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Localization for K-contact manifolds

LANA CASSELMANN AND JONATHAN M. FISHER

We prove an analogue of the Atiyah-Bott-Berline-Vergne local-
ization formula in the setting of equivariant basic cohomology of
K-contact manifolds. As a consequence, we deduce analogues of
Witten’s nonabelian localization and the Jeffrey-Kirwan residue
formula, which relate equivariant basic integrals on a contact man-
ifold M to basic integrals on the contact quotient My := p~1(0)/G,
where p denotes the contact moment map for the action of a torus
G. In the special case that M — N is an equivariant Boothby-
Wang fibration, our formulae reduce to the usual ones for the sym-
plectic manifold V.
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1. Introduction

Let (M, a) be a compact connected contact manifold of dimension 2n + 1.
Then M has a natural foliation F whose leaves are the orbits of the Reeb
vector field R. If R integrates to a free S'-action, then the space of leaves
M/F is naturally a symplectic manifold of dimension 2n and via the pull-
back of the projection, we can identify differential forms on M/F with basic
differential forms Q(M, F) C Q(M). Usually, however, R does not integrate
to an S'-action and the space of leaves fails to be a manifold. Nevertheless,
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1022 L. Casselmann and J. M. Fisher

we can always consider the subcomplex Q(M,F) C Q(M) of basic differen-
tial forms. The basic cohomology of M is the cohomology of this complex,
and it behaves very much like the cohomology of a compact 2n-dimensional
symplectic manifold, at least under the K-contact assumption. Suppose now
that in addition a torus G acts on M, preserving the contact form. Then
using the Cartan model of equivariant cohomology, we obtain a subcomplex
Qa(M, F) CQg(M) of Reeb basic equivariant differential forms. The cor-
responding cohomology ring Hg (M, F) is a module over Hg := Hg(point).
In what follows, we denote by u : M — g* the contact moment map defined
by (u,&) == a(&rr), by {¢:} the flow of R and by T its closure. Our first
result is an analogue of the Atiyah-Bott-Berline-Vergne localization formula
[AB84] BV8&2].

Theorem 1.1. Suppose a torus G acts on a K-contact manifold (M, «)
such that G preserves a, and suppose in addition that the G-fixed points
have closed Reeb orbits. Then we have for alln € Hg(M,F) the identity

a/\n
(1.1) /a/\n— Z/ WO F)
7

C;cC

where C' = Crit p, i; : C; < M denotes the inclusion of the connected com-
ponents C; C C, and eq(vCj, F) denotes the equivariant basic Euler class
of the normal bundle to Cj.

Remark 1.2. We note that for this result, it is sufficient to assume that all
G-fixed points have a closed Reeb orbit, an assumption that is weaker than
assuming 0 to be a regular value of ¥ and that is automatically satisfied for
total spaces in the Boothby-Wang fibration.

This theorem is closely related to results obtained in [T6b14l [GNT17].

Our second main theorem is an application of Theorem in the case
that 0 is a regular value of the contact moment map g to obtain an in-
tegration formula relating integration of equivariant basic forms on M to
integration of basic forms on My := u~1(0)/G, generalizing the results of
Witten [Wit92] and Jeffrey-Kirwan [JK95] in the symplectic case. For any
n € Hg(M, F), with s = dim G, define a function I"(e) depending on a real
parameter € > 0 by

1

(12) 1) = Grval@)

/ o An(g) A cidea(®)=eldl /2y
Mxg
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We denote by 79 the image of 77 under the natural basic Kirwan map (cf. The-
orem [2.13) Hg(M,F) — H(My, Fp), and let g denote the quotient contact
form on M.

Theorem 1.3. For any n € Hg(M,F), there exists some constant ¢ > 0
such that as € — 0T, I"(€) obeys the asymptotic

(1.3) M) = / 00 A o A €O+ | o(=3/2g—c/e)

no

0
where © € H*(My, Fo) is the class corresponding to —% € HL(u 1(0), F)
~ H*(My, Fo), with ng denoting the order of the kernel of the action of G
on p=1(0), that is, its reqular isotropy.

A particular consequence of this theorem is the identity

/ ag Ao A ¢ = py lim I"(e),
My

e—0t

which expresses intersection pairings on My as limits of equivariant inter-
section pairings on M.

The main ingredients in the proof of the Theorem are the result that
the distribution F([,, @ An A ') where F denotes Fourier transforma-
tion, is piecewise polynomial and smooth near 0, and a particular expression
for the polynomial this distribution coincides with near 0. With these prop-
erties and a result of Jeffrey-Kirwan, we then obtain the last of our main
theorems.

Theorem 1.4. Let g denote the image of n € Hg (M, F) under the Kirwan
map. Then we have

; . i . i (a An(e) A eida)
14 idog _ M0 3 i) / i (a d
(1.4) /Oéo/\no/\e Vol(G’)J res € ec(vCj, F) (9]
c,cc J
Mo iS Cy

Remark 1.5. In we explain in detail how Theorems [1.1] and [T.4] may
be used to deduce the analogous theorems for symplectic manifolds that
occur as M/F in the case that R induces a free S'-action. In this sense,
these theorems provide a strict generalization of their symplectic analogues,
at least in the case of an integral symplectic form and a Hamiltonian group
action that lifts to the S'-bundle in the Boothby-Wang fibration [BW5S].
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Remark 1.6. The first named author has obtained a surjectivity result
for the basic contact Kirwan map [Casl7]. Since basic cohomology satis-
fies Poincaré duality (see Lemma , Theorem in principle provides a
method to compute the kernel of the basic Kirwan map, and therefore allows
one to compute the basic cohomology ring of the quotient.
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2. K-contact manifolds
2.1. Contact manifolds

Let M be a smooth connected 2n + 1-dimensional manifold. A contact form
on M is a 1-form « such that o A (da)™ is nowhere vanishing. A contact
manifold is such a pair (M, ). Note that we take the contact form «, and not
just the induced hyperplane distribution ker o, as part of the data defining
a contact manifold. On any such manifold there is a distinguished vector
field, called the Reeb vector field (which we usually denote by R), which is
uniquely determined by the two conditions

traa =1, tpda=0.

Note that these conditions imply that Lra = 0. The contact form gives a
direct sum decomposition TM = kera @ (R), and we note that kera is a
symplectic vector bundle over M with symplectic form da.

Definition 2.1. A contact metric g on (M,«a) is a Riemannian metric
g on M, such that under the decomposition TM = ker o & (R), we have
g=¢ @& (a® «a), where ¢’ is a da-compatible metric on ker . We say that
(M, a, g) is K-contact if g is a contact metric for which the Reeb vector field
is Killing, i.e., such that Lrg = 0.

The Reeb vector field R generates a free R-action on M and induces
a foliation F on M. However, because the R-action is usually not proper,
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the space of leaves M/F can be badly behaved and is not necessarily a
manifold. We work with compact M. The K-contact condition then implies
the following, which is the main technical tool which allows us to overcome
this difficulty.

Since R is Killing, its flow ¢, generates a 1-parameter subgroup of the
group of isometries of (M, g). Since M is compact, Iso(M, g) is a compact Lie
group and, hence, the closure of ¢; in Iso(M, g) is a torus T'. By construction,
R is the fundamental vector field of a topological generator of T'. Since
¢;a = «, it follows that « is preserved by all of T

2.2. Basic cohomology

We define the F-basic (or simply basic) forms on M to be
Q (M, F)={neQF(M) | Lxn=0=1xn VX € X(F)},

where X(F) denotes the vector fields which are tangent to the foliation. Then
one immediately sees that dQ¥(M,F) C Q¥ (M, F), so that Q(M,F) is a
subcomplex of the de Rham complex of M. Recall that M is compact. There
is a natural Poincaré pairing on basic forms defined by

(&) H/Momf/\n-

Definition 2.2. The basic cohomology of (M, F), denoted by H*(M,F),
is the cohomology of the complex Q(M, F).

Lemma 2.3. The Poincaré pairing descends to a well-defined pairing on
basic cohomology. If M is a compact K-contact manifold, then the basic
cohomology groups are finite-dimensional, H" (M, F) = 0 for r > 2n and the
Poincaré pairing is non-degenerate.

Proof. See, e.g., [BGO8, Proposition 7.2.3]. O
2.3. Equivariant basic cohomology

We now define equivariant basic cohomology and give its basic properties.
See [GNT12| [Téb14l [GNTTT, [Cas17] for related constructions. We suppose
now that a torus G acts on M, preserving the contact form. Then the action
of G commutes with the flow of the Reeb vector field. In particular, the
action of G preserves the foliation F and commutes with the T-action.
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Let g denote the Lie algebra of G. For any & € g, we let &3, denote the
corresponding fundamental vector field on M, defined as

Ev(x) = %exp(t@ . w|t:0.

Let S(g*) denote the symmetric algebra of g* (i.e. S(g*) is the algebra of
polynomial functions on the vector space g). The complex of equivariant
differential forms Q¢(M) is the complex with underlying vector space

Q(M) = (S(g*) ® UM)),
with grading deg(f ® n) = 2deg(f) + deg(n) and differential

da(f @n)(€) = (dn) f(§) = (teyn) F(E)-

(Note the sign in the differential — this is chosen to be consistent with
[JK95].)

Definition 2.4. The complex Qg(M, F) = (S(g*) @ Q(M, F))% of equiva-
riant basic forms is the subcomplex of Q¢ (M) consisting of basic equiva-
riant differential forms. The equivariant basic cohomology of M is the co-
homology of this subcomplex, denoted by Hg(M,F). We also denote by
Qg c(M),Hg (M), etc. the complex of compactly supported equivariant
differential forms, classes, etc.

Remark 2.5. The complexes Qg(M,F), Qc(M) and their cohomologies
Hg(M,F), Hg(M) are all naturally modules over Hg := Hg(point) =

S(g").

Remark 2.6. More generally, one can define (equivariant) basic cohomo-
logy on the category of pairs (M, Fjs) consisting of a manifold M with regu-
lar foliation Fyy, (acted upon by G s.t. Q(M, Far) is a G*-algebra (cf. [GS99)
Definition 2.3.1])), and morphisms (M, Fys) — (N, Fn) given by (equivari-
ant) foliation-preserving smooth maps, i.e. smooth maps which take leaves
to leaves. In particular, the Hg-module structure on Hg (M, F) is induced
by the pullback of the map projecting M to the 1-point manifold with trivial
foliation.

Lemma 2.7 ([Casl7, Proposition 10]). Let A,B C M be G X {¢}-in-
variant submanifolds and assume that we have G x {¢;}-equivariant homo-
topy inverses f : A — B and g: B — A. Then f*: Hg(B,F) — Hg(A,F)
is an isomorphism with inverse g*.
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The group G X {¢;} is in general non-compact, which complicates find-
ing, e.g., invariant objects or tubular neighborhoods. As mentioned above,
the tool to overcome this obstacle is considering the closure T of {¢;}, in par-
ticular, we often consider the action of the torus G x T'. A closed G x {¢¢}-
invariant submanifold A C M is automatically G x T-invariant, hence, there
exist arbitrarily small G x T-invariant tubular neighborhoods that retract
onto A. These retractions are, in particular, G x {¢;}-equivariant. Lemma
and the corresponding well known statement in ordinary equivariant
cohomology then yield

Lemma 2.8. Let i: A= M be the inclusion of a G X T-invariant sub-
manifold, and let U be a G x T-invariant tubular neighborhood of A in M.
Let p: U — A denote the projection map. Then i* : Ha(U) — Hg(A) and
i*: Hq(U, F) — Hg(A, F) are isomorphisms with inverse p*.

Definition 2.9. Let A C M be a G x T-invariant closed submanifold of
M. We define the complex Qg (M, A, F) to be the kernel of the pullback
Qa(M,F) — Qa(A, F). Since the pullback commutes with the differential,
Qa(M, A, F) is a differential subcomplex of Qg (M, F). We denote its coho-
mology by Hg(M, A, F).

Proposition 2.10. There is a natural long exact sequence in equivariant
basic cohomology

o= HE(M,A,F) - HE(M,F) — HE(A, F) — -

Proof. By standard homological algebra, this follows from the existence of
the short exact sequence 0 — Qg (M, A, F) = Qa(M,F) — Qa(A, F) — 0.
O

Proposition 2.11. We have an isomorphism
HG(MvAa]:) = HG,C(M \ Av]:)

Proof. We follow the same line of arguments as in the usual equivariant
case (see [GS99, Theorem 11.1.1]). Extending by 0 gives a natural inclusion
of equivariant basic forms ® : Qg (M \ A, F) = Qg(M, A, F). ® induces an
isomorphism on cohomology: First, let i : A — U be a G x T-invariant tubu-
lar neighborhood of A and let n € Qg (M, A, F) be an equivariantly closed
form. Then by Lemma we can find w € Qg (U, F) so that n|y = dgw.
Then i*w is equivariantly closed, so A := w — 7*i*w satisfies A\ € Qi(U, A, F)
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and 7|y = dgA. Let p be a G x T-invariant smooth function which is iden-
tically 1 on some smaller neighborhood of A and which is compactly sup-
ported in U. Then n —dg(pA) € Qg,(M \ A, F). This shows surjectivity.
Now suppose that n € Qg (M \ A, F) is in the kernel of the induced map
on cohomology, i.e., that there exists A\ € Qg (M, A, F) such that n = dgA.
Then since 71 is compactly supported on M \ A, there exists a neighbor-
hood U of A on which 7 is identically zero. Therefore A is closed on U.
Since i*A = 0 by assumption, by Lemma [2.8] as above, we have A = dg /3 for
some [ € Qg(U, A, F). Now let p be an invariant smooth function which is
identically 1 on a neighborhood of A and which has compact support in U.
Then A := X —dg(pB) € Qago(M \ A, F) and we have n = dgA. This shows
injectivity. O

2.4. The contact moment map

Recall that for any £ € g, we let £); denote the corresponding fundamental
vector field on M. By the invariance of the contact form «, we have 0 =
Le, a = d(te,,a) + t¢,,da. Then the contact moment map for the G-action
on (M, «) is the function p : M — g* defined by

(1, &) = além).-

Proposition 2.12 ([Casl?, Lemmata 7 and 9]). Suppose that 0 is a
reqular value of pw. Then Crit p is the union of all 1-dimensional G x T'-
orbits, and each connected component of Crit u is a closed submanifold of
M of even codimension.

If 0 is a regular value of y, the level set p~'(0) is a smooth G x T-
invariant submanifold of M, on which G acts locally freely. We define the
contact reduction My := p~1(0)/G, which is a contact orbifold (and an hon-
est manifold if the action of G on p~1(0) is free). Since G and the Reeb flow
commute and the Reeb orbits are transversal to the G-orbits along p~1(0),
Q(u=1(0), F) is a g-dga of type (C) (cf. [GS99, Def. 2.3.4]) and, hence, we
have He(p1(0), F) =2 H(Q(u1(0), F)pas g) (cf. [GS99, § 5.1] and [GT16]
Proof of Lemma 3.18]) via the Cartan map. This implies that we have an
isomorphism Hg(p~1(0), F) & H(My, Fo), where the later denotes the co-
homology of the R-basic differential forms on Mj. There is a natural map

k: Hg(M,F) — Hg(p 1(0), F) = H(My, Fo),
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induced by the inclusion p~1(0) C M, which we call the basic Kirwan map,
or simply the Kirwan map when its meaning is clear from context.

Theorem 2.13 ([CaslT7, Theorem 2]). If0 is a reqular value of pi, then
the basic Kirwan map Hj(M,F) — HE(u™1(0), F) is surjective.

We will need a local normal form of the contact moment map in a neigh-
borhood of ~1(0). In order to obtain it, we need to show the uniqueness of
certain coisotropic embeddings into contact manifolds. To this end, we first
prove an equivariant contact Darboux Theorem for submanifolds. Note that
while a contact Darboux Theorem for contact forms in a neighborhood of
a point (see, e.g., [Gei06, Theorem 2.24]) is well-known, a contact Darboux
Theorem for neighborhoods of submanifolds exists, to our knowledge, so far
only for contact structures ([Ler02, Theorem 3.6]) or submanifolds to which
the Reeb vector fields are nowhere tangent (JAG90, Theorem B]). We follow
Lerman’s approach for contact structures. Note that his proof does not gen-
erally work for contact forms because his function g; (which is ¢} (& (R¢))
in the notation of the upcoming proof) might not vanish. It is, however,
applicable in our case, because we make the additional assumption that the
Reeb vector fields coincide on a neighborhood of the submanifold.

Theorem 2.14 (Equivariant contact Darboux Theorem). LetY be
a closed submanifold of X and let o and o' be two contact forms on X
with Reeb vector fields R;, i = 0,1. Suppose that o® = ol and daf = dal
for every x € Y and that there is a neighborhood U of Y in X such that
Ro =Ry on U. Then there exist neighborhoods Uy, Uy of Y in X and a
diffeomorphism o : Uy — Uy such that o|ly =id|y and p*a' = aP.
Moreover, if a compact Lie group K acts on X, preserving Y, U, and
the two contact forms a°,a', then we can choose Uy and U, K-invariant

and ¢ K-equivariant.

Proof. Consider the family of 1-forms of :=ta! + (1 —t)a?, t € [0, 1].
every z € Y and every t € [0,1], we have af = al = a? and dol = da
dal. Tt follows that a! are contact forms in a neighborhood of Y for every
t € [0,1]: By maximality of the degree, there is a smooth function f: X x
[0,1] — R such that a; A (day)™ = fag A (deg)™. f~HR\ {0}) is open and
contains Y x [0, 1], so for every (z,t) € Y x [0, 1], there exists a neighbor-
hood U(x,t) of the form U(z) X (t — €z ¢, + €+) N[0, 1], €5+ > 0 such that
flu(as # 0. Since [0,1] is compact, there are t1,...,tx: [0,1] = UYL, (t; —
€xtisti + €x¢,) MN[0,1]. Then U:= Uzey (ﬂij\ilUti(ﬁU)) is open, contains Y and

For
1
X
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f does not vanish on U x [0, 1]. Thus, all oy are contact forms on U. W.lo.g.,
we assume that they are contact forms at least on all of U. of are K-invariant
because o and o' are. Let R; denote the Reeb vector field of af. Since Ry
is uniquely determined, R; is also K-invariant and, on U, we have R; = Ry.
Set

o4y

o 1= %Oé = 1 — Q.
&y vanishes on Y and, on U, it is d(Rp) = 0. Define a K-invariant time
dependent vector field X; tangent to the contact distribution & := ker oy

and vanishing on Y by
Xi = (dayle,) ™" (=cule,)-

Then we have (vx,doy)le, = —cule, = (Ge(Ry)ay — )¢, and (vx,doy)(Ry) =
0 = (&u(Ry)ay — &) (Ry). Hence, since X; € &,

LXtOét = LXtdOét = (jét(Rt)Odt — dt.

Denote the time dependent flow of X; by ;. ¢; is defined on a neighborhood
V of Y since X; vanishes on Y, K-invariant because X; is K-invariant, and
(pt|y = idy. Then

i) = i (L, a0+ ) = g (@n( Ro)aw).

On U, 0 = & (Ry) = & (Ry). We will find a small neighborhood Uy of Y with
vt(Ug) C U for every t, then we have %(gp}"at) = 0 on Up and, hence, pfo; =
whao = ag. @1 : Up = p1(Up) =: Uy hence defines the desired K-invariant
contactomorphism. To find Uy, note that for every (x,t) € Y x [0, 1], there
exists a neighborhood U(x,t) of the form U(x) X (t — €z, + €2¢) N[0, 1],
€zt > 0such that o(U(z,t)) C U. Since [0, 1] is compact, there are ¢1, ..., tn:
0,1] = UN, (ti — €xs, ti + €1,) N[0,1]. Then Up := Ugey (N, Uy, (2)) s
open, contains Y and ¢(Up x [0,1]) C U. O

Theorem 2.15 (Contact Coisotropic Embedding Theorem). Let «
be a 1-form on a manifold Z such that da is of constant rank. Suppose that a
compact Lie group K acts on Z, leaving a invariant. Suppose that there are
two contact K-manifolds (X1, 1), (Xz2,a2) and K-equivariant embeddings
ij: 4 — Xj such that

(i) dij(TZ) Nker oy is coisotropic in (ker aj, dojlyera, ),
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) e — .
(i) ijo; = a and K preserves a;,

(iii) there is a nowhere vanishing K-fundamental vector field Xz on Z,
generated by X € €, such that dij(Xz) = R;, where R; denotes the Reeb
vector field on X;, and R; is the fundamental vector field generated by
X on all of Xj. (In particular, the Reeb flow corresponds to the action
of a subgroup of K on X;).

Then there exist K-invariant neighborhoods U; of i;(Z) in X; and a K-
equivariant diffeomorphism ¢ : Uy — Uz such that ¢*as = a1 and i =
poiy.

To prove this Theorem, we adjust the proof of the well-known Coisotro-
pic Embedding Theorem for symplectic manifolds (see, e.g., [GS84, Theo-
rem 39.2]) to the contact setting and extend it in order to obtain an equality
of contact forms, not only of their differentials. The following notation is
used. fj = keraj, Cj = Clij(TZ) N kergj, wj = do‘j’&jv L:=14a, Lj::ij.
Note that by our assumptions, (; is K-invariant and RR; C di;(T'Z) and,
hence, di;(TZ) = ¢; & RR;.

Lemma 2.16. N, :=TX;/di;(TZ) ~ (TZ+/RXz)* as K -vector bundles
over Z.

Proof. Consider the maps

pj: TX;/dij(TZ) — (dij(TZ*-)/RR;)*
[v] = daj(v,-)|ai,;rz0)/RR,-

Since R; € kerda; and di;j(TZ) Laq, di;(TZ"), the map ¢; is well-defined.
By assumption, di;(TZ) N ¢&; is coisotropic. It follows that dij(TZ%) i C
dij(T'Z). This, however, yields that ¢; is injective. For dimensional reasons,

¢; then has to be surjective, as well. Since 7; is an equivariant embedding,
we have K-equivariant isomorphisms TZ+/RXy ~ di;(TZ+)/RR;. O

Proof of the Embedding Theorem. Realize N; as a K-invariant complement
of di;(TZ) in TX; such that {; = (; & N;. This is possible since RR; C
di;j(TZ). By Lemma we have a canonical K-equivariant vector bundle
isomorphism A : Ny — Ns. Then for v € N1, Av € N5 is defined via

w1 (v, diy(w)) = wa(Av, dia(w)) for every di;(w) € di;(TZ+) N ¢;.

(A neighborhood of the zero section of) N; can be identified with a K-
invariant tubular neighborhood U; of i;(Z) in X; via the exponential maps
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of K-invariant Riemannian metrics, where Z embeds as the zero section.
Then A yields a K-equivariant diffeomorphism A: Uy — Uy with i9 = Ao
i1. Set &1 := A*asy. Then Gy is a contact form on U;. We want to apply
Theorem 19 = Ao 11 implies that ija; = o = 500 = i’f5é1- Hence, we
have (&1);, (2)ldi, (72) = (@1)i,(2)|diy (72)- Furthermore, we have dA|y, = A by
construction, so abzl|N1 : N1 C & — Ny C &, which yields (&1)i1(z)|§1 =0=
(1), (2)le,- Thus, (&1);,(z) = (@1)s,(z) on all of TX;. Since the Reeb vector
fields are fundamental vector fields of the same element of £ and since A is K-
invariant, dA(R;(p)) = Ra(A(p)). It follows that é;(R;) =1 and tp,dé; =
0, so Ry is the Reeb vector field of &1 on Uj. It remains to show that
(da1), (z) = (da);, () on &1 x &1, which is seen as in the symplectic case.
By Theorem there is a neighborhood U of i1(Z) and a K-equivariant
diffeomorphism g of U into X s.t. g;,(z) = id;, (z) and g* a1 = 1. Then ¢ :=
Ao g, restricted to a small enough neighborhood, satisfies pras=ap. O

Lemma 2.17. Suppose that 0 is a reqular value of the contact moment map.
Then the natural embedding u=1(0) < M satisfies (i)-(iii) of Theorem
with K =G x T.

Proof. (ii) and (iii) are obviously satisfied. To show that the distribution
¢ := Tu=1(0) Nker a is coisotropic in (ker o, dat|yer o =: w), Tecall that 0 is a
reqular value of p, hence,

(2.1) T (0) = ker dp,.

v € ker dpy, if and only if duff(v) = (dvx,,@)p(v) =0 for every X € g. Since
a is G-invariant, Lx,,a =0, and Cartan’s formula yields that v € ker dpu,,
if and only if doy,(Xar,v) =0 for every X € g. It follows that

(2.2) ker dy, = (T,G - p)te

since the tangent space to the G-orbit consists of all fundamental vector
fields. For p € p=1(0), it is 0 = pu(p)(X) = ap(Xa(p)) for every X € g. In
particular, T,(G -p) C ker ap. It follows that (T,G - p)tie = (T,G - p)*~ @
RR,. Equations and yield Tyu~(0) Nker oy, = Tp(G - p)te =: (.
Then (;-W =T,(G - p). p is G-invariant, so for every X € g, du,(Xnm(p)) =
0. We obtain Cpl“ =T,(G - p) C kerdu, = (T,G - p)*e and, hence,

Cplw C (TG - p)Ld" Nker oy, = (T,G .p)lw = ¢,

¢ 1is coisotropic. [l
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Lemma 2.18. Suppose that 0 is a reqular value of the contact moment map.
Then the embedding 1~1(0) = p=1(0) x {0} — p~1(0) x g* satisfies (i)—(iii)
of Theorem with K = G x T, where a neighborhood U = u=1(0) x V of
p=1(0) x {0} € u=1(0) x g* is endowed with the contact form & = i*a +
2(0), we denote the inclusion u=1(0) < M by i, the coordinates on g* by
z and 0 is a G-invariant R-basic connection form on p~(0) — p=1(0)/G.
Furthermore, R is the Reeb vector field of (n=1(0) x g*, &).

Remark 2.19. Note that a G-invariant R-basic connection form has to
exist: By [Mol88| Proposition 2.8|, there always exists a connection that is
adapted to the lifted foliation, i.e., such that the tangent spaces to the leaves
are horizontal. Since G x T' is compact, we can obtain a G x T-invariant
adapted connection form by averaging over the group. But this connection
form then has to be basic, or, as Molino calls it, projectable.

Proof. Let j : u=1(0) — u~1(0) x g* denote the embedding given by z +
(2,0). Then j*& = i*a by construction. Choose an orthonormal basis (X;)
of g and denote its dual basis by (u;). Then 0 = > 0,X; and z = zu;.
With Q% =60, A--- AOs and dz® = dz; A --- ANdzs, at z = 0, we have

a A (da)" = (—1)°ETD 260 i (a A (do)™ %) A Q° A dz?,

which is non-degenerate. Therefore, there is a neighborhood U = p=1(0) x V
of u=1(0) x {0} in ~1(0) x g* on which & is a contact form. 6 is R-basic, so
trf =0 and tpé = tpi*a = i*1par = 1. df is R-basic, as well, so trdf = 0.
R is tangent to ©~1(0), so dz;(R) = 0. We obtain trda = tg(i*da + dz(0) +
z(df)) = 0. By uniqueness, R is the Reeb vector field of (U, &). It remains
to show that the distribution ¢, := T,u~1(0) Nker &, is coisotropic in the
symplectic vector bundle (ker &, dd|xer g =: w). The contact moment map fi
on (1~ 1(0) x g*, @) is easily computed to be ji(p,z) = z, hence, i~1(0) =
1= H(0) x {0} = i(u=1(0)). div = dz has 0 as a regular value, so ker dfi(, o) =
T(p,0) (£ (0) x {0}). The rest of the proof works analogously to that of Lem-
ma O

Applying Theorem to the two coisotropic embeddings in Lem-
mata and we obtain a local normal form of u around p=1(0).

Proposition 2.20. Suppose that 0 is a reqular value of u. Then there
is a G x T-invariant neighborhood U of u=1(0) which is equivariantly dif-
feomorphic to a neighborhood of n=1(0) x {0} in p=1(0) x g* of the form
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p1(0) x By, B, ={z € g | |2| < h}, such that in this neighborhood the con-
tact form « is equal to q*ap + z(6), where 0 € QY (u=1(0), F,g) is a G-
invariant, F-basic connection 1-form on q : p~1(0) — p~(0)/G. In partic-
ular, on U, the moment map is given by u(p,z) = z.

3. Localization
3.1. Basic equivariant Thom isomorphism

Let i : A — M denote the inclusion of a G x T-invariant closed submanifold
of codimension d. The goal of this section is to construct a basic equivariant
pushforward i, : Hg(A, F) = Hg(M,F) which raises cohomological degree
by d. We will follow the presentation in [GS99, Chapter 10] very closely.

To begin, let p : U — A denote the projection of a G x T-invariant tubu-
lar neighborhood. Since U is a G x T-equivariant fiber bundle over A, there
is a well-defined pushforward map p. : Qf .(U) — Q¢ *(A), defined by fiber-
wise integration. Note that p, maps equivariant basic forms to equivariant
basic forms. From the definition of p, we immediately obtain the following,
which shows that p, descends to a well-defined map on equivariant (basic)
cohomology.

Lemma 3.1. Letp: U — A be the projection and let ps : Qg (U) = Q¢ (A)
denote fiberwise integration. Then we have for all n € Qg (U) and for all

B € Qa(A)
/Up*BAn=/Aﬁ/\p*77-

The basic equivariant pushforward 7, will be constructed as follows. An
equivariant basic Thom form is a closed form 7 € Qda (U, F) satisfying p.1 =
1. We will give a construction of equivariant basic Thom forms at the end
of this section. Suppose for now that an equivariant basic Thom form has
been constructed. Then we define the basic equivariant pushforward as the
composition

(3.1) i QE(A,F) T Qb (U, F) 2 QEA(U, F) - o, F),

where the last arrow denotes extension by zero.
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Proposition 3.2. The basic equivariant pushforward satisfies, for all closed
forms g € Qa(A,F) and n € Qa(U, F)

/Mn/\i*ﬁz/Ai*nAB-

Proof. i.0 = p*B AT is a form compactly supported in an invariant neigh-
borhood U of A. Therefore we have

/ NA L= / nAP*BAT (by definition of i,)
M U
= / p it AP BAT (by Lemma
U
= / A BN piT (by Lemma
A
—/Ai*n/\ﬁ (by p«m =1).

O

As in |GS99], we obtain that the induced map on cohomology py :
ch(U, F) — Héfd(A, F) is an isomorphism with inverse i,.

It remains to construct the equivariant basic Thom form. We use a
variant of the Mathai-Quillen construction based on the presentation in
[GS99, Chapter 10] (see also [T6b14l IGNT17] for closely related construc-
tions). First we identify U with the normal bundle N — A, equipped with a
G x T-invariant metric. Let P — A denote the bundle of oriented orthonor-
mal frames of N: it is a G x T-equivariant principal SO(d)-bundle over A.
Consider the map P x RY — N,

(z,(e1,...,€q),v) = (x,v1€] + - -+ + Vg€q).

It gives a G x T-equivariant diffeomorphism (P x R?)/SO(d) = N. Equip
P with a G x T-invariant basic connection form. Recall that such a form
has to exist, see Remark Using the Cartan model of equivariant basic
cohomology, the Cartan map yields isomorphisms

ON : Q5o xa.e(P X RLE x {x}) 5 Qgo(N, F)
Pa : Qso@xa(P,E) = Qa(A, F),
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where € denotes the foliation induced by R on P. Let py : P x RY — R? be
the projection. We define 7 by

7= dn(p5(r @ 1)) € Qa (N, F)

where v € Qg0(g),(R?) is the (modified) universal Thom-Mathai-Quillen
form as constructed in [GS99, §10.3], v ® 1 € QSO(d)xG@(Rd)- By analogous
arguments to [GS99, §10.4], we hence have the following.

Theorem 3.3. The form T € QdGﬁ(U, F) as constructed above is a Thom

form for the projection p : U — A. Consequently, the basic equivariant push-
forward i, : HE(A, F) — HET(M, F) is well-defined.

3.2. The localization formula

In this section, we would like to derive a basic version of an Atiyah-Bott-
Berline-Vergne type localization formula. We follow the line of proof in
[AB84], adjusting it to the basic setting. We assume throughout that the
G-fixed points have closed Reeb orbits. Then Crit (), the minimal, 1-
dimensional G x {¢;}-orbits, are the 1-dimensional G x T-orbits. This as-
sumption is obviously satisfied if all Reeb orbits are closed or if there are
no G-fixed points. Note that the later is the case if 0 is a regular value of
the contact moment map p. Throughout this section, we work with coho-
mology with complex coefficients. Then S(g*) = Cluy, ..., us|, where the u;
are coordinates of g* ® C. We will make use of the notion of the support of
a finitely generated module. Recall that in the special case of a module H
over Cluy, ..., )], the support is the subset of C' defined by:

Supp H = ﬂ Vg,

feCluy,..., up]
fH=0

where V; = {u € C' | f(u) = 0}. In particular, a free module has the whole
space C! as support. An element h € H is called a torsion element if there
isa0# fe€Cluy,...,u) with fh = 0. If all elements are torsion elements,
then H is called a torsion module. Note that H is a torsion module if and
only if Supp H is a proper subset of C!. For more details, the reader is
referred to [AB84] Section 3] and the reference therein.



Localization for K-contact manifolds 1037

Definition 3.4. For z € M we denote by g, and g, the stabilizer algebra
and generalized stabilizer algebra, respectively, to be

9o ={¢€g|&u(x) =0},  go={¢€cg]|lu(z)cRR(z)}
where R(x) € T, M denotes the Reeb vector at x.

Then Crit (1) = {z € M | gz = g}. By our assumption, Crit (u) is the
union of the 1-dimensional G x T-orbits, and every connected component is
a closed submanifold of even codimension (cf. [Casl7, Lemma 9]).

Lemma 3.5. Let O = (G xT) -z be an orbit and suppose that U C M
is a G X {¢¢}-invariant submanifold admitting a G x {1 }-equivariant map
p:U — O. Then

Supp Hg(U, F) C g, ® C.
Proof. First note that the S(g*)-algebra structure on Hg(U, F) factors as
5(g") = Ha (O, F) = Ha(U, F),
whence Supp Hg (U, F) C Supp Hi (O, F). Thus, it suffices to show
Supp Hg (0, F) € g © C.

For all h € G x T, we have gj.. = gz In particular, the generalized stabilizer
is constant along O. Let € be a complement of g, in g such that £ is the Lie
algebra of a subtorus K of G. Since g, acts trivially on Q(O, F), the Cartan
complex can be written as Qg (0, F) = S(g%) @ S(£) ® Q(0, F)X and dg =
1 ®dg, hence Hg(O,F) = S(gk) ® Hx(O,F). K acts locally freely and
transversally on O, so (O, F) is a ¢-dga of type (C) (cf. [GS99, Def. 2.3.4])
and Hy (0, F) = H(Q(O, F)pase) (ct. [GS99), § 4.6] and [GT16, Lemma 3.18]).
It also follows that K x {¢;} acts locally freely on O so that the orbits of
this action define a foliation &£ of O. Since G x T is compact, we can, in par-
ticular, find a metric with respect to which the K x {¢;}-action is isometric.
Hence, £ is a Riemannian foliation (cf. also [Mol88, p. 100]). This, however,
means that the basic cohomology H (O, &) = H(Q(O, F)pase) is of finite di-
mension by [KSHS85, Théoréeme 0]. Therefore, the support of Hg (O, F) is
contained in g, ® C. O

Proposition 3.6. Let X be a closed G x T-invariant submanifold of M.
Then the supports of Hj(M \ X, F) and HE, (M \ X, F) lie in Upepp x 8z ®
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C. Note that since only finitely many different g, occur on M, this is a finite
UNLON.

Proof. (cf. [AB84, Proposition 3.4] and the proof thereof in [GS99, Theo-
rem 11.4.1]) Let U be a G x T-invariant tubular neighborhood of X. By
cohomology equivalence, it suffices to proof the assertion for Hg(M \ U, F).
Since M \ U is compact, we can cover M \ U with N tubular neighborhoods
U; of G x T-orbits of points z; € M\ U C M\ X.Let Vs =Uy U---UUs_1.
Using Lemma together with the equivariant basic Mayer-Vietoris se-
quence for Ug and Vs (cf. [Casl7, Proposition 6]; the sequence for the com-
pactly supported case is obtained analogously by adjusting the proof of
[BT13, Proposition 2.7] to the equivariant basic setting), the claim follows
by induction. O

Let C := Crit (). The previous result then immediately yields the fol-
lowing:

Corollary 3.7. The supports of H5(M \ C,F) and H¢, (M \ C,F) lie in
Uz, 24 92 ® C. In particular, H5(M \ C, F) is a torsion module over S(g*).

The same holds for any G X {¢;}-invariant subset of M \ C and, by
exactness, for the relative equivariant basic cohomology of any pair in M \ C.

Theorem 3.8. Denote by i : C — M the inclusion. Then the kernel and
cokernel of i* : H5(M,F) — HE(C, F) have support in Uz 4, 8: ® C. In
particular, both S(g*)-modules have the same rank, dim H*(C, F), and ker i*
is exactly the module of torsion elements in Hg(M,F).

Proof. From the long exact sequence for the pair (M, C), one sees immedi-
ately that keri* is a quotient module of Hg(M,C,F), and that coker ¢*
is a sub-module of Hg(M,C,F). But Hg(M,C,F) is a torsion module
with support in ;4 gz ® C by Corollary and Proposition E Since
H{(C,F) = S*(g%) @ H*(C, F) is a free S*(g¥)-module, the rank statement
follows and every torsion element has to be mapped to zero under ¢*. O

Proposition 3.9. The kernel and cokernel of the push forward iy: Hg(C, F)
— Hg(M, F) have support in U—jﬁgg gz ® C and are therefore torsion.

Proof. Let U; denote a sufficiently small invariant tubular neighborhood of
the connected component C; C C' such that U; NU; = @ for i # j and set
U = UUj. Then 0Uj is a sphere bundle over C}, in particular, a smooth man-
ifold, and G x T-invariant. Note that Definition [2.9] and Propositions [2.10
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and extend to include closed subsets that are G x {¢,;}-invariant open
submanifolds with invariant boundary. We consider the long exact sequence
of the pair (M, M \ U). By the Thom isomorphism, Hg(C,F) = Hg (U, F)
and HE (U, F) = Hi(M, M\ U, F) by Proposition The long exact
sequence then yields that ker:, is the image of a torsion module with
support in U g gz ® C and that coker ¢, is isomorphic to the image of
HE(M, F) — HG(M \ U, F), a submodule of a torsion module with support

in Uz, 449 ®C. O

From the preceding two statements, it follows that i*i, : Hg(C, F) —
Hg(C, F) is an isomorphism modulo torsion. As in [GS99, Chapter 10.5], we
obtain that i*i, = eq(vC, F) is the multiplication with the basic G-equiva-
riant Euler class of the normal bundle of C' (cf. , e.g., [Cas17, Definition 11]).
Hence, eq(vC, F) is invertible in the localized module.

Remark 3.10. Alternatively, it can be shown directly that eq(vC,F) is
not a zero divisor in H(C, F), see [Casl7, Lemma 13].

Theorem 3.11. For all n € Hg(M, F) we have the exact integration for-

mula
aAn
/““"Z/ ca(vCy, F)’

c;CC
where C; C C denote the connected components and i; : C; < M their in-
clusions.
Proof. The inverse of i, on the localized module is given by

7

Q= Z eg(VC]'j,]:).

C;cC

We therefore obtain for every n € Hg (M, F)

(3.2) /Ma/\n = /Ma/\z'*Qn.

Now, using the definition of 7, in terms of Thom forms we can express n as

Ny gn_ \ 057 ‘
(83)  n=iGn= Z(Zj)*eG(VC’pf) zj:pj <6G(VC]‘,J:)> N

J
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where 7; is an equivariant basic Thom form compactly supported in a small
G x T-invariant tubular neighborhood U; of C}, p; : U; — C} is the projec-
tion. By Lemma [2.8] we have

: Pl ._/ (il :
/U.O‘“’f <ea<ucj,f>> A=), P <ea<ucj,f> N

J J

B ii(aAm) N
- [, e 00

J

Since (pj)«7; =1, we obtain the desired integration formula by summing

over j and using the identites (3.2))-(3.3]). O

4. Equivariant integration formulae
4.1. Equivariant integration

Following an idea of Witten [Wit92], Jeffrey and Kirwan [JK95] proved
analogues of Theorems [I.3] and for symplectic quotients. By far the
most important ingredient in their proof is the Atiyah-Bott-Berline-Vergne
integration formula [AB84, [BV82|, as this essentially allows the problem to
be reduced to studying the properties of Gaussian integrals over the vector
space g. Armed with our localization formula (Theorem and the local
normal form of the moment map (Proposition [2.20), we will obtain the K-
contact analogues, Theorems and by the same line of argumentation
as Jeffrey-Kirwan.

Let 1 be a form representing a class in Hg(M, F) and denote by I, :
Hg(M,F) — Hg the basic equivariant pushforward 1L = [ yaAn. We
will apply II, to classes of type n A e¢®, which are not equivariant basic
cohomology classes according to our definition, since they are not polynomial
but analytic in ¢. This is well defined, provided one replaces the codomain
with a suitable completion of Hg. With this in mind, for any closed equiva-
riant basic form 7, with s = dim g and € > 0, we consider the integral

(e = o / e /2(IT, ( A i) (9)do,

(2mi)svol(G) /4
where d¢ is a measure on g corresponding to a metric on g that induces a
volume form volg on G, vol(G) = [, volg. Then d¢/vol(G) is independent
of that choice. Note that I"(¢) is well defined; n A e?s® is only of mild
exponential dependence on ¢ so that the factor e €14I°/2 ensures convergence
of the integral.
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Following Jeffrey-Kirwan, we will relate the e — 0 asymptotics of I"(e)
to intersection pairings on the contact quotient. First, we must rewrite I"(e)
in a more convenient form. For any (tempered) distribution on g, introduce
the Fourier transform

(F1)(2) = (20) " [ f()e g,
g
By definition, F(f) is naturally a distribution on g*. Set
Q"(y) =F [H*(n A eidc")} (v).

Let ge denote the Gaussian function g (¢) = e~€l9I*/2 with Fourier transform
(Fge)(z) = € %/2g.1(2). Note that I"(¢) can be viewed as the L? inner prod-
uct of the functions g.(¢) and IL.(n A €'¥¢®)(¢). Since the Fourier transform
is an L? isometry, we have the following identity.

Lemma 4.1.

_ 1 —lyl?/2¢
I"(e) = i) e Evol(G) /g Q" (y)e W /2 gy,

Lemma 4.2. The distribution Q"(y) =F [IL.(n A e"s®)] (y) can be ez-
pressed as follows

wheren =5 ; nyy”’, summing over multi indices J, with i’ denoting an or-
thonormal basis of g* and ny € Q*(M,F), and § denotes the Dirac delta
distribution. In particular, Q"(y) is supported in the compact set —u(M).

Proof. We make use of the arguments given in [JK95| § 5, 7]. Write n(¢) =

YoM 7¢? with ¢ denoting the coordinate functions y7(¢). Recalling the
definition of Q"(y), we have

Q'(y) = F [H (n 1 eo)] (y)

1 / d/ T
. i aAnyAe [ ! NTHTYR g
QW)/QZ aJ .




1042 L. Casselmann and J. M. Fisher
= (2m)*/? Zz‘]i / aAng A e (—pu —y).
7 39‘] M

This shows that Q"(y) is the integral over x € M of a distribution S(z,y)
on M x g which is supported on the set {(z,y) | — u(x) =y}. O

Proposition 4.3. The distribution Q" (y) may be represented by a piecewise
polynomzial function.

Proof. Let C; denote a connected component of the critical set C' = Crit u
of codimension d. By Proposition G x T acts in R-direction only and
its isotropy (g x t)¢, has codimension 1. Let 6 be a G x T-invariant, basic
connection form on the bundle of oriented orthonormal frames of vC; and
denote by F? its (ordinary) curvature. Choose a basis (X;) of g x t such
that Xi,...,X, 1 is a basis of (g x t)c, and X, = R. Denote its dual basis
by wu;. Then, since 6 is basic, tx, 6 = 0. The basic G x T-equivariant Euler
form is then given by

r—1
(4.1) eGXT(VCj,.F) =Pf (Fg — ZLXiQUz) =Pf (Fg - Zaxﬁui) .

=1

Denote by (G x T')c, C G x T the subtorus that has (g x t)c, as Lie alge-
bra. vCj is a (G x T')¢,-equivariant vector bundle over C;. By the splitting
principle for equivariant bundles, we may assume that the normal bundle
splits as a direct sum of line bundles vC; = @®;L; and (G x T')¢, acts on
L; with weight BZ . Then the basic (G x T')¢,-equivariant Euler form factors

as e(axr)e, (V05 F) = 1 e(axr)., (Li, F) and 27e gy, (Li, F) = ¢ + 1,

J

where C’Z € Q?(C;, F) is the (ordinary) basic Euler form of L;. Hence,

(4.2) 2m) e, wC;, F) = [[(d +8)).

i=1
But we can also compute eg 7). (vCj, F) as Pf (F9 - z:;ll Ly, 9bi>, where
(Y;) denotes a basis of (g x t)c, and (b;) its dual basis. (4.1)) yields that if
we extend e(gx1).. (VCj, F) to all of g x t by setting it equal to 0 on RR, we

obtain egx7(vCj, F). Hence, extending 55 € (g X t)¢;, and combining (4.1)
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and yields
d/2 ' '
(4.3) @2m)Y2eqyr(vC;, F) = H(Czy +57).
i=1

The definition of the Euler form yields that eq(vCj, F) is exactly given by
the restriction of eqx7(vCj, F) to g so that, by (4.3),

/2
(4.4) (2m)Pea(vCy, F) = [[(c + Blq).
i=1
By Theorem we have that
(a An A elda)
4.5 IL.(n A e'de®)
(4.5) (e Z/ eq(vCj, F)

It now follows with (4.4), by the same argument as [JK95, Lemma 2.2], that
the pushforward may be written as a sum

)

| e~ CN@) [ i*(a An() A e,
46) IL(pAeo®)(g)=> o |
(4.6) (n A ee®) (o) : anAj [L(B1g)(¢)i(@)

where A; is a finite indexing set, ¢;, € H*(Cj, F) is determined by the
¢!, and nj;(a) is a non-negative integer. In particular, for every (j,a), the
term on the right hand side of Equation is given by the product of
% with a polynomial in ¢, Where the polynomial is simply a
constant 1f 7 = 1. Given this description of the pushforward, the piecewise
polynomial property of Q"(y) for n = 1 follows from the same argument as
[JK95, Theorem 4.2], making use of Lemma For arbitrary 7, it follows
from the case n = 1, noting that every (j, a)-summand contributes a piece-
wise polynomial function, applying that - up to a factor of (—i) - Fourier
transformation interchanges differentiation and multiplication by a coordi-
nate, cf. [H6r90, Lemma 7.1.3]. O

2. Asymptotic analysis
By Lemma[4.1]and Proposition -7 we are reduced to estimating the asymp-

totics of an integral of the form I(e) = [e —lylP? /2Q(y)dy, where Q(y) is piece-
wise polynomial. Suppose that Q( ) is regular near the origin, and let Qo (y)
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denote the polynomial which agrees with Q(y) near the origin. Set

_ 1 ~Jy[*/2¢
hle) = el /g Qo(y)e™ Tdy.

Lemma 4.4. Suppose that Q(y) is reqular near the origin and define I(¢)
and Ip(€) as above. Then we have the asymptotic

[(e) — To(e)| = ofe=*/2e~/<)
for some constant ¢ > 0.

Proof. Let R(y) = Q(y) — Qo(y). Then R(y) is piecewise polynomial and
identically zero in a neighborhood of the origin. Pick § > 0 so that R(y) is
identically zero for |y| < 0. Switching to polar coordinates, we have

(€)= Io(e)] < e/ / R(y)|e" /2 L drdug.

where ¢’ is a constant that does not depend on e. Since R(y) is piecewise
polynomial, we can find constants ay,...,ay so that for |y| >, we have
|R(y)| <>, a;jlyl’. Combining this with the previous estimate, we have

N oo

|I(€) — Io(€)| S CNE_S/QZCLJ‘ / TJ+S_1€_T2/2Ed’I",
; é
7j=1

where ¢ is a constant that does not depend on e. This reduces the problem
to estimating integrals of the form | 500 rte=*/2¢dr for ¢ > 0. The following
Lemma shows that such an integral is bounded by a function of the
form p(v/2€)e9°/(49) where p is a polynomial of degree ¢+ 1. The result
follows. O

Lemma 4.5. The integral Ig(a) ::f(sOo x”e‘“‘”Qd:c, a,0>0,neN, is bounded

2

from above by a function of the form pn(l/\/a)ef%, where py, is a polyno-
mial of degree n + 1.

Proof. The claim is shown by induction on n. By substituting = = \/ﬁ_ly,
we obtain

2 2
00

— a2 ]. —2
G@p = |va' [era)| |5z [ v
N R\[—/ab,/ad]
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_ 1 / e~ ) dady < ﬁ / e ) dady,
R2\[—+/@b,+/ad]? R2\ B, /z5(0)

where B /5(0) denotes the ball of radius \/ad, centered at the origin. By
passing to polar coordinates, the integral becomes

2w oo 21

1 d 1 2 1 1 2 m 52a

) 2<7 Mt —r — - —d%a _ 772.

(To(a)) _4a//dr[ 2°¢ ]drd‘b 4a/2€ do =71 %)
0 6v/a 0

For n = 1, we can directly compute

I)(a) = /oo Ty {e_aﬁ] do = e < Lo
! s 2a Js dx 2a ~ 2a ’

Thus, the claim holds for n = 0,1. Now, let n > 2 and suppose the claim
holds for n — 2. We integrate by parts.

o0 xn—l d
1-6 _ _ i |: —ax
n(@) /5 2a dx °

2} dx
] e
=5 Fy 2a

2a
n—1 n

2 -1 sl on—1 as?
_ —ad S -1/2 _
= + 1 < + - B
2a © 2a n-2(9) < 2a 2q " 2(a )> ‘

Setting p,(a=1/?) = <§;;1 + %pn_g(a*1/2)> yields the claim. O

We now want to apply Lemma to Q". It remains to show that Q"(y)
is regular near 0, and to compute the polynomial Qg (y) which agrees with
Q"(y) near the origin. We will make use of the local normal form we found
in §2| Analogous statements in the symplectic setting can be found in [JK95|
88 5, 7, 8.

Proposition 4.6. Suppose that 0 is a regular value of p. Then Q"(y) is
regular in some neighborhood of 0, and on this neighborhood it coincides with
the polynomial Q{(y) given by

Qb(y) = i*(2m)*/* / 0) " (a0 A o) A €9 deo=iyFo)
pl

where 0 is a G-invariant basic connection form on the G-bundle q : u~*(0) —
p1(0)/G, Fy denotes its curvature form, Q=01 A--- A0 is the volume
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form on the G-orbits defined by 0, no € H(My,Fo) represents iin €
Ha (™ 1(0),F), where the inclusion u=1(0) < M is denoted by ig, and
denotes the induced contact form on W=1(0)/G = My. Here, ~*(0) is en-
dowed with the orientation induced by the volume form q¢*(ao A (dag)™ %) A
Q. In particular, with ng denoting the order of the regular isotropy of the
action of G on u=1(0), we have

: no ideo
A /\’dao_——F(H A e'e )0.
/Mo aonone i5(2m)%/2volG A ) ) 0)

Proof. Recall that
@) =F [ n )] ) = o | / o A p(6) A efdoaitud) gg
) (271—)8/2 MJg

By Lemma[4.2] when y is sufficiently small, we may replace the integral over
M by an integral over U C M, where U is a neighborhood of ~1(0). Using
the normal form of Proposition [2.20] we see that for small y

1 . A
Q"(y) = // a An(p) A edeoiwo) g,
( ) (27T)S/2 g Mfl(Q)XBh 77( )

where p~1(0) x By is canonically oriented by the contact volume form.
Consider the projection 7 : u=1(0) x By — u~1(0) x {0} and the inclusion
i:p1(0) x {0} = p=1(0) x B. Theniow: u=1(0) x By, — p~(0) x By, is
G xT-equivariantly homotopic to the identity and, hence, ¢ induces an iso-
morphism

He(u™'(0) x By, F x {pt.}) = He (™" (0) x {0}, F x {0})
= He(u™'(0), F).

Since [g*no] = [ign] by definition of no, it is [7*¢* 0] = [Nlu-1(0)xB.]-
Therefore, thereis ay € Qg(u=1(0) x By, F x {pt.}) such that n — 7m*¢*ny =
dgry- Set

A:=Q"y) — A g nn A eldaa—iy.¢) 1
Q (y) (277)8/2 /g/lil(O)XBha T™qTnNo/Ae 525
1
g

= a Adey A o) g,
(2m)5/2 //;;1(0)th




Localization for K-contact manifolds 1047

Since dgdga = 0 and dg¢; = 0, we have
dey A edeo—ilyd) — g, (7 A eidca—i<y,¢>> .

The integral over pu~!(0) x By, picks up only those components of the ba-
sic form dg (’y A e“lGa*l(y’@) of degree 2n, so we can pass to the ordinary
differential and

(2m)*2A = / / a Ad(y A edermiu2) qg

9 pu=t(0)x B
/ / a Ay A eldco‘_“y’@) + da Ay A edeamiW) g,

g ,u—l(O ><Bh

The second summand is basic, hence, its top degree part is zero. Thus, the
whole summand vanishes under integration. By Stokes’ Theorem, denoting
the boundary of By, by Sy, we obtain

(27r)5/2A =— / / a Ay A eldea=iy:9) g,
XS;,

Write y(¢) = > ;. 76”7 . As in the proof of Lemma the previous equation
becomes

s s g 0 ida
(2m)*2A = —(2n) ZZJ@Z/J/#—l( s aAyy A e (—p—y).
J h

Recall that the local normal form of the moment map is given by u(p, z) = z.
Then, for sufficiently small y, 6(—u — y) is supported away from S, and it
follows that A = 0. This means that, for sufficiently small ¥,

1 .
n — * ¥ ida+i{—p—y,o)
Q(y) = QW)S/Q/ / a AT g Ae d¢

g ,u—1(0)><B;L
—e0? [ anmdmncs-p-y)
pw=H(0)x By
_ (27r)8/2 / (Q*Oéo + 2(9)) /\q*no A eidq*ao+idz(9)+iz(d9)5(_2 N y)
p=1(0)x B

Let j index an orthonormal basis of g resp. g* and set Q=601 A--- Al
the volume form on the G-orbits, [dz] = dz1 A --- A dzs. We only obtain a
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non-zero contribution from ¢ from the term containing
(idz(9))® = s1i%(—1)*HD/2Q A [dz]

since all the factors dz; must appear. Additional factors of 6 will wedge to
0 with €, so z(#) does not contribute to the integral. We obtain

s(s+1)
(4.7) Q"(y) =i"(-1)" 2 (2m)*/

X / ¢*(ag Amp) A e ot =52 ) [dz].

w=(0)x By

The orientation on p~1(0) x By, is canonically given by the contact vol-
ume form

("o + 2(0)) A (¢ dao + d(2(6)))"

s(s—1)
=(-1) 2 (n"f!s)!q*ozo A (g"dag + 2(d6))" > ANQUA [dz].

5_1)/2(7%8)! from the

volume form v := ¢*(ag A dag™*) A QA [dz]. Hence, when changing the ori-
entation of 1 ~1(0) x By, to that induced by v in Equation denoting the
thusly oriented manifold by (x~'(0) x By,), we obtain a factor (—1)5(s=1)/2
and obtain

For z = 0, this volume form differs by a factor of (—1)3(

Q(y) = i*(2m)*)? / ¢"(00 A o) A €TINS )iz
(u=1(0)xBn)¥

On By, we consider the orientation induced by [dz] and we endow 1~1(0)
with the orientation induced by ¢*(ag A da™*) AQ so that their product
gives the orientation of (u=1(0) x By)”. We continue our computation by
integrating over Bj, and obtain

Q(y) = i*(2m)*/? / ¢ (a0 A o) A i7" daoin(d)gy
n=1(0)

_ Z»S(2ﬂ_)s/2/ q*(OZO /\770) A eiq*(i()c(,—ig,/(}7’9)Q7
p=(0)

where we have replaced the term df by the curvature form Fy = df + %[9, 0],
which, as above, does not change the value of the integral. Therefore we
obtain the claimed expression for Q{(y). This is obviously a polynomial in
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y, since only finitely many terms in the power series expansion of e #(F?)

are noN-zero.

1~1(0)/G is canonically oriented by ag A daf~®. Hence, together with
above orientation on p~1(0), the projection ¢ induces the same orientation
on the fibers as Q. € integrates to vol(G)/ng over the fiber, so, when y = 0,
the previous equation becomes

F(IL (5 A €9%))(0) = Z'S(zﬂ)s/zVOl(G)/no/ oo Ao Ao [
p=(0)/G

Proposition 4.7. Let © € H*(My, Fy) be the class corresponding to the
class —% € HA(u™1(0), F) ~ HY(My, Fo) under the Cartan map. Then

Ig(e) = nio / T WA/ WA O Fidao,
Mo

Proof. The Cartan map yields —|Fy|?/2 = ¢*© in cohomology. By Proposi-

tion [4.6]

1 . IR
Ij(e) = BT / 4 (0 A o) A i d00—i(F)=luE /26 5 ) gy
pt(0)x g
1 * sk o 2
= W / q (CMO/\n()) A e'd doyg /\Q/e iy(Fo)—|y|*/2¢ Cly
pr=1(0) g*
1 - ]
- vol(G) / q" (o Amo) A e dao—edFol*/2 p ) by Gaussian integration
n=1(0)
— nio / ao /\ 770 /\ eidao+6@
Mo
since 2 integrates to vol(G)/ng over the fiber. 0

Combining Lemma [4.4] with Proposition [4.7} we obtain Theorem

4.3. Jeffrey-Kirwan residues

We briefly recall the Jeffrey-Kirwan residue operation. Let A C g be a non-
empty open cone and suppose that 8i,...,8n € g* all lie in the dual cone
A*. Suppose that A € g* does not lie in any cone of dimension at most
s — 1 spanned by a subset of {f1,...,5n}. Let {¢1,...,¢s} be any system
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of coordinates on g and let d¢ = d¢; A --- A dps be the associated volume
form. Then there exists a residue operation jkresA defined on meromorphic
differential forms of the form

q(p)e 9

4. h AN
5 = 50

do,

where ¢(¢) is a polynomial. The operation jkres® is linear in its argument
and is characterized uniquely by certain axioms, cf. [JK97, Proposition 3.2].
Theorem is now a consequence of our localization formula Theo-

rem [I.1] and Proposition

Proof of Theorem [} F(IL.(n A '?e®)) is compactly supported by Lemma
Hence, [JK95, Proposition 8.6] yields that the residue jkres®(IL.(n A
ela®)dg) is independent of the cone A. Since F(IL.(n A €/5?®)) is smooth
near 0 by Proposition and compactly supported, [JK95, Proposition 8.7]
gives

i5(2m)"5/2F (H*(n A eidca)> (0) = jkres™(IL, (1 A €195 dep).

By Proposition we then obtain

/ ag Ao A el = &jkresj\ (IL. () A €'%9®)dg).
Mo, volG

Using the expression for II,(n A ¢®) provided by Theorem namely,
Equation (4.5, we obtain the claimed formula. O

5. Examples
5.1. Boothby-Wang fibrations

We now explain how, for certain symplectic manifolds, the known results
may be recovered from our main theorems.

Theorem 5.1 (Boothby-Wang [BW58]). Suppose that (N,w) is a sym-
plectic manifold with integral symplectic form. Then the connection 1-form
« on the prequantum circle bundle M — N is a contact form. Conversely, if
(M, «) is a compact contact manifold with Reeb vector field that induces an
Sl-action, then there is an integral symplectic manifold (N,w) such that M
is the prequantum circle bundle of N, with connection 1-form given by c.
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We call such a principal S'-bundle M — N with connection form « a
Boothy-Wang fibration. Denote the period of the flow ¢; of the Reeb vector
field R by 27/7. We can identify a Reeb orbit {¢;(x)} with S! via €7 s
¢¢(x). The transformation formula then yields that the integral of a over an
arbitrary Reeb orbit {¢:(x)} is equal to 27 /7.

Proposition 5.2. Ifp: M — N is a Boothby-Wang fibration, then H(N)
= H(M,F) via p*. If a compact Lie group G acts on M, preserving o, then
the G-action descends to N and we have Hg(M,F) = Hg(N) via p*. For
any basic form p*n € Q(M,F), fiberwise integration yields

/ a/\p*n:27r/7/ n
M N

It now follows from Theorem and Proposition that we recover
the standard localization theorem [AB84] for integral symplectic manifolds.

Theorem 5.3. Suppose that N is a symplectic manifold with a Hamiltonian
action of the torus G and suppose furthermore that the symplectic form on
N s integral and that the G-action lifts to the S'-bundle (M,q) in the
Boothby-Wang fibrationp : M — N, preserving .. Then for anyn € Hg(N),
with eq(VF) denoting the (ordinary) equivariant Euler class of a connected
component F C N&, we have

fo- 2 4

FCN¢

Proof. Note that Crit ;/S" is exactly the fixed point set N&. Denote by F;
the connected component of N¢ that is obtained as C;/S LTt is p*vF; ~
vC; and if 0 is a G-invariant connection form on the bundle of oriented
orthonormal frames of vF}, then p*0 is a basic G-invariant connection form
on the bundle of oriented orthonormal frames of p*vF}, where p(x,v) := v.
The Weil homomorphism is compatible with pullback such that we obtain
p*eq(vF;) = eq(vCj, F), where the right hand side denotes the equivariant
basic Euler class of vC}. Applying Theorem and Proposition we have

a/\n
/77—7/(27r)/ aAp'n=r1/(2m) Z /
C;CCrit p €@ ch’f
- [
rec(VF)

FCN¢€©
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Suppose that 0 is a regular value of the contact moment map u. Then
0 is also a regular value of the symplectic moment map fi that pulls back
to —u and vice versa. Denote by My and Ny the contact and symplectic
quotients, respectively. We have the commutative diagram

Hg(M,F) = Hg(N)
{ l
H (Mo, Fo) 5 H(No)

With these identifications, in exactly the same manner as the proof of the

previous theorem, we also recover the usual Jeffrey-Kirwan residue theorem
[JK95, [TK97].

Theorem 5.4. Suppose that N is a symplectic manifold with a Hamil-
tonian action of a torus G. Suppose furthermore that the symplectic form
on N is integral and that the G-action lifts to the S'-bundle (M, ) in the
Boothby-Wang fibration p: M — N, preserving «. Let [i denote the sym-
plectic moment map that pulls back to —u and assume that 0 is a reqular
value of fi. Denote the induced symplectic form on the symplectic quotient
No by wg. For any n € Hz(N), we denote its image under the Kirwan map
by no. We have

vol(G) FeNG r eq(VF)

Remark 5.5. Note that we obtain the residue formula as stated in [JK95|
JK97], without the sign that was added in [JK98|] due to an error in [JK95|
Section 5]. The situation in [JK95| Section 5] - in the therein defined notation
- describes as follows. The only term from e¢%%'(®) that contributes to the inte-
gral is (id2'(0))*/s! = i*(—1)°+D/2Q A [d2'], which causes a sign to appear
in the computation. The integral is taken over a neighborhood O of 1 ~1(0),
which is canonically oriented via the symplectic form ¢*wy + d(2'(0)). The
integral is computed by first taking the integral in £*-direction, oriented via
[d2], followed by fiberwise integration on p~'(0), where the fibers are ori-
ented via €. An integral over the symplectic quotient M x remains; M x
is canonically oriented via wg. The product of these orientations differs
from the canonical orientation on @ by a factor (—1)*¢*t1/2. Hence, tak-
ing into account this change of orientation removes the additional sign (cf.
also the proof of Proposition . For this reason, the formula as stated in
[JKO95, [JK97] is the correct formula to consider.
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5.2. Weighted Sasakian structures on odd spheres
For n > 1 and w € R**1, wj > 0, consider the sphere
n
g2t = {z = (20,0 2) €T DT Izl = 1} c L

endowed with the following contact form «,, and corresponding Reeb vector
field Ry,

5 (Z?:o zjdzj — ijdzj) PR (ol 50
Qyy = =1 E Wi(Zj5- — Zj52-
g SiowiluP T\ T

(8271 q,) is called a weighted Sasakian structure on S*" 1 cf. [BGOS, Ex-
ample 7.1.12). In particular, (M, «a) = (S?"*1 a,,) with the metric induced
by the embedding M — C"*! is a K-contact manifold. For w = (1,...,1),
we obtain the standard contact form on the sphere. Notice that the un-
derlying contact structure ker o, is independent of the choice of weight w.
The flow of R, is given by ¢;(z) = (e?%z, ..., e 2,). Furthermore, let
G = St act (freely) on S?"+! with weights 8 = (Bo, ..., Bn) € Z", that is,
by A-z = (M2, ..., \2,). The fundamental vector field X corresponding
to 1 € R ~ s! is given by

n
X() =i | > Bi(zias — %)
3=0

and we compute the contact moment map to be

2= Bilzl®

Z?:o wjlz;[?

p(z) =
Lemma 5.6. The equivariant basic cohomology of (M, a) = (S 1 ay,) is
given, as (S(g*) = Rlu])-algebra, by

Rlu, s]
(IT—o(Bju +w;s))

Ha(M,F) =

Proof. To compute the equivariant basic cohomology of (M, «), consider the
diagonal S!'-action on C"*1: X -z := (A\zg,..., A\z,). This action is Hamilto-
nian with (symplectic) moment map ¥(z) = 33" j |zj|* and we obtain M
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as M = U~1(3). The G x T-action and, hence, R can be extended to all
of C"*1. Consider the G x T-invariant function f:= || — 1[[%. Its crit-
ical set is {0} U M, and the critical values are f(0)=1/4, f(M)=0.
Hence, M{JB} = f7Y((—o00, £(0) + ¢]) =2 C"*! and Mgy = FH((—o0, f(0) —
€]) & M, = M. The Hessian H of f at 0 is given by —id, which is non-
degenerate and has Morse index 2(n + 1). For z € M, the normal direction
(to M) is spanned by Y := )" 2;0., + Z;0z, and H.(Y,Y) = 2, which yields
that H, is non-degenerate in normal direction. It follows that f isa G x T-
invariant Morse-Bott function. Note that Hg (M, F) = Hygrr, (M) as an
Hg-algebra (by [GS99, § 4.6] or [GT16, Proposition 3.9]), where Hygrg,, (M)
denotes the g ® RR,-equivariant cohomology of the g ® RR,-dga Q*(M),
cf. [GS99, § 2], [GNTI12 § 4] or [GT16, § 3.2]. It follows from equivariant
Morse-Theory with f (cf. [Kir84] and also [Casl7, § 5.2]) that we have a
short exact equivariant Thom-Gysin sequence

0— ngsR(Rj )({0}) — Hyornr, (M{JB}) — Hyornr, (M{o}) =0
*—2(n+1 * n *
0~ Ho 2w ({0}) = Higmp, (C™Y) = Hignp, (M) =0

The composition with the restriction

HI 2%V ({0}) = Hyorr, (CY) 5 Hogrn, ({0})

is multiplication by the equivariant Euler class of the negative normal bundle
to 0 = C™*!, which is computed to be equal to (5= )" [T, (uB; + sw;). The
short exact sequence then yields the claim. (]

Remark 5.7. If all w; are positive integers, the Reeb vector field induces
a locally free S'-action on M and M/S! is the weighted projective space
P(w) = (C"1\ 0)/ ~, where (z0,...,2,) ~ (A% 2g,..., A% 2,) for any \ €
C* (cf. [BGO8, Example 7.1.12; § 4.5]). Then

R[u, s] '
([Tj=o(Bju + wjs))

Lemma 5.8. Set \; := 5)—] and Jj :={l € {0,...,n} | Ny = A\;}. Crit p con-
sists of at mostn + 1 compjonents Dj, specifiedbyD; ={ze M |z =0Vl €
{0,...,n}\ J;}.

If the weights 3; of the G-action are such that \; # X\ for every j # 1,
then Crit p consists of n+1 circles C;j={z€ M |2 =0V [ # j}, and
w(Cj) = Bj/wj = Nj. Furthermore, Hg(Cj, F) = Ru], and the restriction

He(P(w)) = Ho(M, F) =
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Hg(M,F) — Hq(Cj, F) is given by s — —pu/w;. If we denote the inclu-
sion C; — M by i;, then fc_ L;faw = i}i The equivariant basic Fuler class

e;j of the normal bundle to ij m M is '7given by

ej = (%)n [T (B = Bjwr/w;).
k#j

Proof. For every z € UDj, we have X(z) = AjRy(2), which yields UD; C
Crit p. If z € M \ UDj, then there are k # j such that 2, z; # 0 and Ay #
Aj. It follows that, for every A € R, Bj(zja%j - Ej%) + Bk(zk% — Eké%) #
A (wj(zja%j - Zja%j) + wk(zk%k - éka%,k)). Since (8%[’ 8%1)?:0 form a basis
of T,C"*1 they are linearly independent at z, hence, X (z) ¢ RR(z).

Now suppose that \; # A; for every j # . On Cj, it is Ry, = wj(z;0,, —
yj0z,) and X = B;(x;0,, —y;0s,) = %Rw. day, is a 2-form, so t;da,, = 0.
In Hygrr, (C;), we compute

0 = [dgarR, Qw) = [dovw — Lx U — LR, S| = [—%u — s,

thus obtaining the restriction map s — —gju/w;.

vC; = span{0y,,0y, | k # j} = C" x Cj is a trivial bundle that is the
product of the line bundles span(d,,,dy,) x C;. Denote by 6; the canonical
flat connection on the bundle of oriented orthonormal frames of span(0,, , 9y, )
xC;. The g ® RR,-equivariant Euler class of vC; then is

egarR, (VCj) = H egaRR,, (Span(0y,, 0y, )) = H Pf(—utx 0 — str,0)

k] +7
= [ o (wBi + swi) = (55)" [T (Wb +wi(=5ju/w)))
ki e
- (%) H(ﬁk — wiBj/wj).
oy

On Cj, we have |2;|> =1, z, =0 for [ # j, so, we can parametrize Cj up

7 — —_
; 5(z;dz;—z;dz
to a zero set by z; = €%, ¢ € (0,2m). Then (joy, = W = % and
J J
®o o (2™ 1 g _ 21
ij Law = Jg wjd = O

With our localization formula, we can now compute the contact volume
of weighted Sasakian structures on odd spheres. This result is known and
can also by obtained by combining the observation of Martelli-Sparks-Yau
[MSYO06] that the volume of a toric Sasakian manifold is related to the
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volume of the truncated cone over its momentum image and a formula by
Lawrence [Law91] for the volume of a simple polytope (cf. [GNTI7, § 6.2]).
Goertsches-Nozawa-T6ben also computed the same result via a basic ABBV-
type localization formula with respect to the transverse action of t/RR,,,
cf. [GNTI7, Corollary 6.1].

Proposition 5.9. The contact volume of (M, ) = (S ) is given by

1 o+l
vol(M, o) = aA (da)" = S —
2! Jur nlwg - - - wy,

Proof. Recall that dga = dov — pu. We insert the results of Lemma into
our localization formula. Choose any weights 8; such that A\; # \; for j # [ so
that Crit p = U7_,Cj. Note that Cj is 1-dimensional, so only the polynomial
part of dga enters on the right hand side; we need a top degree form on the
left hand side when integrating over M, so only da enters.

/M a A (da)n — /M a A (dGoz)" = Zj:(/‘(cj)u)n c, 27
= (27)" 1i_1\n & ! !
- (2 ) " ( 1) Z <w]> (I Hk#](ﬂk _wkﬁj/wj)

J
(2m)" (- 1)" i

Wo: = Wn = Hk;ﬁj(wi;lﬁkwj - Bj)

The right hand side has to be independent of the 3;, so we can take the
limit Sy — oo. Then the (j = 0)-summand tends to (—1)", the others vanish
(cf. [GNTIT]). O

Now, let us consider the special case of the odd sphere M = S% c C?
with Sasakian structure determined by the weight (w,1) with w > 0 irra-

tional. Let G = S' act on M with weights 8 = (—1,1). By Lemma we
have Hg(M, F) = %. We obtain from Lemma |5.8| for this special
case that the critical set is given by Crit 4 = Cy U Cy, where Cy = S x {0}

and C; = {0} x S. The equivariant basic cohomology of the connected com-
ponents is Hg(Cj, F) = Ru]. Furthermore, p(Cp) = —1/w, u(Cq) = 1, the

U 1

Euler classes e; of the normal bundles to C; in M are ey = o5~ (1 + E) and

e1 = —g3- (1 + w) and the restrictions ¢} : Hg(M, F) — Hg(Cj, F) are given

by ¢ : s u/w and ¢} : s — —u. Recall that we identified s' with R. If
S1 is parametrized via the angle ¢, then this identification corresponds to
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A, — A. We determine a metric g on S by ¢(d,,9,) = 1 so that the vol-
ume form is given by volgi = dip, vol(S') = 27. The induced inner product
on R ~ s' is then multiplication so that the induced measures to consider
on g* and g are the standard measures du and d¢, respectively.

Let us consider the Mayer-Vietoris sequence (cf. [Cas17, Proposition 6])
of the pair (M \ Cy, M \ Cp). Note that M \ C equivariantlly retracts onto
Co, M \ Cy equivariantly retracts onto C1, and (M \ Cy) N (M \ Cp) equiv-
ariantly retracts onto ¢ ~1(0). Basic Kirwan surjectivity yields that the long
exact Mayer-Vietoris sequence turns into short exact sequences

0 — HL(M, F) "85 B (Co, F) @ HE(CL, F) — Hi(u™1(0), F) — 0.

Hence, we can write n € Hg(M, F) as n° @ n', with n/ € Hg(Cj, F) =
R[u]. Considering the restriction maps, it becomes evident that 7° @ n' lies
in the image of «, @ ¢} if and only if n° and n! have the same constant term,
as polynomials in wu.

We compute the argument of jkres in the residue formula to be

(2)? <e"¢/ “n°(¢) ei%l(qﬁ)) ”

p(1+w)  ¢(1+w)

Note that for a rational function g and A € R\ {0}, the residue is given as
(cf. [JK9T, Proposition 3.4])

0 A<0

jkres{teRIt>0} (g(ﬁb)@i)\d)dqb) - {Zbec Res.—p (9(2)e"%)  else

Thus, we obtain

iday _ L. eo/vn0(¢)
/Mga() Ang A e = mjkres <(27T)2 <gz§(1+w)> dqﬁ)
_ 1 @2m)*°0) _ 2mn°(0)

2r w+1 w41

In particular,

: 2T
5.1 / o /\eldo‘(’:/ g = .
(5.1) ' %0 20T T

We will now compute the left hand side of Equation (5.1]) to see that our

formula holds. Note that = 1(0) = S* (L) x ST (). p=1(0)/G is {¢}-
2 V2

equivariantly diffeomorphic to S! via [2] — 22129, where ¢; acts on S! by
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bi(2) = et Under this identification, the projection p : p=1(0) — My

is given by (20,21) — 22120. Denote the inclusion by ¢ : u=1(0) — M. We

then compute ("o = wz—il(zodzo + z1dZ1). Since p* (47 2dZ) = ", we obtain
— 3 >

oy = w—_szz. ‘
Up to a zero set, My ~ S' is parametrized by W : (0,27) — St ) s .

In this coordinate, cg = w%rlddj. Then [q ap = f027r w%rldw = which is

exactly the right hand side of Equation

21
w—+1?
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