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Dirac groupoids and Dirac bialgebroids

M. Jorz LEAN

We describe infinitesimally Dirac groupoids via geometric objects
that we call Dirac bialgebroids. In the two well-understood special
cases of Poisson and presymplectic groupoids, the Dirac bialge-
broids are equivalent to the Lie bialgebroids and IM-2-forms, re-
spectively. In the case of multiplicative involutive distributions on
Lie groupoids, we find new properties of infinitesimal ideal systems.
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Courant and Weinstein [7], and independently Dorfman [11], introduced the
notion of Dirac structure in the late 1980’s. Courant and Weinstein were
studying work of Littlejohn on the “guiding centre of motion” of a parti-
cle in a magnetic field [26]. They introduced Dirac structures as a unified
approach to presymplectic and Poisson manifolds. Dorfman showed Dirac
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structures to be useful in the theory of infinite dimensional Hamiltonian
systems. Because the theory of Hamiltonian systems with constraints can
be well formulated using these objects, they were named after Dirac and his
theory of constraints [10]. Poisson and presymplectic manifolds and involu-
tive distributions are the corner cases of Dirac manifolds.

To be more explicit, let M be a smooth manifold. Then the direct sum
TM @ T*M of vector bundles over M is endowed with a bracket [-,-] and
a pairing (-,-) given by

[(X1,61),(X2,02)] = ([X1, X2, £x,02 — ix,db1)

and
((X1,01), (X2,02)) = 01(X2) + 02(X1)

for all vector fields X1, X € X(M) and one-forms 61,6 € Q'(M). A Dirac
structure on M is a subbundle D C T'M & T*M that is maximally isotropic
relative to the pairing, and the sections of which are closed under the bracket.
The graphs of the vector bundle morphisms 7 : T*M — TM and W TM —
T* M associated to a Poisson bivector 7 and, respectively, a closed 2-form w
on M are two examples of Dirac structures.

Here we are interested in Dirac groupoids, i.e. Lie groupoids with Dirac
structures that are compatible with the multiplication. As in the Lie group
case, a geometric structure on a Lie groupoid, that is compatible with the
multiplication, has a counterpart on the Lie algebroid of the groupoid. This
counterpart can simply be understood as the differential of the structure,
which is a structure of the same type but on the Lie algebroid. For instance,
the counterpart of a multiplicative Poisson structure on a Lie groupoid is
a Poisson structure on the Lie algebroid of the groupoid, together with
some compatibility conditions between the Poisson and the Lie algebroid
structures [35]. More generally, Ortiz has proved in his thesis that the Lie
algebroid of a Dirac groupoid is a Dirac algebroid, i.e. a Lie algebroid with
a Dirac structure that is compatible with the Lie algebroid structure (an
LA-Dirac structure). This defines a bijection between multiplicative Dirac
structures on a source simply connected Lie groupoid and LA-Dirac struc-
tures on its Lie algebroid.

On the other hand, we observe in the literature that the infinitesimal
counterpart of a multiplicative geometric object is often described as a ge-
ometric object of completely different, to some extent more simple, nature.
A multiplicative distribution on a Lie group corresponds for instance to an
ideal in its Lie algebra [19,[37]. Knowing this, it would be rather cumbersome
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to infinitesimally describe a multiplicative distribution on a Lie group as a
distribution on the Lie algebra, together with some compatibility condition
in terms of the tangent Lie algebra.

To illustrate this, let us recall how Poisson and presymplectic groupoids,
and involutive multiplicative distributions on Lie groupoids can be described
infinitesimally. Weinstein introduced Poisson groupoids as a simultaneous
generalisation of Poisson Lie groups and symplectic groupoids [43]. He proved
that a multiplicative Poisson structure on a Lie groupoid induces a Lie
algebroid structure on the dual of the Lie algebroid of the Lie groupoid.
Mackenzie and Xu then introduced the notion of Lie bialgebroid to encode
the compatibility condition of this pair of Lie algebroids in duality [34].
Then they showed that there is a one-to-one correspondence between source
simply connected Poisson groupoids and integrable Lie bialgebroidsﬂ [35].
Lie bialgebroids describe hence infinitesimally Poisson groupoids. Liu, We-
instein and Xu introduced at the same time the notion of Courant algebroid.
With this new notion, a Lie bialgebroid could be defined as a pair of Lie
algebroids which are two transverse Dirac structures in a Courant algebroid
[27].

Presymplectic groupoids were originally introduced by Xu [44] under
the name “quasi-symplectic groupoids” and then used by Bursztyn, Crainic,
Weinstein and Zhu in a work motivated by the integration of Dirac struc-
tures twisted by closed 3-forms [4]. There a presymplectic groupoid is a
Lie groupoid with a multiplicative closed 2-form satisfying some additional
regularity conditions. Afterwards the terminology slightly changed and now
one often calls presymplectic a Lie groupoid with any multiplicative closed
2-form. The infinitesimal description of a presymplectic groupoid is an IM-
2-form, i.e. a very particular vector bundle morphism from the Lie algebroid
of the groupoid to the cotangent bundle of the manifold of units [3], 4].

Infinitesimal ideal systems, the “ideals” in Lie algebroids [23], are the
infinitesimal counterpart of multiplicative distributions [I8], 23]. Multiplica~
tive distributions have appeared to be useful as the polarisations in Hawkins’
groupoid approach to quantisation [I8], and wide multiplicative distributions
on Lie groupoids were also studied in a modern approach to Cartan’s work
on pseudogroups [9].

Lie bialgebroids, IM-2-forms and infinitesimal ideal systems seem by
nature very different, although Poisson groupoids, presymplectic groupoids
and multiplicative distributions on Lie groupoids are three basic classes of
Dirac groupoids.

LA Lie bialgebroid (A, A*) is integrable if A is an integrable Lie algebroid.
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Our goal is to understand how Lie bialgebroids, IM-2-forms and infinites-
imal ideal systems are in fact the corner cases of an infinitesimal description
of Dirac groupoids. In [2I] we constructed a Courant algebroid B over M
associated to a Dirac groupoid (G = M, D), such that the space of units U
of the Dirac structure seen as a groupoid is naturally embedded as a Dirac
structure in B. We classiﬁedﬂ the Dirac homogeneous spaces of (G =% M, D)
via Dirac structures in B, and we conjectured consequently that the whole
information about D was contained in the Manin pair (B,U). In [20] we
studied linear splittings of the double vector bundle TA & T*A over a Lie
algebroid A, and we proved that these correspond to a certain class of Dorf-
man connections, which that paper introduced. We studied linear splittings
adapted to LA-Dirac structures (the linearisations of multiplicative Dirac
structures on Lie groupoids), and completely understood LA-Dirac struc-
tures in terms of the corresponding Dorfman connections, showing how to
reconstruct an LA-Dirac structure from some simple data.

Here we build on the results in those two papers to prove how the Manin
pair (B, U) associated to a Dirac groupoid is in fact equivalent to this Dirac
groupoid, and which Manin pairs appear in this manner as the infinitesimal
version of Dirac groupoids. The examples that we discuss show that our
theorem provides a unified proof for the results in [3] [35].

Let us summarise our main result in a more detailed manner. Let G be
a Lie groupoid over M, with Lie algebroid A. Then the bundle TG & T*G
has the structure of a Lie groupoid over TM & A*. A Dirac structure D on
G is multiplicative if it is a subgroupoid of TG @& T*G. The set of units of D
seen as a groupoid is a subbundle ¢: U < T'M & A*. We proved in [2] that
U inherits a natural Lie algebroid structure with anchor the restriction to
U of the projection onto T'M. The Lie algebroid U is compatible with the
Lie algebroid A in a sense that this paper identifies. The triple (A, U,¢) is
then a Dirac bialgebroid, a new geometrical notion that we now define.

Let (A,p,[,]) and (U,pu,[,]) be two Lie algebroids over M with
an injective morphism ¢: U — TM @ A* of vector bundles such that py =
pryas ov. The triple (A, U, 1) is called a Dirac bialgebroid (over A) if there
exists a Courant algebroid C' over M such that

1) (C,U) is a Manin pair [5], i.e. U is a Dirac structure in C,

2This result extends the classification of Poisson homogeneous spaces of Pois-
son groupoids (G = M, ) via a certain class of Dirac structures in the Courant
algebroid A @ A* defined by the Lie bialgebroid (A, A*) of the Poisson groupoid
[28].
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2) there exists a (degenerate) Courant morphismP|®: A @ T*M — C such
that

PABT*M)+U=C
and (u, ®(7))c = (¢(u), 1) for all (u,7) € U xps (A T*M).

Two Dirac bialgebroids (A,U, 1) and (A,U’,/) over A are equivalent they
define the same Lie algebroid «(U) = //(U’) C TM @& A* with the restriction
of pryj, as anchor. Our main theorem is the following:

Theorem 1.1. Let (G = M, D) be a source simply connected Dirac groupoid.
Let A be the Lie algebroid of G = M and v: U — TM ® A* the set of units
of D. The triple (A,U, 1) is a Dirac bialgebroid and the map

(G,D)— (A,U,¢)

defines a bijection between multiplicative Dirac structures on G = M and
equivalence classes of Dirac bialgebroids over A.

Recall for instance that a Lie bialgebroid (A, A*) is a pair of Lie alge-
broids in duality that are two transverse Dirac structures in a Courant alge-
broid; which we can hence write A @ A*. Set ¢ := (py,ida~): A* = TM &
A*, where p, is the anchor of the Lie algebroid A*. Section shows
that (A, A*, ) is a Dirac bialgebroid, with ambient Courant algebroid C' =
AD A",

Take now an IM-2-form o: A — T*M, i.e. with

(p(a),a(b)) = —=(p(b),0(a)) and ofa,b] = £,a)0(b) —ipe)do(a)

for alla,b € T'(A). Define ¢ = (idpps, 0t): TM — TM & A*. Then (A, TM, )
is a Dirac bialgebroid with ambient Courant algebroid C the standard
Courant-Dorfman structure on 7'M & T*M (see Section [7.3)).

Finally consider an infinitesimal ideal system (A, Fis, J, V), i.e. Fpy C
T'M is an involutive subbundle, J C A is a subbundle such that p(J) C Fyy
and V is a flat Fs-connection on A/J with the following properties:

1) If a e I'(A/J) is V-parallel, then [a, j] € T'(J) for all j € T'(J).
2) If a,b € T'(A/J) are V-parallel, then [a, b] is also V-parallel.

3If A is a Lie algebroid over M, then the vector bundle A @ T*M inherits the
structure of a degenerate Courant algebroid, see Example
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3) If a € T'(A/J) is V-parallel, then p(a) € T(TM/Fy) is VI -parallel,
where

VI T(Fy) x T(TM/Fy) — T(TM) Fy)

is the Bott connection associated to Fyy.

Section shows that (A, Fir,J, V) is an infinitesimal ideal system if and
only if (A, Fay @ J°, 1) is a Dirac bialgebroid with ¢: Fpy & J° — TM @ A*
the inclusion, and the Lie algebroid bracket [-,-]v on Fys @ J° defined by
(X1, a1), (X2, a2)]v = ([X1, X2], VY as — V¥, ai1). In order to prove this,
we construct a natural Lie algebroid structure on

A= (Fy @ A)/ graph(—p|s : J — Fur),

which exists if and only if the quadruple (A, Fis,J, V) is an infinitesimal
ideal system. We find this result interesting in its own right because it is
a new manner of forming the quotient of an algebroid by an infinitesimal
ideal system, as a generalisation of the quotient of a Lie algebra by an ideal.
The ambient Courant algebroid C' is in this example the Courant algebroid
A @ A* defined by the Lie bialgebroid (A, A*) with trivial Lie algebroid
structure on A*.

Note that the two families (A, A*, (px,ida-)) and (A, TM, (idrpr, ot))
of Dirac bialgebroids can be seen as extreme cases of Dirac bialgebroids,
like Poisson and presymplectic groupoids are the extreme cases of Dirac
groupoids. In the first family, the interesting information is in the pair
(A, A*) and in the second one, it is rather in the embedding

(idrar,0t): TM — TM @ A*.

Let us finally point out that a Dirac groupoid is an LA-groupoid; the
space D has a Lie groupoid structure over U and a Lie algebroid structure
over G, and the structures are compatible [30]. If the Lie algebroid struc-
ture is integrable, the Dirac groupoid should integrate to a presymplectic
double Lie groupoid (“presymplectic” in the sense of [4]). Hence, this paper
gives a class of examples of Courant algebroids (including the ones defined
by Lie bialgebroids) that could be seen as integrating to “presymplectic
2-groupoids”, following Mehta and Tang’s proposal to integrate Courant
algebroids defined by Lie bialgebroids to “symplectic 2-groupoids” [36].
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Methodology and outline of the paper

First Section [2| recalls some background on Lie groupoids and their tangent
and cotangent prolongations, on Courant algebroids and Dirac structures, on
Dorfman connections and dull algebroids, and on splittings of VB-algebroids
and 2-term representations up to homotopy.

Section [3] introduces the notions of A-Manin pairs and Dirac bialge-
broids, before showing how they are equivalent. Then Section [] proves that
the Manin pair associated in [21] to a Dirac groupoid (G, D) is an A-Manin
pair, and so that the triple (A, U, ) is a Dirac bialgebroid.

Section [5] studies LA-Dirac structures on Lie algebroids. First we sum-
marise the results in [20] on linear splittings of LA-Dirac structures and
we describe the two 2-term representations up to homotopy describing in a
linear splitting the two VB-algebroid sides. Then we describe how this data
allows us to construct an A-Manin pair associated to each LA-Dirac struc-
ture, and how this defines a bijection between A-Manin pairs and LA-Dirac
structures over A.

Section [6] recalls a result of [38] about the one-to-one correspondence
between Dirac groupoids and integrable Dirac algebroids, i.e. integrable Lie
algebroids with compatible Dirac structures. Then we describe explicitly
the Lie algebroid A(D) — U of the multiplicative Dirac structure in terms
of the Dorfman connection £V : T'(U) x I'(U*) — I'(U*) that is dual to the
Lie algebroid bracket on sections of U.

Section finally shows that the Dirac bialgebroid associated to the
Dirac algebroid (A,D4) that is canonically isomorphic to (A4, A(D)) is the
same as the Dirac bialgebroid constructed in Section [4] Section[6.4] gives as a
summary a sketch of the strategy to integrate an integrable Dirac bialgebroid
to a Dirac groupoid.

Section [7] shows how the notion of Dirac bialgebroid encompasses the
notions of Lie bialgebroids, IM-2-forms and infinitesimal ideal systems.

Let us repeat the different steps that lead us to our main theorem:

§ 3| Equivalence classes of A-Manin pairs are in one-to-one correspondence
with equivalence classes of Dirac bialgebroids.

§[4 A Dirac groupoid defines an equivalence class of A-Manin pairs and
so of Dirac bialgebroids.

§[5] There is a bijection between LA-Dirac structures and equivalence
classes of Dirac bialgebroids.
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§[6.1] The Lie algebroid of a Dirac groupoid is a Dirac algebroid. This de-
fines a bijection between source simply connected Dirac groupoids and
integrable Dirac algebroids [38].

§[6.2] Explicit computation of the LA-Dirac structure defined as in Sec-
tion [6.1] by a multiplicative Dirac structure.

§ The Dirac bialgebroids defined by a Dirac groupoid and by the corre-
sponding LA-Dirac structure coincide.

LA-Dirac struc-
tures on A(G)

Multiplicative Dirac

structures on G = M

Section [
>

Sectiong\ %;:tion

Dirac bialge-
broids over A(G) /
A(G)-Manin pairs

Notation and conventions

In the following, G = M is always a (Hausdorff) Lie groupoid over the base
M. The space of units M is always considered to be a subset of the space G
of arrows. The structure maps of a Lie groupoid is written as (e, s, t, m, i), un-
less specified otherwise. The Lie algebroid of a Lie groupoid is constructed
using right-invariant vector fields on the groupoid, and the anchor is the
restriction of Tt to T°G|p. To simplify the notation, the Lie algebroid
(A(G), [, Ja@)» Pa(e)) of a Lie groupoid G is always written as (A, [, -], p).

Let M be a smooth manifold. We denote by X(M) and Q'(M) the
spaces of smooth sections of the tangent and the cotangent bundle, re-
spectively. For an arbitrary vector bundle E — M, the space of sections
of F is written as I'(E). We write in general gg: £ — M for vector bundle
projections, except for pps = qrpr: TM — M, ey = qrepg: T*M — M and
T™ = qTM&T*M - TM & T*M — M.

Given a section ¢ of E*, we always write £.: £ — R for the linear function
associated to it, i.e. the function defined by e,, — (¢(m), e,,) for all e,,, € E.
We write ¢': B* — A* for the dual morphism to a morphism ¢: A — B of
vector bundles over the identity, and we write F*w for the pullback of a form
w € Q(N) under a smooth map F': M — N of manifolds.
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Let A be a Lie algebroid. For each a € I'(A), we have two derivations
over p(a):

£o:T(ADT* M) - T(ADT* M), £4(d',0) = ([a,d'], £,a)0)

(1.1) Lo T(TM @ A*) - T(TM @ A"), £L4(X,a) = ([p(a), X], £,0).

Note also that the anchor p of a Lie algebroid A defines a vector bundle
morphism (p, p'): A®T*M — TM & A*.
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2. Preliminaries

This section collects necessary background on the Lie groupoid structure
on the Pontryagin bundle TG & T*G of a Lie groupoid G = M, on Courant
algebroids, Dirac structures and Dorfman connections, and on double vector
bundles, VB-algebroids and representations up to homotopy.

2.1. Tangent and cotangent Lie groupoids

Let G = M be a Lie groupoid. Applying the tangent functor to each of the
maps defining G yields a Lie groupoid structure on T'G with base T'M, source
Ts, target Tt and multiplication T'm: T'(G xj; G) — T'G. The identity at
vp € Ty M is 1,, = Tpevy. This defines the tangent prolongation of G = M.
There is also an induced Lie groupoid structure on TG = A* = (T'M)°
[6] (see also [40]). The source map §: T*G — A* is given by
s(ag) € Ag,)G for ay € TYG,
S(ag)(as(g)) = ag(Ts(g) Ly (as(g) = Ts(g)tas(q)))

for all ag4) € Ag(y)G, and the target map t: T*G — A* is given by

tlag) € A7 ,)G,  tlag)(ayy) = ag(Tyg) Rylayg)))
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for all ayg) € Ayg)G. If $(ay) = t(ey), then the product ay x ay is defined
by (ag * ap)(T'm(vg,vp)) = ag(vg) + ap(vp) for composable pairs (vg, vp,) €
T(g,h) (G XM G)

The fibred product TG x g T*G inherits an induced Lie groupoid struc-
ture over T'M x py A*. We write Tt for the target map TG xgT*G — TM X s
A* and Ts: TG xg T*G — TM xp; A* for the source map. Here again, we
write py x py, for the product of compatible py,pp, € TG © T*G.

Note that the restriction to M of the kernel of Ts can be identified as
follows with A @ T"M. The elements of T;G x Ty 'G that are sent by Ts to
Os(g) € Ty(gyM x A:(g) are of the form ((Rg)say(g), (Tyt)'0yy)) with ayg) €
Avg) = Ty M and Oy € Ty, ) M. We identify (am, (Tint)'0m) € ker(Ts)y,
with (am,0m) in Ay, x TX M. Given a section 7 = (a,0) of A& T*M, the
right invariant section 7" € I'(ker Ts) defined by 7 is given by 77 (g) = 7y(g) ¥
(04,04) = (a"(g), T,t'0(t(g))) € ker(Ts), for all g € G. Furthermore, the re-
striction of Tt to ker(Ts)|as is, via the identification above, the map

(p,p"): A T*M — TM © A*.

2.2. Courant algebroids and Dirac structures

A Courant algebroid [27), 41] over a manifold M is a vector bundle C' — M
equipped with a fibrewise nondegenerate symmetric bilinear form (-,-), a
bilinear bracket [-,-] on the smooth sections I'(C'), and a vector bundle map
p: C'— T M over the identity called the anchor, which satisfy the following
conditiond’]

1) [e1, [e2, es]] = [lex, ea], es] + [e2, [, 3],
2) pler){cz, c3) = ([e1, c2]s e3) + (2, [er, es]),
3) [e1,c2] + [e2, c1] = D{eq, o)

4The following conditions

4) p([e1, e2]) = [p(cr), p(c2)],
5) le1, fea] = fler, ea] + (pler) ez

are then also satisfied. They are often part of the definition in the literature, but
[42] observed that they follow from (1)-(3). We quickly give here a simple manner
to get (4)-(5) from (1)-(3). To get (5), replace ¢a by feco in (2). Then replace co by
fea in (1) in order to get (4).
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for all ¢1,c2,c3 € T'(C) and f € C°°(M). Here, we use the notation D :=
ptod: C®(M) — T'(C), using (-, ) to identify C with C*: (Df, c) = p(c)(f)
for all f € C°(M) and ¢ € T'(C).

If C; and Cy are Courant algebroids over the same base M, then a
Courant morphism is a vector bundle morphism ®: C7; — Cs over the
identity on M, such that pyo® =p1, (¢,)c, = (®(c),®())c, and
Dfc, e, = [®(c), ()], for all ¢, € T'(Ch).

Example 2.1. The direct sum T'M & T* M with the projection on T'M as
anchor map, p = pry,,, the symmetric bracket (-,-) given by

(2.1) ((Vmy Om), (Wi, Wi ) = O (Win) + Wi (V)

for all me M, vy, wy, € T,, M and 0,,,w, € T, M and the Courant-
Dorfman bracket given by

[(X1,01),(X2,02)] = (X1, Xa|, £x,02 — ix,d61)

for all (X1,61),(X2,02) € T'(T'M & T*M), yield the standard example of a
Courant algebroid (often called the standard Courant algebroid over M).
The map D: C*(M) — I'(TM & T*M) is given by Df = (0,df).

Example 2.2. Let G = M be a Lie groupoid. The Courant-Dorfman
bracket and the pairing on sections of TG @& T*G — G restrict to right-
invariant sections (defined in the previous section) and give rise to the fol-
lowing structure on A & T*M.

The direct sum A& T*M — M, with the anchor popry: A T*M —
T M, the pairing ((a1,601), (az,02))q = 02(p(a1)) + 01(p(az)) and the bracket]’]
-, Ja on T(A @ T*M),

[(a1,01), (az,02)]a = ([a1, az], £pa,)02 — ip(a,)do1)

is a degenerate Courant algebroid. That is, (A@® T*M,popry, (-, )a, [ -]d)
satisfies the axioms (1)—(5) of a Courant algebroid, except the non-degeneracy
of the pairing (see [22]).

A Dirac structure[7] D C C is a subbundle satisfying

1) D+ = D relative to the pairing on C,
2) [I(D),I(D)] € I'(D).

54d” stands for degenerate.
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The rank of the vector bundle D is then half the rank of C, and the triple
(D — M, plp, [, "]lr(pyxr(p)) s a Lie algebroid over M. Dirac structures ap-
pear naturally in several contexts in geometry and geometric mechanics (see
for instance [2] for an introduction to the geometry and applications of Dirac
structures). Three classes of great interest in this paper are collected in the
following example.

Example 2.3. Let M be a smooth manifold and F C T'M an involutive
subbundle. Then Dp = F @ F° CTM @ T*M is a Dirac structure on M.

Now let m € T ( A TM) be a Poisson bivector field. Then D, C TM &
T*M defined by

D, = graph(n®: T*M — TM,7*(0,,) = 7(0ym, -))
is a Dirac structure on M.

Finally let w € Q?(M) be a closed 2-form on M. Then D, C TM & T*M
defined by

D, = graph(w”: TM — T*M,w’ (vm) = w(vm, )

is a Dirac structure on M.

2.3. Dorfman connections and dull algebroids

In the following, an anchored vector bundle is a vector bundle  — M with
a vector bundle morphism pg: @ — T'M over the identity. An anchored
vector bundle (Q — M, pg) and a vector bundle B — M are said to be

paired if there exists a fibrewise pairing (-,-): @ Xy B — R and a map
dp: C>*°(M) — I'(B) such that

(2.2) (¢,dBf) = pa(9)(f)

for all ¢ €e I'(Q) and f € C*°(M). Then (Q — M, p) and (B,dp,(:,-)) are
said to be paired by (-, ).

Definition 2.4. Let (Q — M, pg) be an anchored vector bundle that is
paired with (B — M,dp, (-,-)). A Dorfman (Q-)connection on B is an
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R-linear map
A: T(Q) — Der(B)
such thatff
1) A, is a derivation over pg(q) € X(M),
2) Apgb = fAb+ (g,b) - dpf and
3) Aq(dpf) =dB(pe(a)f)
for all f € C*°(M), q,¢' € T(Q), b € I'(B).

Remark 2.5. If the pairing (-,-): @ X B — R is nondegenerate, then
B~ @Q* and the map dg = dg-: C®(M) — I'(Q*) is defined by (2.2): we
have then dg- f = thdf for all f € C™(M).

The map A*: T'(Q) x I'(Q) — I'(Q) that is dual to A in the sense of dual

derivations, i.e. (A} q2,7) = pQ(q1)(q2, ) — (g2, Aq,7) for all q1,q2 € T'(Q)
and 7 € I'(Q*) is then a dull bracket on I'(Q) as in the following definition.

Definition 2.6. A dull algebroid is an anchored vector bundle (Q —
M, pg) with a bracket [-,-]g on I'(Q) such that

(2.3) polar, 2lq = [po(ar); po(qz)]

and (the Leibniz identity)

[f1q1, f2q2]Q = fifelar, a2l + fipq(ar)(f2)a2 — farq(ae)(fi)m
for all f1, fo € C®(M), q1, ¢ € T(Q).

That is, a dull algebroid is a Lie algebroid if its bracket is in addition
skew-symmetric and satisfies the Jacobi identity. The following examples are
crucial in this paper.

Example 2.7. 1) Let (A — M, p,|-,-]) be a Lie algebroid. The Dorfman
connection that is dual to the bracket on sections of A is the Lie
derivative

£4:T(A) x T(A*) = T(A%).

6Note that the map (g,-) - dgf can be seen as a section of Hom(B, B), i.e. as a
derivation over 0 € X(M).
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2) Let C be a Courant algebroid and D a Dirac structure in C. The
Bott-Dorfman connection

AP:T(D) xI'(C/D) = T(C/D),

is defined by

APe=1[d,c], fordeTI(D),cel(C).

Modulo the identification D* ~ C'/D, this Dorfman connection is the
Lie derivative AP = £P: I'(D) x I'(D*) — I'(D*) that is dual to the
Lie algebroid structure on D.

Let A — M be a vector bundle. The vector bundle TM & A* is always
anchored by the projection prpy, to TM, and paired with A & T*M via
the obvious pairing and the map dagrp: C°(M) - T(AGT*M), f—
(0,df). We are particularly interested in Dorfman connections

A:T(TM & A*) x T(Ae T*M) — T(A @ T*M).

Assume that a subbundle U C TM & A* has a Lie algebroid structure with
the anchor pryj,. The Lie algebroid bracket on I'(U) can be extended to
a dull bracket on TM @ A*. The Dorfman connection A: I'(T'M & A*) x
INAeT*M) - T(A®T*M) that is dual to this bracket satisfies A,7 €
I'(U°) for all w e I'(U) and 7 € I'(U°) and quotients hence to a Dorfman
connection

A:T(U)xT(A®T*M/U°) - T(Ae T*M/U®).
Note that U* ~ A@® T*M/U° and the Dorfman connection A is equal to

LY T(U) x T(U*) — I'(U*), the Lie derivative associated to the Lie alge-
broid U. We say that the Dorfman connection A is an extension of £V.

2.4. VB-algebroids and representations up to homotopy

We briefly recall the definitions of double vector bundles, of their linear and
core sections, and of their linear splittings and lifts. We refer to [16, [32] 39
for more detailed treatments. A double vector bundle is a commutative
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square

T™B
2y

B
lQB

— M

D
AqA

of vector bundles such that

(di +ad2) +B (d3+ads) = (di +Bd3) +4 (d2 +p ds)

for dy,ds,ds,dy € D with wa(d1) = wa(de), ma(ds) = ma(dy) and wp(dy) =
wp(ds), mp(dy) = mp(dy). Here, +4 and +p are the additions in D — A
and D — B, respectively. The vector bundles A and B are called the side
bundles. The core C' of a double vector bundle is the intersection of the
kernels of m4 and of wp, which has a natural vector bundle structure on
C over M. The inclusion C' < D is denoted by C,, 3 ¢ — ¢ € 7, (04) N
w5 (07).

The space of sections I'g(D) is generated as a C°°(B)-module by two
distinguished classes of sections (see [33]), the linear and the core sections
which we now describe. For a section ¢: M — C, the corresponding core
section ¢': B — D is defined as cT(bm) = (N)bm +4c(m), m € M, by, € Bp,.
If not specified otherwise we denote the corresponding core section A — D
by ¢! also, relying on the argument to distinguish between them. The space
of core sections of D over B is written I';(D).

A section & € T'g(D) is called linear if £: B — D is a bundle mor-
phism from B — M to D — A over a section a € I'(A). The space of linear
sections of D over B is denoted by T',(D). Given v € T'(B* ® C), there
is a linear section 1/7: B — D over the zero section 04: M — A given by
V(b)) = Op,, +4 ¢(by). We call ¢ a core-linear section.

Example 2.8. Let A, B, C be vector bundles over M and consider D =
A x 1 B xp C. With the vector bundle structures D = ¢',(B @ C) — A and
D = ¢3(A® C) — B, one finds that (D; A, B; M) is a double vector bundle
called the decomposed double vector bundle with core C. The core
sections are given by

et by, (Of;,bm,c(m)), where m € M, b, € B,,, c € T'(C),

and similarly for ¢f: A — D. The space of linear sections I'4 (D) is naturally
identified with I'(A) & I'(B* ® C) via

(a, ) : by — (a(m), by, (b)), where ¢ € T'(B* ® C), a € T'(A).
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In particular, the fibred product A x s B is a double vector bundle over
the sides A and B, with core M x 0.

A linear splitting of (D; A, B; M) is an injective morphism of double
vector bundles ¥: A x 3 B < D over the identity on the sides A and B.
Any double vector bundle admits a linear splitting [14} 39]. A linear splitting
3 of D is also equivalent to a splitting o4 of the short exact sequence of
C*°(M)-modules

(2.4) 0 —T(B*®C) = I'y(D) —T(A) — 0,

where the third map is the map that sends a linear section (£, a) to its base
section a € I'(A). The splitting o4 is called a horizontal lift. Given X, the
horizontal lift o4: T'(A) — T'5(D) is given by o4(a)(by) = S(a(m), by,) for
all a € I'(A) and b, € B. By the symmetry of a linear splitting, we find
that a lift 04: T'(A) — I'5(D) is equivalent to a lift op: I'(B) — T'%(D),
o5(B)(a(m)) = 74(a) (b(m)).

Example 2.9. Let gg: F — M be a vector bundle. Then the tangent bun-
dle TE has two vector bundle structures; one as the tangent bundle of the
manifold F, and the second as a vector bundle over T'M . The structure maps
of TE — T'M are the derivatives of the structure maps of £ — M.

TE-* . |

| o

TM Tvae M

The space TE is a double vector bundle with core bundle £ — M. The
map : E — pEl(OE) N (Tqe) 1 (0"™) sends e,, € E, to &, = % |t:0 teny, €
Ty E. Hence the core vector field corresponding to e € I'(E) is the vertical
lift e': E — TE, i.e. the vector field with flow ¢: E x R — E, ¢4(el,) =
el, +te(m). An element of I', (T E) = X*(E) is called a linear vector field.
It is well-known (see e.g. [32]) that a linear vector field ¢ € X!(E) covering
X € X(M) corresponds to a derivation D*: I'(E*) — T'(E*) over X € X(M).
The precise correspondence is given b

(2.5) §(lc) = lp-y and  &(gpf) = qp(X(f))

"Since its flow is a flow of vector bundle morphisms, a linear vector field sends
linear functions to linear functions and pullbacks to pullbacks.
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for all e € I'(E*) and f € C*°(M). We write D for the linear vector field in
X!(E) corresponding in this manner to a derivation D of I'(E). The choice
of a linear splitting ¥ for (T'E;TM,E; M) is equivalent to the choice of
a_connection on E: we can define V: X(M) x I'(E) — I'(E) by orn(X) =
Vx for all X € X(M). Conversely, a connection V: X(M) x I'(E) — I'(E)
defines a lift oy, : X(M) — X!(E) and a linear splitting 2V : TM x; E —
TE. Given V, it is easy to see using the equalities in that the Lie
bracket of vector fields on E is given by [o¥,,(X),07,,(Y)] = oy, [X,Y] —
Re(X, V), [0Y,,(X),e!] = (Vxe)T, [e{,eg} =0, for all X,Y € X(M) and
e,e1, ez € I'(E).

A double vector bundle (D; A, B; M) is a VB-algebroid ([31]; see also
[16]) if there are Lie algebroid structures on D — B and A — M, such
that the anchor ©: D — T'B is a morphism of double vector bundles over
pa: A — TM on one side and if the Lie bracket is linear:

Iy
I8
I8

(D), T%(D)] € T(D),
T(D)] € T3(D),
(D). T%(D)] = 0.

@ B WS
S

The vector bundle A — M is then also a Lie algebroid, with anchor p4 and
bracket defined as follows: if &1,& € F%(D) are linear over aj,as € I'(A),
then the bracket [£1,&2] is linear over [a1, ag].

Example 2.10. Consider a Lie algebroid A. For a € T'(A), we have two par-
ticular types of sections of TA — T'M: the linear section Ta: TM — TA,
and the core section af: TM — TA, a'(z,,) = T,,0%m +p, % | ot a(m).
The identities [T'a,Tb] = Tla,b], [Ta, bf] = [a, 0], [af,bl] =0, pra(Ta) =
[p(a),-] € X(TM) and pra(a’) = (p(a))’ € X4(TM) define a VB-algebroid
structure (TA — TM,A — M).

The cotangent space (T*A — A*; A — M) also is a VB-algebroid. The
projection r4: T*A — A* is given by r4 (g, ) (by) = aq,, (% | o Om + tbm)
for all b, € A,,. For § € Q' (M) we have

0" € T5.(T74),  6'(a(m)) = dogla — 420(07)
and for a € I'(A), the section aft € I'Y,.(T*A) is defined by af(a(m)) =

do(m)(la — ¢4 (a,a)) for a €T'(A*). The Lie algebroid structure on
T*A — A* is given by [all, afl] = [a1, a2] ", [a®, 0] = (£,)0)T, [6],60] = 0,
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pr-a(aft) = £, € X(A*) and pr-4(01) = (p*0)" € X(A*) for a,a; € T'(A) and
0,0; € Q1 (M).

The space TA x 4 T* A has the structure of a double vector bundle:

TAGT A2 TM & A*
CA\L ip}VI
A M

The vertical vector bundle is the Pontryagin bundle TA @ T*A of A seen
as a manifold, and the horizontal projection is defined by I14(v,,,, @4, ) =
(¢+(va,, ), ma(a,,))-

The Lie algebroid TA ® T*A — TM & A* is defined as the pullback to
the diagonals Ay — Ajs of the Lie algebroid TAXT*A—TM x A*. We
have the special linear sections a' := (Ta,a®): TM @& A* - TA® T*A for
a € T(A) and (b,0)1 := (b7,07): TM@ A* = TA®T*A for (b,0) eT'(A®
T*M). We write ©: TA®T*A — T(T'M @& A*) for the anchor of TA®
T*A — TM @& A*. The Lie algebroid (TA® T*A,0,]-,]) is described by
the following identities

[ah, ab) = [a1,a0)',  [a!, 7] = (£a7)T, [, 7] =0

—

0(d') = £a, O(7") = ((p, P")7)".
for a,a1,a2 € T'(A), 7,71, 72 € T(ADT*M).

Let Ey, E1 be two vector bundles over the same base M as A, and
0: By — E; a vector bundle morphism. A 2-term representation up
to homotopy of A on 0: Ey — E; [I} [16] is the collection of two A-
connections, V? and V! on Ey and Ei, respectively, such that 9o V? =
V!0, and an element R € Q%(A,Hom(E1, Ey)) such that Ryo = Ro 0,
Ry: = 00 R and dymem R = 0, where VH™ is the connection induced on
Hom(FE}, Ep) by V? and V! and the operator dyues on Q°(A, Hom(FE, Ep))
is given by the Koszul formula:

deomw(al, ves ,ak+1) = Z(—l)iJrjw([az‘, aj], ai, ... ,di, ceey dj, NN ,ak+1)
1<j

+Z Z+1VH0m (al,...,di,...,akﬂ))

for all w € QF(A, Hom(FE1, Fy)) and ay,...,ar.1 € ['(A).
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Consider again a VB-algebroid (D — B, A — M). The anchor ©(c') of
a core section ¢l € I'4(D) is given by ©(cl) = (dpc)T, defining a vector bun-
dle morphism dp: C' — B. Choose a linear splitting >.: A x5y B — D. Since
the anchor © of a linear section is linear, for each a € I'(A) the vector
field ©(c 4(a)) € X!(B) defines a derivation of T'(B) with symbol p(a). This
defines a linear connection VZ: T'(A) x I'(B) — I'(B): O(c4(a)) = VB for
all a € I'(A). Since the bracket of a linear section with a core section is
again a core section, we find a linear connection V: I'(A) x T'(C) — I'(C)
such that [o4(a),cl] = (VS¢e)T for all ¢ € T'(C) and a € I'(A). The difference
oalar,as] — [oa(a1),04(a2)] is a core-linear section for all aj,as € T'(A).
This defines a vector valued form R € Q?(A, Hom(B, C)) by [04(a1),0(az)]
= oala1,a2] — R(a1,a9), for all aj,as € T'(A). For more details on these con-
structions, see [16], where the following result is proved.

Theorem 2.11. Let (D — B;A— M) be a VB-algebroid and choose a
linear splitting ¥: A xpr B — D. The triple (VB, VY, R) defined as above
s a 2-term representation up to homotopy of A on the complex Op: C' — B.

Conversely, let (D; A, B; M) be a double vector bundle with core C' such
that A has a Lie algebroid structure, and choose a linear splitting X: A Xy
B — D. Then if (VB,VC, R) is a 2-term representation up to homotopy of
A on a complex Og: C — B, then the equations above define a VB-algebroid
structure on (D — B; A — M).

Example 2.12. Let E — M be a vector bundle. By Example [2.9] the tan-
gent double TE has a VB-algebroid structure (I'E — E,TM — M). Con-
sider a linear splitting ¥: F X3y TM — TFE and the corresponding linear
connection V: X(M) x I'(E) — I'(E). The representation up to homotopy
corresponding to this splitting is given by 0 =idg: F — E, (V,V, Ry).

Example 2.13. Let A be a Lie algebroid and consider the VB-algebroid
(TA— TM,A— M); see Example A linear connection V: X(M) x
I'(A) — T'(A) defines a horizontal lift o4: I'(A) — I'}y,(TA). The corre-
sponding 2-term representation up to homotopy is on Oryr = p: A - TM
and given by (VP VPas Rbas) " where VPaS: I'(A) x ['(4) — I'(4) and
Vbas: T(A) x X(M) — X(M) are the basic connections associated to V:

Vora = [a,d ]+ Vyaya,  Ve®X = [p(a), X] + p(Vxa)
for all a,a’ € T'(A) and X € X(M) [I, 13]. The tensor

R ¢ O?(A, Hom(T'M, A))
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is defined by

R¥S(ay,a2)X = —Vx|a1,as] + [Vxay, as] + [a1, Vxas)
- VV};TX a2 + VV};?X CL1

for all aj,as € I'(A) and X € X(M).
Example 2.14. We now consider the VB-algebroid (TA®T*A — TM &
A*, A — M) with core A @ T*M. Dorfman connectionﬁ A:T(TM e A*) x
T(A® T*M) — I'(A® T*M) are equivalent to linear splittings 2 : (T M @
A Y xyy A—-TADT*A;
S (X, )(am) = (TnaX (m), dla(am)) = Agx.a)(a,0)"(am),
where for b € I'(A) and 6 € Q' (M), the pair (b,0)"(am) € T, A X T; Ais
defined by (5,0)' (a,,) = (8" (@), (436 (a)) 20,
The horizontal lift
o4 T(A) = Thrypa- (TA®4 T A)
is given by 04 (a)(Vm,am) = (Tmavm, da, la) — A(x,0)(a,0)(ap,) for any

choice of section (X, a) € T'(TM @ A*) such that (X, a)(m) = (Um, ), or
in other words by

oc4(a) = (Ta,af) —Qa=d —Qa

for all a € I'(A), where Q: I'(TM @ A*) xI'(A) - T(A® T*M) is defined
by

(2.6) Qx.0)0 = Ax,0)(a,0) — (0,d{a, a)).

The two maps VP: T'(A) x I(TM @ A*) — T'(TM & A*),
(2.7) VoS (X, @) = (p, p)(Qx.@) + £a(X, )
and VP: T'(A) x T(A@ T*M) - T(A® T*M),

Vgas(a/, 0) = Q(p’pt)(a/79)a + £a(a', 9)

8TM @ A* is always anchored by pry,.
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are ordinary linear A-connections. The formula

RS (a1, a2)(X, @) = =Qx.ala1, a2] + £a, (Qx,a)2) = £as (Ux.0)01)
+ Qvggs()aa)al - QVS‘;S(XA)“?

defines a tensor R € Q2(A, Hom(TM & A*, A@® T*M)). We prove in [20]
that the 2-term representation up to homotopy defined by the VB-algebroid
(TA®T*A—TM @ A*, A — M) and the splitting ¥ is the 2-term repre-
sentation of A on (p,p!): A®T*M — TM @& A* given by (VP25 yPas phas),
Compare this with the 2-term representation up to homotopy given by a lin-
ear splitting of (I'A — T'M, A — M) as in Example

3. A-Manin pairs and Dirac bialgebroids

A Manin pair over a manifold M is a pair (C,U) of vector bundles over M,
where C' has the structure of a Courant algebroid and U is a Dirac structure
in C 3.

Definition 3.1. Let (A — M, p, |-, ]) be a Lie algebroid.

1) An A-Manin pair over M is a Manin pair (C,U) over M, together
with
a) an injective morphism ¢: U — T'M @& A* of vector bundles, such
that py := po|u = pryys ov and
b) a (degenerate) Courant morphism ®: A @ T*M — C such that

DAST*M)+U =C

and (u, (7))o = (t(u), ) for all (u,7) € U xpy (ADT*M).

2) Let (U — M, pu,|[,-]u) be a Lie algebroid and ¢: U - TM & A* an
injective vector bundle morphism that is compatible with the anchors:
pryas or = py- The triple (A, U, ) is a Dirac bialgebroid (over A) if
U is the Dirac structure and ¢ is the injective morphism of an A-Manin
pair.

3) Two A-Manin pairs (C,U) and (C’,U’), and respectively two Dirac
bialgebroids (A, U, ) and (A,U’,/'), are equivalent if they define the
same Lie algebroid «(U) = //(U’) in the pry,~anchored vector bundle
TM ¢ A*.
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By definition, an A-Manin pair determines an unique Dirac bialgebroid
(A,U, ). Conversely, we show that the equivalence class of an A-Manin pair
(C,U) with structure maps ¢, ® is completely determined by the equivalence
class of the corresponding Dirac bialgebroid (A, U, ). More precisely, given
A, U and ¢, we can reconstruct C' and ¢ up to isomorphism. Consider a
Dirac bialgebroid (A, U, ¢) and identify U with «(U) C A@T*M.If 7 € U° C
TM @ A*, then ®(7) satisfies

<U7CI)(T)>C = <7—a u> =0

for all uw € U. Since U is a Dirac structure, we find that ® restricts to a map
U°® — U. (Conversely, we find easily that ®(7) € U if and only if 7 € U°.)
Next choose 71 € U° and 9 € A® T*M. Then

(®(71),72) = (®(11), B(2)) = (71, T2)a = {(p, p')T1, T2),

which shows that ®|ye = (p, p')|ye: U° — U. In particular, (p, p*) sends U°
to U, and U° is isotropic in A @ T*M. Consider the vector bundle map
U AdT*M — C, (u,7) — u+ ®(7). By hypothesis, this map is surjec-
tive. Its kernel is the set of pairs (u,7) with u = —®(7), i.e. the graph of
—(p, p)|yo: U° — U. Tt follows that C can be identified with

U A®T*M

(3:-1) graph(—(p, pt)|pe: U° — U)’

We use the notation u @ 7 for u + ®(7) € C. The anchor of C' is then ¢: C —
TM, ¢(u®T)=prpy(u) +popry(r), and the bracket is given by (u; @
T, up®72)c = (u1 + B(71), uz + B(72))c = (ur, 72) + (u2, 71) + (11, (p, p')72).
The map D: C*°(M) — I'(C) is given by ((u® 7,Df))c = (pryas(u) + po
pry(7))f forallu® 7 € T'(C), i.e. Df =0 (0,df).

We show that the Courant algebroid bracket is uniquely determined
by the Lie algebroid structure on U. Take an extension A: I'(T'M & A*) x
MA@ T*M) - T(A®T*M) of £Y. First note that since the dual dull
bracket on I'(T'M & A*) is anchored by pry,,, we have

(32) A(X,oz) (a7 9) = Au(av O) + (Oa "EXH)
for X € X(M), a € T(A*), a € T(A) and 6 € Q' (M). We define the connec-

tion VP3: T'(A) x I'(TM @ A*) — I'(TM @ A*) associated to A as in (2.7)),
ie. Vo*u = (p, p")(Av(a,0) — (0,d(v, (a,0)))) + £,v for a € T(A) and v €



Dirac groupoids and Dirac bialgebroids 201

I(TM @ A*). We prove that the bracket on I'(C') is given by

(3.3) [ur ® 71,u2 @ m]c = ([u1,ualy + VB2 _ug — VBB )

pr,m pry ’7'2

S¥ ([7177'2](1 + Ay, 2 — Ay, + (0,d(71,u2))).
We know that
[ur ®0,u2 ®0]c = [ur,u2]ly ®0, [0@71,0D m]c =0 11,74

for uy,ue € T(U) and 7,72 e T(AD T*M).

Note that C'/U is isomorphic to A @ T*M/U® via the map ¥: C/U —
A®T*M/U°, u® T — 7. These two vector bundles are isomorphic to U*
and £V is given by

£9F=A,7 in AQT*M/U°

and by

L9 e r=ua0,u ®&7]c in C/U.
Hence LU0 7= (U 1o £VoW)0DT=00 A,7 and so

[u®0,0®7)c=0®A,T.

We want to compute v = v(r,u) € T'(U) such that [u®0,0B7]c =v®
A, 7. First note that

[u®0,007]c+[0®7,ud0]c
=D((u® 0,08 7))c = D(r,u) = (0,d(r, u)).

We write u = (X, a) and 7 = (a,6). Then, by the Leibniz property of the
Courant algebroid bracket on C, we find for 7/ = (b,w) € (A ® T*M):

pla)(u, ) = c(0© 7)((u® 0,08 7'))c

(
<[[0@ru@0]] 0er))c+ {(ua,[0er,087))c
((=v) ® (=Au7 + (0,d(7,1))),0® 7))

((ue 0,0 (£, + (0, =iy do))))c

—<U,T,> - <(P, pt)(Au(aa 0) (0 d a a +W
_W+ <ua £GT/>_d0 ’ )

This leads to — (v, 7") = ((p, p')(Au(a,0) — (0,d{a, a))) + £L4u,7’') and, since
7/ was arbitrary, we have shown that [u @ 0,0 ® 7] = (—VP*u) @& A,7. Note

I T
—~ —~ O

HE N
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that (3.3)) does not depend on the choice of the extension A of £V. We have
proved the following proposition:

Proposition 3.2. The map

Equivalence classes N Equivalence classes of
of A-Manin pairs Dirac bialgebroids over A [’

that sends the class of (C,U) (with structure maps t,®) to the class of
(A,U,1), is a bijection.

4. The Dirac bialgebroid associated to a Dirac groupoid

First we recall the definition of a Dirac groupoid, as well as some of their
properties.

Definition 4.1 ([38]). A Dirac groupoid (G = M, D) is a Lie groupoid
G = M with a Dirac structure D such that D C TG ® T*G is a Lie sub-
groupoid.

The Dirac structure D is then said to be multiplicative. We write
U for the set of units of D seen as a groupoid, i.e. for the vector bundle
U=DnN(T'M & A*). The inclusion of U in TM & A* is always called ¢: U —
TM & A*. We write K for the vector bundle K =D N (A& T*M). We have
K = U° and also (p, p*)(K) C U since Tt(D) C U.

Let u be a section of U. Then there exists a smooth section d of D such
that d|py =u and Ttod =uot [2I]. We then write u ~¢ d and d ~; u. A
section d of D satisfying these two conditions is called a star section. In
[21] we proved the following two results.

Theorem 4.2. Let (G = M,D) be a Dirac groupoid, d ~¢ u a star section
of D and a € T'(A). Then the Lie derivative £,-d can be written as a sum

Lord = Lod~+ (T44)"
with Lqd a star section and 74, a section of A®T*M.
Theorem 4.3. Let (G = M,D) be a Dirac groupoid. Then there is an in-
duced bracket [, -]y : T(U) x T(U) — T'(U) defined by [u, vy = [d,d']|am for

any choice of star sections d ~y u, d' ~¢ v’ of D. The triple (U, |-, v, pv: =
proas) s a Lie algebroid over M.
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We shall prove that (A,U,¢) is a Dirac bialgebroid. In order to do this,
we describe how an A-Manin pair is naturally associated to a Dirac groupoid
(G = M, D). The Lie algebroid U is the Dirac structure in this Manin pair.

Set B=: (U® A®T*M)/K", where we see K'= (kerTtND)|y as a
subbundle of U @ (A@® T*M) = D|as + ker Ts|5;. We write sections of B
as pairs u® 7 :=u+7+ K', with w € '(U) and 7 € I'(A® T*M). Since
(ker Ts)* = ker Tt relative to the canonical symmetric pairing on TG & T*G,
we have (U @ (A @ T*M))*" = (ker Ts|ps + D|p)" = K*, and so the pairing
(-,-) on TG @ T*G restricts and projects to a nondegenerate symmetric
pairing on B:

(1 @ 11, up D T2)B = az(ar) + aq(az) + 61(Xa + p(az)) + 02(X1 + p(ar))
= (u1,m2) + (U2, 1) + (71, 72)a

where u; = (X;, ;) and 7; = (a;,6;). We then define b: B — TM by b(u &
7) = proas(u) + popry(7) and, finally, [-,-]g: I'(B) x I'(B) — I'(B) by

[ur © 11, up @ To]lg = [di + 71, d2 + 73] | + K°

for all 71,7 € T'(ker Ts|as), ui,ue € T'(U) and star sections d; ~ u; of D.
Here, [-,-] is the Courant-Dorfman bracket on sections of TG & T*G. We
have proved in [21] that (B,b,[-,]s,(:,)) is a Courant algebroid.

Theorem 4.4. Let (G = M,D) be a Dirac groupoid, and let A be the Lie
algebroid of G = M. Then the pair (B,U) defined as above is naturally an
A-Manin pair.

Proof. By construction, U is a subbundle of TM & A*. We first show that
U is a Dirac structure in B, when we identify U with its image under the
injective map U — B, u — u @ 0. A dimension count shows that 2 rank(U) =
rank(B), and U is obviously isotropic relative to (-,-)g. By Theorem |4.3
I'(U) is closed under the bracket on I'(B).

By construction again, we find immediately that the map ®: A T*M —
B, 7 +— 0 @ 7 is a morphism of (degenerate) Courant algebroids: it is easy to
check that [0 ® 7,0 ® 2]g =0 [11,72]q, (0B 71,0D 12)g = (11, 72)q and
b(0&T)=popry(r). Thesum .y +@: U S (A T*M) — B, (u,7) — ud
T is surjective, and we have (u, ®(7)) = (u ® 0,0 ® 7)g = (u, 7). O

Corollary 4.5. The triple (A,U, ), with U endowed with the Lie algebroid
structure defined in Theorem[{.3, is a Dirac bialgebroid.
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Our goal is to show that this defines a bijection between source simply
connected Dirac groupoids and integrable Dirac bialgebroids.

The following proposition shows that the Lie derivative £P is right-
invariant and projects to the Lie derivative £Y. Note that this is in fact the
key feature of a multiplicative Dirac structure, and that it resembles the
right-invariance of the Bott connection corresponding to a multiplicative
involutive distribution on a Lie groupoid [23].

Proposition 4.6. Let (G = M,D) be a Dirac groupoid.
1) The Dorfman connection
£P = AP T(D) x (TG & T*G/D) - I'(TG ® T*G/D)

induces as follows a Dorfman connection A: T'(U)xT'(A®T*M/K) —
FNA®T*M/K). For a star section d ~ u of D and a right-invariant
section 7" of TG & T*G, we have

ADTT = (A7)

2) Note that A® T*M/K ~ U* and the Dorfman connection A is exactly
the Dorfman connection defined by U in B, or in other words the Lie
derivative £V of T(U*) by sections of U.

Proof of Proposition[4.6, For the first claim write 7 = (a,0), with a € I'(A4)
and 0 € QY(M), and prpa(d) = X, pryy(u) = X. Using Theorem [4.2] we
get the equality

[[dv TT] = _[[7_7”’ d]] + (03 d<d7 TT>) = —Loyd+ (07 ith*H) + (07 t*d<u7 T>)
= —L,d— (Td,a — (0, i)‘(de + d<u,7’>))r,

which implies

ld,77] = = (740 — (0,igd0 + d{u,7)))"

in TG @ T*G/D. This is 0 if and only if 74, — (0,ixdf + d(u, 7)) € I'(K).
We show that this does not depend on the choice of d over the sec-
tion uw € I(U). If d' ~yu is an other star section of D over u, then we
have d —d' € T(D NkerTt) and (d — d’)[ps = 0. Choose a (local) basis of
sections 71,...,7, of K*. Then d —d' can be written as d —d' =), fir!
with fi,..., fr € C*°(G) vanishing on M. Using this, it is easy to check
that [d —d',7"] = = >_I_, a"(f;)7} € I'(D) and so that [d — d’,7"] = 0. Set
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AT = =744+ (0,igdf + d(u, 7)). Checking that A is a Dorfman connec-
tion is straightforward.

For the second claim let u’ be a section of U and d’ a star section of D
over u'. We compute

(AuT ') = (AFT7 d)|ar = ([d. 7], ') s
= (prra(d)(r", d) — (", [d,dT)) |m

= prTM(u) <7-7 u/> - <7—7 [uv u/]U> = <‘£u7i7 u/>' 0

5. The Dirac bialgebroid associated to a Dirac algebroid

Let A be a Lie algebroid. Recall from Example[2.10|that the space TA & T* A
has the structure of a double vector bundle with sides TM @& A* and A and
with core A @ T* M. The vector bundle TA & T*A — A is equipped with the
standard Courant algebroid structure, and the vector bundle TA @ T*A —
TM & A* is equipped with a Lie algebroid structure, which was described
in Example These two structures are compatible and TA@® T*A is
an LA-Courant algebroid. (LA-Courant algebroids are defined in [25]. An
alternative, perhaps more handy definition in terms of representations up to
homotopy and Dorfman 2-representations is given in [22].)

Definition 5.1. A Dirac algebroid is a Lie algebroid A with a Dirac struc-
ture D4y € T'A @ T*A that is also a sub-algebroid of TA® T*A — T M & A*
over a subbundle U C T M & A*.

We also say that D 4 is an LA-Dirac structure on A. It is in fact a sub-double
Lie algebroid of the LA-Courant algebroid (TA @& T*A; A,TM & A*; M).

This section shows how LA-Dirac structures are equivalent to A-Manin
pairs.

5.1. Decompositions of LA-Dirac structures

Let A be a Lie algebroid. Recall that in §2.10] we have described linear
splittings of the VB-algebroid (TA® T*A —TM & A*, A — M). Now we
consider sub-double vector bundles

D——U of TADT*A ——=TM @ A* .

L | |

A——M A M
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We denote the core of D by K C A @ T*M. There exists a Dorfman connec-
tion A such that D — A is spanned by the sections kT, for all k£ € T'(K) and
JZ%M@A* (u) for all uw € T'(U) (see [20]). The Dorfman connection A is then
said to be adapted to D and the double vector subbundle D is completely
determined by the triple (U, K,A). Conversely we write Dk a) for the
double vector subbundle defined in this manner by a Dorfman connection
A and two subbundles U CTM @ A*, K C A®T*M. The set of sections
of D — U is spanned as a C°°(U)-module by the sections 04 (a)|y and k|ys
for all a € I'(A) and k € T'(K). We have D g Ay = D,k A if and only if
(A=A, el(K) forallu e '(U) and T e T(A® T*M).

By the results in [20], D is a Dirac structure D4 over A, if and only
if K =U°, any adapted Dorfman connection A satisfies Ak € I'(K) for
all w e I'(U) and k € I'(K) and the induced quotient Dorfman connection
A:TU)xT(A9T*M/K) - T(A® T*M/K), A,7 = A,7 is flat. That is,
since A @ T*M/U® ~ U*, the Dorfman connection A is in fact dual to a Lie
algebroid structure on U with anchor pry;,. The Lie algebroid bracket is the
restriction to I'(U) x I'(U) of the dull bracket [-,-]a that is dual to A. The
quotient Dorfman connection and so also the obtained Lie algebroid struc-
ture on U do not depend on the choice of the adapted Dorfman connection
to D A-

Next, a double vector subbundle as above defines a VB-subalgebroid
(D—AU—-M) of (TA®T*A—-TM G A*,A— M) if and only if
(p, ) (K) CU, VPk € T(K) for all a € I'(A) and k € T(K), Vbau € T'(U)
for all u € T'(U) and R3(a,b)u € T'(K) for all a,b € I'(A) and u € T(U).
We get the following theorem.

Theorem 5.2. [20}] Consider a Lie algebroid A and a Dorfman connection
A:T(TM @ A" ) xT(A®T*M) = T(AT*M).
Let UCTM & A* and K C A®T*M be subbundles. Then Dy i ) is a

Dirac structure inTA S T*A — A and a subalgebroid of TAGST*A — TM &
A* over U if and only if:

1) K =U°
2) (p,p")(K) CU,
3) (U, prTM,[[ Jalr@yxr@)) is a Lie algebroid,

)
)
4) Vbasy € T(U) for all a € T(A) and u € T(U),
5) RR(a,b)u € T(K) for allu € T(U), a,b € T(A).
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In the next subsection we use Theorem to construct the Manin pair
associated to the Dirac bialgebroid.

Remark 5.3. The equation

(5.1) <V5?Sl/, T) + (v, VE?ST)
= p(a) (v, 7) = ([v, (p, P)7]a + (0, P) 7, V], T)

for 7' = (d/,0) eT(ADT*M), veT'(TM @& A*) and T e T(ADT*M), is
easily checked.

Hence the two A-connections VP2 are not in duality, but if K = U° and
the restriction of the dull bracket to I'(U) x I'(U) is skew-symmetric, then
for a € T'(A), VL € T(K) for all k € T'(K) if and only if VP*y € T'(U) for
all u € I'(U); see [20].

Given the linear splitting given by the Dorfman connection adapted to
D 4, the Lie algebroid structure D4 — A is described by the 2-term represen-
tation up to homotopy defined by the vector bundle morphism pry: K —
A, the connections (pryo): I'(U) xI'(A) - T'(A) and A: T'(U) x I'(K) —
['(K), and the curvature Ra € Q%(U, Hom(4, K)).

The Lie algebroid structure of the other side D4 — U is described by the
complex (p, p'): K — U with the basic connections VP2: T'(4) x T'(U) —
[(U) and VP8: T(A) x I'(K) — I'(K) and the basic curvature RR €
O?(A,Hom(U, K)).

Remark 5.4. A long but straightforward computation shows that these
two 2-term representations up to homotopy form a matched pair [I5]. One of
the seven equations defining the matched pair is exactly in Lemma
which is also the key to the most complicated equation. is a useful tool
to check that equation as well. Corollary is another one, and most of the
remaining equations follow immediately from the definition of the involved
objects.

As a consequence, (D4, U, A, M) is a double Lie algebroid [15], and the
core K has an induced Lie algebroid structure, which is given by the restric-
tion of [-,-]g to I'(K), with Lie algebroid morphisms to A and U. To see
this, use [15, Remark 3.5] and Lemmas and below.

5.2. The A-Manin pair associated to an LA-Dirac structure

Consider a triple (U,U°, A) as in Theorem and define the vector bundle
C with base M as in (3.1]). We write u @ 7 for the class in C of a pair
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(u,7) eT(U D@ (A®T*M)). It is easy to check that the pairing

((u1 & 11, u2 @ 1)) = (w1, 72) + (ug, 1) + (11, (P, Pt)7'2>

defines a symmetric fibrewise pairing ((-,-))c on C. It is easy to see that this
pairing ((-, -))c is nondegenerate, and that the vector bundle C'is isomorphic
to U ® U*. Now set

c:C—TM, c(u® 1) =proy(u) + popry(r).

Theorem 5.5. Let A be a Lie algebroid and consider an LA-Dirac structure
(Da,U, A, M) over A. Choose a Dirac structure A: T'(TM & A*) x I'(A &
T*M) — T(A® T*M) that is adapted to Da. Then C in is a Courant
algebroid with anchor ¢, pairing ((-,-))c and bracket [-,-]: T'(C) x T'(C) —
r(e),

[ur @ 11, u2 ® 2] = (ﬂulvUZHA + VEfSUZ - vlf)gasul)
@ ([71,T2]D + Ay, 12— Ay, + (Ovd<7—17u2>)) .

The map D = c*od: C®(M) = T'(C) is given by f+— 0®(0,df). The
bracket does not depend on the choice of A.

The proof of this theorem can be found in the appendix.

Remark 5.6. 1) It is easy to check that the Courant algebroid structure
does not depend on the choice of A adapted to D4.

2) This construction has some similarities with the one of matched pairs
of Courant algebroids in [17]. It would be interesting to understand
the relation between the two constructions.

It is easy to see that the Lie algebroid (U,pryas|u, [, ]a) is a Dirac
structure in C, and that (C,U) is an A-Manin pair over M. Hence, we get
the following corollary.

Corollary 5.7. Let A be a Lie algebroid and consider an LA-Dirac struc-
ture (D4, U, A, M) over A. Then the triple (A,U, ), with v the inclusion of
U in TM @ A*, is a Dirac bialgebroid.

Now we can prove the following theorem.
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Theorem 5.8. Let A be a Lie algebroid over a manifold M. Then the con-
struction above defines a one—one correspondence between LA-Dirac struc-
tures on A and equivalence classes of Dirac bialgebroids on A.

Proof. We show here that there is a one-one correspondence between pairs
(UK =U°,A) as in Theorem and Dirac bialgebroids (A,U,t). From
the definition of the bracket, anchor and pairing in Theorem we find
immediately that (C,U) is an A-Manin pair and so that (A, U, ) is a Dirac
bialgebroid.

Conversely, choose an A-Manin pair (C,U). Recall from the proof of
Proposition that C can be written as in and that the anchor,
pairing and brackets are defined as in Theorem [5.5, with A: T'(T'M @& A*) x
I'(A@T*M) — I'(A® T*M) any extension of the Lie derivative £V dual to
the Lie algebroid structure on U. The proof of Theorem shows that all
the conditions in Theorem are then satisfied for the pair U and A. 0O

6. The Lie algebroid of a multiplicative Dirac structure
In this section, we recall how the Lie algebroid of a Dirac groupoid is
equipped with an LA-Dirac structure [38]. Then we compute explicitly the

Dirac algebroid of a Dirac groupoid and we prove that they induce equivalent
Dirac bialgebroids.

6.1. Dirac groupoids correspond to Dirac algebroids

Ortiz shows in [38] that modulo the canonical isomorphism (see [24])

A(TG & T*G) TA®T A :
TM @ A* TM & A*
AG) = A A

T~ s
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the Lie algebroid A(D) — U of a multiplicative Dirac structure D on G = M
is an LA-Dirac structure

Dgo——U

|

A——M

i.e. (A,Dy4) is a Dirac algebroid. Assume that G = M is source simply con-
nected. Ortiz proves that this defines a one-to-one correspondence between
LA-Dirac structures over A = A(G) and multiplicative Dirac structures on
G = M [38]:

(6.1)

D4 LA-Dirac structure | 1:1 [ D multiplicative Dirac structure
— .
on A on G =M

6.2. The Lie algebroid of a multiplicative Dirac structure

Now consider again a Dirac groupoid (G = M,D) and consider an exten-
sion A: T'(TM @ A*) xT(A®T*M) - T'(A® T*M) of the induced Dorf-
man connection £V as in Proposition (Recall that U* ~ (A@ T*M)/U°.)
Define then Q: I'(TM @ A*) xT'(A) - T(A@® T*M) as in (2.6].

Lemma 6.1. For a € I'(A), the map ¢o: T'(U) — T'(U*) defined by

da(u) = Qua, acl'(A),uel(U)

satisfies ¢t = —¢q.

Proof. The proof is just a computation:

(fa(wr),ug) = (Ay,a = (0,d{u,a)), ug) = (£, (a,0), ug) — pryyy (uz)(us,a)
= ([u1 ® 0,0 ® a]g, uz @ 0) — pryps(uz)(uy, a)
= —([0® a,u; ® 0], uz ©0)
= —p(a){u1 ®0,uz ® 0) + (u1 ® 0,0 D a,uz ® 0]g)
= —(u1, a(u2))

for uy,ug € T'(U) and a € T'(A). O

Remark 6.2. By the proof of Proposition we have ¢q(u) = —74 4 for
any star section d € I'(D) over u € I'(U).
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We compute the linear and core sections of the Lie algebroid A(TG &
T*G) — TM @ A*. Let a be a section of A, m € M, (Uym,am) € Uy, and
consider the curve a(vmy,, am): (—&,6) = TG ® T*G,

d(’l)m, Ozm)(t) - (Tm Exp(ta)vm, (TExp(ta)(m) LExp(—ta))tam)

where € > 0 is so that Exp(ta)(m) is defined for all t € (—¢,¢). Here, Lgyp(ia)
is the left multiplication by the bisection Exp(ta) of G == M. In the same
manner, given 7 € ['(A @ T*M), consider the curve 7¢(vy,, ap): R = TG @
T*G, 7¢(Vm, ) (t) = (Vm, @) + t7(m). We define the linear and core sec-
tions a', 7% € T(A(TG ® T*G)) by

at (U, ) = 4 a(Upm, am)(t)  and
dt | 4o
7 (Vm, ) = 4 0 (Vmy ) (1)
ms m) — dt t:O ms m

for all (v, ) € TM @ A*. More generally, if ¢ € T'(Hom(TM @ A*, A®
T*M)) and a € I'(A), then the linear section g4 € T'(A(TG & T*Q)) is
given by

(Umv O‘m) + t¢<vm; am)
t=0

Qa6 (Vm, Q) == al(vm, am) +

dt

for all (v, am) € TM & A*, where the sum is taken in the fibre over (vy,, am,)
of ATGT*G) - TM @ A*.

We find out which a € I'(A) and ¢ € T'(Hom(TM & A*, A® T*M)) lead
to a section «y ¢ that restricts to a section of A(D) on U.

Proposition 6.3. For all a € I'(A), we have o, 4|v € T'(A(D)) if and only
if ¢|U = Qq-

Proof. Since D = D™, a vector field X € X(TG @ T*G) restricts to a section
of TD if and only if d¢3(X) =0 on D for all d € T'(D), where ¢4: TG &
T*G — R is the linear function associated to d.

Choose u,, € U, a star-section d € I'(D), d ~ v/, defined in a neighbour-
hood of m € M and compute:
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dlg(um)(a,g(um)) = % - (@(um)(t), d(Exp(ta)(m)))

+ (U + tP(um), d(m))
- % o (ttms (Lo D(m) ) + - (6(utm), Te(d(m))
= (s (Lard)(m) + (D(ue), ()

= (tm, Ta,d(m)) + (@ (um), u'(m)).

Since ¢q(v') = =744 (Remark |6.2) we find that this vanishes for all star
sections d € I'(D) if and only if éluy = —¢a. By Lemma this is equivalent
to ¢|U = ¢a. Il

Corollary 6.4. The subbundle A(D) - U of A(TG & T*G) - TM & A* is
spanned by the sections og.0.qlu and 7|y, for alla € I'(A) and T € T'(U°).

This corollary allows us to describe in the next section D4 = I(A(D)) in
terms of the Lie algebroid U.

6.3. Conclusion and main result

Consider again a Dirac groupoid (G = M, D) and an extension A: I'(T'M &
A ) xT(A@T*M) — T'(A@ T*M) of the induced Dorfman connection £V
as in Proposition The Dirac groupoid (G = M, D) induces an A-Manin
pair (B,U) as in Theorem and hence a Dirac bialgebroid (A,U, ). By
Theorem there is then an LA-Dirac structure on A corresponding to
(A,U, ). Our goal is to show how this LA-Dirac structure is, via the canon-
ical isomorphism A(TG @ T*G) ~TA @& T* A, the Lie algebroid A(D) — U
of the multiplicative Dirac structure D = U.

Note that given a Dirac groupoid (G = M,D), we have found two
Lie algebroid structures on the bundle U of units of D. The first one is
(prras, [, -lu), which was defined in Theorem the Lie algebroid struc-
ture of U as a Dirac structure in B. The second Lie algebroid structure on U,
(Prrass [ 5 larlc@yxr@)) was defined by any Dorfman connection A’ that
is adapted to the LA-Dirac structure D4 = I(A(D)) in TA® T*A — A. In
order to prove our main theorem, it remains to show that given a Dirac
groupoid (G'= M, D), we have [-,-]Ju = [, -]a’lr@)xr@) for any Dorfman
connection A’ that is adapted to D4 = I(A(D)). For this, it suffices to show
that A is adapted to Dy4.
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The canonical isomorphism I: A(TG & T*G) - TA®T*A of double
vector bundles can quickly be described as follows. The linear section a4 for
a € T(A) and ¢ € T(Hom(TM & A*, A® T*M)) is sent by I to (Ta,al’)) —
¢. In particular, the image of o, (. q) 18 Uﬁ(a). The image under I of the
core section 7% is 77. As a consequence, any extension A of the Dorfman
connection £V: T'(U) x T(A® T*M/U°) — T'(A@® T*M/U°®) that is dual to
[-,]u is adapted to D4 = A(D). In other words, the double vector subbun-
dle (D4 :=1(A(D));U,A; M) of (TA®T*A;TM & A*, A; M) corresponds
to the triple (U,U°, A).

This yields the following proposition.

Proposition 6.5. Let (G = M,D) be a Dirac groupoid and let A be the Lie
algebroid of G = M. Then the bijection defined by Theorem [5.8 associates
the LA-Dirac structure Dy := I(A(D)) to the class of the Dirac bialgebroid
(A,U, 1), with U endowed with the Lie algebroid structure (pryay, [+, |u)-

Corollary Propositions and together with (6.1)) now yield our

main theorem.

Theorem 6.6. Let G = M be a Lie groupoid with Lie algebroid A. Then
the construction in Theoreml[{.4] defines a one-to-one correspondence between
multiplicative Dirac structures on G = M and equivalence classes of Dirac
bialgebroids over A.

Hence, it does make sense to say that a Dirac bialgebroid (A, U,:) is
integrable if the Lie algebroid A integrates to a source-simply connected Lie
groupoid.

Section [7] shows how the infinitesimal descriptions of Poisson groupoids,
presymplectic groupoids and multiplicative distributions on Lie groupoids
are special cases of Theorem [6.6]

6.4. Concrete integration recipe

For the convenience of the reader, let us quickly sketch how a Dirac groupoid
is reconstructed from an integrable Dirac bialgebroid (A, U, ).

Step 1: Let (G =, M) be the source-simply connected Lie groupoid integrating
the Lie algebroid A [§] and identify U with the Lie algebroid U ~
(U) CTM @ A* with anchor prp,,.

Step 2: Extend the bracket on I'(U) to a dull bracket on TM @ A*, i.e. using
the Leibniz identity, but possibly loosing the skew-symmetry and the
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Jacobi identity. This dull bracket is dual to a Dorfman connection
A:TTM @A) xT(AdT*M) - T(AeT*M).

Step 3: Take the double vector subbundle (D4; U, A; M) C (TA® T*A; TM @
A*  A; M) that is defined by the triple (U,U°, A), hence with core
U°CA®T*M.

Step 4: The space D4 is an LA-Dirac structure on A, which integrates by the
results in [38] to a multiplicative Dirac structure D on G = M.

7. Examples

This section describes the A-Manin pairs and Dirac bialgebroids in the spe-
cial cases of Dirac Lie groups, Poisson groupoids, presymplectic groupoids,
and multiplicative distributions on Lie groupoids. Of course, the obtained
infinitesimal descriptions show some redundancy, as Lie bialgebroids, IM-2-
forms and infinitesimal ideal systems are very special cases of our general
notion of Dirac bialgebroids. For instance, the Lie bialgebroid encoding a
Poisson groupoid is now replaced by the pair of dual algebroids together
with an inclusion (not the trivial one) of A* in TM @ A*. On the other
hand, the examples show that Lie bialgebroids, IM-2-forms and infinitesi-
mal ideal systems are the corner cases of Dirac bialgebroids, just as Poisson
structures, presymplectic structures and distributions are the corner cases
of Dirac structures.

7.1. Dirac Lie groups

Let G be a Lie group with Lie algebra g. The papers [19, 37] show that
multiplicative Dirac structures on G correspond to pairs (i,0) where i C g
is an ideal and 6: g — /\2 g/iis a Lie algebra 1—cocycleﬂ such that the dual
§':1° x i° — g* defines a Lie bracket on i°. Equivalently, the pair (g/i,i°) is
a Lie bialgebra. There is then a quadratic Lie algebra structure on g/i x i°
[29, Theorem 1.12], or in other words g/i x i° is a Courant algebroid over a
point. The pair (g/i x i°,1°) is a g-Manin pair and (g,i°,¢: i° < g*) is then
a Dirac bialgebroid.

9The space /\2 g/i is a g-module via the action

- ((y+)A(z+1) = (z,y] +D)A(z+1) + (y+1i) A ([z, 2] +1).
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Conversely, note that a Dirac bialgebroid over a point is a triple
(g,p,t: p — g*) with g,p Lie algebras and ¢ an injective vector space mor-
phism such that there exists a quadratic Lie algebra m with a Lie algebra
morphism ®: g — m such that

1) @ has isotropic image,
2) p is a Lagrangian subalgebra of m,

3) (®(2),&) = (1(2),§) for z € g and € € p,
4) ©(g) +p=m.

We let the reader verify that p° C g must be an ideal and (g/p°,p) a Lie
bialgebra. Hence, simply connected Dirac Lie groups are in one-to-one cor-
respondence with Dirac bialgebroids over points, which we call Dirac bial-
gebras.

7.2. Poisson groupoids

The infinitesimal description of a Poisson groupoid (G = M, ) is known
to be its Lie bialgebroid (A4, A*) [34, 35]. In that case, our Dirac bialge-
broid is (A, A*, (px,ida~): A* — TM @& A*). That is, A* is identified with
the graph of its anchor p,. The A-Manin pair defining this Dirac bial-
gebroid is (A ® A*, A*), where A ® A* — M is the Courant algebroid de-
fined by the Lie bialgebroid [27]. (Note that we have already shown in [21]
that the Courant algebroid B defined by the Dirac groupoid (G = M, )
is, up to an isomorphism, A @ A*.) The map ¢: A T*M — Ad A* is
(a,0) — (a+ pLo, p').

The double A & A* being a Courant algebroid is equivalent to (A, A*)
being a Lie bialgebroid. By definition of the Courant bracket, the subbundle
A* is then automatically a Dirac structure in A & A*. The surjectivity and
pairing conditions for the A-Manin pair are then obvious. The compatibility
of ® with pairings and anchors follows easily from the equality po p! =
—py o pt, which is always satisfied for Lie bialgebroids. We only have to
check that the map @ preserves the brackets. First, for a;,as € I'(A4),

[[(I)(al?o)v (I)(a270)]]A@A* = [[(al,o)v <a27 O)]]AEBA* = ([alv GZ]Av 0)
= (I)([(alao)v (aQ’O)]d)'

We then have on the one hand for § € Q(M):
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H(b(a? 0)7 @(07 H)HAEBA* = [[(CL, 0)7 (piea pta)]]AGBA*
= ([aa pie]A - ip"GdA*aa £alot9)'

On the other hand, we have
(I)([(a7 0)7 (07 9)]d) = @(07 £p(a)9) = (pi.fa@, pt£p(a)9)'

The equation p'£ p(a)f = £4p'0 is verified using the definitions of £, and
£ (a) and the compatibility of the bracket with the anchor. Then pLL,0 =
[a, pLO]a —iypda-a for all § € Q'(M) and a € I'(A) is equivalent to Equa-
tion (11) in [32, Lemma 12.1.8], hence always satisfied if (A, A*) is a Lie
bialgebroid. Finally we have

[[@(O’ 9)7 q)(oa W)HA@A* = [[(pi97 pte)’ (piwa ptw)]]AEBA*
= ([P0, phe)a + £popiw — ipreda-pi0, [p0, p'wlar + £p0pp'w — iprdap')

and on the other hand ®([(0,6), (0,w)]q) = ®(0) = 0. Hence, by symmetry
of the Lie bialgebroid (A, A*), we only have to check that

(040, piwla = — £ apiw + ipoda-plf

for all §,w € QY(M). If w = df with some f € C°°(M), this is [32, Lemma
12.1.5]. To see this, note that

Pid((P ° P*)te(f)) = *£pf0(d*f)~

The general case (with w not necessarily exact) follows easily.

Let us now quickly describe a Dorfman connection adapted to the Dirac
algebroid (A, A(Dy)). Via the canonical isomorphism TA & T*A ~ A(TG &
T*@), the Lie algebroid of the Dirac structure Dy is Dy,, where m4 is
the linear Poisson structure on A that is equivalent to the Lie algebroid
structure on A* [35]. The sides of D, are A and U = graph(p,: A* —
TM) and its core is K = graph(—p.: T*M — A). Choose any connection
V:X(M) xT'(A) = I'(A), denote by V*: X(M) x I'(A*) — I'(A*) the dual
connection and construct the basic A*-connection on A*: V*Pas: T'(A*) x
I'(A*) —» I'(AY), VZ}I)asag =V, a1 + [ar, a)a- for all ap,ap € T'(A%).
The Dorfman connection A: T'(TM & A*) x I'A®T*M) - T'(A®T*M)
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defined by
Agxa(a:0) = ((a, V" a) + Vxa = pl(Via,a), £x0+ (Via,a) )

is adapted to Dy ,. The corresponding dull bracket [-,-]a on sections of
TM & A* is given by

(71) [[(Xl?al)a (XZ,OZZ)]]A = ([XlaXQ])v)ﬁaQ - ngal
+ V(0201 — V(a2 + [a1, 2] 4-,)

which restricts to [(p« (1), 1), (px(a2), a2)]a = (pelor, a2]a-, [o1, a2] 4+) on
sections of U. For more details, see [20].

7.3. Presymplectic groupoids

Presymplectic groupoids are described infinitesimally in [3], 4] by IM-2-forms:
Let (A — M,[-,], p) be a Lie algebroid. A vector bundle map o: A — T*M
is an IM-2-form if

1) (p(a1),0(az)) = —(p(az),o(a1)) and
2) olay,as] = £p(al)o(a2) — ip(a2)d0'(a1)

for all a;,aq € T'(A).

We show that the Dirac bialgebroid corresponding to this example is
(A, TM, (idrpr,0t): TM — TM & A*). Consider a vector bundle morphism
0: A—T*M on a Lie algebroid A — M. We want to define an A Manin-
pair (TM @ T*M,TM), where TM @© T*M is the standard Courant alge-
broid (see also [2I], where we check that B is in this case isomorphic to
TM @ T*M), TM is seen as isomorphic to graph(ct: TM — A*) CTM &
A* and the map ®: A@T*M — TM & T*M is (a,0) — (p(a),o(a) + 0).
We quickly check that ® is a morphism of degenerate Courant algebroids if
and only if o is an IM-2-form.

The map ® is obviously compatible with the anchors. Choose (ay,6;),
(ag, 92) S F(A D T*M). Then

(®(a1,6h), ®(az, 02)) = ((pla1),o(a1) + 6h), (p(az), o(az) + 62))
= ((a1,6h), (a2, 02))a + (o(a1), p(az)) + (o(az), p(a1))
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and

[®(a1,01), ®(az,02)] = [(p(ar),0(a1) + 61), (p(az), o(az) + 62)]
= (plar, az], £ 5(a,)(0(a2) + 02) — iy, d(0o(ar) + 61))
= (I)[(ala Gl)a (a2a 92)]d + (0> £p(a1)0(a2) - ip(ag)do-(al) - U[ala a2])'

Hence, ® is a morphism of Courant algebroids if and only if (p(a1),o(a2)) =
—(p(az),o(a1)) and olay, az]= £ 54,0 (az) —iya,)do(a1) for all a1, ag €T'(A).

The Dirac algebroid corresponding to a presymplectic groupoid (G =
M,w) is (A, A(Dy,)) ~ (A, Dg+y,,.. ), where weayn is the canonical symplectic
structure on T* M. The vector bundles U and K over M are

U = graph(—c": TM — A*) and K = graph(o: A — T*M).

The Dorfman connection A: T'(TM & A*) x I'A®T*M) - T(A®T*M)
defined by

Ax ) (@60) = (Vxa, £x(8 — 0(a)) + (V*(0'X + a), ) + o(V xa).
The dual dull bracket [-,-]a on sections of TM @& A* is given by

[[(Xl’al)a(X%OQ)]]A
= ([Xl,XQ], V}l(ag + O'th) — V}Q(al + O'tXl) — O't[Xl,XQ])

and restricts to [(X1, —c'X1), (X2, —0'X2)]a = ([X1, X2, —0![ X1, X3]) on
sections of U.

7.4. Multiplicative distributions

Multiplicative distributions on Lie groupoids are described infinitesimally in
[18, 23] via infinitesimal ideal systems:

Definition 7.1. [23] Let (¢: A — M, p,[-,-]) be a Lie algebroid, Fy; C T M
an involutive subbundle, J C A a subbundle such that p(J) C Fjs and V a
flat partial Fjs-connection on A/J with the following propertie

1) If a € T'(A) is V-parallel, then [a, j] € I'(J) for all j € I'(J).
2) If ay1,as € T'(A) are V-parallel, then [aq, as] is also V-parallel.

10We say by abuse of notation that a section a € I'(A) is V-parallel if its class @
in I'(A/J) is V-parallel.
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3) If a € T'(A) is V-parallel, then p(a) is VI -parallel, where
VI T(Fy) x T(TM/Fy) — T(TM/ Fy)

is the Bott connection associated to F)y.

The triple (Fiy, J, V) is an infinitesimal ideal system in A.
We prove the following theorem.

Theorem 7.2. Let (qg: A— M,p,[,-]) be a Lie algebroid, Fry CTM an
involutive subbundle, J C A a subbundle such that

p(J) C Fy and V:X(M) x T'(A) = T(A)

be a conmection such that Vxj € T'(J) for all j € T(J) and X € I'(Fy),
and which thus defines a connection V: T'(Fyr) x T'(A/J) — T'(A/J). Then
(A, Far, J, V) is an infinitesimal ideal system if and only if (A, Fpr © J°, 1)
is a Dirac bialgebroid, where v: Fay & J° — TM @ A* is the inclusion and
Fyr & J° has the anchor proy, and the bracket

[(Xhal)a (X27a2)]FM®J° = ([Xl,XQ],@E(loQ - @}2051)’
X1,X9 € F(FM), o1, € F(JO).

First note that Fis @ J° is a Lie algebroid with this structure if and only
if V is flat. To prove this theorem, we construct a Manin pair associated to
the infinitesimal ideal system.

We have shown in [23] that if the quotients are smooth and V has no
holonomy, there is an induced Lie algebroid structure on (A/J)/V — M /Fy
such that the canonical projection A — (A/J)/V over M — M/Fy is a
fibration of Lie algebroids. In the case of a Lie algebra g, an ideal system is
just an ideal i, and this quotient is the usual quotient of the Lie algebra by
its ideal i. We show that there is an alternative construction of a quotient
Lie algebroid, that simplifies as well to the usual quotient g/i in the Lie
algebra case.

The paper [12] shows that an infinitesimal ideal system can alterna-
tively be defined as follows. Let A be a Lie algebroid over the base M,
J a subbundle of A and Fj; an involutive subbundle of T'M such that
p(J) C Far. Let V: (M) x T'(A) — T'(A) be a connection such that Vxj €
I'(J) for all j € I'(J) and X € I'(Fir), and which thus defines a connection
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V:T(Fy) xT(A)J) — F(A/J)E The triple (Fyz, J, V) is an infinitesimal
ideal system if

1) V is flat,

2) Vb X e I(Fy),

3) Vb eT'(J) and

4) R]%as(al, a2)<X) S F(FM)
for all X € I'(Fi), a1,a2 € I'(A) and j € I'(J), where the two connections
Vb2 and the tensor R%as are defined by V as in Example

Now consider the direct sum Fj; @ A of vector bundles over M. Since
the anchor p restricts to a map p|s: J — Fjy, the vector bundle

i Fvy@d A

= MEE
graph(—pl)

inherits the anchor p(X @ a) = X + p(a). (Given X € I'(Fjy) and a € I'(A),
we write X @ a for the class of (X, a) in A.) Define [-,-] 5: ['(A) x T'(A) —

I'(A) by

(X1 @ a1, X2 @ az) g = ([X1, Xo] + VI X5 — V2 X1)
@ ([a1,a2] + @Xlaz — @Xf_,al).

This is skew-symmetric and well-defined because [X @ a, (—p(j)) ® ]z =
(=p(Vxj+ Vo)) @ (Vxj + Vi*j) and Vxj+ Vi) € T'(J) for all j €
['(J). It is easy to check that it is compatible with the anchor, i.e. that is
satisfies the Leibniz identity. To see that the Jacobi identity is satisfied, one
can check that

[[Xl P ar, Xs P ag]g, X366 ag]A
+[[Xe B az, Xz B as]z, X1 P ai);
+ [ X3 © a3, X1 © a1] 4, Xo @ az] 1 = (—p(j)) © J,

with

= [R%as(aba2)X3 — Rg(X1, X2)ag| + c.p. € T(J).

" Conversely, given V, there always exists a connection v projecting in this
manner to V. We say that V is an extension of V.
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The maps A = A, ar—> 0@ a and Fpy — A, X — X @0 are easily seen to
be morphisms of Lie algebroids over the identity. Note that the second map
is injective. We let the reader complete the proof of the following theorem.

Theorem 7.3. Let (qg: A— M,p,[,-]) be a Lie algebroid, Fry CTM an
involutive subbundle, J C A a subbundle and V' a partial Fyr-connection on
A/J. Consider any extension V : X(M) x I'(A) — I'(A) of V. Then (A, Fu,

J°, V) is an infinitesimal ideal system if and only if

B Fy @ A
Ao tMOA
graph(—p| )

with the anchor p(X @ a) = X + p(a) and the bracket [X1 & a1, X2 @ az]z =

([ X1, Xao] + VB?SXQ - VBSSXl) @ ([a1,a2] + @Xlag —Vx,a1) is a Lie alge-

broid, which does not depend on the choice of the extension V of the con-
nection V.

Consider now the Courant algebroid A @ A* defined by the trivial Lie
bialgebroid (A, A*), i.e. with the trivial Lie algebroid structure on A*. The
vector bundle A* can be described as follows: sections of A* are pairs
(0,0'0 + ) € T(F}; ® A*) with 6 € QY(M) and « € T'(J°). Here, 0 is the
class of § in T*M /F3; ~ F},. Hence, there is a natural inclusion of J° in A*,
and so a natural inclusion i of Fiy @ J° in A @ A*. Elements of i(Fy; & J°) C
A @ A* can be written (X @ 0, (0,a)) with X € Fj; and o € J°. It is easy to
see that Fiy; @ J° is isotropic in A @ A*. To see that it is maximal isotropic,
take (X' @ a, (0, p'0 + /) € A @ A* such that (X’ @ a, (0, p'0 + o)), (X ®
0,(0,a))) =0forall (X &0, (0,a)) € Far & J°. Since thisis (X) + a(a), we
find that a € J and § € Fy;. Hence, (X' @ a, (6, p'0 + o)) = (X' + p(a)) &
0,(0,p'0 + o)) € Fay @ J° (recall that p(J) C Fyy and so p'(F5;) C J°).
The Courant bracket of (X; @ 0,(0,a1)) and (X2 @0, (0,a2)) € Far & J°
equals

[[(Xl &0, (Ov al))’ (X2 &0, (Oa OQ))]]AEBA*
= ([Xl, XQ] &0, (0, @}10{2 — @}20[1)),

which is again an element of F; & J°. This shows that Fi; & J° is a Dirac
structure in A @ A*.

Next we define the map ®: A ®© T*M — AD A*, ®(a,0) = (0da, (0, p'0)).
The equality i(Fy; @ J°) + ®(A@ T*M) = A @ A* is immediate, as well as
the equality (i(X,a),®(a,0)) = (X ®0,(0,a)),(0® a, (6, p'0))) = 0(X) +
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afa) for all (X,a) € Fjy @ J° and (a,0) € A®@T*M. To see that ® is a
morphism of (degenerate) Courant algebroids, note first that

"EU@a(gv pte) = ("Ep(a)ev pt(‘fp(a)e))
and
iO@adA(e_v ptg) = (ip(a)dea pt (lp(a)de))

for a € T'(A) and 6 € Q(M). Then we can compute

[®(a,0), ®(b,w)] 44 = [(0® ( p'0)), (0@ b, (@, p'w))] 4 4
=(0® £p(ayw = Lp)d0, p' (£ payw — i,)d0)))

= ([( a, )7(7 )]d)

The compatibility of ® with the anchors is immediate and compatibility
with the pairing is checked as follows:

(®(a,6), B(b,w)) = (0@ a, (0'6,8)), (0@ b, (e, @))) = 8(p(b)) +w(p(a))
— ((@,0), (p. ") (B, w)) = ((a,0), (b,w)}

We have hence shown that (A @ A*,i(Fy @ J°)) is an A-Manin pair.

The Dirac algebroid corresponding to a Lie groupoid with a multiplica-
tive distribution (G = M, F @& F°) is (A, A(F @ F°)) ~ (A, Fx & F3), with
Fa ~ A(F). This double vector subbundle of T'A has sides A and Fj; C
TM, and core J C A. Choose any connection V: X(M) x I'(A) — I'(A4)
that is adapted to Fa, i.e. Tpa(vy,) — & |t:0 a(m) 4+ tV,, a € Fa(a(m)) for
all vy, € Fiy and a € T'(A) (see [23]), and consequently Vxj € I'(J) for all
X € I'(Fy) and j € I'(J). Then the Dorfman connection A: I'(T'M @& A*) x
INAeT*M) - T (A T*M),

A(X@)(a, (9) = (an, £x0 + <Vfa, a>)
is adapted to Fy @ F'j and the dual dull bracket given by
[(X1, 1), (X2, a2)] = ([X1, X2, Vi, a2 — Vi, 1)

restricts to the Lie algebroid bracket found above on sections of Fiy; & J°.
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Appendix A. Proof of Theorem

Note that the equality
(A1) Vo (p,p') = (p, pt) 0 VO

is easily verified. The connection V2%: T'(A) x (A ® T*M) — T(A® T*M)
defines a connection Vbas: (A 69 T*"M)xT(A@T*M) - T(AeT*M),
Vhasr! — Vbas( )7’ Recall also (8.2) A(x ay(a,0) = Ay(a,0) + (0, £x0) for
all (X,a) e I'(TM & A*) and (a 9) e'(A@T*M). First we prove a few
lemmas.

Lemma A.1. The equality

(A.2) [T1, Tola = Dp pt)(r) T2 — vhasy

holds for all 1,70 € T(A® T*M).

Proof. Write 71 = (a1,61) and 79 = (ag,6) € T'(A@® T*M). Then:

vbasTl vbas = Q(p7pt)7—1a2 + £4,71
= A pyn T2 — (0,d(01, p(az))) — (0, £, 02) + ([az;, a1], £,5(4,)01)

= A(p7pt)7-l7-2 — [7‘1,7‘2]d. 0

Lemma A.2. Let A be a Lie algebroid and choose a Dorfman connection
A:T(TM e A ) xT (A T*M) - T(A®T*M). Then, forallv € T(TM &
A*) and 7,7 e T(ADT*M):

(A.3) ((p: ) ALT = [v, (p, P)T] 8 = V™0, 7) = (V250, 7).
This yields the following corollary.

Corollary A.3. Assume that (U, K,A) defines an LA-Dirac structure in
TA®T*A. Then, for allu € T'(U) and k € T'(K):

(0, P Ak = [u, (p, p')K]a + Vs
Proof. By Lemma we have
{(p, ") Auk — [, (p, p)K] & = V¥™u,7) = (V2*u, k)

for all 7 € T(A@® T*M). Since V22 preserves I'(U) by Theorem the
right-hand side vanishes. ]
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Proof of Lemma[A.9 We write 7 = (a,6) and v = (X, «). Then for any 7/ =
(d',0") e T(A® T*M) we have

((p. VAT = v, (p, P)T]a = Vo™ v, 7') — (Vv 7)

(AT = ya, (p, 1)) — (£ar, ™) + (v, V2257)
= p(d) v, )+ [(p, p)7, V]a, T)

= ((07 £x0+ d<Oé, a))a (P, pt)T/> - <£GV7 Tl) - p(a/)<1/, T> + p(a)(u, Tl)
— (v, A(p,pt),r']—/ — V‘g?%)

(£x0,p(a) + pla) e a) + (v, £,7') = pla) (v, 7) — (v, [, 7]a)

= (£x0,p(a")) — p(a')(0, X) + (v, Lgfa0))
— (v, (W— ip(a)dd))

= <ixd(9, p(a')) + <ip(a/)d9,X> =0.

O

We also need the following lemma, which is proved at the end of this
section.

Lemma A.4. Let A— M be a Lie algebroid and (K,U,A) an LA-Dirac
triple. Then Condition (5) of Theorem is equivalent to:

(A.4) VES[u, v]a — [VEu, v]a — [u, VES0]a + VR v — VR u

= —(p, p")Ra(u,v)T

for allu,v e T(U) and T e T(A® T*M).
The equality

(A.5) Aulr1, Told = [AuTi, T2l = [0, AuTola + Avysy T2 — Agpas, Tt
+ (0,d(ry, Vszsw)
= —R2(ay,az)u

holds for all 1,79 € T'(A & T*M) with pr,(m) =: a; and all u € T'(U).

Proof of Theorem [5.5 We start by checking that [-, -] is well-defined. Choose
kel(K), 7 eT(A® T M) withpry(k) = a,pra(r) =d’,andu € T'(U). We
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have then

[u@ T, (p, ) (—k) @ k] = ([, (p, p)klas — VE=(p, o) — Viu)
@ ([T, klg + Auk + AN (0,d{, (p, pt)k:>)) .

Using Lemma we see immediately that the second term of this sum
equals VP%k + A, k. We verify that this is a section of K. By Remark
or the considerations before Theorem we know that VP#k € T'(K), and
Ak € I'(K) follows from K = U° and the fact that [-,-]a, which is dual to
A, preserves sections of U.

Recall (A1) and (p,p")Auk = [u, (p, p")k]a + VP2u by Lemma
These yield

[w® 7, (p, p') (=) @ K] = (=(p p)(Va™k + Auk)) © (V5™k + Auk),
which is 0 in C. The equality [(p, p*)(—k) & k,u & 7] = 0 follows with

[(p.p")(—k) @ ku@ ]+ [ud T, (p,p")(—k) & k]c
=D{{ud T, (p, ") (k)

proved below and ((u ® 7, (p, p')(—=k) ® k))o = (u, k) = 0 since U = K°.

Choose u, u; € I'(U) and 7= (a,0), 7 = (a;,0;) eT(ADT*M), i=
1,2,3. We check (1) — (3) in the definition of a Courant algebroid, in re-
verse order. First we have

[ui & 11, u2 ® 2] c + [uz ® 72, u1 ® 1]
= ([u1, u2]a + [uz, u1]a) @ ([11, 72]a + [72, T1]a + (0, (71, u2) + d(72, u1))
=0® (0,d((71,72)q + (11, u2) + (T2,u1)))
= D({u1 ® 11, u2 ® T2))C-

We denote by Skewa (v1,v2) the anti-commutator [vy, va]a + [v2, v1]a,
vi,vo € I(TM & A*). We check the equality

c(uy @ 71)(({ug ® 12,u3 ® 73))C
= (([u1 ® 1, u2 ® 2] 0, u3 © 73))C + ((u2 © T2, [ua © T1,u3 © T3] C))C-

The bracket [u; @ 71, us ® 2] equals

(lur, ua] A + VESuy — VESuq) @ ([71, Tola + Au, T2 — Ay, + (0, d (71, u2))).
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Using (A.2)), we can replace |71, 72]q by
VE?STQ - A(,o,,o‘)TQT1 + (07 d<Tl7 (P, pt)7—2>)
in this expression and we find that ((Ju1 @ 71, u2 ® ], us & 73))c equals

([ur, ua)a + VE®Sug — V2%uy, 73) + X3(m1, u2) + X3(71, (p, p')72)
+ (V2575 — A pym Tt + Dy T — Ay, 71, us) + plag) (11, uz)
+ plag)(m1, (p, p)2) + (V27 — Ay oy, T+ Ay T2 — Aoy 71, (p, p1)73).

Using (A.3) we replace (—V2*u; + (p, p') Ay, 72, 73) in this equation by
<VESS“177'2> + ([ua, (P,Pt)TQ]]A,T3>-
Now we sum (([u1 @71, u2® 7], us®73))c with (([u1©71, uzS73], u2®

To))c. The terms ([uy, ue]a, 73), (Jur, us]a, m2), (A, 72, us3) and (A, 73, uz)
add up to

X1<<u2 D T2, u3 D 7—3>>C - Xl <TQ7 (pa pt)T3>'

The terms Xg(m,u2) and —(Ay,71,u2) add up to (71, Ju,us]a) and the
terms Xo(71,u3) and —(A,,71,u3) add up to (71, [us, u2]a), which cancels
out (71, [ug,us]a) since [-,-]a is skew-symmetric on sections of U. In a
similar manner,

(A6)  Xa(ri,(p,p")m2) — (Au,71, (p, p')73)
+ Xo <7_1’ (pv pt)7-3> - <AU37-1’ (:0’ pt)TQ>

is (71, [us, (p, p")T2] A + [uz, (p, p")73]A), and
(A7) — <A(p,p‘)72717 U3> + p(a3)<ﬁ, U2> — <A(p,pt)7-37—1, UQ> + p(a2)<7'1, U3>

is (11, [(p, p") 72, us]A + [(p, p')73, u2]A). As a consequence, (A.6)) and (A.7)
add up to

(11, Skewa (ug, (p, p')73) + Skewa (us, (p, p')72)).
By (5.1)), this adds up with

<VE?SUQ,T3> + (VE?STQ,’UJ?,) + <VEIaSU3,T2> + <VE?ST3, u2>
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to p(a1){ug, m3) + p(ai)(us, 72). Similarly, using (5.1) and (A.1]), the terms
<VElasT2v (p,p")73) and <VEfST37 (p, p')m2) add up to

p(a1)<7'2, (pa pt)7_3> - <7-17 SkeWA((pa pt)7-2a (:07 pt)7—3)>'

The terms p(&3)<7'1, (pv pt)T2>7 P(a2)<7'17 (ﬂ, pt)7-3>7 _<A(p,p‘)Tngu (P, pt)T3> and
(D p1y7 71 (p, ') 72) sum up to (71, Skewa((p, p')72, (p, p')73))-
Putting everything together, we get
c(ur @ 1) {{uz ® 72, u3 ® 73)) 0 — X1(12, (p, p*)T3)
+ <VE?SU17 7-2> + <[['LL1, (p7 pt)TQHAv 7—3> + <v§2asu1’ 7—3> + <|I'LL1, (p7 pt)T3]]Aa 72>'
By (A.3)) the third, fourth and fifth term add up to (A, 72, (p, p')73), which

cancels out the second and the sixth.
For the Jacobi identity, we check that

Jac. g, (u1 @ 71, u2 ® T2, u3  73)
= [[ur @ 71, u2 © 2], uz © 73] + [uz © T2, [ur & 71, u3 D T3]
— [u1 & 71, [uz2 ® 12, u3 © 73]
= —(p,0")(k) ® k,
with &k := [Rgas(al, az)ug — RA(ul,UQ)Tg] + c.p.
To see that k is a section of K, recall from Theorem that since
u; = (Xi, ) € I'(U),i=1,2,3, we have Ra(u1,u2)73 + c.p. € I'(K). By the

same theorem, we find R2*(ay,az)ug + c.p. € T(K). We write 7; = (a;, 0;)
for i =1,2,3. Since [u; ® 11, us ® 72] is

<[[u17u2]]A+vE?Su2_VEjsul)69([7—17T2]d+Au17—2_AuQ7—l+(07d<7—17u2>))7
its bracket [[u; @ 71, ug ® 72, us @ T3] with us @ 13 is

([[[[ul, u2] A, u3]a + [[VEfSuQ — VPasy,, Us]] A
st Ay ma By 1t (0, (7)) U3
- VE?S ([[ul, ug]a + VE?SUQ - VEjSm))
® ([[TI;TQ]daT?)]d + [Au, 72 — Ay, 11, 3]q 4 [(0,d(71, u2)), 73]a
+ Ay us]a+Vuy—iosu, T8 — Aoy ([0, T2]d + Auy 72 — Ay, 71
+ (0,d(11,u2))) + (0,d([T1, T2]d + Ay, T2 — Ay, 71
+ (0,d(r1, uz)), us)) ).
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Since [(0,d (11, u2)), 3] = 0 and

Pryg ([7-17 7_2]01 + AU1T2 - AUng + (07 d<7_17 u2>)
= [CLl, CLQ] + Pra (Qu1a2 - Quzal) )

this is

[[u1 © 71, u2 © 2], us © 73]
= <MU17 u] A, us]a + [[VE?SUQ — ngsul, u;»,ﬂ N

bas
U,
+ v[al,az]+prA (Quya2—Quya1) 3

- VB?S ([[ul, ug]a + VB?SUQ - sz‘sm))

® ([[ﬁ, 7ol Tala + [Auy 72 = Buy 71, T3]d + Afuy us] s+ Vius —Viseu, T3
— Ay, ([T, m2]a + Ay, 72 — Ay, 11+ (0,d(71, u2)))
(0, [, ol + Ao, = Ay + (0, u2)), us))).

In the same manner, we get

[ug @ 12, [ur & 71, u3 & 73]]

- <[[u2, [ur, us]ala + [[ug, VB?SU3 — vlg?sulﬂ .

+ Vo ([[u1, us]a + Vertus — Vs?“) - v][zis,asHprA(Qulaz9“3“1)U2>
- ([727 (71, 73ld)a + [72, Auy 73 — Auymi]a + [12, (0, d(71, us))]a
+ AU2([T17 7-3]d + AU17_3 - A“3T1 + (07 d<7—1’ U3>))

- A[[ul,u3HA+Vg§Su3—Vg§Su17'2 + (0, d(r2, [u1, us]a + vl;?sui’) - VE?S"”))) :

We start by studying the U-part of Jac[[.v.ﬂA(ul @ 11, u2 B To,uz P 73). By
the computations above, this equals
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M el ws]a + [u fursustala — [ur, fuscusfa]a

— Ryrbas (al, ag)u?, + Ryves (a1, CL3)’LL2 — Ryrbas (ag, ag)U1

bas bas bas bas
+ [[Val U2 Va2 ul,U3HA + vprA(Qulazfﬂugal)us Vas [['LLl,UQ]]A

bas bas bas bas
+ [[UQ, Val us Va3 ’LL1:|:| A + VCLQ [[U/l’ US]]A vprA (Qu1a3—Qu3a1)u2

bas bas bas bas
N [[U17 vaz U3 B vas UQ:|:| A B Val IIUQ’ US]]A + vprA(QuQ‘l‘s_ngaZ)ul

Since (U,pryas, [+, -]a) is a Lie algebroid, the first three terms vanish to-
gether. Next note that since (Vbas,VbaS,RZaS) is a representation up to
homotopy of A on (p,pt): A®T*M — TM & A*, the basic curvature sat-
isfies

(A.8) Ry (a1, a2)v = (p, p') 0 RR%(a1, az)v

for all aj,as € I'(A), v € I'(TM & A*). Using this, (A.4), (4) in Theorem
the skew-symmetry of [-,-]a on I'(U), and the equality pry Q,,a2 =
pry Ay, 72, we find easily that the U-part of Jacp. j, (u1 @© 71, u2 ® T2, u3 ®
7'3) is

— (p, P") (R (a1, az)uz + RX®(as, ar)uz + RX(az, az)uy)
+ (p, p")(Ra(u1, u2)7s + Ra(ug, uz) 1 + Ra(ug, ur)7s).

Now we look more carefully at the A & T*M-part of Jac[. ’_]]A(ul @ 711, U P
To, u3 @ 73). Sorting out the terms yields that this is

[t #tams]a + [ drssiala — [totesmsiala

— Ay, 12, 13]a + [Au, 72, T3]q + [T2, Ay, T3)q + Agiaey, T2 — Aypasy, 73

— (0,d (7, Vsjjsuﬁ) + Ay, [T, 13)a — [Aw, 71, T3] — [T1, A, T3]d — AvggsuQTl
+ Aveen, 73+ (0,d(71, Val*ug)) — Ay, 11, ol — [12, Augmila + [11, Ay 7o
+ Avg;szl - AVB?:;USTQ — (0,d(1, Vsjsu;g))

— Ra(u1,u2)m3 — Ra(u2,u3)m — Ra(us, ur)m

— Ay, (0,d(7y,u2)) + (0,d{[11, 72]q + Au, 72 — Ay, 71 + (0,d(71,u2)),us))
+ [72,(0,d (71, us))]a + Ay, (0,d(71,uz)) + (0, d(7a, [ur, us]a + Vi*us))

— 71, (0,d(72,u3))]a — Au, (0,d(12,us3)) — (0,d (71, [uz, us]a))-
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By the Jacobi identity for [-,:]; and three times (A.5) together with
—[7‘2, Au37'1]d = [AuSTl,TQ]d — (0, d<(p, pt)Aung,TQ», we get

R%(ag, az)u; — RR¥ (a1, a3)us + R (a1, ag)us

— RA(u1,u2)m3 — Ra(u2, u3)m — Ra(usz, ui)m

— 7, u2)) + (0, d([11, 2]+ Darma— Dz 1, u3) )+ 1,U2
+ (0,dp(az){71,u3)) + (O T us)) + (0,d( Tz,MJr Vs,

— (0,dp(a1)(r2, ug)) — (0,d Xrr33)) — (0, d(rs fuz 5] A))
—(0,d({(p, p") Ay 71, 72))

= R (ag, az)uy + R (as, a1)ug + R3 (a1, az)us
— Ra(u1,u2)m3 — Ra(ug,us)m — Ra(us,u1)m + (0,df),

with (using (A.2))

= (A p)yn T2 — VE?STl,u;),) + pla2) (11, us)
+ (12, Veuz — (p, ") Au, 1) — plar) (72, us)
— (VP71 ug) + plag) (71, us)
+ (72, Vouz — (p, p) Au,m1 = [(p, p) 71, us]a)

A3) as s

(2.3 <Vb T1,u3) + plag)(m,us) — <V122 us, T1)
— (Skewa (us, (p, p')71), a2)

@,

g

We have used Theorem [A.4] for the Jacobi identity. For completeness,
we prove this theorem here.

Proof of Theorem[A-]] We start with the first equation. For simplicity, we
write here a for (a,0), Aya:= Ay(a,0) and df := (0,df) for a € T'(A),
feC>®(M) and u € T'(U). First, we find that for a1,as € I'(A) and uy =
(X1, a1),u2 = (X2,2) € T(U), the equation 0 = (R%(ay, ag)u, u2) can be
written

0 =— (Ay,la1,a2] — d{au, a1, az]), ua)
+ plar)(Ay, a2 — d{aq, ag), uz) — (Ay, a2 — d{ay, ag), £4,u2)
(a2)(Ay, a1 — d{ar, a1), uz) + (Ay,a1 — d{ar, a1), £q,u2)
+ (A (pp") Q0 gt £aun @1 — A{( (p, ")y a2 + £a,u1,a1), uz)
)

- <A(p,p‘)§2u1a1+£alula2 <( P, i Qulal + £alul7a2> U2>
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= —(Ay,[a1, az], u2) + Xo(o, [a1, az])
+ p(a1)(Ay, a2, u2) — p(ar) Xo{ar, az)
— (Ay, a2, £4,u2) + [p(a1), Xo|(ou, az)
— plaz){Ay, a1, uz) + plaz) Xo{a1, a1)
+ (Ay a1, £a,u2) — [plaz), Xo|{a1, ar)
+ <A(p,pt)Qu1a2a17u2> + [p(a2), X1]{a1, az) — (a1, [£a,u1, u2]A)
2 ((p, P1)Qu, a2 + £a,u1,a1)
= (A0, 0,02, u2) — [p(a1), X1]{az, az) + (ag, [£a,u1, u2]A)
+ Xo((p, p)Qu a1 + £a,u1, az).

><

We use

Xo(au, [a1, az]) + plag) Xa(au, a1) — [p(az), Xol{a1, a1) — Xo(Lg,ur, a1)
= Xo(—(au, [ag, a1]) + plaz){ar,a1) — (£4,a1,a1)) =0,

similarly

—pla1)Xa{an, az) + [p(ar), Xol(ou, az) + Xo( Lo, u1, az) = —Xo(a, [a1, az))

and, by and ,

<A(pvpt)ﬂu1a2a1’ ug) — Xo((p, p')Qu, a2, a1)
= (V2,42 + [Qu, a2, a1]a, uz) — Xo((p, p')Qu, a2, a1)
= plar){Qu, az, uz) — (Qu, a2, Vo uy)
— (Skewa (u2, (p, p")Qu,a2), a1) — (£a,Qu, a2, uz)
— (Qu, a2, (p, p")Qu, 1) — (Skewa (uz, (p, p')Qu, a2), a1)

to get

0 =— Xo(aq, a1, a2]) — X1{ae, [a1,a2]) + {[a1, as], [u1, us]A)
— (a1, [£a,u1,u2]A) + (a2, [£a,u1, u2]A)
+ plar){Ay, a2, uz) — X1{ag, £q4,u2) + (ag, [u1, £4,u2]A)
— plaz)(Ay,a1,u2) + X1(a1, £a,u2) — (a1, [ur, £a,u2]A)
+ [paz), X1l{a1, 1) — [p(a1), X1](az, az)
— (Qu,az, (p, p)Qu,a1) — (Skewa (ug, (p, p')Qu, a2), a1)
+ (Qu, a1, (p, pH)Qu,a2) + (Skewa (ug, (p, pH)Qu, a1), az).
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But since

plar){Ay,a2,u2) — [p(a1), X1l{az, az) — X1(ag, £q,u2)
= —p(a1){ag, [ur, u2]a) + X1 (a1, a2, a2)
= —([a1, a2], [ur, uz]a) — (az, Lo, [ur, u2]a) + Xi1([a1, az, az),

we find

(A9) 0=— Xy(ay,[a1,as]) + Xi{a1, [a1,a2]) — ([a1, az], [u1, uz2]A)
— (a1, [£a,ur, ua]a) + (a2, [£4,ur, u2]a) + (a2, [u1, £4,u2]A)
— (a1, [u1, £a,u2]a) — (a2, £a, [ur, u2]a) + (a1, £a,[ur, u2]a)
— (Qu, a2, (p, p")Qu,a1) — (Skewa (usa, (p, p')Qu, a2), a1)
+ (Qu, a1, (p, pH)Quyaz2) + (Skewa (ug, (p, pH)Qu, a1), az).

Now, writing 7 = (a, ), we compute:

VP Tuy ug]a — [VP®uy, ug]a — Jur, VPSus]a + V]Zaus Vbas
= (0, )y s @ + £allur, uz]a = [(p, t)Qula + £ ul»UQ]]A
— [ur, (p, p")Quya + Lauz]a + Vi o, Jus — Vi o, 4w
A3)
= (p

) (AL us] a0 — dla, [ur, ug]a)) + Lafur, ug]a — [£aur, uz]a
— [u1, £aua]a + (p, ) Ay Quya — <V]?asu2, Qu,a) — (p, p") Ay, Quya
+ (VP8 Qy,a) — Skewa ((p, pH)Qu, a, us)

= —(p, p")Ra(ur,u2)a — p'd{a, [ur, us]a) + £Lafur, us]a — [£au, u]a
— [u1, £qus]a — p'd(Xo(aq, a)) — <Vbasu2, Qu,a) + p'd(X1 (a9, a))
+ (VP8 Qu,a) — Skewa ((p, p1)Qu, a, us).

We write the right-hand side of this equation
—(p, p")Ra (w1, uz)a + 7'
with 7/ € T(TM @& A*). Since
proas (£alur, us]a — [£aur, uola — [ur, £ausz]a)

is [p(a), [X1, X2]] — [[p(a), X1], X2] — [X1, [p(a), X2]], which vanishes, we ob-
serve that prpy, 7 = 0. Hence, we just have to show that (7/,a’) = 0 for any



Dirac groupoids and Dirac bialgebroids 233
section a’ € T'(A). We have

() = —p(a') (o, [, w2]a) + (Lallun, uals — [£qis, us]s
— [, £aua]a,d’) — p(d) Xa(ag, a) — (VEBSuy, Qy, a)
+ p(a) X1 {ag, a) + (VESuy, Q,,a)
— (Skewa((p, p')Qu,a, u2), a')
= (la, '], [u1, uz]a) = (@, £ar [ur, uz]a)
+ (£afur, ug)a — [£aur, uz]a — [ur, £q4uz]a, a’)
— pla) X010} — ((p, ) s + £artin, Qua)
+p(a) X1 (02, a) + {(p, p")Qu, 0" + Larur, Qu,a)
— (Skewa ((p, "), a,uz),a’).

Since the definition of Q and the duality of A and [-,-]a yield

<£a'u17 Qu2a> + p(a,)X1<a27 CL>
= (Laur, Ay,a) + X1p(a’){az, a)
= Xo(£Lgu1,a) — (Jua, £aur]a, a) + X1p(a'){az, a),

we get

<7—/7 CL/> = <[a7al]v [[ula UZ]]A> - <(L, Lo [[ulvu2]]A>
+ (Lalur, uz]a — [£aur, uz]a — [ur, £auz]a,a’)
+ ((p, pt)Qula/7 Qu,a) — {(p, Pt)Qwa/a Qu,a)
— (Skewa((p, p)Qu, @, u2),d’)
— X1 {£Lyasg,a) + (Jur, Laus]a,a) — Xap(a'){ai,a)
+ Xo(£aon,a) = ([ug, £aur]a, a) + Xip(a)(az, a)
= (la, d'], [u1,u2]a) — (a, £a[ur, uz]a — [ur, £auz]a + [uz, Laur]a)
+ (£Lafur, u] A — [£aur, ua]a — [ur, £auz]a,d’)
+ ((p, pt)Qula/7 Qu,a) — {(p, pt)Qu2a” Qu,a)
— (Skewa ((p, p")Qu, a,u2),a’) — X1{a, [a,d]) + Xo(aq, [a,d’]).

We have

—(a, [uz, £our]a) = (a, [Laut, u2]a) — (Skewa (£qur, u2), a)
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and since VP%u; € T'(U) by hypothesis, we find

— Skewa (£guy,uz) = — Skewa (£4u1 — v‘gf“ul, ug)
= Skewa ((p, p")Qu, a’, u2).

This shows that (7/,a’) is equal to the right-hand side of (A.9)) (with a = a;,
a’ = ag), which vanishes.

For the second equation we write u = (X, ) and 7; = (a;,6;) for i = 1,2:

Ay[11, T2la — [AuT1, Tola — [T1, AuTola
+ AvgzltsuTQ — Avggsu’rl + (0,d(my, ngsu»
= Qy a1, a2] + (0, £x (£ p(a,)02 — ip(a,)d01) + d{a, [a1, a2]))
— [Qua1 + (0, £x61 + d{, a1)), 12]q
— [m1, Quaz + (0, £x62 + d{c, a2))]q
+ Quraeyaz + (0, £pe, (vhewyf2 + (V0 (a2,0)))

— Qvg;mal — (0, £prTM(VB;‘SU)91 + d(VB?Su, (a1,0))) + (0,d(ry, ngsu»
= —R%(ay, a9)u + (0, £x(£ p(ay)02 = ip(a,)dbh) + d(e, [a1, a2]))
+ (0, ip(a2)d£X91 - £p0prA Q0,02 — d{(p, Pt)Qualv (a2,0)))

— (0, £ pary £x02 + £ (A, 42) + Lpopr, 0,0, d01)
+ (0, £prTM vuwn2 + (VP (a2,0)))
— (0, (Voaea 01 + d(VE*u, (a1,0))) + (0, d (71, VESu)).

prT]\/I

But we have

£xLpa)02 = Lpopr, 0,002 = £p(a) £x02 + Lo, (vro) b2

since pryp (VE®u) = [p(a1), X] + p o pry Qua1, and in the same manner

= £xp(an) 01 + () dLxOL +1popr, 000,01 = L, (72001
+ d(VE™u, (a1,0)) — d(r1, VEu)
= 1p(as), X] 4 popr s 2uaz Q01 = Lpr (e 01 — d((0,61), Vhasy) = 0.

Since

~((p: p)uar, (a2,0)) + (Viu, (a2,0)) = (La,u, (a2,0)) = (Lo, a2)
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and
£pand{a; az) = d(p(ar)(e, az2)) = d({£a, v, a2) + (o, a1, az])),
the remaining sum
d{a, [a, as]) — d((p, p")Quar, (a2, 0)) — £,q,)d{cr, az) + d(Vu, (az,0))

vanishes as well. O
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