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1. Introduction

In this article we study the asymptotic behavior of multiplicities of Lie group
representations arising from group actions on manifolds.

If G is a compact connected Lie group, its irreducible representations
are parametrized by a semi-group Ag of dominant weights. We consider
admissible G-representations, namely those admitting a decomposition

Here VHG is the irreducible representation of G associated to u € AE, and
mp(p) € N is the (finite) multiplicity of V,% in the representation E. The
fonction mp : Ag — N is called a multiplicity map.
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Recently, Stembridge [28] has proposed to generalize a classical result
of Murnaghan by introducing the notion of stability. A weight u € Ag is
called

e semi-stable if mp(nyu) =1 for all n > 1.

o stableif mp(p) > 0, and if the sequence mpg(\ + nu) converges for any
A E AL

It is natural to consider weaker notions: a weight u € Ag is called

o weakly semi-stable if the sequence mpg(nu) is bounded,

o weakly stable if the sequence mpg (A 4+ nu) is bounded for any A € Ag.

Obviously we see that weak stability = weak semi-stability.
Definition 1.1. The admissible representation E is fine if
{weakly stable weights for mp} = {weakly semi-stable weights for mpg}
and {stable weights for mp} = {semi-stable weights for mpg}.

When an admissible representation E is fine, we associate a stretched
multiplicity map

(1.1) mh: AL =N

to any stable weight 41, by taking m’,(\) = limy, 0o mp(X + np).

The main purpose of this paper is to exhibit a large family of fine ad-
missible representations for which we are able to compute the stretched
multiplicity maps.

Consider a closed subgroup K of G, not necessarily connected, and a
finite dimension K-module V. We assume that the algebra Sym(V™*) of poly-
nomial functions on V has finite K-multiplicities. Let

E = Eq kv := Ind%(Sym(V*))

be the representation of G which is induced by the K-module Sym(V*). We
have E =3_ mE(,u)VMG where each multiplicity
: * * K
mi (1) = dim [Sym(V*) ® (V)|

is finite.
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The main result of this paper is the following

Theorem 1.2.

e The admissible representations Eq kv are fine.

o Let u be a stable weight for mg. The stretched multiplicity map mﬁé
has the following expression:

mf = mpy,
where &' = Eq, g v/. Here G, is the stabilizer subgroup of i, H is a closed
subgroup of Gy, and V' is a H-module such that the algebra Sym((V')*) has
finite H-multiplicities.

The following important example is concerned with the branching laws.

Example 1.3. Consider a morphism p: K — K between two connected
compact Lie groups. Let us work with the groups G := K x K, K < G
embedded diagonally, and with the trivial K-module V = 0. In this setting
the multiplicity function mg corresponds to the branching laW5E| between
the representations of K and K:

~ = K
(1.2) me (A, ) = dim [V @ V|,
for (A, X) € A x AL

So Theorem shows that any branching law defines fine multiplicity
map. This fact generalizes previous results obtained by Stembridge [28] and
Sam-Snowden [26] for the Kronecker coefficients (see Section for more
details). Notice that Pelletier has also obtained a geometric proof of the
equivalence stability ~ semi-stability for the Kronecker coefficients [25].

Our computation of the stretched multiplicity maps extends some results
obtained by Brion [9], Manivel [15] and Montagard [19] in the plethysm case.
In fact, when p is weakly stable, we get a formula for mg(\ + nyu) when n
is large enough.

Another interesting question is to produce examples of stable weights. In
the case of Kronecker coefficients, Vallejo [31] and Manivel [16] introduced a
notion of “additive matrix” that permits them to parametrize a large family
of stable elements. In Section 5 we show that this notion can be adapted

n Section we will use another convention for branching coefficients, taking

the dual of V¥ in (1.2).
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to any branching laws (see Definition [5.1)), and we compute the stretched
multiplicity maps associated to the corresponding stable weights.

We finish this introduction by explaining a geometric result that we use
to obtain Theorem [I.2] and which is interesting for itself.

Let M be a compact complex manifold acted on by a compact Lie group
G. Let L — M be a G-equivariant holomorphic line bundle that is assumed
to be ample: the group G acts by holomorphic transformations on £. In
this context, we are interested in the family of vector spaces T'(M, L®")¢
consisting of G-invariant holomorphic sections, and more particularly to the
sequence

H(n) := dim (M, L)% n > 1.

For any holomorphic G-vector bundle & — M, we consider also the sequence
He(n) == dimT(M, € @ L), n > 1.

We obtain the following geometric stability result.

Theorem 1.4. If H(n) is bounded, then the sequence Hg(n) is bounded
and can be computed for large values of n.

Let us explain the contents of the different sections of the article.

e In Section 2.1] the precise statement of Theorem [I.4]is given in Theorem A.
e In Section 2.2 we apply Theorem A to the case of branching law coefficients.
See Theorem B.

e In Section [2.3] the precise statement of Theorem [I.2]is given in Theorem C.
e In Sectionwe recall some basic properties that follows from the [Q, R] = 0
theorem.

e Section [4] is dedicated to the proof of Theorems A and C.

e The final section is devoted to some examples.

Notations. Throughout the paper:

e (§ denotes a compact connected Lie group with Lie algebra g.
e T is a maximal torus in G with Lie algebra t.

e A C t* is the weight lattice of T : every p € A defines a 1-dimensional
T-representation, denoted by C,,, where t=exp(X) acts by t#:= el X)

e We denote by R(G) the representation ring of G : an element E € R(G)
can be represented as finite sum F = ZueAg muVHG, with m, € Z. The

multiplicity myg of the trivial representation is also denoted [F]¢.



Stability property of multiplicities of group representations 1393

e We denote by R(G) the space of Z-valued functions on G. An element
E € R(G) can be represented as an infinite sum E =} ¢ \+ m(u)VMG,
with m(u) € Z.

e If K is a closed subgroup of G, the induction map Ind%’; : R(K ) —
R(G) is the dual of the restriction morphism R(G) — R(K).

e When G acts on a set X, the stabilizer subgroup of x € G is denoted
by G, :={g9 € G| g-x = z}. The Lie algebra of G, is denoted by g,.

Acknowledgements. The author would like to thank Pierre-Louis Mon-
tagard and Boris Pasquier for many valuable discussions, and Michele Vergne
for her insightful comments.

2. Statement of the results

In this section, we consider the action of a compact connected Lie group G
on a complex manifold M.

2.1. Geometric stability

We assume here that M is compact and is equipped with a G-equivariant
holomorphic line bundle £ that is assumed to be ample. Then there exists
an Hermitian metric A on £ such that the curvature Q :=i(V")2 of its
Chern connection V" is a Kihler class :  is a symplectic form on M that
is compatible with the complex structure. By an averaging process we can
assume that the G-action leaves the metric and connection invariant.

The moment map ® : M — g* is defined by Kostant’s relations

(2.3) L(X) = u(Xp)V'=i(®,X) forall X eg.

Here L(X) is the Lie derivative on the sections of £, and X(m) := d%e_sx :
m|s—o is the vector field generated by X € g.
An important object here is the Marsden-Weinstein symplectic reduced
space
My = ®71(0)/G.

The first important result is that My is homeomorphic to the Mumford GIT
quotient M /G¢ = Proj (&,>0l'(M, £8™)) [12,27]. We can then deduce the
following basic fact.
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Lemma 2.1. The sequence H(n) := dimI'(M, £L®")% n > 1 satisfies the
following equivalences:

eH(n)=0, Vn>1 < My=1,

e H(n) is non-zero and bounded <= My = {pt}.

We take m, € ®~1(0) and we denote by H the stabilizer subgroup of
m,. Kostant’s relations implies that the action of the connected component
H° on L|,, is trivial and so the H-module £LZ"|,, is periodic.

The following result is a particular case of the [@, R] =0 theorem of
Guillemin-Sternberg [10, 27, 29].

Proposition 2.2. When My = {pt}, we have H(n) := dim[L®"|,,,]. In
particular if H(1) # 0, the H-module L|,, is trivial and then H(n) =1 for
allm > 1.

Let us recall the geometric criterion that characterizes the fact that the
reduced space My is a singleton. The tangent space T,, M at m, is a H-
module and we consider the sub-module g¢ - m, C T, M consisting of the
tangent vectors at m, of the complex orbit G¢ - m,.

The following H-module is important for our purpose:

(2.4) W= T,,,M/gc - mo.

Let Sym(W*) be the H-module consisting of polynomial functions on
W. The following standard fact is explained in Section [3]

Proposition 2.3. We have ®~1(0)=Gm, if and only if the H-multiplicities
of Sym(W*) are finite.

Our “geometric stability” result takes the following form.

Theorem A. Let £ — M be an holomorphic G-vector bundle, and consider
the sequence He(n) := dimI'(M, £ @ L&Y, n > 1.

o IfH(n) =0, Vn > 1, then Hg(n) = 0 if n is large enough.
e IfH(n) is bounded and non-zero, then

He(n) = dim [Sym(W*) @ &, ® L], ] "

forn large enough. Thus, the sequence Hg(n) is periodic from a certain
rank, and accordingly it is bounded.
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e If H(n) is bounded and H(1) # 0, the sequence Hg(n) is increasing
and converging to dim [Sym(W*) @ &|,,, |7

In the next section we apply Theorem A to the branching laws between
compact Lie groups.

2.2. Stability of branching law coefficients

Let p: G — G be a morphism between two connected compact Lie groups.
We denote by dp: g — g the induced Lie algebras morphism, and by = :
g* — g* the dual map.

Select maximal tori 7 in G and T in G, and Weyl chambers {*>0 in t*
and t¥, in t*, where t and t denote respectively the Lie algebras of T' and
T. Let AJr C %’;0, AL C tL, be the set of dominant weights.

For any (u, 1) € A+ X AJF7 we denote by VG, VG the corresponding ir-
reducible representations of G and G, and we deﬁne

(2.5) my(p, 1) € N

as the multiplicity of VG in VG|G

To (u, 1) € AJr X A+ we associate the coadjoint orbits Gu and GJi, viewed
as Kéhler manifolds, and the ample line bundles £,, — Gu and E — Gji
that are defined by £, ~ G x¢g, C, and /J“ ~G e Cp. The G- 1nvarlant
complex structure on the homogeneous manifold G is such that the tangent
space T, (Gp) is isomorphic to 3, y50(g ® C)a.

By Borel-Weil theorem, we have V#G =TI'(Gp, L£,) and Vf =I'(Gf, Eﬁ),
so that

m,,(nu, ni) = dimI'( MM,E@)") , n>1,

where M wi = (Gp)™ X Gfi is a G-compact complex rnamfoldl ?land £, ; ==
(L£,)"' W L is a G-equivariant ample line bundle on M, j.
Another version of Borel-Weil theorenf| says that

Vi, =G, Ex® L"), n >0,

where £, ~ G xg, V * is the holomorphlc G-vector bundle associated to
the irreducible representation VA of G, with highest weight A. Finally we

2(Gu)~ denotes the manifold Gy with the opposite complex structure.
3See Section 1 of [19] for an explanation.
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see that
m, (A +np, A+ nji) = dim (M5, €, 5 © LIS n > 1,

with £, 5 1= (62)" K &5,

For any couple of weights (u,fi), we denote by (Gfi), the reduction
of the G-Hamiltonian manifold Gfi at g : in other words (Gfi), := GfiN
71(Gu)/G. Thanks to the shifting trick, we notice that the symplectic
reduction of the G-manifold M, ; at 0 coincides with (GJi),.

In this setting Lemma, [2.1] gives the following

Lemma 2.4. We have the following equivalences
o m,(np,nji) =0, ¥n > 1 <= (Gli)y = (Myp)o =0
o m,(nu,njt) is bounded and non-zero <= (Gfi), = (M, ;)0 = {pt}.
When (C;i/]) . = 0, Theorem A tell us that for any dominant weight (X, \),
m, (A +np, A+ nji) = 0 when n is large enough.
_ Let us concentrate on the case where (Gfi), = (M z)o = {pt}. Let &, €
Gfi such that 7(&,) = p. We consider the point m, = (11,&,) € My, j and its

stabilizer subgroup H = G,,, that is contained in G,.
We consider the following H-modules associated to m, = (u, &,):

1) Dy i= Lyjlm, = (Cu)*lr ® Lile,,
Gy«
2) Ey5 =& slm. = (V)"0 ® Ele,»
3) W := Ty, M, /8¢ - M, that is isomorphic to T¢, Gfi/p(p,) - €. Here
(2.6) pi=teC e P (20,

(e,) >0

is the parabolic subalgebra of g ® C associated to p.

Note that H° acts trivially on the 1-dimensional H-module D, ; (it is
a consequence of Kostant’s relations). Thus the sequence (D,Qf%)nzl of H-
modules is periodic.

In this setting Proposition says that (Gfi) x = {pt} if and only if the
H-module Sym(W*) has finite H-multiplicities. Theorem A becomes

Theorem B. Let (u,fi) be a dominant weight such that m,(nu,nf) is
bounded and non-zero.
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o We have m,(npu, nji) :dim[Df’Z]H, n>1, and for any dominant weight
(A, A\) the equality

my(A+ np, A+ nji) = dim[Sym(W*) @ B, 5 @ DS

holds for n large enough. In particular the sequence m,(\ + nM,S\ +
njii) is bounded.

o If my(p, i) #0, we have my(np,nji) =1,¥n > 1. Moreover the se-
quence my(A 4+ nu, A + nfi) is increasing and constant for large enough
n, equal to dim[Sym(W*) @ E, 5]7.

In Section 5| we give some examples where Theorem B applies.

2.3. Stability in a non-compact case

We consider here a closed subgroup K of GG, not necessarily connected, and
a Hermitian K-module V. We denote by ®y : V — £ the (moment) map
defined by (®v(v), X) = 1(v, Xv). In this section we assume that the algebra
Sym(V*) of polynomial functions on V has finite K-multiplicities.

Let E be the G-representation that is induced by the K-module Sym(V*).
We have E =3 | mE(u)VNG where mg(p) = dim[Sym(V*) ® (VHG)*]K]K.

The study of the asymptotic behavior of the multiplicity function p —
mp(u) uses that the representation space E can be constructed as the “ge-
ometric quantization” of the Hamiltonian G-manifold

(2.7) M:=Gxg (E-aV).
The moment map on M is defined by the relation

O([g;§ D)) =g (E+ Pv(v)),

and the complex structure on M comes from the natural isomorphism M ~
G(C X K¢ V.

We denote by M, := ®~1(Gu)/G the symplectic reduction of M at pu.
Here the [@, R] = 0 theorem gives the following

Proposition 2.5. We have the following equivalences:
e mg(nu) =0, Vn>1 <= M, =10,
e mg(nu) is non-zero and bounded <= M, = {pt}.
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We fix a dominant weight u. Let x, € M such that ®(z,) = u. Its sta-
bilizer subgroup H C G is contained in G,. Hence the 1-dimensional repre-
sentation C, of the group G/, can be restricted to H. It is not difficult to see
that the connected component H acts trivially on C,. Hence the sequence
Cypla of H-modules is periodic.

Let m, = (p,z0) € P = (Gu)~ x M. The H-module W := T,,,  P/gc - m,
is canonically isomorphic to Ty, M /p,, - z,, where p, is the parabolic subal-
gebra of g ® C associated to u (see )

Recall that the H-multiplicities in Sym(W*) are finite if and only if
=Y Gp) = Gz,.

In this non-compact setting, we obtain the following stability result.
Theorem C.

o If mg(nu) =0, Yn > 1, then for any dominant weight A we have
mg (A +np) =0 if n is large enough.
]H

o Ifmg(np) is bounded and non-zero, then mg(np) = dim[C,,| )", n >

0, and for any dominant weight A

I

H
mig(A+ np) = dim [Sym(W*) @ (V)| @ Cyln|

for n large enough. In particular the sequence mg(\ + nu) is bounded.

o If mg(nu) is bounded and mg(p) =1, the sequence mg(A+ nu) is
increasing and constant for large enough n. This constant limit value
s equal to

H
dim [Sym(W*) & (V)|
3. Reduction of Kahler manifolds

We consider a complex manifold M, not necessarily compact, and a holo-
morphic Hermitian line bundle (£,h) on it. We assume that the curvature
Q = i(V")? of its Chern connexion V" is a Kihler class (we say that the line
bundle £ prequantizes the symplectic form ).

We suppose furthermore that a compact connected Lie group G acts
on £ — M leaving the metric and connection invariant. Hence we have a
moment map ®: M — g* defined by Kostant’s relations (see (2.3)). Let
us assume that the G-action on M extends to a Gg-action and that the
momentum map P is proper. Then the G-actions on £ and on its smooth
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sections can both be uniquely extended to actions of G¢, and the projection
L — M is equivariant [27].
When 0 is a regular value of ®, the symplectic reduced space

My = ®1(0)/G

is an orbifold equipped with an induced Kahler structure form (£, Jp), and
the line orbibundle Lo := L|g-1(9)/G prequantizes (Mo, o).

In general the reduced space My has a natural structure of a singular
Kéhler manifold that is defined as follows. A point m € M is (analytically)
semi-stable if the closure of the G¢-orbit through m intersects the zero level
set ®71(0), and we denote the set of semi-stable points by M®s.

On M, we have a natural equivalence relation : x ~y <= Gcx N
Gey N M # (). The Mumford GIT quotient M //G¢ is the quotient of M®
by this equivalence relation (see [12, 20, 27]).

We have the following crucial fact

Theorem 3.1. The set M J/G¢ has a canonical structure of a complex an-
alytic space, and the inclusion ®~1(0) < M induces an homeomorphism

MoﬁM//G(C.

To get a genuine line bundle on My, we have to replace £ by a suitable
power L := £%4 such that for any m € ®~1(0) the stabilizer subgroup G,
acts trivially on L. Then Lo := £®9|p-1(9)/G is an holomorphic line bundle
on Mj.

We need the following result (see Theorem 2.14 in [27]).

Theorem 3.2. The line bundle Ly is positive in the sense of Grauert. The
reduced space My is a complex projective variety, a projective embedding
can be given by the Kodaira map My — P(T'(My, L%@k)) for some sufficiently
large k.

The following theorem is the first instance of the [@Q, R|] = 0 phenomenon.
It was proved by Guillemin-Sternberg [10] in the case where 0 is a regular
value of ® and M is compact. In [27] Sjamaar extends their result by dealing
with the non-smoothness of My and the non-compactness of M.

Theorem 3.3. The quotient map M — My and the inclusion M> C M
induce the isomorphisms T' (M, L) ~ T(M®, L)% ~ T(My, ¢¢ L), where ¢C L
is the sheaf of invariant sections induces by the line bundle L.
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In this paper we will use Theorems and to get basic results
concerning the sequence H(n) := dimT'(M, £L&")% n > 1.

Proposition 3.4. For n large enough, the sequence H(ng) is polynomial
with a dominant term of the form cn® where « is the complex dimension of
the (smooth part of the) irreducible variety M.

Proof. It is direct consequence of two facts: H(ng) := dim I'( My, L") thanks
to Theorem [3.3{ and the Kodaira map My — P(I'(My, L§™)) is a projective
embedding for n large enough. 0

We get then the following useful result.
Lemma 3.5. e H(n) =0, n>1 < My=0.

e H(n) is non-zero and bounded <= My = {pt}.
e IfH(n) is bounded and H(1) # 0, then H(n) =1 for alln > 1.

Proof. The implications = are a consequence of Proposition and the
implications <= are a consequence of Theorem For the last point we
use first the [Q, R] = 0 theorem when My = {pt} : we have

H(n) := dim [E®”]mo]H

where m € ®~1(0) and H is the stabilizer subgroup of m,. The H-module
L]y, is trivial if and only if H(1) = 1. The third point follows then. O

We can now state the corresponding result that relates the multiplicities
m”(u, n) = dim [[(M, L") @ (V)]
with the reduced spaces M, := ®~1(Gu)/G.

Lemma 3.6. ¢ m*(nu,n)=0, n>1 < M, =
e m*(nu,n) is non-zero and bounded <= M,, = {pt}.

Proof. 1t is a direct consequence of the shifting trick. We apply Lemma [3.5
to the Kéhler manifold M x (Gu)~ prequantized by the holomorphic line
bundle £L KX E;l. O

We finish this section by recalling the following basic facts.

Lemma 3.7. o Suppose that H(1) # 0. Then for any holomorphic vec-
tor bundle € — M, the sequence Hg(n) = dimT'(M, € ® LZ) is in-
creasing.
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o Letm, € ®71(0) with stabilizer subgroup H. We consider the H-module
W :=T,,,M/gc - mo. Then ®~1(0) = Gm, if and only if the algebra
Sym(W*) has finite H-multiplicities.

Proof. The first point follows from the fact that for any non-zero section
s € (M, L)Y, the linear map w +— w ® s defines a one to one map from
(M, € ® L2 into T\(M, £ @ LE1)G,

Let us check the second point. The vector space g - m, C Ty, M is to-
tally isotropic, since Q, (X - my, Y - my) = (®(m,), [X,Y]) = 0. Hence we
can consider the vector space E,,, := (g-mo)"/g - m, that is equipped with
a H-equivariant symplectic structure g, : we denote by ®g, : Ey, — b*
the corresponding moment map. A local model for a symplectic neighbor-
hood of Gm, is G xz (h* x E,,,) where the moment map is ®,,,[g;&,v] =

g€+ @g,, (v)). We see then that ®7'(0) = Gm, if and only if the set
®,! (0) is reduced to {0}, and it is a standard fact that ® ( ) = {0}
if and only if the algebra Sym(E}, ) has finite H- multlphclmes

We are left to prove that Emo ~W. Let J be a complex structure on
Ty, M compatible with the symplectic form €2, . Since the vector space
gc - My is equal to the symplectic subspace g - m, @ J(g - m,), the H-module
W has a canonical identification with its (symplectic) orthogonal (g - m, @
J(g-my))*. Finally the orthogonal decomposition

(0-mo® J(g-m0))" ®g-mo=(g-mo)"

shows that the H-modules W and E,,, are equal. t
4. Witten deformation

Let us recall the basic definitions from the theory of transversally elliptic
symbols (or operators) defined by Atiyah-Singer in [I]. We refer to [, 23]
for more details.

4.1. Elliptic and transversally elliptic symbols

Let M be a compact G-manifold with cotangent bundle T*M. Let p : T*M —
M be the projection. If £ is a vector bundle on M, we may still denote
by £ the vector bundle p*£ on the cotangent bundle T*M. If £+,

G-equivariant vector bundles over M, a G-equivariant morphism o €
C®(T*M,Hom(ET,E7)) is called a symbolon M. For x € M, and v € T, M,
thus o(z,v): |7 — €|, is a linear map. The subset of all (z,v) € T*M
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where the map o(z,v) is not invertible is called the characteristic set of o,
and is denoted by Char(c). A symbol is elliptic if its characteristic set is
compact.

An elliptic symbol o on M defines an element [o] in the equivariant K-
theory of T*M with compact support, which is denoted by K%(T*M). The
index of ¢ is a virtual finite dimensional representation of GG, that we denote
by Index¥ (o) € R(G) [3-6].

Recall the notion of transversally elliptic symbol. Let T¢M be the fol-
lowing G-invariant closed subset of T* M

TeM = {(z,v) e T"M, (v, X -z) =0 forall X €g}.

Its fiber over a point x € M consists of the cotangent vectors v € Ty M which
vanish on the tangent space to the orbit of z under G, at the point x. Thus
each fiber (T M), is a linear subspace of Ty M. In general the dimension of
(T&AM), is not constant and this space is not a vector bundle. A symbol o
is G-transversally elliptic if the restriction of o to T¢, M is invertible outside
a compact subset of T M (i.e. Char(o) N'TEM is compact).

A G-transversally elliptic symbol o defines an element of K% (TgM),
and the index of ¢ defines an element IndexY (¢) of R(G).

Any elliptic symbol is G-transversally elliptic, hence we have a restriction
map K%(T*M) — K (T§M), and a commutative diagram

(4.8) K%(T*M) —— K%(TEM)
Index); l llndexg
R(G) R(G) .

Using the excision property, one can easily show that the index map
Index?, : K& (TEU) — R(G) is still defined when U is a G-invariant open
subset of a G-manifold (see [21], 24]).

Remark. In the following the manifold M will carry a G-invariant Rieman-
nian metric and we will denote by v € T*M — U € TM the corresponding
identification.
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4.2. Localization of the Riemann-Roch character

Let M be a G-manifold equipped with an invariant almost complex struc-
ture J. Let p: TM — M be the projection. The vector bundle (T*M)%!
is G-equivariantly identified with the tangent bundle TM equipped with
the complex structure J. Let hps be an Hermitian structure on (TM, J).
The symbol Thom(M, J)€C*> (T*M, Hom(p*(A@"TM), p*(AXITM))) at
(m,v)eTM is equal to the Clifford map

(4.9) Cm(v) : A&T,, M —s NXT,, M,

where ¢, (v)w =0 Aw—(P)w for we ALT,,M. Here (0) : AGTp, M —

/\fc_leM denotes the contraction map relative to hps. Since ¢, (v)? =

—|[v||?Id, the map c,,(v) is invertible for all v # 0. Hence the symbol
Thom(M, J) is elliptic when the manifold M is compact.

Definition 4.1. Suppose that M is compact. To any G-equivariant vector
bundle £ — M, we associate its Riemann-Roch character

RRZL(M, &) := Index (Thom(M, J) ® £) € R(G).

If the complex structure J is understood we simply denote by RRg (M, —)
the Riemann-Roch character.

Remark 4.2. The character RRg (M, E) is equal to the equivariant index
of the Dolbeault-Dirac operator Dg := v/2(dg + O ), since Thom (M, J) @ &
corresponds to the principal symbol of D¢ (see [7][Proposition 3.67]).

Let us briefly explain how we perform the “Witten deformation” of the
symbol Thom(M, J) with the help of an equivariant map ¢ : M — g* [14}
211 24]. Consider the identification £ — &, g* — g defined by a G-invariant
scalar product on g*. We define the Kirwan vector field:

(4.10) kg (m) = (¢(m))M (m), me M.
We denote by Z4; C M the subset where kg4 vanishes.

Definition 4.3. The symbol Thom(M, J) pushed by the vector field sy is
the symbol ¢4 defined by the relation

Cglm(v) = Thom(M, J)|m (7 — kg (m))

for any (m,v) € T*M.
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Note that cy|m(v) is invertible except if ¥ = ky(m). If furthermore v
belongs to the subset T, M of cotangent vectors orthogonal to the G-orbits,
then v = 0 and m € Zy = {ky = 0}. Indeed Ky(m) is tangent to G - m while
v is orthogonal. Finally we have Char(cg) N TEM ~ Zy.

Definition 4.4. When the critical set Z; is compact, we define
RRG(M,E,¢) € R(G) as the equivariant index of the transversally elliptic
symbol ¢, ® € € K& (TEM).

When M is compact, it is clear that the classes of the symbols ¢y ® &
and Thom(M, J) ® € are equal in K, (T§ M), hence the equivariant indices
RRG(M,E) and RRg (M, E, ¢) are equal.

For any G-invariant open subset U C M such that U N Zy4 is compact
in M, we see that the restriction cg|r-y is a transversally elliptic symbol on
U, and so its equivariant index is a well defined element in R(G).

Definition 4.5. e A closed invariant subset Z C Z is called a component
if it is a union of connected components of Z.
e For a compact component Z of Z;, we denote by

RRG(Ma 57 Z7 ¢) € R(G)

the equivariant index of ¢y ® &|-y, where U is any G-invariant open sub-
set such that U N {ky = 0} = Z. By definition, RRg(M, €, Z, $) = 0 when
Z =.

In this paper we will be particularly interested in the character

RRG(M7 57 (bil(o)? d)) € R(G)7
that is defined when ¢~!(0) is a compact component of Z.
4.3. [Q, R] = 0 theorem

When (M, Q2, @) is a compact Hamiltonian G-manifold, the Riemann-Roch
character RRg (M, —) is computed with an invariant almost complex struc-
ture J that is compatible with Q. Here the Kirwan vector field k¢ is the
Hamiltonian vector field of the function =!|®||?>. Hence the set Zg of ze-
ros of kg coincides with the set of critical points of ||®||>. When M is non
compact but the critical set Zg is compact, we can define the localized
Riemann-Roch character RRg (M, —, ®). If moreover the map & is proper,
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the set ®~1(0) will be a compact component of Zg, so we can consider the
localized Riemann-Roch character RRg(M, —, ®~1(0), ®).

Let £ — M be a Hermitian line bundle that prequantizes the data
(M, Q, ®). In this setting we are interested in the dimension of the trivial G-
representation in RR¢g (M, L&) that we simply denote by [RRq (M, £L27)]¢
e 7.

The main facts of this localization procedure is summarized in the fol-
lowing.

Theorem 4.6 (|21}, 24]). Let (M,Q,®) be a Hamiltonian G-manifold pre-
quantized by a line bundle L. Let £ be an equivariant vector bundle on M.
o When M is compact, we have

[RRa(M, £2™)]9 = [RRa(M, £E™, &71(0), )], for n > 1,
[RRa(M, £2" ® £)]“ = [RRa(M, L2 ® £,571(0), )], for n>> 1.

o If ® is proper and the critical set Zg is compact, we have

[RRa(M, £27,®)]“ = [RRa(M, £2",7(0), )], for n > 1,
[RRa(M, L2 @ £,8)] = [RRa(M, L2 @ £,071(0),®)], for n>> 1.

Let us finish this section by explaining the case where the quantity
[RR(;(M,E,CI)*l(O),@)]G can be computed as an index on the reduced
space M.

First suppose that 0 is a regular value of ®. The reduced space M is
a symplectic orbifold, and we can define in this context a Riemann-Roch
character RR(My, —) with the help of a compatible almost complex struc-
ture. For any equivariant vector bundle F on M we define the orbibundle
Fo := Flo-1(0)/G on My, and we have

(4.11) [RRa(M, F, 71 (0),®)]

= RR(My, Fo).

Suppose now that 0 is a quasi-regular value of ®. By definition, this is
the case when there exists a sub-algebra b of g such that Z := ®~1(0) is
contained in the sub-manifold M) = G My, where My = {m € M, g,, = h}.
Let N be the normalizer subgroup of h in G, and let H® be the closed
connected subgroup of G' with Lie algebra h. Thus M) ~ G Xy My and
Z ~ G xn Zy where Zy := ®71(0) N My is a compact N-submanifold of M
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with a locally free action of N/H°. Then the reduced space
My = 07(0)/G = Zy/(N/H?)

is a compact connected symplectic orbifold.
Let W — Z be the symplectic normal bundle of the submanifold Z in
M: for x € Z,

W‘x = (TacZ)J_/(TmZ)J_ NT.Z,
were we have denoted by (T, Z)" the orthogonal with respect to the symplec-
tic form. We can equip W with an H-invariant Hermitian structure h such
that the symplectic structure on the fibers of W — Z is equal to —Im(h).
The sub-algebra b acts fiber-wise on the vector bundle W)|z,. We con-

sider the action of h on the fibers of the bundle Sym(W*|z, ). We will use
the following result ([24][Section 12.2]).

Lemma 4.7. The sub-bundle [Sym(W*|z, )]" is reduced to the trivial bundle

Thanks to Lemmal4.7], we can introduce the following notion of reduction
in the quasi-regular case.

Definition 4.8. If 7 — M is a K-equivariant vector bundle, we define on
My the (finite dimensional) orbibundle

Fo = [Flz, ® SymW*|z,)]" /(N/H).
If b acts trivially on the fibers of F|z, , the bundle Fy is equal to F|z, /(N/H?).
The following result is proved in [24][Section 12.2].

Theorem 4.9. Assume that ®~(0) C My. For any G-equivariant vector
bundle F — M, we have

[RR¢ (M, F, 7 (0),8)]“ = RR(Mo, Fo).

With Theorem in hand, we can restate Theorem [4.6) when 0 is a
quasi-regular value of ®.

Theorem 4.10. Let (M,Q, ®) be a Hamiltonian G-manifold prequantized
by a line bundle L. Let £ be an equivariant vector bundle on M. Suppose
that 0 is a quasi-reqular value of ®.
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e When M is compact, we have

[RRa(M, £2™)]% = RR(My, £&™), for n > 1,
[RRa(M, £5" ® £)]F = RR(Mp, LE" © &), for n>> 1.

o If ® is proper and the critical set Zg is compact, we have

[RRG(M, £87,®)]“ = RR(Mp, LE™), for n > 1,
[RRa(M, L5" © £,8)] = RR(Mo, LE" @ &), for n>> 1.

The famous identity [RRq(M, £)]¢ = RR(My, Lo), commonly called the
“quantization commutes with reduction” theorem, was first obtained by Mein-
renken [I7] and Meinrenken-Sjamaar [18§].

A case of particular interest for us is when the reduced space My :=
®~1(0)/G is reduced to a point : we are in the quasi-regular case. Let H be
the stabilizer subgroup of m, € Z := ®~1(0): note that the group H is not
necessarily connected. Then Z = G - m, ~ G/H is contained in GMj.

By definition, the fiber of the vector bundle W — Z at m, is W|,,, =
(g-mo)*/g - mo. We have checked in the proof of Lemma that the H-
module W|,,,, coincides with W := T,,, M /gc - m,. Recall that the equality
®~1(0) = G - m, is equivalent to the fact that the H-module Sym(W*) has
finite multiplicities.

In this case Theorem gives the following result.

Corollary 4.11. Let (M,Q, ®) be a Hamiltonian G-manifold prequantized
by a line bundle L. Let £ be an equivariant vector bundle on M. Suppose
that ®1(0) = G - m, with G,,, = H.
e When M is compact, we have
[RRa(M, £9™)])% = [£27),,,]", for n > 1,
[RRa(M, L™ ® £)]F = [Sym(W*) @ €, © L], for n>> 1.

e [f ® is proper and the critical set Zg is compact, we have

[RRa(M, L2, ®)] = [£5"],,,]7, for n > 1,
[RRG(M, £5" © £,8)]“ = [Sym(W*) ® |, ® L2, 7, for n>> 1.
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4.4. Main proofs

4.4.1. Proof of Theorem A. Consider a G-compact complex manifold
M endowed with an ample holomorphic G-line bundle £ — M with cur-
vature the symplectic two-form €2. Let ® : M — g* be the moment map
associated to the G-action on L (see (2.3))).

Let £ — M be an holomorphic G-vector bundle. In this context, we are
interested in the family of G-modules I'(M, £ @ L®™) consisting of the holo-
morphic sections. We denote by Hg(n) the dimension of T'(M, £ ® L&),
When we take & = C, we denote by H(n) = dim I'(M, L"),

By Kodaira vanishing theorem, we know that

Hg¢(n) = [RRg(M, € @ L&)

when n is sufficiently large.
Two cases are considered in Theorem A.

e Suppose that H(n) = 0 for all n > 1. We have seen in Lemma [3.5] that
it means that ®~1(0) = ). In this case Corollary says that Hg(n) =0
if n is large enough.

e Suppose that the sequence H(n) is non-zero and bounded: here we
have that ®~1(0) = G - m,, for some m, € M. Corollary tell us that

[RRa(M, € @ £8™)]C = [Sym(W*) @ E|m, @ LZm, ],

for n large enough.
The proof of Theorem A is then completed.

4.4.2. Proof of Theorem C. Here K is a closed subgroup of G, and we
use a K-invariant decomposition : g = £ ® q. Let V be a K-Hermitian vector
space such that the K-module Sym(V*) has finite multiplicities. The proof
of Theorem C is an adaptation of the previous arguments to the case where
we work with the non-compact manifold M := G xg (¢* ® V) ~ G¢ xg. V.

The symplectic structure on M is defined as follows. Let § € A1(G) ® g
the canonical connection relatively to right translation : 9(%“:0960{ ) =X.
Let Qv be the symplectic structure on V' which is —1 times the imaginary
part of the hermitian structure of V. Let Ay the invariant 1-form on V'
defined by Ay (v) = %Qv(v, —) : we have Qy = d\y. The moment map Py :
V — £ associated to the K-action on (V,Qy) is defined by (®y(v), X) =
2Oy (Xv,v). We will use the following basic Lemma.
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Lemma 4.12. The followings statements are equivalent.
1) The K-module Sym(V*) has finite multiplicities.
2) The map Py is proper.

3) One has the relation || @y (v)|| > c||v||?, Yv € V, for some ¢ > 0.

We consider the 1-form A := Ay — (( ® Py, 0) on G x (q* @ V'), which is
G x K-equivariant and K-basic. It induces a 1-form Ay; on M.
We have the standard fact.

Proposition 4.13.

o The 2-form Qpr := dAy defines a G-invariant symplectic form on M.
The corresponding moment map is ®([g; € ® v]) = g(& & Py (v)).

e The moment map ® is proper and Zg ~ G /K is compact.

o The trivial line bundle C on M prequantizes the 2-form Q.

We equip M with an invariant almost complex structure compatible
with Qps. Since the critical set Zg is compact, one can define the localized
Riemann-Roch character RRg (M, —, ®). The following result is proved in
[22][Proposition 2.18].

Proposition 4.14. We have RRg(M, C, ®) = Ind% (Sym(V*)).

In order to compute geometrically m(u) = dim[Sym(V*) ® (VHG)*]K]K
we have to adapt the shifting trick to this non-compact setting. Let us fix
two dominant weights p and A. The G-manifold P = M x (Gu)~ is equipped
with the following data:

e the symplectic form Qp := Qy X —Qgy,

e the line bundle Lp :=CKX L’;l that prequantizes Qp,

e the proper moment map ®p : P — g*, ®p(m,§) = &(m) — &,

e the vector bundle &) := CX G xg, V)\G“.

For any R > 0, let M<p be the compact subset of points [g; £ & v] such
that ||€]| < R and |jv|]| < R. We start with the following basic fact whose
proof is left to the reader.

Lemma 4.15. There exists ¢ > 0, such that for any w the critical set Zg,, C
P =M x G is contained in the compact set M, X Gu.

Since Zg, is compact we can consider the localized Riemann-Roch char-
acter RRg (P, —, ®p).
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Lemma 4.16. We have m(\ + nu) = [RRa(P, & ®£%",CIDP)]G for any
n > 0.

Proof. We consider the family of equivariant maps ¢’ : P — g*,t € [0,1] de-
fined by the relation ¢'(m, &) = ®(m) — t£. Let x! be the Kirwan vector field
attached to ¢', and let Zy be the vanishing set of «!: thanks to Lemma m
we know that Zg is a compact subset included in Mg, x Gu for any
t€0,1].

We know then that the family of pushed symbols ¢4 is an homotopy of
transversally elliptic symbols on P. We get then that

RRG(P, & @ LT, ®p) = RRa(P, &5 @ LS, ¢°)
= RRq(M,C,®) © RRa((Gp) ™, Ex @ L")
= RRG(Mv C, Q)) @ (V)\C—i—nu)*

As RRg(M,C,®) = Ind% (Sym(V*)), the proof of the Lemma is com-
pleted. O

Like in the previous section, thanks to Corollary we know that
the term [RRg(P, EX® E%n,é p)}G can be computed explicitly when the
reduced space <I>1§1 (0)/G ~ M, is empty or a point:

o If ®,'(0) = (), we have [RRa(P, & @ LZ", @p)]G = 0 when n is large
enough.

o If .1(0) = G - (20, ) for some z, € M, we have

H
[RRa(P,& @ £5",@p)] = |Sym(W*) & C_py @ (V;')"|1]

when n is large enough.
Let us summarize what we have just demonstrated.

o If M, =0, we have m(\ + np) = 0 if n is large enough, for any domi-
nant weight A,

o If M, = {pt}, we have m(A + np) = [Sym(W*) ® C_,, ® (V/\G“)*|H}H
if n is large enough, for any dominant weight .

The last thing that we need to check is the following

Proposition 4.17. ¢ m(nu) =0,n>1 <= M, =0,
e m(np) is non-zero and bounded <= M, = {pt}.
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Proof. The symplectic manifold M = G Xk (q @ V') admits a natural identi-
fication with the complex manifold G¢ x g V, through the map [g; X @ v] —
[geX;v]. Hence M inherits a Gc-action and a Ge-invariant (integrable) com-
plex structure Jj;: it is not difficult to check that Jy; is compatible with the
symplectic form 2.

We are in the setting of Section [3, where the trivial line bundle C —
M prequantizes 7. In this context, the space I'(M, C®™) of holomorphic
section does not depends on n > 1 and is equal to the vector space Ch"l(M )
of holomorphic functions on M.

According to Lemma [3.6] the sequence

m" (np) = dim[C"' (M) ® (V)]
is related to the reduced space M, as follows:
e m"l(nu)=0,n>1 < M, =10,

m"°!(nu) is non-zero and bounded <= M, = {pt}.
Since the vector space C"(G¢ x . V) admits the vector space

B vE o [(VE) |k ®Sym(V*)]"

AeA,
as a dense subspace, we know that the multiplicities m”° (1) and m(u)
coincide. The proof is then completed. U

5. Examples

Let p: G — G be a morphism between two connected compact Lie groups.
The purpose of this section is to give examples of stable weights for the
multiplicity function m,,.

5.1. Basic examples of stable weights

We denote by dp : g — g the induced Lie algebras morphism, and 7 : g* — g~

the dual map. Select maximal tori 7 in G and T in G, such that p(T) c T.
We still denote by dp : t — { the induced map, and 7 : £ — ¢* the dual map.
Let A C t, Ag C t* be the set of weights for the torus T and T: we have
naturally that 7(Az) C Ag.
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_ Let R :=R(G,T) (resp. R := R(G,T)) be the set of roots for the group
G (resp. G). Recall that an element & € t* defines a parabolic sub-algebra

pe=tce Y, (80)a

QER,(0,§)>0

of the reductive Lie algebra gc. Its nilpotent radical is ng := > (80)a-
aeif%‘,(a,é)>0

Definition 5.1. An element € € t* is G-adapted if the image of {a €
R, (a,§) > 0} by the projection 7 is contained in an open half space, i.e. if
there exists &, € t* such that Va € R, (,§) > 0= (7(«),&,) > 0.

Let O be a coadjoint orbit of the group G. The moment map O — g*
relative to the action of G on O is the restriction of = on @. Hence for any
€ € g*, the G-reduction of O at ¢ is O¢ := O N7~ (G¢)/G.

The main tool used in this section is the following
Proposition 5.2. Let £ € t* and & = 7(€). If € is G-adapted, then

o the G-reduction of éé at & is reduced to a point,
p(Ge) C Gy,
plpe) C e,

The linear map p : pg — ﬁé factorizes to a linear map p : ng — ﬁg.

Proof. Let O := GE. Tt is immediate to see that the first two points are a
consequence of the following equality

(5.12) Onz (¢ = {

Let us denote by m; : §* — t* the projection. Since on Ly (5 ) is reduced
to the singleton {£}, the identity (5.12) follows from

(5.13) m(0) Ny (m71(9)) = {£}-

Thanks to the Convexity Theorem [13] we know that 7rt((’~)) is equal to the
convex hull Conv(W¢), where W is the Weyl group of (G’ T). On the other
hand the set (W‘l(f )) is equal to the affine subspace ¢ + E where E C t*
is equal to the kernel of 7 : * — t*. Let A C £ be the tangent cone at & of
the convex set Conv(W¢): by standard computation we know that —A is
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the cone generated by o € R, (a,€) > 0. Since m;(O) C £ + A we see that

(5.13) is a consequence of
(5.14) ANE ={0}.

Our proof of is now completed since follows immediately from
the fact that for some &, € t we have: Va € R, (a, &) > 0 = (7(«),&) > 0.

Let us concentrate on the third point. We know already that p(G¢) C G é
Hence to get the inclusion p(pg) C ]35 we have just to check that

(5.15) p((gc)s) C g

for any 8 € R such that (5,&) > 0. A small computation shows that ({5.15))

is a consequence of

(5.16) {a e R, (o, €) < 0} =18 =0.
It is proved in [II][Lemma 8.3], that
(5.17) (Bem (8,6 >0} Cr ({a e R, (o, &) > o}) .

Since é € t* is adapted to the group G, we have

(5.18) w({aeﬁ%, (, €) >0})ﬂw<{ae§%, (v, &) <0}> = 0.

Hence follows from identities ([5.17)) and (5.18]).

For the last point we just use that the linear map p:pe — p; sends
(g¢)c into (@g)c- Then it factorizes to a map p from ng ~ pg/(géc into
ng > pe/(ag)c. O

Let us fix the sets of dominant weights Azf;, Aa for the groups G and

G. For any (u, i) € AJCS X Ag, we denote by V#G, Vf the corresponding ir-
reducible representations of G and G, and we define m,(j, ft) as the multi-
plicity of VMG in VﬂG\G.

Here is a first type of examples of stable weights for the multiplicity map
m,. Let W = Nx(T')/T be the Weyl group of G.

Theorem 5.3. Let (fi,0) € Ag x W such that wji is adapted to G. Up
to the conjugation by an element of the Weyl group of G we can assume that
w = m(wh) is a dominant weight. Then
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o (u,ft) is a stable weight for m,.

e For any dominant weight (\,\) the sequence m, (A + np, N+ nji) is
increasing and equal to

H
dim |[Sym(W*) @ (Vi) @ V|

for n large enough. Here H C G and H C G are the respective stabi-
lizenﬁ of u and Wi, and W corresponds to the H-module

(5.19) o /P(1,)-

Proof. The first point is due to the fact that the stabilizer of wji relative to
the G-action is equal to the connected subgroup H, hence the H-module D
is trivial. For the second point we have just to check the computation of the

H-module W. Let a = wji € O := Gfi. Here T,O ~ be. As p(p,) C Paj
one sees directly that W = T,0/p(p,.) - a is equal to 1-) O

We have another specialization of Theorem B that will be used in the
plethysm case. We suppose here that the sets of positive roots R+ and ?Jii*
are chosen so that the corresponding Borel subgroups B C G¢ and B C G¢
satisfy

(5.20) p(B) C B.

Let Ag, Ag be the corresponding set of dominants weight. When we work
with this parametrization we have the following classical fact.

Lemma 5.4. Let i € A and p = w(ix). We have

e p€ AL and my(p, 1) # 0,
° p(pu) C ]5,1 and p(Gu) C éﬂ.

Proof. Let V~ be an irreducible representation of G with highest weight -
There exists a non-zero vector v, € V such that the line (Cvo is fixed by B
and the maximal torus T acts on Cvo through the character f — £

Let V' be the vector space generated by p(g)v., g € G. It is an irreducible
representation of G and v, is still a highest weight vector for the G-action :
the line Cu, is fixed by B and the maximal torus 7" acts on Cv, through the
character t — t*. This forces pu to be a dominant weight for G (relatively

4Observe that p(H) C H.
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to B) and then V' C f/ﬁ is G-representation with highest weight u : the first
point is proved.

For the second point we look at the Ge-action (resp. Ge-action ) on
the projective space P(V;) (resp. P(V')), the stabilizer subgroup of the line
Cuv, is equal to the parabolic subgroup ]5@ c Ge¢ (resp. P, C Gc) : hence
p(P,) C Pj. If we work with the actions of the compact groups G and G we
get similarly that p(G,,) C Gj. O

Like in Proposition the linear map p : p, — p;; factorizes to a linear
map p : n, — 0. We have another specialization of Theorem B.

Theorem 5.5. Suppose thflt holds. Let i € AZ, and p1 := m(f1) € A
We denote by H C G and H C G the respective stabz’lizer of w and [i. Let
W = i:/p(n,).

The following statements are equivalent:

a) m(nu,ni) =1, for allm > 1.

b) For any dominant weight (A, \) the sequence m(\ + np, \ + nji) is in-
creasing and converging.

c) The algebra Sym(W*) has finite H-multiplicities.

If these statements hold the limit of the sequence m(\ + npu, A+ njii) is
equal to the multiplicity of V/\H in the H-module Sym(W*) @ V;\H.

Proof. We have constructed (u, i) so that m(u, i) # 0. In this case Lemma
and Theorem B tells us that the following equivalences hold m(nu, nii) =
1,Vn > 1 <= m(np,nji) is bounded <= (Gfi), = {pt}. Hence we have
proved that a) < ¢) and b) = a). The other implication a) = b) is also a
consequence of Theorem B. O

5.2. The Littlewood-Richardson coefficients

Here we work with G embedded diagonally in G := G x G. The map = :
g* x g* — g" is defined by (£1,&2) — &1 + o

®Note that p(H) C H.
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Here the multiplicity function m : Aé X Ag X AE — N is defined by
m(a,b,c) := dim [(VaG)* R A VCG]G

We fix an element (u1,u2) € (AL)%. It is easy to see that (u1,ps) is
adapted to G. Let u = p1 + po. The stabilizer subgroup G, is equal to G, N
G, We work with the G,-module

(5.21) Wope = D (90)a-

(e,pu1)>0
(avu2)>0

In this case Theorem [5.3] gives

Proposition 5.6. Let (u1, pu2) € (AL)? and p =y + po.
o We have m(nu,nu1,nu2) =1 for any n > 1.

e For any (a,b,c) € (AL)3, the sequence m(a + np, b+ nuy, ¢+ nus) is
increasing and equal to

G
dim [Sym(W], ) @ (V) © VO g, & Vg,

for n large enough.

Proof. In the notations of Theorem we have fi = (u1,pu2), 0 =1, p=
p1 + 2, the parabolic subgroups pgj, P, are respectively equal to p,, X p,,
and p,, Np,, and the subgroup H is equal to G, x G,,. We check then
easily that the G,-module ng;/p(n,,) is equal to W, .. O

5.3. The Kronecker coefficients

Let U(E), U(F) be the unitary groups of two hermitian vector spaces E, F'.
The aim of this section is to detail our results for the canonical morphism

p:G:=U(E)xUF) = G:=UEF).

This problem is equivalent to the question on the decomposition of tensor
products of representations for the symmetric group.

A partition A is a sequence A = (A1, Ag, ..., Ag) of weakly decreasing non-
negative integers. By convention, we allow partitions with some zero parts,
and two partitions that differ by zero parts are the same. For any partition
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A, we define |A\| =X + A2+ ---+ A and [(\) as the number of non-zero
parts of A.

Recall that the U(FE) irreducible polynomial representations are in bi-
jection with the partitions A such that [(A) < dim E. We denote by S)(F)
the representation associated to .

We consider the groups G := U(E) x U(F) and G := U(E ® F). Let ~
be a partition such that [(v) < dim E - dim F'. We can decompose the irre-
ducible representation S, (E ® F') as a G-representation:

Sy (E@F) =Y g(a,$,7) Sa(E) ® 5,(F)
B

where the sum is taken over partitions «, [ such that |a| = |5] = |v|, l(a) <
dim FE and I(f) < dim F.

We fix an orthonormal basis (e;) for E, (f;) for F: let (e; ® f;) the
corresponding orthonormal basis of £ ® F'. We denote by Tg (resp. Tr) the
maximal tori of U(E) (resp. U(F")) consisting of the endomorphisms that are
diagonal over (e;) (resp. (f;)). Let T'= T x Tr be the maximal torus of G.
Similarly let T be the maximal tori of G associated to the endomorphisms
that diagonalize the basis (e; ® f;). At the level of tori, the morphism p
induces a map p: T — T sending ((t;), (s;)) to (tis;). At the level of Lie
algebra the map p : t — t is defined by

p(x,y) = (i +y5)ij

forz = (x1,...,Tqimp) € RY™F ~ Lie(Tg) andy = (1, ..., Ydimr) € RIMF
~ Lie(TF).

Let 0 € t* be the linear form that send an element (aij;) € t to ag.
Then t* is canonically identified with the vector space of matrices of size
dim E x dim F through the use of the basis 6j;, and the dual map 7 : £ — t*

is given by m((&;5)) = (2, &ij)is (325 &ij)s)-
Recall the following definition [16, [31].

Definition 5.7. Let A = (a;;) be a matrix of size dim £ x dim F". Then,
A is called additive if there exist real numbers x1,...,ZqmE, Y1, - - Ydim F
such that

Qi > Qg == Ti +Y; > Tk + Y1,
for all i,k € [1,...,dim E] and all 5,1 € [1,...,dim F.

The following easy fact is important.
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Lemma 5.8. Let £ € t* that is represented by a matriz (&j). Then & is
adapted to the group G if and only if the matriz (&) is additive.

Proof. The system of roots for G is R = {0ij — 01, (i,5) # (k,1)}. By def-
inition ¢ € t* is adapted to G if and only if there exists (z,y) € RU™E x
RAmMF ~ ¢* such that

(0ij — Ok1, &) > 0= (7 (0ij — Or1), (z,9)).

Our proof is completed since (0;;—0p;, &) = & —E&r and (7(0;—0k1), (x,v))
:xi+yj—(xk+yl). O]

Definition 5.9. If A = (a;;) is a matrix of size dim F' x dim F' with non
negative integral coefficients, we define the partition a4, 84,74 where a g ~
(22; @ij)is Ba = (3; aij); and a4 = (a;;). Note that [aa| = [Ba] = |yal.

The first part of Theorem permits us to recover the following result
of Vallejo [31] and Manivel [16].

Proposition 5.10. Let A = (a;;) is a matriz of size dim E' x dim F' with
non negative integral coefficients. If the matrixz A is additive then

e g(naa,nfa,nya) =1 for alln >1,

o the sequence g(a + naa, b+ nfa, c+ nya) is increasing and stationary
for any partition a,b,c such that |a| = |b| = |c|, l(a) < dim E, I(b) < dim F
and l(¢) < dim E - dim F'.

Now we apply the second part of Theorem to obtain a formula for
the stretched multiplicities.

Definition 5.11. Let A = (a; ;) is an additive matrix of size dim E x dim F
with non negative integral coefficients. For any partition a, b, c such that
la| = [b] = |¢|, we define ga(a,b,c) € N as the limit of the sequence g(a +
noa, b+ nfa,c+ nys) when n — oo.

Let EF (resp. Fjl) be the orthogonal projection of rank 1 of E (resp. F)
that sends e; to ey, (resp. f; to fi).

To an additive matrix A, we attach :

e The stabilizer H4 C G of the element A € *, with Lie algebra ha.

e The stabilizer H4 C G of the element 7(A). We have Hy = HE X Hf
with HY = U(E),, and H{ = U(F)s,.
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e The H 4-module

> CEfoF

Qi >ag
that corresponds to the parabolic sub-algebra of g¢ attached to A. Its nil-

radical is g =32, . CEF® F]l
e the sub-algebras n;(4) C pr(a) C gc and their images by p:

p(Pr(a)) = Z CEFoldr @ Z Cldg ® F}

a2k Bi=Bi
p(hen) = > CEf@ldp® Y Cldg®F|
o> Bi>pu

Thanks to propositionwe know that p(H4) C H, and that p(Pr(a)) C
pa. We denote by p(ny(4)) the projection of p(nr(4)) Cpa on pa/(ha)c =~
na.

We define the H 4-module

(5.22) Wa =n4/p(nra))
and we know that Sym(W¥) has finite H 4-multiplicities.

For a partition a = (a1, as, ..., ad4im g), we define VaHA as the irreducible
representation of HY with highest weight a. If o = (I7*,13?, ,lf) with
ly > 1y > -+ > 1., the subgroup HA is 1som0rphlc to U(El) - x U(E,)
with dim Fj = ng, and the representation V is equal to the tensor product
Sa1)(E1) ® Sqo)(Er) ® -+ - @ Sapyy (Er) where a[k] is the partition

(Aot 415 - - 7am+~-'+m+1)-

We can define similarly the representations ch“ and VbHi . Theorem
give us the following

Theorem 5.12. Let A = (a;;) be a additive matriz of size dim E x dim F’
with non negative integral coefficients. For any partition a,b,c such that
la| = |b] = ||, l(a) < dim E, I(b) < dim F andl(c) < dim F - dim F', we have
HExHEY

HE

ga(a,b,¢) = dim [Sym(W4) ® (VI5)* @ (V) @ VI e e
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5.3.1. The partition (1P?7). Let us work out the example of the partition
A = (1P7) where 1 <p < dimE and 1 < ¢ < dim F..

We see A = (1P9) as an additive matrix (a;;) of type dim E x dim F*:
a;; is non-zero, equal to 1, only if 1 <4 <p and 1 <j <q. Let gpq be the
corresponding stretched Kronecker coefficients.

We use an orthogonal decomposition of our vector spaces : E = E, @ E’
and F = F,® F' with dimE, = p and dim F, = gq. For the tensor prod-
uct we have E® F = E, ® F; @ (E, ® Fy)* where (E, ® F;)* = E, @ F' &
EQF,®E QF'

The stabiliser subgroup of A in G is Hp, := U(E, ® F,) x U(E, ® F,)*)
and the stabiliser subgroup of 7(A) in G is Hp, := HF x HI where H =
U(E,) x U(E") and H] = U(F,;) x U(F").

If A= (179), we denote by W4 = W,, the H,,-module introduced in
. A direct computation shows that

Whpg = hom(E,, E') @ sl(Fy) @
sl(Ep) ® hom(Fy, F') @ hom(E,, E') @ hom(F,, F').

A partition a = (a1, . .., adqim g) defines the partitions a(p) := (a1,. .., ap)
and @’ := (apt1, ..., 0dim g). Similarly a partition b = (b1, . .., bgim r) defines
the partitions b(q) := (b1,...,by) and V' := (ag+1, - - -, Gdim F)-

A partition ¢ of length dim £ x dim F' is represented by a matrix (c;;).
We define then the partition ¢(pq) of length pg represented by the coeffi-
cients ¢;; when 1 <i <p and 1 <j < g, and the partition ¢’ which is the
complement of ¢(pg) in c.

Theorem tell us that the stretched Kronecker coefficient gpq(a, b, c)
is equal to the multiplicity of the irreducible representation

Sa(p)(Ep) ® SUL’(E/) ® Sb(q) (Fl]) ® Sy (F/)
in
Sym(Wy,) ® Se(pg) (Ep ® Fy) ® Ser ((Ep @ Fy)™).

When ¢ =1 the following expression for the stretched coefficient was
obtained by Manivel [16], extending the case p = ¢ = 1 treated by Brion [9].

5.3.2. The triple (22),(22),(22). In this section we explain how our
technique allows us to recover the result of Stembridge [28] concerning the
stability of the triple (22),(22),(22). Moreover we compute the stretched
multiplicty map associated to this triple. Notice that the triple (22), (22), (22)
is not attached to an additive matrix.
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First we work with the morphism p : U(C?) x U(C?) — U(C? ® C?). The

matrix
- (10
=20 1

represents a weight of the maximal torus T of G' = U(C? ® C?). The stabi-
lizer subgroup G is canonically isomorphic with U(V;) x U(Va) where V; =
Vect(e1 ® fi1,e2 ® f2) and Vo = Vect(e1 ® fa,e2 ® f1). The character xj; on
G defined by the weight fi is the morphism (g1,g2) € U(V4) x U(Va) =
det(g1) det(g2).

The restriction of fi to the maximal torus T of G = U(C?) x U(C?) de-
fines a weight u = 7(1). We see that p is the differential of the character
Xu = det x det.

The Kronecker coefficient g(n(1,1),n(1,1),n(1,1)) corresponds to the
multiplicity of the character Xf?” in Vn%\(;. Let us check that the sequence
g(n(1,1),n(1,1),n(1,1)) is bounded.

We consider the point m, = (i, fit) € Gu x Gfi. The stabilizer subgroup
G, is equal to H = G N p~}(Gj) since p is G-invariant. A small compu-
tation shows that the connected component H? is equal to the torus 7.

Here we work with the H-module W := T;(Gf)/gc - fi-

Lemma 5.13. 1) The H-module W is reduced to {0}.

2) The reduced space (Gfi), is a singleton.

3) The character X,]X!jl is trivial on H° =T and defines an isomorphism
between H/H® and {+1}.

4) g(n(1,1),n(1,1),n(1,1)) = HC"

Proof. If we compute the real dimensions we have
dim Gfi = dim U(4) — 2dim U(2) = 8.
On the other hand,
dimge -t =2dimg- g = 2(dim G — dim H).
As H° = T we have dim H = 4 and then dim g¢ - ft = dim G/] The first point
is proved.

The second point is a consequence of the first point (see Lemma. At
this stage we know that g(n(1,1),n(1,1),n(1,1)) = dim[(x;x,,')®"]". The
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last point is a consequence of the third one. The easy checking of the third
point is left to the reader. O

We have proved that 7 := {(22),(22),(22)} is a stable triple. We will
now compute the associated stretched multiplicity map. Consider partitions
a,b,c such that |a| = |b] = ||, 2 <l(a) <p, 2 <I(b) < gand 2 <I(c) < pg.
We define

gr(a.b,¢) = lim gla+n(2,2),b+n(2,2),c+n(2,2)).

Here we consider the morphism pj, 4 : U(CP) x U(C?) — U(C? @ C9).

The subgroups of U(CP), U(C?) and U(CP ® C?) that stabilizes the
weights (2,2,0,...,0) are denoted respectively K, ~U(C?)xU(CP~2), K,~
U(C?%) x U(C?72) and Kp, ~ U(C?) x U(CPI~2).

We work with the subgroup

H = p, 1 (Kpq) C Kp x K.

A small computation shows that the connected component H? is isomorphic
with U(C) x U(C) x U(CP~2) x U(C) x U(C) x U(CI~2).

We associate to the partition a = (ai,...,a,) the partitions a(2) :=
(a1,a2) and o’ := (as, ..., ap). Similarly we associate to the partitions b and
¢ the partitions b(2),¢(2) and ¥/, ¢'.

We consider the following irreducible representations.

o V,p:= Sa(g)((:2) ® Sar (Cp_g) ® Sb(2) (CQ) ® Sy (Cq_Q) is a irreducible
representation of K, x K.

o W, :=S5.2)(C?) ® S (CP12) is a irreducible representation of Kp,.

In this setting Theorem B gives that
gT(a7 b, C) = [WC’H ® (Vfl,b)*’H]H :
5.4. Plethysm

Let p: G — G := U(V) be an irreducible representation of the group G.
Let N =dimV. Let T be a maximal torus of G. The T-action on V can
be diagonalized: there exists an orthonormal basis (v;);e; and a family of
weights () ;e such that p(t)v; = t%w; for all t € T. Let T be the maximal
torus of G consisting of the unitary endomorphisms that are diagonalized
by the basis (v;);cs: we have then p(T) C T. We denote by 7 : £ — t* the
projection, and by ey € t* the linear form that sends (;);e to k.
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Let B be a Borel subgroup of G: there exists a Borel subgroup B C
G such that p(B) C B. We work with the set of dominant weights Ag,
Ag defined by this choice: the Borel subgroup B fix an ordering > on the
elements of J, and a weight £ = > e aje; belongs to At onlyif j >k =

Jj€J
a; > ay. For simplicity we write J = {1, ..., N} with the canonical ordering.
For the remaining part of this section we work with a fixed partition
o= (01,02,...,0n), and we denote by S, (V') the corresponding irreducible

representation of U(V'). We can represent o by the element Zjvzl ojej € t*
(that we still denote by o). Let p =m(0) =3, 0ja; € Ag.

Let {0 =jo > j2>--->jp, =N} be the set of element j € [0,...,N]
such that ;41 > o; or j € {0, N}. We have an orthogonal decomposition
V= @gzlvm where V) is the vector space generated by the U for j €
[Jk—1 +1,...,jk]. The nilradical n, of the parabolic subgroup p, C gl(V)
corresponds to the set of endomorphisms f such that f(Vjy)) C ©;<xVj;-

The following Lemma is proved in [19].

Lemma 5.14. Let n, the nilradical of the parabolic subgroup p,, C gc. The
morphism dp : gc — gl(V') defines an injective map from n, into 0,.

We define W, as the quotient n,/p(n,). Recall that the image by p of
the stabilizer subgroup G, is contained in the stabilizer subgroup of o: hence
W, is a G)-module.

For any partition 6 = (01, ...,0N), we associate the partition of length
dim Vg, Oy = (05, _,+1, - - -, Vj,. ), and the irreducible representation Sp,,, (Vix))
of the unitary group U(V).

For any partition 6 of length N and any dominant weight of A € AJCS, let

Vi = Sono (V)]

be the multiplicity of the irreducible representation V)\Gﬂw in the restriction

Sone(V)la-

The following theorem, which is a particular case of Theorem was
first obtained by Manivel [15] when G = U(E) and by Brion [9] when o =
(1). The following version was obtained by Montagard [19]: the only im-
provement that we obtain here is condition a).

Theorem 5.15. Let o a partition of length dimV and p = (o).
The following statements are equivalent:

a) [Vn% :Sne(V)] =1, for alln > 1.
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b) For any couple (\,0) the increasing sequence [VAC_*LW : So4ne (V)] has
a limit.

c¢) The algebra Sym(W,*) has finite G ,-multiplicities.

If these statements hold the limit of the sequence [V)\Cinu : Sotne (V)] is
equal to the multiplicity of V/\G“ in the G,-module

Sym(Wz) ® S9[1] (V[l]) ® S9[2] (V[Q]) X & 59[p] (V[p )
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