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Toric generalized Kahler structures

LAURENCE BOULANGER

Given a compact symplectic toric manifold (M,w, T), we identify
a class DGKX(M) of T-invariant generalized Kihler structures for
which a generalisation the Abreu-Guillemin theory of toric Kahler
metrics holds. Specifically, elements of DGKL(M) are character-
ized by the data of a strictly convex function 7 on the moment
polytope associated to (M,w, T) via the Delzant theorem, and an
antisymmetric matrix C. For a given C, it is shown that a toric
Kahler structure on M can be explicitly deformed to a non-Kahler
element of DGKE (M) by adding a small multiple of C. This consti-
tutes an explicit realization of a recent unobstructedness theorem
of R. Goto [21], 22], where the choice of a matrix C' corresponds to
choosing a holomorphic Poisson structure. Adapting methods from
S. K. Donaldson [I3], we compute the moment map for the action
of Ham(M,w) on DGKZX(M). The result introduces a natural no-
tion of “generalized Hermitian scalar curvature”. In dimension 4,
we find an expression for this generalized Hermitian scalar curva-
ture in terms of the underlying bi-Hermitian structure in the sense
of Apostolov-Gauduchon-Grantcharov [5].
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1. Introduction

This paper is concerned with the theory of generalized Kéahler structures as
defined and studied by M. Gualtieri in [24] in the context of N. Hitchin’s
[29] generalized complex geometry. Our goal is to identify a natural notion
of scalar curvature for a generalized Kéhler structure. The approach we use
to study this problem draws from the following three ingredients.

(1) The first concerns the interpretation of the scalar curvature as a
moment map. Given a compact symplectic 2m-manifold (M, w), the space
AK, (M) of w-compatible almost complex structures on M is a Fréchet
manifold endowed with a natural formal Kahler structure. A. Fujiki and
S. K. Donaldson oberved that the group Ham(M,w) of hamiltonian diffeo-
morphisms acts on AK,,(M) in a hamiltonian fashion, and that the moment
map can be identified with the Hermitian scalar curvature u; of the almost
Hermitian structure (w, J) as follows. Recall that w; is defined as

2mp A wm L
(1) uy = LmpAw

wm ’
where p is the real curvature 2-form of the hermitian connection induced on
the anticanonical bundle of (M, J) by the Chern connection of (w, J).

Theorem 1 ([12, 16]). Let C°(M) be the space of smooth functions on
M with zero mean, identified to the Lie algebra ham(M,w) via the Poisson
bracket. Then the expression

(2) () = —/M fUJ%n:

is the moment map for the natural action of Ham(M,w) on AK,(M).

The reader can consult [19] for a detailed proof.

(2) The second ingredient is the computation by S. K. Donaldson of
this moment map in the context of the Abreu-Guillemin theory of toric
Kéhler metrics. Let (M,w, T) be a symplectic toric 2m-manifold with mo-
ment map p: M — t* and let KX(M) be the subspace of T-invariant w-
compatible complex structures. In his seminal work on toric Kahler struc-
tures, V. Guillemin discovered that the elements J € KX(M) can be de-
scribed, up to T-invariant biolomorphisms, in terms of convex functions on
the interior of the moment polytope A for (M,w, T) as follows.
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Theorem 2 ([25]). For any J € KE(M) and any given choice of basis
(€1,...,&6m) of t, there exists momentum-angle coordinates (p?,t/) on M
such that

m
w = Z dp? A dt?
j=1

and J is of the anti-diagonal form

0 “ 0 0*r
Y _ U 2 W=
(3) Ja/,L] ; ik atk 5 jk 8M]8Mk )

where T = T(pt, ..., u™) is a strictly convex smooth function defined on A.
Conversely, for any smooth strictly convex function T on A, formula

°

defines an element of K (M).

For this reason, the function 7 is often referred to as the symplectic
potential of J in the literature [I3]. In [2], M. Abreu discovered that the
scalar curvature u; of the Riemannian metric associated to J € KJ5(M) is
given by the formula

m 92,0
(4) Uy = — - -
zgzz:l Optop
Here, (7%7) = (Hess(7)™!);;. Equation is commonly known as Abreu’s
formula. S. K. Donaldson [I3] observed that Theorem 1| combined with the
description of elements in K(M) gives an alternative way for deriving
, by directly showing that computes the moment map for the action of
Ham” (M, w) on KT (M). This observation suggested a similar form for the
Hermitian scalar curvature of elements in AK" (M) which has been checked
directly by M. Lejmi [34].

(3) The third ingredient is the notion of generalized Kéhler structure of
symplectic type and their realization as w-tamed complex structures. Recall
that a generalized almost complex structure on a smooth 2m-manifold M is a
complex structures J on the vector bundle TM & T™* M which is orthogonal
with respect to the natural inner product (X & &, Y @& n) = $(£(Y) + n(X)).
A generalized complex structure is a generalized almost complex structure
satisfying the integrability condition

[JU,IV]e = TITU,V]e = TU,TV]e — U, V]ie=0
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with respect to the Courant bracket
1
(X @& Y dnle=[X,Y]+Lxn— Ly{— §d(LX77 —y§).

Denote by GAC(M) and GC(M) the sets of generalized almost complex
and generalized complex structures on M respectively. For example [24], if
w is a symplectic form on M, then J, : X @ & — —w™1(£) @ w(X) defines
an element of GC'(M). Following [24], a generalized almost Kéhler structure
on M is defined as a pair (71, J2) of elements of GAC(M) such that

(1) 1T = JoJ1
(2) <—j1j2~, > > 0.

On a symplectic manifold (M, w), we thus introduce the spaces GAK,,(M),
GK,,(M) of generalized almost Kéahler (resp. generalized Kéhler) structures
of symplectic type. These are defined by

GAK, (M) ={J € GAC(M) | JoT = T T, (=TT +,+) > 0},
GK (M) =GAK,(M)NGC(M).

As a trivial example, if (J,w) is a genuine Kahler structure on M, then
J; € GK,(M) where J; is the generalized complex structure associated to
JbyJr: X@E— JX @ JE.

One can endow the space GAK,, (M) with a formal Kéhler structure
such that Ham(M,w) acts symplectically on it. Thus, a moment map for
this action, if it exists, could be interpreted as a scalar curvature by virtue
of Theorem [I] In order to compute this moment map, we specialize to the
case of a compact symplectic toric manifold (M,w,T) with moment map
p: M — ACt* and Delzant polytope A. Let GAK.(M) denote the T-
invariant elements of GAK,,(M).

Following Donaldson’s argument in [I3], we compute the moment map
and obtain a generalization of Abreu’s formula as follows.

Theorem 3 (cf. Theorem . Denote by g%(M)T the set of T-invariant
functions with zero mean supported in M and by Hamf(M, w) the subgroup
of hamiltonian diffeomorphisms that it generates. The action of Ham® (M, w)

on GAKZ(M) is hamiltonian with moment map

v: GAKT(M) = (C35(M)T)*
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given by

m 27 .. W™
(5) V() = / Z 00y |

8/113,1# m!

where Qij =w (aat ,A£7) and A is the End(T'M)-part of J.

In light of this result, we are led to define the generalized Hermitian
scalar curvature of 7 € GAKE(M) to be the function

~ 9Qy
opious”

ug =
ij=1

We further investigate this formula when 7 is restricted to a certain class
DGKZX(M) of generalized Kihler metrics such that K- (M) C DGKX(M) C
GKZE(M) (cf. section |3.2 for the precise definition). For this class, we prove
the following generalization of Theorem

Theorem 4 (cf. Theorem @ For any Jo € DGKE(M) and any choice
of basis (€1,...,&m) of t, there exist momentum-angle coordinates (p?,t7) on
M such that

m
w = Z dp? A dt?
j=1
and Joy is determined by an (m x m)-matriz-valued smooth function ¥y of
the form
0*r
(Vo)jk = B0k + Cji

for a smooth strictly convex function T on A and a (constant) antisymmetric
matriz C (cf. section for details). Conversely, to any antisymmetric
matriz C and smooth strictly convezr function 7 on A, there corresponds an

element J € DGKZX(M).

Besides this, the class DGK,, (M) is interesting in its own right in the
context of generalized Kahler geometry because of the following compactifi-
cation theorem:

Theorem 5 (cf. Theorem ' Consider jo € DGKE(M ) corresponding
to a matriz Vg in the sense of Theorem and J € DGKX(M ) corresponding
to a matriz U with respect to the () ) coordinates associated with Jo. If
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(C1) ¥ — Wy admits a smooth extension to A;
(C2) ¥ T\TIA\IIO — W admits a smooth extension to A;

(C3) o+ 3751 (¥ — Wo)ijdp' @dp + (U0~ Wo — W )ij (Jodu') @ (Jodu?)
is positive definite on M \M

then J is the restriction of an element J of DGKE(M).

Corollary 1 (cf. Corollary 2| ' Let Jo € KX(M) be an w-compatible com-
plex structure of the form . Given an antisymmetric matriz C, define a
family of matriz-valued functions U(t) (t € R) on A by

E o1
and let J, € DGKX(M ) be the corresponding family of generalized complex

structures (m the sense of Theorem l) For sufficiently small values of |t|,
the family J; is the restriction to M of a family J; € DGKE(M).

This manner of deforming a K&ahler structure into a generalized Kéhler
can be viewed as an explicit realization of a recent unobstructedness the-
orem of R. Goto [2I], 22], where the matrix C' corresponds to choosing a
holomorphic Poisson structure o in the setting of [21] (See Proposition [)).

Using our newly found notion of generalized Hermitian scalar curvature,
we generalize E. Calabi’s notion of extremal Kéhler metrics, calling extremal
any element j of GAKZ(M) which is a critical point of the functional
J = fM uj -1~ We deduce, as it is done in [1] in the Kéhler setting, that J €
DGKE(M) is extremal if and only if u 7 is an affine function of the momenta.
This, and Corollary provide examples of extremal strictly generalized
Kahler metrics obtained as deformations of extremal Kéahler toric varieties.
See [9, [13], 14, [37] for a general theory.

In the case of a compact symplectic toric manifold of dimension 4, we
are able to prove in Theorem [10| that the compactification conditions (C1),
(C2) of Theorem [5| are actually necessary. In the 4-dimensional context,
we also derive a closed form expression for the generalized Hermitian scalar
curvature of elements in DGK (M) in terms of the classical scalar curvature
(cf. Corollary [6]). This result confirms the form of the generalized scalar
curvature suggested in [10] and gives an exact value to the dilaton ¢ in terms
of the angle between the complex structures of the underlying Hermitian
structures.
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After the submission of the first version of this article on the arXiv,
R. Goto [23] has extended the formal moment map picture beyond the toric
setting of this article.
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2. Generalized Kahler structures of symplectic type

In this section, we introduce the notion of generalized almost Kéahler struc-
ture of symplectic type which is the main object of the paper. We provide
three characterizations of these structures which will be used throughout
this paper depending on the situation. We shall also define a formal sym-
plectic structure on the space of generalized almost Kéhler structures with
respect to which the action of the group of hamiltonian diffeomorphisms is
symplectic.

Recall that [31] a generalized complex structure on a smooth mani-
fold M is a complex structure 7 on the vector bundle T'M & T*M which
is orthogonal with respect to the natural inner product (X @& &, Y @ n) =
2(&(Y) +n(X)) and which satisfies the integrability condition

(JU,IJV]e —=TTU,V]e = TWU, TV]c —[U,V]ec =0

with respect to the Courant bracket

X®EY @l = [X,Y]+ Lxn - £r€ - 3d(xn - )

If the integrability condition is omited, we refer to J as a generalized almost
complex structure. For instance, if w is a non-degenerate 2-form and J is an
almost complex structure, then the endomorphisms of TM & T*M

Jo: X —w (€ w(X),
T X®éE— JX b JE,

are generalized almost complex structures. The integrability of J; is equiva-
lent to the usual integrability of J, while the integrability of 7, is equivalent
to dw = 0. A pair (J1,J2) of generalized almost complex structures such
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that J1 o Jo = J2 0 J1 and the bilinear form (—J71 72, ) is positive definite
is called a generalized almost Kahler structure. It is a generalized Kahler
structure provided both [J; and Jo are integrable. As a trivial example,
if (w,J) is a genuine Kéahler structure on M, then (7, Js) is generalized
Kéhler.

Remark 1. The structure group of a generalized almost Kéhler structure
is U(m) x U(m) C U(m,m) which is maximal compact (cf. [24]).

It turns out [24] that a generalized almost Kéahler structure (71, J2) on
M is equivalent to the data (Ji, J_, g,b) of a Riemannian metric g, a 2-form
b and two g-compatible almost complex structures J,, J_.

Indeed, the involution — 71 Js induces a splitting of TM & T*M into its
(£1)-eigenbundles Cy.. The bilinear form (-, -) is then positive definite on C
and negative definite on C'_. On the one hand this implies that C'y are both
of dimension 2m, and on the other that C+ NTM = Cy NT*M = 0 (since
TM and T*M are isotropic in T'M & T*M). It follows that Cy is the graph
of a map T'M — T*M whose symmetric and antisymmetric parts we denote
by g and b respectively. Similarly C'_ is the graph of b — ¢ and we have
isomorphisms (4 : TM — Cy : X — (X, 1x(b £ g)). The generalized almost
complex structrures Ji, Jo preserve C'y and so we may use ¢+ to transfer
them to almost complex structures Jy on T'M:

(6) Ji 2:LI_1 oJiotLy = L_T_l oJo0ty,
J_=1"1o Jiotl_ = — 1o Joot_.

In fact, if ¢4 is used to transfer (-,-)|c, on T'M, we obtain precisely g. It fol-
lows that the pairs (J4,g) are almost Hermitian structures. Explicitely, the
generalized almost Kahler structure (71, J2) is given in terms of (J4, J_, g, b)
by

jlzleb Ji+J- —(Ft=F2 ot

) 2 Fy —F_ Jr+J ’
Tty - —(Fot+FTY ot

279 Fy +F_ Jr—Jr '

Here, Fy = g(J-,-) are the fundamental 2-forms of the Hermitian structures
(J+,g) and €’ is the automorphism of TM @ T*M given by X ® £ X @
b(X) + &£. The integrability of (J1, J2) is then equivalent to the integrability
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of J+ and J_ together with the relation

where d is the operator JidJ£1 for the action of J4 on p-forms by Jiy =
(=D)PP(Jxese ey Jxr).

Definition 1. Given a symplectic form w on M, denote by GAK (M) the
space of generalized almost complex structures J such that (7, J) is a gen-
eralized almost Kéhler structure. We shall refer to the elements of GAK,, (M)

as generalized almost Kéhler structures of symplectic type. The set
of integrable elements of GAK,, (M) will be denoted by GK,,(M).

Recall that an almost complex structure J is called w-tamed if the bilin-
ear form w(-,J-) is positive definite. Let us denote AC} (M, w) the set of all
w-tamed almost complex structures on M. The following is well known (see
for instance [15]):

Proposition 1. The correspondence GAK,(M) — ACy(M,w) : J — J4
given by @ is bijective. The inverse map is J — (J4,J_, g,b), where

1 1
J+:J, J_:J*“’7 g:—i(,U(J—J*w), b:—QW(J‘i‘J*W),

for J* = —w~LJ*w the symplectic adjoint of J. Moreover, J € GAK, (M)
is integrable if and only if Jy and Ji* are integrable.

Note that in this context, the Kéhler case corresponds to taking .J inte-
grable and w-compatible (in which case J_ = —J).

The material in the remainder of this section is adapted from unpub-
lished notes of P. Gauduchon [I§]. Let (M,w) be a compact symplectic mani-
fold of real dimension 2m. We denote by v,, = w"/m! the symplectic volume
form. It is straightforward to check that J € GAK, (M) if and only if J is

of the form X
A Bw™
J = ( —wB  A* ) ’

where A, B are endomorphisms of T'M satisfying

A? - B? =14,
AB + BA =0,

(9) o _
A% = —A,

B* = B,
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as well as the positivity relation

(10) w(X,AX) +w(Y,AY) +2w(BX,Y) >0 VXY €TM.
In terms of the corresponding J € AC(M,w), we have

(11) A=-=2J—J)Y B=—(J+J%)(J-Jw)L

Equations @D suggests a complex description of the situation. Indeed, if we
define an endomorphism K = A +iB of T°M = TM ® C, then the first two
equations are equivalent to K? = —Id, while the other two are equivalent to
K*» = —K. To express the positivity condition, it is natural to introduce the
(non-degenerate anti-Hermitian) bilinear form H (U, V) = w(U, V). Indeed,
one may easily verify that is then equivalent to positivity of Hx =
H(-,K-). Viewing GAK,, (M) as the set of such complex endomorphisms, we
endow it with the structure of a Fréchet manifold with a formal symplectic
structure in a manner analogous to [19]. Indeed, the tangent space at K is
given by

(12) Tk (GAK,(M))
— {K € C®°(End(T°M)) | K* = -K, KK + KK =0},

and the symplectic form is

QK(Kl,KQ) = ;/ tI’(KKlKQ)’Uw.
M

Remark 2. (1) It is straightfoward to check that for any K € GAK,,(M)
and K € Ti(GAK,(M)), we have KK € Ty (GAK,(M)). Using this
and the fact that the elements of Tx (GAK,(M)) are symmetric with
respect to the Hermitian scalar product Hg, we see that € is indeed
real and positive definite. In fact, if we define a formal almost complex
structure by Kg K := K K, it can be shown that the pair (©,K) defines
a formal Kéhler structure on GAK,,(M).

(2) Note that GAK,, (M) naturally contains the set AK, (M) of almost
Kahler structures as a symplectic submanifold by considering the real
elements of GAK,, (M) (1.e. JImK = 0). In fact, the restriction of {2 to
AK,, (M) is the symplectic form considered by A. Fujiki [16].

Before going further, recall that a hamiltonian vector field Xy on (M, w)
is a symplectic vector field of the form grad,f = —w™ldf for a function
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f € C>(M). We denote by Ham (M, w) the group of hamiltonian diffeomor-
phisms and by ham(M,w) its Lie algebra which is the set of all hamiltonian
vector fields on M [7]. This Lie algebra can also be identified to the space
C§°(M) of smooth functions f normalized by the condition [ v Jrw =0,
and endowed with the Poisson bracket {f,g} = Xy -g=—X,- f. In turn,
it is also possible to use the Ad-invariant euclidean scalar product (f,g) =
Jas fgve to identify C§°(M) to a subset of C5°(M)*.

The group Ham(M, w) acts on GAK,(M) by ¢ - K = p. K¢, ! and the
action vector field corresponding to V' € ham(M,w) is given by

(13) vi ==l of K=-LyK.
t=0

By Theorem |1| the restriction of this action to AK,,(M) is hamiltonian and
the moment map can be identified with the Hermitian scalar curvature u .

3. Toric generalized Kahler structures

In this section, we study generalized Kéhler structures of symplectic type
on compact symplectic toric manifolds. Section recalls the elements of
symplectic toric geometry, which will be used in this paper. A source for this
material is the monograph [26]. Section [3.2| introduces the class DGK (M)
of torus-invariant anti-diagonal generalized Ké&hler structures of symplectic
type, and we show that elements in this class are parametrized by the data
of an antisymmetric matrix C and a strictly convex smooth function 7 de-
fined on the interior of the moment polytope. This generalizes the notion of
symplectic potential discovered by V. Guillemin [25] and M. Abreu [1I 2] in
the Kéahler setting. In section [3.3] we adress the question of compactifica-
tion, which is to determine whether a given pair (7, C') as above comes from
an element of DGKZ(M). In the spirit of [4], we list sufficient conditions
for compactification, and as a corollary, we obtain a simple and explicit pro-
cedure for deforming a toric Kéhler metric to a strictly generalized Kahler
element of DGKZ(M).

3.1. Delzant theory

Recall that a compact symplectic toric manifold of dimension 2m is a triple
(M,w,T) such that the torus T of dimension m acts on the compact con-
nected symplectic manifold (M, w) of real dimension 2m in an effective and
hamiltonian fashion with moment map p : M — t* : 2 = (u(x) : € — pé(z)).
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In turn, this means that p is T-equivariant (in fact T-invariant as T is
abelian) and for all £ € t = Lie(T), uf is a hamiltonian function for the ac-
tion vector field £# induced on M by &. According to M. F. Atiyah [6] and
Guillemin-Sternberg [27], the image A = u(M) C t* of the moment map is
the convex hull of the image by u of the fixed points of the action. A theorem
of T. Delzant [11] states that compact symplectic toric manifolds are clas-
sified (up to equivariant symplectomorphisms) by their moment polytopes
A. Recall the definition of these classifying polytopes:

Definition 2. Let t be a vector space of dimension m. A Delzant polytope
with d facets in t* is the data (A, A,v1,...,14) of a set A C t* which is the
convex hull of a finite number of points called wvertices, a lattice A C t and
normals vy, ...,vq € A such that

A={zet"|Lj(x) >0, j=1,...,d},
where the L;’s are functions of the form
Lj(z) = (vj, ) + A

for certain numbers A1, ..., A\q € R, and such that for each vertex x € A, the
normals v; for which L;j(x) = 0 make up a basis of A. The facets of A are
the sets F}j of the form

Fj={zeA|Lj(z)=0}, j=1,...,d

A face of codimension k of A is the intersection of k facets. For a face F,
we call interior of F the set F of points of I’ which are in no face of smaller
codimension. In other words, if F' = ﬂfe 7 Fj for a certain set in indices
I= {jl, ... ;jk}; then

F={zxeA|Ljx)=0&jecl}

It is shown in Delzant [11] that for any face F' = F}, N---N Fj, of codi-
mension k and any p € ' (F), the stabilizer of p in T is the sub-torus Ty of
dimension k corresponding to the subalgebra tr generated by the normals
Vjis- -, Vj.. Moreover, Mp = p~1(F) is a symplectic toric submanifold of
codimension 2k for the action of T/Tp. Its moment polytope is naturally
identified with F, in the following sense. The face F' is supported by an

affine subspace of the form z + t%, where t%. 2 (t/tz)* is the annihilator of
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tp in t*. A moment map for the effective action of T/Tr is then p|pr, — xo.
The preimage
M = p~(A)

of the interior of the moment polytope corresponds to the set of points where
the action of T is free, and this set is open and dense in M (cf. [28] Corol-
lary B.48). Finally, let us mention the observation in [35] (Proposition 7.3)
that the set of smooth functions C*°(A) (1.e. those functions which are the
restriction to A of a function of C*°(t*)) is pulled back to M via u to the set

C>(M)" of smooth T-invariant functions. Because of this, we shall freely
identify C°°(M)T and C*(A).

3.2. The symplectic potential

Let (M,w,T) be a compact symplectic toric manifold of real dimension 2m,
with moment map p: M — A C t*. In this section, we are concerned with
the generalized almost Kéhler structures of symplectic type on (M, w) (cf.
section |2) which are invariant under the action of T. In accordance with the
identification in Proposition [, such a structure can also be regarded as an
w-tamed T-invariant almost complex structure on M. Recall also that such
a J represents an integrable generalized almost Kahler structure if and only
if both J and J*« are integrable.

Notation 1. Let GAKL(M) (resp. GK(M)) denote the set of T-invariant
generalized almost K&hler (resp. generalized Kéahler) structures of symplec-
tic type as defined in section Similarly, let AKL(M) (resp. KX (M)) denote
the set of T-invariant w-compatible almost complex (resp. complex) struc-
tures.

Let Jo € GKI(M), (&1,...,&m) a basis of tand K; = 5? the correspond-
ing action vector fields on M. On M where the orbits are of dimension m, the
K;’s are linearly independent. Denote by K the Lagrangian distribution on
M generated by the K;. Then, we have K& JJK =T M and one can check
that the Lie bracket of each pair of basis elements (K1, ..., Ky, JoKi,...,
JoK,) vanishes. Thus, we are led to the following definition.

Definition 3 (Holomorphic versus momentum-angle coordinates).
Let Jo € GKE(M). Given (&1,...,&,) a basis of t and K; = f? the corre-
sponding action vector fields on M, there exists Jy-pluriharmonic functions
w on M which, in a neighborhood of each point, can be completed by angle
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coordinates #/ to form a system of Jy-holomorphic coordinates (u’,#/) such
that
0 0

ow = i g =

Moreover, for each such coordinate system, we may replace the functions
ul,...,u™ by the momentum functions p!,..., u™ (with K; = grad,u’) to

obtain momentum-angle coordinates (u?,#/) on M.

It is important to note that even though the functions u’ and t/ are only
defined locally, the coordinate fields 32]- , %, 6?“- (as well as the 1-forms du?,
dt?, dp?) are well-defined globally on M for a fixed choice of a basis (&) of
t. From now on, we fiz once and for all a basis (&;) of t and we denote (27)
the coordinates on t* induced by the dual basis (7).

For J € KX(M), it is well known that the coordinates (u/,#/) from Def-
inition [3| are Darboux [4]. However, for a general J € GK ' (M), we shall see
in Propostion |3| below that this is only the case if the symplectic dual J*~

is “anti-diagonal” in the sense of the following proposition.

Proposition 2. Let Jo € GKL(M) with corresponding momentum-angle
coordinates (p,t7) as in Proposition @

(a) Locally on M, Jy takes the anti-diagonal form

.. J _ ) J
(14) iEjl(%)” o © di ;j:l(xpo) 5y © il

where the matriz Yo € COO(M,Rmxm) s given by

G, " b,

and where (¥o)7 = (U, 1),

(b) Let K denote the lagrangian distribution on M generated by the ac-
tion of T. Then, for an almost complex structure J defined on M, the
following statements are equivalent:

(i) JK = JoK;
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(i1) J is of the anti-diagonal form

s o , oD .
16 J = \Ilzi d J — \111]7, dt]

relative to momentum-angle coordinates (u/,t7) induced by Jy as
in Proposition [3

Proof. Write

m

dui = Z(\Ifo)ijd,u,j,
7=1

so that Jodt! = Z;”:l(\llg)ijd,u,j (this equation determines .Jy entirely since

J02 = —Id). It follows that ¥ verifies and Jy is determined by

9 Ui )
7.:_§ : U, )t—

which is equivalent to ((14)).
Because of , we have

0 0
(17) J()/C—Span (W”W) s

and so an almost complex structure J verifies (i) if and only if it takes the

form
B, )
J—=-) v'—
ot Z ou
7j=1
for a certain matrix ¥, which is equivalent to ((16)). O

Notation 2. We shall be interested in the almost complex structures J €
GK(M) whose symplectic dual J*~ is also anti-diagonal. Thus, set

DGKX(M)={J € GKX(M) | J*K = JK},
DGAKL(M) = {J € GAK:(M) | J*K = JK}.

Proposition 3. For Jy € GKL(M), the following conditions are equiva-
lent:

(i) JO*”K: = JoK (z.e. Jo € DGKE(M))
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(ii) The distribution JoK is Lagrangian.

(iii) The momentum-angle coordinates (p?,t7) induced by Jo as in Defini-
tion |4 are Darbouz.

Moreover, if Jo € DGKE(M) and if J is an almost complex structure on M
of anti-diagonal form

J= ]Zl Vi o @i - jZl w0 o d

with respect to momentum-angle coordinates (p?, /) induced by Jo, then J*
18 automatically also anti-diagonal with

- 0 0
18 Jr = — Wi d W @ dtl.
( ) i]ZZI J 8tl & ,LL + ]Zl IU, Y

Proof. (i) < (ii): Generally speaking, for a symplectic vector space (V,w)
equipped with a complex structure J and a Lagrangian subspace L, the
subspace JL is Lagrangian if and only if J*L = JL. Indeed, we have

w(JL,J*L) =w(L,L) =0,

and so J* L C (JL)*~. But, by definition, JL is Lagrangian if and only if
JL = (JL)*+. The equivalence between (i) and (ii) thus holds for any almost
complex structure on M.

(79) < (i79): In general, we have

0o 0

o 0 0 (0 ;
e e = - > —_— p— ‘] prm— ]
v <8,u’" 8tj> v <KJ’ 8M) a (3,ui> %

The equivalence between (ii) and (i7i) then follows immediately from equa-
tion .

From the fact that the coordinates (u?,#) are Darboux, if J is of the
form (6], we deduce formula from w(J-,-) = w(-, J*). O

Since a complex structure J € GKX (M) is compatible with w if and only
if J = —J* and, in this case, the condition J*~IC = JK is trivially satisfied,
the set DGKX(M) is an intermediate class between the Kihler structures
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and the generalized Kahler structures, 1.e. we have the strict inclusions
Eg(M) € DGK (M) G GEG(M).

Let us call admissible coordinates a momentum-angle coordinate sys-
tem (p7,#7) induced as in Definition |3| by a chosen reference complex struc-
ture Jo € DGKX(M).

There is a natural choice of admissible coordinates on (M, w), obtained
by taking the complex structure Jy to be the standard Kahler structure on
M coming from Delzant’s constructiorﬂ In this case, V. Guillemin [25] has
found an explicit expression for the matrix ¥q in terms of the fonctions L;
defining the moment polytope (cf Definition :

92 1 &
(‘I’O)iFW 2jzlelong

Remark 3. In thislanguage, Propositionsandimply that J € GK (M)
belongs to DGKZ(M) if and only if there exists admissible coordinates
(1, t7) with respect to which J takes the anti-diagonal form ([14)).

Our next theorem extends V. Guillemin’s notion of symplectic potential
[25], 26] of elements of K,,(M) to the case of elements of DGK_-(M).

Theorem 6. Let J be a T-invariant w-tame almost complex structure on
M given in terms of some admissible momentum-angle coordinates (p?,t7)

by

m B . o9 .
19 J - \117/7 d J — \I’”% dtj
" ijzl Lot o ijzl op' ;

Then, J is integrable if and only if W;r = Vi ; Vi,5,k, whereas J* is
integrable if and only if Wj; ), = Wi, ;. If these two conditions are met (1.e.
if (J,J*) gives rise to an integrable generalized almost Kdhler structure),

'Recall that in his famous theorem, Delzant constructs a toric symplectic mani-
fold with prescribed moment polytope as the symplectic quotient of C? by a certain
sub-torus of the T%action. In particular, this action preserves the standard com-
plex structure of C% and so the Kihler structure descends to the quotient (cf. for
instance [32]).
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then W is of the form

(20) U = Hess(7) + C,

o

where T € C*(A) is strictly convex and C' is a constant antisymmetric ma-
triz. Conversely, given T € C’OO(A) strictly convexr and C' an antisymmetric
matriz, formulas and define an almost complex structure J on M
such that (J, J*) gives rise to a T-invariant generalized Kdhler structure in

DGKZX(M).

Proof. The almost complex structure is given by
(21) Jdt' =" Wdpd.
j=1

If J is integrable, the J-holomorphic coordinates (@‘,#) from Definition
are such that (da’, d) is the dual basis to (—JK;, K;). Since JK = JokK, we
have dt' = dt’, and so equation can be written

m
Jj=1

Taking the exterior derivative of this equation, we obtain the condition
Uik = Vi j Vi, j, k. Conversely, if U;; ;. = Uy 5 Vi, j, k, then taking the ex-
terior derivative of , we see that the 1-form J*dt’ is closed. It is thus
locally exact which yields complex coordinates for J. We saw in Proposition
that J*~ takes the form . The same argument as for J thus shows that
J*« is integrable if and only if W; , = W ; Vi, j, k.

If J and J*~ are integrable, then taking the sum and difference of the cor-
responding differential identities W;; = Wy, ; and Wy = ;. ;, we obtain
the identities

(22> \I/f]k - ‘I’fk,jv
(23) ik = Yik s
where
o U+ u? 7 — v —yr
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are respectively the symmetric and antisymmetric parts of ¥. Equation
implies that the matrix U® is constant due to

a _ a _ a _ a S a _ a
ik = Yk = ~Vhi; = ~ Vi = Yk = — Vi

As for equation (22)), we make use of the general fact according to which a
smooth m x m symmetric matrix-valued function G defined on an open set
U C R™ with H},(U) = 0 satisfying Gij = Gixj Vi, j, k is of the form G =
Hess(g) for some function g € C°°(U). Thus, U* = Hess(7) for some function
TE C’OO(A). The fact that J is w-tamed is equivalent to the positivity of V¥,
and since x” Cx = 0 for all antisymmetric matrices C' and column vectors X,

we have x” Ux = xT¥*x, from which it follows that 7 is strictly convex. [0

Definition 4. Given admissible coordinates (17, /) and J € DGKZ(M) of
the form with ¥ = Hess(7) + C as in the statement of Theorem [6], we
will call 7 the symplectic potential of J.

3.3. Compactification and deformation

We ask now whether a generalized almost Kahler structure J € DGAKE(M)
on M is the restriction of an generalized almost Kéahler structure defined on
M?

Let (u/,#7) be admissible coordinates on M and Jy € DGKL(M) (glob-
ally defined) be of the form

m m

9 . 9 .
24 Jo = Uo)ii=— Q@ du! — Uo)Y — ® dt’.
(24) 0 .Z( 0)ij 57 @ dp 'Z( 0) o ®
2,7=1 i,7=1
Consider J € DGAKZE(M) (defined on M) of the form
(25) J= iﬁ/i-i@@duﬂ'— i\iﬂji@dtﬁ'
ij=1 Tor ij=1 op

and set
60 :w('ﬂ]()')v BZW(,JD)

It is possible to argue as in the almost Kéahler setting treated in [4] in order
to obtain sufficient conditions for the compactification of such a J. Because
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of
(26) Jodt' = =) (Wo);dp,
i5=1
we can write
B—Bo= E (‘I’ - ‘I’o)z‘jdui ® dy?
ij=1
m o
+ Z (U — W) (Wo)irJodu®) ® (Vo) j1Jodp’)
i,k =1
(27) Z (0 — Wo)ydp’ @ dpi?

+ > (WU — ) (Jodpk) @ (Jodpd).
k=1

Thus, if U — Uy and \IIOT\i/*hIIO — \IIOT admit smooth extensions to A, then
the right hand side of defines a smooth T-invariant bilinear form on the
whole of M. It follows that /3 (alternatively, J ) admits a smooth extension
to M. As M is dense in M , by continuity, the extension verifies J?=-1d
everywhere on M and is integrable provided that J is integrable. On the
other hand, a continuity argument only shows that [3 is positive semi-definite
on M. In order that the compactification of J be w-tamed, we must make
sure that the bilinear form

m
Bo+ Y (W —Wg)iydp’ @ dpd + (U 0100 — U )y (Jodu') @ (Jodp?)
i,j=1
is positive definite on M \M . We summarize the discussion in the following

Theorem 7. LetJy € DGKZX(M) be ofthe form (24) and J € DGAKE(M )
(resp. J € DGKZX(M)) of the form ([25). If the matmx U associated with J
verifies the three conditions

(C1) ¥ — Wy admits a smooth extension to A;
(C2) ¥ T\i/*1\I10 — W admits a smooth extension to A;

(C3) /30+ZU 1(\11 Wo)ijdp* ®d/ﬂ+(\PQT\I’ vy — \Ilo )zg(JOd,u) (Jodﬂj)
is positive definite on M \M
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then J is the restriction of an element J of DGAKXY(M) (resp. of
DGKE(M)).

Asin [4] (cf. Remark 4), conditions (C1), (C2) can be recasted as follows:

Lemma 1. The conditions (C1), (C2) is equivalent to

(C1) U — W admits a smooth extension to A,
(C2’) the smooth extension of ¥, 1 on A is invertible.

As an immediate consequence of Theorem [7, we obtain

Corollary 2. Let (y/,t7) be admissible coordinates on M induced by an
w-compatible complex structure Jo € KE(M) on M. Then,

= 0 : 0
Jo = Z Sz‘j@@Jd/ﬂ - Z S”aﬂ ® dt’

ij=1 ij=1

for some positive definite symmetric matriz S. Consider also an arbitrary
antisymmetric matric C and define a family of complex structures J; €

DGKE(M) (t €R) on M by

8
2 Ui ( — \I/” — J
(28) Z J( atz®d“ Z 6u ® di?,
7] 1 ,] 1
where
U(t) =85 +tC.

For sufficiently small values of |t|, the family J; is the restriction to M of a
family J, € DGKE(M).

Proof. By [], we know that conditions (C1), (C2’) and (C3) are verified
for (0) = S. It suffices to notice that for ¢ small enough, ¥(¢) continues to
verify conditions (C1), (C2’), (C3) as M is compact. O

By a theorem of R. Goto [21], 22] (see also [33]), on a compact Kéhler
manifold (M,w, J) equipped with a holomorphic Poisson bivector o # 0, the
trivial generalized Kéhler structure (7, Js) can be deformed in the direc-
tion of [ow] € H% (M, T'?) into a nontrivial generalized Kihler structure
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(J1(t), J2(t)). More precisely, the complex structures J4(t) of the underly-
ing hermitian structures depend analytically of ¢ and if z',..., 2™ are local
holomorphic coordinates for J(0) with respect to which we have

0 “ 0 0
055 = 2 9w + P
k=1

dt|,_o

then the Kodaira-Spencer class of the deformation J(t) is locally repre-
sented by the tensor 7 _ 1a]kdz ® a P with oz = 3700 w0 o'®. The first
variation of J_(t) ylelds the opposite class.

Proposition 4. The Kodaira-Spencer class of the deformation J; of Corol-
lary@ is [ow] where o is the holomorphic Poisson structure given by

m
P Z CijjLO 2 Kkl,o_
k=1

Proof. Let 27 = u/ + it/ be the complex coordinates defined by Jy as in
Definition |3} By virtue of , we can write

Ui 0
Jy = k; Wt )Sgpatk ® duP — (1) S, 50 © dtt.
L£,p=1

Using the relations
0 0 s

(T1(0) = -5 tcs,

as well as

we compute

d

(29) %

o 9
JtaZ] = ;Z(CS )k]@v

Le. oy = i(CS™1)gj. On the one hand, we have

. m
- % 3 Mk @ dz
k=1
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and using the relation % = —iK jl’o, we can write locally
0
=2 Z CM a 9.t
k=1

It follows that o is a holomorphic Poisson structure, and

Z wﬁ] CS )

O

Remark 4. It has been observed in [5] in dimension 4 and by N. Hitchin
[29] in general that for any generalized Ké&hler structure (g, J4,J_,b), the
bivector P = 1[Jy,J_]g71 : T*M — TM gives rise to holomorphic Poisson
structures

(30) or = ([T, T )g )" =P —iJsP.

The holomorphic Poisson structure o; associated with the family is

& e o 0
op = —4 ;1 (tC+tsnh)lesTem") 57 © 9.
]7 =

It is not difficult to see that in dimension 4, this reduces to o; = 4to, whereas
in general, we have o; = 4to + O(t?).

4. The generalized Hermitian scalar curvature

In this section, we compute the moment map for the action of a subgroup
of Ham(M,w) on GAK (M) and on DGK,,(M) in admissible coordinates.
This generalizes the formulae in [2] I3] [34] for the hermitian scalar curva-
ture of a toric almost Kéhler metric and suggests a definition of a “scalar
curvature” for generalized Kihler structures in DGKL(M). In section
we use these definitions to introduce a natural notion of extremality in
GAK,(M). In the case of DGKX(M), we show that extremality is equiva-
lent to the generalized Hermitian scalar curvature being an affine function
of the momentum-angle coordinates. This generalizes an important theorem
of M. Abreu [1].

Let (M,w, T) be a compact symplectic toric manifold of real dimension
2m with moment map u : M — A C t*. We adopt the viewpoint developped
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in section [2 and regard elements of GAKL (M) as T-invariant complex endo-
morphisms of the complexified tangent bundle. The group Ham™ (M, w) of T-
invariant hamiltonian diffeomorphisms acts on GAK_ (M) with action vec-
tor field V*# given by for V € ham” (M, w). The Lie algebra ham™ (M, w)
consists of the T-invariant hamiltonian vector fields on M. Seen as a space of
functions, this is simply the T-invariant elements of C5°(M). If V' = grad,h
for some function h € C§°(M)T, then V¥ takes the following form relative
to admissible coordinates (u’,t/):

m

0 0
¢ A _an
(31) Vi =Y (dhjoK)® o~ dhg O Ko

Jj=1

where K is a section of End(T¢M) (cf. section .
Let CS3(M)T € C5°(M)T denote the ideal of functions with support in
M and Ham T(M,w) < Ham™ (M, w) the corresponding connected subgroup.

Theorem 8. In terms of he formal setting of section [, the action of
Ham) (M,w) on GAKE(M) is hamiltonian with moment map

v GAKT(M) — (C5(M)T)*

given by

(32> Vf(K / Z 82%QQZJ Vs

by Outou?

where Q;; = W(KK;, K;). For J € DGK_. (M), the following alternative ex-
pression holds:

m 2 Qij
(33) yf(J)_/Mf > aiS]A Vs,

where S;j =T for T € C™(A) the symplectic potential of J and S% =
(S™)is-
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Proof. Formula together with the fact that M\M = p~1(8A) has mea-
sure 0 allows us to write

Qe (Vi K) = /tr(KovaoK)vw
M

> (1o mrogs)

7j=1
m .0
;/M df 5 <KW> Veo-

Since T acts freely on M (with A identified with the orbit space), [t :

M — A defines a trivial prmmpal torus bundle: M = A x T. We have v, =

(=)™ Yzt Ao Ada™ AdEE A A dE™ so if we set Cr, = [ (—1)™ 7t A
- A dt™, we can write

) m )
(34) QK(VﬁIOK) = Cm;/Adf,] (Ké?tﬂ) Vo,

N =

where vy = dz!' A - -+ A dz™. If the matrix representation of K relative to the
basis (8‘9“, gt) de T(CM is

_( P Q
w7 )
then takes the form
(35) Qe (VE ) = 3 / £45Qs5v0.
i,7=1

This computation suggests that the moment map is

(36) =Y / £45Qivo.

i,7=1

Here, we observe that the functions @;; are well-defined and smooth on A
since we can write Q;; = w(KKj, K;) which is a smooth and T-invariant
function on M. Consequently, if f has support in A, a double integration
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by parts allows us to shift the derivatives over to @);;, and thus

vI(K)=—-Cp Z /A fQiji5v0

i.j=1

S /M F Qv

1,j=1

It remains to check the equivariance of v, namely the relation 1%/ (¢ - K) =
v (K) for p € Ham"™ (M, w). Let ¢ be the flow at time 1 of grad,h for h €
Cse(M)T. As in Remark {4} we compute

@*Z(mij) ?>’

so in particular, ¢ preserves the fields vector K;. It follows that ¢ acts on
K by changing Q;; to w(p. Ko K, K;) = Qij 0 o1 = - Q5. Next, using
the naturality of the Lie derivative on ((p : Qij),ij = Ea/a‘uiﬁa/am ((p : Qij)v
we get

(- Qij)ij =@ Lomrg/0Loprr0/0 Qid

where

9 o i 9
12 2 N,
(10* 8/.1/7' a'u/z ; ,kZ 8tk

But the functions Q;; are T-invariant, so Ly/g+Qi; = 0 and it remains
(v Qij)ij = ¢ - (Qijij)-

Since ¢ preserves the symplectic volume form v,,, we have

y“"'f(go -K) =— Z /M<P (fQijijv0) = Vf(K)-

3,7=1

Finally, note that the expression Y .. ; Qiji; is real. This follows from the
fact that the imaginary part of K is w-self-dual (cf. (9)), and so the imaginary
part of Q;; = w(KKj, K;) is antisymmetric. We thus get .

To obtain , recall equation to obtain the expression ReQ;; =
—w((J*)71K;, K;). In terms of the identification K ~ (3, C) of Theorem@
we obtain ReQ);; = —SY. O

Comparing the results of Theorem [§] with Theorem [I, we are naturally
led to the following definition.
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Definition 5. The generalized Hermitian scalar curvature of K €
GAKZX(M) (or, equivalently, of the corresponding almost complex structure
J, cf. section [2) is

i 829%262@‘

37 = = ——
( ) UK uy : OriOx)

i?j:

where Qij = w(KKi, KJ)

Remark 5. In terms of the characterisation of Theorem @ the Hermitian

o

scalar curvature of an element J of DGKZ(M) is of the form

m 827.1']'
(38) = Z_ prEEmA

where 79 = (Hess(7)™1);;.

Remark 6. (1) The function u; is well-defined globally, since Q;; =
w(KK;, K;) € C®°(M)T =2 C>®(A).

(2) When J is an w-compatible T-invariant Kéhler structure, formula
reduces to the formula found by M. Abreu [1] for the Riemannian scalar
curvature. Similarly, when J € AK_ (M), formula reduces to the
formula found by S. K. Donaldson [13] and more generally, by M. Lejmi
[34] for the Hermitian scalar curvature.

5. Extremal generalized Kahler structures

Let (M,w,T) be a compact symplectic toric manifold of real dimension
2m with moment map p: M — A C t*. It is clear that the moment map
in equation (2) can be replaced by v/(J) = — [}, f(us —Us)v, (for u; =
[y wve) so that with respect to the identifications discussed in section v
can be seen as the map J — —uy +u; € C3°(M), where u; is the Hermitian
scalar curvature. A simple computation reveals that the critical points of
llv||? : K,(M) — R are precisely the extremal Kihler metrics in the sense
of E. Calabi [§]. Indeed, we have

d(|v)1*).1(J) = 2(v(J), dvs(J))
= 20 ((grad,us)?, J) = =29 (Larad_u, . ),
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where grad,uy)* is the action vector field on K, (M) corresponding to
grad uy € ham(M,w) and computed as in equation . Thus, J is a critical
point if and only if Lgraq u,J = 0. Since J is w-compatible, this is equiva-
lent to saying that grad,u; is Killing. But as is well known [§], for fixed J
this condition also characterizes the Kahler metrics in a given DeRham class
a € H3,(M) which are critical points of the Calabi functional g — [, uZv,.
More generally, the calculation above holds true on GAK® (M) provided that
v is replaced with the moment map from Theorem [8|and wu s is replaced with
the generalized Herminitian scalar curvature of Definition 5 In light of this,
the following definition is natural.

Definition 6. Let (M,w,T,u) be a compact symplectic toric manifold.
An element K € GAKL(M) is called extremal if it is a critical point of
the functional K — fM(uK —g)?v,, where U = fM UK V,. An equivalent
condition is

EgradquK = 0.

M. Abreu has observed [I] that the toric Kahler metrics which are ex-
tremal are precisely those whose scalar curvature depends in an affine man-
ner upon the momentum-angle coordinates of Definition [3| This characteri-
zation admits a natural extension to DGKZ(M):

Proposition 5. For J € DGKX(M), the following statements are equiva-
lent.

(1) J is extremal.
(2) Lgrad_u,J =0.

(3) The vector field grad, uy is Killing with respect to g = w(-,J-)* and
also preserves the 2-form b = —w(-, J-)%, where w(-,J-)* and w(-, J-)*
are respectively the symmetric and antisymmetric parts of w(-,J-).

(4) wy is an affine function in the momentum variables (u', ..., ™).
Proof. Let K = A+ iB be the endomorphism of TCM corresponding to .J
as in section [2 and let X be a vector field on M. The equation Lx K =0 is
equivalent to Lx A = Lx B = 0. According to , we have

LxA=0e (J—J) N Lx] = (LxJ)*)(J—J*)t=0
S Lxd = (ﬁxJ)*“’
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and since B = %(J + J*)A, we see that under the hypothesis Lx A = 0, we
have

,CxB =0« [:)(J = —(ﬁxJ)*”

Hence, Lx K = 0 is equivalent to LxJ = 0. Taking the Lie derivative of the
equation w(-,J-) = g — b, we obtain Lxw(-,J-) +w(-,LxJ-) = Lxg— Lxb.
If X = grad uy, the first term vanishes and we see that

‘CgradquJ =0& Egradqug = ‘Cgradqub =0.

This proves that (1) and (2) are equivalent. Statements (2) and (3) are
equivalent because grad,u, preserves w. Assume (4) holds, so that u; =
Zj | @jp? +b for certain numbers ay, . . ., @y, bER. Then, duL]:Z;-n:l ajdp’
and so grad, uy = Zj: a; K. Since J is T-invariant, we have Lg,J = 0 Vj,
whence we see that (2) holds. Finally, let us show that (3) implies (4). Set

V :=grad, uJ—ZgZ‘;

The fact that V is a Killing vector field means that the tensor

m

DV’ =" O us cdu <§@17(b+28“"DKb
oyt O Ok

is antisymmetric. Since the vector fields K; are themselves Killing, this boils
down to the first term of the right hand side being antisymmetric. We have

Kg = Z;n:l(\lf_l)sjedtf, SO

> a - a Lodpt @ K5 =3 (Hess(ug)T (071 ) pedp® @ dt’,
J,k=1 k(=1
which implies Hess(u;) = 0. O

Corollary 3. Let (M,w,T,u) be a compact symplectic toric manifold. If
there exists an extremal element Jy € KL(M), then there exists non Kdhler
extremal elements J € DGKZ(M).

Proof. According to a result of M. Abreu ([2] Theorem 4.1), Jo € KX (M)
is extremal if and only if s, is an affine function of p!,..., u™. Let J; be
the deformation of Jy from Corollary 2| associated with an arbitrary nonzero
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antisymmetric matrix C. For ¢ sufficiently small, J; € DGKL(M)\KX(M),
and uj, = s,. We obtain the desired conclusion by combining Abreu’s char-
acterization with our Proposition O

6. The 4-dimensional case

In this section we focus on the 4-dimensional case. In section [6.1] we show
that, on compact 4-manifolds, the generalized Kahler structures of symplec-
tic type are, up to isomorphism, precisely those whose underlying complex
structures induce the same orientation. In section we argue that, in di-
mension 4, the sufficient conditions of Theorem [7] are also necessary. We do
so by formulating an equivalent set of conditions as is done in the Ké&hler
setting of [4]. Finally, we provide a closed formula for the generalized Hermi-
tian scalar curvature of elements in DGKE(M) in terms of the underlying
bi-Hermitian structure.

6.1. Generalized Kahler structures of symplectic type in
dimension 4

In this subsection, M denotes a smooth manifold of dimension 4. In this case,
the underlying complex structures Ji of a generalized Kahler structure of
symplectic type (J4, J—, g,b) induce the same orientation [24]. In particular,
(J4,J—,g) forms a bi-Hermitian structure in the sense of [5] and we have
[36]:

Lemma 2. If (Jy,J_,g,b) is a generalized Kdihler structure with Ji and
J_ inducing the same orientation on, then

(39) J+J_ + J_J+ = —2pId,

where p = —+tr(J + J_) € [-1,1] is called the angle function. Moreover, p =
+1 if and only if J = +J_.

Recall that the Lee form of an almost Hermitian metric (g, JJ) with fun-
damental form F' = g(J-,) is the 1-form § = J§F, also characterized as the
unique 1-form such that dF = 6 A F. A Hermitian metric is called Gaudu-
chon [20] if 66 = 0.

Lemma 3 ([3]). If (J4+,J_,g,b) is a generalized Kdhler structure with J
and J_ inducing the same orientation, then the metric g is Gauduchon with
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respect to Jy and J_, and the Lee forms are related by
9+ + 97 = 0, 0+ = *db

Here, % is the Hodge operator relative to g and the orientation induced by
Jr.

Recall from [24] that the bundle isomorphisms of T'M @& T*M that pre-
serve both the natural inner product and the Courant bracket (called Courant
isomorphisms) are of the form f, oe? for f € Diff(M), b € Q%(M) a closed
2-form, and €’ : X @ € — X @ (b(X,-) + ).

Theorem 9 ([30]). Let M be a compact 4-dimensional. A generalized
Kdhler structure (J1, J2) on M is Courant equivalent to a generalized Kdhler
structure of symplectic type if and only if the complex structures Jy and J_
induce the same orientation.

Proof. If (J1,J2) is Courant equivalent to a generalized Kéhler structure
of symplectic type, then J; and J_ induce the same orientation [24]. For
the converse, assume J; and J_ induce the same orientation. Without loss
of generality, we may assume that J; # +J_. In this case, the first Betti
number of M is even [3] and we face the following alternative [5]:

(@) Jy(z) #J-(x) Vo € M,
(II) Ji(z) # —J_(z) Yz € M.

Assume (I) holds, 1.e. p(z) < 1 Vx € M, where p is the angle function intro-
duced in Lemma 2l Consider the 2-form

1

mQ[JJme]JJm

CL):F+*

where F; = gJ; is the fundamental form of the Hermitian structure (g, J5).
This form is globally defined on M and its codifferential was computed in the
proof of Proposition 4 of [5] to be dw = —%w(&r + 6_)%. However, Lemma
implies that w is co-closed. Since d = — * J* in dimension 4 and w is self-dual,
we see that w is closed. The symmetric part of w(-, Jy+) being g, it follows
that w is symplectic. To conclude, it suffices to check that g = —3w(J; —
J_). Indeed, it will then follow from Proposition (1| that for b, = —5w(J4 +
J_), the generalized Kahler structure corresponding to (Ji,J_,g,b,) is of
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the form (J,,J). In particular, b (jl, J2) = (Juw, J). We have

w(fy —J-)=—g—gJyJ- — g4, J-] T (T4 = J-).

2(1—p)

Using that g([J4, J_]-,-) is Ji-anti-invariant along with the identity (Jy —
J_)? = —2(1 — p)Id, we may write

([T, J-) T4 (T = J=) ) = 2(1 = p)g(J4 + J-)-, J4)
=2(1-p)(g—g(J+J-,)).

We see then that w(J; — J_) = —2g.
If (II) holds, consider J” = —J_ so that (Ji,J") satisfies (I) and so
(J1, J2) is Courant equivalent to (7, J,). O

6.2. Compactification in dimension 4

Unless stated otherwise, we assume in this section that (M,w, T) is a com-
pact symplectic toric mamfold of real dlmension 4 with moment map p :
M — A C t* and consider J € DGKT( ) of the form ([14]) with respect
to admissible coordinates (u7,#/) on M. We begin by writing down some
1dent1tles vahd in dunensmn 4. According to Theorem [6 the decomposi-
tion U = \IIS + Qo of U into its symmetric and antisymmetric parts is of
the form U = § , U@ = C for some positive definite symmetric matrix S
and a constant antisymmetric matrix C = (°,§). Therefor, we have the

decomposition W1 = (U~1)s 4 (I~1)¢ with

o det S o 1
40 Uy = —S7L (oThe=———— _(C
(40) ) det U ) det ¥

Also, the Riemannian metric ¢ defined as the symmetric part of w(-, J )) is
given by

2
41 G=  Sidu' ®dpl + —2>S9dt’ @ di’.
(41) 1;1 ' @ d +
The 2-form —b defined as the antisymmetric part of w(-, J -) is given by

42 b= —cdu' Adp? + —S—di' A di?.
(42) poNdT
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The angle function p = —%tr(j J *«) from Lemma [2|is given by

2 —det S
43 )= ————.
(43) P det W

In particular,

1—p detS 1+p
2 det U’ 2 det U

(44)
Finally, the determinants are related by the formula
(45) det U = det S + ¢?.

Theorem 10. Consider Jo€ DGK_ (M) of the form and J € DGKE(M)
of the form with respect to admissible coordinates (7, t7). If J satis-
fies conditions (C1) and (C2) of Theorem @ relative to Jo, then J is the
restriction of an element J of DGKE(M).

Proof. By the arguments of section J is the restriction of a complex
structure J on M. It remains to show that the (non-degenerate) bilinear
form 8 = w(-, J-) is positive definite on M\ M. By continuity, we know that
[ is positive semi-definite there. Consequently, 8 will be positive definite
provided that the antisymmetric part —b of 3 vanishes on M \M . Using
, equation can alternatively be writen

o det ¥
b= —c(Id— —J* ) dut A du?.
( det U > a a

By continuity, this formula holds true everywhere. Indeed, the 1-forms dpu’
are globally defined as is the quotient j;% (cf. condition (C2’) of Lemma

. However, du' A du? vanishes on M\ M since dy’ is w-dual to K; and the
K;’s are linearly dependent on M\ M. O

Proposition 6. Consider J € DGK.(M)\KX(M). Then

M\M = {z € M | J(z) is compatible with w(z)}
={reM|[J(z)=-J"()}

where p = —Ltr(JJ*).
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Proof. Assume J is of the form relative to admissible coordinates. Com-
bining and , we obtain
1—p det S

(46) 2 detS + 2’

from where p(z) > —1 Yz € M. Moreover, since 3 = w(-, J-) takes the form

2
B=> Wydy' @dp! + Wdt' @ d,

1,j=1

we may write U9 = §(K;, K;), where 8(K;, K;) is a smooth function defined
on the whole of M. It follows that ¥—! € C*°(A). Moreover, det(¥~1) = 0
on JA since the vector fields K;, i = 1,2 are linearly dependent on M \M .
By , this implies that det S — +o0o when x — JA. Taking the limit in
(46)), this implies in turn that % = 1on M\M;vre. p(x) = —1Vz € M\M.

)

The equivalence between the various expressions of M\ M correspond to the
fact that p(x) = —1 if and only if J = —J*«. O

Corollary 4. Consider J € DGK_.(M) and let g be the Riemannian metric
defined as the symmetric part of w(-, J-). Then, the metric

l-p
JAK ‘= Tg

18 smooth, T-invariant and w-compatible.
Proof. Smoothness follows from the fact that 1 — p vanishes nowhere on M.
This is so because p(x) = 1 if and only if J(x) = J*~(x) and this happens at

no point of M since J is tamed by w. Using , it is trivial to check that
gak is w-compatible on M, and hence on M by continuity. O

In terms of admissible coordinates (1, /) on M, we have

2 —1
1— . 4 1— o .
GaK = Z ,/Tpsijdw @ dp’ + (”210> SYdt" @ dt’.

ij=1
More generally, it is not hard to see that for any positive [ € 000(1\04 ), the
metric defined on M by

2
(47) gr =Y fSijdp’ @ dpd + f1SUdt' @ dt?,
ij=1
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is compatible with w. In particular, for f = 1, the resulting metric is inte-
grable (Theorem @ For this reason, we introduce the following notation:

Notation 3. Denote by §x the toric Kahler metric on M corresponding
to the function f = 1. In other words,

2
(48) gk =Y Sidp' @ dp? + SYdt' @ dt’.
ij=1

Lemma 4. Let f € C®(M)T be a positive and T-invariant function such
that f|M\]\Z = 1. Then, gy is the restriction to M of a toric almost Kdhler

metric defined on M if and only if gx is the restriction to M of a toric
Kdhler metric defined on M.

Remark 7. (1) In particular, since gax = gy for f = \/1%1”, it satisfies
the hypotheses of Lemma [4]

(2) It is known since [3] that every 4-manifold admitting a generalized
Kahler structure is Kahlerian. Our construction associates in a canoni-

cal way a Kahler structure (the metric gx) to any element of
DGKE(M).

The proof of Lemma [ relies on the compactification criterion for toric
almost Kaéahler metrics of Apostolov-Calderbank-Gauduchon-Tgnnesen-
Friedman [4] which we reproduce here in a form adapted to our needs.

Definition 7. Let (A, A,v,...,v4) be a Delzant polytope (cf. Definition
and let xg be a point in the interior of a k-dimensional face F' of A.
Choose a vertex v of F'. By reordering the normals v1, ..., vy if necessary, we
may assume that v is characterized by the vanishing of L1,..., L,, and that
F' is characterized by the vanishing of Lq,..., L, k. Since A is a Delzant
polytope, the mapping

t* > R™ 2~ (L1(z),..., Ln(x))

is an affine isomorphism. The coordinates y = (3') defined by y* = L;(z) —
Li(xg) for i =1,...,m are called adapted to F' (centered on xg).

Proposition 7 ([4], Proposition 1). Let (M,w,T) be a compact symplec-
tic toric manifold of real dimension 2m with moment map p: M — A C t*.
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A toric almost Kihler structure J € AKE(M 1) defined on M is the restric-
tion of an element J of AK_(M) if and only if for each k- dimensional face
F of A with adapted coordinates (y'), the matriz H;j, defined on A as the
matriz whose inverse is H' (u(p)) = gp(Xu,, Xo,) (1 <i,5 <m), satisfies
the following conditions:

(i) Hi; admits a smooth extension to A;
(ii) on each facet F; containing F,

OH;;
oyt

Hij(y) =0 Vj=1,. and =2;

(iii) the sub-matriz (H;;)",

i —m—k+1 08 positive definite on F (k>0).

Alternatively, J is the restriction of an element J of AKE(M) if and only
if conditions (C1), (C2’) of Lemmal[] are satisfied.

Proof of Lemmal[{ If H;; is the matrix corresponding to gx as in the state-
ment of Propositionm then fH;; is the matrix corresponding to g. It suffices
to realize that conditions (i)-(iii) are satisfied by H;; if and only if they are
satisfied by fH;;. For (i) and (iii), it is trivial, while for (ii), we have

g7 W) = g W HaW) + Fy) 5 7 W)
= i)
using (i) and the hypothesis f(y) = 1 for y € 0A. O

Finally, we can prove the result announced at the begining of this section.

Theorem 11. Consider J € DGKX(M ) of the form with respect to
admissible coordinates (p?,t7), and let U =S+ C be the splzttmg of U into
its symmetric and antisymmetric parts. Consider also the Riemannian met-
ric § deﬁned as the symmetric part ofw( J-) and g gk the toric almost Kdhler
metric on M definned by equation Then, J is the restriction of an
element J of DGKX(M) if and only Zf gK is the restriction to M of an w-
compatible toric Kdahler metric on M. In particular, this condition is equiv-
alent to the following conditions for the matriz H;;, defined on A as the
matriz whose inverse is H (u(p)) = gi|p(Xu,, Xy,) (1 < i, < 2): For each
k-dimensional face F' of A with adapted coordinates (y*),
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(i) Hij admits a smooth extension to A;
(ii) on each facet F; containing F,

Hy) = Hpp) =0, =12 and =2

(iii) the sub-matriz (Hij);"_,, ., is positive definite on F (k>0).

Alternatively, J is the restriction of an element J of DGK(M) if and only
if conditions (C1), (C2’) of Lemma |1l are satisfied.

Proof. By Proposition 7| conditions (i)-(iii) are equivalent to the compacti-
fication of gx.

If J is the restriction to M of an element of DGKZ(M), the by Re-
mark (1), §x is the restriction to M of a toric Kihler metric on M.

Suppose next that conditions (i)-(iii) are met, and let us show that this
implies conditions (C1), (C2’) of Lemma |1 This will prove that conditions
(i)-(iii) are sufficient to compactification and also that conditions (C1), (C2’)
are necessary. By Proposition @ (C1) is satisfied for gg, 1.e. S — ¥ admits
a smooth extension to A, where ¥y comes from an element of DGKX(M).
Since the matrix-valued function C' is constant, it admits a smooth extension
to A and so ¥ — ¥ admits a smooth extension to A, 1Le. (C1) is satisfied
for J. For (C2’), we must show that for any point zo € A, we have

det ¥
11m
zzo det \I’Q

£ 0.

Let I be the face of A which contains x( in its interior. It is shown in the
proof of Proposition |7| that with respect to coordinates y = (y*) adapted to
F' centered on x(, we have

(det S(y))~' = 2mFyl ...y Tk P(y),
(det Wo(y)) ™t = 2" Fyl ...y F Py (y),

where k is the dimension of F' and where Py, P € C*°(A) are smooth func-
tion, positive at y = 0. It follows that

det ¥ i (detS(y) = >:P:0(O)

- det Up(y)  det ¥o(y)

im = > 0.
z—zo det \IIO y—0

P(0) 0

As a corollary, we have the converse of Corollary
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Corollary 5. Let (M,w,T,pu) be a compact symplectic toric manifold of
dimension 4. If there exists an extremal element J € DGKL (M), then there
exists extremal elements Jo € KL(M).

Proof. Let J € DGKE(M) be extremal and consider the Kihler structure
g associated with it in the sense of Theorem Clearly, the generalized
Hermitian scalar curvature uy of J is equal to the scalar curvature sg, of
gx so that, by Proposition uy is an affine function in (u!, u?). By [1], this
property characterizes toric extremal Kahler metric. O

Remark 8. In dimension 4, we can use Theorem [11|to enlarge the scope of
Theorem [§] to the case of the action of the full group Ham™ (M, w). Specifi-
cally, if (M,w,T) is a compact symplectic toric manifold of real dimension
4 and v: DGKS(M) — (C§°(M)™)* is the function given by (33)), then for
any J € DGKL(M) et f € C§°(M)", we have

d(wh) ;(J) = =, (V5 .J),

where V = grad, f and V¥ is the corresponding vector field on AGKX(M)
given by .

6.3. An explicit formula for the generalized Hermitian scalar
curvature in dimension 4

Since in the Kéhler situation J = —J*«, the right hand side in equation (38)
corresponds to the scalar curvature of the associated Riemannian metric, it
is natural to try to relate uy to the scalar curvatures of the corresponding
Hermitian structure (J,g), (J*~, g). Henceforth, let (M,w, T) be a compact
symplectic toric manifold of real dimension 4 with moment map u: M —
A C t* and consider J € DGKE(M) of the form

m m

o A .0 ,
- Y j_ ij J
(49) J Z Vijor ®dp — 3 W o &

ij=1 ij=1

with respect to momentum-angle coordinates (u/,#/) on M.
Recall that given an almost Hermitian structure (g, J) on M with Chern

connection V, the induced Hermitian connection V on the anticanonical

bundle A%(T™°M) has curvature RV = /=1p¥ ®Id where the real 2-form

pV is called the Chern-Ricci form of the almost Hermitian structure. The
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Hermitian scalar curvature of the almost Hermitian structure is

_4pV AF

50
(50) AR

where F'= gJ. If J is integrable, V is the Chern connection on the anti-
canonical bundle relative to the induced Hermitian metric and its natural
holomorphic structure, and the Ricci-Chern form admits the following local
expression:

Lo
1) oV — _idd log \/M?

where g;; are the components of g relative to local holomorphic coordinates.
Since the metric g coming from a generalized K&hler structure of symplec-
tic type (Jy,J-,g,b) is Gauduchon (cf. section [6.1]), the Hermitian scalar
curvatures ux of the Hermitian pairs (g, J1) are related to the Riemannian
scalar curvature s of g by the Lee forms [20]:

1
(52) U4+ :S+§’9i|2.

In particular, since 04| = |#—|, we have uy = u_ and we refer to this func-
tion as the Hermitian scalar curvature of the generalized Kdhler structure.

The following technical lemmas will be used in the proof of Theorem
below. In proving them, we shall make use of formulas f as well as
the relation

det S
53
(53) Y9 = det \II

between the volume forms induced by g and w respectively.

Lemma 5. The matriz S satisfies the identity

2 2

D (det §)SY; == (det 5);57, j=1,2.

i=1 i=1
Proof. Tt suffices to differentiate the identity (det S)S—! = CSC~!:

2

2
D ((det §)S7) ;= > (CSC™)j
=1

i=1

2
Z 1o’ 04,3, Cﬂ] Z Clasm Bcﬁj-
a,f=1 i,a8=1
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But Zf a1 CiaSaip = tr(CS g) which vanishes since C' is antisymmetric
and S g is symmetric. O

Lemma 6. For the angle function p = —%tr(JJ*W) and the Lee form 0 of
the Hermitian pair (w,J), we have:

2 2
3 |
. . )
2:: d @) <(det 8)ij = qorg (det 5).i(det S)J> S,

2
81" = Z (det ¥)2 det S 57

ij=1
Proof. Using identity , we compute
—92c2 2 .
dp = — det S) ;dy’
P orwye 200
We have

S“ det S

+ Slzd,u, A dp? A dt? + Sydpt /\ dtl A dp?.

dtl/\du /\dt2+52’ Sd LA dtt A at?

Thus, using the formula from Lemma

det S , A
Ap=—xd det O O (St Ady? nde? + 57t At A dE)
CE =
= *L 2 (det S).;; — i(det S) i(det S) ;8% detSv
~ (det U)2 55 " det W " ’] det ¥

The desired formula then follows from (53). To compute [6|?, we use the
result from [5] (Lemma 7) according to which dp = 1[J, J*~]*6. Leaning on
([39), we easily show that [J, J*<]* = 4(p* — 1)Id, which allows us to solve
for € in the preceding formula:

(54) 0= [J,J*]"dp.
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Using the fact that [J, J*] is g-antisymmetric, we compute

02 = (det W)?

2
) qij
1 s T 2 @D qerg 46t 9).(det )57

O

Theorem 12. Let (M,w,T) be a compact symplectic toric manifold of real
dimension 4 with moment map p: M — A C t*. Consider J € DGKE(M)
of the form with respect to momentum-angle coordinates (u’,t7) on M
(cf. Proposition[3) and let g be the symmetric part of w(-,J-). The Hermitian
Ricci form of the Hermitian structure (g,.J) is given on M by

1
pY = —§ddc log det S + dd°log det ¥,

where W = S + C 1is the decomposition of W into its symmetric and anti-
symmetric parts. The Hermitian scalar curvature of the generalized Kdhler
structure J is

2

i A=2p 0 2(J,J™], db)
(55) Ut = — Z S],z'j 1_ |9‘ 1—p )

1,7=1

where p is the angle function (cf. Lemma@ and where [J, J*] is seen as a
2-form by means of the metric g.

Proof. We shall compute uy from and pV from . In terms of the

local holomorphic coordinates (u/,#/) from Definition [3| we have
& ; - det S
= Z NSO du' @ du + 3 Z SUdt @ d?,
: 7]7
y _ _detS
whence (/det(g;;) = detpyz and so

1
(56)  p¥ = —iddc log det S + dd®log det U,

4pV N F _ 4dd°logdet VA F 2dd°logdet S A F
FANF FAF FAF ’

Uy =
To develop the first term, we use the general formula

(det A)' = (det A)tr (A~ A)
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for the t-derivative of the determinant of a non-singular matrix A = A(t).
In particular,

2

(logdet W) ; = Z g, 5,
a,B=1

which yields

2
dd®logdet U = Y ((logdet V)09 dut At
i7j7k:1
= Y (VOasY) dutnar
i?j?kVQIﬁzl 7k
= > (vRwaeY)) d ndv
i’j’k?a76:1 ’
== > W dpFndr
i7j7k:1

For the second equality, we have used the fact that W,g5,; = Sagi = Saig =
VU, (since S is a Hessian), and also the identity

2 2
D Waipl = =3 Uo7,
=1 =1

obtained by differentiating W1 = I with respect to x”. Finally, note that
F is the (1,1) part of w with respect to J. And since A*' = A'® =0 in
dimension 4, we have

2
1 det S .
ddlogdet W A F = dd°log det ¥ :—fE ——SY .
ogdet ¥ A ogdet U A w 5 2 <det\I/S >ijw/\w

2,7=1

Using F A F = 95, A w, we obtain

det &
4dd°logdet WAF __ det¥ o~ (detS
FAF © TdetS A~ \det ¥ i

27-]:
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For the second term, we proceed as follows.

2
det S); .. 4
dd‘logdet S = E ((65)7 \I/”> du® A dt?
k

eyt det S 7
SO
—2dd°logdet SAF  detV¥ (—2dd°logdet S Aw
FAF ~ detS wAw
2
det S det S j
But, here also, we have U% = g:tt(gSij — ﬁ(jﬁ with
2 2 2
(detS)i Iy (detS) ij (detS) i(detS)j
——CY ) = —22 i — : =y =0,

so using the identity from Lemma

—2dd°logdet SAF _ det® <(det )i Sij>

FAF detSij: det ¥
ot W o (et S i)
detS‘,:1 det¥  * y
‘We thus obtain
(57)
2
det ¥ detS .. det S ;i
= -9 v — - &Y.
YT et S 2 ( (det\I/S >..+(det\psﬂ) )
i,j=1 ,L] 5]
2
det ¥ det S y det S ” det S .
= _ S”~—3 5134—2 St
detSij:1< (det@) o <det\I/>7i 7 (det@)w )

i 2Ap 44+ 2p
— _SZ]“_i 92
> s, 2 A,

by using Lemma [5| on the middle term of the second expression. Finally, we
invoke formula (26) from [5] which reads

Ap = 2p|0f* + ([J, J*], dO)
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to land on the announced formula. O

Corollary 6. The generalized Hermitian scalar curvature of J admits the
following expression (which depends only on J and w)

4 —

2 2([J, J*], do
pWP+ ([ ] )
D 1—p

Uy = ut+ —

Alternatively, we may write

2Ap 1 442p 1 )
- 5 — 5 | ldpl%,
1—-p 1-p

58 =
where s4 is the scalar curvature of the associated Riemannian metric g de-
fined as the symmetric part of w(-,J-).

Proof. The first expression is obtained trivially by comparing formula (55
with the definition of the generalized Hermitian scalar curvature wj;. The

second expression is obtained similarly from by using as well as
the identity

1
1—

(59) 6 = p2|dp\2

which one deduces from . O
Remark 9. In [I0] a notion of generalized scalar curvature depending on

an arbitrary function ¢ € C*°(M) and valid in all dimensions is invented.
This expression takes the following form ([17] p.22):

1
GS?(J) = s+ 406 — 4|dg[* — S |db[*.
In dimension 4, we have shown in Lemmathat db = *6 and so |db|* = |0]? =
(1 —p*)~Ydp|* (by (59)). Comparing with (58], we conclude that GS?(J) =
uy if and only if ¢ = —% log(1 — p), which suggests a prefered choice for the
function ¢ of [17].
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