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On the Chern numbers for pseudo-free
circle actions
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Let (M, %) be a (2n + 1)-dimensional oriented closed manifold with
a pseudo-free S'-action 1 : S* x M — M. We first define a local
data L(M,) of the action 9 which consists of pairs (C, (p(C);
7(C))) where C is an exceptional orbit, p(C) is the order of
isotropy subgroup of C'; and 7(0) € (Z;(C))" is a vector whose en-
tries are the weights of the slice representation of C. In this paper,
we give an explicit formula of the Chern number (c;(E)", [M/S'])
modulo Z in terms of the local data, where £ = M x g1 C is the
associated complex line orbibundle over M/S!. Also, we illustrate
several applications to various problems arising in equivariant sym-
plectic topology.
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Let N be a 2n-dimensional oriented closed manifold and S* = {z € C | |2| =
1} be the unit circle group acting on N effectively where we denote the
action by ¢ : S' x N — N. The localization theorem due to Atiyah-Bott
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[AB] and Berline-Vergne [BV] is a very powerful technique for computing
global (topological) invariants of N in terms of local data

L(N,¢) ={(F,vs:(F))} peyst

where F' is a connected component of the fixed point set N°' and vg: (F)
is an S'-equivariant normal bundle of F' in N. In particular if N admits
an Sl-invariant almost complex structure, then we can compute the Chern
numbers of the tangent bundle T'N in terms of the local data L.

In this paper, we attempt to find an odd dimensional analogue of the
ABBV-localization theorem in the sense that if we have a (2n + 1)-dimen-
sional oriented closed manifold M equipped with an effective fixed-point-free
Sl-action ¢ : S* x M — M, then our aim is to find a method for computing
global invariants in terms of local data. Here, local data means

LM, ) = {(M®, vs: (M) }penp>1

where Z, is the cyclic subgroup of St of order p, M%» is a submanifold of
M fixed by Z,, and vg:(M?%») is an S'-equivariant normal bundle of M%» in
M. To do this, let us consider the following commutative diagram

M x C /:jl MXSl(C:E
M [ M/S*=B

q
where S! acts on M x C by
t-(x,z)=(t-z,tz)

for every t € S and (z,2) € M x C.

If the action is free, then B is a smooth manifold and E becomes a
complex line bundle over B with the first Chern class c;(E) € H?(B;Z).
In particular, the Chern number (c;(E)",[B]) is an integer where [B] €
Hs,(B;Z) is the fundamental homology class of B.

On the other hand, if the action is not free, then B is an orbifold with
cyclic quotient singularities and E becomes a complex line orbibundle over
B. Then the first Chern class ¢;(E) € H?(B,R) is defined, via the Chern-
WEeil construction, as a cohomology class represented by a differential 2-form
O, on B where « is a normalized connection 1-form on M and O, is a 2-form
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on B such that da = ¢*©,. Then the Chern number of E is given by

@By (B) = [

@a/\(%a/\---/\@a:/ a A (da)"
B

M

which is a rational number in general (see [W, Theorem 1]). However, the
local data L£(M,1) does not detect any information about free orbits by
definition of £(M,%). In fact, if the S'-action is free, then the local data
L(M,1) is an empty set. Thus to make our work to be meaningful, we will
construct an invariant, namely e(M, 1)), of (M, ) which is zero if ¥ is a free
action, and it measures the contributions of exceptional orbits to the Chern
number of the complex line orbibundle associated to (M, ).
Now, let us define

e(M, ) = (c1(E)", [B]) (modZ).

This number is well-defined up to S'-equivariant diffeomorphism. Also, we
have e(M, 1) = 0 if ¢ is a free action. Thus the invariant e(M, ) is a good
candidate which can be computed in terms of the local data L(M, ).

Now, consider an S'-manifold M and fix a point z in the interior M of M.
Let C be an orbit of x whose isotropy subgroup is Z,c) where p(C') be the
order of the isotropy subgroup of C. By the slice theorem (see Theorem ,
there exists an S'-equivariant neighborhood U of C such that

U8 %, V,

p(C) 'L

where V; is the slice representation of Z, ) at z.

Proposition 1.1. Let (M, 1)) be a (2n + 1)-dimensional fived-point-free S*-
manifold. Suppose that C C M is an orbit with the isotropy subgroup Zp,
which is possibly trivial. Then there exists an S'-equivariant tubular neigh-
borhood U of C which is S'-equivariantly diffeomorphic to S* x C™ where
St acts on ST x C™ by

t-(w, 21,22, .. 2n) = (tPw, tP 2, 1P 29, ...t 2y)

for some integers qi,qa, . .., qn. Moreover, the (unordered) integers q;’s are
uniquely determined modulo p.

In other words, Proposition says that an S'-equivariant tubular
neighborhood of the form S x Zyey Ve can be trivialized as a product space
and the given action can be expressed as a linear action.
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In this paper, we deal with the case where the action is pseudo-free.
Recall that an S'-action on a smooth manifold M is called pseudo-free if
there is no fixed point and there are only finitely many exceptional orbits.
Equivalently, the action on M is pseudo-free if the quotient space M/S?
has only isolated cyclic quotient singularities. Let £ = £(M, 1) be the set of
exceptional orbits of (M, 1)). Then Proposition implies that each C € £
with the stabilizer Z, ) assigns a vector

7(0) = (ql(C)a Q2(C)7 ce 7qn(0)) (Z;(C))na

where Z; is a multiplicative group consisting of elements in Z, which are
coprime to p. We call 7 ) the weight-vector, and say that C is of (p(C);

7(C))-type.
Remark 1.2. Note that ¢ (C) is unique up to ordering of ¢;(C)’s.

Thus if the action v : 81 x M — M is pseudo-free, then the local data
of (M,) is given by

LM, ) ={(C.(p(C): T(C)))}cee-

In Section 4, we give an explicit formula (Theorem of e(M,) in terms
of the local data L£(M, 1)) if 1 is a pseudo-free S* action on M. As a first
step, we prove the following.

Proposition 1.3. Letp > 1 be an integer and let ¢ = (q1,-- aqn) € (Z))".
Then there exists a (2n + 1)-dimensional oriented closed pseudo-free S'-
manifold (M, ) having exactly one exceptional orbit C' of (p; 7)—type. Morre-
over,

-1 -1 -1
e(M,p) =82 " (104 7)
p
where qj_1 is the inverse of q; in Z;.

Using Proposition we prove our main theorem as follows.

Theorem 1.4. Suppose that (M,) is a (2n+ 1)-dimensional oriented
closed pseudo-free Sl—manifold with the set € of exceptional orbits. Then

@ (C) q(C) - gu(C)
CZEE o) (modZ)

where Qj(C)fl is the inverse of q;(C) in Z1:(0)'
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Theorem has particularly interesting applications when we consider
a pseudo-free S'-manifold (M, 1)) such that e(M,)) = 0. In this case, our
theorem gives a constraint on the local data L(M,1)) given by
5 OGO 1O oz
p(C)

ce&

As immediate applications, we can obtain the following corollaries where the
proof will be given in Section

Corollary 1.5. Suppose that (M,1)) is an oriented closed pseudo-free S*-
manifold with e(M,v) = 0. If the action is not free, then M contains at
least two exceptional orbits. If M contains exactly two exceptional orbits,
then they must have the same isotropic subgroup.

Corollary 1.6. Suppose that (M,1)) is an oriented closed pseudo-free S'-
manifold with e(M,v) =0. If C is an exceptional orbit with the isotropy
subgroup Z, for some p > 1, there exists an exceptional orbit C' # C with
the isotropy subgroup Z, for some integer p’ such that ged(p,p’) # 1.

Now, we illustrate two types of such examples. One is a product manifold
equipped with a pseudo-free S'-action.

Proposition 1.7. Let (M,v) be a (2n + 1)-dimensional oriented closed
fized-point-free S*-manifold. If M = My x My for some closed S'-manifolds
My and My with positive dimensions, then e(M,1)) = 0.

By using Theorem and Proposition [1.7] we can prove the following.

Corollary 1.8. Let (M,.J) be a closed almost complex S'-manifold. Sup-
pose that the action preserves J and that there are only isolated fixed points.

Then,
1

Iz a(2)

where q1(2),...,qn(2) are the weights of the S'-representation on T, M.

=0
zeMS!

Remark 1.9. Note that Corollary also can be obtained by the ABBV-
localization theorem (see Section 5 for the detail). Thus the authors expect
that there would be some equivariant cohomology theory which covers both
the odd-dimensional theory (Theorem and the even-dimensional theory
(ABBV-localization theorem). This work is still in progress.
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The other type of examples comes from equivariant symplectic geometry
as follows. Recall that for a given symplectic S'-action 1 on a closed sym-
plectic manifold (M,w) where [w] € H?(M;Z), there exists an S!-invariant
map p: M — R/Z = S* called a generalized moment map defined by

p(w)i= [ ixe (mod2)

x

where z is a base point, and v, is any path v, : [0,1] — M such that 7, (0) =
xo and 7,(1) = x. When ) has no fixed point, then M becomes a fiber bundle
over St via u (see [CKS] for the details).

Proposition 1.10. Let (M,w) be a closed symplectic manifold equipped
with a fized-point-free S'-action v preserving w. Let i : M — R/7Z be a gen-
eralized moment map and let Fy = u='(0) for € R/Z. Then e(Fy,)|r,) =
0.

Finally, here we discuss the Weinstein’s theorem [W| Theorem 1] and
pose some conjecture.

Theorem 1.11. [W] Let (M,v) be a (2n + 1)-dimensional closed oriented

fized-point-free S*-manifold. Let o be a normalized connection 1-form on
M. Then

E”'/ a(da)" € Z
M

where £ is the least common multiple of the orders of the isotropy subgroups
of the points in M.

Let (M/S1)sing be the set of singular points in M/S. Our main theo-
rem (1.4 implies that if dim(M/S1)gng = 0, then we have

E-/ a A (da)" € Z.
M

We pose the following conjecture.

Conjecture 1.12. Under the same assumption of Theorem [1.11} we have
AR / a (da)" € Z.
M

where k = dim(M/S1)ging.
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It is obvious that Conjecture [1.12]is true when k = 0 by Theorem [1.4
One can verify that Conjecture [1.12]is true when M is an odd-dimensional
sphere with a fixed-point-free linear S!-action (see Proposition .

This paper is organized as follows. In Section 2, we define a local data
for a fixed-point-free S'-action. In Section 3, we define a Chern class of a
closed fixed-point-free S'-manifold and give the explicit computation of the
Chern class of an odd-dimensional sphere equipped with a linear S'-action.
In Section 4, we give the complete proof of Proposition [I.3]and Theorem [T.4]
Finally in Section 5, we discuss several applications of Theorem and give
the proofs of Corollary and [I.8] Also, we deal with the examples
illustrated above and give the complete proof of Proposition and

2. Local invariants

The main purpose of this section is to define a local invariant for each ex-
ceptional orbit, which is invariant under S'-equivariant diffeomorphisms. To
do this, we first describe a neighborhood of each orbit.

Theorem 2.1 (Slice theorem). [Au] Let G be a compact Lie group acting
on a manifold M. Let x € M be a point whose isotropy subgroup is H. Then
there exist a G-equivariant tubular neighborhood U of the orbit G - m and a
G-equivariant diffeomorphism

G XH Vw —U
where G acts on G xg V, by
g-1g',v] = lgg',]

for every g € G and [¢',v] € G Xy V. Here V., called a slice at x, is the
vector space Ty M /T, (G - x) with the linear H -action induced by the G-action
on T, M.

In our case, G = S! and the isotropy subgroup H of z is isomorphic to
Z, for some p > 1 if z is not fixed by the Sl-action. The following lemma
will be used frequently throughout this paper.
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Lemma 2.2. Let m > 1 be a positive integer and let (wg, w1, ..., wy) be
the coordinate system of S* x C™. Define an S'-action on S* x C" given by

t- (wo,wl, e ,wn) — (tmowo,tQHlUl, L ’ta?nwn)

27

for some (xq, 1, ..., 2,) € Z" with ged(zo, m) = 1. Similarly, for& =em ,
define a Z,-action on S* x C" by

5 : (QU(],’Ujl, ceey wn) = (gmow()vfmlwlv s 7£mnwn)

for some (mg,m1,...,my) € Z" ! with ged(m, mo) = 1. Then,
1) the S'-action and the Zy,-action commutes,

2) the Zy,-quotient St xz, C™ with the induced S*-action is S*-equivar-
iantly diffeomorphic to S* x C™ with an S*-action given by

__ (4Tom —zoa1+x —Zoln+Tn
t (20,215 0oy 2n) = (E° 2o, 6 F0NT LT Zn)s

where a; = malm@- modulo m, and

3) if Zm act as a subgroup of S' on S x C", or equivalently, if m; = x;
for every i =0,1,...,n, then S' xz C" with the induced S*/Zy,-
action is equivariantly diffeomorphic to S* x C™ with an S'-action
given by

t- (20,215 2n) = (t%20,t% 21, ..., 15" 2p),

1

where s; = m™ x; modulo xg.

Proof. The first claim (1) is straightforward by direct computation. For (2),
since mg is coprime to m, for each ¢ > 1, there exist integers a; and s; such
that

moa; + ms; = m;.

Then we can easily see that a; = my Lm; modulo m.
Now, we define a map ® : S x; C" — S x C" as

m

d([wo, - .., wy)) = (W', wy M wi, ..., Wy " wy).
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Then ® is well-defined since

B([E™0wp, €™ wy, ..., €™ w,])
( mom m7 €_m0a1+m1waalw1, o ,é—moan—i-mnwgnwn)
= (wg’ ,fmsl My, 8wy M wy)
= (wg", wy “wi, ..., wy “"wy) = P([wo, wi, . .., wy)).

The surjectivity of ® is obvious so that it is enough to show that & is
injective. If

O([wp, - .., wy]) = P([wy, - .., wh]),
then
o wi' = (w))™ and
o w, “w; = (w) %w) for every i =1,2,...,n.
These imply that

o w) = gFmoqq for some k € Z (since €™ is also a generator of Z,,), and

o wyMw; = f*kmoaiwo_“iwg.

Thus we have w] = gFmodiyy, for every i = 1,2, ...,n. Therefore, we have
k k km,
[wo,wl, . ,wn] = [f mowo,g mlwl, e ,5 m U}n]
_ [ékmowo’ fk(m0a1+msl)w1, o ,fk(moa”’+ms")wn]
= [ékmowm gkmoalwl’ s 7£km0anwn] = [w()? wia s 7w;7,]

To show that ® is S'-equivariant, we define an S'-action on S' x C" as

te (20,21, vy 2n) = (ET 5020, tT TN Ty LT I ),
Then the S'-equivariance of ® is as following.
T T T,
D(t - [wo, wi,...,wy]) = P([t*°wg, t* wy, ..., t5"wy,])
_ max m 4—Toar+x —a —ToQn~+Tyn ,,,—Cn
= (t""wyt TN T g My, L 2T wy "Wy,
—a —an,
=t (wy', wy ' wi,. .., wy " wy)

=t P([wo,wi,...,wy)).
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To show (3), suppose that Z,, acts on S' x C" as a subgroup of S!, i.e.,
m; = x; for every ¢ = 0,1,...,n. By definition of a; and s;, we have

—Zoa; + T; = —Moap + M; = Ms;.
Then s; = m~'a; modulo g since g is coprime to m. Thus for every i =
1,2,...,n, the number —zga; + z; is a multiple of m. Hence the S'-action
given as above is non-effective and it has a weight-vector (mxg, msi,...,
msy,). Therefore, after taking a quotient by Z,, which acts trivially on S* x
C™, the residual S!/Z,,-action is given as in (3). O

Now, let us consider a (2n + 1)-dimensional S'-manifold (M, ). Then
for each z € M, Theorem implies that V, = R?*" and the orbit S' -z
has an S'-equivariant tubular neighborhood diffeomorphic to S x  R?®
where H is the isotropy subgroup of x. The following proposition states
that S x5z R?" is in fact S'-equivariantly diffeomorphic to the product
space S' x C" with a certain linear S'-action.

Proposition 2.3 (Proposition[L.1). Let (M,) be a (2n + 1)-dimensional
fized-point-free St -manifold. Suppose that C' C M is an orbit with the isotropy
subgroup Z,, which is possibly trivial. Then there exists an S'-equivariant
tubular neighborhood U which is S -equivariantly diffeomorphic to S' x C"
where S' acts on ST x C" by

t- (20,215,292, .,2n) = (tP20,t1 21, tP 29, ..., tI"2y)

for some integers qi,qz, ..., qn. Moreover, the (unordered) integers q;’s are
uniquely determined modulo p.

Proof. Let * € M be a point in M with the isotropy subgroup Z, C S1,
and let V, = R?" be the slice at z. Recall that any orientation preserving
irreducible real representation of Zj, is two-dimensional, and it is isomorphic
to a one-dimensional complex representation of Z, determined by a rotation
number modulo p. Thus V, = C" and a Zj-action on S 1'%V, is given by

£ (wo,wi, ... wn) = (§wo, & Pwy, ..., & wy,)

27
p

for every (wq,ws1,...,w,) € St XV, where ¢ =e» and ¢;’s are integers
uniquely determined modulo p, see [Ko| p.647] for more details.

Let C be an orbit containing z. By the slice theorem [2.1] there exists an
Sl-equivariant tubular neighborhood U of C' which can be identified with
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St Xz, Vi where the S L_action on St xz, Vi is induced from the S L_action
on S x V, given by
t- (wo,wi,...,wy) = (two,wr, ..., wy)

for every t € S! and (wo, w1, ..., w,) € S' x V.
Now we apply Lemma [2.2] with m = p, 2o =mo =1 and z; =0, m; =
—gq; for ¢ > 1. Then we may choose a; = —¢; and s; = 0 for ¢ > 1 so that

moa; +ms; =1-(—q;) +m-0=—q; = m,.
Therefore, we obtain an S'-equivalent diffeomorphism
®: S %y V, — ST xC,
where S'-action on the target is given by

te (20, 21,0y 2n) = (ETF0 g0, t7T00F Ty TG TN
= (th[), 1Bz, .t 2y,).
This completes the proof. O
By Proposition each exceptional orbit C' assigns a vector

7(C) = (@(C),@2(C), .-, au(C)) € (Zpc)"

which is uniquely determined up to ordering of ¢;(C')’s where p(C) is an
order of the isotropy subgroup of C'. We call 7(0) a weight-vector of C.

Now, assume that (M, ) is a (2n 4 1)-dimensional closed pseudo-free
Sl-manifold and let £ be the set of exceptional orbits. Then each C € £ is
isolated so that ged(p(C),q;(C)) =1 for every i = 1,2,...,n, ie.,

7(C) e (Zpo))™-

Definition 2.4. Let (M,v) be a (2n + 1)-dimensional pseudo-free S'-
manifold with the set £ of exceptional orbits.

1) A local data L(M,1)) is defined by
£,v) = {(C,(CxTC)) | MO eNTO) € ()"}

2) We call (p(C); ¢ (C)) the local invariant of C, and we say that C' is of
(p(C); T (C))-type.

cee’
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3. Chern numbers of fixed-point-free circle actions

In this section, we give a brief review of the definition of the first Chern
class of fixed-point-free S'-manifolds. Also we give an explicit computation
of the Chern number of an odd-dimensional sphere equipped with a linear
action and explain how the Chern number (modulo Z) can be computed in
terms of a local data.

We first review the classical result about a principal bundle over a
smooth manifold.

Definition 3.1. Let G be a compact Lie group and g be the Lie algebra of
G. Let M be a principal G-bundle. A connection form « on M is a smooth
g-valued 1-form such that

e a(X) = X for every X € g, and

e « is G-invariant

where X is a vector field on M, called the fundamental vector field of X,
defined by
d
X, = — tX) -
Xp= gl o))
for every x € M.

For a given connection form « on M, the curvature form 2, associated
to a is a g-valued 2-form on M defined by

Qy = da + [a, al.

In particular, if G is abelian, then the Lie bracket [-, -] vanishes so that we
have Q, = da.

Suppose that G = S! € C be the unit circle group with the Lie algebra
s!. Also, let (M, 1)) be a fixed-point-free S'-manifold with a connection form
«. Then « can be viewed as an R-valued 1-form via a linear identification
map ¢ : 5 — R. Note that € is determined by the image ¢(X) € R where X
is the generator of the kernel of the exponential map exp: s — S'. We say
that « is normalized if an identification map ¢ is chosen to be

e(X) =1

Equivalently, « is normalized if S'=s!/ ker(exp) ®R/Z and «a(X)=1 where
X = % and 6 is a parameter of R. In particular, if « is normalized, then we
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/azl
F

for any free orbit F' (see also Remark [3.6)).

The following proposition is well-known and the proof is given in [Aul.
But we give the complete proof here to show that it can be extended to the
case of a fixed-point-free action.

have

Proposition 3.2. [Au] Let M be a principal S'-bundle over a smooth man-
ifold B and let o € QY (M) be a normalized connection 1-form on M. Then,

e there exists a unique closed 2-form O, on B such that ¢*©, = da
where q : M — B is the quotient map,

e [0,] € H?(B;R) is independent of the choice of o, and

e [0,] is equal to the first Chern class of the associated complex line
bundle M x g1 C over B where S* acts on M x C by

t-(r,z)=(t x,tz)
for every t € St and (z,2) € M x C.
Proof. Recall the Cartan’s formula which is given by
Lx =ixod+doix.
By applying the Cartan’s formula to «, we have
Lxa=1ixoda+doixa=0.

Since ixa =1, we have ixdo = 0, i.e. da is horizontal. Also, by applying
the Cartan’s formula to da, we have

Lxda =ixd*a+dixda = 0.

Therefore, there exists a push-forward of da, namely ©,, on B such that
q*0O, = da. It is straightforward that such a ©, is unique.

To prove the second statement, let S be another connection form on
M. Then it is obvious that o — 3 is S'-invariant and ix(a — 8) = 0. Thus
there exists an 1-form v on B such that ¢*y = a — . In other words, dvy =
Oa — Op so that [0,] = [04] in H?(B;R).



14 B. An and Y. Cho

To prove the third statement, recall that for a given smooth manifold
N, there is a one-to-one correspondence between the set of principal S'-
bundles over N and the set of homotopy classes of maps [N, BS!] where
ES! is a contractible space on which S! acts freely, and BS! = ES!/S! is
the classifying space of S'. By applying this argument to M, we have a map
f:B — BS! and an S'-equivariant map f : M — ES' such that

M1 Est

| Tk

B —— BS!

commutes. _

Now, let ap be a normalized connection form on ES'. Since f is S'-
equivariant, the pull-back f*aq is also a normalized connection form on M
so that we have f*0,, = © Frao® Furthermore, the above diagram induces a
bundle morphism

M X g CgESI x g1 C

QC\L i@c

B !, s
for any fixed linear S'-action on C where qc (qc, respectively) is an extension
of q (g, respectively). Therefore, by the naturality of characteristic classes, it

is enough to show that [©,,] is equal to the first Chern class of the complex
line bundle

0(1) = ESl X g1 C— BSl
where S' acts on £S! x C by

t-(z,2)=(t ztz)

for every t € S' and (z,2) € ES! x C. Then it follows from Corollary
O
Let us consider a fixed-point-free S'-manifold M. Even though the action

is not free, we can find a connection form as follows.

Proposition 3.3. Let (M,)) be a closed fived-point-free S*-manifold. Then
there exist an s'-valued 1-form «, called a connection form on M, such that

e a(X) = X for every X € 5!, and
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e « is St-invariant.

Proof. Let £ be a least common multiple of the orders of the isotropy sub-
groups of the elements in M and let Z, be the cyclic subgroup of S! of order
¢. Then we have a quotient map 7, : M — M/Z, and the quotient space
M7, becomes an orbifold. Note that S'/Z, acts on the quotient space
M7, freely so that M /Z, is a principal S'/Z,-bundle over B = M/S'. The
slice theorem implies that the quotient space B is an orbifold, in particu-
lar, B is paracompact, see [Sa] for the detail. Since any principal S!-bundle
over a paracompact space admits a connection form(c.f. [KN, Chap IIJ),
there exists a connection form o' on M/Z,. Then it is not hard to check
that

is our desired 1-form. O

Lemma 3.4. Let o be a normalized connection form on M. There exists
a unique closed 2-form ©, on M/S' such that ¢*©, = da where q : M —
M/S* is the quotient map. Moreover, [©,] € H*(M/S';R) does not depend
on the choice of a.

Proof. The proof is exactly same as in the proof of Proposition |3.2 O

Now, we define the first Chern class of a fixed-point-free S'-manifold as
follows.

Definition 3.5. Let (M,) be a closed fixed-point-free S'-manifold. Let
a be a normalized connection form on M. Then we call [0,] € H*(M/S';R)
the first Chern class (or the Euler class) of (M, 1) and we denote by ¢1 (M, 1)).

Remark 3.6. [CdS, page 194] The reader should keep in mind that a
connection form « is an s'-valued 1-form, and we need to identify s' with R
via € to regard « as a usual R-valued differential form. For example, Audin
[Aud, Example V.4.4] used an identification map () = 27 and defined the
Chern class by [5£0,]. In [CdS], Cannas da Silva used the same identification
map as in our paper.
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Note that since « is normalized, we have fsl a=1. Thus if M is of
dimension 2n + 1, then we have

(cl(M,z/J)",[B}):/B@a/\(%a/\---/\@a:/Ma/\(da)"

where B = M/S! and [B] € Ho,(B;Z) is the fundamental homology class
of B.

Remark 3.7. The theory of characteristic classes of orbibundles is well
established in the case of good orbibundles. In fact, they are defined as ele-
ments of orbifold cohomology. In our case, B is the quotient space of M by
a pseudo-free S'-action and the orbifold cohomology H},(B) is the same

as the equivariant cohomology H§, (M) (see [ALRI Proposition 1.51]). Also,
the fibration

gsi : M xg1 ESY — M/S' =B

induces an isomorphism ¢&, : H*(B) — Hg (M) with coefficients in a field
(see [ALRL Proposition 2.12]). With this identification, one can see that
the Chern class c¢1(M,y) € H 2(B;R) defined above is actually the same as
the Chern class ¢1(E) € H*(M xg: ES') = H2 ,(B;R) (defined as in [ALR],
page 45]) of the associated line bundle

E=(MxC)xg ES' = M xg1 ES!
In other words, we have
@5 (e1(M, 1)) = e1(E).

The following proposition gives an explicit computation of the Chern
numbers of odd-dimensional spheres equipped with linear S'-actions, which
we use crucially to prove Proposition and Theorem

Proposition 3.8. Suppose that an S'-action ¢ on S*"~1 C C" is given by
t- (Zb Z2y .y Zn) = (tplzl>tp2227 s 7tpnzn)

for some (p1,p2,-..,pn) € (Z\{0})". Then

1

2n—1 n 2n—1 /qlyy _
<01(S Mﬁ) ) [S /S ]) - H?:lpi'
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Proof. We will use real coordinates (z;,y;) = z; = z; +iy; forj =1,2,...,n

)

Recall that s* is identified with R which is parametrized by 6 and t = >,
For X = %, we have

0
S (i)

Define a connection form « on S%2"~! such that

1 1
=5 j ;j(—yjdfﬂj + xjdy;).

Then we can easily check that « is a normalized connection form on S~ 1.
By differentiating o, we have

1 1
da= 5 Z ;j(—dyj A dxj + daj A dy;)

1 2
= — E —dz; N dy;
T “— pj
J
1 1
=— E —dx; N\ dy;.
s ; pj

Therefore, we have

n—1 __ ) = " 2ny . —
/Sznloz/\(doz) —/D%(d) T p]w(D =5

where the first equality comes from the Stoke’s theorem. O

Corollary 3.9. Let 7 : ES' — BS' be the universal S*-bundle and let oy
be a normalized connection form on ES'. Then the curvature form ©,, on
BS! represents the first Chern class of the complex line bundle

0(1) = ESl X g1 C

where S acts on ES' x C by t-(v,2) = (t-z,tz) for every t € S' and
(r,2) € ES! x C.
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Proof. Recall that the universal bundle ¢ : ES' — BS! can be constructed
as an inductive limit of the sequence of Hopf fibrations

g3 C S5 ¢ §2n+1 C s ES! ~ g
CP!' - CP?— cpr C—~ BS' ~ CP>,

where S! acts on S?"~! C C" by
t-(z1,22,...,2n) = (tz1,tz9,...,tz,).

Since O(1) is the dual bundle of the tautological line bundle O(—1) over
BS!, we have

c1(0(1)) = u € H*(BS";7)
where u is the positive generator of H?(BS';Z) = H?(CP*;Z). Thus it is

enough to show that

1y = « a = 1.
(©ul[CP) = [ anda=1

This follows from Proposition [3.8 O

Remark 3.10. In [Kal page 245], Kawasaki described a cohomology ring
structure (over Z) of the quotient space S?"*!/S! where S!'-action ¢ on
527+l is given by

t-(20,21,22, .., 2n) = (P20, tPr 21, ..., tP" 2y)

for any positive integers pg, p1, . . ., pn such that ged(po, p1,--.,pn) = 1. The
ring structure of H*(S?"+1/81;7) is as follows. Let v, be the positive gen-
erator of H2¥(S§%7+1 /81 7)) = 7. Then

014y,
M Ve = T'yk+1
k+1

where

0= lcm{ PioDiy =" Diy
ng(pio yDPiysy .- - 7plk)

0§i0<~-<ik§n}.
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In particular, we have ¢; = lem(po, p1, ..., pn) and £, = pop1 - - - Py, since the
action is effective. Then it is not hard to show that
ETL
n_ 1

On the other hand, Godinho [Gol Proposition 2.15] proved that the
action has the first Chern class

§2n+1 _ 71 _ ﬂ.
Cl( ’w) lcm(p07p17 cee )pn) gl

Consequently, the Chern number is

2n—+1 n 2n+1 1 _l 2n+1 11y 1
(a7, )" (8481 = -, [877/81]) = -

which coincides with Proposition (3.8

Remark 3.11. In [Lia], Liang studied the Chern number of a (2n + 1)-
dimensional homotopy sphere ¥2"*1 equipped with a differentiable pseudo-
free S'-action

¢ . Sl % ZQTH-I N EQn—i-l

under certain assumption. More precisely, he proved that if there are exactly
k exceptional orbits Cy, . .., C) in 2"+ with isotropy subgroups Lgys .., 1L,
for some positive integers q1, . . ., g such that ged(g;, ¢;) = 1 for each 4, j with
i # j, then

1
Qo qe
His result does not involve the condition “modulo Z” since the proof relies
on the fact [MY] that there exists an S!-equivariant map of degree £1 from
Y2+l to §27H where an S'-action ¢’ on S?"H! is given by

<Cl(22n+1, )", [ZQn—H/SlD -+

t- (21, ceey Zn+1) = (tqlmqkzl,tZQ, ce ,thJrl).
Thus we can obtain

<Cl (EZn—s—l’ ¢)n7 [22n+1/sl]> — :|:<Cl(52n+1, ¢/)n’ [52n+1/sl]> -4 -
q1- gk
where the equality on the right hand side comes from Proposition Conse-
quently, we cannot extend Liang’s result (without “module Z”) to a general
case by the lack of such an S'-equivariant map to S?"+1.
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4. Proofs of Proposition and Theorem

In this section, we give the complete proofs of Proposition [1.3] and Theo-
rem[I.4] Throughout this section, for a given oriented manifold M , we denote
M with the opposite orientation by —

Definition 4.1. Let (M,v) be a compact oriented fixed-point-free S*-
manifold with free S'-boundary OM, i.e., 1 is free on OM. A resolution N of
(M, 1)) is a triple (IV, ¢, h) consisting of a compact oriented free S!-manifold
(N, ¢) with boundary ON and an orientation-preserving S'-equivariant dif-
feomorphism h : ON — OM with respect to ¢ and 1.

Remark 4.2. Suppose that M and N are given as in Definition [£.1] Then
M/S" has singularities, while N/S! does not. If W is a singular space and
if there exists a subset of W which is diffeomorphic to M/S*, then we can
always remove M/S! and glue N/S! along OM/S*. In this manner, we can
think of

W= (W\ (M /S )|_|N/51

as a resolution of W. This is the reason why we use the terminology ‘reso-
lution’ in Definition E.1]

Let (M, 1) be an oriented compact fixed-point-free S'-manifold with free
Sl-boundary OM, and let N = (N, ¢, h) be a resolution of (M, ). Then we
can glue M and N along their boundaries 0M and ON by using h as follows.

By the equivariant collar neighborhood theorem [Kl, Theorem 3.5], there
exist closed S'-equivariant neighborhoods of OM and ON which are S'-
equivariantly diffeomorphic to OM x [0, €] and ON x [0, €], respectively, where
St acts on the left factors. Then we may extend h to a map h on N x [0, €]
to OM x [0, €] as

h : ONx[0,¢] — OM x|0,¢
(z,t) — (h(x),e—1t).

Note that the extended map h is S'-equivariant and orientation-reversing.
Thus we can glue M and —N along 0M x (0,¢€) and ON x (0, ¢€) via h. Thus

we get a closed fixed-point-free S'-manifold

MN:MUE—N,
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where the S'-action 1N on My is given by

YN =Y Uy .
Notice that if ¢ is pseudo-free, then so is ¥n.

Lemma 4.3. Let (M,v) be a compact fized-point-free S*-manifold with free
St-boundary OM . Suppose that there exists a resolution N of (M,1)). Then
e(Mn,¥N) is independent of the choice of a resolution N.

Proof. Suppose that there are two resolutions Nj = (Ny, ¢1,h;) and
Ny = (N, ¢2, ha) of (M, 1)) so that we have two closed fixed-point-free S*-
manifolds

(MNule) = (M Uﬁl _]\07171/] I—lﬁl ¢1)7 and
(MNzawNQ) = (M Uﬁz _]\0727¢ I—'EQ ¢2)

For the sake of simplicity, we denote by M; = My, and v, = ¥, for each
1 = 1,2. Then our aim is to prove that

E(Mla @1) = 6(M27 EQ)

Now, let ay be a connection form on dM. Then ay can be extended
to a connection form, which we still denote by ay, on OM X [0, €] via the
projection OM x [0,e] — OM. Let a be a connection form on M such that
the restriction of v to a closed collar neighborhood OM x [0, €] is ay. Such
an « always exists by the existence of a partition of unity (see [KN, Theorem
2.1]). Similarly, for each i = 1,2, we can construct a connection form «a; on
N; such that the restriction of o on dNj; x [0, €] is the pull-back &; ay.

Since o and «; agree on M x [0, €] and ON; x [0, €] via h;, we can define
a connection form @; on M, by gluing a and «a; via h;. Then we have

G(Ml,al) - €(M27E2) E/

ay A (dap)" — / ag A (dag)"™
M,

M-

/ a1 N\ (dal )n
(M\OM x(0,€))i— N

— / a9 N (dag)n
(M\OM x(0,€))Li— N

E/M ag/\(dag)"—/Nl a1 A (dar)™ (mod Z).
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On the other hand, h:= h;l ohi: 9Ny — ONy is an orientation-
preserving S'-equivariant diffeomorphism so that (Na, ¢2, h) is a resolution
of (N1, ¢1). Thus we can glue N7 and Ny along the collar neighborhoods of
their boundaries via h. If we let

(N,9) = (N Lz — Ny, o Uz é1),

then (N, ) becomes a closed free S'-manifold. In particular, a; on ON; x
[0, €] agree with h; ap so that there exists a connection form @ on N such
that |y = ay|y for each i = 1,2. Consequently, since ¢ is free, we have

0= /a/\ (da)" (modZ) :/ a A (da)”

N NQ\BNQX(O,E)H*]\EG

= / az A (dag)" — / ag A (dog)"™ — / as A (dag)™.
N, 1 ON2x(0,€)

Since ay on Ny x (0, €) is the same as hyay and ag A (dag)™ = 0, the last
term vanishes. Therefore

/N2 ag A (dag)™ — / aj A (dap)™ =0 (mod Z)

Ny
which completes the proof. U

In general, for a compact fixed-point-free S'-manifold with free S'-
boundary, we do not know whether a resolution always exists. However, if
we consider a closed tubular neighborhood of an isolated exceptional orbit,
then a resolution always exists (see Proposition . To show this, suppose
that there exists a closed S!'-manifold (M, 1)) having only one exceptional
orbit C. Then the local data of (M,)) is given by

L(M,) ={(C,(p; 7))},

for some p = p(C) € N and 7= 7(6’) =(q1,92,---,Gn) € (Z;)n. Then by
Proposition there exists a tubular neighborhood U = S' x C" of C such
that the S'-action is given by

t-(w, 21,22, ..,2n) = (Pw, tT 21, tP 2o, ... 1T 2,)

for every t € S and (w, 21, 22, ..., z,) € S' x C". Observe that the comple-
ment M \ U of U defines a resolution of U. Thus Lemma implies that
e(M, 1)) depends only on (U, 1|;), or equivalently, the local invariant (p; 7)
of C. We first show the existence of such an (M, ) in the case where n = 1.
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Notation 4.4. From now on, we denote the closed unit disk in C by D and
identify U with S! x D"™. Moreover, we denote (S* x D™, (p;q1,q2,---,qn))
the space S! x D" equipped with an S'-action given by

t(w, 21,22,y 2n) = (Pw, tT 21, 1P 29, ... 1T 2,)
for every t € S' and (w, 21, 22,...,2,) € S x D™,

Lemma 4.5. Let p>1 be an integer and let q € Z,;. Then there exists
a 3-dimensional closed pseudo-free S'-manifold (M,1)) having exactly one
exceptional orbit C of (p; q)-type. Furthermore, we have

1

e(M,y) = (mod Z)

a_
p
where ¢"lg =1 in Ly -

Proof. By Proposition and Definition there exists an S'-equivariant
closed tubular neighborhood of C' isomorphic to (S! x D, (p;q)). Let m =
g~ ! be the inverse of ¢ modulo p and a be an integer satisfying

pa+mq = 1.
Now, let us consider a linear S!-action ¥ on S% = 9(D x D) C C? given by
t- (21, Z2) = (tpzl,tZQ).

We first claim that S3/Z,, with the induced S!/Z,,-action, namely 1, is
our desired manifold (M,) where Z,, C S! is the cyclic subgroup of S! of
order m.

Observe that S = D x S'U S! x D so that

S3 /% = D xz, ST US! x5 D.

Since the S'-action on D x S is free, the induced S*/Z,,-action ¢ on D xz, |
St is also free. Thus it is enough to show that the action ¢ on S' xz D
has only one exceptional orbit of type (p;q).



24 B. An and Y. Cho

We apply Lemma [2.2] with m, g = mg = p, and 21 = m; = 1. Then we
can choose a; = a and s; = ¢ and we have a S'-equivariant diffeomorphism

®:8"xy, D—S'xD
where the target admits the residual S'-action given by
t-(w,z) = (t"w,t%2) = (tPw,t?z).

Therefore (S' xz D, %) is S'-equivariantly diffeomorphic to (S' x D, (p; q))
and 50 (53 /Zm, 1) has exactly one exceptional orbit of (p; q)-type as desired.
On the other hand, by Proposition [3.8] we have

o(8%3) = .

Let X (X™, respectively) be the fundamental vector field on S (S2/Z,,,
respectively) with respect to 1 (¢, respectively). Then the quotient map
q:S%— S3/Z,, maps the fundamental vector field X to mX™. Thus if we
choose any connection form a on $2/Z,,, then %q*a is a connection form

on S3. Therefore, we have

1
o(8%/Znt) = [ anda=- [ gandga
S8/ L,

m Jgs
* 1 *
=m [ —q¢aN—d(¢"a)
g3 m
—1
=T =9 (modz)
p p 0

Remark 4.6. In Lemma (M, 1)) is not unique. For example, if (M, 1))
is given in Lemma and if we perform an S'-equivariant Dehn surgery
along a free orbit in (M,1)), then we get a new pseudo-free S1-manifold
(M, ) having exactly one exceptional orbit of (p;q)-type.

To prove Proposition [1.3] we need the following series of lemmas.

Lemma 4.7. Suppose that (M, 1)) be a (2n — 1)-dimensional closed pseudo-
free S'-manifold having only one exceptional orbit C of (p;q1,q2, .- ., Gn-1)-
type where p € N and (q1,...,qn-1) € (Z;)”_l. Then there exists a (2n + 1)-
dimensional closed pseudo-free S'-manifold (]\7, QZ) having only one orbit C
of (p;q1,92,- -, Gn—1,1)-type. Moreover, we have e(M,1)) = e(M,)).
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Proof. Recall that D is the unit disk in C. Let us consider a manifold M x D
with an S'-action 9 given by

t-(x,z) = (t-xz,tz)

for every t € S! and (x,2) € M x D. Then it is obvious that v has only one
exceptional orbit C' x {0} of (p;q1,q2,...,qn—1,1)-type. Thus it is enough
to construct a resolution of (M x D, ).

Let E = M xg: D with an S'-action ¢ given by

to[z, 2] =[t =z, 2] = [z, t712]

for every t € S and [x,2] € M xg: D. Then we have 0F = M xg: S1 = M
and ¢ on JF coincides with ¢. Thus the product space N = E X S with
an S'-action ¢ given by

t([z,z],w) = (t- [z, 2], tw)

has a boundary ON = M x S! such that ¢|gn = ¥|yxs: via the canonical
identification map h : (M x D) — ON = 9(E x S'). Obviously, ¢ is free on
N so that (N, ¢, h) is aresolution of (M x D, 1)) if N is smooth. However, the
problem is that E is not smooth and neither is IV in general. In fact, there is
only one isolated singularity C' xg: {0} on the zero section M xg: {0} C E
where C' is the unique exceptional orbit of (M, ). Locally, a neighborhood
of C x g {0} is S'-equivariantly diffeomorphic to

(S*x C" Y xgmC=C" ! x4, C,
where S'-action ¢ on C*~! xz, C is given by
t- [Zla R25 -5 2n—1, Z] = [217 R25 vy 2n—1, t_lz]

for every t € S' and [21, 22, ..., 2p—1,2] € C""! Xz C.In other words, C' X g
{0} corresponds to the origin 0 in C"~! xz C which is a cyclic quotient
singularity fixed by ¢. Furthermore, it is a toroidal singularity, i.e., C*~! Xz,
C is an affine toric variety with the isolated singularity 0 equipped with a
(C*)™-action given by

(ti,to, ... tn) - [21, 22, .., 2n—1, 2] = [t121, 222, ..., tn—12n—1, tn 2]

for every (t1,t2,...,tn) € (C*)® and [21, 22,...,2p-1,2] € C"7! xz, C such
that ¢ acts as a subgroup of (C*)™. Therefore, by [KKMS, Theorem 11], there
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exists a (C*)"-equivariant resolution of C*~! x z, C. Consequently, there ex-
ists a ¢-equivariant resolution EL (/)f E with an extended S'-action ¢’. Thus
E' x S! admits a free S'-action ¢ given by

t-(zx,w)=(t z,tw)

for every t € S and (z,w) € E' x S1. Since OF’ = OF via the canonical
identification map, say h’, we have a triple (£’ x S*, 5’, h') which is a resolu-
tion of (M x D, ). Therefore, we get a (2n + 1)-dimensional closed pseudo-
free S'-manifold (M 1))

M =M x DUy E' xS,
J:Eug@

where 7' : I(E" x SY) x [0,¢] = O(M x D) x [0,¢] is an Sl-equivariant
orientation-reversing diffeomorphism defined by h' as before. Obviously,
(M, ) has exactly one exceptional orbit of type (p;q1,q2;---,qn-1,1).

Now, it remains to show that e(M,v) =e(M,1)). Let B =df be the
normalized connection form on D\ {0} with respect to an S'-action on D
given by t - z = tz where

D = {re*™®1 0 € [0,1]}.

We consider the pull-back of 3|gp—s: along the natural projection £’ x S* —
S1 and denote by 3 again. Then B becomes a normalized connection form
on (E' x S, ). o

We will construct a global normalized connection form on (M,) as
follows. Let o be a normalized connection form on (M, ) and let f : [0,1] —
[0,1] be a smooth function such that f(r) =0 near r = 0 and f(r) = 1 near
r = 1. Let

a=(1-f(r)at+fr)s

be a one-form on M x D where r = |z| for z € D. Though § is not defined on
the whole M x D, the one-form @ is well-defined on the whole M x D since
f = 0 near » = 0. Moreover, it is obvious that & is a normalized connection
form on M x D. In particular, & coincides with 8 on a neighborhood of
O(E" x S1)y =M x S' = 9(M x D). Thus we can glue @ and 3 so that we
get a global normalized connection form «, i.e. & is a connection form on
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(]TZ, ) such that
alopxsy =08 and aluyxp = a.

Since dB =0 on E’ x S, we have

e(M,y) = /N& A (da)™ (mod Z)

a A (da)" +/

E’'xS?t

sy~ [ B
O(E’xS1)x(0,¢)
aAN(da)*+0+0
((1- f)”+1)/ﬁ Adr Aa A (da)”
. _ \n+1y/ n
((1 f) )dr/aDB/Ma/\(da)
(M, )

Il
o

which completes the proof. O

Lemma 4.8. Let (M,) be a (2n + 1)-dimensional closed pseudo-free S*-
manifold with exactly one exceptional orbit C of (p; 7)—type where p € N
and ¢ € (Z;)”. Then for any r € N with ged(p,r) = 1, the quotient space
M/Z, with the induced S*/Z.-action 1, is also a pseudo-free S*-maifold
with exactly one exceptional orbit of type (p; 7"_17) where r~1 is the inverse
of r in Z, . Moreover, we have

e(M/Zy, 1) =1" - e(M,) (modZ).

Proof. Since ged(p,r) = 1, it is straightforward that the Z,-action on M is
free so that M/Z, is a smooth manifold. Let & be an S'-equivariant neigh-
borhood of C. It is also obvious that 1 is free on M \ U and therefore the
induced S!/Z,-action v, is also free on (M \ U)/Z,. Therefore, there is no
exceptional orbit in M \ U so that we need only to care about a neighbor-
hood U of C.

We apply Lemma [2.2] with parameters m =r, zg =mo =p and x; =
m; = ¢; since Z, is a subgroup of S'. Then U /2y is S L_equivalently diffeo-
morphic to S! x C" such that the induced S!/Z,-action on S* x C" is given
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by
to(w, 21, 2m) = (Pw, 5 2, .t 2) = (Pw, £ Dzq, .. 87 Tz,

where 1 is the inverse of r in Z;j.
Now, it remains to show that

e(M/Zra Up) =1"-e(M, ) (mOdZ)
Let X and X" be the fundamental vector fields of (M) and (M/Z,,v,),
respectively. Then the quotient map g : M — M/Z, maps X to rX". Let «

be a normalized connection form on M /Z,. Then we can easily check that
%q*a is a normalized connection form on M. Then,

e(M/Zy, ) = / aA (da)” = 1/M g a A (¢ da)"

M/Z, r
1
= r"/ —q¢*a A (=q¢*da)"”
M T
=r"- E(M, ’l,Z))
which completes the proof. (|

Now we are ready to prove Proposition [1.3
Proposition 4.9 (Proposition [1.3)). Let p > 1 be an integer and let
T =(q,...,qn) € (Zy)". Then there exists a (2n + 1)-dimensional oriented

closed pseudo-free S'-manifold (M, ) having exactly one exceptional orbit
C of (p; 7)—type. Moreover,

where qj_1 is the inverse of q; in Z;.
Proof. Let r; = qz-qi__s_l1 € Z; for i < n and let r, = ¢,. Then
Gi = TiTi1 o € Ly

for every i = 1,2,...,n. Thus C is of (p;rira-- Tpny ..., Tn_1Tn, Tn)-type.
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By LeIrAlgla there exists a three-dimensional closed pseudo-free S'-
manifold (M, 1) having exactly one orbit of type (p;r1) and

L — -1
e(My, 1) = " = L (moaz).
p p

By Lemmal[4.7} there exists a five-dimensional closed pseudo-free S'-manifold
(M2, 12) having exactly one orbit of type (p;r1,1) and

e(Ma, 1) = e(My,41).

Then, by Lemmal[1.8) My = M/Z, -+ with the induced S'/Z, s-action 9 is
a five-dimensional closed pseudo-free S'-manifold having exactly one orbit
of type (p;r172,72) and

e(Ma, ) = (r;)?- €(Mﬁ 1/12~)
= (¢5°a3) - e(M1, 1)

-1 _—-1_2
—h BB (1hoq7)
p

Inductively, we get a (2n + 1)-dimensional closed pseudo-free S1-manifold
(M,,,,) having exactly one orbit of type (p;r172 -« Ty ..oy Fr—17n, ) and

e(Mp, ) = (ry )" - e(Ma, )

= (g,") - e(Mp—1,Pn—1)
(o). G
qn p
qr gyt
p

gy

which completes the proof. Il
Now, we state and prove our main theorem

Theorem 4.10 (Theorem [1.4). Suppose that (M,)) is a (2n + 1)-dimen-
sional oriented closed pseudo-free S'-manifold with the set £ of exceptional
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orbits. Then

@1 (C)rga(C) ™+ g (O) 1
Ozeg () (mod Z)

where q;(C) ™! is the inverse of ¢;(C) in Z;(C)'

Proof. We use induction on the number of exceptional orbits. Suppose that
|€] = 1. Then it follows from Lemma that Theorem coincides with
Proposition
Now, let us assume that Theorem holds for |€] = k — 1. Let (M, )
be a (2n + 1)-dimensional closed pseudo-free S'-manifold with & = {C}, Ca,
Cr}
Assume that C is of (p; 7)—type for some integers p > 2 and ¢ € (zy)".
By Proposition there exists a (2n + 1)-dimensional closed pseudo-free
Sl-manifold (IV,¢) having exactly one exceptional orbit C' of (p; 7)-type
such that

Let U and U’ be S'-equivariant tubular neighborhoods of C; and C’ respec-
tively so that

U= (S D" (i q) =W

where D is the unit disk in C. Let o be a normalized connection form on
S1 x D™ defined as a pull-back of a normalized connection form on (S*, p) via
the projection map (S' x D", (p; 7)) — (S*,p). Let ay (oqy, respectively)
be the normalized connection form on U (U’, respectively) induced by « via
the identifications above. Let ajs (an, respectively) be an extension of oy
(aqy, respectively) to whole M (N, respectively) so that

e dajpr =0 on U and
e day =0on U

Since there exists an obvious S'-equivariant diffeomorphism h : OU’ — OU,
we can easily check that the triple (N \ U’, ¢|n\ysr, hlsz7) is a resolution of
(MA\U,¥|ppy) since ¢ is free on N\ U'".

Now, let (M,v) be a closed S'-manifold obtained by gluing (M \ U,
Ylany) and (N \U', ¢ yyyr)- Since h* (an|ou) = an|our, we can glue ang|yny
and ay|n\y so that we get a normalized connection form @ on M such that

e alyny = aym and
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[ ] aﬂN\ur::aNl

Then,

M M
—/OéM/\(dOéM)n—/ an A (day)"™
u —N\U’
—/ OzN/\(dOzN)n
N

where the last equality comes from the fact that

/uaM A (dopr)™ = /,aN A (day)™ = 0.

Since (M, 1)) has (k — 1) exceptional orbits Cs, . .., Cy, by induction hypoth-
esis, we have

which completes the proof. Il

5. Applications

In this section, we illustrate several applications of Theorem
Let (M,%) be a (2n + 1)-dimensional closed pseudo-free S'-manifold
such that e(M, 1)) = 0. Then implies that

-1 -1 R §
(1) CZG:S 4 (C)QQ p((CC)) 2, (C) =0 (modZ)

where € is the set of exceptional orbits of ¢. Thus the condition e(M, 1) =0
gives the constraint on the local data L£L(M,1)). We first give the proofs
of Corollary and Corollary as we see below.

Corollary 5.1 (Corollary [1.5)). Suppose that (M,)) is a closed oriented
pseudo-free St-manifold with e(M, ) = 0. If the action is not free, then M
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contains at least two exceptional orbits. If M contains exactly two exceptional
orbits, then they must have the same isotropic subgroup.

Proof. Recall that the condition ‘pseudo-free’ implies that a numerator of
each summand in is never zero. Thus the first claim is straightforward
by Theorem If there are exactly two exceptional orbits C; and Cs, then

q(Cy)~* N q(Cy)~*
p(Ch) p(Ca)

=0 (modZ)

where
9(Ci) ™ = q1(C) ' (C) T an(C)) T € L

: Cs)q(C1)~ ' _ C1)q(Cy) '
for i =1,2. Then % =0 (modZ) and % =0 (modZ).

Thus p(C1) | p(C2) and p(Ca) | p(Ch) so that p(C1) = p(Ch). O

Corollary 5.2 (Corollary. Suppose that (M, 1)) is an oriented closed
pseudo-free S*-manifold with e(M,v) = 0. If C is an exceptional orbit with
the isotropy subgroup Z, for some p > 1, there exists an exceptional or-
bit C" # C with the isotropy subgroup Z, for some integer p' such that

ged(p,p') # 1.

Proof. Let C1,C5, ..., Cy be exceptional orbits. Suppose that
ged(p(Ch),p(Cy)) =1 for every i =2,3,...,k.
By Theorem 1.4

Q(Cl)fl K o
P p(Co)p(Ca) - p(Ch) 0 (mod Z)

for some K € Z where q(C1) = q1(C1)g2(Ch) - - - ¢ (C1). By multiplying both
sides by p(C2)p(Cs) - p(Cy), we get

q(C1)~" - p(C2)p(Cs) - - - p(Cy)
p(C1)

which is a contradiction to the fact that

ez

ged(p(Ch), ¢(Ch)) = ged(p(Ch),p(Ci)) =1

for i =2,3,..., k. Thus there exists some C; # C; with ged(p(C1),p(C})) #
1. Il
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Now, we illustrate two types of such manifolds. One is a product manifold
as follows.

Proposition 5.3 (Proposition|1.7). Let (M,) be a (2n + 1)-dimensional
oriented closed fized-point-free St -manifold. If M = M, x My for some closed
St-manifolds My and My with positive dimensions, then e(M,) = 0.

Proof. Note that our assumption for ) implies that the projections w1 : M7 x
My — My and 7o : My x My — My are S'-equivariant. Since v is fixed-
point-free, either M7 or Ms cannot have a fixed point. Without loss of
generality, we may assume that M; does not have a fixed point.

Let a1 be a connection form on M;. Then o := 7Ja; becomes a connec-
tion form on M; x Ms and it satisfies

/ a/\(da)"—/ a1 A (dap)” =0
M1><M2 Ml

for a dimensional reason. In particular, we have
e(My x My, o) = / a A (da)” =0 (mod Z).
Ml ><M2

0

Now, we will show that Theorem and Proposition [5.3| induce some
well-known result on the fixed point theory of circle actions. Suppose that
(M, J) is a 2n-dimensional closed almost complex manifold equipped with
an Sl-action with a discrete fixed point set M5 . Then for each fixed point
z € M5", there exist non-zero integers ¢; (2),q2(2), ..., qn(z), called weights
at z, such that the action is locally expressed by

t- (217 22y e nn 7271) - (tql(Z)Zh tq2(z)22, . ,tq"(z)zn)

for any ¢t € S' where (21,22,...,2,) is a local complex coordinates centered
at z. Let us recall the Atiyah-Bott-Berline-Vergne localization theorem :

Theorem 5.4. [AB|[BV] For any equivariant cohomology class v €
H§ (M;R), we have

B 7|2
L= T mems

zeMS!

where |, € Hi (2;R) = H*(BS) = R[z] is the restriction of 7 onto z.
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Note that if we apply Theorem toy=1¢ Hgl(M), then Corol-
lary [T.§] is straightforward. However, we give another proof of Corollary
by using Theorem [1.4] as we see below.

Corollary 5.5 (Corollary [1.8). Let (M,J) be a closed almost complex
St-manifold. Suppose that the action preserves J and that there are only
1solated fixed points. Then,

1

I at "

zeMS?

where q1(2), ..., qn(2) are the weights at z.

Proof. Let p be an arbitrarily large prime number such that p > ¢;(z) for
every z € M5 and i =1,2,...,n. Suppose that

2) S #0
Zéz:]\/fsl Hz 1 ’L

for some integers a and b. Then

ab~! = Z a(2) rge(2) 7 gu(z) P #£ 0 in Ly

zeMs?t

by the assumption, where ¢;(z)~! and b=! are the inverses of ¢;(z) and b in
Z, , respectively, for every i =1,2,...,n.
Let us consider the product space M x S with an S'-action ¢ given by

t-(x,w) = (t-z,tPw)

for t € S' and (z,w) € M x S*. Then (M x S',%) is a pseudo-free S*'-
manifold such that the set £ of exceptional orbit is

:{{z}xschxsl |z€MSl}.
For each exceptional orbit {z} x S, the local invariant is given by

(P q1(2),q2(2), - 4n(2))-
By Theorem and Proposition we have

th “lga(2)”

zeMS?

1, —1

. ‘(In(z)

=0 (mod Z).
) ( )
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which is equivalent to

Y @) @) () =0in Z,
zeMS?

which leads a contradiction. O

The other type of manifolds having e = 0 comes from equivariant sym-
plectic geometry. Here we give a brief introduction to the theory of circle
actions on symplectic manifolds.

Let M be a 2n-dimensional closed manifold. A differential 2-form w on
M is called a symplectic form if w is closed and non-degenerate, i.e.,

e dv =0, and
e w" is nowhere vanishing.

We call such a pair (M,w) a symplectic manifold. A smooth S'-action on
(M,w) is called symplectic if it preserves w. Equivalently, an S'-action is
symplectic if Lxw = dixw = 0 where X is the fundamental vector field on
M generated by the action. Thus if the action is symplectic, then ixw is a
closed 1-form so that it represents some cohomology class [ixw] € H(M;R).
Now, let us assume that w is integral so that [w] € H?(M;Z). By a direct
computation, we can easily check that ixw is also integral. Thus we can
define a smooth map u: M — R/Z = S! such that

wu(x) ::/ ixw mod Z

x

where z9 is a base point and -, is any path v, : [0,1] — M such that v,(0) =
xo and 7, (1) = x. We call p a generalized moment map.

Lemma 5.6. [McDJ[CKS, Proposition 2.2] Let i be a generalized moment
map. Then

dp =ixw.

It is immediate consequences of Lemma that u is S'-invariant and
the set of critical points of u is equal to M5 Let 0 € R/Z be a regular
value of p. Then Fy := p~1(6) is a (2n — 1)-dimensional closed fixed-point-
free S'-manifold. Note that the restriction w|r, has one-dimensional kernel
generated by X on Fp. Thus w|r, induces a symplectic structure wy on the
quotient My := Fg/S1 and we call (My,wy) the symplectic reduction at 6.
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If we choose € > 0 small enough so that Iy := (0 —¢,0 + ¢) C R/Z has no
critical value, then

,u,_l(Ig) = My x Iy.

Thus we can compare [wy] with [wg] in H?(M;R) whenever ¢ € Iy. The fol-
lowing theorem due to Duistermaat and Heckman gives an explicit variation
formula of reduced symplectic forms.

Theorem 5.7. [DH] Let vy be the induced S*-action on Fy. Then
[wo] — [wol = (9 — 0) - c1(Fp, )
for every 9 € Iy.

Now, we can define a function, called the Duistermaat-Heckman func-
tion, on Iy such that

DH: I, - R
9 VOl(Mg,cdﬁ)

where Vol(My,wy) is a symplectic volume given by

Vol(My,wyg) = / wit.
My
By Theorem the Duistermaat-Heckman function DH () is a locally poly-
nomial of degree n — 1 with the leading coefficient (c;(Fy, )"~ 1, [My]). In
other words,

DH(9) = </M@ C1(F97¢9)n1> (0 —=0)"" -+ /MB wp™!

— </ Cl(Fgﬂ/Jg)nl) 197171 4.
Mo,

Proposition 5.8 (Proposition [L.10). Let (M,w) be a closed symplectic
manifold equipped with a fized-point-free S'-action 1 preserving w. Let yu :
M — R/Z be a generalized moment map and let Fy = u=1(0) for § € R/Z.
Then e(Fy,v|r,) = 0.

Proof. Since the S'-action ¢ on (M,w) is fixed-point-free by assumption,
the Duistermaat-Heckman function DH is a polynomial defined on the whole
R/Z. Since any periodic polynomial is a constant function, all coefficients of
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¥7~% in DH(4) are zero for 1 < i < n. Indeed, the coefficient of ¥"~% can be

expressed as
(23) o [ et
i—J M,

for every i = 1,...,n. In particular, we have e(Fy,1y) =0 when i =1. O

A

Jj=1

Furthermore, we have the following corollary.

Corollary 5.9. Let (M,w) be a (2n + 2)-dimensional closed symplectic
manifold with a fived-point-free symplectic S*-action . Assume that [w] €
H?(M;Z) and every submanifold fized by some non-trivial finite subgroup
of St is of dimension two. Then we have

). G (9)a (8) - ai(S) _
I = = 0 (modZ)

where J is the set of connected submanifolds of M having non-trivial isotropy
subgroups, w(S) is the symplectic area of S, p(S) is the order of the isotropy
subgroup of S, (q1(S), - ..,qn(S)) is the weight-vector of Z,s)-representation
on the normal bundle over S, and q;(S)™' is the inverse of ¢;(S) in Z;(S)
for everyi=1,...,n.

Proof. Let pu: M — R/Z be a generalized moment map for . Without loss
of generality, by scailing w if necessary, we may assume that p*dt = ixw =
dp where dt is a volume form on R/Z such that fR ,dt =1 and X is the
vector field generated by the S'-action v, see [Aul p. 273] for more details.
Since the action is fixed-point-free, there is no critical point of u. Let € R/Z
and we denote 1/ the induced action on Fy = p~1(6).

Let J ={Si,...,Sk} be the set of connected symplectic submanifolds
of (M,w) having non-trivial isotropy subgroups. Since each S; is two-
dimensional and the induced action on (S;, w|g,) is fixed-point-free and sym-
plectic, we can easily see that S; is diffeomorphic to T2 and the restriction
p|s, becomes a generalized moment map for the induced symplectic S'-
action on (S;,wl|g,). Furthermore, each level set (u|s,)~1(¢) is the union of
finite number of S Lorbits for every t € R/Z.

Thus Fy N.S; = (uls,)~1(#) is the union of finite number of S!-orbits for
eachi =1,..., k. We denote the number of connected components of Fy N S;
by n;. Consequentely, there are exactly ni + - - - + nj, exceptional S'-orbits
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in Fy and hence (Fy, 1) is a pseudo-free S'-manifold. By Theorem we
have

k — — _
Y 1(51)g3 1;(5:9)) =4 (59§ (1mod 7).

Observe that n; = w(S;) since if we choose a loop 7; : St — S; =2 T? gener-
ating a gradient-like vector field with respect to p|s,, then

/sf" B / ixw = {dt pur]) = i

for every 1 <4 < k. This completes the proof. U

i=1

Remark 5.10. Any effective fixed-point-free symplectic circle action on a
closed symplectic four manifold satisfies the condition in Corollary
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