s)) = 0 for all s satisfying suppS(2i(s)) in U, ecyit(fy) NV(20)- As
z; is a Morse flow line from between the index zero and 2i critical points
of the S'-invariant function fy on S2N*!. the support of the integrand
OsB(zi(s))€hy_g(z,(s))(u) is contained in the subset U (I x St of R x St
for some intervals I; = [s;, s; + ¢;] shown in Figure |2 I ThlS implies that the

last term in satlsﬁes
zi(8)
(5.11) (0:H.N) (u(s, t))dsdt
Rx St ’
2
<> / 0,3(:1(5)) [ chicate o (u(s. )i

< Z ( 0sB(zi(s)) [ maxh(x)dtds

L; st (xt)

+ /12j1 0s8(zi(s)) [ min h[(x)dtds)

st (w.t)

< 7€ -

max h] (x)dt — min h] (x)dt|,
|, i () . i i (x)
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where the last inequality in (5.11)) is derived from the following facts
/ 0sB(zi(s))ds € [-1,0] and / 0sB(zi(s))ds € [0,1], Vj =1,...,1.
I2j—1 IQJ‘

Equation shows that the last term can be bounded by a constant
which is independent of the solution (u, z;) € M;(xg,x1). So we have an a
priori energy estimate for the energy of solutions to equation for a fixed
1> 0.

The estimate shows that for a fixed choice of time-dependent
perturbation h] € HP®", one can choose ¢; sufficiently small for each ¢ > 0
depending on ¢ and the constant

C:= | maxh(z)dt— [ minh](x)dt
g1 (z,t) g1 (z,t)
such that Ag- (7o) > Agr (71). It remains to be verified that for each i > 0
there exist consistent choices of €1, €3, ...,¢€ so that the Floer data in defining
the operations dg, d1, ..., d; are compatible with compactness of M;(xg, x1).
For a fixed ¢ > 0, one can first choose ¢; small enough such that

/ (asH:;(jf/v)) (U)det <7q- eiC and
RxS?t
Anz (10) > Anz () —i-6-C = ar,

for all u € M;(zo, 1) and for all zg, 21 € Crit(Ag- ). Then we inductively
choose €1, ..., €_1 such that for any sequence (uj)jéN € M;(zo, 1) converg-
ing to some broken configuration ((v1, Z;,),- .., (vn, Zi,)) in the boundary of
the Gromov compactification OM; (g, 1)

U U U M, (0, Yin) X Miy (Yiy, Yin) X -+ X M, (43, 21),

nOSn ik =i Yiy e Yin

the following condition is satisfied

n

3 / (O HZY) (vy)dsclt = / (0 HZ V) (ug)dsdt < ie;C
r—1 Y RxS? RxS*t

for all 7 > 0 and n > 1. Such choices can be made inductively, since for each
fixed ¢ > 0 there are only finitely many e > 0 that one needs to choose to
define the operation d3 for k = 0, ..., so that the condition ), .,_; 6xd; = 0
is satisfied. This completes the proof. Il
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We have shown that for each ¢ > 0 one can choose ¢; so that the operation
¢; defined by the Floer data (H? y,.Jn) preserves the action filtration
defined on CF*(M, H ) for all 7 ¢ 8. For 7y < 7_, we denote by (Hs, JS t)
the monotone homotopy between the Floer data (H¢,",J") and (H(, ,J7).
By definition, the Hamiltonian Hj; satisfies

(512) Hs,t = HS + eihs,t7

where H; is the monotone homotopy between the autonomous functions
H™ and H™ and hg; € HP®" is the monotone homotopy between the time-
dependent perturbations h;* and h;~ defined in (5.3). Lemma [5.5| below will
show that for each fixed ¢ > 0, one can choose the same time-dependent per-
turbations H " and H 7 for 7, 7_ so that the continuation maps associated
to the monotone homotopy H, ;

(5.13) kit CF*(M,HI*) — CF* " *(M,H[")
preserves the action filtration. Furthermore, we have that

Z Hk(SI - 5llﬂik = 0, \4) Z 0.
k+l=i

Lemma 5.5. For each i > 0, there is a constant €; such that the operation
ki OF*(M,H.") — CF*=2(M, H.") satisfying

ki (FPCF*(M,H*)) C FICF*(M,H]-) for all j >0 and 7 < 7_.

Proof. Let J%”(v ,7+) be the moduli space of solutions to with Floer
data (H Nt INs t) where HY  ; is the extension of the monotone homotopy

H,; in equation ([5.12) - ) to R x S1 x M x §2N+1 given explicitly by
HYS (@) = B(2)(Hs(2) + €ihs p—g() () + (1 — B(2)) Hy ().

For any generator o,, in FICF*(M, H/}), we have that A+ (7+) = ar,.
The energy of u in 3?[?(7,, ~v+) is given by

(5.14)  E(u) = Ay (v-) = Agr+ (9+)

t / Vo) Hy sy (w)dsdt + / O H S (u)dsdt.
RxS? RxS! el
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Since 9sH N, < 0, equations (5.11)) and (5.14) give that

Apr-(7-) = Agr+ (v4) — /]R . Vi His (u)dsdt
% S1

Ay—(v=) 2 ar, —i-C.

€q

Since i¢;C' was taken sufficiently small as in Lemma by discreteness of
the action spectrum, we conclude that

ki FPCF* (M, HI*) C FICF*(M, HI-) for all i, j
as desired. O

For simplicity of notations, for each ¢ > 0 we fix a consistent choices of
constants €1, €9,...,€;, whose values depend on i, and define the action-
preserving operations ¢; and r; as in Lemmata [5.4] and [5.5] By abuse of
notations, we will suppress the choices of ¢; and denote the operations simply
by

6;: CF*(M, HT) — CF*™'=% (M, H])
ki CF*(M,H*) — CF**(M,H]")

in the subsequent discussions.

5.3. A convenient complex to compute HPg, ,,.(M)

For 7; ¢ 8§ and 7; — oo as i — 0o, we choose a cofinal system of Hamiltonians
H]" with the specific choice of ¢,, provided by Lemma and define the
localized periodic symplectic cohomology to be

(5.15) liny H P, (M, H]'),

where the direct limit is taken with respect to the continuation maps
(Kijit1)s: HP& (M, H[") — HP& (M, H/") for all i > 0.

The following Lemma then implies that one can instead use the cofinal
system of Hamiltonians {H/" };>o to compute HPg, ,,.(M).
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Lemma 5.6. Given any cofinal system of Hamiltonians H]" with 7; — oo,
there is a natural map

(M)

JJoc

lim H P (M, Hf") — HP
7

which induces an isomorphism.

Proof. The natural inclusion @ H P& (M, H") — &b HP§ (M, Hy)
[ H, admissible
induces a map of the quotients 7: ligHPgl(M, H{") = HPg . (M). This

map ¢ is surjective because for any admissible Hamiltonian H; there is a 7;
large enough such that H; < H;*, and we obtain a map via continuation

HP% (M, Hy) — HP% (M, HT).

Similarly, the map ¢ is an inclusion since for any admissible Hamiltonians
H; and K; with H; < K}, there is an autonomous Hamiltonian HtT 7 such
that H; < K; < H;” for some 7; large enough. The appropriate continuation
maps then give rise to a commutative diagram

HP§ (M, Hy) —— HP§ (M, K;)

T~

HPg (M, H)')
This implies that the natural map
i+ lim HP3 (M, H]') — HP§: 10, (M)
is an isomorphism. O

This formulation of H ng
section.

(M) in Lemma will be used in the next

1 loc

6. The localization theorem

We prove the following main result in this section, which can be seen as the
localization theorem for HPg, | .(M).
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Theorem 6.1. Given a Liowville domain (M,0), the natural inclusion of
the constant loops t: M < LM induces a natural map

be: HY(M)((u)) = HPgi1 100 (M),

which is an isomorphism as Z/2-graded Q((u))-modules after tensoring both
sides by Q

In particular, Theorem [6.1] holds for the large class of Weinstein mani-
folds, which includes affine varieties.

To prove Theorem [6.1], we first deal with autonomous Hamiltonian H"
with time-dependent perturbations H] as in (5.3)). For each v € P(H") there
is an isolated neighborhood N ( ), which only contains two 1-periodic orbits
7,5 of H] defined as in . One needs to compute the local contribu-
tions to the equivariant Floer differential 8" between o5 and oy, that is,
do := 6% |Z (05,05)®2Z((u))- Following the original approach of Floer and Hofer
in [13] we choose a coherent orientation in the proof of Proposition [6.2] be-
low. This means that the trivializations of o5, 05 are fixed for all v € P(HT)
and they are compatible with the gluing operation in the sense of [I3, Def-
inition 11]. We denote the preferred generators of o5 and oy by 7 and ¥,
respectively. The advantage of this approach is that the equivariant differ-
ential 6°" can be expressed explicitly as follow.

Proposition 6.2. Let v be a 1-periodic orbit of H™ and
do = 0% 200 0@z (u)-

If v corresponds to a k-fold Reeb orbit, then we have
do(¥) = 0, do(7) = £k

if the Reeb orbit is good, and
do(7) = £2, do(¥) =0

if the Reeb orbit is bad.

It is shown in [I1, Proposition 2.2] that there are only two solutions to
the Floer equation that are asymptotic to 1-periodic orbits 4 and ¥ of H] at
+o00. We will first prove that all solutions to equation with asymptotic
conditions on 7 or 4 do not leave some tubular neighborhood of ~, which
implies that the local S'-equivariant Floer cohomologies are well-defined.
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Lemma 6.3. Assume that 7y is a transversely nondegenerate 1-periodic or-
bit of Xy~ for some 7 ¢ 8 and U is an open neighborhood of ~(S*) which
does not contain any other 1-periodic orbits of Xg-. Then for any open
neighborhood V' satisfying v(S') C V C U, there exists a real number eg > 0
such that for any € € (0,€9) we have

(1) All 1-periodic orbits of Xp-  in U are contained in V.

(2) All solutions u € J\N/[i(xo,xl,H;N, Jn,U) are contained in V, Yi, N €
N, where H \; is defined in equation ([5.10]).

Proof. Part (1) and the case that i = 0 of part (2) are proved in Lemma 2.1
of [11]. Let u € M;(xo, x1, HI N, JIn, U) for i > 1. Suppose by contradiction
that we can find a neighborhood V' of v(S') and sequences ¢, — 0 and
parametrized Floer trajectories u, € M;(xg,x1, H;“N, Jn,U) such that u,
is not contained in V for each n. By the energy estimate in , we have
that for 79,71 € {7,7} the energy of u,, satisfies

E(un) = Anz (0) — Az (1) + /R (O )it
X 1

By Gromov compactness, the sequence u, converges in C7. to some u as
n — oo and €, — 0. It is shown in part (1) of Lemma 2.1 in [I1] that as €, —
0, all 1-periodic solution vo(¢) and 1 (t) of HT converges to S'-translates
of 7,

v(t + an) and ~(t+ by,) for some ay, b, € St
This implies that
Anz (v0) — Anz (1) =0,

since Ag; (y(t+an)) — Au: (7(t +b,)) — 0 as n — oo. Similarly, one also
has that

/ (0. S)) (w)dsdt — 0,
Rx St ’

since H] approaches to the autonomous function H™ as €, — 0. Hence the
energy E(u,) — 0asn — 0o. As the energy of the limit u of {uy, },>0 satisfies

E(u):/ |9uldsdt = 0,
RxS?t

we conclude that the parametrized Floer solution u is independent of the
variable s, and we can write u(s,t) = y(t + a) for some a € S'. However, by
assumption that u, is not contained in V for each n, which implies that there
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exists s, € R such that u,(sp,t) is not contained in V. As u,, is asymptotic to
~ and ¥ which satisfy |y| = |J| 4+ 1 and there are no other 1-periodic orbits in
V, the moduli space M;(zg, z1, H;N, Jn, U) is compact by index reasons and
exactness of &. Thus the sequence u, of Floer trajectories does not break
in the limit and the sequence s, of real numbers converges to some sy, € R.
This gives a contradiction since u(sso,t) is not contained in V' whereas we
have shown that u(s,t) = v(t +a) C V. This completes the proof for part
(2). O

One consequence of Lemma is that the local Sl-equivariant Floer co-
homology can be defined since the moduli space M;(xo,z1, Hy, Jn,U) is
compact. Moreover, by the usual continuation arguments, the local S'-
equivariant Floer cohomology is independent of the choices of almost com-
plex structure Jy and the time-dependent perturbations h.(t) € HP*" that
we choose in . One can then compute the local S'-equivariant Floer
cohomology between 4 and ¥ as follows. Locally in a neighborhood N (%), a
Z-grading always exists due to that fact 2¢; = 0 in N (). One can conclude
by degree reasons that the only operations that can be non-trivial is the
Floer differential d = dy and the BV operator A = §;. It is then sufficient to
prove the following statements

(6.1)

- 0, if v is good - k7, if v is good
dV) =9 on A(Y) = -
+27, if v is bad, 0, if v is bad.

In order to obtain this computation, we need the following Lemmata [6.4

[6.5 and 6.8

Lemma 6.4. For each 1-periodic orbit v € P(HT) that corresponds to a
k-fold Reeb orbit such that [y| = |¥| + 1, the zero dimensional manifold
Ma(¥,7) consists of k points.

Proof. One chooses a trivialization &: N(y) — S x R?"~! such that
§(wo) =w and §(7) = (kt 4 co,0), £(7) = (kt,0),

where wy = > dp; A dg; is the standard symplectic form on Sl x R2n—1

with coordinates given by (q1,p1,- .-, qn,Pn). In this trivialization, we con-

sider the Hamiltonian defined by

K: S' xR*™ ! - R such that K(q1,p1,...) = —kp1.
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The associated Hamiltonian flow is given by ¥% (q1,y) = (¢1 — kt,y). The
Hamiltonian that generates ¢t o ¢t is

HI(t,2) == H (1,0 (2)) + K ().

After composing with the flow %, the time-dependent 1-periodic orbits of
H[ can be transferred into time-independent forms

Vi 0 E(() = (0, 0), ¥k 2 &(7(t)) = (0,0),

where we have used the fact that (¢ + a) corresponds to (ka,0) in terms of
the coordinates on % o £(N(v)). It is shown in [I1, Proposition 2.2] that
Floer trajectories 1t o £(u;) between 1% o £(5) and ¥k o () corresponds
to negative gradient flow lines (a;(s),0) of hg from the Morse maximum
(co,0) to the minimum (0,0). In the subsequent discussions, we work in
the coordinates given by the trivialization 1%, o £: N(v) — ST x R?"~! and
exhibit k solutions of the BV equations.

Let Hj be the trivial interpolation of the unperturbed Hamiltonian such
that H, = H] (t,x) for all s € R. We consider the operator

F: Wh(SY, 8T x R — L2(S1, 8' x R*71),
Fz) = =Jo(2(t) — Xg (x(t)).
The kernel of F' consists of constant solutions of the form xz,(t) = (ka,0)

in R x R?"~1. The linearized operator DF,, : W12(S! R?") — L?(S R?")
has the same kernel as F. We denote the kernel of F' by

N :={z, = (ka,0) | a € R}
and its L2-orthogonal complement by N-=t.

The time-dependent perturbation h; € HP" that we choose in (5.3)) is
of the form

he(q1,y) == h(¥i(q1,y)) = ho(q1 — kt) for (q1,y) € E(N(7)).

After precomposing with ¢}, it can be transferred into a time-independent
form

h(q,y) := ho(q1) with (q1,y) € Vi 0 E(N(7)))-
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In this coordinates, the S'-family of time-dependent perturbations is given
by
ho(ql) if s> 0;

h/ S 9y =
0.5(q1,9) {ho(Q1 — k) if s < 0.

We define an S'-family of operators

(6.2) fos: WIS, S x R22) — L¥(S1, S" x R 1),
fo,s(x) = Vhgs(x(t)).

Each solution to the BV-equation yields a map v : R — Wh2(S1 S x
R?7~1) that satisfies the equation

(6.3) u'(s) — F(u(s)) + €fo,s(u(s)) = 0.

One can write u(s) = z4(s) + y(s) with z4(s) € N and y(s) € N*. Equa-
tion [6.3] now becomes

o (8) + 9/ (s) = —fos(xals)) + DFe, (y(s)) — €0sfo,s(za)y(s)
— eDfos(xa) - y(s) + O(ly(s) 21,

where we have that F(z.(s)) =0, fas(®a(s)) € N and DF,, (y(s)) € N+
Collecting terms in N and N1, we obtain a similar estimate as in [T}
Proposition 2.2] for some constant C; > 0 satisfying C; — 0 as € — 0 as
follows,

(6.4) 2 (s) + efo,s(@a())Z2 + 1y (5) = DFa, (y(s)) 122
< Cilly(s)[finz + esup |05 fo,s(za)l - 1y (s)llw 2,

where L? and W'? indicates that the norms of the corresponding ele-
ments are taken in L?(S',S' x R?"~1) and W2(S1, 1 x R?"~1) respec-
tively. Since this estimate holds for any € > 0, as ¢ — 0 and we have that
C1 — 0, the right hand side of approaches zero. It must be the case that
y'(s) — DF,,y(s) = 0 in (6.4). It is shown in [27, Proposition 3.14] that the
Fredholm operator % — DF,_ is injective on N+, where DF,, is invertible.
This implies that there is a constant Co > 0 so that

||y/ — DFz,,y |L2 > C2||yHW1,2 for Yy e Nl.

This implies that all solutions u(s) = z4(s) + y(s) to the BV equation satisfy
y(s) = 0 for y(s) € N*t. Setting u(s) = z4(s) in equation (6.3)), we obtain
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that solutions to the BV equation (3.9) are given by z,: R — S x R?7~!
satisfying

(6.5) z(s) + €fo.s(za(s)) =0,
sgl;noo(xa(s) + kev 0) = (kea O)a Sggloo(:na(s)? 0) = (607 O)a
or, sgr_noo zq(s) =0, Erfoo zq(s) = co.

We will show that there are exactly k solutions to equation (6.5) when
0 =0; and 0; =y — ¢ for i =1,...,k. Since a Hamiltonian orbit ~ that
corresponds to a k-fold Reeb orbit is of the form ~(t) = (kt,0) under the
trivialization &, the pullback Morse function 7*hg on the domain of v has
k maxima at M; := % + £ and k minima at m; := £, which are shown in

Figure |3l The system of equations (6.5)) becomes

(6.6) il (s) + efos(Fa(s)) = 0, where fy, = V(7" hg s),
R N
sgglooxa(s) =mi =, Sgrfooxa(s) = My = Lo 1= 1,...,k.
One observes that equation is equivalent to the negative gradient flow
line equation for the family of Morse functions defined by hg (1) = €ho(G1 —
po(s)) for some smooth bump function pg: R — [0,60] C [0, k) such that

po(s) = 0 as s — 00, pp(s) = 0 as s — —oc.

For each fixed # € [0, k), we denote by ¢¢ the gradient flow of iLg, s at the time
s € R. Given a solution Z, to equation , the map z := ¢? ;0 Z4: R — S1
satisfies the continuation equation for the trivial family defined by fs =
V(v*hg) for all s € R given by

(6.7) 2'(s) + efs(x(s)) = 0.

By index reasons, there is a unique constant solution at the maximum z(s) =
< to the equation (6.7) and satisfies asymptotic conditions x(s) — co/k as
s — Foo. It gives rise to a unique solution Zq, (s) := ¢% o z(s) = ¢% (L) to

equation satisfying

C )

Za,(8) — ?0 as s = 00, Iy, (s) — 7 888 —00
for some 9? and each ¢ = 1,..., k. We denote the solution to equation

K3 €

when 0 = ¢ — © by a;(s) := Z4,(s) for simplicity. This shows that there are
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Figure 3: Flow lines a1, a2 and the BV solutions from (¢ + £) and 7(¢).
Here ¢y = co/k. (The labels reflect the values on the image v(S')).

k solutions xg,(s) = (kZa,(s),0) = (kai(s),0) to the original equation (6.5)).
Transferring back to the original coordinates, we have that k solutions to
the BV-equation are of the form

vi: Rx St = St x R™ L 5 =1,...k,
vi(s,t) = V! (Ta,(5) = (kai(s) + kt, 0)

as claimed. O

Next, for u; € M(5,%),i = 1,2 we compute d,, defined in . Since we
have chosen trivializations of 05 and oy, the isomorphism d,, is given by
multiplication by £1. One notices that the computation result for the Floer
differential d in Lemma below coincides with that of Bourgeios and
Oancea [§] in the Morse-Bott homology setting.

It is shown in [I1, Proposition 2.2] that the two Floer trajectories be-
tween 7 and ¥ explicitly are given by

ui: Rx St — 8t x R?1
ui(sa t) = (/{052(8) + kt, 0)7

where o and oy are Morse flow lines of hg: ST — R (see Figure ) such that

lim «o;(s) =cp, lim a;(s) =0 fori=1,2.
S——00 §—00
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We denote by W(s,t) the linearizations of the flows of the Hamiltonian
vector fields Xp-(;) on the image of a Floer trajectory u € M(7,%). For
U(s,t) in Sp(2n), one considers symmetric matrices S(s,t) defined by

0
—W(s,t) = JoS(s,t)¥(s,t).
ds
The parallel transport map d,: 05 — 05 is determined by the spectral flow
of this family of self-adjoint operators
s A(s) = JO% + S(s,-) on L*(ST, R?").
A crossing s of A(s) is a real number such that ker(A(s)) # 0 and the crossing
form is defined as

q(4, 5): ker(A(s)) = R, q(A(s), 5)6 = (£, A()€).

In particular, Lemma 7.43 in [27] implies that the path of unbounded self-
adjoint operators A(s) has the same crossings as the symplectic path s —
U(s,1) and the crossing forms are isomorphic. A crossing of ¥(s, 1), a real
number sg € [0, 1] such that det(¥(sg,1) — I) = 0, is called a regular crossing
if the crossing form ¢(¥(s,1)): ker(¥(sp,1) —I) — R given by

q(¥(s,1))v = wy <v, ;S\Il(s, 1)- v> = (v, S(s,1)v)

is nondegenerate at s = sg. A crossing is called simple if ker(¥(sp, 1) —I) is
one dimensional. For a path with simple crossings, one has d,, is the product
of the signs of the crossing form at various crossings s in [0, 1].

We now denote by Wi(s,t), Ui(s,t) and ®(s,t) the linearizations of the
flows of the Hamiltonian vector fields Xp-, Xy~ and X, on the image of
u;(s,t) respectively. It is proved in Proposition 2.2 [I1] that for e sufficiently
small Wi(s,t) and Wi(s,t) - ®!(s,t) are homotopic with end points via

L(r,s,t) = \Ifie(s,t)éél_r)e(s,t), (r,s,t) € [0,1] x R x [0, 1]

for ¢ =0,1. By the homotopy invariance property, it suffices to compute
the contributions d,, for the path of symplectic matrices (s, 1) - ®i(s,1).
A detailed computation of the signs of the crossing form is given in the
following Lemma.

Lemma 6.5. For u; € M(7,%),i=1,2, we have d,, = —€(7y)dy,, where
() is equal 1 if 7y is good and —1 if 7y is bad.
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Proof of Lemmal6.5 Let 8P(2n) be the space of path a: [0,1] — Sp(2n)
such that

a(0) =1 and «(l) € Sp*(2n) = {A € Sp(2n) | det(A —I) # 0}.

A symplectic matrix in Sp*(2n) is called semi-simple if it can be written as
the direct sum of block matrices (with distinct eigenvalues) of the following

types:

. . o cosf) —sind 1
(I) Eigenvalues in the unit circle: Ep = (sin@ 080 > , eS8

(IT) Eigenvalues in the real line: Hy = (3 (1)> , AeER;
by
a 0 —b 0
(III) Eigenvalues are quadruples: Qg5 = 2 % 2 _aal’*bz ,
0z 0 fw

(a £ ib)*! are eigenvalues.

By density of semi-simple matrices [I7, Proposition 26|, one can assume ¥(1)
is semi-simple. The contribution d,,, to the differential is a locally constant
function of the path components of 8P(2n). In particular, one can deform
the path W(¢) to another path W'(¢) via within the same path components
such that the end point ¥'(1) of ¥/(¢) has no blocks of type (IIT). This
is achieved by degenerating the quadruple of eigenvalues A, A, % and % to
either a pair of eigenvalues 0,6 on the unit circle with multiplicities two, or
to a pair of positive eigenvalues AT, /\% if A\>0and A7, /\% if A <0 with
multiplicities two respectively. Therefore without lost of generality, we can
assume that the linearized return map W(1) is a direct sum of blocks of type
(I) and (II). One can further choose the trivialization v*T'M along v such
that W(t) has the following form for convenience

H-

n3
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where

0 1

B _ [cos(8;t) —sin(0;t)
B0 = 1o (0= (Gmgy) o).

et 0
mro=-ruo=(% ).

e

At) = <1 Ct) for some C' > 0,

where 6; € S and a; = In(\}). Here H; (t) is homotopic with fixed end
points to the concatenation of 2k paths of symplectic matrices given by

Re(t), Pou()Re(1), Re(t)Po(1)R(1), ..., Pu(Re(1)Pu(1)... Re(1),

k k k

product of 2k matrices

where b; = In(—A; ) for some A, < 0. The resulting concatenated path is
piece-wise smooth and continuous when ¢t = j/2k for all j =1,2...,2k — 1.

Due to simple form of the solutions u;(s, t) = (ka;(s) + kt, 0) to the Floer
equation in N(7), the linearizations can be computed as follow

"

Ui(s,t) = U(t + a;(s)) and ®'(s,t) = echo(@i(s)tJo B

where B = Diag(1,0,...,0) and ¥(¢) is the linearization of the flow of the
unperturbed Hamiltonian ¢%,,. The matrix

Wi(s,1) - Bi(s, 1) = U(ay(s))es (@) )B
can be evaluated and equals to

Diag(A(c:), By (), .., En, (s), Hi (o), ..., Hyf (i), Hy (o), ..., Hy, (04)),

s Hng

where

Aai(s)) = (3 Ca{(s)> (mlf(i-(s)) (D

<1 + Ca;(s)eh” (a;(s)) Cozi(s)>
eh” (a;(s)) 1 '

After reparametrizing U(s, 1) - ®i(s, 1) as in Remarkbelow, one obtains
loops of symmetric matrices S*(s) given by
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S4(ai(s))
Sf (ai(s))

S (auls))
St (0u(s))

(6.8) where 54 (a(s))) = —Jo - %Zl(ai(s)) - Alai(s)~h

As WUi(s,1)-®i(s,1) is in block diagonal form, and generically one can
choose the Morse function h.(t): N(vy) = R such that all crossings of
W'(s,1) - ®i(s,1) occur in different time. Thus it suffices to analyze the cross-
ings for each block. For the first block A(a;(s)) with i = 1,2, there exists
a crossing s € R such that h{(a;(s))) =0 so that det(A(a;(sf)) —1I) = 0.
This crossing is transverse and ker(W* (s}, 1) - ®i(s}, 1) — I) = Span{e; } with
e1 = (1,0,...,0). By (6.8). One computes the (1,1)-entry of Sa(a;(s)) and
observes that

a(U' (s, 1) - P(s, 1) )er = —ehg (ai(s)).
Since sign(h{/(a1(s}))) = — sign(hf (a2(s3))), we have that
Sign(Q(lIll(stl)v 1) ’ (I)i (3(1J> 1))) == sign(q(\I/2(sg, 1) ’ CI)E(S& 1)))

for crossings sj and s3. One observes that s} is the only crossing of W(s, 1) -
®l(s,1) as cg € St is taken to be sufficiently closed to zero in the definition of
the Morse function hg. For W?(s,1) - ®2(s, 1), each block matrix H; (az(s))
contributes (k — 1) more crossings precisely when

(6.9) Tr (R,T(ag(s))P%(l) ... R:(1))

~~

product of 2j4+1 matrices, j > 1

Ty <ejlliicos(a2(s)) —ef sin(az(s))> _9
e & sin(aa(s)) e & cos(aa(s))

For each 1 < j <k — 1, there is only one s; € R such that is satisfied,

that is to say that as(s;) is the only crossing in (7, %) for each j. The
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kernel of H; (aa(sj)) — I is 1-dimensional. For each crossing s;, we compute
the sign of the crossing form by observing that

(6.10) Si<a2<s>>=<e”a'2(s) o )

is negative definite when as(s) € (4
implies that

BT
Y
SN—
)]
@,
=]
)
@
o)
S~
—~
[V
SN—
AN
e
g
=
o
=
®
m
=
—
=
=.
n

sign(q(¥?(s;,1) - ®2(s;,1)) <O forall j=1,...,k—1

on the 1-dimensional kernel. Since there are ns block matrices whose eigen-
values are negative in the linearized return map ¥(1), the total contributions
of all the crossings provide us the relation

dul = (_1) ’ (_1)(k71)n3duz

One observes that (—1)*~Y7 = —1 if and only if both k — 1 and nj are
odd, which precisely corresponds to the definition of bad Reeb orbits in
(5.2]). Therefore, we conclude that d,, = —e(y)dy,. O

Remark 6.6. To obtain a loop of symmetric matrices in , one needs
to reparametrize the path of symplectic matrices as

T (x(ai(s), 1) - B (x(eu(s)), 1),

where x: [0,1] — [0, 1] is a non-decreasing such that x’(0) = x’(1) = 0. Also,
the block matrix H; (t) in ¥(t) is only piece-wise smooth. In order to ob-
tain continuous loops S; , we reparametrize H; (t) to be H, (x(t)) with
X'(t) =0 when t = 5&, i =1,...,2k — 1. However the sign of the crossing
form is independent of the parametrizations, so we have suppressed the
reparametrization x in the above proof.

It remains to compute A, associated to each solution v; of the BV
equation in the definition of A. We recall that the solutions to the BV
equation at ; for i = 1...k are given by

vi: Rx ST — 8t x R2n—1
vi(s,t) = Vit (Ta,(5)) = (kai(s) + kt, 0).
Hm vi(s,t+ 2) = F(t+ ),  lim v(s,t) =A(t).

§——00 k k s—+00



Periodic symplectic cohomologies 1559

For fixed 0; the linearization of the equation (3.9)) at v; can be written as

Dy, : WHP(R x St 81 x R?™ 1) 5 LP(R x St, St x R?"71)
Dy, (X) = 85(X) + Jodu(X) + S(t + ai(s)) - X
.5 5 i % &
Sgr_noo S(t+ai(s)) =S(t+ E)’ Sl}gloo S(t+a;(s)) =8(t),
where JoS and JoS in sp(2n) generates U5 (t) and W5(t) in Sp(2n) re-

v
spectively. As defined in Section each v; € MA(%,7) induces a map
A, : 05 — o5 under

(6.11) 05 @ | Ty, Ma(¥,7)| 2 det(Dy,) ® det(Tp,S*) @ os.
If we fix the orientation of Ty S! to be R(%), then ker(D,,) is spanned by

. 0
€(vi)(fi(s),0) with f;(s) := aai(s) <0,
where €(v;) is equal to £1 if the isomorphism A,,: 05 — oy is given by
multiplication by +1. The value of €(v;) is determined by comparing the
chosen orientations of two sides of (6.11). The following Lemma [7, Lemma
4.27] is required to compute €(v;).

Lemma 6.7. Given a loop of nondegenerate symmetric matrices Sy (t), we
define Si(t) = S1(kt) and assume that Sk(t) is also nondegenerate. Consider
operators

(6.12) T .= 85 + Joat + Sk (t + BE:)> 5

with 5: R — [0,1] a smooth function such that

lim S(s)=1, lim B(s)=0

S§——00 S$—+00

and |B'(s)| < C for some small enough constant C, there are actions on

s
O := 0_(Sg) or O(Sk, S) defined by
V(D) :=T#,D, p>0.
The induced action of \I/Z on Det(O) is orientation reversing if and only if k

is even and the differences of Conley—Zehnder indices pcz(¥s,) — poz(¥s,)
s odd.
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Let T be the operator defined in (6.12). The i-th iterations of T" is defined
to be
T =T#, - #,T.
—_——
i

Taking Sj(¢) = S(t) in Lemma we have
. < i
T =0s+ JoOr + S <t + kﬁ;(s)> .

where /B;(s): R — [0, 1] is another smooth function depending on p and ¢
such that

lim 62(5) =1, lim Bf)(s) =0 and \8552(3)\ < C.

§——00 s—+00

Lemma 6.8. For each vy € P(HT) which corresponds to a k-fold Reeb orbit,
we have A, = (e(7)) 1A, where €(v) is equal 1 if v is good, and —1 if 7
is bad.

Proof. For each (6;,v;) € Ma(7,7), the stabilization of D,,

Dy,: Ty,S' @ WP(R x S', St x R?"™1) — LP(R x S, §' x R*"1),
Evi(U’X) = U+DU1(X)

is a surjective operator. For p > 0, the glued operator D; := Ti_la&;lﬁpﬁv1
is also surjective with a uniformly bounded inverse @;. It is shown in [6,
Corollary 6] or [I3, Proposition 9] that restriction of the projection

(I-Qio D,-)|ker(5n): ker(D,, ) — ker(T"'#,D,,)

is an isomorphism. Lemma [6.7] now implies that this isomorphism is explic-
itly given by

e(v1)(f1(5),0) = e(v1)(e(7) (£ (5),0),

where fz#(s) is the extension by zero of fi(s) in ker(D),, as the operator
T~! has trivial kernel. Since the norm Hfz# — fillwr» — 0 as p approaches
0o, we have fz# (s) < 0 as well. Then it suffices to show that for each i there
is a continuous path of surjective operators connecting D,, and T ifl#pﬁvl
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in O(S(t + ), 5(t)). We consider the path of stabilized operators

Di: ReW'"(R x 8', 8" x R 1) — LP(R x S', 8" x R**™1),
D (v, X) = v+ 0,(X) + Jody(X) + 8(t + i ())(X),

where Al (s): R — S! is a linear homotopy between a;(s) and %ﬁ;(s)#pal(s)
satisfying

lim hl(s)=—, lim h;‘(s):%’ fori=1,...k and r € [0,1].

§——00 s——+00

Let ker(D;) be spanned by (f*(r, s),0) with

1(0,5) = €(v;) - fils) and f'(1,8) = (e(7)" "e(vn) - £ (s).

By linearity of D;, the sign of fi(r,s) is constant sign for all r € [0,1] and
for each 1, that is,

sign(e(v;) fi(s)) = sign(e(vi)(e(7))' " 7 (5)).
Together with the fact that f;(s) < 0 and fi#(s) < 0, we conclude that
e(vi) = (e(7))e(v1), or, Ay, =(e(7)) Ay, fori=1,....k
as claimed. ]

Having computed the equivariant differential 65" between ~ and ¥, we
present the proof of Theorem as follows.

Proof of Theorem[6.1. Given 0 =1y <l <lp <--- with [; €8 for i >1,
we set 7; = % and define HPg ,.(M) %@HP§17IOC(M,Hgi) as in
(5.15). By Lemma for fixed 7; there is a filtration induced by ([5.8))
on CF*(M,H/")((u)) given by

FPCF*(M,H;i)((u))z( &y Z<%>>((U)),
A

H;’i ('Y) Zaﬁ,
YEP(H,")
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and the associated graded complexes are defined by

GPCF*(M, H]) :== FPCP*(M, H]")/FP~*CP*(M, H[")

= ( ) Z<07>> ((u)).

| <A (V)<as,
yEP(H{)

The Ey-page of the spectral sequence associated to this filtration is given by
ENY = GPCPPTI(M, H]).

Since we have assumed that all 1-periodic orbits 4 have distinct action
Apri(77) by condition (5.5)), the associated graded complexes are precisely

GPOF* (M, H{")((u)) = Z{o5, 05) @z Z((u)).
It suffices to compute J; on o5 and oy to obtain the differential
do: EY = G°CPPH(M, H) — BRI = GOOPPratt (M, H).
Proposition implies that for all p # 0 and [7] = || + 1 = ¢, we have
(613) - =5 BN 2 2(5) & EPU 2 2(7) =5 BRI 2 2ud) & -

if v corresponds to a good Reeb orbit on OM, or

(6.14) - BpU 2 2(Y) 7 B2 1) % BT 2 2wy)

if v corresponds to a bad Reeb orbit. When p = 0, as all 1-periodic orbits ~
with Ay () = 0 are critical points of the Morse function Hy"|1n¢(ar), there
is no regular solutions to fori > 1.S06; =0on Eg’q for ¢ > 1 and all q.
This implies that dg: Eg I Eg 4+1 aerees with the Floer differential 6y = d.
Also, it is shown in [25, Theorem 7.3] that for C?-small Morse function
H{" |1ne(ar) the differential 6o agrees with the Morse differential dy;. Together
with (6.13) and (6.14]), one obtains that the E;-page of the spectral sequence
associated to the corresponding filtration on CP*(M, H") ®z Q is given by

EPT=0, p>1,
BV = HI(M,Q)((u)).

We conclude that this spectral sequence degenerates at Ei-page and con-
verges to H*(M,Q)((u)) for each 7. Now for 7; < 7, there is a natural
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inclusion of filtered cochain complexes
tij: CFY (M, H{)((u)) ®z Q = CF*(M, H)((u)) ®z Q,

which induces identity maps between (ES?)™ and (ES?)™ if p < i and zero
maps otherwise. As 7, — 00,

{(ELDT, (dr) }ixo

forms a direct limit of spectral sequences with respect to ¢; ;. We have shown
that ((E59)™, (do)™) converges to H*(M,Q)((u)) for all 7;, it follows that
the direct limit is still H*(M,Q)((w)). This finishes proof. O

7. Periodic symplectic cohomology H P, (M)

We define periodic symplectic cohomology of a Liouville domain H P§, (M)
in this section. Given 7; — oo with 7; ¢ 8§, we choose a cofinal system of
admissible Hamiltonians H = {H/" };>¢ of slope 7;. One considers a formal
variable g of degree —1 satisfying ¢*> = 0 and set

CF*(M, H*)|q) := CF*(M, HI*) @ qCF*(M, H*) for all .

Elements of CF*(M, H/")[q] are of the form a+ bg for a € CF*(M,H]")
and b € CF*(M, H["). The telescope construction of {CF*(M, H]")}i>1 in-
troduced in [3] is given by the following diagram with appropriate Koszul
signs omitted.

d d

A A A

O ) O
d d

d
where k¢ is the continuation map associated to the monotone homotopy

between H;* and H; ™. Explicitly, this is given by the infinite direct sum

CF (M. ) = ) CF (M, H})[g
i=1
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with the total differential
do(a+ gb) = (=1)™Dd(a) + (=1)%9®) (qd(b) + ro(b) — b)

for a +gb € @(M, H). Similarly given 0; with j > 1 in the definition of
65", we can extend it to an operation &; on CF*(M, H) by setting

B+ gb) = (~1)95;(a) + (~1)9) (qa (8) + r; (v).

where kj: CF*(M,H]") — CF*~%(M,H;"*") are defined previously in
(4.7). Using the facts

> 66, =0 and > kb — 6k =0 forall k>0,
it+j=k itj=k

it can be shown that ), ik &g] = 0. This implies that the cochain complex

(@(M JH), {gj}jzo) is an S'-complex. The periodic symplectic cohomol-
ogy of the Liouville domain M is then defined to be the homology of the
cochain complex

(CF (M. H)(w)), 3 =5+ uby + 025y + ).

We denote the resulting cohomology groups by HPZ, (M, H). In fact, pe-
riodic symplectic cohomology is independent of the choice of Hamiltonians
H = {H/ }i>0, which is shown as follows.

Proposition 7.1. Periodic symplectic cohomology H P& (M,H) is inde-
pendent of the choice of the sequence of admissible Hamiltonians H =
{H]" }i>0 used in the definition.

Proof. Given another choice of the cofinal system of admissible Hamiltonians
K = {K;};>0, we need to construct a map f = (fo, f1,...) of S1-complexes
between 5F\*(M, H) and 5F\*(M, K). Let HU K be the union of the cofinal
systems of Hamiltonians. There is a pre-order on H LI K by slopes of the
Hamiltonians. We call K;’™™ is the m-th successor of H]* in K if H]" and
K™ in HUK satisfy

(7'1) Hg'i = HZ?:+1 j j H;'Hni j Kfjﬂ j
< Kffrm <. = Kt(’“’"j < H;—i+77'i+1

for some non-negative integers n; and m,;. We will define the map f
of S'-complexes on each summand of CF*(M,H) as follow. For a; €
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CF*(M,H]"), the map f, is given by

folai) = np(ai) + nj(ai) + - + 10 (as),

where n)': CF*(M, H[") — CF*=2P(M, K;’*™) is the p-th order continua-
tion map associated to the monotone homotopy between H; and K,
for m=1,...,m;. To determine the value of f, on the element gb; of
qCF*(M,H]") with n; > 1 and m < m; in , we consider the following
diagram for each successor K;’*™ of H]" in K

55t 55

() (M)
CF*(M, H' CF*(M, H[*+)

w| GCE L HR) o
hm

3

CF*(M, K"” C’F*(M, K7y

6 CF (M, "ﬁ) 6

55

where A" := (h{',hY",...) is the Sl-equivariant homotopy operator, pro-
vided by Lemma below, between the maps n™*! ok and &’ o n™ of S'-
complexes qC F*(M, H[") and CF*(M, K]*"*"). Depending on the ordering
of H]* and K;”*" in (7.1), we define that

>ouy qnp(b )+ij_1 hy(bi) if n; > 1,
b;) = e .
fp(q ) {ZSJ1 qnp(bl) + hp (bz) if n; = 0.

The fact that A™ is a S'-equivariant homotopy operator between the maps

n™ o k and K’ o n™ of Sl-complexes qC F*(M, H]") and CF*(M, K;7*™+")
for all m < m; implies that

> (b + 8ufi)(abi) = 0 for all d, j.
ktl=j

The same relations hold for all a; € CF*(M, H;*). So f = (fo, f1,-..) defines
a map of S'-complexes CF*(M,H) and CF*(M, K).
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There is a natural filtration on @(M ,H) defined by
F*CF*(M, H) @CF* M, H])[q] © CF*(M, H*).

The natural inclusion
vt CF*(M, H*) — F*CF*(M, H)

induces a quasi-isomorphism. For k <[, there is a commutative diagram

CF*(M, H*)—*— FFCF*(M, H)

I |

CF*(M, K7 FICF*(M,K)

up to a chain homotopy. This implies that
H,(CF*(M, H),by) 2 lim HF*(M, H[*) = SH*(M).

H,(CF*(M,K),b0) 2 lim HF*(M, K;") = SH*(M).

As the restriction (fo|pi)s« of the induced map (fp). in homology to
F'CF*(M,H) satisfies that

(folp:)e: HF*(M,H[") = HF*(M,K;""")

and (fo|p:)« is compatible with the direct system for all i > 0, the S'-
equivariant cochain map f yields a quasi-isomorphism

(fo)» : CF*(M,H) — CF*(M,K).
We can then conclude that there is an isomorphism
HP (M,H) = HP& (M, K)
by appealing to Proposition O

Lemma 7.2. Given admissible Hamiltonians Hy and K; with Hy < Ky,
and continuation maps k = (Ko, k1,...) and K" = (k{, K], ...) associated to
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two different monotone homotopies (Hsy, Jst) and (Hgy, Jiy), there eists
an S'-equivariant homotopy operator h = (hg, h1,...) with

hi: CF*(M, Hy) — CF* %71 (M, K;)
such that the relation
(7.2) Kn — H;L = Z hiéj + (thz‘
i+j=n
1s satisfied for all n > 0.

Proof. Given two monotone homotopies (Hs, Js¢) and (H{,, Jg,) between
(Kt, Jo) and (Hy, J1), we consider a family of admissible pairs (H,, J;;) in
H(M) x J(M) parametrized by [0,1] x R such that

. JHsyifr€[0,0] o Jst if 7 €]0,6]
U\ HL, ifre[1-6,1], Ty ifr e [1—6,1],

s,t

for some ¢ > 0 sufficiently small. Using the extension procedure described
in (4.5), one obtains the Floer data (Hy ,,,Jy ;) defined on M x S2N+1
for each N. Let

M?(VO;VI) = M?(VO)VI; H]Qf,syb ']]’r\-f,s,ta fN?gN)

be the moduli space of triples (r,u, z) where r € [0,1] and u: R x S — M,
z: R — S2NF1 are solutions to the system of equations

(7.3)

O+ T (W) (D — X o () = 0,
4+ Vin(z) =0,

with asymptotic behaviors

(7.4)  lim (u(s,-),2(s)) € S*- (90, Z:), lim (u(s,-), 2(s)) € S* - (71, Zo)-

li
§——00 §—00

There is a free Sl—actiori on the moduli space 3\7[?(70,71), we denote by
M%(v0,71) the quotient M”(vo,71)/S*. The linearization of the first equa-
tion in ([7.3]) yields a linear map

D:ReT,(S" - W*Z)) & WYP(R x ST, u*(TM)) — LP(R x S*,u*(TM)),

where p > 2 and W*(Z;) is the unstable or descending manifold of the criti-
cal point Z; of index 2i on CP?". The Floer data (Hy o4+ s4) 18 regular if
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the linear map D is surjective. This is equivalent to surjectivity of the linear
map

T,[0,1) ® To(S* - W%(Z;)) — coker(Dy,),

where D, is the linearized operator associated to an element (r,u,z) in
M (49, 71). For regular Floer data (Hy ¢4 I s4)» the dimension of the mod-
uli space M%(vy0,71) is |y0| — 71| + 20 + 1. Similar to the case of BV opera-
tor, there is an short exact sequence
(7.5)

0— Tuﬁ?(xo, r1) — T:[0,1] @ T, (S' - W¥(Z;)) @ ker(D,,) — coker(D,) — 0,

which induces an isomorphism of determinant lines
(7.6)
det(T, M (70,71)) ® det(TpSt) = det(D,,) @ det(T,[0, 1]) @ det(TpS') @ det(T, - W(Z;)).

There is another isomorphism given by gluing theory in Section
(7.7) [ det(T, M (0, 72))] & 03, = 05,

We fix the orientation of T,.[0,1] to be ]R(g) and choose a coherent ori-
entation for each unstable manifold W*(Z;) of a critical point Z; on CPY.
For |yo| = |y1] — 2i — 1, the moduli space M? (7o, 1) is zero-dimensional and
T, M (yp,v1) is canonically trivial. By comparing and (7.7)), one ob-

tains an isomorphism
D 04, — 0y,

for each u in M%(v0,71) with |yo| = |y1| — 2i — 1. We can then define oper-
ations h;: CF*(M, H;) — CF*~%~1(M, K;) by

hilo, = @ Z i

[vol=|71]=2i—1 u€M (y0,71)

After taking N — oo, this defines the operation h; for all i > 0. By applying
the maximum principle to the solutions to the parametrized Floer equa-
tion with admissible choice of (H{,, J;,), proved in [26, Lemma 19.1],
we obtain a compactification M"(yo,7v1) of M"(y0,71) given by the usual
Gromov compactness Theorem for all n > 0. To see the relation , one
needs to exam the boundary of the 1-dimensional manifold M” (v, 1) with
|70 = |71| — 2n for each n. Let N be an integer such that N > n. Appealing
to the usual gluing argument, we have that the boundary is explicitly given
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by
(78) 8@(’7{], 'Yl) = MZ(’Y(M 1, HN,S,t) JN,s,t) U MZ(’}/O’ Y1s H]/V,s,w ‘]]/V,s,t)

u U (UMi(vo,v)xM?(%%)
Y

i+j=n

U UM?(’)/O”/) X M](7/771)> 5
py/

where the equality is to be understood with appropriate orientations. There-
fore, we can conclude that h = (hg, h1,...) is an S'-equivariant homotopy
operator that satisfies

Kp — R;L = Z hiéj + (5jhi.
i+j=n

This completes the proof. [l

Given Proposition [7.1], we can promote our notation of periodic symplec-
tic cohomology to HP§, (M). This implies that HPg, (M) is an invariant of
the completion M up to Liouville isomorphism.

Remark 7.3. Proposition shows that the periodic symplectic coho-
mologies H Pg, (M) is independent of the choice of admissible Hamiltonians,
so in practice it is convenient to define H Pg, (M) using autonomous Hamil-
tonians H™ with specific perturbations H = {H;"} described in Section
Namely, we choose a cofinal system of Hamiltonians H;" and define

CF*(M) := D CF*(M, H]")]q).

=1

We equipAgf?*(M)((u)) with the differential 65" = &y + udy + u2dy + - - -
The map J; is defined by

0j(a+gb) = (~1)™Vd;(a) + (~1)*9O (g8 (b) + 1 (b)),

where r;: CF*(M, H[") — CF*~2I(M, H/"*") is now taken to be the action-
preserving map ;. There is a filtered S'-structure on 5F\*(M ), and conse-
quently a filtration on H P& (M) by action. It will be convenient to use this
formulation to compute HPg, (M) in the next section.
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8. Computations for the disc and the annulus

8.1. HPg, ,.(D?) for the disk

We consider C with a primitive of & = dx A dy given by o= %(mdy — ydz).
If we denote (r,0) as the polar coordinates on C, the Liouville vector field is
given by Z = 50,. Since the Liouville vector field is of the form ROg using
the cylindrical coordinate on [1,00) x S!, this implies that 72> = R so that
ROR = 50,. Similarly, the Reeb vector field R, on the contact manifold
St = {2 € C||z| = 1} is given by 29y. The periods of Reeb orbits on S! are
kr for k € Z,. We choose a cofinal system of Hamiltonians H*"*!: C —
R, k > 0 defined in Section [5| such that Hk”+1|1nt(M) is a negative C? small
Morse function and

(8.1) HF |, o = (R;D 5 if R—1¢[0,kr+ 1];
e (kr + 1)(R=1)+C, if R—1€ [kr+1,00).

The contact manifold S! consists only good Reeb orbits which are maps
7t 81— S c C of degree i for all i € Z,. The Reeb orbit 4* of degree i
corresponds to the 1-periodic orbit 7; when R — 1 = iw. One can perturb
H***1 Jocally in a neighborhood of each non-constant 1-periodic orbit ;.
Using the explicit perturbation

kr+1 . yrkn+1
HF = B 0N i fo
i>1

each ~; gives rise to two nondegenerate 1-periodic orbits 7;,~; of Hf”“.
Their indices can be computed as follows

|¥il = =24, |3 =—-2i+1,i>1.
Also, the origin zg := (0,0) in C is a critical point of HF™ 1 for all k > 0.
The index of x¢ is the Morse index, that is |xg| = 0. For simplicity, we denote
the generator of CF*(D?, HF" 1) of index i by z;. Then we have

CF*(D* H™") = Z{zo, 21, ..., T_okt1, T_ok).

Since §; preserve the action filtration on CF*(D?, Hf”“) defined in (j5.8)),
we have that §; =0 for all ¢ > 2. Then Proposition [6.2] implies that for
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=1,k
d(z—2j) =0, A(z-gj41) = jr—2j.

Also, we see that A(x_g;) =0 as A preserves the action filtration on
CF*(M, Hf”“) in (5.8). There is precisely one solution to the Floer equa-
tion with asymptotic conditions x_9;41 and x_9;49 at £oo. This implies
that d(x_gj41) = £_2j+2. Thus we have

CF # (D*, HE™ ) ((w)) 2 Z((uw)) (0, T 1, - - -, T—2k11, T_2k),
(53 (.CU_Qj) =0, (55 (.CC_Qj+1) =x_2j4+2 t+ uj:c_gj for j=1,... k.

The homology of this cochain complex is
HP§ (D? Hf™) 22 Z((u)){[z-2x]).
To determine the homomorphism
(Rkgesr)e: HPG (D HI™) — HPg (D, BT,

we consider the continuation map ki x4+1 induced by the monotone ho-

motopy between Hf”“ and Ht(kH)WH. As the continuation map g g1

respects action filtration, the cochain complex CF *(Dz,Hf”H) have the
same generators as those of CF*(D?, HF™ 1) which we also denote by z; for
1 =0,...,—2k. For 1-periodic orbit 4 of HZWH and Htk”H, there is precisely
one regular solution to the continuation equation given by

u: R x S = N(y), u(s,t) v 7(t).

So the continuation map 7y is the identity. As the values of the Hamiltonians
HF™1 and Ht(k+1)7'r+1 agree on M U [1, km + 2] x OM, the continuation map

kh: CF*(D?, HF™ 1) o cF* (D2, HFTU™H

is given by the natural inclusion. This implies that xj 41 = ko is also the
natural inclusion

Kgr1: CF* (D2 HFTHY) () — CF*(D? HE ™ (w)),

ujmi — uj:vi.
After passing to homology, we have that

(K1)« ([T2k]) = —(k + Du[z_2k—2].
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The direct limit with respect to

(Khpr1)s: HPZ(D? HI™ ™Y — HPZ(D? Ht(k+1)7r+1)
is explicitly given by
[xo]——ulz_2]
—_—

[ _2]>—2ulz_4] [z_a]—~—3u[z_¢]
% 4> oo

Z((w))([zo) Z((w))([z—2]) Z((u))([z-a])

Under the homomorphism,
Vi Z((w){[z—2k]) = Q(u))(z0), @ a/(=1)*kl",
we conclude that
HP§ 140(D%): = lim HP (D, Hy,) = Q((u))({[ao]) = Q((u)),
which verifies Theorem in the case of D? c C.
8.2. HPZ (D?) for the disk

Let {H™ 1,50 be the cofinal system of Hamiltonian defined in (8.1)). We
apply the telescope construction to {CF*(D?, HF 1)} and obtain that

CF*(D?) = @ CF* (D2, H™)[q.
t
k=1

~

Sl-structure on 6.17\*(D2). One notices that H,(CF*(D?),6y) = SH*(D?).
By Corollary we conclude that HP% (D?) =0 as SH*(D?) = 0.

As shown in Section [7], the sequence of Operationsig\o, 51, ...) gives rise to a

8.3. HPg: ,,.(A) for the annulus

Let A= [—1,1] x S! be the annulus with coordinate (r,6) in R x S' = T*S!,
There is a biholomorphism

L T*SY = C*, (r,0) — "9,

which embeds TS Linto C. We equip A with the Liouville structure induced
by ¢*0, where 0 is the standard Liouville form § = (zdy — ydz) on C. We



Periodic symplectic cohomologies 1573

consider a cofinal system of autonomous Hamiltonians H7+!: T*S1 - R
with i > 0 on each cylindrical end [1,00) x St defined by

R-1)* . .
(8.2) H”*lz{( 7 if R—1¢€[0,im+1];

(ir+1)(R—1)+C, ifR—1€ [ir+1,00).

and H i”+1|1nt( 4) is a negative C?-small Morse function, which has a min-
imum at (0,0) and a maximum at (0,1) in A =[-1,1] x S'. We denote
by 70,0 the minimum and the maximum of H i”“hm(b( A))> respectively.
For each H*™*1 there are 2i non-constant 1-periodic orbits denoted by 7
and v_g with £k =1,...,¢, where v; and ~v_; correspond to Reeb orbits of
multiplicity k& on the two components of 94 = S' LU S with opposite ori-
entations. After perturbing H" ! to HZ”H as before, we obtain that two
nondegenerate 1-periodic orbits Ay, Jx for each 75 with indices

el =0 and [ =1 for k= —i,...,i.

with respect to the trivialization of the tangent space of T*S! given by t*a,

where a = % is the standard holomorphic form defined on C*. The Floer

cochain complex of Hf’”“l is given by
CF* (A H{™™) = LV, =i, V=it Vi1 - - -+ Fim1, Fim1, s> Va) -

For j, k # 0, the generators J; and 7, are in different free homotopy class if
J # k. So we have that d(Jx) = 0 if j # k. Together with that fact

d(k) =07k =0
by Proposition one obtains 0% (¥;) = 0 for all k # 0. Moreover, one has
55" (A1) = 0+ ku¥y, = kud for all k # 0,

as 7y corresponds to a good orbit of multiplicity k¥ on 9A = S' U St. For
k=0, we have 6% (J9) = 0 by degree reasons, and 6% (30) = 0 since the
Floer differential d agrees with the Morse differential between 7y and %y and
there is no regular solution to the BV operator in this case. This implies
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that the homology of (CP*(A, H™™1),65") is given by

HPG(M, H™ ) = @ Z/KL((w),
ke[—i,4NZ
H PG (M, Hy™") 2 Z((u)),
HPG (M H™) =Z((w) & @ Z/kZ((w)).
ke[—i,iNZ

For H/™ < Ht(iﬂ)ﬂﬂ, higher order continuation maps x; vanish for all
i > 1. Similar to the case of D? in C, the continuation map

Kigir: CF* (A HI™ ) ((w) — CF*(A, H™ M (w))

is induced by ro: CF*(M, H™Y) = CF*(M, H' ™) given by ro. With
respect to

(Ri1): HPG (A, H]™) — HPG (A, HTD™),
we conclude that

HP§1 100(A) = lim HPG (A, H™) = Z((w) © @ Z/KZ((w))-
kEZ

This confirms that HPg 1,.(4,Q) = H*(A,Q)((u)) = H*(S',Q)((u)).

8.4. HP¢Z,(A) for the annulus

Let H™! be the sequence of admissible Hamiltonian defined in (8.2)). The
telescope construction of {CF*(A, H™ 1) }i>¢ is given by

d d
(2 (2 ()

Z(Ho,Y0)  LA-1,9-1,70:70, 71, V1) L{Y-2,F—-2,7-1, 71,70, Y0 V1, V1, V25 V2)

o Tl e

qZ<a07§0> qZ<?,17’7,1,?07’70,§1,§1> """

O U

d d
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By degree reasons, §; = 0 for > 2 and x; = 0 for 7 > 1 in the definition of
85", This implies that

0% (30) = 0% (%) = 0,
5% (¢70) = —(x0(F0) — o),
5% (q%0) = xo(Fo) — Fo,

Therefore, we conclude that

HP%(A) = (Z P Z//-cZ) ((w)).

kez
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