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1084 P. Georgieva and A. Zinger

1. Introduction

The theory of J-holomorphic maps plays prominent roles in symplectic
topology, algebraic geometry, and string theory. The foundational work of [6,
15, 19, 21, 25] has established the theory of (closed) Gromov-Witten in-
variants, i.e. counts of J-holomorphic maps from closed Riemann surfaces
to symplectic manifolds. The two main obstacles to defining real Gromov-
Witten invariants, i.e. counts of J-holomorphic maps from symmetric Rie-
mann surfaces commuting with the involutions on the domain and the target,
are the potential non-orientability of the moduli space of real J-holomorphic
maps and the existence of real codimension-one boundary strata. These ob-
stacles are overcome in many genus 0 situations in [2, 5, 9, 26, 28, 29]; see [12,
Section 1.3] for some comparisons. In the first part of this work, we introduce
the notion of real orientation on a real symplectic 2n-manifold (X,ω, φ) and
overcome both obstacles in all genera for real-orientable symplectic manifolds
of odd “complex” dimension n.

A real orientation on a real symplectic 2n-manifold (X,ω, φ) with n 6∈2Z
induces orientations on the moduli spaces of real J-holomorphic maps from
arbitrary genus g symmetric surfaces to (X,φ). Theorems 1.3 and 1.4 com-
pare these orientations with the natural complex orientations and with the
orientations induced by the corresponding spin and relative spin structures
whenever the latter three make sense. By Theorem 1.2, the orientations on
the moduli spaces of real J-holomorphic maps induced by a real orientation
on (X,ω, φ) are “anti-compatible” with the node-identifying immersion (1.4)
which is central to much of “classical” Gromov-Witten theory. This theorem
is instrumental for any study of the structure of the real Gromov-Witten in-
variants that depends on a splitting property at a conjugate pair of nodes in
the spirit of [18, 2.2.6] and in particular for interpreting real Gromov-Witten
theory in terms of integrable systems in the spirit of [3]. A similar compar-
ison of orientations in Lagrangian Floer theory is key to establishing the
renown A∞-relations of [7]. Theorems 1.2, 1.3, and 1.4 are likewise essential
for studying the properties of real GW-invariants constructed in [12]. For
example, they play crucial roles in determining the normal bundles to the
torus-fixed loci in [13] and the contributions from the degenerate loci in [23].

1.1. Real-orientable symplectic manifolds

An involution on a topological space X is a homeomorphism φ : X−→X
such that φ◦φ=idX . By an involution on a manifold, we will mean a smooth
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Real Gromov-Witten theory 1085

involution. Let

Xφ =
{
x∈X : φ(x)=x

}
denote the fixed locus. An anti-symplectic involution φ on a symplectic mani-
fold (X,ω) is an involution φ : X−→X such that φ∗ω=−ω. A real symplectic
manifold is a triple (X,ω, φ) consisting of a symplectic manifold (X,ω) and
an anti-symplectic involution φ.

Let (X,φ) be a topological space with an involution. A conjugation on a
complex vector bundle V −→X lifting an involution φ is a vector bundle ho-
momorphism ϕ : V −→V covering φ (or equivalently a vector bundle homo-
morphism ϕ : V −→φ∗V covering idX) such that the restriction of ϕ to each
fiber is anti-complex linear and ϕ◦ϕ=idV . A real bundle pair (V, ϕ)−→(X,φ)
consists of a complex vector bundle V −→X and a conjugation ϕ on V lift-
ing φ. For example,

(X×C, φ×c) −→ (X,φ),

where c : Cn−→Cn is the standard conjugation on Cn, is a real bundle pair. If
X is a smooth manifold, then (TX,dφ) is also a real bundle pair over (X,φ).
For any real bundle pair (V, ϕ)−→(X,φ), we denote by

Λtop
C (V, ϕ) = (Λtop

C V,Λtop
C ϕ)

the top exterior power of V over C with the induced conjugation. Direct
sums, duals, and tensor products over C of real bundle pairs over (X,φ) are
again real bundle pairs over (X,φ).

Definition 1.1 ([12, Definition 5.1]). Let (X,φ) be a topological space
with an involution and (V, ϕ) be a real bundle pair over (X,φ). A real ori-
entation on (V, ϕ) consists of

(RO1) a rank 1 real bundle pair (L, φ̃) over (X,φ) such that

(1.1) w2(V ϕ) = w1(Lφ̃)2 and Λtop
C (V, ϕ) ≈ (L, φ̃)⊗2,

(RO2) a homotopy class of isomorphisms of real bundle pairs in (1.1), and

(RO3) a spin structure on the real vector bundle V ϕ⊕2(L∗)φ̃
∗

over Xφ

compatible with the orientation induced by (RO2).
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1086 P. Georgieva and A. Zinger

An isomorphism in (1.1) restricts to an isomorphism

(1.2) Λtop
R V ϕ ≈ (Lφ̃)⊗2

of real line bundles over Xφ. Since the vector bundles (Lφ̃)⊗2 and 2(L∗)φ̃
∗

are
canonically oriented, (RO2) determines orientations on the vector bundles

V ϕ and V ϕ⊕2(L∗)φ̃
∗
. By the first assumption in (1.1), the real vector bundle

V ϕ⊕2(L∗)φ̃
∗

over Xφ admits a spin structure.
Let (X,ω, φ) be a real symplectic manifold. A real orientation on (X,ω, φ)

is a real orientation on the real bundle pair (TX,dφ). We call (X,ω, φ) real-
orientable if it admits a real orientation.

1.2. Compatibility with node-identifying immersion

A symmetric surface (Σ, σ) is a closed oriented surface Σ (manifold of real
dimension 2) with an orientation-reversing involution σ. The fixed locus
of σ is a disjoint union of circles. If in addition (X,φ) is a manifold with an
involution, a real map

u : (Σ, σ) −→ (X,φ)

is a smooth map u : Σ−→X such that u◦σ = φ◦u. We denote the space
of such maps by Bg(X)φ,σ. The main focus of [12] is on smooth and one-
nodal connected symmetric surfaces, but in the present paper we also need
to consider disconnected and two-nodal symmetric surfaces. Throughout
this paper, the term symmetric surface will thus refer to smooth connected
surfaces unless explicitly stated otherwise.

For a symplectic manifold (X,ω), we denote by Jω the space of ω-
compatible almost complex structures on X. If φ is an anti-symplectic invo-
lution on (X,ω), let

J φω =
{
J ∈Jω : φ∗J=−J

}
.

For a genus g symmetric surface (Σ, σ), possibly nodal and disconnected, we
similarly denote by J σΣ the space of complex structures j on Σ compatible

with the orientation such that σ∗j=−j. For J ∈J φω , j∈J σΣ , and u∈Bg(X)φ,σ,
let

∂̄J,ju =
1

2

(
du+ J ◦ du◦j

)
be the ∂̄J,j-operator on Bg(X)φ,σ.
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Let (X,ω, φ) be a real-orientable symplectic 2n-manifold with n 6∈2Z,
g, l∈Z≥0, B∈H2(X;Z), and J ∈J φω . We denote by Mg,l(X,B; J)φ the mod-
uli space of equivalence classes of stable real degree B J-holomorphic maps
from genus g symmetric (possibly nodal) surfaces with l pairs of conjugate
marked points. By [12, Theorem 1.4], a real orientation on (X,ω, φ) deter-
mines an orientation on this compact space, endows it with a virtual funda-
mental class, and thus gives rise to genus g real GW-invariants of (X,ω, φ)
that are independent of the choice of J ∈J φω .

We denote by M
•
g,l(X,B; J)φ the moduli space of stable real degree B

morphisms from possibly disconnected nodal symmetric surfaces of holo-
morphic Euler characteristic 1−g with l pairs of conjugate marked points.
For each i=1, . . . , l, let

evi : M
•
g,l(X,B; J)φ −→ X,

[
u, (z+

1 , z
−
1 ), . . . , (z+

l , z
−
l )
]
−→ u(z+

i ),

be the evaluation at the first point in the i-th pair of conjugate points. If
l≥2, let

M
′•
g,l(X,B; J)φ =

{
[u]∈M•g,l(X,B; J)φ : evl−1([u])=evl([u])

}
.

The short exact sequence

0 −→ TM
′•
g,l(X,B; J)φ −→ TM

•
g,l(X,B; J)φ|M′•g,l(X,B;J)φ −→ ev∗TX −→ 0

induces an isomorphism

Λtop
R
(
TM

•
g,l(X,B; J)φ|M′•g,l(X,B;J)φ

)
(1.3)

≈ Λtop
R
(
TM

′•
g,l(X,B; J)φ

)
⊗ ev∗l

(
Λtop
R (TX)

)
of real line bundles over M

′•
g,l(X,B; J)φ.

The identification of the last two pairs of conjugate marked points in-
duces an immersion

(1.4) ι : M
′•
g−2,l+2(X,B; J)φ −→M

•
g,l(X,B; J)φ .

This immersion takes the main stratum of the domain, i.e. the subspace con-
sisting of real morphisms from smooth symmetric surfaces, to the subspace
of the target consisting of real morphisms from symmetric surfaces with one
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pair of conjugate nodes. There is a canonical isomorphism

N ι ≡
ι∗TM

•
g,l(X,B; J)φ

TM
′•
g−2,l+2(X,B; J)φ

≈ Ll+1⊗CLl+2

of the normal bundle of ι with the tensor product of the universal tangent
line bundles for the first points in the last two conjugate pairs. It induces
an isomorphism

ι∗
(
Λtop
R
(
TM

•
g,l(X,B; J)φ

))
(1.5)

≈ Λtop
R
(
TM

′•
g−2,l+2(X,B; J)φ

)
⊗ Λ2

R
(
Ll+1⊗CLl+2

)
of real line bundles over M

′•
g−2,l+2(X,B; J)φ. Along with (1.3) with (g, l)

replaced by (g−2, l+2), it determines an isomorphism

Λtop
R
(
TM

•
g−2,l+2(X,B; J)φ|M′•g−2,l+2(X,B;J)φ

)
⊗ Λ2

R
(
Ll+1⊗CLl+2

)
(1.6)

≈ ι∗
(
Λtop
R
(
TM

•
g,l(X,B; J)φ

))
⊗ ev∗l+1

(
Λtop
R (TX)

)
of real line bundles over M

′•
g−2,l+2(X,B; J)φ.

Theorem 1.2. Let (X,ω, φ) be a real-orientable 2n-manifold with n 6∈2Z,
g, l∈Z≥0, B∈H2(X;Z), and J ∈J φω . The isomorphism (1.6) is orientation-
reversing with respect to the orientations on the moduli spaces determined by
a real orientation on (X,ω, φ) and the canonical orientations on the bundles
Ll+1⊗CLl+2 and TX.

The substance of this statement is that the orientations on

M
′•
g−2,l+2(X,B, J)φ

induced from the orientations of M
•
g−2,l+2(X,B, J)φ and M

•
g,l(X,B, J)φ via

the isomorphisms (1.3) and (1.5) are opposite. This may seem surprising
from the point of view of the classical (closed) GW-theory, where moduli
spaces have canonical orientations and signs do not appear. On the other
hand, systematic orientations of moduli spaces in open and real GW-theories
depend on orienting conventions and additional topological data (such as a
spin structure or a real orientation) on the target manifold. The appearance
of signs is then a fairly common occurrence, and it is notoriously difficult to
determine them correctly in most cases. The orientation conventions in [12]
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Real Gromov-Witten theory 1089

are natural from mathematical considerations and conform with the mir-
ror symmetry expectations described in [27]; see [12, Section 3] and [13,
Section 1.3], respectively, for details. While it is possible to adjust the ori-
entations on moduli spaces of real maps to make the isomorphism (1.6)
orientation-preserving, this would be artificial from the geometric stand-
point and undesirable based on mirror symmetry considerations.

We note that the statement of Theorem 1.2 is invariant under inter-
changing the points within the last two conjugate pairs simultaneously (this
corresponds to reordering the nodes of a nodal map). This interchange re-
verses the orientation of the last factor on the left-hand side of (1.6), because
the complex rank of Ll+1⊗CLl+2 is 1, and the orientation of the last factor
on the right-hand side of (1.6), because the complex rank of TX is odd.

An analogue of Theorem 1.2 with n∈2Z is described in Remark 4.20.

1.3. Comparison with complex orientation

Let g0∈Z≥0. We define a g0-doublet to be a two-component smooth sym-
metric surface (Σ, σ) of the form

(1.7) Σ ≡ Σ1tΣ2 ≡ {1}×Σ0 t {2}×Σ0, σ(i, z) =
(
3−i, z

)
∀ (i, z)∈Σ,

where Σ0 is a connected smooth oriented genus g0 surface and Σ0 denotes
Σ0 with the opposite orientation. The holomorphic Euler characteristic of a
g0-doublet is 1−g with g=2g0−1.

Suppose (X,ω, φ) is a real-orientable 2n-manifold, l∈Z≥0, B∈H2(X;Z),
and J ∈J φω . With (Σ, σ) as in (1.7), let

M•2g0−1,l(X,B; J)φ,σ ⊂M
•
2g0−1,l(X,B; J)φ

denote the open subspace of real J-holomorphic maps from (Σ, σ). For each
s⊂{1, . . . , l}, let

M•2g0−1,l(X,B; J)φ,σs ⊂M•2g0−1,l(X,B; J)φ,σ

be the open subspace consisting of marked maps so that the second point
in the i-th conjugate pair lies on Σ1 if and only if i∈s. In particular,

(1.8) M•2g0−1,l(X,B; J)φ,σs ⊂
⊔

B0∈H2(X;Z)
B0−φ∗B0=B

(
Mg0,l(X,B0; J)×Mg0,l(X,−φ∗B0; J)

)
,
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where Mg0,l(X,B0; J) is the usual moduli space of degree B0 J-holomorphic
maps from smooth genus g0 curves with l marked points. The projection

(1.9) M•2g0−1,l(X,B; J)φ,σs −→
⊔

B0∈H2(X;Z)
B0−φ∗B0=B

Mg0,l(X,B0; J)

to the first factor in (1.8) is an isomorphism (in the sense of Kuranishi
structures, i.e. (1.9) identifies the deformation-obstruction theories of the
two moduli spaces). The moduli space on the right-hand side of (1.9) carries
a natural orientation obtained by homotoping the linearization of the ∂̄-
operator to a C-linear Fredholm operator; see [22, Section 3.2]. We will call
the orientation on the left-hand side of (1.9) induced by this orientation the
complex orientation of M•2g0−1,l(X,B; J)φ,σs .

Theorem 1.3. Let (X,ω, φ) be a real-orientable 2n-manifold with n 6∈2Z,
g0, l∈Z≥0, (Σ, σ) a g0-doublet, B∈H2(X;Z), and J ∈J φω . The orientation
on M•2g0−1,l(X,B; J)φ,σs induced by a real orientation on (X,ω, φ) and its

complex orientation differ by (−1)g0+1+|s|.

Since the orientation on M•g,l(X,B; J)φ induced by a real orientation
on (X,ω, φ) is compatible with orienting the fibers of the forgetful mor-
phisms

(1.10) M
•
g,l+1(X,B; J)φ −→M

•
g,l(X,B; J)φ

by the first marked point in the last conjugate pair, the statement of this
theorem is compatible with the forgetful morphisms. Under the assumptions
of this theorem, the “complex” dimension of the right-hand side of (1.9) in
the l=0 case, i.e.

dimvrt
C Mg0,0(X,B0; J) =

〈
c1(TX), B0

〉
+ (n−3)(1−g0),

is even by the second condition in (1.1). Thus, the “conjugation” diffeomor-
phism⊔
B0∈H2(X;Z)
B0−φ∗B0=B

Mg0,0(X,B0; J) −→
⊔

B0∈H2(X;Z)
B0−φ∗B0=B

Mg0,0(X,B0; J), [u, j] −→
[
φ◦u,−j

]
,

is orientation-preserving. This implies that the validity of Theorem 1.3 is
independent of the ordering of the topological components of Σ.
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An illustration of Theorems 1.2 and 1.3 in the genus 0 case is [11,
Lemma 5.2]. It describes the normal bundle to a stratum of genus 0 maps
consisting of a central component with a pair of conjugate bubbles, i.e. a
0-doublet, attached. This boundary stratum is oriented by choosing one of
the nodes and taking the complex orientation associated with the corre-
sponding bubble. The claim of [11, Lemma 5.2] is that the normal bundle
is then oriented by the complex orientation of the smoothings of this node.
According to Theorem 1.3, the “canonical” orientation of this boundary
stratum is obtained by taking the opposite of the complex orientation on
the distinguished bubble. According to Theorem 1.2, the orientation of the
normal bundle is then opposite to the complex orientation of the smooth-
ings of the distinguished node. Thus, [11, Lemma 5.2] is a consequence of
Theorems 1.2 and 1.3.

1.4. Comparison with spin and relative spin orientations

Let X be a topological space, Y ⊂X be a subspace, and F −→Y be a real
oriented vector bundle. A relative spin structure on F as in [7] consists of
a real oriented vector bundle E−→X and a spin structure on F⊕E|Y . If
(X,φ) is a topological space with an involution and (L, φ̃) is a real bundle
pair over (X,φ), the map

(1.11) 2(L∗)φ̃
∗ −→ L∗|Xφ , (v, w) −→ v + iw,

is an isomorphism of real oriented vector bundles over Xφ. Thus, a real
orientation on a real bundle pair (V, ϕ) as in Definition 1.1 determines a
relative spin structure on the real oriented vector bundle V ϕ−→Xφ with
E=L∗ in the above notation; we will call this structure the associated rela-

tive spin structure on V ϕ. If in addition Lφ̃−→Xφ is orientable, 2(L∗)φ̃
∗

has
a canonical homotopy class of trivializations as in the proof of [12, Corol-
lary 5.6]. Such a real orientation on (V, ϕ) thus determines a spin structure
on V ϕ; we will call the latter the associated spin structure on V ϕ.

Let τ be the standard involution on P1; we take it to be given by z−→1/z̄
on C. For l≥2, we denote by Mτ

0,l the uncompactified moduli space of

equivalence classes of (P1, τ) with l pairs of conjugate marked points. The
Deligne-Mumford compactificationMτ

0,2 ofMτ
0,2 includes 3 additional stable

real two-component nodal curves. A diffeomorphism of Mτ
0,2 with a closed
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interval is given by

Mτ
0,2 −→ R+ ≡ [0,∞],(1.12) [

(z+
1 , z

−
1 ), (z+

2 , z
−
2 )
]
−→ z+

2 −z
+
1

z−2 −z
+
1

:
z+

2 −z
−
1

z−2 −z
−
1

=
|z+

1 −z
+
2 |2

|1−z+
1 /z

−
2 |2

.

It takes the two-component curve with z+
1 and z+

2 on the same component
to 0 and the two-component curve with z+

1 and z−2 on the same component
to ∞. For l≥2, the fibers of the forgetful morphism

Mτ
0,l+1 −→M

τ
0,l

are oriented by the canonical complex orientation of the tangent space at
the first marked point in the last conjugate pair. It follows that the moduli
space Mτ

0,l is orientable.
Let (X,ω, φ) be a real symplectic manifold. By [12, Theorem 1.3], a real

orientation on (X,ω, φ) and an orientation on Mτ
0,2 determine an

orientation on each moduli space M0,l(X,B; J)φ,τ of real J-holomorphic
maps from (P1, τ) to (X,φ). The standard approach [2, 8, 26] to orienting
M0,l(X,B; J)φ,τ involves orienting the associated moduli space of disk maps
from a relative spin structure on TXφ−→Xφ; in some cases, the resulting
orientation on the disk space descends to an orientation on M0,l(X,B; J)φ,τ .
Theorem 1.4 below compares the orientations on M0,l(X,B; J)φ,τ resulting
from the two approaches to orienting it. Both approaches involve some sign
conventions, which we specify next.

The construction of the orientation on the real line bundle (2.12) in
the proof of [12, Proposition 5.9] involves a somewhat arbitrary sign choice
for the Serre duality isomorphism [12, (5.21)]. The (real) dimensions of
its domain and target are 3(g−1)+2l. Thus, this choice has no effect on
the homotopy class of this isomorphism or the resulting orientation of the
real line bundle (2.12) if g 6∈2Z. If g∈2Z, changing this choice changes the
resulting orientation of (2.12) and the orientation on the moduli spaces
Mg,l(X,B; J)φ,σ of real maps. In light of Proposition 4.18, the above sign
choice is determined by a choice of orientation of the real line bundle (2.12)
over Mτ

0,2. In this case, the operator ∂̄C is surjective and its kernel consists

of constant R-valued functions. Thus, an orientation on (2.12) over Mτ
0,2 is

determined by an orientation onMτ
0,2. As in [11, Section 3], we orientMτ

0,2

by the diffeomorphism (1.12).
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Let Gτ denote the group of holomorphic automorphisms of (P1, τ). The
exact sequence

0 −→ TidS
1 −→ TidGτ −→ T0C −→ 0

and the standard orientations of S1 and C determine an orientation on Gτ .
Let P0(X,B; J) denote the space of (parametrized) degree B J-holomorphic
real maps from (P1, τ) to (X,φ); thus,

(1.13) M0,0(X,B; J)φ,τ = P0(X,B; J)
/
Gτ .

An orientation on the left-hand side of (1.13) determines an orientation
on P0(X,B; J) via the canonical isomorphism

(1.14) Λtop
R
(
TuP0(X,B; J)

)
≈ Λtop

R
(
T[u]M0,0(X,B; J)φ,τ

)
⊗ Λtop

R
(
TidGτ

)
.

An orientation on the marked moduli spaces M0,l(X,B; J)τ,φ is then de-
termined by orienting the fibers of the forgetful morphisms (1.10) by the
first marked point in the last conjugate pair. Since Gτ has two topological
components, an orientation on P0(X,B; J) may not descend to the quo-
tient (1.14). By [9, Theorem 6.6] with (E, τ̃)=(L, φ̃)∗, a real orientation
on (X,ω, φ) induces an orientation on P0(X,B; J) that descends to this
quotient and extends to the stable map compactification.

The (virtual) tangent space of P0(X,B; J) is the index (as a K-theory
class) of the linearization of the ∂̄J -operator at u. An orientation on this
index, or equivalently on detD(TX,dφ)|u, is determined by a relative spin

structure on TXφ−→Xφ; see the proof of [7, Theorem 8.1.1] or [20, The-
orem 6.36]. If this orientation descends to the quotient (1.13), the induced
orientation on the latter depends on the ordering of the two lines on the
right-hand side of (1.14) if

dimvrt
R M0,0(X,B; J)φ,τ =

〈
c1(TX), B

〉
+ n−3,

is odd. If (X,ω, φ) is real-orientable, this is the case if and only if n∈2Z.
The marked moduli space M0,l(X,B; J)φ,τ can also be oriented by first

orienting the marked parametrized space Pl(X,B; J) from the orientation
of P0(X,B; J) via the forgetful morphism as in (1.10) and then taking the
quotient as in (1.13). If l≥2, we can then take (X,B)=(pt, 0) and obtain
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an orientation on

Mτ
0,2 = M0,2(pt, 0)id,τ .

With the orienting convention (1.14), this orientation agrees with the orien-
tation on Mτ

0,2 determined by the diffeomorphism (1.12).

Theorem 1.4. Suppose (X,ω, φ) is a real-orientable manifold, l ∈ Z≥0,
B ∈ H2(X;Z), and J ∈J φω . The orientations on M0,l(X,B; J)φ,τ induced
by a real orientation on (X,ω, φ) as in Definition 1.1 and by the associated
relative spin structure on TXφ−→Xφ differ by (−1)ε(B), where

ε(B) ≡
⌊
〈c1(X), B〉+ 2

4

⌋
.

If in addition Lφ̃ −→ Xφ is orientable, then the orientations on

M0,l(X,B; J)φ,τ

induced by the real orientation on (X,ω, φ) and by the associated spin struc-
ture on TXφ are the same.

A key step in the proof of this theorem in Section 3.2 is Proposition 3.5;
it obtains an explicit comparison of orientations of determinants of Fredholm
operators. This comparison is in the spirit of the undetermined sign of [26,
Proposition 8.4]. As indicated in Section 3.3 and illustrated in [13], Propo-
sition 3.5 makes it possible to determine the equivariant weights of vector
bundles along torus fixed loci in settings such as in [17, Section 5], [24, Sec-
tion 4], and [5, Section 6.4]. We in fact give three proofs of Proposition 3.5,
a direct computation and as a consequence of the equivariant computations
in [5].

Remark 1.5. The approach to orienting the moduli spaces of real maps
from (P1, τ) to (X,φ) by “stabilizing” the real bundle pair (TX,dφ) with
two copies of a real bundle pair (E, τ̃) over (X,φ) is introduced in [9]. For
these moduli spaces, the orienting procedure of [12, Theorem 1.3] specializes
to the orienting procedure of [9]. While the stabilizing real bundle pair (E, τ̃)
in [9] can be of any rank, the purpose of (E, τ̃) is also fulfilled by Λtop

C (E, τ̃)
and so it is sufficient to restrict to the rank 1 real bundle pairs. On the other
hand, the proof of Theorem 1.4 readily extends to real bundle pairs (L, φ̃)
of any rank. In sharp contrast to the relative spin orienting procedure of [7,
Theorem 8.1.1], the orientation from the approach of [9] with a rank 1 real



i
i

“6-Georgieva” — 2019/10/16 — 12:11 — page 1095 — #13 i
i

i
i

i
i

Real Gromov-Witten theory 1095

bundle (E, τ̃) depends only on w1(E τ̃ ) and the spin structure on TXφ⊕2E τ̃ ,
not on (E, τ̃) itself; see Remark 3.10.

1.5. Outline of the paper and acknowledgments

Section 2 sets up the notation necessary for the remainder of this paper and
summarizes the orientation construction of [12]. Theorems 1.3 and 1.4 are
proved in Sections 3.1 and 3.2, respectively. Section 3.3 obtains a number of
computationally useful statements concerning orientations of the determi-
nants of real Cauchy-Riemann operators on real bundle pairs. Theorem 1.2
is established in Section 3.

We would like to thank E. Brugallé, R. Crétois, E. Ionel, S. Lisi, M. Liu,
J. Solomon, J. Starr, M. Tehrani, G. Tian, and J. Welschinger for related
discussions. The second author is very grateful to the IAS School of Math-
ematics for its hospitality during the initial stages of our project on real
GW-theory.

2. Notation and review

We set up the necessary notation involving moduli spaces of stable maps and
curves in Section 2.1. We then recall standard facts concerning determinant
lines of Fredholm operators in Section 2.2. Section 3 reviews some of the key
statements from [12].

2.1. Moduli spaces of symmetric surfaces and real maps

Let (Σ, σ) be a genus g symmetric surface. We denote by Dσ the group
of orientation-preserving diffeomorphisms of Σ commuting with the invo-
lution σ. If (X,φ) is a smooth manifold with an involution, l∈Z≥0, and
B ∈ H2(X;Z), let

Bg,l(X,B)φ,σ ⊂ Bg(X)φ,σ × Σ2l

denote the space of real maps u : (Σ, σ)−→(X,φ) with u∗[Σ]Z = B and l
pairs of conjugate non-real marked distinct points. We define

Hg,l(X,B)φ,σ =
(
Bg,l(X,B)φ,σ×J σΣ

)
/Dσ.
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If J ∈J φω , the moduli space of marked real J-holomorphic maps in the class
B ∈ H2(X;Z) is the subspace

Mg,l(X,B; J)φ,σ =
{

[u, (z+
1 , z

−
1 ), . . . , (z+

l , z
−
l ), j]∈Hg,l(X,B)φ,σ : ∂̄J,ju=0

}
,

where ∂̄J,j is the usual Cauchy-Riemann operator with respect to the com-
plex structures J on X and j on Σ. If g+l≥2,

Mσ
g,l ≡Mg,l(pt, 0)id,σ ≡ Hg,l(pt, 0)id,σ

is the moduli space of marked symmetric domains. There is a natural for-
getful morphism

(2.1) f : Hg,l(X,B)φ,σ −→Mσ
g,l ;

it drops the map component u from each element of the domain.
We denote by

Mg,l(X,B; J)φ,σ ⊃Mg,l(X,B; J)φ,σ

Gromov’s convergence compactification of Mg,l(X,B; J)φ,σ obtained by in-
cluding stable real maps from nodal symmetric surfaces. The (virtually)
codimension-one boundary strata of

Mg,l(X,B; J)φ,σ −Mg,l(X,B; J)φ,σ ⊂Mg,l(X,B; J)φ,σ

consist of real J-holomorphic maps from one-nodal symmetric surfaces to
(X,φ). Each stratum is either a (virtual) hypersurface in Mg,l(X,B; J)φ,σ or
a (virtual) boundary of the spaces Mg,l(X,B; J)φ,σ for precisely two topo-
logical types of orientation-reversing involutions σ on Σ. Let

Mg,l(X,B; J)φ =
⊔
σ

Mg,l(X,B; J)φ,σ and

Mg,l(X,B; J)φ =
⋃
σ

Mg,l(X,B; J)φ,σ

denote the (disjoint) union of the uncompactified real moduli spaces and
the union of the compactified real moduli spaces, respectively, taken over all
topological types of orientation-reversing involutions σ on Σ. If g+l≥2, we
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denote by

Mσ
g,l ≡Mg,l(pt, 0)id,σ ⊃Mσ

g,l , RMg,l ≡Mg,l(pt, 0)id =
⋃
σ

Mσ
g,l

the real Deligne-Mumford moduli spaces. The forgetful morphism (2.1) ex-
tends to a morphism

(2.2) f : Mg,l(X,B; J)φ −→ RMg,l

between the compactifications.

2.2. Determinant line bundles

Let (V, ϕ) be a real bundle pair over a symmetric surface (Σ, σ). A real
Cauchy-Riemann (or CR-) operator on (V, ϕ) is a linear map of the form

D = ∂̄+A : Γ(Σ;V )ϕ ≡
{
ξ∈Γ(Σ;V ) : ξ◦σ=ϕ◦ξ

}
(2.3)

−→ Γ0,1
j (Σ;V )ϕ ≡

{
ζ∈Γ(Σ; (T ∗Σ, j)0,1⊗CV ) : ζ◦dσ = ϕ◦ζ

}
,

where ∂̄ is the holomorphic ∂̄-operator for some j∈J σΣ and a holomorphic
structure in V and

A ∈ Γ
(
Σ; HomR(V, (T ∗Σ, j)0,1⊗CV )

)ϕ
is a zeroth-order deformation term. A real CR-operator on a real bundle
pair is Fredholm in the appropriate completions.

If X,Y are Banach spaces and D : X−→Y is a Fredholm operator, let

detD ≡ Λtop
R (kerD)⊗

(
Λtop
R (cokD)

)∗
denote the determinant line of D. A continuous family of such Fredholm op-
erators Dt over a topological spaceH determines a line bundle over H, called
the determinant line bundle of {Dt} and denoted detD; see [22, Section A.2]
and [30] for a construction. A short exact sequence of Fredholm operators

0 −−−−→ X ′ −−−−→ X −−−−→ X ′′ −−−−→ 0yD′ yD yD′′
0 −−−−→ Y ′ −−−−→ Y −−−−→ Y ′′ −−−−→ 0
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determines a canonical isomorphism

(2.4) detD ∼= (detD′)⊗ (detD′′).

For a continuous family of short exact sequences of Fredholm operators, the
isomorphisms (2.4) give rise to a canonical isomorphism between determi-
nant line bundles.

Families of real CR-operators often arise by pulling back data from a
target manifold by smooth maps as follows. Suppose (X, J, φ) is an almost
complex manifold with an anti-complex involution and (V, ϕ) is a real bundle
pair over (X,φ). Let ∇ be a ϕ-compatible connection in V and

A ∈ Γ
(
X; HomR(V, (T ∗X, J)0,1 ⊗CV )

)ϕ
.

For any real map u : (Σ, σ)−→(X,φ) and j∈J σΣ , let ∇u denote the induced
connection in u∗V and

Aj;u = A ◦ ∂ju ∈ Γ(Σ; HomR(u∗V, (T ∗Σ, j)0,1 ⊗C u
∗V )

)u∗ϕ
.

The homomorphisms

∂̄∇u =
1

2
(∇u + i ◦ ∇u ◦ j),

D(V,ϕ);u ≡ ∂̄∇u +Aj;u : Γ(Σ;u∗V )u
∗ϕ −→ Γ0,1

j (Σ;u∗V )u
∗ϕ

are real CR-operators on u∗(V, ϕ)−→(Σ, σ) that form families of real CR-
operators over families of maps. If g, l∈Z≥0 and B∈H2(X;Z), let

detD(V,ϕ) −→ Bg,l(X,B)φ,σ×J σΣ

denote the determinant line bundle of such a family. It descends to a fibration

detD(V,ϕ) −→ Hg,l(X,B)φ,σ,

which is a line bundle over the open subspace of the base consisting of
marked maps with no non-trivial automorphisms.

Example 2.1. Let (V, ϕ)=(C, c); this is a real bundle pair over (pt, id). If
g+l≥2, the induced family of operators ∂̄C ≡ D(C,c) on Mσ

g,l defines a line
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bundle

det ∂̄C −→Mσ
g,l .

If (X,φ) is an almost complex manifold with an anti-complex involution φ
and

(V, ϕ) = (X×C, φ×c) −→ (X,φ),

then there is a canonical isomorphism

detD(C,c) ≈ f∗
(
det ∂̄C

)
of line bundles over Hg,l(X,B)φ,σ.

For a real CR-operator D on a rank n real bundle pair (V, ϕ) over a
symmetric surface (Σ, σ), we define the relative determinant of D to be the
tensor product

(2.5) d̂etD ≡
(
detD

)
⊗
(
det ∂̄Σ;C

)⊗n
,

where det ∂̄Σ;C is the standard real CR-operator on (Σ, σ) with values in
(C, c). This notion plays a central role in the construction of real GW-theory
in [12].

Let (X,ω, φ) be a real symplectic 2n-manifold, g, l∈Z≥0, B∈H2(X;Z),
J ∈J φω , and

[u] ≡
[
u, (z+

1 , z
−
1 ), . . . , (z+

l , z
−
l ), j

]
∈Mg,l(X,B; J)φ .

Denote by Σu the domain of u. If

C ≡
(
Σu, (z

+
1 , z

−
1 ), . . . , (z+

l , z
−
l ), j

)
is a stable curve, then the forgetful morphism (2.2) induces an isomorphism

(2.6) Λtop
R
(
T[u]Mg,l(X,B; J)φ,σ

)
≈
(
detD(TX,dφ);u

)
⊗ Λtop

R
(
T[C]M

σ
g,l

)
.

Orientations on the two lines on the right-hand side of (2.6) thus determine
an orientation on the left-hand side of (2.6). If (X,ω, φ) is real-orientable
and n is odd, as in the cases relevant to the present paper, the index of
D(TX,dφ);u is odd if and only if g∈2Z. The induced orientation on the left-
hand side of (2.6) then depends on the specified order of the factors on the
right-hand side of (2.6).
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2.3. Real orientations and relative determinants

Let (X,φ) be a topological space with an involution and (V, ϕ) be a real bun-
dle pair over (X,φ). An isomorphism Θ in (1.1) determines orientations on

V ϕ and V ϕ⊕2(L∗)φ̃
∗
. Given a real orientation on (V, ϕ) as in Definition 1.1,

we will call these orientations the orientations determined by (RO2) if Θ lies
in the chosen homotopy class. An isomorphism Θ in (1.1) also induces an
isomorphism

Λtop
C
(
V ⊕2L∗, ϕ⊕2φ̃∗

)
≈ Λtop

C (V, ϕ)⊗ (L∗, φ̃∗)⊗2(2.7)

≈ (L, φ̃)⊗2 ⊗ (L∗, φ̃∗)⊗2 ≈
(
Σ×C, σ×c

)
,

where the last isomorphism is the canonical pairing. We will call the homo-
topy class of isomorphisms (2.7) induced by the isomorphisms Θ in (RO2)
the homotopy class determined by (RO2).

Proposition 2.2 ([14, Proposition 7.3]). Suppose (Σ, σ) is a symmetric
surface, possibly disconnected and nodal, and (V, ϕ) is a rank n real bundle
pair over (Σ, σ). A real orientation on (V, ϕ) as in Definition 1.1 determines
a homotopy class of isomorphisms

(2.8) Ψ:
(
V ⊕2L∗, ϕ⊕2φ̃∗

)
≈
(
Σ×Cn+2, σ×c

)
of real bundle pairs over (Σ, σ). An isomorphism Ψ belongs to this homotopy
class if and only if the restriction of Ψ to the real locus induces the chosen
spin structure (RO3) and the isomorphism

Λtop
C Ψ: Λtop

C
(
V ⊕2L∗, ϕ⊕2φ̃∗

)
−→ Λtop

C
(
Σ×Cn+2, σ×c

)
(2.9)

=
(
Σ×C, σ×c

)
lies in the homotopy class determined by (RO2).

The only cases of this proposition relevant to [12] are for Σ smooth and
with one real node; the only cases relevant to Theorem 1.2 are for Σ smooth
and with one pair of conjugate nodes. The proof of [12, Proposition 5.2]
establishes Proposition 2.2 under the assumption that Σ is connected and
smooth, but it applies without the first restriction. The proof of [12, Proposi-
tion 6.2] extends [12, Proposition 5.2] to one-nodal symmetric surfaces. The
analogue of this extension for symmetric surfaces with one pair of conjugate
nodes is carried out in the proof of Lemma 4.4 of the present paper. The
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principles behind the two extensions are used in [14] to establish the full
statement of Proposition 2.2.

Corollary 2.3. Suppose (Σ, σ) is a symmetric surface, possibly discon-
nected and nodal, and D is a real CR-operator on a rank n real bundle pair
(V, ϕ) over (Σ, σ). Then a real orientation on (V, ϕ) as in Definition 1.1

induces an orientation on the relative determinant d̂etD of D.

For Σ smooth or one-nodal, this corollary is deduced from the corre-
sponding cases of Proposition 2.2 in the proofs of [12, Corollary 5.7] and
[12, Corollary 6.6], respectively. The proof of the latter readily extends to
all symmetric surfaces (Σ, σ).

Corollary 2.3 implies that a real orientation on a real symplectic manifold
(X,ω, φ) determines an orientation on the line

(2.10) d̂etD(TX,dφ);u ≡
(
detD(TX,dφ);u

)
⊗
(
det ∂̄C|Σu

)⊗n
.

By [12, Corollary 6.7] and Corollary 4.6, this orientation varies continuously
with [u].

Corollary 2.4. Suppose (Σ, σ) is a symmetric surface, possibly discon-
nected and nodal, and (L, φ̃)−→(Σ, σ) is a rank 1 real bundle pair. If the

line bundle Lφ̃−→Σσ is orientable, there exists a canonical homotopy class
of isomorphisms

(2.11)
(
L⊗2⊕2L∗, φ̃⊗2⊕2φ̃∗

)
≈
(
Σ×C3, σ×c

)
of real bundle pairs over (Σ, σ).

As explained in the proof of [12, Corollary 5.6], there is a canonical real

orientation on the real bundle (L, φ̃)⊗2 over (Σ, σ) if Lφ̃−→Σσ is orientable.
In particular, there is a canonical homotopy class of isomorphisms(

T ∗Σ⊗2⊕2TΣ, (dσ∗)⊗2⊕2dσ
)
≈
(
Σ×C3, σ×c

)
of real bundle pairs over (Σ, σ) if Σ contains no real nodes (of type (H2)
or (H3) in the terminology of [20, Section 3] and [12, Section 3.2]).

Let g, l ∈ Z≥0 be such that g+l≥2 and (Σ, σ) be a smooth connected
symmetric surface of genus g. Combining the Kodaira-Spencer isomorphism,
Dolbeault Isomorphism, Serre Duality, and Corollaries 2.3 and 2.4, we find
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that the real line bundle

(2.12) Λtop
R
(
TMσ

g,l

)
⊗
(
det ∂̄C

)
−→Mσ

g,l

is canonically oriented; see the proof of [12, Proposition 5.9]. If n 6∈2Z and the
domain Σu of u in (2.6) is smooth, the canonical orientation on (2.12) and
an orientation on (2.10) determine an orientation on the line (2.6) which
varies continuously with u. Thus, a real orientation on a real symplectic
manifold (X,ω, φ) determines orientations on the uncompactified moduli
spaces Mg,l(X,B; J)φ,σ of real J-holomorphic maps from (Σ, σ) to (X,φ).

By [12, Proposition 6.1], the canonical orientations of the real line bun-
dle (2.12) extend across a codimension-one boundary stratum of RMg,l if
and only if the parity of the number |σ|0 of connected components of the
fixed locus Σσ of Σ remains unchanged. By construction, the same is the
case of the orientations on Mg,l(X,B; J)φ,σ induced by a real orientation
on (X,ω, φ) if n6∈2Z. In order to orient the compactified moduli spaces
Mg,l(X,B; J)φ, we multiply the orientation on Mg,l(X,B; J)φ,σ induced by
a real orientation on (X,ω, φ) by (−1)g+|σ|0+1. This does not change the
orientations whenever the fixed locus Σσ of Σ is separating.

3. Comparison of orientations

There are now standard ways of imposing orientations on the moduli spaces
Mg,l(X,B; J)φ,σ for certain types of symmetric surfaces (Σ, σ). Theorems 1.3
and 1.4 compare such orientations with the orientations constructed in [12]
and briefly described in Section 2.3.

3.1. Canonical vs. complex

We continue with the notation and setup of Section 1.3. In the setting of
Theorem 1.3, each of the factors in (2.10) and (2.12) has a natural complex
orientation. By Lemma 3.1 below, the orientations of the tensor product
in (2.10) induced by a real orientation on (X,ω, φ) and by the complex
orientations on the two factors are the same. By Lemma 3.2, the canonical
orientation of the tensor product in (2.12) and the orientation induced by
the complex orientations on the two factors differ by (−1)g0+1+|s|.

The exponent of g0+1 above arises for the following reason. Let V be a
complex vector space of dimension k. The map

(3.1) HomC(V,C) −→ HomR(V,R), θ −→ Re θ,
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is then an isomorphism of real vector spaces. Its domain is a complex vector
space and thus has a canonical complex orientation; its image has an orien-
tation induced from the complex orientation of V . The isomorphism (3.1) is
orientation-preserving with respect to these orientations if and only if k is
even. The only step in the proof of [12, Proposition 5.9] not compatible with
the natural complex orientations is taking the (real) dual in [12, (5.21)]. The
sign discrepancy of (3.1) for the twists by the marked points is taken into
account earlier in the proof. The “remaining” vector space in [12, (5.21)]
has complex dimension 3g0−3 and accounts for the exponent of g0+1 in the
sign of Theorem 1.3.

A rank n real bundle pair (V, ϕ) over a doublet (Σ, σ) as in (1.7) corre-
sponds to a complex vector bundle V0−→Σ0 with

V = V1tV2 ≡ {1}×V0 t {2}×V 0, ϕ(i, z) =
(
3−i, v

)
∀ (i, v)∈V,

where V 0 denotes V0 with the opposite complex structure. With these iden-
tifications,

Γ(Σ;V )ϕ ⊂ Γ(Σ1;V1)⊕ Γ(Σ2;V2),

Γ0,1
j (Σ;V )ϕ ⊂ Γ0,1

j (Σ1;V1)⊕ Γ0,1
−j (Σ2;V2),

and the projections

(3.2) Γ(Σ;V )ϕ −→ Γ(Σ0;V0) and Γ0,1
j (Σ;V )ϕ ⊂ Γ0,1

j (Σ0;V0)

to the first component are isomorphisms of real vector spaces. Via these pro-
jections, every real CR-operator D on the real bundle pair (V, ϕ) corresponds
to an operator

D0 : Γ(Σ0;V0) −→ Γ0,1
j (Σ0;V0) .

The projections (3.2) induce isomorphisms between the kernels and cokernels
of D and D0 and thus an isomorphism

(3.3) detD ≈ detD0 .

Since D0 is a real linear CR-operator on V0 in the sense of [22, Defini-
tion C.1.5], detD0 has a canonical “complex” orientation obtained by ho-
motoping D0 to a C-linear Fredholm operator; see [22, Section 3.2]. We will
call the orientation on detD induced from this orientation via the isomor-
phism (3.3) the complex orientation of detD.
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Lemma 3.1. Let (Σ, σ), (V, ϕ), and D be as above. The orientations of the

relative determinant d̂etD of D induced by a real orientation on (V, ϕ) as
in Corollary 2.3 and by the complex orientations on the two factors are the
same.

Proof. The homotopy class of isomorphisms as in (2.8) determined by a real
orientation on (V, ϕ) determines an orientation on the line(

detD
(V⊕2L∗,ϕ⊕2φ̃∗)

)
⊗
(
det ∂̄Σ;C

)⊗(n+2)
(3.4)

≈
(
det
(
D

(V⊕2L∗,ϕ⊕2φ̃∗)

)
0

)
⊗
(
det
(
∂̄Σ;C

)
0

)⊗(n+2)
.

Any isomorphism Ψ in (2.8) corresponds to an isomorphism

Ψ0 : V0⊕2L∗0 −→ Σ0×Cn+2

of complex vector bundles over Σ0 by the restriction to Σ1⊂Σ. The isomor-
phism in (3.4) is orientation-preserving with respect to the orientation on the
left-hand side induced by Ψ and the orientation on the right-hand side in-
duced by Ψ0. Since Ψ0 is a C-linear isomorphism, the operator on Σ0×Cn+2

induced by (D
(V⊕2L∗,ϕ⊕2φ̃∗)

)0 via Ψ0 is a real linear CR-operator. Since any

two such operators are homotopic, the orientation on the last factor in (3.4)
induced from the complex orientation of the third factor in (3.4) is the com-
plex orientation. Thus, the orientation on the left-hand side of (3.4) induced
by a real orientation on (V, ϕ) is the orientation induced by the complex
orientations on the two factors.

By (2.4), there are horizontal canonical isomorphisms
(3.5)

detD
(V⊕2L∗,ϕ⊕2φ̃∗)

(3.3) ≈
��

(2.4)

≈
//
(
detD(V,ϕ)

)
⊗
(
detD

(L∗,φ̃∗)

)⊗2

(3.3) ≈
��

det
(
D

(V⊕2L∗,ϕ⊕2φ̃∗)

)
0

(2.4)

≈
//
(
det
(
D(V,ϕ)

)
0

)
⊗
(
det
(
D

(L∗,φ̃∗)

)
0

)⊗2

making the diagram commute. Thus, the top isomorphism in (3.5) is orien-
tation-preserving with respect to the complex orientations on the three de-
terminants. The orientation of d̂etD induced by a real orientation on (V, ϕ)
as in Corollary 2.3 is obtained by combining

(1) the orientation on LHS of (3.4) induced by,

(2) the top isomorphism in (3.5), and
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(3) the canonical orientations of (detD
(L∗,φ̃∗)

)⊗2 and (det ∂̄Σ;C
)⊗2

.

By the last sentence of the previous paragraph and the sentence after (3.5),
this is the orientation induced by the complex orientations on the two factors.

�

For g∈Z and l∈Z≥0 with g+l≥2, we denote by

RM•g,l ⊃ RM•g,l

the Deligne-Mumford moduli space of possibly disconnected stable nodal
symmetric surfaces of Euler characteristic 2(1−g) with l pairs of conjugate
marked points and its subspace consisting of smooth curves. If g0, l∈Z≥0

with 2g0+l≥3 and (Σ, σ) is a g0-doublet as in (1.7), let

Mσ
2g0−1,l = M•2g0−1,l(pt, 0)id,σ ⊂ RM•2g0−1,l .

For each s⊂{1, . . . , l}, let

Mσ
2g0−1,l;s = M•2g0−1,l(pt, 0)id,σ

s ⊂Mσ
2g0−1,l

be the open subspace consisting of marked curves so that the second point
in the i-th conjugate pair lies on Σ1 if and only if i∈s. In particular,

(3.6) Mσ
2g0−1,l;s ⊂Mg0,l×Mg0,l ,

whereMg0,l is the usual Deligne-Mumford moduli space of smooth genus g0

curves with l marked points. The projection

(3.7) Mσ
2g0−1,l;s −→Mg0,l

to the first factor in (3.6) is a diffeomorphism. The moduli space on the
right-hand side of (3.7) carries a natural complex orientation. We will call
the orientation on the left-hand side of (3.7) induced by this orientation the
complex orientation of Mσ

2g0−1,l;s.

Lemma 3.2. Let g0, l∈Z≥0 with 2g0+l≥3 and (Σ, σ) be a g0-doublet. The
canonical orientation on the real line bundle

(3.8) Λtop
R
(
TMσ

2g0−1,l;s

)
⊗
(
det ∂̄C

)
−→Mσ

2g0−1,l;s

constructed as in the proof of [12, Proposition 5.9] and the orientation in-
duced by the complex orientations of the factors differ by (−1)g0+1+|s|.
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Proof. Since the interchange of the points within a conjugate pair reverses
the canonical orientation of (3.8), it is sufficient to establish the claim for
s=∅. Let

[C0] =
[
Σ0, z

+
1 , . . . , z

+
l , j
]
∈Mg0,l and

[C] =
[
Σ, (z+

1 , z
−
1 ), . . . , (z+

l , z
−
l ), jt(−j)

]
∈Mσ

2g0−1,l.

Similarly to the proof of [12, Proposition 5.9], we define

TC0 = TΣ0

(
− z+

1 − · · · − z
+
l

)
,

T ∗C0 = T ∗Σ0

(
z+

1 + · · ·+ z+
l

)
,

TC = TΣ
(
− z+

1 − z
−
1 − · · · − z

+
l − z

−
l

)
,

T ∗C = T ∗Σ
(
z+

1 + z−1 + · · ·+ z+
l + z−l

)
.

Denote by SC0 the skyscraper sheaf over Σ0 and by SC+, SC−, and SC the
skyscraper sheaves over Σ given by

SC0 = T ∗Σ0|z+
1 +···+z+

l
, SC+ = T ∗Σ|z+

1 +···+z+
l
,

SC− = T ∗Σ|z−1 +···+z−l , SC = SC+⊕SC− .

The projection

π1 : H0(Σ;SC)σ =
(
H0(Σ;SC+)⊕H0(Σ;SC−)

)σ
(3.9)

−→ H0(Σ;SC+) = H0(Σ0;SC0)

is an isomorphism of real vector spaces. In the proof of [12, Proposition 5.9],
we orient the domain of this isomorphism and its dual, i.e. the space of
homomorphisms into R, via the isomorphism

π∗1 : H0(Σ;SC+)∗ = Tz+
1

Σ⊕· · ·⊕Tz+
l

Σ −→
(
H0(Σ;SC)σ

)∗
from the complex orientations of Tz+

1
Σ, . . . , Tz+

l
Σ. Thus, the isomorphism

(3.10) HomC
(
H0(Σ0;SC0),C) ≈ H0(Σ;SC+)∗

π∗1−→
(
H0(Σ;SC)σ

)∗
is orientation-preserving with respect to the complex orientation on the left-
hand side and the orientation in the proof of [12, Proposition 5.9] on the
right-hand side.
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The Kodaira-Spencer map, Dolbeault isomorphism, and Serre Duality
for [C]∈Mσ

2g0−1,l as in [12, (5.20),(5.21)] and [C0]∈Mg0,l form a commutative
diagram

T[C]Mσ
2g0−1,l

KS

≈
//

≈
��

Ȟ1(Σ;TC)σ DI

≈
//

≈
��

H1(Σ;TC)σ SD

≈
//

≈
��

(
H0(Σ;T ∗C⊗T ∗Σ)σ

)∗
T[C0]Mg0,l

KS

≈
// Ȟ1(Σ0;TC0)

DI

≈
// H1(Σ0;TC0)

SD

≈
// HomC

(
H0(Σ0;T ∗C0⊗T ∗Σ0),C

)≈π∗1

OO

with the vertical arrows given by the restrictions to Σ1 =Σ0. Since the iso-
morphisms in the bottom row of the above diagram are C-linear, the natural
isomorphism

Λtop
R
(
T[C]Mσ

2g0−1,l

)
⊗ Λtop

R
((
H0(Σ;T ∗C⊗T ∗Σ)σ

)∗)
(3.11)

≈ Λtop
R
(
T[C0]Mg0,l

)
⊗ Λtop

R
(
HomC

(
H0(Σ0;T ∗C0⊗T ∗Σ0),C

))
is orientation-preserving with respect to the orientation on the left-hand side
in the proof of [12, Proposition 5.9] and the orientation on the right-hand
side induced by the complex orientations on the factors.

Since 2g0+l≥3,

H1(Σ0;T ∗C0⊗T ∗Σ0) = 0,(3.12)

dimCH
0(Σ0;T ∗C0⊗T ∗Σ0) = 3g0−3 + l.

The short exact sequence of sheaves [12, (5.22)] over Σ and its analogue
over Σ0 induce a commutative diagram of exact sequences

H0(Σ;T ∗Σ⊗T ∗Σ)σ //

≈
��

H0(Σ;T ∗C⊗T ∗Σ)σ //

≈
��

H0(Σ;SC)σ //

≈π1

��

H1(Σ;T ∗Σ⊗T ∗Σ)σ

≈
��

H0(Σ0;T ∗Σ0⊗T ∗Σ0) // H0(Σ0;T ∗C0⊗T ∗Σ0) // H0(Σ0;SC0) // H1(Σ0;T ∗Σ0⊗T ∗Σ0),

where we omit the zero vector spaces on the ends of the two rows. Since
the isomorphisms in the bottom row of the above diagram are C-linear, the
natural isomorphism

Λtop
R
(
H0(Σ;T ∗C⊗T ∗Σ)σ

)
⊗ det ∂̄(T ∗Σ,dσ∗)⊗2 ⊗ Λtop

R
(
H0(Σ0;SC)σ

)
≈ Λtop

R
(
H0(Σ0;T ∗C0⊗T ∗Σ0),C

)
⊗ det

(
∂̄(T ∗Σ,dσ∗)⊗2

)
0
⊗ Λtop

R
(
H0(Σ0;SC0)

)
is orientation-preserving with respect to the orientation on the left-hand side
in the proof of [12, Proposition 5.9] and the orientation on the right-hand
side induced by the complex orientations on the factors.
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By the choice of the orientation on H0(Σ0;SC)σ, the isomorphism π∗1
in (3.10) is orientation-preserving with respect to the complex orientation
on its domain. Since the complex dimension of the last vector space is l, it
follows that the sign of the vertical isomorphism π1 in the last commutative
diagram is (−1)l. Thus, the sign of the natural isomorphism

Λtop
R
(
H0(Σ;T ∗C⊗T ∗Σ)σ

)
⊗ det ∂̄(T ∗Σ,dσ∗)⊗2(3.13)

≈ Λtop
R
(
H0(Σ0;T ∗C0⊗T ∗Σ0),C

)
⊗ det

(
∂̄(T ∗Σ,dσ∗)⊗2

)
0

with respect to the orientation on the left-hand side in the proof of [12,
Proposition 5.9] and the orientation on the right-hand side induced by the
complex orientations on the factors is (−1)l.

By Lemma 3.1, the natural isomorphism

(3.14) det ∂̄(T ∗Σ,dσ∗)⊗2 ⊗ det ∂̄Σ;C ≈ det
(
∂̄(T ∗Σ,dσ∗)⊗2

)
0
⊗ det

(
∂̄Σ;C

)
0

is orientation-preserving with respect to the orientation on the left-hand
side induced by a real orientation on (T ∗Σ, dσ∗)⊗2 and the orientation on
the right-hand side induced by the complex orientations on the factors. The
canonical orientation on the real line bundle (3.8) is obtained by combining
the canonical orientations of the left-hand sides of (3.11), (3.13), and (3.14).

By the second statement in (3.12), the sign of the canonical isomorphism

Λtop
R
((
H0(Σ;T ∗C⊗T ∗Σ)σ

)∗)⊗ Λtop
R
(
H0(Σ;T ∗C⊗T ∗Σ)σ

)
≈ Λtop

R
(
HomC

(
H0(Σ0;T ∗C0⊗T ∗Σ0),C

))
⊗ Λtop

R
(
H0(Σ0;T ∗C0⊗T ∗Σ0)

)
with respect to the canonical orientation on the left-hand side and the orien-
tation on the right-hand side induced by the complex orientations on the fac-
tors is (−1)3g0−3+l. Combining this with the sign of the isomorphism (3.13),
we obtain the claim. �

Proof of Theorem 1.3. Throughout this argument, we will refer to the
orientation on the moduli space M•2g0−1,l(X,B; J)φ determined by a fixed
real orientation on (X,ω, φ) as the canonical orientation. Since the canoni-
cal orientation is compatible with orienting the fibers of the forgetful mor-
phism (1.10) by the first point in the last conjugate pair, we can assume that
2g0+l≥3. Let [u] be an element of M•2g0−1,l(X,B; J)φ,σs , [u0] be its image
under (1.9), and [C]∈Mσ

2g0−1,l;s and [C0]∈Mg0,l be their images under the
forgetful morphisms to the corresponding Deligne-Mumford moduli spaces.



i
i

“6-Georgieva” — 2019/10/16 — 12:11 — page 1109 — #27 i
i

i
i

i
i

Real Gromov-Witten theory 1109

The canonical orientation of the tangent space at [u] is obtained from
the canonical isomorphism

Λtop
R
(
T[u]M

•
2g0−1,l(X,B; J)φs

)
⊗
(
det ∂̄Σ;C

)⊗(n+1)
(3.15)

≈
((

detD(TX,dφ)|u
)
⊗
(
det ∂̄Σ;C

)⊗n)
⊗
(

Λtop
R
(
T[C]Mσ

2g0−1,l;s

)
⊗
(
det ∂̄Σ;C

))
determined by the forgetful morphism (2.2) and the canonical orientation of
(det ∂̄Σ;C)⊗(n+1) for n 6∈2Z. The orientation of the first tensor product on the
right-hand side of (3.15) is determined by the real orientation on (X,ω, φ)
as in Corollary 2.3. The orientation of the last tensor product on the right-
hand side of (3.15) is the canonical orientation of [12, Proposition 5.9]. The
standard complex orientation of the tangent space at [u0] is obtained from
the canonical isomorphism

Λtop
R
(
T[u0]Mg0,l(X,B0; J)

)
⊗
(
det
(
∂̄Σ;C

)
0

)⊗(n+1)
(3.16)

≈
((

det
(
D(TX,dφ)|u

)
0

)
⊗
(
det
(
∂̄Σ;C

)
0

)⊗n)
⊗ Λtop

R
(
T[C0]Mg0,l

)
⊗
(
det
(
∂̄Σ;C

)
0

)
determined by the forgetful morphism to the Deligne-Mumford space and
the standard complex orientation of det(∂̄C|Σu)0. The orientations of all four
factors on the right-hand side of (3.16) are the standard complex orienta-
tions.

The restriction to Σ1 =Σ0 intertwines the isomorphisms (3.15) and (3.16)
and respects the four factors on the right-hand sides. By Lemma 3.1, the
isomorphism between the first pairs of factors on the right-hand sides is
orientation-preserving. By Lemma 3.2, the sign of the isomorphism between
the last pairs of factors is (−1)g0+1+|s|. This establishes the claim. �

3.2. Canonical vs. spin and relative spin

We establish Theorem 1.4 and similar statements by relating the orientations
arising from Corollary 2.3 to the orienting procedure for the determinants of
Fredholm operators over oriented symmetric half-surfaces described in [10].

An oriented symmetric half-surface (or simply oriented sh-surface) is a
pair (Σb, c) consisting of an oriented bordered smooth surface Σb and an
involution c : ∂Σb−→∂Σb preserving each component and the orientation
of ∂Σb. The restriction of c to a boundary component (∂Σb)i is either the
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identity or the antipodal map

a : S1 −→ S1, z −→ −z,

for a suitable identification of (∂Σb)i with S1 ⊂ C; the latter type of bound-
ary structure is called crosscap in the string theory literature. We denote by

∂c0Σb, ∂c1Σb ⊂ ∂Σb ⊂ Σb

the unions of the standard boundary components of (Σb, c) and of the cross-
caps, respectively. If ∂c1Σb=∅, (Σb, c) is a bordered surface in the usual sense.
An oriented sh-surface (Σb, c) doubles to a symmetric surface (Σ, σ) so that
σ restricts to c on the cutting circles (the boundary of Σb); see [10, (1.6)]. In
particular, Σσ=∂c0Σb. Since this doubling construction covers all topologi-
cal types of orientation-reversing involutions σ on Σ, for every symmetric
surface (Σ, σ) there is an oriented sh-surface (Σb, c) which doubles to (Σ, σ).

A real bundle pair (V b, c̃) over an oriented sh-surface (Σb, c) consists of
a complex vector bundle V b−→Σb with a conjugation c̃ on V b|∂Σb lifting c.
Via the doubling construction after [10, Remark 3.4], such a pair (V b, c̃)
corresponds to a real bundle pair (V, ϕ) over the associated symmetric sur-
face (Σ, σ) so that V b=V |Σb and c̃ is the restriction of ϕ to V b|∂Σb . In
particular,

V ϕ =
(
V b
)c̃ ⊂ V |Σσ = V b

∣∣
∂c0Σb

is a totally real subbundle.
By [5, Lemma 2.4], the homotopy classes of trivializations of the real

bundle pair (V, ϕ) over ∂c1Σb correspond to the homotopy classes of triv-

ializations of its top exterior power Λtop
C (V, ϕ). If (L, φ̃) is a rank 1 real

bundle pair over (Σ, σ), the real bundle pair 2(L, φ̃) has a canonical homo-
topy class of trivializations over ∂c1Σb; see the proof of [5, Theorem 1.3].
Thus, a homotopy class of trivializations of (V, ϕ) over ∂c1Σb corresponds to

a homotopy of trivializations of (V, ϕ)⊕2(L, φ̃). Furthermore, a homotopy
class of isomorphisms of real bundle pairs as in (1.1) determines a homotopy
class of trivializations of the restriction of (V, ϕ) to ∂c1Σb. It also induces an
orientation on the real vector bundle V ϕ−→∂c0Σb.

If the real vector bundle V ϕ−→∂c0Σb is oriented, a relative spin structure
on V ϕ consists of an oriented vector bundle L−→Σ and a homotopy class
of trivializations of the oriented vector bundle

(3.17) V ϕ ⊕ L|∂c0Σb −→ ∂c0Σb = Σσ .
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Since every oriented vector bundle over Σb is trivializable, the vector bundle
L|Σb−→Σb admits a trivialization Ψb

L. Along with a trivialization of (3.17),
the restriction of Ψb

L to L|∂c0Σb induces a trivialization of V ϕ. If ∂c1Σb=∅
and the rank n of V is at least 3, the homotopy classes of the trivializations
of V ϕ induced by two trivializations of L|Σb differ on an even number of
components of ∂c0Σb=∂Σb.

A real CR-operator on a real bundle pair (V b, c̃) over an oriented sh-
surface (Σb, c) is a linear map of the form

Db = ∂̄b+A : Γ(Σb;V b)c̃ ≡
{
ξ∈Γ(Σb;V b) : ξ◦c= c̃◦ξ|∂Σb

}
−→ Γ0,1

jb (Σb;V b) ≡ Γ
(
Σb; (T ∗Σb, jb)0,1⊗CV

b
)
,

where ∂̄b is the holomorphic ∂̄-operator for some complex structure jb on Σb

and holomorphic structure in V b and

A ∈ Γ
(
Σb; HomR(V b, (T ∗Σb, jb)0,1⊗CV

b)
)

is a zeroth-order deformation term. By [10, Corollary 3.3], jb doubles to
some j∈J σΣ if and only if c is real-analytic with respect to jb. In such a
case, Db is Fredholm in appropriate completions and corresponds to a real
CR-operator D on the associated real bundle pair (V, ϕ) over (Σ, σ); see [10,
Proposition 3.6]. In particular, there is a canonical isomorphism

d̂etD ≡
(
detD

)
⊗
(
det ∂̄Σ;C

)⊗n
(3.18)

≈
(
detDb

)
⊗
(
det ∂̄bΣ;C

)⊗n ≡ d̂etDb ,

where n=rkCV , ∂̄Σ;C is the standard real CR-operator on the trivial real
bundle pair (Σ×C, σ×c) over (Σ, σ) as in Example 2.1, and ∂̄bΣ;C≡ ∂̄Σb;C
is the standard real CR-operator on the relative bundle pair (Σb×C, c×c)
over (Σb, c).

An orientation on the right-hand side of (3.18) thus determines an orien-
tation on the left-hand side of (3.18). By the proofs of [20, Lemma 6.37] and
[10, Theorem 1.1], an orientation on the former is determined by a collection
consisting of

(OC1) a homotopy class of trivializations of V ϕ over ∂c0Σb;

(OC2) a homotopy class of trivializations of the real bundle pair (V, ϕ)
over ∂c1Σb.
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If n≥3, changing the homotopy class in (OC1) within its orientation class
over precisely one topological component of ∂c0Σb changes the induced ori-
entation on the right-hand side of (3.18). Changing the homotopy class
in (OC2) class over precisely one topological component of ∂c1Σb also changes
the induced orientation on the right-hand side of (3.18).

Let (L, φ̃) be a rank 1 real bundle pair over (Σ, σ) and DL be a real
CR-operator on (L, φ̃). By the sentence above containing (OC1) and (OC2)
applied with V replaced by V ⊕2L, an orientation on(

det(Db⊕Db
2L)
)
⊗
(
det ∂̄bΣ;C

)⊗(n+2)
(3.19)

≈
(
detDb

)
⊗
(
det ∂̄bΣ;C

)⊗n ⊗ (detDb
L

)⊗2⊗
(
det ∂̄bΣ;C

)⊗2

is determined by a trivialization ψV⊕2L of the real vector bundle V ϕ⊕2Lφ̃

over ∂c0Σb and a trivialization ψ′V⊕2L of the real bundle pair (V ⊕2L,ϕ⊕2φ̃)
over ∂c1Σb. Since the last two factors in (3.19) are canonically oriented, ψV⊕2L

and ψ′V⊕2L thus determine an orientation on the right-hand side of (3.18).
We will call it the stabilization orientation induced by ψV⊕2L and ψ′V⊕2L,
omitting ψ′V⊕2L if ∂c1Σb=∅ and ψV⊕2L if ∂c0Σb=∅.

Via (1.11) with L∗ replaced by L, ψV⊕2L also induces a trivialization
of (3.17). If ∂c1Σb=∅, ψV⊕2L thus determines a relative spin structure on V ϕ,
and another orientation on the right-hand side of (3.18). We will call the

latter the associated relative spin (or simply ARS) orientation. If Lφ̃−→Σσ is
orientable (but ∂c1Σb is not necessarily empty), then

• ψV⊕2L and the canonical homotopy class of trivializations of 2Lφ̃ deter-
mine a homotopy class of trivializations of V ϕ over ∂c0Σb, and

• ψ′V⊕2L and the canonical homotopy class of trivializations of 2(L, φ̃) de-
termine a homotopy class of trivializations of (V, ϕ) over ∂c1Σb.

Thus, ψV⊕2L and ψ′V⊕2L determine another orientation on the right-hand
side of (3.18) in this case; we will call it the associated spin (or simply AS)
orientation. Lemmas 3.3-3.7 and Corollary 3.8 below compare these three
orientations on the right-hand side of (3.18).

In the case of the involutions

τ : P1 −→ P1, z −→ 1/z̄, and η : P1 −→ P1, z −→ −1/z̄,

we can take Σb to be the unit disk around the origin in C⊂P1. This will be
our default choice in these settings.



i
i

“6-Georgieva” — 2019/10/16 — 12:11 — page 1113 — #31 i
i

i
i

i
i

Real Gromov-Witten theory 1113

Lemma 3.3. With notation as above, suppose (Σ, σ)=(P1, τ). If Lφ̃−→S1

is orientable, the stabilization and AS orientations on the right-hand side

of (3.18) induced by a trivialization ψV⊕2L of V ϕ⊕2Lφ̃ are the same.

Proof. Fix a trivialization ψL : Lφ̃−→S1×R; the canonical homotopy class

of trivializations of 2Lφ̃ is the class containing 2ψL. A trivialization ψV
of V ϕ lies in the associated homotopy class of trivializations of V ϕ if and
only if ψV⊕2L and ψV ⊕2ψL lie in the same homotopy class of trivializations

of V ϕ⊕2Lφ̃. In this case, the natural isomorphism (3.19) is orientation-
preserving with respect to the orientation on the left-hand side induced
by ψV⊕2L and the orientations on

(3.20)
(
detDb

)
⊗
(
det ∂̄bΣ;C

)⊗n
and

(
(detDb

L)⊗(det ∂̄bΣ;C)
)⊗2

induced by ψV and ψL, respectively. Since the last orientation is the same
as the orientation induced by the canonical orientations of (detDb

L)⊗2 and
(det ∂̄bΣ;C)⊗2, the stabilization orientation on the first tensor product in (3.20)
induced by ψV⊕2L and the AS orientation (i.e. the orientation induced
by ψV ) are the same. �

Lemma 3.4. With notation as above, suppose (Σ, σ)=(P1, τ). If Lφ̃−→S1

is orientable, the stabilization and ARS orientations on the right-hand side

of (3.18) induced by a trivialization ψV⊕2L of V ϕ⊕2Lφ̃ are the same if and
only if degL∈4Z.

Proof. Let d=degL. By [1, Proposition 4.1], we can assume that (L, φ̃) is

the holomorphic line OP1(d) with the standard lift of τ . Since Lφ̃−→S1 is
orientable, d∈2Z. By [22, Theorem C.3.6], there exists a trivialization Ψb

L

of L|Σb so that

(3.21) Ψb
L

(
Lφ̃
)

=
{(

eiθ, aeidθ/2
)

: eiθ∈S1, a∈R
}
⊂ S1×C .

Let ψL be the trivialization of Lφ̃ given by

ψL
(
{Ψb

L}−1(eiθ, aeidθ/2)
)

=
(
eiθ, a

)
∈ S1×R .

The trivialization Ψ∂
L of L|∂Σb induced by 2ψL via (1.11) with L∗ replaced

by L is then described by

Ψ∂
L : L|∂Σb −→ S1×C,(3.22)

Ψ∂
L

(
{Ψb

L}−1(eiθ, c)
)

=
(
eiθ, ce−idθ/2

)
∀
(
eiθ, c

)
∈ S1×C.
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Thus, the homotopy classes of Ψ∂
L and Ψb

L|∂Σb differ by d/2 times a generator
of π1(SO(2))≈Z.

Let ψV and ψ′V be trivializations of V ϕ so that ψV ⊕2ψL and ψ′V ⊕Ψb
L|∂Σb

lie in the same homotopy class of trivializations of V ϕ⊕2Lφ̃ as ψV⊕2L. By
Lemma 3.3, the stabilization orientation on the right-hand side of (3.18)
induced by ψV⊕2L is the orientation induced by ψV as in the proof of [7,
Theorem 8.1.1]. By definition, the ARS orientation on the right-hand side
of (3.18) induced by ψV⊕2L is the orientation induced by ψ′V . By (3.22), ψV
and ψ′V are homotopic (and thus the two induced orientations are the same)
if and only if d/2∈2Z. �

Let (Σ, σ)=(P1, τ) and degL=1. Similarly to the proof of Lemma 3.4,
[1, Proposition 4.1] and [22, Theorem C.3.6] imply that there exists a trivial-
ization Ψb

L of L|Σb so that (3.21) holds with d=1. Let ψ0 be the trivialization

of 2Lφ̃ given by

ψ0

(
{Ψb

L}−1(eiθ, a1eiθ/2),(3.23)

{Ψb
L}−1(eiθ, a2eiθ/2)

)
=
(
eiθ, (a1+ia2)eiθ/2

)
∈ S1×C

for all a1, a2∈R.

Proposition 3.5. The orientation on detDb
2L=(detDb

L)⊗2 induced by the
trivialization ψ0 as in the proof of [7, Theorem 8.1.1] agrees with the canon-
ical square orientation.

We give three proofs. In the first one, we write out the real holomorphic
sections and the relevant trivializations explicitly. In the second proof, we
use the comparisons of different orientations on the moduli spaces of real
lines obtained in [5]. The last argument deduces the claim directly from the
fixed-edge equivariant contribution determined in [5]. In all three arguments,
we take DL to be the standard ∂̄-operator in OP1(1).

Proof 1 . Let P1
•=P1−{1}. The holomorphic map

h : B≡
{
t∈C : |t|<1

}
−→ P1, t −→ eit ,

is injective and intertwines the standard conjugation on B with τ on P1. We
can assume that

L =
(
h(B)×C t P1

•×C
)/
∼,

(
h(t), tc

)
∼
(
h(t), c

)
∀ (t, c)∈(B−0)×C,

φ̃
(
[t, c]

)
=
[
t̄, c̄
]
∀ (t, c)∈B×C, φ̃

(
[z, c]

)
=
[
τ(z), c̄

]
∀ (z, c)∈P1

•×C.
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The space of real holomorphic sections of L is then generated by the sec-
tions s1 and s2 described by

s1

(
[z]
)

= 1, s2

(
[z]
)

= i
1+z

1−z
∀ z∈P1

•.

The canonical orientation for detDb
2L is then determined by the basis

s11 ≡ (s1, 0), s12 ≡ (s2, 0), s21 ≡ (0, s1), s22 ≡ (0, s2),

for the kernel of the surjective operator Db
2L.

We define a trivialization Ψb
L of L over the unit disk Σb around z=0 in

C⊂P1 by

Ψb
L

(
[h(t), c]

)
=
(
eit, 2i

eit−1

t
c
)
∀ (t, c)∈B×C,

Ψb
L

(
[z, c]

)
=
(
z, 2i(z−1)c

)
∀ (z, c)∈

(
P1
•−{∞}

)
×C.

This trivialization satisfies (3.21) with d=1. The trivialization ψ0 of 2Lφ̃

over S1 extends to the trivialization

Ψ0 : 2L|P1−{0,∞} −→
(
P1−{0,∞}

)
× C2,

Ψ0

(
[z, c1], [z, c2]

)
=
(
z, i(z−z−1)c1−z−1(1−z)2c2,

z−1(1−z)2c1+i(z−z−1)c2

)
.

This trivialization intertwines 2φ̃ with the standard lift of τ |P1
•−{0,∞} to a

conjugation on the trivial bundle (P1
•−{0,∞})×C2.

We note that{
Ψ0s11

}
(z) =

(
iz−1(z2−1), z−1(1−z)2

)
,{

Ψ0s12

}
(z) =

(
z−1(1+z)2, iz−1(1−z2)

)
,{

Ψ0s21

}
(z) =

(
−z−1(1−z)2, iz−1(z2−1)

)
,{

Ψ0s22

}
(z) =

(
−iz−1(1−z2), z−1(1+z)2

)
.

The orientation on detDb
2L induced by the trivialization ψ0 is obtained from

the isomorphism

kerDb
2L −→ R⊕R⊕

{
Resz=0(Ψ0ξ) : ξ∈kerDb

2L

}
,

ξ −→
(
{Ψ0ξ}(1),Resz=0(Ψ0ξ)

)
.
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The last space above is a complex subspace of C2. Under this isomorphism,
the basis s11, s12, s21, s22 is sent to

(0, 0;−i, 1), (4, 0; 1, i), (0, 0;−1,−i), (0, 4;−i, 1).

Thus, an oriented basis for the target of the above isomorphism is given by

(4, 0; 0, 0), (0, 4; 0, 0), (0, 0;−i, 1), (0, 0; 1, i).

The change of basis matrix from the first basis to this one is given by
0 1 0 0
0 0 0 1
1 0 0 1
0 1 −1 0

 .

The determinant of this matrix is +1. �

Proof 2 . Define

τ3 : P3 −→ P3, [Z1, Z2, Z3, Z4] −→
[
Z2, Z1, Z4, Z3

]
,

M1(P1) = M1(P1, 1)τ,τ , M1(P3) = M1(P3, 1)τ3,τ .

The inclusion ι : P1−→P3 as the first two coordinates induces an embedding
of M1(P1) into M1(P3). Let

Nι(0)P =
Tι(0)P3

Tι(0)P1
and N[ι,0]M ≡

T[ι,0]M1(P3)

T[ι,0]M1(P1)

denote the normal bundle of P1 in P3 at [1, 0, 0, 0] and the normal bundle of
M1(P1) in M1(P3) at ι with the positive marked point at z=0, respectively.
The former is a complex vector space and thus is canonically oriented. The
differential of the evaluation map ev1 induces an isomorphism

(3.24) d[ι,0]ev1 : N[ι,0]M −→ Nι(0)P .

By [5, Lemma 5.3], this isomorphism is orientation-reversing with respect to
the algebraic orientations on M1(P1) in M1(P3) defined in [5, Section 5.2].
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Since the normal bundle of (P1, τ) in (P3, τ3) is isomorphic to 2(L, φ̃),
the composition

kerDb
2L −→ T[ι,0]M1(P3) −→ N[ι,0]M

is an isomorphism. Combining it with (3.24), we obtain an isomorphism

(3.25) kerDb
2L −→ N[ι,0]M −→ Nι(0)P .

Since the canonical orientation on detDb
2L is obtained from the isomorphism

kerDb
2L −→ 2L0, ξ −→ ξ(0),

and the complex orientation on L0, the isomorphism (3.25) is orientation-
preserving with respect to the canonical orientation on the left-hand side.

The real vector bundle

(3.26) 4Lφ̃ −→ S1 =RP1 ⊂ P1

carries a canonical spin structure; see [5, Section 5.5]. Along with Euler’s se-
quence for P3, it determines an orientation on M1(P3); we will call it the spin
orientation. It agrees with the orientation induced by the trivialization 2ψ0

over S1. Along with Euler’s sequence for P1 and the relative spin orient-
ing procedure of [7, Theorem 8.1.1], the canonical spin structure on (3.26)
determines an orientation on M1(P1); we will call it the relative spin orien-
tation. Along with the spin orientation on M1(P3), it induces an orientation
on N[ι,0]M; we will call it the spin orientation. Since ψ0 extends over the

disk Σb⊂P1, the first isomorphism in (3.25) is orientation-preserving with
respect to the orientation on the left-hand side induced by ψ0 and the spin
orientation on N[ι,0]M.

As summarized in the paragraph above [5, Remark 6.9], the algebraic
orientations on M1(P1) and M1(P3) are the same as the relative spin orien-
tation and the opposite of the spin orientation, respectively. Therefore, the
spin orientation on N[ι,0]M is the opposite of the algebraic orientation. Since
the second isomorphism in (3.25) is orientation-reversing with respect to the
latter, it follows that the composite isomorphism in (3.25) is orientation-
preserving with respect to the orientation on the left-hand side induced
by ψ0. Since this is also the case with respect to the canonical orientation
on the left-hand side, these two orientations on kerDb

2L agree. �

Proof 3 . Under a change of coordinate on 2(L, φ̃) which is homotopic to
the identity, the trivialization ψ0 is equivalent to the trivialization [5, (6.13)].
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By [5, Section 6.4], there are natural S1-actions on (P1, τ) and 2(L, φ̃) so that
the evaluation isomorphism

(3.27) kerDb
2L

ev2L;0−→ 2L|0, ξ −→ ξ(0),

is S1-equivariant. By the d0 =1, ī∈2Z case of [5, (6.21)], the S1-equivariant
Euler class of kerDb

2L with respect to the orientation induced by ψ0 is
given by

e
(

kerDb
2L

)
= −

(
λi−λj

)(
− λi−λj

)
=
(
λi−λj

)(
λi+λj

)
= e(2L|0) .

This establishes the claim. �

Corollary 3.6. With notation as above, let (Σ, σ)=(P1, τ). If Lφ̃−→S1 is
not orientable, the stabilization and ARS orientations on the right-hand side

of (3.18) induced by a trivialization ψV⊕2L of V ϕ⊕2Lφ̃ are the same if and
only if degL−1∈4Z.

Proof. Let d=degL. Since Lφ̃−→S1 is not orientable, d 6∈2Z. Similarly to
the proof of Lemma 3.4, [1, Proposition 4.1] and [22, Theorem C.3.6] imply
that there exists a trivialization Ψb

L of L|Σb so that (3.21) holds. Let ψ2L be

the trivialization of 2Lφ̃ given by

ψ2L

(
{Ψb

L}−1(eiθ, a1eidθ/2), {Ψb
L}−1(eiθ, a2eidθ/2)

)
= ψ0

(
(eiθ, a1eiθ/2), (eiθ, a2eiθ/2)

)
∈ S1×C .

The trivialization Ψ∂
L of L|∂Σb induced by ψ2L via (1.11) with L∗ replaced

by L is then described by

Ψ∂
L : L|∂Σb −→ S1×C,(3.28)

Ψ∂
L

(
{Ψb

L}−1(eiθ, c)
)

=
(
eiθ, ce−i(d−1)θ/2

)
∀
(
eiθ, c

)
∈ S1×C.

Thus, the homotopy classes of Ψ∂
L and Ψb

L|∂Σb differ by (d−1)/2 times a
generator of π1(SO(2))≈Z.

Let ψV and ψ′V be trivializations of V ϕ so that ψV ⊕ψ2L and ψ′V ⊕Ψb
L|∂Σb

lie in the same homotopy class of trivializations of V ϕ⊕2Lφ̃ as ψV⊕2L. By
Proposition 3.5, the stabilization orientation on the right-hand side of (3.18)
induced by ψV⊕2L via the isomorphism (3.19) is the orientation induced
by ψV as in the proof of [7, Theorem 8.1.1]. By definition, the ARS orien-
tation on the right-hand side of (3.18) induced by ψV⊕2L is the orientation
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induced by ψ′V . By (3.28), ψV and ψ′V are homotopic (and thus the two
induced orientations are the same) if and only if (d−1)/2∈2Z. �

Lemma 3.7. With notation as above, suppose (Σ, σ)=(P1, η). The stabi-
lization and AS orientations on the right-hand side of (3.18) induced by a
trivialization ψ′V⊕2L of (V ⊕2L,ϕ⊕2φ̃) are the same.

Proof. Fix a trivialization ψ′L of (L, φ̃) over (S1, a); the canonical homotopy

class of trivializations of 2(L, φ̃) is the class containing 2ψ′L. A trivializa-
tion ψ′V of (V, ϕ) over (S1, a) lies in the associated homotopy class of triv-
ializations of (V, ϕ) over (S1, a) if and only if ψ′V⊕2L and ψ′V ⊕2ψ′L lie in

the same homotopy class of trivializations of (V ⊕2L,ϕ⊕2φ̃) over (S1, a).
In this case, the natural isomorphism (3.19) is orientation-preserving with
respect to the orientation on the left-hand side induced by ψ′V⊕2L and the
orientations on (3.20) induced by ψ′V and ψ′L, respectively. Since the last
orientation is the same as the orientation induced by the canonical orienta-
tions of (detDb

L)⊗2 and (det ∂̄bC)⊗2, the stabilization orientation on the first
tensor product in (3.20) induced by ψ′V⊕2L and the AS orientation (i.e. the
orientation induced by ψ′V ) are the same. �

Corollary 3.8. Let (Σb, c), (Σ, σ), (V, ϕ), (L, φ̃), D, and Db be as above
Lemma 3.3.

(1) If ∂c1Σb=∅ and (∂Σb)1, . . . , (∂Σb)m are the components of ∂c0Σb=∂Σb,
then the stabilization and ARS orientations on the right-hand side of

(3.18) induced by a trivialization of V ϕ⊕2Lφ̃ are the same if and only if

degL−
∣∣{i=1, . . . ,m : w1(Lφ̃)|(∂Σb)i 6=0

}∣∣ ∈ 4Z.

(2) If Lφ̃−→∂c0Σb is orientable, then the stabilization and AS orientations

on the right-hand side of (3.18) induced by a trivialization of V ϕ⊕2Lφ̃

and a trivialization of (V ⊕2L,ϕ⊕2φ̃)|∂c1Σb are the same.

Proof. For each i=1, . . . ,m, let

εi(L) =

{
0, if w1(Lφ̃)|(∂Σb)i =0,

1, if w1(Lφ̃)|(∂Σb)i 6=0.

As in the proofs of [20, Lemma 6.37] and [10, Theorem 1.1], we pinch off
a circle near each boundary component (∂Σb)i to form a closed surface Σ′
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with m disks B1, . . . , Bm attached. We deform the bundles V and L to bun-
dles V0 and L0 over the resulting nodal surface Σ0 so that degL0|Σ′=0.
Thus, a trivialization of L0|∂Σb that extends over each disk extends over Σ0.
The two determinants on the right-hand side of (3.18) are canonically iso-
morphic to the determinants of the induced real linear CR-operators D0 and
∂̄0 on V0 and Σ0×C, respectively. An orientation on (detD0)⊗(det ∂̄0)⊗n is
determined by orientations of the analogous tensor products over Σ0 and
the m disks. The former have canonical complex orientations. If ∂c1Σb=∅,
the stabilization and ARS orientations of the tensor products of the deter-

minant lines over Bi induced by a trivialization of V ϕ⊕2Lφ̃ are the same if
and only if

(3.29) degL0|Bi − εi(L) ∈ 4Z ;

see Lemma 3.4 and Corollary 3.6. Summing up (3.29) over i=1, . . . ,m, we
obtain the first claim. The second claim follows similarly from Lemmas 3.3
and 3.7. �

Proof of Theorem 1.4. Since the fibers of the forgetful morphism (1.10)
are canonically oriented, it is sufficient to establish the claims for l=2. In this
case, the moduli space is oriented via the canonical isomorphism (2.6) with
(g, l)=(0, 2) and σ=τ . By the paragraph above Theorem 1.4, the orientation
of the last factor in (2.6) is the same in all three approaches to orienting
the moduli space. The orientations of the first factor on the right-hand side
of (2.6) are compared by Corollary 3.8 with L replaced by L∗. Taking into
account that c1(TX)=2c1(L), we obtain Theorem 1.4. �

Remark 3.9. It is not necessary to require that the rank n of the real
bundle pair (V, ϕ) being stabilized be at least 3, since lower-rank real bundle
pairs can first be stabilized with the trivial rank 2 real bundle pair. The proof
of Theorem 1.4 requires only the (Σ, σ)=(P1, τ) case of Corollary 3.8, but
it is natural to formulate it for arbitrary symmetric surfaces (Σ, σ).

Remark 3.10. Two real line bundles LR
1 , L

R
2 −→Y are isomorphic if and

only if w1(LR
1 )=w1(LR

2 ), provided Y is paracompact. In such a case, there
is a canonical homotopy class of isomorphisms between 2LR

1 and 2LR
2 . If

V R−→Y is an oriented vector bundle, a spin structure on V R⊕2LR
1 thus

corresponds to a spin structure on V R⊕2LR
2 . The proofs of Proposition 3.5

and Corollaries 3.6 and 3.8(1) imply that the stabilization orientation on the

right-hand side of (3.18) induced by a spin structure on V ϕ⊕2Lφ̃ depends

only on w1(Lφ̃) and this spin structure, and not on (L, φ̃) itself.
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3.3. Some applications

We now make a number of explicit statements concerning orientations of
the determinants of real CR-operators on real bundle pairs over (P1, τ)
and (P1, η). The proofs of these statements, which are useful for compu-
tational purposes and are applied in [13], are in the spirit of Section 3.2.

Let γR1 −→RP1 denote the tautological line bundle. For f : RP1−→GLkR,
define

Ψf : RP1×Rk −→ RP1×Rk by Ψf (z, v) =
(
z, f(z)v

)
.

Denote by I−k ∈O(k) the diagonal matrix with the first diagonal entry equal
to −1 and the remaining diagonal entries equal to 1.

Lemma 3.11. Let k,m∈Z≥0. If k≥2, every automorphism Ψ of the real
vector bundle

Vk,m ≡
(
RP1×Rk

)
⊕mγR1 −→ RP1

is homotopy equivalent to an automorphism of the form Ψf⊕IdmγR
1

for some

f : RP1−→O(k); any two such maps f differ by an even multiple of a gener-
ator of π1(SO(k)). If m≥1, the automorphism Ψ negating a γR1 component
is not homotopic to Ψf⊕IdmγR

1
for any constant map f . If m≥2, the inter-

change Ψ of two of the γR1 components is not homotopic to Ψf⊕IdmγR
1

for
any constant map f .

Proof. Let I+
k =Ik, x0∈RP1 be any point, and

Aut±x0
(Vk,m) ≡

{
Ψ∈Aut(Vk,m) : Ψx0

=I±k ⊕ImγR
1 |x0

}
.

Since O(k+m) has two connected components, one containing I+
k+m and the

other I−k+m, it is sufficient to establish the first two claims of this lemma for
an automorphism Ψ∈Aut±x0

(Vk,m).
Since every line bundle over the interval I≡ [0, 1] is trivial,

(3.30) Aut±x0
(Vk,m) ≈

{
f ∈C(I; O(k+m)) : f(0), f(1)=I±k+m

}
.

The first claim thus follows from the map

π1

(
O(k), I±k

)
−→ π1

(
O(k+m), I±k+m

)
induced by the natural inclusion O(k)−→O(k+m) being surjective for k≥2.
The second claim follows from the kernel of this map being the even multiples
of a generator of π1(SO(k)).
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By rotating in the fibers of 2γR1 , the interchange of the two components
of 2γR1 can be homotoped to the automorphism negating the first component
and leaving the second component unchanged. Thus, the last claim of the
lemma follows from the third. It is sufficient to establish the latter for k≥1.

We first consider the (k,m)=(1, 1) case of the third claim. Since every
line bundle over I is trivial,

V1,1 =
(
I×C

)
/∼, (1, c) ∼

(
0, c̄
)
∀ c∈C.

With respect to this identification, the relevant automorphism Ψ is given by

Ψ: V1,1 −→ V1,1, Ψ
(
[t, c]

)
=
[
t, c̄
]
.

For each s∈R, define an automorphism Ψs of V1,1 by

Ψs : V1,1 −→ V1,1, Ψs

(
[t, c]

)
=
[
t, eiπ(1−2t)sc̄

]
.

The family (Ψs)s∈[0,1] is a homotopy from the automorphism Ψ of V1,1 to
the element of Aut−x0

(V1,1) corresponding to the map

f : (I, 0, 1) −→
(
O(2), I−2 , I

−
2 ), t −→ e−2πitI−2 ,

under the identification (3.30). Since f is a generator of π1(O(2), I−2 )≈Z,
its image under the homomorphism

π1

(
O(2), I−2

)
−→ π1

(
O(k+m), I−k+m

)
induced by the natural inclusion O(2)−→O(k+m) is non-trivial. This im-
plies the last claim. �

Let a∈Z≥0, (L, φ̃) be a rank 1 degree 1+2a real bundle pair over (P1, τ),
and DL be a real CR-operator on (L, φ̃). Fix a nonzero vector e∈T0P1. The
homomorphism

evL;0 : kerDL −→ (1+a)L|0, evL;0(ξ) =
(
ξ(0),∇eξ, . . . ,∇⊗ae ξ

)
,

is then an isomorphism. It thus induces an orientation on detDL from the
complex orientation of L|0; we will call the former the complex orientation
of detDL.

Let (L0, φ̃0) be a rank 1 real bundle pair over (P1, τ) of degree 1. If
(L1, φ̃1) and (L2, φ̃2) are rank 1 real bundle pairs over (P1, τ) of odd degrees,
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the composition of the isomorphism ψ0 in (3.23) with the isomorphism

Lφ̃1

1 ⊕L
φ̃2

2 ≈ L
φ̃0

0 ⊕L
φ̃0

0

induced by isomorphisms on each component determines an orientation on

detDL1⊕L2
≈
(
detDL1

)
⊗
(
detDL2

)
via the isomorphism (3.18) with Σb being the unit disk around 0∈C. By the
third statement of Lemma 3.11, changing the homotopy class of a compo-
nent isomorphism would change the orientation and the spin of the induced
trivialization and thus would have no effect on the induced orientation. This
is also implied by the next statement.

Corollary 3.12. Suppose a1, a2∈Z≥0, (L1, φ̃1) and (L2, φ̃2) are rank 1 real
bundle pairs over (P1, τ) of degrees 1+2a1 and 1+2a2, respectively, and DL1

and DL2
are real CR-operators on (L1, φ̃1) and (L2, φ̃2). The orientations on

det(DL1
⊕DL2

) induced by the isomorphism ψ0 in (3.23) and by the complex
orientations on det(DL1

) and det(DL2
) are the same.

Proof. The construction of the orientation on the determinant line induced
by a trivialization of the real part of the bundle in the proofs of [7, The-
orem 8.1.1] and [20, Lemma 6.37] commutes with the evaluations at the
interior points; these can be used to reduce the degree of the bundle. Thus,
it is sufficient to consider the case a1, a2 =0. The latter is Proposition 3.5. �

Suppose

(3.31) 0 −→ (V, ϕ) −→ (V•, ϕ•)⊕ (Vc, ϕc) −→ (L, φ̃) −→ 0

is an exact sequence of real bundle pairs over (P1, τ) such that V ϕ•
• −→S1

is orientable of rank k≥2 and

(Vc, ϕc) =

m⊕
i=1

(
Vc;i, φc;i

)
and (L, φ̃) =

m⊕
i=1

(
Li, φ̃i)

are direct sums of rank 1 real vector bundle pairs of odd positive degrees.
By Lemma 3.11, the short exact sequence (3.31) and a trivialization of V ϕ•

•
determine a homotopy class of trivializations of V ϕ up to

(1) simultaneous flips of the orientation and the spin,

(2) composition with an even multiple of a generator of π1(SO(k)).
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Via the isomorphism (3.18) with Σb being the unit disk around 0∈C, a
trivialization of V ϕ•

• thus determines an orientation of the determinant of a
real CR-operator DV on the real bundle pair (V, ϕ). It also determines an
orientation of the determinant of a real CR-operator DV• on the real bundle
pair (V•, ϕ•). A short exact sequence

(3.32) 0 −→ DV −→ DV• ⊕DVc −→ DL −→ 0

of real CR-operators on the real bundle pairs in (3.31) gives rise to an
isomorphism

(3.33) det
(
DV

)
⊗ det

(
DL
)
≈ det

(
DV•

)
⊗ det

(
DVc

)
.

Corollary 3.13. The isomorphism (3.33) is orientation-preserving with
respect to

• the orientations on det(DV ) and det(DV•) induced by a trivialization of
V ϕ•
• and

• the complex orientations on det(DL) and det(DVc).

Proof. Since the claim is invariant under augmenting (Vc, ϕc) and (L, φ̃) by
the same rank 1 real bundle pair of odd positive degree, we can assume that
m=2m′ for some m′∈Z≥0. By Corollary 3.12, the complex orientations on

det(DL) and det(DVc) are then induced by the trivializations m′ψ0 of Lφ̃
and V ϕc

c . The short exact sequence (3.31) determines a homotopy class of
isomorphisms of real bundle pairs

(3.34) (V, ϕ)⊕ (L, φ̃) ≈ (V•, ϕ•)⊕ (Vc, ϕc)

over (P1, τ). By the above, the orientations on

det
(
DV ⊕DL

)
= det

(
DV

)
⊗det

(
DL
)

and

det
(
DV•⊕DVc

)
= det

(
DV•

)
⊗det

(
DVc

)(3.35)

specified in the statement of this corollary are induced by homotopy classes
of trivializations of the real bundles

V ϕ⊕Lφ̃, V ϕ•
• ⊕V ϕc

c −→ S1

that are identified under the isomorphism (3.34) restricted to the real parts of
the bundles. The isomorphism (3.33) is orientation-preserving with respect
to these orientations. �
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We will next obtain an analogue of Corollary 3.13 for real bundle pairs
over (P1, η). Define a C-antilinear automorphism of C2 by

cη : C2 −→ C2, cη
(
v1, v2

)
=
(
v̄2,−v̄1

)
;

it has order 4. Let

γ = OP1(−1) ≡
{

(`, v)∈P1×C2 : v∈`⊂C2
}

denote the tautological line bundle. For a∈Z+, the involution η lifts to a
conjugation on 2γ⊗a as

η̃
(−a)
1,1

(
`, v⊗a, w⊗a

)
=
(
η(`), (cη(w))⊗a, (−cη(v))⊗a

)
.

We denote the induced conjugations on

2OP1(a) =
(
2γ⊗a

)∗
and OP1(2a) ≡ Λ2

C
(
2OP1(a)

)
by η̃

(a)
1,1 and η̃

(2a)
1 , respectively. We note that η̃

(2a)
1,1 ≈2η̃

(2a)
1 .

Let a∈Z≥0 and Da be the real CR-operator on (2OP1(1+2a), η̃
(1+2a)
1,1 )

induced by the standard ∂̄-operator on 2OP1(1+2a). Fix a holomorphic con-
nection ∇ on OP1(1+2a) and a nonzero vector e∈T0P1. The homomorphism

eva;0 : kerDa −→
(
(1+a)OP1(1+2a)|0

)
⊕
(
(1+a)OP1(1+2a)|0

)
,

eva;0(ξ1, ξ2) =
(
(ξ1(0),∇eξ1, . . . ,∇⊗ae ξ1), (ξ2(0),∇eξ2, . . . ,∇⊗ae ξ2)

)
,

is then an isomorphism. It thus induces an orientation on detDa from the
complex orientation of OP1(1+2a)|0; we will call the former the complex
orientation of detDa.

As before, denote by S1⊂P1 and Σb⊂P1 the unit circle and the unit

disk around 0∈P1, respectively. Let ψ′0 be the trivialization of (2OP1(1), η̃
(1)
1,1)

over S1 given by

ψ′0
(
α1, α2

)
=

(
iα1(1, z)−iz−1α2(1, z)
α1(1, z)+z−1α2(1, z)

)
∈ C2(3.36)

∀ (α1, α2)∈2OP1(1)|z, z∈S1.

This is a component of the composite trivialization appearing in the proof of
[5, Proposition 6.2]. The next statement is the analogue of Proposition 3.5
in this setting.
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Corollary 3.14. The orientation on detDb
0 induced by the trivialization ψ′0

as in the proof of [5, Lemma 2.5] agrees with the complex orientation.

We give three proofs of this statement; they correspond to the three
proofs of Proposition 3.5.

Proof 1 . We denote by p1 and p2 the two standard holomorphic sections
of OP1(1):

p1

(
`, (v1, v2)

)
= v1, p2

(
`, (v1, v2)

)
= v2 ∀

(
`, (v1, v2)

)
∈ γ.

The complex orientation for detDb
0 is determined by the basis

s11 ≡ (p1, p2), s12 ≡ (ip1,−ip2), s21 ≡ (−p2, p1), s22 ≡ (ip2, ip1),

for the kernel of the surjective operator Db
0.

The trivialization ψ′0 extends as a trivialization Ψ′0 of (2OP1(1), η̃
(1)
1,1) over

P1−{0,∞} by the same formula. We note that{
Ψ′0s11

}
(z) = (0, 2),{

Ψ′0s12

}
(z) = (−2, 0),{

Ψ′0s21

}
(z) =

(
−iz−1(1+z2), z−1(1−z2)

)
,{

Ψ′0s22

}
(z) =

(
z−1(1−z2), iz−1(1+z2)

)
.

The orientation on detDb
0 induced by the trivialization ψ′0 is obtained from

the isomorphism

kerDb
0 −→ R⊕R⊕

{
Resz=0(Ψ′0ξ) : ξ∈kerDb

0

}
,

ξ −→
(
Re({Ψ′0ξ}(1)),Resz=0(Ψ′0ξ)

)
.

The last space above is a complex subspace of C2. Under this isomorphism,
the basis s11, s12, s21, s22 is sent to

(0, 2; 0, 0), (−2, 0; 0, 0), (0, 0;−i, 1), (0, 0; 1, i).

Thus, an oriented basis for the target of the above isomorphism is given by

(2, 0; 0, 0), (0, 2; 0, 0), (0, 0;−i, 1), (0, 0; 1, i).
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The change of basis matrix from the first basis to this one is given by
0 −1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 .

The determinant of this matrix is +1. �

Proof 2 . Define

η3 : P3 −→ P3, [Z1, Z2, Z3, Z4] −→
[
Z2,−Z1, Z4,−Z3

]
,

M1(P1) = M1(P1, 1)η,η, M1(P3) = M1(P3, 1)η3,η.

We now proceed through the first two paragraphs of the second proof of
Proposition 3.5 replacing τ , τ3, and Db

2L by η, η3, and Db
0, respectively. By [5,

Lemma 5.3], the isomorphism (3.24) is still orientation-reversing with respect
to the algebraic orientations on M1(P1) in M1(P3) defined in [5, Section 5.2].
The isomorphism (3.25) is now orientation-preserving with respect to the
complex orientation on the left-hand side.

Along with Euler’s sequence for P1 and the orienting procedure of [5,
Lemma 2.5], the trivialization ψ′0 determines an orientation on M1(P1); we
will call it the ψ′0-orientation. Since the top exterior power of the real bundle
pair

(3.37) 2
(
(2OP1(1), η̃

(1)
1,1

)∣∣
S1 −→

(
S1, η|S1

)
⊂ (P1, η)

is canonically a square, it admits a canonical homotopy class of trivializa-
tions; see Lemma 2.4 and Section 5.5 in [5]. Along with Euler’s sequence
for P3, it determines an orientation on M1(P3); we will call it the square
root orientation. Along with the ψ′0-orientation on M1(P1), it induces an ori-
entation on N[ι,0]M; we will call it the ψ′0-orientation. Since the square root
orientation on M1(P3) agrees with the orientation induced by the trivializa-
tion 2ψ′0 of (3.37), the first isomorphism in (3.25) is orientation-preserving
with respect to the orientation on the left-hand side induced by ψ′0 and the
ψ′0-orientation on N[ι,0]M.

As summarized in the paragraph above [5, Remark 6.9], the algebraic
orientations on M1(P1) and M1(P3) are the same as the ψ′0-orientation and
the opposite of the square root orientation, respectively. Therefore, the ψ′0-
orientation on N[ι,0]M is the opposite of the algebraic orientation. Since the
second isomorphism in (3.25) is orientation-reversing with respect to the
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latter, it follows that the composite isomorphism in (3.25) is orientation-
preserving with respect to the orientation on the left-hand side induced
by ψ′0. Since this is also the case with respect to the complex orientation on
the left-hand side, these two orientations on kerDb

0 agree. �

Proof 3 . The reasoning in the third proof of Proposition 3.5 with τ and
Db

2L replaced by η and Db
0, respectively, applies without any changes, except

[5, (6.13)] is no longer relevant. �

By [5, Lemma 2.4], the homotopy classes of trivializations of

(2OP1(1+2a), η̃
(1+2a)
1,1 )

over S1 correspond to the homotopy classes of trivializations of

(3.38) Λtop
C
(
2OP1(1+2a), η̃

(1+2a)
1,1

)
≈ Λtop

C
(
2OP1(1), η̃

(1)
1,1

)
⊗
(
OP1(2a), η̃

(2a)
1

)⊗2

over S1. Since the last factor in (3.38) is a square, it has a canonical ho-
motopy class of trivializations over S1. Thus, the trivialization ψ′0 of the
first factor on the right-hand side of (3.38) determines a homotopy class

of trivializations of (2OP1(1+2a), η̃
(1+2a)
1,1 ) over S1 and thus an orientation

on detDb
a. The next statement is the analogue of Corollary 3.12; it is de-

duced from Corollary 3.14 in the same way as Corollary 3.12 is obtained
from Proposition 3.5.

Corollary 3.15. Suppose a∈Z≥0. The orientation on detDb
a induced by

the trivialization ψ′0 as in the proof of [5, Lemma 2.5] agrees with the complex
orientation.

Suppose

(3.39) 0 −→ (V, ϕ) −→ (V•, ϕ•)⊕ (Vc, ϕc) −→ (L, φ̃) −→ 0

is an exact sequence of real bundle pairs over (P1, η) such that

(Vc, ϕc) =

m⊕
i=1

(2OP1(1+2ai), η̃
(1+2ai)
1,1 ) and

(L, φ̃) =

m⊕
i=1

(2OP1(1+2a′i), η̃
(1+2a′i)
1,1 )

for some ai, a
′
i∈Z≥0. Since the homotopy classes of trivializations of

(Vc, ϕc)|S1 correspond to the homotopy classes of trivializations of (L, φ̃)|S1 ,
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a homotopy class of trivializations of (V•, ϕ•)|S1 determines a homotopy
class of trivializations of (V, ϕ)|S1 via the exact sequence (3.39). Via the
isomorphism (3.18) with Σb being the unit disk around 0∈C, a trivializa-
tion of (V•, ϕ•)|S1 thus determines an orientation of the determinant of a
real CR-operator DV on the real bundle pair (V, ϕ). It also determines an
orientation of the determinant of a real CR-operator DV• on the real bundle
pair (V•, ϕ•). A short exact sequence (3.32) of real CR-operators on the real
bundle pairs in (3.39) gives rise to an isomorphism as in (3.33).

Corollary 3.16. The isomorphism (3.33) is orientation-preserving with
respect to

• the orientations on det(DV ) and det(DV•) induced by a trivialization of
(V•, ϕ•) over S1 and

• the complex orientations on det(DL) and det(DVc).

Proof. By Corollary 3.15, the complex orientations on det(DL) and det(DVc)
are induced by the trivializations mψ′0 of (L, φ̃) and (Vc, ϕc) over S1. The
short exact sequence (3.39) determines a homotopy class of isomorphisms
(3.34) over (P1, η). Thus, the orientations on (3.35) specified in the statement
of this corollary are induced by homotopy classes of trivializations of the real
bundle pairs

(V, ϕ)⊕(L, φ̃), (V•, ϕ•)⊕(Vc, ϕc) −→
(
S1, η|S1

)
that are identified under the isomorphism (3.34) restricted to S1. The iso-
morphism (3.33) is orientation-preserving with respect to these orienta-
tions. �

4. The compatibility of the canonical orientations

In this section, we establish Theorem 1.2. In order to do so, we study how
each step in the construction of the orientation on Mg,l(X,B; J)φ in [12, Sec-
tion 5] extends across the strata consisting of maps from symmetric surfaces
with a pair of conjugate nodes. The argument is similar to [12, Section 6],
which studies the extendability of the orientation on Mg,l(X,B; J)φ induced
by a real orientation on (X,ω, φ) across the codimension-one strata. We also
compare the resulting extensions with the corresponding objects over the
normalizations.
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4.1. Two-nodal symmetric surfaces

We begin by establishing Proposition 2.2 for symmetric surfaces with one
pair of conjugate nodes. If (Σ, σ) is a symmetric surface, possibly nodal and
disconnected, and G is a Lie group with a natural conjugation, such as C∗,
SLnC, or GLnC, denote by C(Σ, σ;G) the topological group of continuous
maps f : Σ−→G such that f(σ(z))=f(z) for all z∈Σ. The restrictions of
such functions to the fixed locus Σσ⊂Σ take values in the real locus of G,
i.e. R∗, SLnR, and GLnR, in the three examples.

Lemma 4.1. Suppose (Σ, σ) is a symmetric surface, possibly nodal and
disconnected, x∈Σ−Σσ, and G is a connected Lie group with a natural
conjugation. For every f ∈C(Σ, σ;G) and an open neighborhood U⊂Σ of x,
there exists a path ft∈C(Σ, σ;G) such that f0 =f , f1(x)=Id, and ft=f on
Σ−U∪σ(U).

Proof. By shrinking U , we can assume that U∩σ(U)=∅. Let ρ : Σ−→ [0, 1]
be a smooth σ-invariant function so that ρ(x)=1 and ρ=0 on Σ−U∪σ(U).
Choose a path gt∈G such that g0 =Id and g1 =f(x). The path ft∈C(Σ, σ;G)
given by

ft(z) =


g−1
ρ(z)tf(z), if z∈U ;

gρ(z)t
−1f(z), if z∈σ(U);

f(z), if z 6∈U∪σ(U);

has the desired properties. �

We will denote the nodes of a connected symmetric surface (Σ, σ) with
one pair of conjugate nodes by x±12. A normalization of such (Σ, x±12, σ) is

a smooth, possibly disconnected, symmetric surface (Σ̃, σ̃) with two distin-
guished pairs of conjugate points, (x+

1 , x
−
1 ) and (x+

2 , x
−
2 ); the normalization

map takes x+
i to x+

12 and x−i to x−12.

Lemma 4.2. Suppose (Σ, σ) is a connected symmetric surface with one
pair of conjugate nodes, n∈Z+, and f ∈C(Σ, σ; SLnC). If

f |Σσ : Σσ −→ SLnR

is homotopic to a constant map, then f is homotopic to the constant map Id
through maps ft∈C(Σ, σ; SLnC).
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Proof. By Lemma 4.1, we can assume that f(x+
12)=Id. Let f̃ ∈C(Σ̃, σ̃; SLnC)

be the function corresponding to f ∈C(Σ, σ; SLnC). In particular,

f̃(x±1 ), f̃(x±2 ) = Id.

We proceed as in the proof of [12, Lemma 5.4], which contains a picture
illustrating a similar argument. Choose a symmetric half-surface Σ̃b⊂ Σ̃ and a
neighborhood U⊂ Σ̃b of ∂Σ̃b so that either x+

1 , x
+
2 ∈ Σ̃b−U or x+

1 , x
−
2 ∈ Σ̃b−U .

Let x2 =x+
2 in the first case, x2 =x−2 in the second case, and x1 =x+

1 in both
cases. Take the cutting paths Ci so that x1, x2 6∈Ci and the extensions of the
homotopies of f̃ from Ci to Σ̃b so that they do not change f̃ at x1 or x2. The
surface D obtained by cutting Σ̃b along these paths is either a disk D2 or
two disjoint copies of D2. Choose disjoint embedded paths γ1 and γ2 in D as
in the last paragraph of the proof of [12, Lemma 5.4] from ∂D to x1 and x2,
respectively. Since f̃(xi)=Id in this case, we can homotope f̃ to Id over γi
while keeping it fixed at the endpoints. Similarly to the second paragraph in
the proof of this lemma, this homotopy extends over D without changing f̃
over ∂D or γ3−i and thus descends to Σ̃b. We then cut D along γ1 and γ2

into another disk or a pair of disks and proceed as in the second half of
the last paragraph in the proof of [12, Lemma 5.4]. The doubled homotopy
in the proof of this lemma then satisfies f̃t(x

±
1 )= f̃t(x

±
2 ) and so descends

to Σ. �

Corollary 4.3. Let (Σ, σ) be a connected symmetric surface with one pair
of conjugate nodes and

Φ,Ψ: (V, ϕ) −→
(
Σ×Cn, σ×c

)
be isomorphisms of real bundle pairs over (Σ, σ). If the isomorphisms

Φ|V ϕ ,Ψ|V ϕ : V ϕ −→ Σ×Rn,
Λtop
C Φ,ΛnCΨ: Λtop

C (V, ϕ) −→ Λtop
C
(
Σ×Cn, σ×c

)
=
(
Σ×C, σ×c

)
are homotopic, then so are the isomorphisms Φ and Ψ.

Proof. The first paragraph of the proof of [12, Corollary 5.5] applies without
any changes. The second paragraph applies with [12, Lemma 5.4] replaced
by Lemma 4.2 above. �

Lemma 4.4. Proposition 2.2 holds for connected symmetric surfaces with
one pair of conjugate nodes.
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Proof. Let Ṽ , L̃−→ Σ̃ be complex vector bundles and

ψ1 : Ṽ
∣∣
x±1
−→ Ṽ

∣∣
x±2

and ψ2 : L̃
∣∣
x±1
−→ L̃

∣∣
x±2

be isomorphisms of complex vector spaces such that

V = Ṽ
/
∼, v∼ψ1(v) ∀ v∈ Ṽ

∣∣
x±1
, and L = L̃

/
∼, v∼ψ2(v) ∀ v∈ L̃

∣∣
x±1
.

Denote by ϕ̃1 and ϕ̃2 the lift of ϕ to Ṽ and the lift of φ̃ to L̃, respectively.
Define(
W̃ , ϕ̃12

)
=
(
Ṽ ⊕2L̃∗, ϕ̃1⊕2ϕ̃∗2

)
, ψ12 = ψ1 ⊕ 2(ψ−1

2 )∗ : W̃
∣∣
x±1
−→ W̃

∣∣
x±2
.

Thus, (Ṽ , ϕ̃1) and (L̃, ϕ̃2) are real bundle pairs over (Σ̃, σ̃) that descend to
the real bundle pairs (V, ϕ) and (L, φ̃) over (Σ, σ). Furthermore,

(4.1) ψ12 ◦ ϕ̃12 = ϕ̃12 ◦ ψ12 .

For any f ∈C(Σ̃, σ̃; GLn+2C), let

Ψ̃f :
(
Σ̃×Cn+2, σ̃×c

)
−→

(
Σ̃×Cn+2, σ̃×c

)
, Ψ̃f (z, v) =

(
z, f(z)v

)
.

Let σ̃′(x±i )=x±3−i for i=1, 2.

The choices (RO2) and (RO3) in Definition 1.1 for (Σ, σ) lift to (Σ̃, σ̃).
By [12, Proposition 5.2], there thus exists an isomorphism

Φ̃: (W̃ , ϕ̃12) −→
(
Σ̃×Cn+2, σ̃×c

)
of real bundle pairs over (Σ̃, σ̃) that lies in the homotopy class determined
by the lifted real orientation. It satisfies the spin structure requirement of
Proposition 2.2. By the proof of [12, Proposition 5.2], Φ̃ can be chosen so
that it induces the isomorphism in (2.9) over (Σ̃, σ̃) determined by the lift
of a given isomorphism in (1.1) over (Σ, σ). This implies that{

σ̃′×id
}
◦
{

Λtop
C Φ̃

}
=
{

Λtop
C Φ̃

}
◦
{

Λtop
C ψ12

}
: Λtop

C W̃ |x±1(4.2)

−→ {x±2 }×Λtop
C Cn+2 ={x±2 }×C.

In the next paragraph, we homotope Φ̃ near x±1 so that it descends to an
isomorphism Ψ over Σ; the latter satisfies the two properties in the last
sentence of Proposition 2.2. By Corollary 4.3, any two such isomorphisms Ψ
are homotopic.
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Define ψ±∈GLn+2C by

(4.3) id×ψ± =
{
σ̃′×Id

}
◦Φ̃◦ψ12◦Φ̃−1 : {x±1 }×C

n+2 −→ {x±1 }×C
n+2 .

By (4.2), detCψ
±=1, i.e. ψ∈SLn+2C. By (4.1), ψ+ =ψ−. Since SLn+2C is

connected, there exist f ∈C(Σ̃, σ̃; SLn+2C) and a neighborhood U of x+
1 in Σ̃

such that

(4.4) f(z) =

{
ψ±, if z=x±1 ;

Id, if z 6∈U∪σ̃(U);
x±2 6∈U, U∩σ̃(U) = ∅.

By (4.3) and (4.4),{
σ̃′×Id

}
◦Ψ̃f ◦Φ̃ = Ψ̃f ◦Φ̃◦ψ12 : W̃ |x±1 −→ {x

±
2 }×C

n+2 .

Thus, Ψ̃f ◦Φ̃ descends to an isomorphism Ψ in (2.8) of real bundle pairs
over (Σ, σ) that induces the isomorphism in (2.9) determined by a given
isomorphism in (1.1). �

Suppose (Σ, x±12, σ) and (Σ̃, x±1 , x
±
2 , σ̃) are as above. A rank n real bundle

pair (V, ϕ) over (Σ, σ) lifts to a rank n real bundle pair (Ṽ , ϕ̃) over (Σ̃, σ̃).
A real orientation on (V, ϕ) lifts to a real orientation on (Ṽ , ϕ̃). A real CR-
operator D on (V, ϕ) lifts to a real CR-operator D̃ on (Ṽ , ϕ̃). There is a
short exact sequence of Fredholm operators

0 // Γ(Σ;V )ϕ //

D
��

Γ(Σ̃; Ṽ )ϕ̃
ev
x
+
12 //

D̃
��

Vx+
12

//

��

0

0 // Γ0,1
j (Σ;V )ϕ // Γ0,1

j (Σ̃; Ṽ )ϕ̃ // 0 // 0

(4.5)

with the last homomorphism in the top row given by

evx+
12

(ξ) = ξ(x+
1 )−ξ(x+

2 ) ∈ Vx+
12

= Ṽx+
1

= Ṽx+
2
.

Thus, there is a canonical isomorphism

(4.6) det D̃ ≈ detD ⊗ Λ2n
R Vx+

12

of real lines.
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If Ψ is an isomorphism as in (2.8) and Ψ̃ is its lift to (Σ̃, σ̃), then the
diagram

0 // Γ
(
Σ;V ⊕2L∗

)ϕ⊕2φ̃∗ //

Ψ

��

Γ
(
Σ̃; Ṽ ⊕2L̃∗

)ϕ̃⊕2φ̃∗
ev
x
+
12 //

Ψ̃
��

Vx+
12
⊕2L∗

x+
12

//

Ψ

��

0

0 // C(Σ, σ;Cn+2) // C(Σ̃, σ̃;Cn+2
) ev

x
+
12 // Cn+2 // 0

commutes. If Ψ is an isomorphism as in (2.8) in the homotopy class deter-
mined by a real orientation on (V, ϕ), then the lift Ψ̃ of Ψ to (Ṽ , ϕ̃) lies in
the homotopy class of isomorphisms determined by the induced real orien-
tation on (Ṽ , ϕ̃). These two observations yield the following comparison of
the orientations on the relative determinants provided by Corollary 2.3.

Corollary 4.5. Let (Σ, σ), (Σ̃, σ̃), (V, ϕ), and (Ṽ , ϕ̃) be as above. The iso-
morphism

(4.7) d̂et D̃ ≈
(
d̂etD

)
⊗ Λ2n

R Vx+
12
⊗Λ2n

R Cn

induced by the isomorphisms (4.6) for (V, ϕ) and (Σ× Cn, σ × c) is orien-

tation-preserving with respect to the orientation on d̂etD determined by a
real orientation on (V, ϕ), the orientation on d̂et D̃ determined by the lifted
real orientation on (Ṽ , ϕ̃), and the complex orientations of Vx+

12
and Cn.

4.2. Smoothings of two-nodal symmetric surfaces

For a disk ∆⊂C centered at the origin, let

∆∗ = ∆−{0}, ∆2
R =

{
(t, t̄) : t∈∆

}
, ∆∗2R = ∆∗2∩∆2

R ,

τ∆ : ∆2 −→ ∆2, τ∆

(
t+, t−

)
=
(
t−, t+

)
.

Thus, ∆2
R is the fixed locus of the anti-complex involution τ∆ on ∆2.

Let C≡(Σ, z1, . . . , zl) be a marked Riemann surface with two nodes and
π : U−→∆2 be a holomorphic map from a complex manifold with sections
s1, . . . , sl : ∆2−→U . We will call the tuple (π, s1, . . . , sl) a smoothing of C if

• Σt≡π−1(t) is a smooth compact Riemann surface for all t∈∆∗2;

• si(t) 6=sj(t) for all t∈∆2 and i 6=j;

• (Σ0, s1(0), . . . , sl(0))=C.
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Suppose C≡(Σ, (z+
1 , z

−
1 ), . . . , (z+

l , z
−
l )) is a marked symmetric Riemann sur-

face with involution σ and a pair of conjugate nodes, (π, s1, . . . , sl) is as
above, and τ̃∆ : U−→U is an anti-holomorphic involution lifting the in-
volution τ∆. We will call the tuple (π, τ̃∆, s1, . . . , sl) a smoothing of C if
(π, s1, τ̃∆◦s1, . . . , sl, τ̃∆◦sl) is a smoothing of C and τ̃∆|Σ0

=σ. In such a
case, let σt= τ̃∆|Σt

for each t∈∆2
R.

With (π, τ̃∆, s1, . . . , sl) as above, denote by x±12∈Σ and Σ̃−→Σ the nodes
and the normalization of Σ, respectively, and set Σ∗=Σ−{x±12}. Let

U+
0 ≡

{
(t+, t−, z+

1 , z
+
2 )∈∆2×C2 : |z+

1 |, |z
+
2 |<1, z+

1 z
+
2 = t+

}
,

U−0 ≡
{

(t+, t−, z−1 , z
−
2 )∈∆2×C2 : |z−1 |, |z

−
2 |<1, z−1 z

−
2 = t−

}
.

As fibrations over ∆,

(4.8) U ≈
(
U+

0 tU
−
0 tU

′)/ ∼, (t, z±1 , z
±
2 ) ∼

{
(t, z±1 ), if |z±1 |> |z

±
2 |;

(t, z±2 ), if |z±1 |< |z
±
2 |;

for some family U ′ of deformations of Σ∗ over ∆2, a choice of coordinates
z±i on Σ̃ centered at x±i , and their extensions to U . The local coordinates
z±i and the family U ′ in (4.8) can be chosen so that U ′ is preserved by τ̃∆

and the identification in (4.8) intertwines τ̃∆ with the involution

(4.9) U±0 −→ U
∓
0 ,

(
t+, t−, z±1 , z

±
2

)
−→

(
t−, t+, z±1 , z

±
2

)
.

In particular, U retracts onto Σ0 respecting the involution τ̃∆.
Suppose π : U−→∆2 and τ̃∆ are as above, (V, ϕ)−→(U , τ̃∆) is a real

bundle pair, and ∇ and A are a connection and a 0-th order deformation
term on (V, ϕ) as in Section 2.2. The restriction of ∇ and A to (V, ϕ)|(Σt,σt)

with t∈∆2
R determines a real CR-operator Dt. By [16, Appendix D.4] and

[4, Section 3.2], the determinant lines of these operators form a line bundle

(4.10) detD(V,ϕ) −→ ∆2
R .

We denote by det ∂̄C−→∆2
R the determinant line bundle associated with

the standard holomorphic structure on (U×C, τ̃∆×c). The proof of the next
statement is essentially identical to the proof of [12, Corollary 6.7], with
Lemma 4.4 replacing the use of [12, Proposition 6.2].

Corollary 4.6. Let (π, τ̃∆), (V, ϕ), and (∇, A) be as above. Then a real
orientation on (V, ϕ) as in Definition 1.1 induces an orientation on the line
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bundle

(4.11) d̂etD(V,ϕ) ≡
(
detD(V,ϕ)

)
⊗ (det ∂̄C)⊗n −→ ∆2

R,

where n=rkCV . The restriction of this orientation to the fiber over each
t∈∆∗2R is the orientation on d̂etDt induced by the restriction of the real
orientation to (V, ϕ)|(Σt,σt) as in Corollary 2.3.

Let (Σ, σ) be a smooth symmetric surface and (L, φ̃) be a rank 1 real
bundle pair over (Σ, σ). For a pair x≡(x+, x−) of conjugate points of (Σ, σ),
define

L(x) = L
(
x++x−

)
, L⊗2(x) = L⊗CL(x),{

L(x)⊗2
}0

x
=
(
L(x)⊗2|x+⊕L(x)⊗2|x−

)φ̃⊗2

,{
L(x)⊗2

}1

x
=
{
L(x)⊗2

}0

x
⊕
(
L⊗2(x)|x+⊕L⊗2(x)|x−

)φ̃⊗2

.

The projection{
L(x)⊗2

}1

x
−→

{
L(x)⊗2

}1

x+ ≡ L(x)⊗2|x+⊕L⊗2(x)|x+

is an isomorphism of real vector spaces and thus induces an orientation on its
domain from the complex orientation of its target. This induced orientation
is invariant under the interchange of x+ and x−; we will call it the canonical
orientation of {L(x)⊗2}1x.

For a real CR-operator DL(x)⊗2 on (L(x), φ̃)⊗2, there is a short exact
sequence

0 // Γ
(
Σ;L⊗2(x)

)φ̃ //

DL⊗2(x)

��

Γ
(
Σ;L(x)⊗2

)φ̃ //

DL(x)⊗2

��

{
L(x)⊗2

}0

x
//

��

0

0 // Γ0,1
j

(
Σ;L⊗2(x)

)φ̃ // Γ0,1
j

(
Σ;L(x)⊗2

)φ̃ // 0

of Fredholm operators. By (2.4), it induces a canonical isomorphism

(4.12) detDL(x)⊗2 ≈
(
detDL⊗2(x)

)
⊗ Λ2

R
({
L(x)⊗2

}0

x

)
.

The analogous exact sequence for an operator DL⊗2(x) on (L⊗2(x), φ̃⊗2)
yields an isomorphism

detDL⊗2(x) ≈
(
detDL⊗2

)
⊗ Λ2

R
((
L⊗2(x)|x+⊕L⊗2(x)|x−

)φ̃2)
.(4.13)
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Combining these two isomorphisms with the identity isomorphism on
det ∂̄Σ;C, we obtain an isomorphism

(4.14) d̂etDL(x)⊗2 ≈
(
d̂etDL⊗2

)
⊗ Λ4

R
({
L(x)⊗2

}1

x

)
.

Corollary 4.7. With notation as above, suppose the real vector bundle

Lφ̃−→Σσ is orientable. The isomorphism (4.14) is orientation-preserving
with respect to the orientations induced by Corollaries 2.3 and 2.4 on
d̂etDL(x)⊗2 and d̂etDL⊗2 and the canonical orientation on {L(x)⊗2}1x.

Proof. Let (Σ̂, σ̂) be the two-nodal symmetric surface consisting of (Σ, σ)
with a 0-doublet P1

+tP1
− attached at x+ and x−; see (1.7). Let x̂≡(x̂+, x̂−)

be a pair of conjugate points on Σ̂−Σ, with x̂+∈P1
+, and (L̂, φ̂) be the rank 1

real bundle pair over (Σ̂, σ̂) such that(
L̂, φ̂

)∣∣
Σ

=
(
L, φ̃

)
,
(
L̂, φ̂

)∣∣
P1

+tP1
−

=
(
OP1

+
tOP1

−
, σ̂|P1

+tP1
−
×c
)
.

Choose a smoothing

π : U −→ ∆2, τ̃∆ : U −→ U , s : ∆2 −→ U

of (Σ̂, (x̂+, x̂−), σ̂). For t∈∆∗2R , (Σt, σt)≈(Σ, σ).

Let (V, ϕ) be a real bundle pair over (U , τ̃∆) that restricts to (L̂, φ̂) over Σ̂
and

V (s) = V
(
s+ τ̃∆◦s

)
.

For t∈∆∗2R , the restrictions of the real bundle pairs (V, ϕ) and (V (s), ϕ)

to (Σt, σt) are isomorphic to (L, φ̃) and (L(x), φ̃), respectively. The canoni-
cal real orientations on (L̂, φ̂)⊗2 and (L̂(x̂), φ̂)⊗2 provided by Corollary 2.4
(like all other real orientations) extend to real orientations on (V, ϕ)⊗2 and
(V (s), ϕ)⊗2, respectively. The restrictions of the latter to

• (Σt, σt) with t∈∆∗2R are the canonical real orientations on (L, φ̃)⊗2 and

(L(x), φ̃)⊗2, respectively,

• Σ⊂ Σ̂ are the canonical real orientation on (L, φ̃)⊗2,

• P1
+tP1

− are the canonical real orientations on(
OP1

+
tOP1

−
, σ̂|P1

+tP1
−
×c
)⊗2

and
(
OP1

+
(x̂+)tOP1

−
(x̂−), σ̂|P1

+tP1
−
×c
)⊗2

,

respectively.
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Let D(V,ϕ)⊗2;t be a family of real CR-operators on (V, ϕ)⊗2 as above
Corollary 4.6; we can assume that it restricts to the standard ∂̄-operator
over the 0-doublet. It induces a family D(V (s),ϕ)⊗2;t of real CR-operators on
(V (s), ϕ)⊗2. Let

DL̂⊗2 = D(V,ϕ)⊗2;0 and DL̂(x̂)⊗2 = D(V (s),ϕ)⊗2;0

be the restrictions of these operators to (Σ̂, σ̂). Similarly to (4.12),

d̂etD(V (s),ϕ)⊗2 ≈
(
d̂etD(V,ϕ)⊗2

)
⊗ Λ4

R
({
V (s)⊗2

}1

s

)
as real line bundles over t∈∆2

R. By the first bullet point above and Corol-
lary 4.6, it is thus sufficient to show that the isomorphism

(4.15) d̂etDL̂(x̂)⊗2 ≈
(
d̂etDL̂⊗2

)
⊗ Λ4

R
({
L̂(x̂)⊗2

}1

x̂

)
is orientation-preserving with respect to the orientations on d̂etDL̂(x̂)⊗2

and d̂etDL̂⊗2 induced by the canonical real orientations on (L̂(x̂), φ̂)⊗2 and

(L̂, φ̂)⊗2, respectively, and the complex orientation on {L̂(x̂)⊗2}1x̂.

Let (L̃, ϕ̃) be the lift of (L̂, φ̂) to the normalization (Σ̃, σ̃) of (Σ̂, σ̂); the
latter consists of (Σ, σ) and the 0-doublet P1

+tP1
−. The isomorphisms (4.7)

induce a commutative diagram

d̂etDL̃(x̂)⊗2
//

��

d̂etDL̂(x̂)⊗2 ⊗ Λ2
RLx+⊗Λ2

RC

��(
d̂etDL̃⊗2

)
⊗ Λ4

R
({
L̃(x̂)⊗2

}1

x̂

)
//
(
d̂etDL̂⊗2

)
⊗ Λ2

RLx+⊗Λ2
RC⊗ Λ4

R
({
L̂(x̂)⊗2

}1

x̂

)
.

By the second and third bullet points above and Corollary 4.5, the horizontal
isomorphisms in this diagram are orientation-preserving with respect to the
orientations on the relative determinants induced by Corollaries 2.3 and 2.4
and with respect to the complex orientations on the remaining lines.

The left vertical isomorphism in the diagram is the tensor product of
the isomorphisms

d̂etD
L̃
(
x̂)⊗2|Σ

≈ d̂etDL̃⊗2|Σ and

d̂etD
L̃
(
x̂)⊗2|P1

+
tP1
−

≈
(
d̂etDL̃⊗2|P1

+
tP1
−

)
⊗ Λ4

R
({
L̃(x̂)⊗2

}1

x̂

)
.

(4.16)

The first of these isomorphisms is orientation-preserving with respect to
the canonical real orientations because L̃(x̂)|Σ = L̃|Σ. Under the restrictions
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to P1
+ as in (3.2), the second isomorphism in (4.16) corresponds to an iso-

morphism induced by two short exact sequences of C-linear homomorphisms.
Thus, it is orientation-preserving with respect to the complex orientations
on d̂etDL̃(x̂)⊗2|P1

+
tP1
−

) and d̂etDL̃⊗2|P1
+
tP1
−

as in Section 3.1. By Lemma 3.1,

these complex orientations are the same as the orientations induced by any
real orientations on the squares. Thus, the second isomorphism in (4.16) and
the left vertical isomorphism in the commutative diagram are orientation-
preserving with respect to the orientations on the relative determinants in-
duced by Corollaries 2.3 and 2.4. Along with the last sentence of the pre-
vious paragraph, this implies that the right vertical isomorphism is also
orientation-preserving with respect to these orientations. �

Let Σ̃ be a smooth Riemann surface and x∈ Σ̃. A holomorphic vector
field ξ on a neighborhood of x in Σ̃ with ξ(x)=0 determines an element

∇ξ
∣∣
x
∈ T ∗x Σ̃⊗C TxΣ̃ = C .

Similarly, a meromorphic one-form η on a neighborhood of x in Σ̃ has a
well-defined residue at x, which we denote by Rxη. For a holomorphic line
bundle L−→ Σ̃, we denote by Ω(L) the sheaf of holomorphic sections of L.

If (Σ, σ) is a symmetric Riemann surface with a pair of conjugate nodes
x±12∈Σ and x±1 , x

±
2 ∈ Σ̃ are the preimages of the nodes in its normalization,

let

T Σ̃(−x) = T Σ̃
(
− x+

1 −x
−
1 −x

+
2 −x

−
2

)
,

T ∗Σ̃(x) = T ∗Σ̃
(
x+

1 +x−1 +x+
2 +x−2

)
.

The next statement is the analogue of [12, Lemma 6.8] in the present situ-
ation.

Lemma 4.8. Suppose (π : U−→∆2, τ̃∆) is a smoothing of (Σ, σ) as above.
There exist holomorphic line bundles T , T̂ −→U with involutions ϕ, ϕ̂ lift-
ing τ̃∆ such that

(T , ϕ)
∣∣
Σt

=
(
TΣt, dτ̃∆|TΣt

)
, (T̂ , ϕ̂)

∣∣
Σt

=
(
T ∗Σt, (dτ̃∆|TΣt

)∗
)
∀ t∈∆∗2,

Ω
(
T |Σ0

)
=
{
ξ∈Ω

(
T Σ̃(−x)

)
: ∇ξ|x±1 +∇ξ|x±2 =0

}
,

Ω
(
T̂ |Σ0

)
=
{
η∈Ω

(
T ∗Σ̃(x)

)
: Rx±1

η+Rx±2
η=0

}
.

Furthermore, (T̂ , ϕ̂)≈(T , ϕ)∗.
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Proof. We continue with the notation as in (4.8) and (4.9). Denote by
T vrtU ′−→U ′ the vertical tangent bundle. Let

T =
(
U+

0 ×C t U
−
0 ×C t T

vrtU ′
)/
∼,

T̂ =
(
U+

0 ×C t U
−
0 ×C t (T vrtU ′)∗

)/
∼,

(t, z±1 , z
±
2 , c) ∼

{
c z±1

∂
∂z±1

∣∣
(t,z±1 )

, if |z±1 |> |z
±
2 |;

−c z±2 ∂
∂z±2

∣∣
(t,z±2 )

, if |z±1 |< |z
±
2 |;

(t, z±1 , z
±
2 , c) ∼

c
d

(t,z
±
1

)
z±1

z±1
, if |z±1 |> |z

±
2 |;

−c
d

(t,z
±
2

)
z±2

z±2
, if |z±1 |< |z

±
2 |.

Under the identifications (4.8), the vector field and one-form on a neighbor-
hood of the node in U associated with (t, z±1 , z

±
2 , c)∈U

±
0 ×C correspond to

the vector field and one-form on U±0 given by

c

(
z±1

∂

∂z±1
− z±2

∂

∂z±2

)
and c

dz±1 |Σt

z±1
= −c dz±2 |Σt

z±2
,

respectively (the above equality of one-forms holds for t± 6=0). Thus, T
and T̂ have the desired restriction properties. The identifications in the
construction of T and T̂ above intertwine the trivial lift of (4.9) to a con-
jugation on (U+

0 tU
−
0 )×C with the conjugations on T vrtU ′ and (T vrtU ′)∗

induced by dτ̃∆. Thus, they induce conjugations ϕ and ϕ̂ on T and T̂ . By
the same reasoning as in the proof of [12, Lemma 6.8], (T̂ , ϕ̂) and (T , ϕ)∗

are isomorphic as real bundle pairs over (U , τ̃∆). �

Corollary 4.9. Let (Σ, σ), (π, τ̃∆), and T , T̂ −→U be as in Lemma 4.8.
The orientation on the restriction of the real line bundle

(4.17) d̂et ∂̄(T̂ ,ϕ̂)⊗2 ≡
(
det ∂̄(T̂ ,ϕ̂)⊗2

)
⊗
(
det ∂̄C

)
−→ ∆2

R

to ∆∗2R determined by the canonical isomorphisms of Corollaries 2.3 and 2.4
extends across t=0 as the orientation determined by the canonical isomor-
phism of Corollaries 2.3 and 2.4 for the nodal symmetric surface (Σ, σ).

Proof. By Corollaries 2.3 and 2.4, the restriction of the real bundle pair

(4.18)
(
T̂ ⊗2⊕2T , ϕ̂⊗2⊕2ϕ

)
−→ (U , τ̃∆)
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to the central fiber (Σ, σ) has a canonical real orientation. Since U retracts
onto Σ respecting the involution τ̃∆, this real orientation extends to a real
orientation on (4.18) which restricts to the canonical real orientation over
each fiber (Σt, σt) with t∈∆∗2R . By Corollary 4.6, the extended real orien-
tation induces an orientation on the real line bundle (4.17) over ∆2

R. The
restriction of this orientation to the fiber over each t∈∆∗2R is the orienta-
tion induced by the restriction of the extended real orientation to the fiber
of (4.18) as in Corollary 2.3, i.e. the canonical orientation on each fiber
of (4.17). �

The next two statements are the analogues of [12, Lemmas 6.9,6.10] for
smoothings of two-nodal Riemann surfaces and hold for the same reasons.

Lemma 4.10 (Dolbeault Isomorphism). Suppose (Σ, σ) and (π, τ̃∆)
are as in Lemma 4.8 and (L, φ̃)−→(U , τ̃∆) is a holomorphic line bundle
so that degL|Σ<0 and degL|Σ′≤0 for each irreducible component Σ′⊂Σ.
The families of vector spaces H1

∂̄
(Σt;L) and Ȟ1(Σt;L) then form vector

bundles R1
∂̄
π∗L and Ř1π∗L over ∆2 with conjugations lifting τ∆ which are

canonically isomorphic as real bundle pairs over (∆2, τ∆).

Lemma 4.11 (Serre Duality). Suppose (Σ, σ), (π, τ̃∆), and (T̂ , ϕ̂) are
as in Lemma 4.8 and (L, φ̃)−→(U , τ̃∆) is a holomorphic line bundle so that
degL|Σ>2ga(Σ)−2 and degL|Σ′≥2ga(Σ

′)−2 for each irreducible compo-
nent Σ′⊂Σ. The family of vector spaces H0

∂̄
(Σt;L) then forms a vector bun-

dle R0
∂̄
π∗L over ∆ with a conjugation lifting τ∆ and there is a canonical

isomorphism

(4.19) R1
∂̄π∗
(
L∗⊗T̂

)
≈
(
R0
∂̄π∗L

)∗
of real bundle pairs over (∆2, τ∆).

4.3. Canonical isomorphisms and canonical orientations

Let (Σ, x±12, σ) be a symmetric surface with a pair of conjugate nodes. We
will next compare the orientations of isomorphisms of determinant lines
associated with (Σ, σ) which are induced via its smoothings (Σt, σt) as in
Section 4.2 and via its normalization (Σ̃, σ̃). We continue with the notation
introduced in Section 4.2.
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Let Cx, Sx−→ Σ̃ denote the skyscraper sheaves with fibers C at the
preimages x±i of the nodes of Σ and fibers T ∗

x±i
Σ̃, respectively. The projections

H0
(
Σ̃;Cx

)σ̃ −→ C2 = H0
(
Σ̃;Cx+

1
)⊕H0(Σ̃;Cx+

2

)
,

H0
(
Σ̃;Sx

)σ̃ −→ T ∗
x+

1
Σ̃⊕ T ∗

x+
2
Σ̃ = H0

(
Σ̃;Sx+

1

)
⊕H0

(
Σ̃;Sx+

2

)(4.20)

to the values at x+
1 and x+

2 are isomorphisms. We use the first isomorphism

to orient H0(Σ̃;Cx)σ̃ from the standard orientation on C. We use the second
isomorphism to orient H0(Σ̃;Sx)σ̃ from the orientations on T ∗

x+
1

Σ̃ and T ∗
x+

2

Σ̃

induced from the complex orientations on Tx+
1
Σ̃ and Tx+

2
Σ̃, respectively, as

in the proof of Lemma 3.2. As indicated at the beginning of Section 3.1, the
orientation on each T ∗

x+
i

Σ̃ induced from the complex orientation of Tx+
i
Σ̃ is the

opposite of the complex orientation of T ∗
x+
i

Σ̃. Thus, the induced orientation

on T ∗
x+

1

Σ̃⊕T ∗
x+

2

Σ̃ agrees with the complex orientation.

The residues of meromorphic one-forms on Σ̃ provide canonical identifi-
cations

T ∗Σ̃(x)
∣∣
x+
i

≈ C .

With the notation as in Corollary 4.7, we thus have{
T ∗Σ̃(x)⊗2

}1

x
≡
{
T ∗Σ̃(x)⊗2

}1

(x+
1 ,x
−
1 )
⊕
{
T ∗Σ̃⊗2(x)

}1

(x+
2 ,x
−
2 )

= H0
(
Σ̃;Cx

)σ̃⊕H0
(
Σ̃;Sx

)σ̃
.

With L=T ∗Σ̃, (4.14) becomes

d̂et∂̄(T ∗Σ̃(x),(dσ̃)∗)⊗2 ≈
(
d̂et∂̄(T ∗Σ̃,(dσ̃)∗)⊗2

)
(4.21)

⊗ Λ2
RC⊗Λ2

RC⊗ Λ4
R
(
H0(Σ̃;Sx)σ̃

)
.

Let Cx±12
−→Σ be the skyscraper sheaf over x±12. By Lemma 4.8, there is

an exact sequence

0 −→ O(T̂ ⊗2) −→ O
(
T ∗Σ̃(x)⊗2

)
−→ Cx+

12
⊕Cx−12

−→ 0

of sheaves over Σ. Thus, (4.6) applied with (T̂ , ϕ̂)⊗2|Σ and (Σ×C, σ×c)
determines an isomorphism

(4.22)
(
d̂et ∂̄(T̂ ,ϕ̂)⊗2|Σ

)
⊗ Λ2

RC⊗Λ2
RC ≈ d̂et ∂̄(T ∗Σ̃(x),(dσ̃)∗)⊗2 .
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Combining this isomorphism with (4.21), we obtain an isomorphism(
d̂et ∂̄(T̂ ,ϕ̂)⊗2|Σ

)
⊗ Λ2

RC⊗Λ2
RC(4.23)

≈
(
d̂et ∂̄(T ∗Σ̃,(dσ̃)∗)⊗2

)
⊗ Λ2

RC⊗Λ2
RC⊗ Λ4

R
(
H0(Σ̃;Sx)σ̃

)
.

Corollary 4.12. Suppose (Σ, σ), (Σ̃, σ̃), (π, τ̃∆), and T , T̂ −→U are as in
Lemma 4.8. The isomorphism (4.23) is orientation-preserving with respect to

• the canonical orientation of Corollary 4.9 on d̂et ∂̄(T̂ ,ϕ̂)⊗2|Σ,

• the canonical orientation of Corollaries 2.3 and 2.4 on d̂et ∂̄(T ∗Σ̃,(dσ̃)∗)⊗2,

• the orientation on H0(Σ̃;Sx)σ̃ described above and the complex orientation
on C.

Proof. The canonical orientation of Corollary 4.9 on d̂et ∂̄(T̂ ,ϕ̂)⊗2|Σ is the
orientation induced by the canonical real orientation on the restriction of
(T̂ , ϕ̂) to Σ. The latter lifts to the canonical real orientation on the real
bundle pair

(4.24)
(
T ∗Σ̃(x), (dσ̃)∗

)⊗2 −→ (Σ̃, σ̃).

By Corollary 4.5, the isomorphism (4.22) is thus orientation-preserving with
respect to the orientation in the first bullet item above, the complex orienta-
tion on C, and the orientation on d̂et ∂̄(T ∗Σ̃(x),(dσ̃)∗)⊗2 induced by the canon-

ical real orientation on (4.24). By Corollary 4.7, the isomorphism (4.21) is
orientation-preserving with respect to the latter and the orientations in the
second and third bullet items above. The last two statements together imply
the claim. �

Let (π, τ̃∆, s1, . . . , sl) be a smoothing of a marked symmetric Riemann
surface

(4.25) C ≡
(
Σ, (z+

1 , z
−
1 ), . . . , (z+

l , z
−
l )
)

with a pair of conjugate nodes, T , T̂ −→U be the holomorphic line bundles
with involutions ϕ, ϕ̂ as in Lemma 4.8, and

T C = T
(
−s1−τ̃∆◦s1−· · ·−sl−τ̃∆◦sl

)
,

T̂ C = T̂
(
s1+τ̃∆◦s1+· · ·+sl+τ̃∆◦sl

)
.
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By the last statement of Lemma 4.8, T C∗= T̂ C. Let

C̃ =
(
Σ̃, (z+

1 , z
−
1 ), . . . , (z+

l , z
−
l ), (x+

1 , x
−
1 ), (x+

2 , x
−
2 )
)
,(4.26)

T C̃ = T Σ̃
(
−z+

1 −z
−
1 −· · ·−z

+
l −z

−
l −x

+
1 −x

−
1 −x

+
2 −x

−
2

)
,

T ∗C̃ = T ∗Σ̃
(
z+

1 +z−1 +· · ·+z+
l +z−l +x+

1 +x−1 +x+
2 +x−2

)
.

Let SC−→Σ and SC̃ −→ Σ̃ be the skyscraper sheaves of the cotangent bun-
dles at the marked points as in the proof of Lemma 3.2. We also denote by
SC⊂SC̃ the lift of SC to Σ̃, i.e. the natural complement of the subsheaf Sx
of SC̃.

By Lemma 4.8, taking the (second order) residues of sections of T̂ C⊗T̂
at x+

1 ∈ Σ̃ induces an isomorphism

(4.27) det ∂̄(T̂ C⊗T̂ ,ϕ̂⊗2)|Σ ≈ det ∂̄(T ∗C̃⊗T ∗Σ̃,(dσ̃)∗⊗2) ⊗ Λ2
RC;

it corresponds to the isomorphism (2.4) for the short exact sequence of
Fredholm operators represented by the middle column in Figure 1. Com-
bining (4.27) with the isomorphism (4.6) for the trivial rank 1 real bundle
pair (V, ϕ), we obtain an isomorphism

(4.28)
(
d̂et ∂̄(T̂ C⊗T̂ ,ϕ̂⊗2)|Σ

)
⊗ Λ2

RC ≈
(
d̂et ∂̄(T ∗C̃⊗T ∗Σ̃,(dσ̃∗)⊗2)

)
⊗ Λ2

RC.

The exact sequence represented by the middle row in Figure 1 and its ana-
logue for C̃ determine isomorphisms

det ∂̄(T̂ C⊗T̂ ,ϕ̂⊗2)|Σ ≈
(
det ∂̄(T̂ ,ϕ̂)⊗2|Σ

)
⊗ Λtop

R
(
H0(Σ;SC)σ

)
,

det ∂̄(T ∗C̃⊗T ∗Σ̃,(dσ̃∗)⊗2) ≈
(
det ∂̄(T ∗Σ̃,(dσ̃∗))⊗2

)
⊗ Λtop

R
(
H0(Σ̃;SC̃)σ̃

)
.

(4.29)

The isomorphisms (4.29) induce orientations on the first factors on the two
sides of (4.28) from

(1) the orientations of H0(Σ;SC)σ and H0(Σ̃;SC̃)σ̃ described in the proof
of Lemma 3.2, and

(2) the canonical orientations on

d̂et ∂̄(T̂ ,ϕ̂)⊗2|Σ ≡
(
det ∂̄(T̂ ,ϕ̂)⊗2|Σ

)
⊗
(
det ∂̄C|Σ

)
and

d̂et ∂̄(T ∗Σ̃,(dσ̃)∗)⊗2 ≡
(
det ∂̄(T ∗Σ̃,(dσ̃)∗)⊗2

)
⊗
(
det ∂̄C|Σ̃

)(4.30)

provided by Corollaries 2.3 and 2.4.
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0

��

0

��

0

��

0 // Γ
(
Σ̃;T ∗Σ̃(x)⊗T ∗Σ̃

)σ̃ //

��

Γ
(
Σ̃;T ∗C̃⊗T ∗Σ̃

)σ̃ //

��

H0(Σ̃;SC)σ̃ //

id

��

0

0 // Γ
(
Σ; T̂ ⊗2

)σ //

ev
x
+
12

��

Γ(Σ; T̂ C⊗T̂ )σ //

ev
x
+
12

��

H0(Σ;SC)σ //

��

0

0 // C //

��

C //

��

0

0 0

Figure 1: Commutative diagram for the proof of Corollary 4.13

Corollary 4.13. The isomorphism (4.28) is orientation-preserving with
respect to the two orientations described above and the complex orientation
on C.

Proof. The exact sequence represented by the first row in Figure 1 and the
l=0 case of the second isomorphism in (4.29) determine isomorphisms

det ∂̄(T ∗C̃⊗T ∗Σ̃,(dσ̃∗)⊗2) ≈
(
det ∂̄(T ∗Σ̃(x)⊗T ∗Σ̃,(dσ̃∗)⊗2)

)
⊗ Λtop

R
(
H0(Σ̃;SC)σ̃

)
,

det ∂̄(T ∗Σ̃(x)⊗T ∗Σ̃,(dσ̃∗)⊗2) ≈
(
det ∂̄(T ∗Σ̃,dσ̃∗)⊗2

)
⊗ Λ4

R
(
H0(Σ̃;Sx)σ̃

)
.

(4.31)

The second isomorphism in (4.29) is the composition of the first isomorphism
in (4.31) and the second one tensored with the identity on Λtop

R (H0(Σ̃;SC)σ̃).
Combining the analogue of (4.27) for l=0 (i.e. the isomorphism induced

by the left column in Figure 1) with the isomorphism (4.6) for the trivial
rank 1 real bundle pair (V, ϕ), we obtain an isomorphism

(4.32)
(
d̂et ∂̄(T̂ ,ϕ̂)⊗2|Σ

)
⊗ Λ2

RC ≈
(
d̂et ∂̄(T ∗Σ̃(x)⊗T ∗Σ̃,(dσ̃∗)⊗2)

)
⊗ Λ2

RC.

The canonical orientation on the second line in (4.30) and the second isomor-
phism in (4.31) induce an orientation on the first factor on the right-hand
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side of (4.32). By the commutativity of the squares in Figure 1, it is suf-
ficient to show that the isomorphism (4.32) is orientation-preserving with

respect to the canonical orientation on d̂et ∂̄(T̂ ,ϕ̂)⊗2|Σ , the above orientation

on d̂et ∂̄(T ∗Σ̃(x)⊗T ∗Σ̃,(dσ̃∗)⊗2), and the complex orientation on C.

The composition of the isomorphism (4.32) tensored with the identity
on Λ2

RC and the second isomorphism in (4.31) tensored with the identities
on det ∂̄Σ̃;C and two copies of Λ2

RC is homotopic to the isomorphism (4.23).
By the previous paragraph, the claim is thus equivalent to the isomor-
phism (4.23) being orientation-preserving with respect to the canonical ori-
entations on the first factors on the two sides, the complex orientation on C,
and the orientation on Λ4

R(H0(Σ̃;Sx)σ̃) induced as in the paragraph con-
taining (4.20). This is indeed the case by Corollary 4.12. �

The next two statements are obtained from Lemmas 4.10 and 4.11 in
the same way as [12, Corollary 6.12] is obtained from [12, Lemmas 6.9,6.10].

Corollary 4.14. If the marked curve (4.25) is stable, the orientation on
the restriction of the real line bundle

Λtop
R
(
(Ř1π∗T C)σ

)
⊗ Λtop

R
((
R1
∂̄π∗T C

)σ) −→ ∆2
R

to ∆∗2R induced by Dolbeault Isomorphism extends across t=0 as the ori-
entation induced by Dolbeault Isomorphism for the nodal symmetric sur-
face (Σ, σ).

Corollary 4.15. If the marked curve (4.25) is stable, the orientation on
the restriction of the real line bundle

Λtop
R
((
R1
∂̄π∗T C

)σ)⊗ Λtop
R
((

(R0
∂̄π∗(T̂ C⊗T̂ ))σ

)∗) −→ ∆2
R

to ∆∗2R induced by Serre Duality as in the proof of [12, Proposition 5.9]
extends across t=0 as the orientation induced by Serre Duality for the nodal
symmetric surface (Σ, σ).

We continue with the setup for (4.26). By Lemma 4.8, there is an exact
sequence

(4.33) 0 −→ O(T C|Σ) −→ O
(
T C̃
)
−→ Cx+

12
⊕Cx−12

−→ 0

of sheaves with lifts of the involution σ over Σ. The projection of

(4.34) Ȟ0
(
Σ;Cx+

12
⊕Cx−12

)σ ⊂ Ȟ0
(
Σ;Cx+

12

)
⊕Ȟ0

(
Σ;Cx−12

)
= C⊕ C
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to the first component induces an isomorphism of real vector spaces.
If C is stable, the real part of the cohomology sequence induced by (4.33),

its analogue in Dolbeault cohomology, and Dolbeault Isomorphism induce a
commutative diagram

0 // C //

id

��

Ȟ1
(
Σ;O(T C|Σ)

)σ //

DI
��

Ȟ1
(
Σ̃;O

(
T C̃
))σ //

DI
��

0

0 // C // H1
(
Σ; T C

)σ // H1
(
Σ̃;T C̃

)σ // 0

(4.35)

of exact sequences. In particular, there are canonical isomorphisms

Λtop
R
(
Ȟ1
(
Σ;O(T C|Σ)

)σ) ≈ Λtop
R
(
Ȟ1
(
Σ̃;O

(
T C̃
))σ)⊗ Λtop

R C ,
Λtop
R
(
H1
(
Σ; T C

)σ) ≈ Λtop
R
(
H1
(
Σ̃;T C̃

)σ)⊗ Λtop
R C .

(4.36)

Combining them together, we obtain an isomorphism

Λtop
R
(
Ȟ1
(
Σ;O(T C|Σ)

)σ)⊗Λtop
R
(
H1(Σ; T C)σ

)
(4.37)

≈
(

Λtop
R
(
Ȟ1
(
Σ̃;O(T C̃

))σ)⊗Λtop
R
(
H1(Σ̃;T C̃)σ

))
⊗ Λ2

RC⊗Λ2
RC.

Corollary 4.16. The isomorphism (4.37) is orientation-preserving with
respect to the canonical orientation of Corollary 4.14 on the left-hand side,
the orientation on the first tensor product on the right-hand side induced
by Dolbeault Isomorphism, and the canonical orientation on the last tensor
product.

Proof. By the commutativity of the diagram (4.35), the isomorphism (4.37)
is orientation-preserving with respect to the orientations on the left-hand
side and on the first tensor product on the right-hand side induced by Dol-
beault Isomorphism. The former is the orientation of Corollary 4.14. �

Combining the dual of (4.27) with the second isomorphism in (4.36), we
obtain an isomorphism

Λtop
R
(
H1(Σ; T C)σ

)
⊗Λtop

R
((
H0(Σ; T̂ C⊗T̂ )σ

)∗)
(4.38)

≈
(

Λtop
R
(
H1(Σ̃;T C̃)σ

)
⊗Λtop

R
((
H0(Σ̃;T ∗C̃⊗T ∗Σ̃)σ

)∗))
⊗ Λ2

RC⊗Λ2
R(C∨) ,
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where C∨=HomC(C,C). The complex orientation on C induces an orienta-
tion on C∨ under the isomorphism (3.1). The latter is the opposite of the
complex orientation of C∨.

Corollary 4.17. The isomorphism (4.38) is orientation-preserving with
respect to the canonical orientation of Corollary 4.15 on the left-hand side,
the orientation on the first tensor product on the right-hand side induced by
Serre Duality, and the complex orientations on C and C∨.

Proof. Since the diagram

0 // C //

⊗

H1
(
Σ; T C

)σ //

⊗

H1
(
Σ̃;T C̃

)σ //

⊗

0

0 Coo

��

H0
(
Σ; T̂ C⊗T̂

)σoo

��

H0(Σ̃;T ∗C̃⊗T ∗Σ̃)σoo

��

0oo

R R R

induced by the imaginary parts of the Serre Duality pairings commutes, the
isomorphism (4.38) is orientation-preserving with respect to the orientations
on the left-hand side and on the first tensor product on the right-hand side
induced by Serre Duality and the complex orientations on C and C∨. The
former is the orientation of Corollary 4.15. The first pairing in the above
diagram is the real part of a C-linear pairing and thus identifies the oriented
real vector space C in the first row with the complex dual C∨ of the vector
space C in the second row. �

4.4. Comparison of the canonical orientations

Before establishing Theorem 1.2 at the end of this section, we obtain its ana-
logue for the real Deligne-Mumford moduli spaces; see Proposition 4.18 be-
low. This is done after comparing the behavior of the Kodaira-Spencer (KS)
map under the smoothings and normalization of a symmetric surface (Σ, σ)
with a pair of conjugate nodes; see Lemma 4.19.

Let g∈Z and l∈Z≥0 be such that g+l≥2. The identification of the last
two pairs of conjugate marked points induces an immersion

(4.39) ι : RM•g−2,l+2 −→ RM•g,l ;
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the image RN •g,l of RM•g−2,l+2 under this immersion consists of symmetric
surfaces with one pair of conjugate nodes. There is a canonical isomorphism

N ι ≡
ι∗TRM•g,l
TRM•g−2,l+2

≈ Ll+1⊗CLl+2

of the normal bundle of ι with the tensor product of the universal tangent
line bundles for the first points in the last two conjugate pairs. Thus, there
is a canonical isomorphism

(4.40) ι∗
(
Λtop
R
(
TRM•g,l

))
≈ Λtop

R (TRM•g−2,l+2)⊗ Λ2
R
(
Ll+1⊗CLl+2

)
of real line bundles over RM•g−2,l+2.

Combining the isomorphism (4.40) with the isomorphism (4.6) for the
trivial rank 1 real bundle pair (V, ϕ), we obtain an isomorphism(

Λtop
R (TRM•g−2,l+2)⊗(det ∂̄C)

)
⊗ Λ2

R
(
Ll+1⊗CLl+2

)
(4.41)

≈ ι∗
(
Λtop
R
(
TRM•g,l

)
⊗(det ∂̄C)

)
⊗
(
Λ2
RC
)

of real line bundles over RM•g−2,l+2. Since the complement of RN •g,l in a

small neighborhood in RM•g,l is connected and consists of smooth curves,
the canonical orientation on the real line bundle (2.12) provided by [12,
Proposition 5.9] extends across RN •g,l and thus induces an orientation on
the first tensor product on the right-hand side of (4.41).

Proposition 4.18. Let g∈Z and l∈Z≥0 be such that g+l≥2. The isomor-
phism (4.41) is orientation-reversing with respect to the orientations on the
real line bundles (2.12) provided by [12, Proposition 5.9] and the complex
orientations of Ll+1⊗CLl+2 and C.

Suppose C, C̃, (π, τ̃∆, s1, . . . , sl), (T , ϕ), and (T̂ , ϕ̂) are as in (4.25) and
(4.26) with U|∆2

R
−→∆2

R embedded inside of the universal curve fibration

over RM•g,l. Combining the first isomorphism in (4.36) and (4.40), we obtain
an isomorphism

Λtop
R
(
T[C]RM

•
g,l

)
⊗Λtop

R
(
Ȟ1
(
Σ;O(T C|Σ)

)σ)
(4.42)

≈
(

Λtop
R (T[C̃]RM

•
g−2,l+2)⊗Λtop

R
(
Ȟ1
(
Σ̃;O

(
T C̃
))σ))

⊗ Λ2
R
(
Ll+1⊗CLl+2

)
⊗Λ2

RC .

The KS map induces an orientation on the left-hand side of (4.42) whenever
C is a smooth curve. Since the complement of RN •g,l in a small neighborhood
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in RM•g,l is connected and consists of smooth curves, this orientation extends
over RN •g,l.

Lemma 4.19. The isomorphism (4.42) is orientation-preserving with re-
spect to the orientations on the left-hand side and the first tensor product on
the right-hand side determined by the KS map and the canonical orientations
of Ll+1⊗CLl+2 and C.

Proof. The proof is similar to that of [12, Lemma 6.16]. The complex pa-
rameter t+ in Section 4.2 can be viewed as an element of the complex line
bundle Ll+1⊗CLl+2 and parametrizes the smoothings of the marked sym-
metric surface C as in (4.25). In the notation of Section 4.2, they are de-
scribed by t=(t+, t−) with t−= t+. Denote by T C̃−→Ũg−2,l+2 the twisted

down vertical tangent bundle over the universal curve π : Ũg−2,l+2−→RN •g,l.
As in the proof of [12, Lemma 6.16], the vector bundles

TRN •g,l,
(
Ř1π∗(T C̃)

)σ −→ RN •g,l

extend over a neighborhood of RN •g,l in RM•g,l as a subbundle of TRM•g,l
and a quotient bundle of (Ř1π∗T C)σ. The KS map induces an isomorphism
between these two extensions and gives rise to a diagram

TC̃RM
•
g−2,l+2

//

KS ≈
��

TCtRM
•
g,l

KS ≈
��

// L1⊗CL2|C̃
KS ≈
��

Ȟ1
(
Σ̃;O

(
T C̃
))σ

Ȟ1
(
Σt;O(T C|Σt

)
)σtoo Coo

commuting up to homotopy of the isomorphisms given by the vertical arrows.
The crucial point is that the KS map sends the deformation parameter
t+∈L1⊗CL2 to the C-factor in (4.42) in an orientation-preserving fashion.
This is shown in the next paragraph.

Similarly to the last part of the proof of [12, Lemma 6.16], we cover a
neighborhood of Σt in U by the open sets

U±1 =
{

(t+, t−, z±1 , z
±
2 )∈U±0 : 2|z±2 |<1

}
and

U±2 =
{

(t+, t−, z±1 , z
±
2 )∈U±0 : 2|z±1 |<1

}
,

along with coordinate charts each of which intersects at most one of U±1
and U±2 . By the same computation as before, the Čech 1-cocycle correspond-
ing to the radial vector field [12, (6.25)] for the smoothing parameter t= t+
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is given by

(4.43) θ̂±0;12 ≡ z
±
1

∂

∂z±1
− z±2

∂

∂z±2
, θ̂±0;21 ≡ −z

±
1

∂

∂z±1
+ z±2

∂

∂z±2

on U±1 ∩U
±
2 after re-scaling by |t|−1 and vanishes on all remaining overlaps.

In order to determine the image of the angular vector field, we replace t with
eiθt in the computation in the proof of [12, Lemma 6.16] and differentiate the
resulting overlap maps f±12 and f±21 with respect to θ at θ=0. Over U±0 , we
then obtain the right-hand sides of the two expressions in (4.43) multiplied
by ±i. Thus, the KS map sends t+∈L1⊗CL2 to the C-factor in (4.42) in an
orientation-preserving fashion. �

Proof of Proposition 4.18. Let (C̃, σ̃) be an element of RM•g−2,l+2. Its
image under ι is a marked symmetric curve (C, σ) with a pair of conjugate
nodes. We continue with the notation and setup in the proof of Lemma 4.19.

The isomorphisms (4.40) and (4.27) induce an isomorphism

Λtop
R
(
T[C]RM

•
g,l

)
⊗ Λtop

R
((
H0(Σ; T̂ C⊗T̂ )σ

)∗)
(4.44)

≈
(

Λtop
R
(
T[C̃]RM

•
g−2,l+2

)
⊗Λtop

R
((
H0(Σ̃;T ∗C̃⊗T ∗Σ̃)σ

)∗))
⊗ Λ2

R
(
Ll+1⊗CLl+2

)
⊗ Λ2

R(C∨).

Orientations on the left-hand side of (4.44) and the first tensor product
on the right-hand side are obtained by tensoring the orientations on the
corresponding terms

(1) in (4.42) determined by the KS map,

(2) in (4.37) determined by Dolbeault Isomorphism and Corollary 4.14,

(3) in (4.38) determined by Serre Duality and Corollary 4.15.

By Lemma 4.19 and Corollaries 4.16 and 4.17, the isomorphism (4.44) is
orientation-preserving with respect to these two orientations and the com-
plex orientations on Ll+1⊗CLl+2 and C∨.

The orientations on

Λtop
R
(
T[C]RM

•
g,l

)
⊗
(
det ∂̄C|[C]

)
and

Λtop
R
(
T[C̃]RM

•
g−2,l+2

)
⊗
(
det ∂̄C|[C̃]

)
provided by [12, Proposition 5.17] are the tensor products of the orienta-
tions on
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(1) the left-hand side of (4.44) and the first tensor product on the right-hand
side described above and

(2) the first tensor products on the two sides of (4.28) described below (4.29).

The isomorphism (3.1) with V =C induces a homotopy class of identifi-
cations of (Λ2

RC)∗⊗Λ2
R(C∨) with R. By the previous paragraph and Corol-

lary 4.13, the isomorphisms(
Λtop
R
(
T[C]RM

•
g,l

)
⊗
(
det ∂̄C;C

)∗)⊗ (Λ2
RC
)∗

≈
(

Λtop
R
(
T[C̃]RM

•
g−2,l+2

)
⊗
(
det ∂̄C̃;C

)∗)
⊗ Λ2

R
(
Ll+1⊗CLl+2

)
⊗
(
Λ2
RC
)∗⊗Λ2

R(C∨)

induced by the isomorphism (4.40), the isomorphism (4.6) for the trivial
rank 1 real bundle pair (V, ϕ), and trivializations of (Λ2

RC)∗⊗Λ2
R(C∨) in

the above homotopy class are orientation-preserving with respect to the
orientations of Proposition 4.18 and the complex orientations of C and C∨.
Since the isomorphism (3.1) with V =C is orientation-reversing with respect
to the complex orientations of C and C∨, the isomorphism (4.41) is also
orientation-reversing with respect to the orientations of Proposition 4.18.

�

Proof of Theorem 1.2. Throughout this argument, we omit (X,B, J)φ

from the notation for the moduli spaces of maps and let

L = Ll+1⊗CLl+2 .

By the construction of the orientations in the proofs of Corollary 5.10 and
Theorem 1.3 in [12], it is sufficient to verify the claim over an element

[ũ]∈M′•g−2,l+2 with a smooth stable domain. Let u be the induced real map
from the corresponding nodal symmetric surface. We denote the marked
domains of ũ and u by C̃ and C, respectively, and let q=evl+1(ũ).

The forgetful morphisms (2.2) induce the short exact sequences repre-
sented by the left and middle columns in the two diagrams of Figure 2. The
top row in the first diagram is the exact sequence on the indices of Fredholm
operators determined by the exact sequence (4.5) with (V, ϕ)=u∗(TX,dφ);
the middle row is the exact sequence above (1.3). The middle and bottom
rows in the second diagram are the exact sequences associated with the
normal bundles N ι above (1.5) and (4.40), respectively.
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0

��

0

��

0

��
0 // IndDu

//

��

IndDũ

ev
x
+
l+1 //

��

TqX //

id

��

0

0 // TũM
′•
g−2,l+2

//

df
��

TũM
•
g−2,l+2

dũevl+1 //

df

��

TqX //

��

0

0 // TC̃RM
•
g−2,l+2

id //

��

TC̃RMg−2,l+2
//

��

0

0 0

0

��

0

��
0 // IndDu

id //

��

IndDu
//

��

0

��
0 // TũM

′•
g−2,l+2

dι //

df
��

TuM
•
g,l

//

df
��

L|ũ //

id

��

0

0 // TC̃RM
•
g−2,l+2

dι //

��

TCRM
•
g,l

//

��

L|C̃ //

��

0

0 0 0

Figure 2: Commutative diagrams for the proof of Theorem 1.2

The middle row and column in the first diagram in Figure 2 determine
isomorphisms

Λtop
R
(
TũM

′•
g−2,l+2

)
⊗ Λ2n

R (TqX)⊗ Λ2
R
(
L|C̃
)

(4.45)

≈ Λtop
R
(
TũM

•
g−2,l+2

)
⊗ Λ2

R
(
L|C̃
)

≈
(
detDũ

)
⊗ Λtop

R
(
TC̃RM

•
g−2,l+2

)
⊗ Λ2

R
(
L|C̃
)
.
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By the commutativity of the squares in this diagram, the composition of the
two isomorphisms in (4.45) equals to the composition of the isomorphism

Λtop
R
(
TũM

′•
g−2,l+2

)
⊗ Λ2n

R (TqX)⊗ Λ2
R
(
L|C̃
)

(4.46)

≈
(
detDu

)
⊗ Λtop

R
(
TC̃RM

•
g−2,l+2

)
⊗ Λ2n

R (TqX)⊗ Λ2
R
(
L|C̃
)

induced by the first column and the isomorphism (4.6) with (V, ϕ) replaced
by u∗(TX,dφ); the latter is induced by the first row.

The middle row and column in the second diagram in Figure 2 determine
isomorphisms

Λtop
R
(
TũM

′•
g−2,l+2

)
⊗ Λ2n

R (TqX)⊗ Λ2
R
(
L|C̃
)

(4.47)

≈ Λtop
R
(
TuM

•
g,l

)
⊗ Λ2n

R (TqX)

≈
(
detDu

)
⊗ Λtop

R
(
TCRM

•
g,l

)
⊗ Λ2n

R (TqX) .

By the commutativity of the squares in this diagram, the composition of
the two isomorphisms in (4.47) equals to the composition of the isomor-
phisms (4.46) and (4.40); the latter is induced by the bottom row. Thus, the
isomorphism

(
detDũ

)
⊗ Λtop

R
(
TC̃RM

•
g−2,l+2

)
⊗ Λ2

R
(
L|C̃
)

(4.48)

≈
(
detDu

)
⊗ Λtop

R
(
TCRM

•
g,l

)
⊗ Λ2n

R (TqX)

induced by (4.45) and (4.47) is the tensor product of the isomorphism (4.6)
with (V, ϕ)=u∗(TX,dφ) and the isomorphism (4.40).

The isomorphism (4.45) induces an isomorphism

Λtop
R
(
TũM

′•
g−2,l+2

)
⊗ Λ2n

R (TqX)⊗ Λ2
R
(
L|C̃
)
⊗
(
det ∂̄Σ̃;C

)⊗(n+1)
(4.49)

≈
((

detDũ

)
⊗
(
det ∂̄Σ̃;C

)⊗n)
⊗
(

Λtop
R
(
TC̃RM

•
g−2,l+2

)
⊗
(
det ∂̄Σ̃;C

))
⊗Λ2

R
(
L|C̃
)
.

The isomorphism (4.47) and the isomorphisms (4.6) with

(V, ϕ) = u∗
(
TX,dφ

)
,
(
Σ×C, σ×c

)
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induce an isomorphism

Λtop
R
(
TũM

′•
g−2,l+2

)
⊗ Λ2n

R (TqX)⊗ Λ2
R
(
L|C̃
)
⊗
(
det ∂̄Σ̃;C

)⊗(n+1)
(4.50)

≈
((

detDu

)
⊗
(
det ∂̄Σ;C

)⊗n)⊗Λ2n
R (TqX)⊗Λ2n

R Cn

⊗
(

Λtop
R
(
TCRM

•
g,l

)
⊗
(
det ∂̄C;Σ

))
⊗Λ2

RC .

A real orientation on (X,ω, ϕ) induces orientations on

d̂etDũ ≡
(
detDũ

)
⊗
(
det ∂̄Σ̃;C

)⊗n
and(4.51)

d̂etDu ≡
(
detDu

)
⊗
(
det ∂̄Σ;C

)⊗n
.

The isomorphisms (4.49) and (4.50) induce orientations on their common
domain from the orientations in (4.51), the orientation of (2.12) provided by
[12, Proposition 5.9], and the canonical orientations on L, TX, and C. The
substance of Theorem 1.2 is that the two induced orientations are different.

The two induced orientations are different if the composition of the
inverse of the isomorphism in (4.49) with the isomorphism in (4.50) is
orientation-reversing. By the sentence containing (4.48), this composition
is the tensor product of

(1) the isomorphism (4.7) with (V, ϕ)=u∗(TX,dφ) and

(2) the isomorphism (4.41).

By Corollaries 4.5 and 4.6, the first isomorphism is orientation-preserving.
By Proposition 4.18, the second isomorphism is orientation-reversing. �

Remark 4.20. A real orientation on a 2n-dimensional manifold X deter-
mines orientations on the moduli spaces of real spaces if n is odd. If n is
even, a real orientation on X determines orientations on the tangent bun-
dles of the moduli spaces of real maps twisted by the tangent bundles of the
moduli spaces of real curves; the real spaces in this case are generally not ori-
entable. If n∈2Z and 2g+l≥3, the comparison of Theorem 1.2 should thus
be made with the tangent bundles of the moduli spaces of maps twisted
by the tangent bundles of the moduli spaces of curves as in [12, (1.3)].
The isomorphism (1.6) is then replaced by its tensor product with the in-
verse of (4.40). The proof of Theorem 1.2 implies that this isomorphism
is orientation-preserving, since the orientation-reversing isomorphism (4.41)
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now enters twice. This n∈2Z analogue of Theorem 1.2 is also invariant un-
der the reordering of the nodes, since it now preserves the orientation of TX
and Ll+1⊗CLl+2 appears twice.
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