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Connected sums and finite energy
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We consider a 3-manifold M equipped with a nondegenerate con-
tact form A and compatible almost complex structure J. We show
that if the data (M, A, J) admits a stable finite energy foliation,
then for a generic choice of distinct points p, ¢ € M, the manifold
M’ formed by taking the contact connected sum at p and ¢ admits
a nondegenerate contact form )\ and compatible almost complex
structure J' so that the data (M’, ', J') also admits a stable finite
energy foliation. Along the way, we develop some general theory
for the study of finite energy foliations.
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1. Introduction and the main result

Let (M,& = ker \) be a closed contact 3-manifold equipped with a nonde-
generate contact form A. Recall a complex structure J on £ is said to be
compatible with the data (M, \) if d\(-,J-) is a bundle metric on £. We
denote the set of complex structures J on & compatible with (M, \) by
J(M,)N). Given a J € J(M,\) we can extend it in the usual way to an
R-invariant almost complex structure J on R x M by requiring

JO, = X and J

%
€ = TrMJ

where 0, is the coordinate field along R and mp; : R x M — M is the canon-
ical projection onto the second factor.

Given data (M, A, J) where (M, \) is a 3-manifold M with contact form
A and J € J(M,)) is a compatible complex multiplication on £ = ker A, a
finite-energy pseudoholomorphic map in R x M is a quadruple (X, 5,1, )
where (X, ) is a compact Riemann surface, I' C ¥ is a finite set, and @ =
(a,u) : X\ I' - R x M is a map satisfying

Jodi=dioj
and
0< E(u) < o0
where the energy F(a) of the map is defined by
E(a) = Sup/ wrd(p)
peE JE\I

where = is the collection of functions defined by
E={peC®R,[0,1))|¢(x) >0}

A finite-energy pseudoholomorphic curve in R x M is then an equivalence
class C = [¥, 5, T, a] with respect to the equivalence relation of holomorphic
reparametrization. Since the energy of a pseudoholomorphic map is invari-
ant under holomorphic reparametrization of the domain, pseudoholomorphic
curves have a well-defined energy. A now well-known result of Hofer [24] tells
us that near the (nonremovable) punctures, finite-energy pseudoholomorphic
curves are asymptotic to periodic orbits of the Reeb vector field.
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A finite energy foliation F for the data (M, A, J) is a collection of con-
nected finite-energy pseudoholomorphic curves with uniformly bounded en-
ergies whose images form a smooth foliation of R x M. We define the energy
E(F) of a foliation F to be the supremum of the energies of the curves in
the foliation, that is

E(F) = gLeq;E(C)

A finite energy foliation F for the data (M, A, J) is said to be stable if:

1) For any C € F, C is either a trivial cylinder over a periodic orbit or
the Fredholm index ind(C') (see Section |3.4] below) is either 1 or 2.

2) For any two curves Cy, Cy € F with ind(C;) € {1, 2}, the holomorphic
intersection number from [50] (see Section [3.3|below) Cy * C5 vanishes.

The word “stable” here is meant to connote the fact that both the existence
of such a finite energy foliation and its basic structure will persist under
suitable sufficiently small perturbations of the data (A, J). As we will discuss
in Section [d] below, a stable finite energy foliation necessarily consists of only
punctured spheres and is invariant under the R-action on R x M given by
shifting the R-coordinate. The R-invariance in turn lets us conclude that the
projections of the curves in the foliation to the 3-manifold M are embedded,
transverse to the flow of the Reeb vector field, and foliate the complement
of a finite collection of periodic orbits in M.

The study of finite energy foliations was initiated by Hofer, Wysocki, and
Zehnder in [28)] in which they use the existence of a finite energy foliation to
construct a global surface of section of disk type for a 3-dimensional strictly
convex energy surface in (R, 25:1 dx; A\ dy;). This work was extended in
[31] where the same authors show that any nondegenerate star-shaped hy-
persurface in R* admits a stable finite energy foliation. Using this fact, they
then show that there exists a Baire set of star-shaped hypersurfaces in R?* so
that any given hypersurface in this set has either precisely two or infinitely
many periodic orbits.

Recently, Bramham has introduced the use of finite energy foliations to
the study of area-preserving maps of the disk [8, [9]. Using the foliations that
he constructs in [§], Bramham proves in [10] that every smooth, irrational
pseudorotation of the 2-disk is the uniform limit of a sequence of maps which
are each conjugate to a rotation about the origin. In [I1], these foliations
are again used to prove there is a dense subset L, C L of the Liouville
numbers so that a pseudorotation of the disk with rotation number in L,
has a sequence of iterates which converge uniformly to the identity map
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and thus such a pseudorotation can’t exhibit strong mixing. A discussion of
further applications of finite energy foliations to the study of disk maps can
be found in the survey [7].

The existence of finite energy foliations has also had applications in con-
tact and symplectic topology. Among these are Hind’s work on Lagrangian
unknottedness in Stein surfaces [23] and Wendl’s work on fillabilty of con-
tact 3-manifolds [60]. Further work either addressing existence of finite en-
ergy foliations or in which the existence of finite energy foliations plays a
role in dynamical or contact/symplectic topological results can be found in
[T, 2, 3HI5, 20-22) 25, 29] 34136, 38, 40, 43, 55, 56, 59, 61].

In the present series of papers we develop abstract tools for extending
previously known existence results for stable finite energy foliations. One
motivation for this work comes from the study of the planar, circular, re-
stricted three-body problem. Albers, Frauenfelder, van Koert and Paternain
show in [5] that near the two massive primaries, the regularized energy levels
below and slightly above the first Lagrange point are diffeomorphic respec-
tively to two copies of RP? and the connected sum of two copies of RP3. In
[4], Albers, Frauenfelder, Hofer, van Koert, and the first author apply tech-
niques from [28] to construct finite energy foliations for many mass ratios
and regularized energy levels below the first Lagrange point. Since many
classical techniques to study the restricted three-body problem fail above
the first Lagrange point, it’s of interest to know whether the existence of
finite energy foliations for regularized energy surfaces below the first La-
grange point can be used to deduce the existence of finite energy foliations
for regularized energy surfaces above the first Lagrange point.

The results from [4, B] and the associated problem of attempting to
construct a finite energy foliation for regularized energy surfaces above the
first Lagrange point naturally lead to the general question of whether the
existence of finite energy foliations persist under the formation of contact
connected sums as in [41, 54]. Our main theorem, which we state now,
answers this question by showing that finite energy foliations do indeed
persist after forming the contact connected sum of a contact manifold.

Theorem 1.1. Let (M,§) be a contact 3-manifold with contact structure
induced by a nondegenerate contact form X\, and let J € J(M,\) be a com-
plex multiplication for which the triple (M, \,J) admits a stable finite en-
ergy foliation F of energy E(F). Then, there exists an open, dense set
UC M x M\ A(M) so that for any (p,q) € U the contact manifold (M',&")
obtained by performing a contact connected sum at (p, q) as in [{1],[54)] admits
a nondegenerate contact form X with & = ker ', a compatible J € J(M',\)
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and a stable finite energy foliation F' for the data (M', N, J") with energy
E(F) = E(F).

We briefly discuss some of the key steps of the proof of this theorem.
Given a finite energy foliation F for the data (M,\,J) we choose any
two distinct points p and ¢ € M lying on distinct (up to R-translation)
index-2 leaves of the foliation. We then form the connected sum M’ by S2-
compactifying M \ {p, q} and gluing along the newly created boundary. We
denote the new manifold by M’, the induced inclusion M \ {p,q} — M’ by
i, and the embedded sphere M’ \ i(M \ {p,q}) by S. It is well known from
[41), 54] that the gluing can be done in such a way that M’ is a smooth
manifold and the induced contact structure continues smoothly across S.
We show that, in addition, we can find a contact form )\ and compatible
J" which agree respectively with A and .J outside of any desired sufficiently-
small neighborhood U of S so that there is precisely one simple periodic
orbit 79 C S contained in U and so that =y divides S into two disks, each of
which is the projection to M’ of an index-1 J'-holomorphic plane. Using the
fact that curves in a stable finite energy foliation must satisfy so-called auto-
matic transversality conditions, we investigate the boundaries of the moduli
spaces of curves surrounding the neighborhood U of S. Using intersection
theory arguments, and specifically a result concerning the direction of ap-
proach of a curve to an orbit with even Conley—Zehnder index, we show that
these families of curves converge to height-2 pseudoholomorphic buildings
with one of the planes in S as one of the nontrivial components and that
the resulting collection of curves forms a finite energy foliation.

Since the finite energy foliation we construct on the connected sum al-
ways contains a pair of rigid (i.e. index-1) planes asymptotic to same periodic
orbit, it is natural to ask the question of whether the operation can be re-
versed anytime one has a foliation with a similar configuration of curves in
it. We show in [I6] that this in fact can be done. Specifically, assuming the
data (M, A, J) admits a finite energy foliation F containing two distinct (up
to R-translation) index-1 planes asymptotic to the same periodic orbit, the
manifold M’ obtained by doing surgery on the 2-sphere formed by the orbit
and the projections of the planes to M admits a contact form \ and a com-
patible J € J(M’, \') so that the data (M’, X, J’) admits a finite energy
foliation ' with E(F') = E(F). We further show in [I7] that a Weinstein
cobordism connecting the two contact manifolds admits a finite energy foli-
ation which is asymptotic to the foliations F and F’ on the boundaries.

Our main result in this paper can be combined with previous existence
results for finite energy foliations to produce new finite energy foliations.
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We recall that for contact manifolds whose contact structures are supported
by planar open book decompositions, Abbas [1I] and Wendl [59] have con-
structed finite energy foliations consisting of curves which correspond via
the projection R x M — M to pages of the open book decomposition. More-
over, it is known that performing a contact connected sum at two points in
a contact manifold supported by a planar open book decomposition pro-
duces a contact manifold whose contact structure is also supported by a
planar open book decomposition with one additional binding componentE
Combining these facts with our construction leads to the following theorem.

Theorem 1.2. Let (My, &) be a contact manifold with contact structure
supported by a planar open book decomposition with b binding components,
and let (Mg, &) denote the contact manifold obtained from performing k
successive contact connected sums on (Mo, &o). Then for any integer £ € [1, k]
there exist a contact form \p with ker Ay = &k, a compatible complex structure
Jy on &, and a stable finite energy foliation F; for the data (M, g, Jy)
consisting of:

o b+ k —{ trivial cylinders over elliptic orbits {’yf, e ,’yg_%,_é},
e { trivial cylinders over even orbits {'y?, e ,’ygl},

o { pairs of index-1 families of planes, with one such pair of families
asymptotic to each of the periodic orbits ’yz-h,

o { pairs of index-1 families of curves, one pair for each hyperbolic orbit
’yzh, having b+ k — £ positive punctures with the collection of elliptic
orbits {'yf, . 7’Vlf+k;—e} as asymptotic limits and one negative puncture
with *yih as an asymptotic limit, and

I This can be seen from the following argument which was explained to the second
author by O. van Koert. Forming a contact connected sum at two points in a
given connected manifold (M, §) is the same as forming a contact connected sum of
(M, €) with (S* x S2%,&) where & is the contact structure arising as the kernel of
the Sl-invariant contact form \g = cos 6 dt + sin® 6 d¢ with ¢ € R/Z the coordinate
along S*, and with ¢ € R/27Z and 6 € [0, 7], respectively, the polar and azimuthal
coordinates on S?. Forming the book connected sum (see e.g. Section 4.5 in [44]
or Section 5.2.3 in [53]) of an open book decomposition for (M,¢) with the open
book decomposition for (S x S2, &) by cylinders of the form S! x {¢ = ¢} yields
an open book decomposition for the contact connected sum (M, &)#(S* x 52, &)
with pages having the same genus as those of the given open book decomposition
for (M, &) and one additional boundary component.
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e 20 families of index-2 curves in which each curve has b+ k — £ posi-
tive punctures with the collection of elliptic orbits {'yf, ... ”Vlf+k;—£} as
asymptotic limits.

Proof. Given an integer ¢ € [1, k], consider the contact manifold (My_g, &x—¢)
obtained by performing k — ¢ successive contact connected sums on (Mg, &).
According to the observation above, since (M, &p) is supported by a planar
open book decomposition with b binding components, (My_g, Ex—¢) is sup-
ported by a planar open book decomposition with b 4+ k — ¢ binding compo-
nents. The constructions of Abbas [1] and Wendl [59] then provide a finite
energy foliation whose leaves are all either trivial cylinders over elliptic or-
bits corresponding to bindings of the open book decomposition or index-2
curves, having only positive punctures, whose projections to M coincide
with with the pages of the open book decomposition.

Given this, we then carry out our construction £ times on the given open
book decomposition. Since varying the points at which the connected sum
occurs leads to contactomorphic contact manifolds, we are free to choose
the points at each step to lie on an index-2 curve in the foliation. As is
shown in Section [6] each time we apply our construction we add one even
orbit to the foliation with two planes (modulo the R-action) asymptotic to
it and two index-1 curves (modulo the R-action) asymptotic to that orbit
with a negative puncture. Moreover the four different height-2 holomorphic
buildings that can be formed by these curves are each a boundary component
of one of the surrounding index-2 curves, all of which have the same number
of punctures and asymptotic behavior as the curves in the original foliation.
Since these curves form 1-dimensional families modulo the R-action, and

each such family has two boundary components, there must be exactly 2¢
of them. O

This theorem shows that any manifold of the form (Mjy, &) satisfying the hy-
potheses above admits at least k£ 4+ 1 different stable finite energy foliations:
the holomorphic open book decomposition Fy constructed by Abbas [1] and
Wendl [59] and the k foliations Fy constructed by the theorem. An interest-
ing question for further investigation is whether or not the various foliations
on the manifold (My, &) are, in language introduced in [55], concordant;
that is whether or not two given foliations F; and F; on (Mj, &) can be re-
lated by a non-R-invariant pseudoholomorphic foliation F;; of R x M;j, which
is asymptotic at the positive and negative ends to F; and JF; respectively.
Our construction can also be used in combination with the results of
Hofer, Wysocki, and Zehnder [31] to make local changes to the structure of
a given finite energy foliation on a manifold. Indeed, we recall that forming
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the contact connected sum of a contact manifold (M, &) with a copy of tight
53 produces a contact structure on M contactomorphic to the original. Given
then data (M, A, J) admitting a foliation, we can apply our construction to
the given foliation on M and any of the foliations on tight S3 constructed by
Hofer, Wysocki, and Zehnder in [31] to produce a new foliation on M for a
contact form inducing a contact structure contactomorphic to the original.
For example, by applying our construction to any number of copies of tight
53 equipped with an open book decomposition consisting of pseudoholo-
morphic planes and a planar contact manifold equipped with a holomorphic
planar open book decomposition constructed by Abbas [1] and Wendl [59],
one can construct a stable finite energy foliation for a given planar contact
manifold having any desired number of even Conley—Zehnder index orbits
appearing as asymptotic limits of leaves of the foliation.

We make two observations about the new foliations produced by forming
a connected sum of a foliation F for data (M, A, J) with a Hofer-Wysocki-
Zehnder foliation Fryy 2z on tight S2. The first is that the new foliation F/ =
F#Fuwz can, with some additional work, be shown to be concordant to the
original foliation F. A second observation about this construction is that,
since Hofer—Wysocki—Zehnder foliations exist for any nondegenerate contact
form on S3, there is a good deal of freedom in the choice of contact form and
almost complex structure on the S? portion of the connected sum. Indeed,
forming the connected sum of a foliation with a Hofer—Wysocki-Zehnder
foliation creates a 3-ball in the manifold bounded by a 2-sphere composed of
a pair of pseudoholomorphic planes. The foliation created will persist under
arbitrary perturbations of the contact form and almost complex structure
which are compactly supported in the interior of this three-ball, provided the
resulting contact form is nondegenerate and the almost complex structure is
regular. Thus, the existence of a foliation for a given set of data (M, \, J) is
a property which is persistent under a large class of localized perturbations
to the data (A, J).

In regards to the original motivation for this work from the three-body
problem, we point out that our main theorem here does not immediately im-
ply the existence of a finite energy foliation for level sets of the Hamiltonian
having energies just above the first Lagrange point. However, given the exis-
tence of finite energy foliations for level sets below the first Lagrange point,
our result allows one to construct a Hamiltonian on the same phase space
having an interval of regular level sets which admit finite energy foliations
and which are homotopic to a level set of the original Hamiltonian for the
three-body problem having energy just above the first Lagrange point. This
fact along with some deformation results for finite energy foliations currently
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being developed by the second author would then allow one to construct a
finite energy foliation for any small nondegenerate perturbation of a level
set of the original Hamiltonian. In some cases these foliations could then be
used to construct foliations for level sets of the Hamiltonian via a limiting
argument as in [28].

Finally, we remark that for simplicity of presentation, and for the con-
venience of being able to quote results from other papers, we have chosen
to focus on the case of contact manifolds equipped with a nondegenerate
contact form and we don’t impose any conditions on the rates of conver-
gence of curves in the foliation to their asymptotic limits. However, with the
use of the in-progress work [51], which generalizes the intersection theory of
[50] to include exponential weights and Morse-Bott nondegenerate orbits, it
is straightforward to adapt our arguments to somewhat more general situa-
tions. The essential point is that appropriate generalizations of the necessary
results from intersection theory [50] and Fredholm theory [30] [57] are true
provided the curves in question approach their asymptotic limits exponen-
tially fast. Given this, one can consider R-invariant finite energy foliations
in a manifold with a degenerate contact form, provided all curves converge
exponentially to their asymptotic limits. The arguments in the proofs of [50,
Theorem 2.4] and [50, Theorem 2.6] show that, for appropriate choices of
exponential weights, the exponentially weighted version of the x-product,
developed in [51], must vanish between any two of the nontrivial curves of
such a foliation. Such a foliation would then be called a weighted, stable
finite energy foliation if all weighted Fredholm indices of nontrivial curves
are 1 or 2. Given results that will be proved in [51], it is straightforward to
adapt our arguments to work for weighted, stable finite energy foliations.

Remark 1.3. In the recent work [I4], de Paulo and Salomao study Hamil-
tonians H on R* having a saddle-center equilibrium point lying on a strictly
convex singular subset Sg C H~1(0). They show that for all sufficiently small
positive energies E, there is a subset Sy C H~'(E) diffeomorphic to the
closed three ball so that the symplectization R x S admits a finite energy
foliation. The structure of the finite energy foliation that they construct is
the same as that which would result from our construction when taking a
connected sum with S? equipped with one of the pseudoholomorphic open
book decompositions constructed by Hofer, Wysocki, and Zehnder in [2§].

Acknowledgements. We’d like to thank Peter Albers for posing the ques-
tion that lead to this series of papers. We’d also like to thank the Max Planck
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1.1. Outline of the paper

While most earlier results on finite energy foliations deal with relatively
concrete constructions, the results we prove in the present series of papers
deal with finite energy foliations abstractly. The proofs of our results thus
require us to develop some general theory for finite energy foliations. To
assist in this, we review some background about Reeb dynamics and pseu-
doholomorphic curves in Sections [2] and [3] with a special focus on giving
precise statements and references for facts that we will need in this paper
and its sequels.

We start by recalling relevant facts about contact geometry and Reeb
dynamics in Section 2| primarily focusing on material concerning properties
of the Conley—Zehnder index from [26]. Then in Section [3| we review back-
ground on finite-energy pseudoholomorphic curves. First, in Section [3.1] we
recall the basic asymptotic convergence to a periodic orbit, established by
Hofer in [24], as well as the refined relative asymptotic formula of the sec-
ond author from [49]. Then in Section [3.2] we recall the compactification of
the space of finite-energy pseudoholomorphic curves. Of particular relevance
here is the work of Wendl [58] which focuses on what sort of limiting objects
can arise as sequences of so-called nicely-embedded curves. After that, in
Section [3:3] we review results related to the intersection product for finite-
energy pseudoholomorphic curves introduced by the second author in [50].
An adaptation of a result from [50] concerning the direction of approach of
curves to even orbits will be key for the proof of our main theorem. Finally,
in Section we recall facts about the Fredholm theory of embedded finite-
energy pseudoholomorphic curves from [30] and review so-called automatic
transversality conditions [2, B0, B2, 57] which give topological criteria that
guarantee the moduli space of curves is a smooth manifold of dimension
equal to the Fredholm index.

General discussion of finite energy foliations begins in Section [ After
giving a definition of stable finite energy foliations we establish some basic
properties of stable finite energy foliations that follow from this definition.
We then discuss some facts about the structure of the moduli spaces of curves
which appear in finite energy foliations. In Section [5| we show that contact
connected sums can be formed in a way which gives us properties necessary
to prove our main theorem. In order to focus on the main ideas, some of the
more straightforward but tedious computations needed to support claims in
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this section are delayed to Appendix [A] Finally in Section [6] we give the
proof of our main theorem.

2. Background in contact geometry and Reeb dynamics

In this section we review some basic notions from contact geometry and
Reeb dynamics that we will need, and fix some notation. Much of the mate-
rial from this section, particularly that material pertaining to the Conley—
Zehnder index of periodic orbits, is adapted from [26].

Let M be a closed, oriented 3-manifold. Recall that a contact form on
M is a 1-form A for which

(2.1) AAdA is a volume form on M.

This condition implies that there is a unique vector field X}, called the Reeb
vector field associated to A, satisfying the conditions

(2.2) ix,A=1 and ix,d\ = 0.

The contact structure & determined by A is defined by & = ker A. As a re-
sult of condition the contact structure is necessarily a 2-plane bundle
transverse to X, and d\ restricts to a nondegenerate form on £. The contact
form A thus determines a splitting

(2.3) TM =RX, & (€,dN)

of the tangent space TM of M into a framed line bundle and a symplectic
2-plane bundle. Moreover, the defining conditions (2.2]) for X used with the
formula Lx =ix od+ doix imply that

Lx,A=0 and Lx,d\=0
and thus the flow of X preserves the splitting (2.3]).
It will be convenient for our purposes here to think of periodic orbits of

the Reeb vector field as maps from the circle S' = R/Z. In particular, for
T > 0 we consider a T-periodic orbit to be a map ~ : S — M satisfying

V() =T Xa(~(1)).
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An unparametrized periodic orbit is a collection of parametrized orbits that
differ by reparametrization via the S'-action on the domain. We will gener-
ally use the same notation for a parametrized orbit and its associated un-
parametrized orbit, allowing the context or specific language to distinguish
between the two.

Let ¥. : R x M — M be the flow generated by the Reeb vector field X,
that is

di(x) = Xy 0 r(2),

and let v:S' — M be a parametrized T-periodic orbit. Since the flow of
X preserves the splitting ([2.3), we obtain for any ¢ € S a symplectic map

dir(v(t)) € Sp(&, ), dN),

and, since the group property of the flow and its linearization can be used
to show that

(2.4) dipr ((t)) = [d— e (7(1))]~ depr (7(0))dvo— i (y(2)),

the spectrum of dir(7(t)) is independent of ¢ € S'. We will thus say that an
unparametrized T-periodic orbit v is nondegenerate if for a representative
parametrization v : S' — M, the map diyr(v(0)) does not have 1 in the
spectrum. A contact form A on M is said to nondegenerate if all periodic
orbits are nondegenerate.

A nondegenerate T-periodic orbit v is said to be:

e elliptic if dyor(y(t)) has complex eigenvalues, or
e hyperbolic if dir(y(t)) has real eigenvalues.

Moreover, ~ is said to be:

e odd if ~ is elliptic, or if « is hyperbolic and dip((t)) has negative
eigenvalues, or

e even v is hyperbolic and dir(v(t)) has positive eigenvalues.

As a result of the designation of a nondegenerate orbit as even/odd,
positive/negative is a well-defined property associated to the unparametrized
orbit. The parity of a periodic orbit as defined here agrees with the parity
of the orbit’s Conley-Zehnder index, which we will now define.

Given a trivialization of the contact structure along a nondegenerate pe-
riodic orbit, one can assign a number, called the Conley—Zehnder index, to
the orbit which can be thought of as a measure of the winding with respect to
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the given trivialization of the linearized flow along the orbit [12], 26], 45|, 47].
We review the key information now. As a starting point we recall information
about the Maslov index and Conley—Zehnder index for, respectively, loops
and paths in Sp(1) = Sp(R?,wy = dz A dy). We first recall that the funda-
mental group m(Sp(1)) of the symplectic group is isomorphic to Z (see e.g.
[3, Section 1.2.1]). The Maslov index of a (homotopy class of) loop(s) of
matrices in Sp(1) based at the identity is, by definition, the isomorphism

m:m(Sp(l)) = Z
determined by assigning a value of 1 to the (homotopy class of the) loop

cos2nt —sin 2wt

1 _
teS =R/Z— sin 27t cos 2wt

which is a generator of m;(Sp(1)). Given this, we can define the Conley—
Zehnder index for (homotopy classes of) paths in Sp(1) that start at the
identity and end at a matrix without 1 in the spectrum via the following
axiomatic characterization from [26, Theorem 3.2].

Theorem 2.1. Let
(25) (1) ={¥ e C%0,1],Sp(1)) | ¥(0) = I and det(¥(1) —I) #0}

denote the space of continuous paths in Sp(1) which start at the identity and
end at a matriz without 1 in the spectrum. There exists a unique map

fer : (1) = Z,

called the Conley—Zehnder indez, determined by the following axioms:

1) Homotopy invariance: The Conley—Zehnder index of a path in %(1) is
invariant under homotopies of paths in %(1).

2) Maslov compatibility: If ¥ € ¥(1) and g : [0,1] — Sp(1) is a loop based
at the identity, then

trez(g¥) = 2m(g) + pe= (V)

where g¥ € X(1) is the path defined by (g¥)(t) = g(t)¥(t).
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3) Inverse aziom: If ¥ € (1) and ¥~' € X(1) is the inverse path defined
by UL(t) =[O ()] 7L, then

Mcz(\p_l) = —Hez (D).

Now, let v : S* — M by a nondegenerate, T-periodic orbit, and let ® :
St x R? — 4*¢ by a symplectic trivialization, that is, assume that

Ay (D(L)-, D(t)) = da A dy

for all t € S1. Again, recalling that Lx, d)\ = 0, the flow ¢ of X gives for
any t € R a symplectic map

diber(7(0)) = (§40): AA(0)) = (Eprr (1(0))s WAz (1(0))) = (Ey(1)s A1)

and thus the map
(2.6) t €[0,1] = 7 (t)dver(+(0))2(0)
gives a path of matrices in Sp(1) starting at the identity and ending at

~H(1)dgr(v(0)2(0) = @7 (0)dyr (v(0))2(0)

which doesn’t have 1 in the spectrum by the assumption that ~ is nonde-
generate. We define the ConleyZehnder index pu®(y) of the orbit v relative
to the trivialization ® by

(2.7) 1® () = pie=(0)

with ¥ € X(1) the path (2.6), and p..(¥) the Conley—Zehnder index of the
path U as characterized in Theorem We note that, as a result of the ho-
motopy invariance axiom from Theorem the Conley—Zehnder index of
an orbit is invariant under homotopies of the trivialization. Furthermore,
the homotopy invariance axiom can be used to show that the Conley—
Zehnder index relative to a given trivialization is independent of the choice
of parametrization of the orbit. Finally, we note that, as result of the Maslov
compatibility axiom, the parity of the Conley—Zehnder index of an orbit does
not depend on the choice of trivialization. Further, this parity can be shown
to agree with that defined above in terms of the eigenvalues of the linearized
flow.

We will need the characterization of the Conley—Zehnder index in terms
of the spectrum of a certain self-adjoint operator acting on sections of the
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contact structure along the orbit from [26]. Let v be a parametrized T-
periodic orbit, and let h : ST — £ be a smooth section of the contact struc-
ture along v, i.e. h(t) € &) forallt € S1. We observe that since h is defined
along a flow line of X, it has a well-defined Lie derivative Lx, h defined by

d

(2.8) Lx,h(t) = =
s=0

dip—s(y(t + s/T))h(t + s/T)

and, since the flow ¢y of X, preserves the splitting (2.3), Lx,h is also a
section of the contact structure along . Given any symmetric connection V
on T'M, we use that 4(t) =T - Xx(v(t)) to write

T-Lx,h=Vih—TV,X,.

Thus V,; - —T'V. X, gives a first-order differential operator on C*°(y*¢) which
is independent of choice of symmetric connection.

Next, recall that given a symplectic vector bundle (F,w) a complex
structure J on FE is said to be compatible with w if the bilinear form

gJ(.’ ) = w(.7 J.)

is a metric on E. It is a well known fact the space of compatible almost com-
plex structures on a given symplectic vector bundle is nonempty and con-
tractible in the C*° topology (see e.g. Proposition 5 and discussion thereafter
in Section 1.3 of [33]). Recalling that (£,d\) is a symplectic vector bundle,
we define the set J(M,\) C End(£) to be the set of complex structures on
¢ compatible with d\. Given a T-periodic orbit v and a J € J(M,\), we
define the asymptotic operator A., j associated to v and J by

(2.9) A gh=—J(Vih — TV, X)),

and note that, by the discussion of the previous paragraph, A ; gives a first-
order differential operator on C'*°(~*¢) which is independent of the choice
of symmetric connection used to define it.

We define an inner product (-, )y on C*(v*{) by

(hy k) = /S g (1), T(0)K(D) de.
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Recalling that Lx,d\ = 0, we have for any h, k € C*°(y*{) that

L 1ax 0 (), K(£))] = d) (T(Lx, h)(1), k(1))

dt
+dA) (h(8), T(Lx,k)(1)) -

Using that compatibility of J with (£, d\) implies that dA(J-,J-) = d\ on

& x &, we can integrate the above equation to give
(h, Ay gk)s = (A sh, k).
Thus A, ; is formally self-adjoint, and induces a self-adjoint operator
Ay D(Ayy) = HI (YO CLX(YE (5 0)a) = LOYVE (o))

Since for any value in the resolvent set of A, ;, the associated resolvent
operator factors through the compact embedding H'(y*¢) < L?(7*¢), we
know from the spectral theorem for compact self-adjoint operators that the
spectrum of A, ; consists of real, isolated eigenvalues of finite multiplicity
accumulating only at +oo.

We recall the observation from [27] that ker A, ; is trivial if and only
if v is a nondegenerate orbit. Indeed, if A is a section of y*¢ in the kernel
of A, ; then Lx, h =0 and thus diyyrh(ty) = h(to +t) for any t € R and
to € St In particular dirr(y(to))h(to) = h(to + 1) = h(to) so dir(v(tp)) has
1 as an eigenvalue and v must be a degenerate orbit. Conversely, if the
orbit is degenerate, then dir(v(tp)) has 1 as an eigenvalue. Letting vy €
&0 \ {0} be a vector with dir(y(0))vo = vo, the map v: R — & defined
by v(t) = dir(7(0))vo € &4y will be 1-periodic and satisfy Lx,v = 0, thus
determining a section of v*¢ in the kernel of A, ;.

In a unitary trivialization of (v*¢,d\, J) — that is, a symplectic trivial-
ization ® : ST x R? — v*¢ of (7*¢, d)) satisfying

@OJ():JOQ)

with

— the operator A, ; takes the form

oA, jod=—il —S(t)
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with S(t) a symmetric matrix. An eigenvector of A ; satisfies a linear,
first-order ordinary differential equation and therefore never vanishes since
it doesn’t vanish identically. Hence every eigenvector gives a map from S! —
R2\ {0} and thus has a well-defined winding number. Since —i- — S(t) is
a compact perturbation of —i%, it can be shown using perturbation theory
in [39] that that the winding is monotonic in the eigenvalue and that to any
k € Z the span of the set of eigenvectors having winding & is two dimensional.
These facts are proved in Section 3 of [26], and we restate them here as a
lemma.

Lemma 2.2. Lety be a T-periodic orbit of Xy, let A, j denote the asymp-
totic operator of v, and let T(v*§) denote the set of homotopy classes of
symplectic trivializations of (v*§,dX). There exists a map w: o(A, j) X
T(v*€) — Z which satisfies

1) If e: St — ~*¢ is an eigenvector of A, ; having eigenvalue X, then
w(A, [®]) = wind(®e), that is, w(\, [®]) measures the winding with
respect to ® of any eigenvector of A, ; with eigenvalue .

2) For any fized [®] € T(v*€) we have that
w(X, [®]) < w(p, [®]) = A < p,

that is, the winding of eigenvectors of A j is (not necessarily strictly)
monotonic in the eigenvalue.

3) If m(\) = dimker(A., ; — \) denotes the multiplicity of A as an eigen-
value we have for every k € Z and [®] € T(y*§) that

A TwX @)=k}

that is, the span of the set of eigenvectors of A j with any given
winding has dimension 2.

We now describe the characterization of the Conley—Zehnder in terms
of the asymptotic operator from [26]. Given a T-periodic orbit v and a
J e TJ(M,N) let 0,,,,(7) € 0(A, ;) denote the largest negative eigenvalue
of A, ;. Given a trivialization ® of 7*¢§, we define

(2.10) a®(7) = (0702 (7); [@])
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so that a®(7) is the winding relative to ® of any eigenvector of A, ; having
the largest possible negative eigenvalue. We define the parity of p(vy) of v by

0 if 3u € o(A, ) NRT with w(u, [®]) = a®(y)

1 otherwise

(2.11)  p(y) = {

i.e. the parity is 0 if there is a positive eigenvalue with eigenvectors having
winding equal to that of those eigenvectors having largest negative eigen-
value, and the parity is 1 otherwise. The following theorem then gives a
formula for the Conley-Zehnder index of v in terms of the quantities a®
and p just defined.

Theorem 2.3 (Hofer—Wysocki—Zehnder [26]). Let v be a T-periodic
orbit of the Reeb vector field Xy, let ® : ST x R? — ~*¢ be a symplectic triv-

ialization of (v*€,d\) and let a® () and p(7y) be as defined in (2.10)(2.11))
above. Then the Conley—Zehnder index of v relative to ® is given by the

formula
n®(7) = 2a%(7) + p(v).

Finally we close this section by stating a formula for how the Conley—
Zehnder index behaves for iterates of an orbit. This lemma follows from facts
about Sp(1) which can be found in e.g. [31, Appendix 8.1] or [3 Section 1.2].

Lemma 2.4. Lety be a periodic orbit of the Reeb vector field Xy and let ® :
St x R? = 4*¢ be a symplectic trivialization. Assume that for each positive
integer m, the periodic orbit ¥™ defined by v (t) = vy(mt) is nondegenerate.
Then:

o If~ is a hyperbolic orbit
p* (™) = mu®(y).
e If~ is an elliptic orbit, there exists an irrational number 0 so that
p® (™) = 2[m| + 1.
3. Background on pseudoholomorphic curves

In this section we review some basic facts about punctured pseudoholo-
morphic curves. First, in Section we review the basic set-up and re-
view some facts about the asymptotic behavior of finite-energy curves from
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[24, 27, [42] [49]. Next, in Section we recall the compactification of the
space of finite-energy curves [6], focusing on a result from [58] concerning
the extra properties that can be proved about the compactification when
restricting attention to sequences of curves which project to embeddings in
the 3-manifold. In Section [3.3| we recall facts about the intersection theory of
finite-energy curves from [50]. Of particular importance here is a slight gen-
eralization of a result from [50] concerning curves which approach an even
orbit in the same direction. Finally, in Section |3.4] we recall facts about the
Fredholm theory of embedded finite-energy curves from [30].

3.1. Basic set-up and asymptotic behavior

Let (M, \) be 3-manifold equipped with a nondegenerate contact from, and
recall from the previous section that we defined 7 (M, ) to be the collection
of complex structures on the contact structure & compatible with d\. Given a
J € J(M,\) we can extend it in the usual manner to an R-invariant almost
complex structure JonRx M by requiring

(3.1) J0, = X and J

_ *
m€ =T

where a is the coordinate in R, and mps : R x M — M is the canonical pro-
jection onto the second factor. We consider quintuples (X, j, ', a, u) where

e (3,7) is a compact Riemann surface,
e [' C X is a finite set called the set of punctures, and
e i:=(a,u):X\I' - R x M is a smooth map.

We define the energy of such a quintuple by

(3.2) E(a) = 216115) /E\F ard(eN)

where Z is defined by
E= {(p € C*(R,[0,1]) | ¢'(x) > 0} .

The data (%, j,T',a,u) is said to be a finite-energy pseudoholomorphic map
if the map @ has finite energy and is J-holomorphic, that is, if

(3.3) Jodi=dioj
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and
E(a) < oo.

A finite-energy pseudoholomorphic curve is then defined to be an equivalence
class C = [X, 4, T, a, u] of finite-energy pseudoholomorphic maps (2, 7,T', a, u)
under the equivalence relation of holomorphic reparametrization. For a given
3-manifold M equipped with a nondegenerate contact form A, and com-
patible J € J(M,\), we will denote the moduli space of finite-energy J-
holomorphic curves by M(A, J).

If (3,7,,9=(a,u)) is a J-holomorphic map, then we can use the R-
invariance of .J defined by to conclude that the map . := (a + ¢, u) ob-
tained by translating the R-coordinate by a constant is also a J-holomorphic
map, and it is moreover easily shown that E(a) = E(4.). Thus there is an
R-action on the space of finite-energy J-holomorphic curves given by trans-
lating the R-coordinate by a constant and, in fact, the M-component u of
@ = (a,u) determines the R-component a up to a constant. To see this, we
define ¢ : TM = RX) @ £ — £ to be the projection of T'M onto & deter-
mined by the splitting . It then follows from the definition of J that the
equation is equivalent to the pair of equations

(3.4a) u*Noj=da
(3.4Db) Jomgodu=m¢oduoj

and from the first of these equations it’s clear that the map u determines da,
and thus a up to a constant. We will define a projected (finite-energy) pseudo-
holomorphic map to be a quintuple (X, j,T', da, u) satisfying equations
for which the associated map @ = (a,u) to R x M has finite energy. A pro-
jected (finite-energy) pseudoholomorphic curve is then an equivalence class
C =[%,4,T,da,u] of projected pseudoholomorphic maps under the equiva-
lence relation of holomorphic reparametrization of the domain. For a given
3-manifold M equipped with a nondegenerate contact form A, and compati-
ble J € J (M, \), we will denote the moduli space of projected, finite-energy
J-holomorphic curves by M(X, J)/R.

In his work on the Weinstein conjecture [24], Hofer showed that near the
nonremovable punctures of a finite-energy pseudoholomorphic curves, there
are sequences of loops whose images under u converge to periodic orbits
of the Reeb vector field. In the case that the periodic orbit of the Reeb
vector field is nondegenerate, then more can be said about this convergence.
Suppose that A is a nondegenerate contact form and (X, j, ', a, ) is a finite-
energy pseudoholomorphic map. Then, for each puncture zy € I' there are
three possibilities:
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1) Removable punctures: The map @ = (a, u) is bounded near 2o, in which
case u admits a smooth, J-holomorphic extension over the puncture.

2) Positive punctures: The function a is bounded from below near zp but
not from above. In this case there exists a nondegenerate periodic orbit
~ with period T' < E(u) and a holomorphic coordinate system

¢:[R,00) x St CRx S~ C/iZ — £\ {2}

on a punctured neighborhood of zy so that the maps o, : [R,00) X
S — R x M defined by

Ve(s,t) = (a(s 4+ ¢/T,t) — c,u(s + ¢/T,t))
converge in C°([R,00) x S}, R x M) as ¢ — oo to the map

(s,t) = (T's,7(1))-

3) Negative punctures: The function a is bounded from above near zp
but not from below. In this case there exists a nondegenerate periodic
orbit v with period 7' < E(@) and a holomorphic coordinate system

¢:(—00,—R] x St CR x S' =~ C/iZ — £\ {2}

on a punctured neighborhood of zy so that the maps o, : (—oo, —R] x
S — R x M defined by

Ve(s,t) = (a(s — ¢/T,t) + c,u(s — ¢/T,t))
converge in C*°((—oo, —R] x S1,R x M) as ¢ — oo to the map

(s,t) = (T's,7(1))-

We will henceforth assume that all removable punctures have been removed,
and thus that all punctures are either positive or negative punctures at which
the curves in question are asymptotic to cylinders over periodic orbits.

We will need more precise information about the asymptotic behavior of
curves near a puncture, in particular that the convergence is exponential in
nature and the finer behavior of the map (and differences between two maps)
can be described in terms of eigenvectors of the asymptotic operator asso-
ciated to the orbit. Before stating the appropriate result, we first establish
some language. Let (X, 7,T, a,u) be a pseudoholomorphic map and assume
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that @ = (a,u) has a positive puncture at zp € I' where @ is asymptotic to
a cylinder over the T-periodic orbit 7. A map U : [R,00) x St — 4*¢ with
U(s,t) € &y for all (s,t) € [R,00) x St is called an asymptotic represen-
tative of U mear zy if there exists a map ¢ : [R,00) x St — ¥\ {20} with
limg_yo0 @(8,t) = 2o so that

wo ¢(s,t) = (Ts, exp. ) U(s, t))

where exp is the exponential map of some metric on M E| Asymptotic rep-
resentatives at negative punctures are defined similarly but as maps from
negative half-cylinders of the form (—oo, —R] x S'. The following theorem,
concerning the asymptotic behavior of differences of asymptotic representa-
tives, is proved in [49].

Theorem 3.1. Let U,V : [R,00) x St — ~*¢ be smooth maps with U(s,t),
V(s,t) € &+(1) representing positive pseudoholomorphic half-cylinders (or, re-
spectively, let U, V : (—oo, —R] x St — v*¢ be smooth maps with U(s,t),
V(s,t) € & (1) representing negative pseudoholomorphic half-cylinders). Then
either U — V' wvanishes identically or

U(s,t) — V(s,t) =e”[e(t) +r(s,t)]

where

e 0 is a negative (resp. positive) eigenvalue of the asymptotic operator
A (defined in [29)),

e ecker(A, ;— o)\ {0} is an eigenvector of A, j with eigenvalue o,
and

. Vivzr(s,t) — 0 as s > o0 (resp. s— —o0) exponentially for all
(i,7) € N2,

The special case of this theorem where V = 0 recovers the asymptotic
results for single half-cylinders from [27], [42]. As is shown in [26], the asymp-
totic formula for a single half-cylinder allows one to assign a local invariant to
each puncture, known as the asymptotic winding. Indeed, as a result of this
formula, the M-portion u of a given pseudoholomorphic map (X, 5,T', a,u)

2In [49] a specific metric is used in the definition of asymptotic representative
but that specific choice of metric is not essential for Theorem to remain true.
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can be written near some given puncture zg € I'
uo, (s,t)= eXP.y (1) U, (s,1)
with the asymptotic representative U satisfying a formula of the form
U(s,t) =e%%le(t) + r(s,t)]

with o, e, and r satisfying the conditions listed above. Since eigenvectors of
the asymptotic operator A, ; are nowhere vanishing, the fact that r con-
verges to 0 as |s| — oo implies that U(s, t) is nonvanishing for all sufficiently
large |s|, or equivalently that in some neighborhood of the puncture, u does
not intersect its asymptotic limit «. Choosing a trivialization of v*£, we
define the asymptotic winding of @ at zy by

wind® (u; 20) = wind(® 71U, (s, -))

with the right-hand side being well defined and independent of all sufficiently
large |s|. Using the asymptotic results of [27] and the characterization of the
Conley—Zehnder index in terms of the spectrum of A, y from [26] (reviewed
as Theorem above), the following inequality for the asymptotic winding
is deduced in [26].

Theorem 3.2. Let C =1[%,j,T,a,ul € M(\,J) and let z € T'. Then
(3.5) 4+, wind® (u; 2) < |£.0® (@ 2)/2]
where +, is the sign of the puncture z.

3.2. Compactness

It is shown in [6] that the space of punctured pseudoholomorphic curves
with energy below any given value can be compactified by including more
general objects, known as pseudoholomorphic buildings. In [58], it’s shown
that the space of curves which project to embeddings in the 3-manifold M
can be compactified by considering only those buildings whose components
are either pairwise disjoint or identical when projected to the 3-manifold M
and are all either trivial cylinders or project to embeddings in M. We recall
the result here.
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We start with some definitions. First, for ¢ € {1,...,k}, consider a col-
lection of (possibly disconnected) pseudoholomorphic curves

Ci = [%i, Ji, Uiy aiy wi] € M(X, J)

and write I'; = I‘;r UT';" to indicate the decomposition into positive and
negative punctures. Assume there are bijections I; : I'; — Fij_l between the
negative punctures of one curve and the positive punctures of the next in
the sequence. We say that the data (Ci,...,Ck;I1,...,Ix_1) form a height-
k non-nodal pseudoholomorphic building when pairs of punctures identified
via the bijections I; have the same asymptotic limit. We will denote such a
height-k pseudoholomorphic building by

Cion -0, C

or simply
Cio- ©C

when the specific bijections are not important, and we will refer to the curves
C; as the levels of the building. Given a height-k pseudoholomorphic build-
ing C1 ©p, -+ @r,_, Cr with C; = [, 75, Ty, a;, u;], we can circle-compactify
each of the domain surfaces ¥; \ T'; at the punctures and glue these compact-
ified surfaces together along circles corresponding to punctures identified via
the bijections I; to form a a topological surface with boundary. Due to the
asymptotic behavior of the curves, this identification can be done in such
a way that the maps u; extend to the circle-compactifications and glue to-
gether to give a continuous map from the glued surface into M. In the event
that any of the levels are asymptotic to multiply covered periodic orbits, the
operation of gluing the circle-compactified surfaces is only uniquely deter-
mined when further choices, namely that of so-called asymptotic markers,
are made. The specifics won’t be important here, so we won’t address this
issue any further.
The structure of a non-nodal pseudoholomorphic building

Cl ®Il T @Ik,1 Ck

can be encoded in a graph with a vertex for each smooth connected compo-
nent of the domains of the levels C; and an edge for each pair of punctures
identified via the bijections I;. We will say that a non-nodal pseudoholo-
morphic building is connected if the corresponding graph is connected. This
is equivalent to requiring the surface obtained from circle-compactifying
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and gluing the levels, as described in the previous paragraph, to be con-
nected. The arithmetic genus of a connected pseudoholomorphic building is
the genus of the glued surface. The arithmetic genus can be computed in
terms of the graph modeling the building by the formula

g=#E—#V+ > gv)+1

’l).LGV

where #FE is the number of edges, #V is the number of vertices, and g(v;)
is the genus of a given smooth connected surface in the building corre-
sponding to the vertex v; (see [0, Equation (6)]). In particular, a connected
pseudoholomorphic building has arithmetic genus zero precisely when each
component has genus 0 and #E = #V — 1 or, equivalently, precisely when
each component has genus zero and the modeling graph is a tree.

Following [58], we refer to a connected pseudoholomorphic curve C' =
(2,7, T, a,u] as a nicely-embedded pseudoholomorphic curve if the map w :
Y\ I' - M is an embedding, that is, if the curve projects to an embedding in
the 3-manifold M. We will say that a non-nodal pseudoholomorphic building
is micely embedded ifﬂ

1) Each C' € M(\, J) occurring as a connected component of the building
is either nicely embedded or a trivial cylinder (i.e. a curve of the form
R x ~ for some periodic orbit 7).

2) If C and D € M(A, J) occur as connected components of the building,
the projections of C' and D to M are either identical or disjoint.

We will call a nicely-embedded, non-nodal pseudoholomorphic building, sta-
ble if no level consists entirely of trivial cylindersﬁ The following theorem
is proved as the main theorem in [58]

Theorem 3.3. [58, Theorem 1] Let C, € M(A,J) be a sequence of nicely-
embedded pseudoholomorphic curves with uniformly bounded energy. Then

3The definition in [58] also includes a condition on some of the periodic orbits
which connect the levels, but this condition (in fact a slightly stronger condition)
is a consequence of the above two conditions. See Lemma below.

4The general definition of stable from [6] allows for levels which contain only
trivial cylinders or constant maps provided the domains of these maps are stable
curves, i.e. twice the genus plus the number of special points (marked points and
nodes) is greater than or equal to 3. Since we only consider buildings with no nodes
or marked points here, our simpler definition is equivalent.
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there is a subsequence which converges in the sense of [6] to a stable, nicely-
embedded pseudoholomorphic building.

For our purposes, the complete definition of SFT-convergence from [6]
is not necessary, but we will need the following facts which we state as a
proposition.

Proposition 3.4. Assume a sequence Cy = [k, ji, Lk, ak, ug] € M(\, J)
converges in the sense of [0] to a non-nodal pseudoholomorphic building
Coo1 @+ ® Cooy with Cogi = [Yooi, Joo,is L'ooyis Goo,is Uso,i). Then there is a
ko € N so that:

1) Fork > ko there exist embeddings 1y ; : ¥oo,i \ I'oo.i = L \ I'i and con-
stants cy; so that

a0 Vi + Chi = Gooi M Clae(Xoci \ I'oois R)

and
Uk 0 Y i = Uso,i N Clhge(Xooi \ T'ocyi, M).

2) There exists a punctured surface Yoo \ T'oo s0 that for all k > ko, X \
Ty is diffeomorphic to Yoo \ I'no, and there exist diffeomorphisms 1y, :
Yoo \ oo = Xx \ T s0 that the maps uy o 1y, converge in C°(X4 \
oo, M).

Finally, we will need to know what sorts of periodic orbits can appear
in the SFT-limit of sequences of nicely-embedded curves. We start with a
definition. In the following definition, we will use the notation v to denote
the m-fold cover a periodic orbit ~.

Definition 3.5. Let v be a simply covered orbit and let my and m_ be
positive integers. We say that (v, m4, m_) is a bidirectional asymptotic limit
of a given non-nodal pseudoholomorphic building, if there are (possibly iden-
tical) nontrivial components Cy, C_ in the building so that 4"+ is a positive
asymptotic limit of Cy and y™~ is a negative asymptotic limit of C_.

We remark that nontrivial breaking orbits as defined in [58] always give
rise to a bidirectional limit, but the converse is not true.

Lemma 3.6. Let (v, my,m_) be a bidirectional limit of a nicely-embedded
pseudoholomorphic building. Then either:
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e v s even and my =m_ =1, or

e v is odd, hyperbolic and my = m_ = 2.

Proof. This is equivalent to Proposition 4.4 in [58] which references [50] for
proof. While this result is easily deduced from facts in [50], this fact is not
stated explicitly there, so we outline the proof here.

Let Cy = [X4,j+, T+ ar,uy)and C- = [¥_,j_,T—,a_,u_] be nontriv-
ial components of the building so that Cy has 4"+ as an asymptotic limit at
a puncture z4 € 'y and C_ has 4"~ as an asymptotic limit at a puncture
z_ € I'_. The assumption that C'y are nicely embedded and have either iden-
tical or disjoint projections to M imply via, as appropriate, either condition
2(c) in [50, Theorem 2.4]/Theorem or condition 3(b) in [50, Theorem
2.6]/Theorem thatﬂ
(3.6)

wind (u—sz-) _ —|-p®(y")/2] _
m_ N m_ N my my

[p®(y™+) /2] _ windg, (uss24)

9

while condition 4(c) of [50, Theorem 2.6]/Theorem tells us that
(3.7) ged(my, wind® (uq, z1)) = ged(m_, wind® (u_,2_)) =1

for any trivialization ® of £|,. However, it’s proved in [50, Theorem 2.4] using
the iteration formulas for the Conley—Zehnder index (Lemma that

—=p*(y™)/2] e (™)/2]

m_ m4

if and only if v+ and ™~ are both even orbits. This is equivalent to
requiring either that v is even, or v is odd hyperbolic and m and m_ are
both even. In either case, we can use that the Conley—Zehnder index iterates
linearly for hyperbolic orbits (Lemma. In the case that ~ is even we then

>The sign difference between the equations given here and those in [50] are due to
a convention difference for computing Conley—Zehnder indices and wind,. Here we
compute both by always traversing an orbit in the direction of the Reeb vector field,
while in [50] both are computed by traversing the orbit in a direction determined
by the boundary of the S'-compactified surface, which means negative asymptotic
limits are traversed in the direction opposite of the flow of the Reeb vector field.
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have from (3.6]) that

ged(ma, wind$, (us, z4)) = ged(ma, | £p®(y™*)/2])
= ged(m, [£m=pu®(v)/2])
= ged(ms, mep®(7)/2)
= mx ged(1, u®(7)/2)
—

so we must have my = 1 for (3.7) to hold. On the other hand, if v is odd
hyperbolic and m4 = 2n4 are even, we have from (3.6) that

ged(may, wind® (uy, z4)) = ged(ma, |£u®(y™*)/2])

= ged(2n4, nep® (7))
= ng ged(2, u® (7))
pry n:t

where we’ve used the ®(7) is odd in the last line. This lets us conclude that
(3.7) holds precisely when ny = 1 and hence my = 2ng = 2. This completes
the proof. O

3.3. Intersection theory

Here we review some facts about the intersection theory of punctured pseu-
doholomorphic curves from [50].

We continue to assume A is a nondegenerate contact form on M and J €
J(M,N) is a compatible almost complex structure. Let C1 = [X,,T, a, u]
and Cy = [X', 5/, T",b,v] be pseudoholomorphic curves. We write I' =" U
I'_ and I =T', UT" to indicate the signs of the punctures. We assume
that at z € I', & = (a,u) is asymptotic to "= where v, is a simply-covered,
unparametrized periodic orbit, m, is a positive integer, and ]’ denotes
the m,-fold cover of v,. Similarly we assume that at w € I, v = (b,v) is
asymptotic to ~/'» with ~,, simply covered. We let ® denote a choice of
trivialization of the contact structure along all simply covered periodic orbits
of X with covers appearing as asymptotic limits of C; or Cy. We define a
map Ug by perturbing the M-portion v of the map slightly near the ends
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by the flow of a section of the contact structure defined near the orbits
which has zero winding relative to the trivialization ®. It can be shown
that for suitably small such perturbations, the algebraic intersection number
int(a, vp) of the maps @ and vg is well defined and depends only on the
homotopy classes of the maps @, ¥ and the trivialization ®. We thus define
the relative intersection number i®(Cy,Cy) of C; and Cy relative to the
trivialization ® by

i®(Cy, Cy) = int(@l, vg).

For more background on the definition and properties of the relative inter-
section number, see [37, Section 2.4] or [50, Section 4.1.1]

Given the relative intersection number of two curves, we define the holo-
morphic intersection number{®| by

(3.8) C1xCo=i%Cy,Ch)
T Z MMy max{ le* (v=)/2]  [u®(v)/2] }

m. ’ My
(z,w)el ¢ xrq_
V=z=Yw

4 Z . maX{ Lot (re)/2] Lot () /2] } '

m My

(z,w)€er _ xT/_
V=Y

We note that the sums here are taken over all pairs of ends with the same sign
which are asymptotic to coverings of the same underlying simply covered or-
bit; the quantities in these sums correspond to the negation of the minimum
number of intersections that must appear between a pair of such ends when
one is perturbed in the prescribed direction (see Section 3.2 and specifically
Corollary 3.21 in [50]). As our notation indicates, the holomorphic intersec-
tion product of two curves is independent of the choice of trivialization used
to define the quantities on the right hand side of . For proof of this
fact and the other basic properties of the holomorphic intersection number
collected in the following theorem, we refer the reader to [50].

Theorem 3.7 (Properties of the generalized intersection number).
Let (M, \,J) be a nondegenerate contact manifold equipped with compati-

ble J € J(M, ), and let M(X,J) denote the moduli space of finite-energy
pseudoholomorphic curves in M.

This is called the generalized intersection number in [50)].

"This definition appears slightly different from that given in [50] since there
Conley—Zehnder indices of orbits at negative punctures are computed by traversing
the orbit backwards.
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1) IfC=[%,5T,a], D=[%, 7,1 9 € M(\ J) are pseudoholomorphic
curves then the generalized intersection number C x D depends only on
the relative homotopy classes of the maps @ and v.

2) For any C, D € M(\, J)
CxD=DxC.
3) If C1, Co, D € M(A,J) then
(C1+Cy)«D=CyxD+CyxD

where “+” on the left hand side denotes the disjoint union of the curves
Cl and 02.

4) If C1 ® Cq and Dy ® Do are asymptotically cylindrical buildings then
(01®CQ)*(D1®D2) > Cyx D1+ Cy % Ds.

Moreover, strict inequality occurs if and only if there is a periodic
orbit v so that C1 has a negative puncture asymptotic to ¥, Dy has
a negative puncture asymptotic to ", and both v™ and ™ are odd
orbits.

One of the main motivations for the definition of the holomorphic inter-
section number is that certain well-known theorems concerning the homo-
logical intersection number of holomorphic curves generalize nicely to facts
about the holomorphic intersection number, albeit with an additional com-
plication. The first such theorem is a generalization of the fact that for a pair
of closed pseudoholomorphic curves having no common components (i.e. no
components having identical image) the homological intersection number is
nonnegative, and equal to zero if and only if the two curves are disjoint.
For punctured curves a statement almost as strong can be made, but we
have to allow for the possibility that intersections disappear at the punc-
tures when the curves have ends approaching the same orbit. In this case,
the disappearance of intersections is traded for a higher degree of “tangency
at infinity” with this notion being made precise in terms of the asymptotic
relative asymptotic formula from [49] reviewed above as Theorem The
total measure of “tangency at infinity” between two curves C, D without
common components is called the total asymptotic intersection number and
denoted 0 (C, D). For a precise definition of the total asymptotic intersec-
tion number, and for proof and further discussion, we refer the reader to
[50, Theorem 4.4/2.2].
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Theorem 3.8. Let C, D € M(\,J) be pseudoholomorphic curves. If C
and D have no common components then

(3.9) C D =int(C,D) + 60 (C, D)

where int(C, D) denotes the algebraic intersection number of C' and D, and
000 (C, D) is the asymptotic intersection index of C' and D. In particular

C D >int(C,D) > 0,

and
CxD=0

if and only if C and D don’t intersect, and the total asymptotic intersection
index vanishes, i.e. 65o(C, D) = 0.

It will be of use to us here to be able to identify situations in which
the holomorphic intersection number of two curves vanishes. A set of nec-
essary and sufficient conditions is proved is proved in [50, Corollary 5.9].
We quote that result here with appropriate adjustments to the notation and
conventions.

Theorem 3.9. Let C = [X,5,T, 4 = (a,u)] and D = [¥', 7, TV, 0 = (b,v)] €
M(N, J) be pseudoholomorphic curves, and assume that no component of C
or D lies in a trivial cylinder. Then the following are equivalent:

1) The generalized intersection number C x D = 0.

2) All of the following hold:
a) The map u does not intersect any of the positive asymptotic limits

of v.

b) The map v does not intersect any of the negative asymptotic limits
of u.

c) Let v be a periodic orbit so that at z € I', 4 is asymptotic to v
and at w € I, ¥ is asymptotic to ¥, and let ® be a trivialization
of €|y. Then:

(i) If z and w are both positive punctures,
windg, (@ 2) = [u®(y"™)/2]

and

(3.10) i ma)/2] S et ame)/2]

m, My
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(ii) If z and w are both negative are both negative punctures
— windZ, (73 w) = [—p® (4")/2]
and

l=p(me)/2] S [=pt(me)/2]

Mo m,

(iii) If z is a negative puncture and w is a positive puncture,
—wind%, (@ 2) — | =p® (4") /2] = windg, (5;w) — [p®(y™) /2] =0
and ¥ and ¥"™* are both even orbits; or equivalently

wind® (4;2) _ wind2 (d;w)

m; My

3) All of the following hold:
a) The map u does not intersect any of the asymptotic limits of v.
b) The map v does not intersect any of the asymptotic limits of .
c) If v is a periodic orbit so that at z € T', @ is asymptotic to v and
at w € TV, ¥ is asymptotic to "™, then

+, wind3, (@; 2) — [+:6"(7™) /2] = £, wind3, (5;w) — [£up® (™) /2] = 0.

Further
(i) if v is elliptic, then z and w are either both positive punctures,
or both negative punctures, and

Ep®(vm2)/2) _ |Fwp® () /2]
m, My

(ii) of v is odd, hyperbolic then either m, and m,, are both even, or
the punctures have the same sign and m, = my,.

It is observed in the discussion following Corollary 5.9 in [50] that if
holomorphic intersection number of two connected curves vanishes, then the
projections of those curves to the 3-manifold are either disjoint or identi-
cal. Indeed, assume that the projections of C' and D have neither identical
nor disjoint image. Then, arguing as in [26], an intersection point between
the projections can be seen as an intersection between one curve C' and
an R-shift of the other ¢-D. Thus C x (¢- D) > 0 by Theorem But
homotopy invariance of the *-product from Theorem then tells us the
CxD=Cx(c-D) >0, and we can conclude that C'«x D = 0 if and only if
the projections of C and D to M have either identical or disjoint image.
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While the converse of this statement is not true, a fairly complete set of
necessary and sufficient conditions for the projections of two curves to the
3-manifold to not intersect is given in [50, Theorem 2.4/5.12]. We recall that
theorem here with appropriate adjustments to the notation and conventions.

Theorem 3.10. Let [, 5, T, 4 = (a,u)] and [¥', 7, T, 0 = (b,v)] € M(\, J)
be pseudoholomorphic curves, and assume that no component of u or v lies
i a trivial cylinder, and that the projected curves u and v do not have
identical image on any component of their domains. Then the following are
equivalent:

1) The projected curves u and v do not intersect.

2) All of the following hold:

a) The map u does not intersect any of the positive asymptotic limits
of v.

b) The map v does not intersect any of the negative asymptotic limits
of u.

c) If v is a periodic orbit so that at z € T', @ is asymptotic to ™= and
at w € T, ¥ is asymptotic to v, then:
(i) If z and w are either both positive punctures or both negative

punctures then

wind o (%;2) > wind .. (0;w)
m; - Moy

(ii) If z is a negative puncture and w is a positive puncture then

wind® (4;2) _ —|-p®(y"=)/2] _ [pw*(yme)/2] _ windZ (Fw)
m. - m, - My - My

(this is only possible if ¥™= and v™ are both even orbits).

3) All of the following hold:
a) The map u does not intersect any of the asymptotic limits of v.
b) The map v does not intersect any of the asymptotic limits of .
c) If v is a periodic orbit so that at z € ', G is asymptotic to ™= and
at w € I, ¥ is asymptotic to y™, then

winde (4;2) _ winde (D;w)
m., - Mo .

The following corollary will be of use in the proof of our main theorem.

Corollary 3.11. Let C = [%,5,T,4] and D =[¥',j,T",0] € M(\, J) be
connected pseudoholomorphic curves. Assume that C or D are not trivial
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cylinders, that C and D have distinct projections to M, and that at ev-
ery puncture of C and D the winding bound from (3.5)) is achieved. Then
C x D =0 if and only if the projections of C and D to M are disjoint.

Proof. In the event that the winding bound from (3.5)) is achieved at each
puncture, i.e. that

+. wind® (@; 2) = [ .02 (y™) /2]
for all z € I" and
+, wind® (53 w) = [2oou®(v™)/2]

for all w € I, then condition in Theorem and condition in
Theorem [3.9 reduce to the same thing. Thus the two theorems together
imply that C'« D = 0 if and only if the projection of C' and D to M are
disjoint. O

In addition to Theorem a second fact which motivates the defini-
tion of the holomorphic intersection number is that, like the homological
self-intersection number of a closed curve, the holomorphic self-intersection
number identifies those relative homotopy classes of simple curves (i.e. those
that don’t factor through a branched cover) which must be embedded [50),
Theorem 2.3]. This result can be combined with Theorem and some
results and techniques from [26] to state a fairly exhaustive set of necessary
and sufficient conditions of the vanishing of the holomorphic self-intersection
number of a curve. We will summarize the information we need from this
result below after recalling the definitions of some relevant invariants asso-
ciated to a punctured pseudoholomorphic curve.

Consider a pseudoholomorphic curve C' = [, 5, T, a,u] € M(A,J), and
assume that at z € I" the map u is asymptotic to a cover of the periodic orbit
v,. Let ® denote a trivialization of £ in a neighborhood of each periodic
orbit v appearing as an asymptotic limit of C', and note that ® induces a
trivialization of ©*¢ in a neighborhood of each puncture. We then define the
total Conley—Zehnder index of the curve C to be

(3.11) p(C) =2eF () + Y p®(ui2) — Y p®(u;2)

zel'+ zel'—

where cf(u*€) is the relative first Chern number, defined to be algebraic
count of zeroes of a section of u*¢ which is nonzero and constant in the
trivialization ® in a neighborhood of each puncture (see [37, Section 2.2] or
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[50, Section 4.2.1] for more details on the properties of the relative first chern
number). As a result of the respective change-of-trivialization formulas for
the Conley-Zehnder index and ¢ (u*¢), it follows that the total Conley—
Zehnder index of a curve is independent of any choice of trivialization. We
then the define the index ind(C') of C' by

(3.12) ind(C) = p(C) = x(¥) + #I'

where x(X) is the Euler characteristic of ¥ and #I is the number of punc-
ture of the curve. This index represents the Fredholm index of the operator
describing the local deformations of the curve C' (the relevant facts from [30]
are reviewed in Section below).

We now have the following theorem, summarizing relevant information
from [50, Corollary 5.17] and the discussion thereafter.

Theorem 3.12. Let C =[%,j,T,u = (a,u)] € M(X,J) be a simple, con-
nected pseudoholomorphic curve, and assume that C «C =0 and that C
does not lie in a trivial cylinder. Then:

1) The map @ : X\ T' — R x M is an embedding.

2) The map uw: X\ T' — M is embedding, everywhere transverse to Reeb
flow, which is disjoint from all the asymptotic limits of u.

3) For each z € T, the bound from (3.5) is achieved, i.e.
+, wind® (; 2) = |+.0% (45 2) /2]

where +, denotes the sign of the puncture z.

4) The index ind(C) satisfies
ind(C) = x(3) + #leven =0

where x(X) is the Euler characteristic of the surface ¥ and #I cyen, s
the number of punctures of C' asymptotic to even periodic orbits.

We recall from the discussion following Corollary 5.17 in [50] that for a
connected curve C = [¥, 4, T, a, u] satisfying the hypotheses of the previous
result, if C'x C' = 0 then the projection of the curve to M is an embedding.
Indeed, the result shows that u must be an immersion which doesn’t intersect
any of its asymptotic limits. Moreover, since for the R-translates c-C =
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[2,4,T,a+ c,ul], we have
0<int(C,c-C)<Cx(c-C)=CxC =0,

it follows from positivity of intersections that # doesn’t intersect any of
its R-translates, and hence that the projection u is injective. As observed
n [26], the asymptotic behavior of the curve then allows us to conclude
that u is an embedding. As with the discussion of intersections of curves
with distinct projections to the three-manifold, the converse is not true:
it is possible for curves to project to embeddings in M but have positive
self-intersection number. However, various sets of necessary and sufficient
conditions for the projection of a curve of M to be embedded are given
in [50, Theorem 2.6/5.20]. We quote that result here, making appropriate
adjustments to notation and conventions.

Theorem 3.13. Let [X,5, 1,4 = (a,u)] € M(\, J) be a connected, simple
pseudoholomorphic curve, and assume that u does not have image contained
i a trivial cylinder. Then the following are equivalent:

1) The projected map uw: X\ T' — M is an embedding.

2) The algebraic intersection number int(u, t.) between 4 and one of its
R-translate i, = (a + c,u) is zero for all ¢ € R\ {0}.

3) All of the following hold:
a) u does not intersect any of its asymptotic limits.
b) If v is a periodic orbit so that u is asymptotic at z € I to ™= and
u s asymptotic at w € I' to v, then

windeo (4;2) _ windeo (4;w)
m. - My :

4) All of the following hold:
a) The map 4 is an embedding.
b) The projected map w is an immersion which is everywhere trans-
verse to X
c) For each z € T, we have

ged(my, winde (15 2)) = 1.
d) If v is a simple periodic orbit so that u is asymptotic at z to y™=,

u s asymptotic at w # z to v™, and the punctures have the same
signs, then the relative asymptotic intersection number (see Lemma
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3.19 and discussion following in [50] for definition) of the ends
[; 2] and [u;w] satisfies

O
o

m, ? My

([ﬁ,, Z], [ﬁ7 ’LU]) — —m,m,, max { +. wind?® (%;2) =+, wind? (@;w) } .

The following corollary will be of use in the proof of our main theorem.

Corollary 3.14. Consider a connected pseudoholomorphic curve
C =[5, 4= (a,u)] € M(A,J)

and assume that C' is not a trivial cylinder and that at every puncture of C
the winding bound from (3.5)) is achieved. Then C' x C' = 0 if and only if the
map u: X\ T'— M is an embedding.

Proof. In the event that the winding bound from (3.5) is achieved at each
puncture, i.e. that

+, wind? (@; 2) = |£.42(y"™)/2)

for all z € I' then the special case of condition in Theorem in which
4 = v and condition in Theorem reduce to the same thing. Thus
the two theorems together imply that C'x C' =0 if and only if the map
u: X\ I'— M is an embedding. O

It is shown in [50] that when two curves have ends approaching coverings
of the same hyperbolic orbit, there is a “direction-of-approach” condition
that will guarantee the two curves have positive holomorphic intersection
number. We review the relevant definitions and results here.

We will first define what it means for two pseudoholomorphic half-
cylinders to approach an orbit in the same (or opposite) direction. The
definition we use here will apply to any nondegenerate periodic orbit and,
when the orbit is even, will be stricter than the definition used in [50]. In
exchange for using a slightly stricter definition we will be able to make a
slightly stronger conclusion via essentially the same argument used in [50].

Let i, ¥ :[R,00) x S — R x M be positive pseudoholomorphic half-
cylinders asymptotic to the same nondegenerate periodic orbit ~, and assume
that the the asymptotic formulas for asymptotic representatives U, V of @
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and v respectively are given by

S
—
»

o~
N—

I

e 5[ey(t) + 1u(s,t)]
V(s,t) = eM[ey(t) + ryo(s, t)].

We say that the half cylinders u and U approach v in the same direction if
the eigenvectors e, and e, are positive scalar multiples of each other, and
similarly we say that we say that the half cylinders @ and © approach
in the opposite direction if the eigenvectors e, and e, are negative scalar
multiples of each other. We note that in either case we must have A, = A,.
For a pair of negative half-cylinders asymptotic to the same periodic orbit,
the definitions are exactly analogous: the cylinders are said to approach in
the same direction if the eigenvectors controlling the approach are positive
multiples of each other, and are said to approach in the opposite direction
if they are negative scalar multiples of each other.

The notion of approaching an orbit in the same (or opposite) direction
is of particular use at an even orbit due to the following lemma, which shows
that pairs of pseudoholomorphic ends approaching an even orbit with the
same sign and extremal winding (i.e. the bound in is achieved) always
either approach in the same or opposite direction.

Lemma 3.15. Let v be an even periodic orbit. Let 4 and ¥ : [R,00) X
St = R x M be either both positive or both negative pseudoholomorphic half-
cylinders asymptotic to v, and assume that

wind® () = wind2 (2) = u®(y)/2.

for any symplectic trivialization ® of v*€. Then 4 and ¥ either approach ~y
in the same direction, or opposite direction.

Proof. Let A_ < 0 denote the largest negative eigenvalue of A ;. Then, ac-
cording to Theorem and the fact that the parity of an orbit is equal
to the parity of its Conley—Zehnder index, in any symplectic trivializa-
tion ® of v*¢ the winding of an eigenvector of A, ; with eigenvalue A_ is
|12 (v)/2] = u®(7)/2. It further follows from the same theorem and Lemma,
that eigenvectors of A, ; having smallest possible positive eigenvalue
also have winding equal to u®(v)/2. Since Lemma [2.2| tells us that the span
of the collection of eigenvectors having winding equal to p®(y)/2 is two
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dimensional, we can conclude that
dimker(A, 5 —As) =1

and that all eigenvectors e of A, ; with negative (resp. positive) eigenvalue
satisfying
wind @ e = u®(v)/2

have eigenvalue A_ (resp. Ay).
Now, if & and v are positive (resp. negative) half-cylinders and have
winding
wind® (7) = wind® (7) = u®(v)/2.

then the eigenvector controlling the approach of each cylinder must have
eigenvalue A_ (resp. Ai). Since we've argued above that the eigenspaces
ker(A, y — A+) are 1-dimensional, we conclude that the eigenvectors associ-
ated to each cylinder are scalar multiples of each other which is equivalent to
saying that 4 and © approach + in either the same or opposite direction. [

We now state the main theorem concerning the intersection properties of
pseudoholomorphic half-cylinders that approach an even orbit with extremal
winding in the same direction.

Theorem 3.16. (c.f. [50, Theorem 5.15]) Let @ = (a,u) and v = (b,v) :
[R,00) x S* — R x M be either both positive or both negative pseudoholo-
morphic half-cylinders asymptotic to an even periodic orbit y. Assume that
u and U have extremal winding, i.e.

(3.13) wind® () = wind2 (7) = u®(v)/2,

and that w and v approach v in the same direction. Then the projections u,
v of the maps U, ¥ to the 3-manifold M intersect.

Proof 1. The proof is a combination of the proofs of Theorem 5.14, The-
orem 5.15, Lemma 5.10 in [50], and a local version of Theorem 2.2 in
[50]/ Theorem above. If the images of @ and v differ by the R-action
on some neighborhood of infinity, then the projections to M will be identi-
cal on the same neighborhood of infinity so there is nothing more to prove.
We thus, without loss of generality, assume that the images of @ and ¥
do not differ by the R-action on any neighborhood of infinity. Given this
assumption Theorems 5.14-5.15 in [50] shows that the there is a constant
¢p € R so that the asymptotic intersection number o (%, c,) is positive,
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where 0. = (b+ ¢,v) denotes the half-cylinder obtained by shifting the R-
coordinate of ¥ by ¢. On the other hand, the argument in Lemma 5.10 in [50]
shows that do0 (U, 0.) = 0 for all ¢ # ¢p nearby to ¢q (in fact, the proof there
reveals, for all ¢ # ¢p). Since intersections are isolated, we can, after perhaps
restricting the domains, define an algebraic intersection number int(a, o, ),
relative intersection number i® (@, 9, ), and holomorphic intersection number
[@1] * [Dey] = i® (1, D) + u®(7)/2. Moreover, i® (@, T,) and [] * [T¢,] will be
invariant under small perturbations of v.,, and the analogy of formula

[@] * [Oc,] = Int (U, Vey) + oo (T, e, )

holds as well for the localized versions of the intersection product. As c¢g
changes to a sufficiently nearby ¢ # ¢ in the equation, the local holomorphic
intersection product [u] * [0.] remains unchanged, while we’'ve just argued
that the asymptotic intersection number o (%, 0.) changes from a positive
number to zero. Thus the algebraic intersection number int(, 0.) must in-
crease, and since int(a, 0.) > 0 for all ¢, we conclude that int(w, 0.) > 0 for
¢ very near to ¢g. Since @ = (a,u) and 0. = (b+ ¢, v) intersecting implies u
and v intersect, this completes the proof. (|

For the convenience of the reader we provide a self-contained presenta-
tion of the above argument below.

Proof 2. For simplicity we will carry out the proof assuming that both cylin-
ders are positive. The proof in the case that both are negative is completely
analogous. As in the previous proof, we continue to assume that the images
of 4 and v do not differ by the R-action on any neighborhood of infinity.

Proceeding now with the above assumptions, we let U, V : [R', 00) X
S1 — ~*¢ be asymptotic representatives of @ and ¥ respectively, that is U
and V satisfy

wo ¢(s,t) = (Ts, expy ) Ul(s, t))
vo(s,t) = (Ts, expy ) V (s, t))
for some proper embeddings ¢, v : [R',00) x S — [R, 00) x S'. We further

observe that if 7. is the map 0.(z) = (b(2) + ¢, v(z)) obtained by shifting the
R-component of ¥ by ¢, then

Ve 0 Pe(s,t) = (Ts,expy(t) Vc(s,t)> ,

where 9.(s,t) := (s — ¢/T,t) and V.(s,t) := V(s — ¢/T\ ).
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According to our winding assumption (3.13|) and the fact that + is an
even orbit, the asymptotic formulas for U and V' must be of the form

(3.14) U(s,t) = e*[en(t) +71(s,1)]
(3.15) Vs, t) = e’\s[ev(t) + 72(s, )]

with A the largest negative eigenvalue of A, ;, and ;(s,t) — 0 exponentially
in s. Hence the asymptotic formula for V. = V(- — ¢/T, -) is of the form

Ve(s,t) = eAse’)‘c/T[ o(t) +1ra(s — ¢/T, )]

(3.16) s
[Keeut) +rols, )]
where K. = e T >0 and r. = K.ra(- — ¢/T,-) decays exponentially in s.
We seek to understand how the intersection behavior of two cylinders
u and v, changes as ¢ changes. We first observe that by the assumption
that @ and © approach ~ in the same direction, there is a ¢y so that e, =
K. ey,. If 4 and 9., intersect, the projections v and v intersect, so there is
nothing more to prove. We assume then that 4 and v, don’t intersect and
consider the difference U(s,t) — V., (s,t) for (s,t) € [R", 4+00) for some large
R’". According to Theorem we have that

(3.17) Ul(s,t) — Ve, (s, 1) = eM[es (t) + (s, t)]

with 7(s,t) — 0 exponentially. Meanwhile, direct computation using formu-

las (3.14) and (3.16]) shows that
U(s,t) — Vi (s,1) = *[r1(s,t) — re, (5, 1)].

Since 11 — 7., converges exponentially to 0, comparing above two equations
shows that A\; < A. Since the orbit is even, Lemma [2.2] with Theorem [2.3]
tells us that we must have that wind ®~1e; < wind ®~te, = u®(7)/2 in any
trivialization ® of 4v*¢. We thus conclude from this observation and
that

(3.18) wind ® U (s, -) — Vi, (s,-)] = wind ® ey < u®(y)/2

for all sufficiently large s. Moreover, since we assume that u and v., don’t
intersect, we conclude that holds for all s € [R”, 00).

Meanwhile, we can choose ¢ # ¢y sufficiently close to ¢y so that U(s,t) —
V.(s,t) is defined for (s,t) € [R” +1,00) x S! and so that for all s € [R" +
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1,R" 4 2]
wind @ 1[U (s, ) — Vi(s, )] = wind @ [U (s, -) — Vi (5, )] < u2(7)/2.

On the other hand, computation using ([3.14)), (3.16) K. = e */", and e, =

K., e, gives us

e MU (s, 1) — Vi(s,1)] = eu(t) — Keeo(t) 4+ r4(s, 1)

= eu(t) — e*)‘(C*CO)/TKCOeU(t) + 74(s,t)
= eu(t) — e_/\(C_CD)/Teu(t) + 74(s,t)
= o eu(t) + 7ra(s,t)

where r4 1= r; — r. decays exponentially in s and o, := 1 — e~ Me—co)/T £ 0.
We conclude that for all s sufficiently large,

wind ® U (s, t) — Vi(s,t)] = wind @ Le, = u®(y)/2.

Since the winding of ®~1[U(s,t) — V.(s,t)] changes as s changes, U(s,t) —
Ve(s,t) must have at least one zero. This implies that @ and 0. must intersect
at least once, which in turn implies that the projections u and v intersect.
This completes the proof. O

We close this section with a result concerning intersections between com-
ponents of a holomorphic building resulting as the limit of a sequences of
holomorphic curves having intersection number equal to zero.

Lemma 3.17. Let Cy, Dy, € M(X,J) be sequences of holomorphic curves
satisfying Cy # Dy, and Cy x Dy, = 0 for all k, and assume that C, and Dy
converge (in the sense of [6]) respectively to a holomorphic buildings Cs,
Do,. Then for every component C' of Co and D' of Do, the projections of
C'" and D' to M are either disjoint or identical.

Proof. Assume that the projections of some components C’ and D’ of the
limit buildings to M are neither disjoint nor identical. Then for some value
of d € R, C' and the R-translate d’- D’ have at least one isolated inter-
section. But according to the definition of SFT-convergence from [6] there
exist sequences of constants ¢k, di € R so that ¢ - Cx and dj, - Dy converge
respectively in C% to C’ and D' (see Proposition [3.4)), and thus (did’) - Dy,
converges in C72 to d' - D. But, since C" and D’ have at least one isolated
intersection, we can conclude from the C}y convergence that cj - Cy and
(drd') - Dy, have at least one isolated intersection for sufficiently large values
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of k. Theorem [3.8| then allows us to conclude that (cj - Cy) * (dd’ - Dg) > 0
for sufficiently large k. But by homotopy invariance of the x-product, we
have that

(ck - C) * (dkd/ - Dy) = Cy * D, = 0.

This contradiction completes the proof. O
3.4. Fredholm theory and transversality

We will briefly review the Fredholm theory for embedded (or immersed)
pseudoholomorphic curves from [30].

First, given (M, A) and compatible J € J(M, ), we define a metric g;
on M by

g7 (v,w) = Av)AN(w) + dX (7e(v), Jme(w))

where ¢ : TM ~ RX), ® § — ¢ is the projection to § along X. That g de-
fined this way is a metric on T'M follows from the definition of compatibility
of J. We extend this to a metric gy on R x M by defining

9J ((h,’U), (kvw)) =h-k +gJ(va)

where (h,v), (k,w) € R®&TM ~ T(R x M). Compatibility of J with (£, d\)
and the definition of the extension of J to an almost complex structure J
on R x M implies that §; is a hermitian metric on the (R x M,.J), that is
J is a §s-orthogonal endomorphism of T'(R x M).

Now, let C =[3,5,T',a = (a,u)] € M(A,J) be an embedded pseudo-
holomorphic curve, and choose a model parametrization (3, j,I', @ = (a, u)).
Then C' has a well-defined normal bundle No which can be realized as a

subbundle of T(R x M)|c = @*T'(R x M) by letting
(Ne)a(e) = di(2)(T. )"

with L denoting the g; orthogonal complement within T5,)(R x M). We
consider curves which are parametrized by mapping sections of the normal
bundle N¢ of the curve C to R x M via the exponential map exp of the met-
ric gy, that is, those curves C' = [¥/, j/, T, 0 = (b,v)] € M(A,J) for which
there exists a smooth map ¢ : X\ T' — X'\ I” and a smooth section V of
N¢ so that

0(¥(2)) = expy(z)V ().

In order to to do this, we first recall that the asymptotic behavior of the
curve C implies that exp is an immersion on some e-neighborhood N¢ of the
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zero section of N¢o with respect to the metric on N¢ induced from g; (see
e.g. Corollary 2.7 in [52]). We can thus define an almost complex structure
J on this e-neighborhood of the zero section of N by pulling back J via
the exponential map. Give a connection V on N¢, we get a splitting

T(z,V)NC’ ~ TZ(Z \ F) D (NC)z

of the tangent space of N¢ into horizontal and vertical distributions. This
splitting is canonical along the zero section. With respect to the splitting
induced by a given connection we can write

- iz, V) A(Z,V)
(3.19) J(Z’V)_[A(z,V) J(Z,V)]

with i € End(T(X\T)), A € Hom(N¢, T(2\T)), A € Hom(T(X\ T), N¢),
and J € End(N¢). Moreover, along the zero section of N¢ we have

J(2,0) = M(Z%% ?5583] = {j(oz) JNO(z>]

with j the complex structure on T'Y and Jy the complex structure on N¢
induced from .J. Note that squaring ([3.19) and using J? = —I we get that

Aoi=—JoA.

Letting A" : N& — Hom(N¢, Hom(T'(X\T'), N¢)) denote the map obtained
from differentiating A in the fiber direction, we can differentiate the above
equation in the fiber direction and use that A vanishes along the zero section
to conclude that

[A(0)V] 0i(0) = —J(0) o [A/(0)V]
or equivalently
[A'(0)V] o j = —Jn o [A(0)V]

for any section V' of N¢. Thus, for any section V of N¢, [A/(0)V]oj is a
j-Jn anti-linear map from 7'(X \ T') to N¢.

Definition 3.18. The linearized normal d-operator dy,(C) at an embed-
ded curve C' € M(A, J) relative to the connection V on N¢ is the operator
IN(C) : C*(N¢) — C®(Hom® (T(X\T'), N¢)) defined by

IN(C)\V =VV + INV,.V +[A(0)V] o j.
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_ The following theorem summarizes results about the linearized normal
0-operator proved in [30] using results from [48].

Theorem 3.19. There exists a measure and metric on X\ T' and connec-
tion on N¢ so that the extensions of ON(C) to maps

IN(C) : WFP(Ng) — WF L (Hom®H(T(Z\ T), N¢))

and
N (C) : Cg*(No) = Gy~ (Hom™ (T(S\ T), Ne))
are Fredholm. Moreover each of the above operators has the same kernel,
and the Fredholm index ind(9N,(C)) of each of the above operators is given
by
ind(dy(C)) = ind(C)

with ind(C) as defined in (3.12)).

In [30], it is shown that the moduli space of pseudoholomorphic curves
near a given embedded C' € M(\, J) can be given as the zero set of a smooth,
nonlinear section H : B — £ of a Banach space bundle £ defined over an open
neighborhood B of 0 in the Banach algebra C’g’a (N¢) of Cg’a sections of the
normal bundle N¢ of C. Moreover, if 0 € B denotes the zero section of N,
there is a natural isomorphism

a: C¥ M (Hom® (T (S \ T), N¢)) — &o

so that the linearization H'(0) of the section H at the zero section 0 € B
satisfies

H'(0)V = a(d¥(C)V)
for any V € C’g’a(]\fc). Thus, in the case that 9y, (C) is surjective, the im-
plicit function theorem can be applied to conclude that set of curves near

C € M(A,J) is a smooth manifold with dimension equal to the index (3.12)).
This leads to the following theorem, summarized from facts proved in [30].

Theorem 3.20. Let C € M(A, J) be an embedded pseudoholomorphic curve
with parametrization (X, 7,T,4 = (a,u)) and assume that

IN(C) : Cg*(Ne) — Cy ™1 (Hom™ (T(2\ T), Ne))

is surjective. Then there exists an open neighborhood B C ker 5;(0) of the
zero section of No and a smooth embedding ¥ : B — Cg’a(NC) mapping 0
to the zero section satisfying:
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1) For every 7 € B, E; : ¥ \T' — N¢ is smooth section of the normal
bundle to C.

2) The derivative DEy : ker Y (C) — CE*(Ng) of E : B — Co®(N¢) at
0 € B is the inclusion ker Oy, (C) < C’(If’a(NC), i.e. DEy(v) = v for any
v € ker Oy (C) C Cg’a(Nc).

3) For each T € B, there ezists a distinct pseudoholomorphic curve Cr €
M(N, J) with parametrization (X;, 5,7, 07 = (br,v;)) and a diffeo-
morphisrrﬁ Y X\T = X \T'; so thaﬂ

37 0 1y = &Xp(Ex).
4) The map F : Bx (X\T') - R x M defined by
F(7,2) = expy(,)Er(2)
is smooth.

We remark that the last claim above is only proved in [30] as part of
a theorem (Theorem 5.7) where it’s assumed that the original curve C is a
pseudoholomorphic plane satisfying some additional properties. The proof
of that portion of theorem however applies to any immersed curve C. The
key idea is that the sections F. are smooth by elliptic regularity and that
the map 7 +— FE; determines a smooth map from B — C’g “(N¢) for every
positive integer k.

It’s proven in [30] that for a generic choice of J € J (M, \) the linearized
normal J-operator dy(C) at any immersed curve C € M(], J) is surjective.
We will not state the precise result since it is not needed in our proof.
What is of interest here is the fact that under certain circumstances, the
surjectivity of the linearized normal Cauchy-Riemann operator dy,(C) can
be guaranteed provided that certain conditions on the topological invariants

8We caution the reader that, in general, the continuous extension of this diffeo-
morphism over the punctures is not smooth. We refer the reader to [30] for more
details.

9We note that in [30], rather than using the exponential map of the metric, a
map from the normal bundle of C' to R x M is constructed by using a special
trivialization in a special coordinate system. However, the essential point for the
results of [30] to hold is that one has a map from a neighborhood of 0 in N¢ to
R x M satisfying certain asymptotic conditions. That the exponential map exp of
the metric g; has the right properties is easily seen from the asymptotic analysis
in [52).
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of the curve C' are met. Such so-called automatic transversality conditions
were first described Gromov in [19], with proofs in [32] for compact curves
(either without boundary or with totally real boundary conditions), and
very general results proven in [57] from which the following theorem can be
deduced.

Theorem 3.21. Let C =[%,j,T',a,u] € M(X,J) be immersed. Then the
linearized normal J-operator GJY,(C) at C' is surjective if

(3.20) ind(C) > —x() + #Leven + 2 = 29(X) + #Lleven

where x(X) is the Euler characteristic of the surface ¥, and #T cyen is the
number of punctures of the curve which limit to periodic orbits with even
Conley—Zehnder index.

In the event that ind(C') is even and positive there is a short proof of a
special case of this result (the essential case for our proof is ind(C') = 2, but
we include the above result since it’s also of interest to know that index-
1 curves in a stable foliation are regular). We will recall the proof of this
special case below since the proof is easy and uses a fact about the zeros of
elements of the kernel of the linearized normal d-operator that we will need
later. We state this fact in the following lemma.

Lemma 3.22. Let C =[%,5,T,a,u] € M(\,J) be an embedded pseudo-
holomorphic curve and let V € ker Oy (C) be a nontrivial element of the
kernel of the linearized normal Cauchy—Riemann operator at C'. Then all
zeroes of V' are isolated and have positive local index. Moreover, if i(V)
denotes the total algebraic count of zeroes of V', then

0<i(V) < = (ind(C) — x(C) + #Teven)

N | —

with x(C) the Euler characteristic of the curve, and #Ieyen, the number of
asymptotic limits of the curve with even Conley—Zehnder index.

Proof. The proof is a straightforward generalization of arguments in [26]
Proposition 5.6, Theorem 5.8], [30, Theorem 2.11], and [31, Theorem 2.7].
We will highlight the main points. As observed in [30, Theorem 2.11], the
fact that the zeroes of a nontrivial element of ker dy,(C) are isolated and
have positive local index follows from the similarity principle (see e.g. Ap-
pendix A.6 in [33]). As in [30, Theorem 2.11], it can be argued that a nontriv-
ial element V of ker 9Y(C) satisfies an asymptotic formula of the same form
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as that given in [27, [42] or Theorem above. Thus choosing a trivialization
® of the contact structure along the asymptotic limit 7, of a given puncture
z € I' and extending to a trivialization of the normal bundle N¢o near the
puncture, the section V' has a well-defined asymptotic winding number and
the argument of Theorem applies to show that

=+, Windq>(V; z) < L:tz,uq)(’yz)/QJ = % (iz,uq)(%) —p(’Yz))

with £, the sign of the puncture z and p(z) is the parity of the orbit 7,. A
straightforward zero-counting argument gives that

i(V) = ¢t (No) + > £ wind®(V; 2).
zell

Meanwhile, properties of the relative first Chern number imply that
T (No) = ¢t (Elo) = —x(B\T) = =x(%) + #T

(see [37, Proposition 3.1]). Combining the above with formulas (3.11]) and
- leads to
Z(V) S (md(C’) - X(C) + #Feven)

as claimed. O

N

We now recall the proof of the special case of Theorem [3.21] The idea is
that if the kernel of the linearized operator is too big, then one can construct
a section of the kernel with too many zeroes. This same argument is applied
in the proofs of [30, Theorem 2.11] and [2, Theorem 2.7].

Theorem 3.23. Let C = [S?,i,T',a,u] € M(\,J) be a an embedded, pseu-
doholomorphic (punctured) sphere and assume that all punctures of are odd
and that ind(C) = 2. Then the linearized normal d-operator AN, (C) is sur-
jective.

Proof. To show that dy,(C) is surjective, it suffices to show that
dimker 9y, (C) = ind(C) =

Suppose to the contrary that dim ker 5%(0) > 2. Then we can find three
linearly independent vectors Vi, Vo, V3 € ker 0y,(C') C C*°(N¢). Choosing a
point 29 € S? \ I' and using that the normal bundle N¢ has (real) dimension
2, we can find constants ci, co, and c3 so that 2?21 ¢iVi(z0) = 0. Thus,
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the section V. of N¢ defined by V. = Z?Zl ¢;V; is a nonzero element of
ker Oy (C) which vanishes at zyp and therefore, according to Lemma [3.22
satisfies (V) > 1 since all zeroes have positive local index. But Lemma [3.22
also tells us that

1 1
i(Ve) < 5 (Ind(C) = x(8%) + #leven) = 5 (2—2+0) =0.
We thus have the contradiction 1 < (V) < 0 which completes the proof. [

4. Stable finite energy foliations and moduli spaces of
foliating curves

In this section we will develop some general theory for finite energy foliations
and collect facts about the moduli spaces of curves which make up finite
energy foliations. We start with a definition.

Definition 4.1. Let (M, A, J) be a three manifold equipped with a nonde-
generate contact form and compatible J € J (M, \). A stable finite energy
foliation F of total energy Ejy for the data (M, \, J) is a collection of simple
curves C' € M(\, J) satisfying:

e For every point p € R x M there is a unique curve C € F passing
through p.

e Every C € F is either a trivial cylinder or satisfies ind(C) € {1, 2}
e For any Cy, Cy € F with ind(C;) € {1,2}, C1 * Cy = 0.
o £y =supccr E(C).

We note that this definition is a slightly weaker one than that given in
the introduction in that we don’t explicitly require here that the curves of
F form a smooth foliation of R x M. We will see below however, that this
condition follows from the above assumptions and, thus, the two definitions
are in fact equivalent. We observe that the penultimate condition in our
definition of stable finite energy foliation above applies when C; = Cs. The
following theorem collects some facts about the moduli spaces of curves
satisfying C'« C' =0 and ind(C) € {1,2} that follow from results reviewed
in the preceding sections.

Theorem 4.2. Let C =[%,j,[a,u] € M(X,J) be a simple pseudoholo-
morphic curve, and assume that C «+ C =0 and ind(C) € {1,2}. Then:
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1) C is embedded.

2) C' is nicely embedded; that is, the projection of C' to M is an embedding
transverse to the Reeb flow and doesn’t intersect any of its asymptotic
limats.

3) For each z € T', the bound from (3.5) is achieved, i.e.
+, wind® (; 2) = | .4 (@1; 2) /2]

where £, denotes the sign of the puncture z.

4) The genus g(X) of the domain is zero, i.e. (X,7) is biholomorphic to
the Riemann sphere (S2,4).

5) The number I'eyen, of punctures of C' asymptotic to even orbits is given
by
#L epen, = 2 — ind(C).

6) The linearized normal Cauchy—Riemann operator Oy, (C) is surjective.

7) With n =ind(C), there exists an € > 0 and an injective immersion
Fo:B*0)x 2\T =R x M

so that the map z — F‘C(O, z) is a parametrization of the curve C, and
so that for every T € BI(0), there is a pseudoholomorphic curve

Cr = [EﬂjﬂrﬂﬂT = (aT7uT)] € M(A7 J)
and a diffeomorphisn]|
Y X\T =X \T';

so that

FC(Ta‘) :ﬂ”row’r-

Proof. The first three claims follow immediately from [50, Corollary 5.17]
(relevant portions are reviewed above in Theorem [3.12)). The fourth and fifth

10As with Theorem we again caution the reader here that the continuous
extension of this diffeomorphism over the punctures is not, in general, smooth.
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claims also follow from [50, Corollary 5.17]/Theorem Indeed, we get
from that result that C * C' = 0 implies that

ll’ld(C) — X(E) + #leven =0,
which, if ind(C) > 1, implies that
X(E) > 14 #Feven

and thus we must have x(X) = 2 — 2¢g(X) = 2 or, equivalently, g(¥) = 0 es-
tablishing the third claim. Substituting x(X) = 2 in the above then imme-
diately yields the fifth claim.

Next, given g(X) = 0 and #epen, = 2 — ind(C'), we have that

ind(C) — 29(%) — #Tepen = d(C) — #Tepen
= 2(ind(C) — 1)

which is greater than or equal to zero provided ind(C') > 1. Thus
1nd(C) > 29(2) + #Feven

provided ind(C) > 1 and Theorem then allows us to conclude that the
linearized normal d-operator is surjective. (We note that in the ind(C) = 2
case we have #'¢pen, = 2 — ind(C') = 0 so the special case, Theorem of
the automatic transversality result holds.)

The final claim is a generalization of Theorem 5.7 in [30], and follows
from Theorem (a generalization of) Lemma and the fact that
C x C = 0. Indeed, since 9y, (C) is surjective, Theore holds, and we ob-
tain a neighborhood B of 0 € ker dy,(C) and a smooth map F : B x X\ T —
R x M so that each of the maps z — F(7, z) parametrizes a distinct pseudo-
holomorphic curve C; homotopic to C. The assumption C' * C' = 0 with ho-
motopy invariance of the holomorphic intersection number implies that C7, *
Cr, =0 for any 71, 0 € B. Hence item (1) above along with Theorem
imply that the C; form a family of pairwise disjoint, embedded/nicely-
embedded pseudoholomorphic curves. This in turn implies that the map
F' is injective since double points of F' can be seen as either intersections
between two distinct C’s or a self-intersection of some given C.. We next
claim that F' is an immersion. This argument proceeds essentially the same
as in [30, Theorem 5.7] which proves a similar result in the special case that
the curve C' is a plane. We explain the main points here. Since F' is given
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by
F(T, Z) = é?(“pa(z)ET(z)

and we have previously remarked that exp is an immersion on some uniform
neighborhood of the zero section of N¢, it suffices to show that the map
(1,2) — E-(z) is an immersion. Since E; is a smooth section of a vector
bundle, it suffices in turn to show that the fiber derivative D. E; (z) at any
point z has full rank. Letting {Ui}?;dl(c) be a basis for ker 9y, (C), it suffices
to show that the sections D, FE;(z)v; are pointwise linearly independent. If
not, then we could construct a nontrivial section v of N¢ in the image of
D, FE; having a zero at some point. However, it can be shown that sections
in the image of D,E, are in the kernel of a linear Fredholm operator L.
of the same type as 5%(0). In particular, the proof of Lemma applies
to elements of the kernel of L, and shows that any nontrivial section v
of N¢ in the kernel of L, is nonvanishing since ind(C) — x(C) + #lepen =
0. This contradiction completes the proof that, for some sufficiently small
neighborhood B of 0 € ker 9y (C), F is an injective immersion on B x ¥\ T.
With n = ind(C), we choose a basis {v;}}_, for ker dy(C) and get a map
F: B2(0) x S\ T — R x M by defining F(c;,z) = F(}", ¢iv, z), which will

be an injective immersion provided e is small enough. 0

We next prove a general lemma which says that up to R-translation all
but finitely many curves in a stable finite energy foliation have index 2.

Lemma 4.3. Let F be a stable finite energy foliation for the data (M, \, J)
(according to Definition . Then:

e F contains a finite number of trivial cylinders.

e Up to R-translation, F contains a finite number of curves C with
ind(C) = 1.

Proof. First, we consider a curve C' = [¥, 5, 'y UT'_,a,u] € M(\,J) and as-
sume that at zj € 'y, u is asymptotic to an orbit with period T;r and, simi-
larly, that at z; € I'_, uis asymptotic to an orbit with period T; . Then the
asymptotic behavior, the compatibility of J with d\, and Stokes’ Theorem
can be used to show that :

e the energy E(C) of the curve (defined by (3.2) above) is given by

E(C)= Y TF

ztel,
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and

e the d\-energy FEg)(C), defined by

(4.1) Ed)\(C) = /Z\F u*d/\,

is nonnegative and

En(C)= > T = > T;.

ztely z; el

Thus, in a finite energy foliation, the period of any orbit appearing as an
asymptotic limit of a curve of the foliation is bounded above by the energy
of the foliation. Since we assume that A is nondegenerate, one can then use
Arzela—Ascoli and the fact that nondegenerate orbits are isolated to argue
that there are only a finite number of unparametrized periodic orbits of
X having period less than any given positive number. Thus a stable finite
energy foliation can contain only a finite number of trivial cylinders.

To prove the second claim we will argue by contradiction. Suppose that
there are an infinite number of index-1 curves in F, each distinct up to R-
translation. Then we can find a sequence of curves Cj € F with ind(Cy) =1
and so that no two of the CY, differ by the R-action. Then, applying the main
theorem of [58] (reviewed as Theorem above), we can pass to a subse-
quence, still denoted C}, which converges to a connected, nicely-embedded,
non-nodal pseudoholomorphic building Co, whose components have indices
summing to 1. We will argue below that the limit building C'» is simply an
embedded curve with ind(Cx) = 1. Once we know this, the completeness
property [30, Theorem 7.1] implies that for sufficiently large k, the C} be-
long to the same connected component of the moduli space as Co, and thus
differ by an R-shift. This contradiction will complete the proof.

To argue that the building Co, consists of just a single embedded curve,
we first note that Lemma [3.17] allows us to conclude that all components of
the building C, have image identical to curves in F and further, since Cy, is
a nicely-embedded building, that all nontrivial components of C, are curves
in F (as opposed to possibly being multiple covers of such curves). Since Co
consists of only trivial cylinders (which have index 0) and nontrivial curve
of F (which have index at least 1), and since the indices of the components
of Cs must sum to 1, we can conclude there is precisely one nontrivial
component. Moreover, since the building C, is connected, stable, and has
no nodes, we can conclude that Cy, contains no trivial cylinders, and thus
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consists of just a single, embedded curve belonging to F. This completes the
proof. O

We now have the following corollary which shows that stable finite energy
foliations are indeed smooth foliations of R x M which are invariant under
the R-action and project to M to give smooth foliations of the complement
of a finite collection of periodic orbits in M. Moreover, the projected leaves
of the foliation are transverse to the Reeb flow.

Corollary 4.4. Let F be a stable finite energy foliation for the data (M, X, J)
(according to Definition . Then:

1) If Co € F and CL € M(N\,J) is a sz’mpldﬂ curve which is relatively
homotopic to Cy, then C1 € F.

2) The family of curves F is invariant under the action of translation in
the R-coordinate, i.e. if C = [X,5,T,a,u] € F thenc-C:=[%,j,',a+
c,ul € F.

3) The curves in F form a smooth foliation of R x M.

4) There exists a finite collection B of periodic orbits, so that the curves
i F not fixed by the R-action project to M to form a smooth foliation
of M \ B transverse to the flow.

Proof. To prove the first statement, we will argue by contradiction. Assume,
to the contrary, that Cy € F, and that C] is a simple curve relatively ho-
motopic to Cy with C; ¢ F. Then for any given point p in the image of C}
there is a simple curve C, € F passing through p and thus intersecting C1.
Theorem then implies that C7 * C, > 1. However, since Cp and C), are
both curves in the family F, we have that Cy * C), = 0 by definition of sta-
ble finite energy foliation. Thus the homotopy invariance of the intersection
product from Theorem gives us the contradiction

1§Cl*Cp:CO*Cp:0.

This completes the proof that if Cy € F, all simple curves relatively ho-
motopic to Cy are also in F. The second statement is then an immediate
corollary of the first since any curve in M(\, J) is relatively homotopic to
its R-translates.

"The assumption that C; is also simple can be eliminated. Indeed, it can be
shown that if Cj is a simple curve with Cy * Cp = 0 and ind(Cy) € {1,2} and if Cy
is homotopic to Cy then C; must also be simple, but we will not need this here.
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We next address the third claim above. By Theorem [£.2]above, all curves
in F are embeddings. The fact that the curves of F form a smooth foliation
of R x M then follows from an argument similar to that in the paragraphs
following Lemma 6.10 in section 6.3 of [31]. We first observe that Lemma[4.3]
tells us that the set of points of R x M with index-2 curves passing through
them is open and dense. For a point p € R x M with an index-2 curve C' € F
passing through it, it follows from the last item in Theorem [4.2] that C
belongs to a smoothly varying 2-dimensional family of pseudoholomorphic
curves C; which foliate a neighborhood of p. Moreover, it follows from the
preceding paragraph that each of the curves C is in F, and thus that curves
of F foliate some neighborhood of p.

Next, considering a point p lying on an index-1 curve C' € F, we've al-
ready observed that all R-translates of C' belong to F. If p is a sequence
of points converging to p and not lying on an R-translate of C, we can con-
clude from Lemma that for sufficiently large k, pg lies on an index-2
curve C} € F. Moreover, by Theorem we can find a sequence of lo-
cal parametrizations of some subsequence Cj, which converge in Cp;, to a
parametrization of a curve Cy, passing through p. We claim that Co, = C.
Indeed, if Cs, doesn’t have identical image with C, it must have an isolated
intersection with C'. This would then allow us to conclude that the Cj in-
tersect C for sufficiently large j and thus, by Theorem that Cp, * C > 1.
This contradicts the fact that Cy, x C'= 0 by the assumption that C' and
all Cy are in the family F. We conclude that C, has the same image as
C and further, since Theorem tells us that Cy, must be either a trivial
cylinder or nicely embedded, that Co, = C. This allows us to conclude that
the curves of F smoothly foliate some neighborhood of p. The argument for
points lying on one of the finitely-many (according to Lemma trivial
cylinders of F now proceeds along similar lines with the use compactness
and positivity of intersections.

We finally address the last claim. We first define B to be the collection
of periodic orbits which appear as asymptotic limits of curves in F. Then B
must be a finite set by Lemma[4.3]above. By Theorem[£.2)every curve C € F
that is not a trivial cylinder projects to an embedding transverse to the flow
and disjoint from B. Moreover, it follows from the assumption that C7 * Cy =
0 for any two nontrivial curves C7, Co € F that the projections of C and
Cy to M have either disjoint or identical images (see e.g. the discussion
following Corollary 5.9 in [50]). Therefore, we have a unique embedded curve
through every point of M \ B. Moreover, since the curves of F form a smooth
foliation of R x M invariant under R-shifting, the projections of these curves
to R x M will form a smooth foliation of M \ B provided the pullback of
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the coordinate field 9, on R to R x M is not tangent to any of the curves.
Since, as a result of the definition of J, such a tangency can be identified
with tangency of the projected curve to the Reeb vector field, there can be
no such tangencies. This completes the proof. O

We can also prove a converse to last part of the above result; specifically,
the next result shows that as an alternate definition of stable finite energy
foliation, one can consider the projections of curves to M which foliate the
complement of a finite collection of periodic orbits.

Corollary 4.5. Let B C M be a finite collection of simple periodic orbits,
and let F C M(\, J)/R be a collection of simple curves C € M(X,J)/R
satisfying:

e Fach C € F is disjoint from B.

e For each p € M \ B there is a (not necessarily unique) curve C' € F
passing through p.

ind(C) € {1,2} for all C € F.
C1 % Cy :OfOT‘ all Cy, Cy € F.

The energies of the curves in F are uniformly bounded; that is, E(F) :=
supcer E(C) is finite.

Then the collection of curves F in M(N, J) consisting of all possible lifts of
curves C' € F to curves in R x M together with cylinders over the periodic
orbits in B form a finite energy foliation.

Proof. Given a point p € M \ B there is, by assumption, a curve C' € F
passing through it. Considering the set of all possible lifts gives a curve
through each point of R x (M \ B). Moreover, by the assumption that the
holomorphic intersection numbers between all such curves is zero, we indeed
get a unique curve through each point of R x (M \ B) by Theorem
Moreover, by the assumption that the curves of F are disjoint from B, we
obtain a unique curve through each point of R x M by including the trivial
cylinders over the orbits in B in the collection we consider. The remaining
properties of a finite energy foliation from Definition [4.1] are then easily
verified from our remaining assumptions. g
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In the rest of this section we will focus on the structure of moduli spaces
of simple curves satisfying C' * C' = 0 and ind(C') = 2. Because of the impor-
tant role that such curves play in what follows, it will be convenient to have
a term for such curves.

Definition 4.6. A curve C € M(\,J) is said to be a foliating curve if
CC =0 and ind(C) = 2.

Given a curve C € M(\,J) we will use the notation M(C) to indicate
the moduli space of simple curves in the same relative homotopy class as C
and M (C) to indicate the moduli space of simple curves with one marked
point in the same relative homotopy class as C. We note the results of [30],
reviewed in Section above, give a local manifold structure on these spaces
in the event that linearized normal J-operator is surjective. However, the
fact these local manifold structures glue together to give a global manifold
structure on the moduli space is only addressed in [30] as a special case of
the fact that the local models for the universal moduli space glue together
to give a global Banach manifold structure on the universal moduli space. In
the event that the curves in question are foliating curves, a simpler argument
is possible using Theorem above. We state this result as a corollary.

Corollary 4.7. Let C € M(\,J) be a foliating curve, that is, assume that
C' is simple, C * C' =0 and ind(C) = 2. Then M(C) has the structure of a
smooth, 2-dimensional manifold, and M1(C) has the structure of a smooth
4-dimensional manifold. Moreover, the evaluation map ev : M;(C) — R x
M is a smooth embedding, the forgetful map M;(C) — M(C) is a smooth
submersion, and the action of R-shifting a curve defines smooth, free, proper
R-actions on M1(C) and M(C).

Proof. Given C; = [%;, ji, I'i, ai, ui] € M(C) for i € {1,2}, Theorem[d.2|gives
a local identification of the moduli space of curves with one marked point
with B2 (0) x %; \ T; together with an embedding F¢, : B2 (0) x ¥; \ T; —
R x M. Because the maps Fci are local diffeomorphisms, maps of the form
F&j o Fcl are smooth when defined, and thus the local identifications of
My (C) with sets of the form BZ (0) x ¥; \ I'; piece together to give a global
manifold structure on M;j(C) in which the evaluation map, being locally
given by the Fc—maps, are smooth immersions. Moreover, since double points
of ev can be seen as intersections/self-intersections between curves in M(C),
the fact that C' x C' = 0 implies that ev is an injective map.
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Next, we observe that a local manifold structure on M(C') near the curve
C; is given by projecting

™« B2(0) x $; \ I'; — B2 (0).

Since the maps 13' Lo Fcl, where defined, are smooth local diffeomorphisms
which restrict to dlffeomorphlsms on the fibers of the prOJeCtIOHS T, a
smooth local section s; for the projection m; is mapped V1a F Lo FC1 to
a smooth local section for 7o, and the composition g o F Lo FC o 81 is in-
dependent of the choice of smooth section s;. Such maps can then be used to
construct smooth change-of-coordinate maps giving a global manifold struc-
ture on M (C'). Moreover, since the forgetful map M;(C) — M(C) is given
locally by one of the projections m; defined above, the forgetful map is a
smooth submersion in the manifold structure we’ve constructed.

To see that the R-action is a smooth, free, proper action on M;(C) we
first observe that the evaluation map ev : M;(C) — R x M is R-equivariant.
Since the R-action on R x M is smooth, free, and proper and ev is an em-
bedding, it follows immediately that the R-action on Mj(C) is smooth, free,
and proper. Moreover, since the forgetful map M;(C) — M(C) is a smooth
R-equivariant submersion, we can conclude that the R acts smoothly on
M(C) as well by considering smooth local sections M(C) — M;(C). Free-
ness of the R-action on M(C) follows from the well-known fact that only
trivial cylinders can be fixed points of the R-action (or, in this case, from
the fact that C' « C' = 0 implies that C' is disjoint from all of its nontrivial R-
translates). Finally, properness follows from R-equivariance of the forgetful
map and properness of the action on M;(C). a

Corollary 4.8. Let C be a foliating curve. Then the moduli space M1(C)/R
is a smooth 3-manifold and the moduli space M(C)/R is a smooth 1-manifold.
Moreover, the evaluation map ev : M1(C)/R — M is an embedding, and the
forgetful map M;(C)/R — M(C)/R is a smooth submersion.

Proof. The facts that M;(C)/R is a smooth 3-manifold and that M(C)/R is
a smooth 1-manifold follow directly from Corollary [£.7]since the R-action on
M (C) and M(C) is free and proper, while the fact that the forgetful map
M1(C)/R — M(C)/R is a smooth submersion follows from the fact that
the forgetful map Mj(C) — M(C) is an R-equivariant smooth submersion.
Finally, to see that ev : M1(C)/R — M is an embedding, we first observe
that it follows from the fact that the evaluation map ev : M;(C) - R x M
is an R-equivariant immersion that ev : M;(C)/R — M is also immersion.
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Since M;(C)/R and M are the same dimension, it remains to show that
ev: M1(C)/R — M is injective. But since C'« C' =0, it follows that the
projections of distinct curves in M(C) to M are embedded and have dis-
joint image unless they differ by the R-action. Since double points of ev :
M;(C)/R — M can be seen as intersections/self-intersections of curves in
M(C)/R, we conclude that ev: M;(C)/R — M in injective, and thus an
embedding. O

For the following let 1, denote the flow of the Reeb vector field.

Corollary 4.9. Let C =[%,j,I',da,u] € M(X,J)/R be a foliating curve.
Then given any p € w(X \T'), there exists an € > 0 so that:

1) For every t € (—e,e) there exists a unique point of M(C)/R passing
through ¥y (p).

2) The map taking a point t € (—e,€) to the unique curve in M(C)/R
passing through 1y(p) is a local diffeomorphism.

Proof. The first claim follows from Corollary Indeed, since the evalu-
ation map ev : M;(C)/R — M is an embedding, the image of an open set
around (C, z) contains an open neighborhood U of the point p := u(z). Thus,
there exists some ¢ > 0 so that ¢,(p) € U for all t € (—¢, ¢), which tells there
us there is a point of M (C')/R mapping via ev to p, which is equivalent to
there being a curve in M(C)/R passing through p. Moreover, the fact that
the evaluation map is injective implies that there is at most one curve in
M(C) passing through any given point in M.

Next we show that the map taking ¢ € (—¢,¢) to the unique curve in
M(C)/R passing through p is a local diffeomorphism. By construction, the
map taking an interval (—¢,e) to M(C)/R is given by the composition

O T ML(C) /R —— M(C)/R

(_576)

with the last map the forgetful map. Since the composition of the first two
maps gives an embedding of (—¢,¢) in M1 (C)/R it suffices to show that this
embedding is transverse to the fibers of the forgetful map. However, since
the embedding ev : M1(C)/R — M maps the fibers of the forgetful map
to nicely-embedded pseudoholomorphic curves, a tangency of the map ¢ —
ev Y (Yy(p)) to a fiber of the forgetful map corresponds via the embedding
ev with a tangency of the map ¢ +— ¢(p) to a curve C' € M(C)/R, that
is, a tangency of the Reeb vector field to a curve €’ € M(C)/R. Since we
know from Theorem that the Reeb vector field is everywhere transverse
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to every curve in M(C)/R, no such tangency can exist. We’ve thus shown
the map taking a point t € (—¢,¢) to the unique curve passing through p is
a local diffeomorphism. O

5. The connected sum construction

This section is devoted to the proof of Theorem below, which shows
that we can perform a connected sum on a manifold M with contact form
A and obtain a contact form on the surgered manifold which has certain
additional properties which will allow us to prove Theorem Previous
descriptions/constructions of connected sums in contact manifolds can be
found in [41} [54]. For our main theorem, we will need the Reeb vector field
of the new contact form to have some specific properties not addressed in
these previous constructions.

For the statement of the theorem, we will need the following definition.
We will say that an open set U in a contact manifold (M, \) is a flow-
tube neighborhood of a point p € M if the closure U of U is contained in a
coordinate neighborhood in which U takes the form

U = B.(p) x [—¢,¢] CR? xR = {(x,y)} x {2}
for some £ > 0 and the Reeb vector field takes the form X, = +9,.

Theorem 5.1. Let M a 3-manifold equipped with a nondegenerate contact
form X and let p and q be distinct points in M, and let O be an open neigh-
borhood of {p,q}. Then there exist disjoint flow-tube neighborhoods U C O
and V C O of p and q respectively, a manifold M' equipped with a contact
form X, and an embedding i : M \ {p,q} — M’ so that:

1) The contact form X' on M’ is nondegenerate.

2) The pullback i* N agrees with A on M \ {U UV}, that is, if v denotes
the composition

M\{UUV} = M\ {p,q} — M’
with M\ {U UV} — M\ {p,q} the obvious inclusion, then

CN = .
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3) The set
M\ i(M\ {p,q})
1s diffeomorphic to an embedded 2-sphere in M', and the set

N = M'\i(M\{UUVY}),

called the neck, is diffeomorphic to R x S2.

4) Letting Xy denote the Reeb vector field of the contact form N, there
exists a simple, even periodic orbit v C N of Xy contained entirely

within N. All other simple periodic orbits of Xy pass through points
of M'\ N.

5) Given any compatible J € J(M',N') we can find a compatible J' €
J (M, N') agreeing with J outside of the neck N for which there exists
a pair of (nicely) embedded, disjoint pseudoholomorphic planes

PE =[S% 4, {oo},dai,ui] e M\, J)/R

asymptotic to o in opposite directions with extremal winding. More-
over,

Pr«PT=P «P =P "xP =0

and the union Pt U~gU P~ of the planes and the periodic orbit form
a (Cl-)smooth sphere in N ~ R x S? which generates ma(N).

6) Let 1y denote the flow of X and ¢y denote the flow of X\ . Then:

a) If p+ and p_ are points in OU and v, :[a,b] CR = U C M s
a smooth integral curve-segment of X connecting p— to p to ps+
within U, then there exist smooth integral curve-segments yp 1 of
Xy lying in N so that

e 4, connects i(p_) to the plane P~ and the interior of Ay —
lies in N\ {PT U~y UP™}.

e 9,4+ connects the plane PT to i(py) and the interior of Ay +
lies in N\ {PTU~yUP™}.

b) Similarly, if g+ are points in OV and 4 : [, )] CR =V C M is
a smooth integral curve-segment of X, connecting q— to q to qu+

120ur proof will actually provide a C'>°-smooth sphere, but for our main result
we need only assume that the two planes approach 7 in opposite directions, in
which case Theorem can be used to show that the resulting sphere is C'. This
is addressed in [16].
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within V', then there exist smooth integral curve-segments Yq,+ Of
Xy lying in N so that
e 7, _ connects i(q—) to the plane P and the interior of 74—
lies in N\ {PT U~y UP™}.
® A+ connects the plane P~ to i(q4+) and the interior of ¥4+
lies in N\ {PT U~y UP™}.

Before proving this theorem, we will describe a contact connected sum on
two copies of R? equipped with specific contact forms. Since the connected
sum operation we describe can be localized into arbitrarily small regions,
Darboux’s theorem for contact manifolds will then allow us to transfer the
construction to any contact 3-manifold. We describe this construction in a
series of lemmas. In order to focus on the main points of the construction we
delay some details involving longer but more straightforward computations
to Appendix [A]

We consider R3 = {(x,%,2)} equipped with the contact forms A, and
A_ defined by

1
Ay = +dz + §(mdy —ydx)

We equip S? with polar coordinate ¢ € R/27Z and azimuthal coordinate
6 € [0, 7] and consider the 1-form A; on R x S? defined by

A1 =3cosfOdp — psinfdf + %sin29d¢
where p is the R-coordinate. It follows from Lemmal[A.I]that A\; does in fact
extend over the 6 € {0, 7} locus to gives a smooth 1-form on R x S2%, and
further that \; is a contact form on R x S2.
Lemma 5.2. Consider the maps ®4 : RT x $? — R3\ {0} defined by
(5.1) . (p, ¢,0) = £(psinf cos ¢, psin fsin ¢, p° cos ).
Then ®4 and ®_ are smooth diffeomorphisms satisfying
(5.2) DAL = pP)
with Ay, A_, and A\ as defined above.

The proof of this lemma involves straightforward computation and we
give the details in Lemma in Appendix [A] This lemma shows that we
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can take a connected sum between these two copies of R? in a way which
preserves the Reeb flow outside of an arbitrarily small neighborhood of the
surgered region. Indeed, according to this lemma, any smooth positive func-
tion f: R x S%2 — R* gives us a contact form f\; on R x S? which is con-
tactomorphic on R* x $2 to (R?\ {0}, A1) via the maps ®.. Furthermore,
the Reeb flow of fA; is conjugate via @1 to that of the Reeb vector field(s)
for (R3, A1) on any region where f(p,p) = p?. Since we can easily construct
smooth positive functions f : R x S? — R satisfying f(p,p) = p? on an ar-
bitrarily small neighborhood of p = 0, this shows the Reeb vector fields of
fA1 and those of Ay are identified via &+ outside of an arbitrarily neigh-
borhood of the surgered region.

To establish that the connected sum operation can be carried out in such
a way as to ensure the other properties we will need, further properties on
the function f will be required. Before discussing these properties we first
establish some properties of the contact form

Ap = fM
and its associated contact structure
&1 :=ker Ay = ker \;.
It will be convenient to define the function
(5.3) g(6) :=2cos?0 +1 = 3cos? 6 +sin’ 0
and we note that g defines a smooth function on 52 as a result of Lemmal[A.1]

Lemma 5.3. For 0 ¢ {0,7}:
o The set

(5.4) B(p,@@) = {(fg)_l(?) cot 98¢ + % sin 6 ap), 2pcsc 8(75 + 89}
=: {Ul(pa 0, ¢)7U2(p797¢)}

is a symplectic basis for (&1, d\y).



1702 J. W. Fish and R. Siefring

e The Reeb vector field Xy of the contact form Ay is given by
(5.5) Xp=1lg7" [(—pfp —3fpcot 0 +2f) D
L.
+ (300t9f¢ — 2sm€fp> Oy
1.
+ (,Of¢ + §s1n9f9 + f6059> 8p] .

The proof is straightforward computation. Further details are given in

Lemmas in the Appendix [A]

We now have the following lemma which identifies a condition which
guarantees a periodic orbit of X; on the sphere p = 0.

Lemma 5.4. The Reeb vector field Xy of Ay is a constant multiple of Oy
along the equator @ = /2 of the sphere p = 0 precisely when df =0 there.

Proof. From (j5.5)), we have for (p, 6, ¢) = (0,7/2, ¢) that
_2 1 1
Xr=f 2f8¢—§fp39+§f98p .

Thus, X;(0,7/2, ¢) is a positive multiple of Oy precisely when f,(0,7/2, ¢) =
fo(0,7/2,¢) = 0, in which case the formula for X along (p, 6, ¢) = (0,7/2, ¢)
reduces to Xy = (2/f) 0p. Thus X¢(0,7/2,¢) is a constant multiple of Oy
precisely when f(0,7/2,¢) is constant, which is equivalent to requiring

fo(0,7/2,¢) = 0. O

By further restricting the function f we can say that the periodic orbit
identified in the above lemma is the only (simple) periodic orbit of X ¢, and
we can arrange that the flow of X is tangent to R x {6 = 0,7}.

Lemma 5.5. Let f: R — R be a smooth, positive function satisfying

pf'(p) >0

for all p #£0. Then
o Xy has a unique (simple) periodic orbit occurring at p =0, 6 = /2.

e Along § =0 (resp. 8 = 7) locus, Xy is a positive (resp. negative) mul-
tiple of 0,.
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Proof. If f depends only on the R-coordinate p, then the formula (5.5) of
the Reeb vector field of Ay reduces to

(5.6)  X;=1[g9(0)f(p)* " (—pf’+2f)8¢—%sinﬁf’@g—i—fcosé?@p

Define the function Z : R x S — R by
Z(p,0,¢) = pcosb.

It follows from Lemma [A 1] that Z defined as such extends to a smooth
function on all of R x S2. Then

dZ = cos@dp— psinfdb

and so
42(7) = (aOF P (Foo0 1 5 psino)

which is nonnegative everywhere. Therefore Z is monotonic along any flow
line of X, and any periodic orbit of Xy must be contained in the zero locus of
dZ(Xy). But dZ(X¢) = 0 precisely when both f cos®# and f’psin®§ vanish,
which, in turn, happens precisely when p =0 and 0 = 7/2.

To see the second claim is true, we observe from Lemma that Oy
and sin 6 9y define smooth vector fields on S? which vanish at the north and
south poles 0 € {0,7}. Thus, the formula above for the Reeb vector field
tells us that

1

X;(p,0,0) = [9(0) f(p)] ™" cos(0) 9, = 370"
and
-1
Xy(p.60m) = ()] cos(m) 0, = =0,
which establishes the second claim of the lemma. =

We next compute the Conley—Zehnder index of the periodic orbit guar-
anteed by the above lemma provided an additional assumption on the func-
tion f.
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Lemma 5.6. Assume that f : R — RT is a smooth positive function satis-
fying

pf'(p) >0
for p #0 and

17(0) > 0.

Then relative to the symplectic trivialization

8(0,71'/2,(1)) = {Ul(oa 7T/25 ¢)a U2(0,7T/2, ¢)} = {#(O)apu 89}

of (§&1,dAy) from (5.4), the Conley—Zehnder index of the unique simple pe-
riodic orbit o of Xy is 0.

Proof. We first observe that the proof of Lemma [5.5] above shows that along
the equator

X5(0,7/2,0) = (2/£(0)) 0y
and thus the map v : R/Z — R x S? given by vo(t) = (0, 7/2, 27t) satisfies

Yo(t) = 2m 0y = (f(0)m) Xy (70(t))

s0 7o is a periodic orbit of period 77 := f(0)=.
Let 1)y denote the flow of X, that is 1); satisfies

Pi(x) = Xp(Pr())

To compute the Conley-Zehnder u® () index of g in the trivialization ®
arising from B(g 1 /2,4) We need to analyze the behavior of the linearized flow
dyy on & in the trivialization ®. Letting

U (t) = ®(r, (0,7/2, 0))‘1d¢tTf (0,7/2,0)®(0,7/2,0)
= ®(0,7/2,27t) ' diprr, (0,7/2,0)@(0, 7/2,0)

we can write

W(t) = {011(75) Cl2(t):|

021(25) ng(t)
where the ¢;; are defined by

diper, (0,7/2,0)0;(0,7/2,0) = > ¢ij(t)vi(0, /2, 27t)

%
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and satisfy ¢;;(0) = d4;. Since the dip,,(0,7/2,0)v;(0,7/2,0) defines a sec-
tion of &1 along 7o defined by pushing forward by the linearized flow of 7, X,
the Lie derivative L., x, = 7Ly, (in the sense of ) is well defined and
vanishes. Taking the Lie derivative L., x, then of the above equation gives
us

> i (wi(0,7/2,2mt) + ci5(t) (L, x,03)(0, /2, 27t) = 0.
Letting M (t) = [m;;(t)] be the matrix defined by

(LTfo’U])(O 71'/2 27Tt Zmz] ’Uz(o 7T/2 27Tt)
7

we substitute in the above equation and use that the v; are a linearly inde-
pendent to conclude that

- Z MikCrj = 0
k

or, equivalently, that ¥ satisfies the linear ODE
(5.7)

To find M (t) we extend vy (0, 7/2, 2nt) and va(0, /2, 27t) to vector fields

1

@1(p707¢) = W

62(:0’ 07 ¢) =

p

which are locally constant in (p, 0, ¢) coordinates, and use (5.6 to compute

—(LTfovl)(O,Tr/2,27rt) = Tf(U1Xf - Xff)l)(o,ﬂ'/2,27ﬂf)
= Tf(Ule)(O 7T/2,27Tt)

_f”()

4f()89
O o
= oy 0. 7/2.2m)

6 L, X 1(0,7/2, 2mt)
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and

— (L7, x,v2)(0,7/2,2nt) = 7p(v2 Xy — X;02)(0,7/2, 27t)
12X £)(0,7/2, 2mt)

= (f(O)ﬂ')ang (0,7/2,2mt)
=70,

= =27 f(0)v1(0,7/2, 27t).

We conclude

0 —2rf(0 42
M) = [_mw(m 0f( )] _ [_0 A } |
107

with A = +/27f(0) and B = V; ff(,(;go). Direct computation then shows that

the solution to ([5.7)) is given by

_ cosh(ABt) —(A/B)sinh(ABt)] ., [eAP! 0 B
V() = [—(B/A) sinh(ABt) cosh(ABt) } =C [ 0 e—ABt] ot

where C is the symplectic matrix

o504 3

A path of symplectic matrices of this form is well-known to have Conley—
Zehnder index equal to 0 (see Lemma below) and thus

1®(0) = pre=(¥) =0
as claimed. O

We next show that we can choose a compatible J on a neighborhood
of p = 0 so that the northern/southern hemispheres of the the sphere p =0
are projections of pseudoholomorphic planes to R x S? asymptotic to the
periodic orbit at the equator.

Lemma 5.7. Let f:R — R satisfy the hypotheses of Lemma and
let Je JR x Sz,)\f) be a compatible almost complex structure. Then, for
any open neighborhood U of {0} x S? there exists a compatible J' € J(R x
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52, Ar) agreeing with J outside of U so that the planes

Pt ={p=0,0€0,7/2)}
P ={p=0,0 € (n/2,7|}

given from the upper and lower hemispheres of the p = 0 sphere are projected
pseudoholomorphic curves, i.e. elements of M(Xs, J')/R, approaching their
mutual asymptotic limit o in opposite directions with extremal winding.
Moreover,

Pt«PtT =P «P =P xP™ =0.

Proof. Considering S? as the unit sphere in R? we can define diffeomor-
phisms between C = {x + iy} and P* via radial projection from the origin to
the planes (z,y, +1). In standard polar coordinates x = Rcos©, y = Rsin ©
on C, this radial projection map from P* — C is given by

R(6,¢) = tanf

©(0,9) = ¢.

Since 7 in these coordinates is given by

(5.8)

i(ROR) = 0o i(0o) = —ROR
and a straightforward computation shows that
ROR =sinfcosf 0y 0o = 0y

under the coordinate change (5.8), we find that the radial projection map
induces a smooth complex structure on T(S? \ {# = 7/2}) given by

(5.9) 17.'89 = sechsc?c%
JjOp = —cosfsin 6 Oy

in which the upper and lower hemispheres P* of S? are conformally equiv-
alent to C.
We next claim that if 79 : S — R x S? is the inclusion

peS?— (0,p) eR x §?

then igA s o j is exact. We have that Ay along the sphere p = 0 is given by

1
Ar = f(0) |3cosfdp+ 5sm?eaz<z>
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so the pullback of Ay to the sphere is given by
- 1 . 9
igAf = if(O) sin” 6 d¢.

From (j5.9)) we have
d¢p o j =sectcschdl

and hence
. 1 . 9 .
igpAfoj = 5]‘(0) sin“ 0 d¢ o j
1
= §f(0) tan 6 df
1
=d <—2f(0) log |cos€|> .
We note that the function
1
(6,6) ~ — 5 £(0) g |cos ]

is smooth on the upper and lower hemispheres as a result of Lemma,
Next, let

e T(Rx S?) =RX; & — &
be the projection onto &; along Xy, given by the formula
me(v) = v — Ap(v) Xy.

We claim that along p = 0, m¢|7g2 : TS? — £ is an isomorphism away from
0 = w/2. Along p = 0, the Reeb vector field is given by

Xy =[9(0)f(0)*) 7" [2£(0) 9y + f(0) cos 0 ]
= [(2cos® 0 + 1) £(0)] 7 [20, + cos 0 D)

and Ay is given by

1
Ar = f(0) 3cos@dp+§sin20d¢ .
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Thus, with v; and vy as defined by (5.4), straightforward computation shows
that

me(0p) = D9 — Ap(0p) X
— Oy
= U2(05 (97 ¢)

and

me(0p) = D — Ap(95) X1
1
= —g(#) ! cosOsinf | —3cot 6y + 3 sinf 0,

= —f(O) cosfsind (%} (07 97 ¢)

This computation shows that m¢|7g2 is an isomorphism when 6 ¢ {0, 7/2, 7},
and since T'S? = &; at the north and south poles 6 € {0, 7}, it follows that
T¢|rs> is an isomorphism away from 6 = /2.

Given the results of the previous two paragraphs, we define a compatible
almost complex structure J' on &1],—0 9-4x/2 Dy

(5.10) J' = me|rse 0 j o (melrs:) ',

and, as long as J’ extends smoothly over the equator § = 7/2, we have found
a compatible J’ along p =0 for which P* are projected J'-holomorphic
curves. Since the space of compatible complex multiplications on a given
symplectic vector space is nonempty and contractible, there are no ob-
structions to extending a compatible J’ defined on p = 0 smoothly to a
J e J(R x S% ) ¢) which agrees outside of any given open neighborhood
of {0} x §? with any previously chosen J € J(R x S, Af). The computa-
tion of the previous paragraph together with the definition of j shows,
however, that a J’ defined by will satisfy

J'(0,0,0)1(0,0,6) = 75 v2(0,6,0)
J/(07 95 ¢)U2(O7 ‘9’ ¢) = 7f(0) U1 (07 07 ¢)
away from the north and south poles 6 € {0, 7}. Since v; and vo are a smooth

basis for & on 6 ¢ {0, 7}, this implies that the J’ defined by (5.10) extends
smoothly over the equator § = 7/2.
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It remains to check that P* approach vy in opposite directions with
extremal winding and that

(5.11) PEs« Pt =pPts«pP- =0.

We first claim that the planes approach their asymptotic limit with extremal
winding, i.e. that

(5.12) wind®, (P%) = [1® (30)/2-

To see this, we observe that large R = constant loops in C get mapped via
the identification to 8 = ¢ loops with ¢ some constant close to but not
equal to /2. It’s straightforward to see that such loops lift via the expo-
nential map to sections of &;|,, which have zero winding relative to the triv-

ialization @ arising from the framing Bg /2 ¢) = {%8,), 89} from (5.4)).

Thus wind® (P*) = 0. Since we have already computed in Lemma that
1®(v0) = 0, we have confirmed . Since P* and P~ are disjoint and
Yo is even, it then follows immediately from Lemma [3.15] and Theorem [3.16
that P™ and P~ approach 7 in opposite directions. Finally we prove that
all intersection numbers are zero, i.e. that holds. We first observe that
Pt and P~ are, by construction, disjoint embeddings. Since we’ve already
confirmed that P* and P~ both converge to their unique asymptotic limit
with extremal winding, is an immediately consequence of Corollar-

ies B.11] and B.141 O
We are now prepared to prove Theorem

Proof of Theorem[5.1. Recall (M,¢& =ker \) denotes a contact 3-manifold
equipped with a nondegenerate contact form. Given p # ¢ € M and any
open neighborhood O of {p, ¢}, we can apply Darboux’s theorem for contact
manifolds (see e.g. [I8, Theorem 2.24]) to find disjoint open neighborhoods
Op, Oy C O of p and q respectively, and embeddings ¢, : O, — R3, and
bq : Og — R3 with ¢,(p) =0, ¢4(q) =0 and

A=A
(5.13) ¢{j *
GIA- = A

Choosing an € > 0 so that B.(0) x [—¢,€] C ¢p(Op) N ¢g(Oy) gives flow tube
neighborhoods



Connected sums and finite energy foliations I 1711

U=d,"' (B(0) x (~¢,¢))

V=6, (B:(0) x (—¢,¢))

of p and ¢, respectively, identified via ¢, and ¢, with neighborhoods of 0 in
(R3, A1) and (R3, A\_), respectively.

Next, with the maps @ : R* x $% — R3\ {0} as defined above in (5.1,
choose an & > 0 so that

®, ((0,€") x §?) C B<(
®_ ((—€',0) x S?) C B.(

oS O
= =
X X

—~
[
f‘) \‘m
Q) ™
~—

Given such an ¢ > 0 we can find a smooth positive function f: R — RT
satisfyinﬁ

o f(p) = p?*for |p| > €'/2,
o pf'(p) for p # 0, and
e (0) > 0.

As explained following Lemma above, this f gives us a contact form
Af = fA1 on (—€’,€') x S% so that the maps

@4 1 ((0,€) x S%,Af) = (B:(0) x (—€,¢) \ {0}, A4)
D_: ((—€,0) x S, Af) = (B=(0) x (—¢,e) \ {0}, A2)

are contact diffeomorphisms onto their images which, on (¢//2,¢’) x S% and
(—¢',—€'/2) x S?, satisfy

AL = p’h = fh
and hence by ([5.13])

(6, 0 @) A= fA1 = Ay

5.14
(5.14) (67 0 @) A= fA1 = As.

We then define

M = (M\{p,q} 11 (=¢',¢') x §%) / ~

13Such functions are easy to construct. See Lemma for an example.
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where ~ is the equivalence relation identifying points in (—¢’,0) x S? and
(0,€") x S? with their respective images in M \ {p, ¢} under (b(f o®_ and
qb;l o ®, and we define

i: M\ {p,q} —» M
to be the naturally induced inclusion. With

By = (¢, 0 ®,) ((0,€'/2) x S?)
By = (¢ 0®-) ((—¢'/2,0) x $?),

we define M on M’ by

Vo A on M\ B,UB,
As on (—¢,e) x S2

It follows from and the definition of M’ that X defines a smooth
contact form on M’. Moreover, it is easily verified that items (2) and (3) in
theorem are satisfied.

Next, since the neck

N =M \i(M\{UUV})

equipped with the contact form )\ can be identified via the maps <I>jrl o Pp
and ®_'o ¢q with a subset of R x S? equipped with the contact form Af,
it follows immediately from Lemma that there is precisely one (simple)
periodic orbit vy of the Reeb vector field X of A contained in the neck.
Thus any other (simple) periodic orbit X, must pass through points of
M’ \ N. Moreover, it follows from Lemma that vy is an even orbit. Thus
item (4) of the theorem is verified. Item (5) meanwhile follows immediately
from Lemma 5.7

To see that Condition (6) holds, we note that since the Reeb vector
field of Ay is 0., the points py := <Z>;1(0,0, +e¢) are points in QU which are
connected by a flow line v,(t) = ¢, 1(0,0,t) which is contained in U and
passes through p = ¢,(0,0,0). Moreover, since we can easily verify from

(1) that

7! ({(0,0,2)]|z > 0}) =R* x {# =0}
.1 ({(0,0,2) |2 < 0}) =RT x {# =}
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it follows that

01t o gy oy ((0,6)) CRT x {6 =}
;' o¢,0,((—e,0)) C RT x {#=0}.

We can then apply the second claim of Lemma [5.5] to conclude that item
(6a) of the theorem holds. Item (6b) follows similarly.

At this point, all claims of Theorem hold with the possible exception
of item (1): nondegeneracy of the contact form ). By construction we have
that i*\’ = \ outside of the region identified with (—&’/2,¢’/2) x S? in the
construction. Thus any periodic orbit created by this construction (i.e. not
identified via i with a periodic orbit of X)) must pass through the region
(—€'/2,€'/2) x S2. Moreover, since g is the only periodic orbit contained
within this region, any other new (and thus potentially nondegenerate) orbit
created in the connected sum operation must pass through the boundary
{£€'/2} x S? of the region. Applying results from [46], we can find a C°-
small function h : M’ — R supported in an arbitrarily small neighborhood of
these spheres, so that the contact form e\ has only nondegenerate periodic
orbits. Moreover, since the support and (C°°-) size of the function can both
be chosen arbitrarily small, and since all claims of the theorem remain true
under sufficiently C*°-small perturbations with sufficiently small support in
a neighborhood of {£¢’/2} x S?, we can carry out this perturbation of the
contact form while maintaining all the claims of the theorem. ]

6. Proof of Theorem [1.1]

In this section we prove Theorem Here we will use the alternate defini-
tion of finite energy foliation furnished by Corollary and will thus work
almost exclusively with projections of pseudoholomorphic curves to the 3-
manifold. All curves should thus be thought of as equivalence classes of maps
to the 3-manifold unless otherwise stated. Since we deal nearly exclusively
with simple curves (i.e. those which do not factor though a branched cover
of degree 2 or greater) such an equivalence class of maps is entirely deter-
mined by the image in M of a representative map from the class. We will
thus generally make no distinction between a curve and its image in M.
Our standing assumptions throughout the section will be:

e (M, )) is a 3-manifold with a nondegenerate contact form A,

e J e J(M,N)is a compatible complex structure on £ = ker \, and
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e F is a stable finite energy foliation for the data (M, \, J) with energy
E(F) = Ey.

Given the foliation F, we consider a subset U of M x M \ A(M) defined to
be the set of pairs of distinct points (p,q) € M x M \ A(M) in M with p
and ¢ lying on distinct index-2 leaves of the foliation. It is straightforward to
use Lemma[£.3]and Corollary [£.8|to argue that I/ is an open, dense subset of
M x M\ A(M). We will show that the manifold M’ formed by taking the
connected sum at any given pair of points (p, ¢) € U admits a contact form X
and compatible J" € J(M’', \') so that the data (M’, N, J") admits a stable
finite energy foliation F’ with E(F’) = E(F). Moreover, our construction
will show that the change in the contact form and almost complex structure
can be localized to an arbitrarily small neighborhood of the points p and
q; that is, if i : M \ {p,q} — M’ is the natural inclusion, we can arrange
that #*\ = X\ and *J' = J on the complement of any given neighborhood
of {p, q}.

To start the construction, we choose a pair of points (p, q) € U; that is,
we choose distinct points p and ¢ in M so that

e p lies on a curve Cp, € F with ind(Cp) = 2,
e ¢ lies on a curve Cy € F with ind(Cy) = 2, and
o Cy # Cp (in M(X,J)/R).

We recall from Corollary that all curves in the moduli spaces M(C,)/R
and M(Cy)/R are also in the foliation F (where M(C) is the notation
introduced in Section [4] to indicate all simple curves in M (A, J) which are
relatively homotopic to C'). Letting 1)y denote the flow generated by the
Reeb vector field X associated to A, we can apply Corollary 4.9 to find an
€0 > 0 so that

e for each t € [—eq,ep] there is a unique curve of M(Cp)/R passing
through the point 1;(p), and so that the map taking t € [—&g, gg] to
the unique curve in M(C,)/R passing through ¢;(p) is an embedding;

e for each t € [—ep,ep] there is a unique curve of M(C,)/R passing
through the point ¥(g), and so that the map taking ¢t € [—eg,e0] to
the unique curve in M(C,)/R passing through v:(q) is an embedding;

e the collection of curves passing through the points 1 (p) for t € [—eg, £0]
and the collection of curves passing through the points v(q) for ¢t €
[—€0, €0 are disjoint.
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We define points p+ = 94, (p) and similarly ¢+ = ¢+.,(¢), and let Cp, 1
denote the unique curve in M(C),)/R through p+ and similarly let C, +
denote the unique curve in M(C;)/R through g.

Given the above, we define an open set U, to be the union of the images
of the curves in M(C)) /R passing through the points ¢;(p) for t € (—¢eg, €0),
and similarly Uy is the image of the curves in M(C,)/R passing through the
points ¢ (q) for t € (—€o, €0). There exists an open neighborhood O, of p_
in Cp — and a positive function f, : O, — R* so that

{Yr)(2) |2 € Oy }

is an open neighborhood of py in Cp 4 and ¢(z) € U, for all t € (0, f(2)).
Define an open set O, by

o=U U wuk

2€0; t€(0,f(2))

and define an open set O, C U, analogously. Choosing an open flow tube
neighborhood F, of p with Fp C Op and an open flow tube neighborhood
F, of ¢ with F, C O,, we can apply Theorem to find a nondegenerate
contact manifold (M’', ¢ = ker \') with compatible J' € J(M' ¢), and an
embedding i : M \ {p,q} — M’ so that:

1) M’ is diffeomorphic to the connected sum of M taken at p and ¢,
and the set M’ \ i(M \ (Fp U Fy)) (called the neck) is diffeomorphic to
R x S2.
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ve (q-)

2) On M\ (F, UF,), i*\' = X and i*J = J.

3) There is precisely one simple (unparametrized) periodic orbit ~y con-
tained in the neck. Moreover 7y has even Conley—Zehnder index.

4) There exist two distinct, nonintersecting, nicely-embedded planes P* €
M(N,J)/R contained in the neck which are asymptotic to g in op-
posite directions (see discussion preceding Lemma with extremal
winding (see Theorem [3.2). Moreover,

P «PT =P «P =P %P = 0,

and the union of the images P+, P~ and ~g form a C'-smooth sphere
which divides the neck into two pieces, each homeomorphic to R x S2.

5) If 1/~Jt is the flow of the Reeb vector field X then there exist real
numbers 4 <0 < d_ and 4 <0 < e_ so that,
o s, (i(py)) € P* and Gy(i(p+)) ¢ P* for all ¢ € (3,,0]
e Y5_(i(p-)) € P~ and @bt(z(p )) ¢ P* for all t € [0,0_).
o .. (i(a)) € P~ and y(i(g,)) ¢ P* for all ¢ € (=4, 0).
o . (z(q )) € Pt and ’l/)t(l( ) ¢ P*foralltec[0,e ).
Letting p/, := i(p+) and ¢/, := i(q+), we define embedded flow-line seg-
ments vy, , Yg, C M’ by:
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o W, = thi(p}) |t € [54,0]
o v =1U(pl)|t€[0,0]
o Yo, = %)) |t € [e4,0]
o vy =%l )[t€0,e]

Since *\ = X and i*.J' = J outside of F, U Fy, and since the curves Cj, ¢
do not meet Fj, U F, it follows that C, | :=i(Cp+) are nicely-embedded
finite-energy curves in M(N,J')/R. We note that since p € F,, C U, and
q € I, C Uy the connected sum operation yields an open set U C M’ arising
as the connected sum of the sets U, and U, taken at p and g. Moreover, the
set U is divided into two open subsets by sphere formed by PT U~y U P~
in the neck. We call the subset coming from the p-side of the connected sum
U; and the subset coming from the g-side of the connected sum U,,. ’. We note
that, by construction, the boundary of U, ! consists of the curves C’ + and
their asymptotic limits, along with P* and Y0-

Lemma 6.1. There are no periodic orbits of Xy contained within Uz;'

Proof. We first argue that there are no periodic orbits v of the Reeb vector
field X on the unsurgered manifold contained in the set U,. Indeed, since
U, is foliated by curves in M(C},)/RR, then v would intersect some curve C’ €
M(C,)/R, which implies that (R x ) * C' > 0. By homotopy invariance of
the s-product, we conclude (R x ) * C' > 0 for any C' € M(C}p)/R and, in
particular, (R x ) * Cp + > 0. However, since 7 is contained in U, and thus
not an asymptotic limit of C, 4, this implies that ~ intersects Cj, 4. This,
however, contradicts the assumption that v C U,, and we conclude that
there are no periodic orbits v of X contained in U),.

Now, assume -~ is a simple periodic orbit of X, with v C Uz,r Then, we
claim the previous paragraph shows that v must enter the neck. Indeed if
not, then v is identified via the map i: M \ {p,q} — M’ with a periodic
orbit of X contained in U, of which, we have just argued, there are none.
Moreover, since 7y is the only periodic orbit contained entirely within the
neck, v must pass through points of Uzl) both inside and outside the neck.
But by construction — specifically that the connected sum is carried out
in flow tubes neighborhoods contained in open sets consisting of flow lines
connecting the curves Cp, + and Cp, _ (or Cy 4+ and C,_) — any flow line
entering the neck in U}, must hit C’ in backward time, while any flow
line exiting the neck in U ! must hit C' »+ in forward time. Thus v intersects
either C’ b4+ OF C _ Which contradicts the assumption that v C U,,. ! O
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Lemma 6.2. Let C € M(C},,)/R. Then either C C U, or CNU, = 0.
Moreover, the set of curves C e M(C,, 1) /R with C C Uy, is nonempty and
open.

Proof. We first observe that, by construction, the boundary of U, ! consists of
the pseudoholomorphic curves C 4 P* and their asymptotic hmlts More-
over, we know that C), y xC} . = C}, , *+C; _ =0 and, since the curves P*
are disjoint from and share no common orblts with the curves C}, , it fol-
lows immediately from the definition of the x-product that C/ bt * Pt =
Cp_ * P* = 0. Given a curve C € M(C,, 1)/R, homotopy invariance of the
intersection number then allows us to conclude that the intersection number
of C' with each of C), . and P* is zero. Theorem then lets us further
conclude that C doesn’t intersect any of the asymptotic limits of the curves
in the boundary of Uz/r Thus the curve C can’t intersect any of the curves
in the boundary of Uz’, unless it coincides with that curve. We conclude that
either C' C U, or C is disjoint from U},

We next show that the set of curves C'€ M(C, .)/R with C C U,
is nonempty. Given that we’ve shown in the previous paragraph that a
curve C € M(C}, ,)/R meetmg U, must be contained in Uy, it suffices to
show there are curves C e M(C, ) /R meeting Uy, This follows from Corol-
lary 4.8 . Indeed, since the evaluatlon map ev : /\/ll( ba)/R — M is an em-
bedding, the image of the evaluation map is open. Therefore, given any point
T € C;:,i C GUI’), there is an open set around x in the image of evaluation
map. Since an open set around a boundary point of Uz/? must meet Uzlv there
are points in U, ' in the image of the evaluation map, which is equivalent to
there being pomts in U, with curves in M(C}, ,)/R passmg through them.

Finally we show that the set of curves C’ € M(C,, 1) /R with C C U, is
open. This follows from Corollary. 4.9} Indeed, given a curve C e M(C, ) /R
passing through a point x € U, there is an ¢ > 0 so that for every t € ( ,€)
there is a unique curve of M(C;, ,.)/R passing through Yy(x), and so that the
map taking a point t € (—¢ e) to the unique curve in M(C,, 1)/R passing
through @t(:c) is an embedding. Since U}'7 is open, we can, by shrinking ¢ if
necessary, assume that 9y (z) € U, for all t € (—¢,¢). We have thus found a
subset I of M(C,, 1)/R dlffeomorphlc to an open mterval and containing C
so that each curve C’ € I meets U, ! and thus, according to the results of the
first paragraph, is contained in U;. (]

Since, as we’ve noted above, the images of C;,z,i are contained in the
boundary of the set U,, it follows that the curves Cj, | are in the boundary of
the set {C' € M(C), 1)/R|C C U)}. We define a submamfold with boundary
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Mp+ C M(C,, 1)/R to be the connected component of
{C, . yu{CeM(C, L )/R|CCU,}

containing Cj, ;. As a result of the above discussion, it is clear that M, 1 is
diffeomorphic to a half-open interval, and in the following we seek to char-
acterize My, + \ M, +, where M,, + denotes the compactification of M, +
in the SFT topology (relevant information is reviewed in Section [3.2] above).
According to our construction — specifically that M(C), ,)/R is a smooth
1-manifold and My, 1+ can be identified with an embedded half—open subin-
terval — the set M, + \ M, 1 is elther an element of M(C},,)/R or is
contained in the boundary of M(C}, ,)/R and thus according to the main
theorem of [58] (reviewed above as Theorem , consists of stable, nicely-
embedded, non-nodal pseudoholomorphic buildings. The next lemma shows
that the latter alternative in fact always holds.

Lemma 6.3. Every element of My + \ M, + is a stable, nicely-embedded,
non-nodal pseudoholomorphic building with at least two nontrivial compo-
nents and at least two levels.

Proof. We prove this for M,, ;. The proof for M,, _ is identical.

We first argue that M, + \ M, + is either a single element of M(C}, | )/R
or is a subset of the boundary of M(C} ,)/R. As we discussed above,
M(C,, ;)/R has the structure of a smooth 1-manifold and, by construction,
M, + is an embedded submanifold with boundary which is diffeomorphic to
a half-open interval. Choosing an identification of M, . with an embedding
i:10,1) = M(C,, ,)/R, we can identify the set My, + \ M, + with limits of
SFT-convergent sequences of the form i(ay) with a € [0,1) an increasing
sequence converging to 1. Assume that there exists some such sequence aj so
that i(ay) converges to a curve Co € M(C}, ;)/R. Then every open neigh-
borhood of Co in M(C}, ;. )/R meets a set of the form i ((1 —¢,1)) for some
g > 0. Since ¢ is an embedding of a 1-manifold in a 1-manifold, this allows
us to conclude that for every sequence aj € [0,1) with a; — 1, i(a) con-
verges to Cs. We conclude that if M) + \ M, + contains an interior point
Coo of M(Cy, 1) then My 1\ My, 1+ = {C}. Thus M, + \ My, 1 is either a
single element of M(C}, ,)/R or is a subset of the boundary of M(C}, ,)/R
as claimed.

To show that M,, , \ M, 1 can’t be a curve in M(C}, ,)/R we will argue
by contradiction and suppose to the contrary that M, ; \ M, ; is an ele-
ment of M(C}, ;. )/R. In this case M, 1 is diffeomorphic to a closed interval
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embedded in M(C}, ,)/R and thus every sequence in M, ; has a subse-
quence converging to an element of M(Cj, ;. )/R. We then claim that every
point of U, would have a curve from M, | passing through it and, since
My, 1 consists of foliating curves, that U}, is homeomorphic to R x (X \ T').
Since, by construction, U, is homeomorphic to (R x (X \T)) with a point
removed, this contradiction would finish the proof.

Supposing then that every sequence in M, . has a subsequence con-
verging to an element of M(C}, . )/R, we claim that the set of points in
U]’) with a curve in M, 1 \ {CZ’L +} passing through them is nonempty and
both open and (relatively) closed in UIQ. Both nonemptiness and openness
follow immediately from Corollary indeed, since the evaluation map
ev: M1(Cy, )/R — M is an embedding it has open image, and therefore the
set of points in U}, with curves from the open subset M,  of M(C}, ,)/R
passing through them is nonempty and open. Closedness, in turn, follows
from our assumption that all sequences in M,,  have subsequences converg-
ing to a point in M(C;, | )/R. Indeed, let p; be a sequence in U, converging
to a point py € U;, and assume that for each point p; there is a curve
Cr € M, 4 passing through p;. Then by assumption, some subsequence of
the curves Cy converges to a curve Co € M(C}, 1 )/R passing through po
and, by the previous lemma, we have that C,, C UJZ’J since it passes through
the point po € UI’,. Since Corollary implies there is an open set of points
around pe having curves of M(Cj, ,)/R passing through them, it follows
that Cy is in the same connected component of the subset

{CeM(C,)/RIC CU}

of M(Cp +) as the Cy, i.e. that Csx € M, 1. This completes the proof that
My + \ My, ¢ can’t be an interior point of M(C}, ,)/R, and therefore must
be contained in the (SFT) boundary of M(Cj, . )/R. As noted above, it
follows from the main theorem of [58] that M, ; \ M, 1 consists of stable,
non-nodal, nicely-embedded pseudoholomorphic buildings.

Finally we show that any element of M), ; \ M, ; has at least two levels
and at least two nontrivial components. We first note that an element of
M, 1\ M, 4 is connected since it is the limit of connected curves. Supposing
such an element has only one level, then that level must have at least two
components (or else we would just have a curve in M(C}, . )/R). But, since
a height-1 pseudoholomorphic building with at least two components and no
nodes must be disconnected, this is a contradiction. Given that an element
of M, + \ M, + has at least two levels, stability implies that each level must
have at least one nontrivial component. O
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We next seek to show that the sets M, \ M, and M, _\ M, _
each contain a single non-nodal, nicely-embedded pseudoholomorphic build-
ing, and that these buildings consist of exactly one of the planes P* and
precisely one other nicely-embedded pseudoholomorphic curve Z, with v
as a negative asymptotic limit.

Proposition 6.4. Let ') denote the set of negative punctures of Cp 1+ and
assume that at z € I');, Cy, 1 1s asymptotic to the orbit .. Then, there exists
a pseudoholomorphic curve Z, € M(M',N')/R so that

My \ My = Z, © (P H.ep; R X Yz)

and
My \Mp_ =27, (P~ ]_[Zg; R X 7).

We note that since, as previously observed, the main theorem of [58]
(see Theorem above) implies that any curve in M, + \ My, + must be a
nicely-embedded building, it follows immediately from this proposition that

Zp is embedded in M and disjoint from P*.
We prove the proposition in a series of lemmas. In the following we let

Coot € Mp 4 \ Mp 1

denote one of the nicely-embedded, non-nodal pseudoholomorphic buildings
given by Lemma [6.3] above.

Lemma 6.5. Let v be a simple periodic orbit and assume that the m-fold
cover v™ is a positive (resp. negative) asymptotic limit of CZ’)7+. Then there
exists a nontrivial component of Coo + with ¥™ as a positive (resp. negative)
asymptotic limit.

Proof. For simplicity we assume that 4" is a positive asymptotic limit of

]’)7 +. The argument in the case that it is a negative asymptotic limit is
identical. Since Cs 4 can be written as the SFT-limit of a sequence of curves
Cy € M, 4+, each homotopic to C’I’)7 +, it follows from the definition of SFT-
convergence (see Proposition that the positive asymptotic limits of the
top-most level of C 1 agree with the positive asymptotic limits of Czlx n
and, similarly, the negative asymptotic limits of the bottom-most level of
Cwo,+ agree with the negative asymptotic limits of C’I’L 1. Thus there is some
component of the top level of Cy  with 4™ as a positive asymptotic limit.

If this component is nontrivial there is no more to prove. If not, then the
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component with 4" as a positive asymptotic limit must be a trivial cylinder
and, thus, there is some component on the next level down with ™ as a
positive asymptotic limit. Repeating this argument we find either at least
one component of Uy, 4 with v as a positive puncture, or we can conclude
that there is a trivial cylinder over 4" on the lowest level of C y and thus
that y™ is also negative asymptotic limits of C}, , so that (y,m,m) is a
bidirectional orbit of Cj, | . Recalling that Cj, | satisfies C}, , * C,, ; = 0 and
ind(C,, ;) = 2 it follows Theorem {4.2] that all asymptotic limits of C}, , , and
specifically 4™, have odd Conley—Zehnder index. But, since CI’,’ . is nicely
embedded, it follows from Lemma that 4™ must have even Conley—
Zehnder index if it were a bidirectional orbit of Czlh 4. This contradiction
completes the proof. O

Lemma 6.6. The periodic orbit (vo,1,1) is the only possible bidirectional
asymptotic limit (see Deﬁmtion above) of Coo 4. Moreover, if o appears
as a limit of a component of C +, Yo 1s necessarily a bidirectional orbit.

Proof. Since Cy 4 is the limit of a sequence of curves contained entirely
within the open set UI’), it follows from the definition of SF'T-convergence (see
Proposition that any periodic orbit appearing as an asymptotic limit of
a component of C,  must be contained in the closure U;, of UI’). Moreover,
Lemma tells us that there are no orbits contained within U;, SO any
periodic orbit within the closure UI’, must touch the boundary. However, by
construction, the boundary of UI’) consists of the pseudoholomorphic curves
C;,o,i and P* and the periodic orbits which are asymptotic limits of these
curves, and any flow line touching the curves Cz’jyi of P* necessarily passes
through points outside of Uzlr We thus conclude that any orbit contained
in UI’) is contained within the boundary. Since the periodic orbits in the
boundary of U, are the asymptotic limits of Cj, , along with 7o, and since
every asymptotic limit of C’I’)’ . is odd and, according to the previous lemma,
occurs as an asymptotic limit of some nontrivial component of Cy 4 with
the same covering numbers, it follows from Lemma 3.6 that the only possible
bidirectional limit is g, which can only occur simply covered since 7 is even.
Next, we argue that if 7 (or in fact any orbit other than the limits of

1’77 ) appears as an asymptotic limit of a component of C 4, then it must
be a bidirectional limit. Recall that since C' + is a limit of pseudoholomor-
phic spheres, its structure can be modeled by a tree with one vertex for each
component, and an edge for each periodic orbit connecting adjacent levels
(or, in general, for each node, but we know there are none here). Moreover,
the positive asymptotic limits of the top level of C + and the negative
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asymptotic limits of the bottom level of C t agree with those of C’I’% L. As-
suming then that vy appears as an asymptotic limit of a component of C_+
but is not a bidirectional limit, we can conclude that either the only curves
in Cx 4+ having o as a positive limit are trivial cylinders, or the only curves
in Cx + having 79 as a negative limit are trivial cylinders. In either case,
we could, by following a path of vertices corresponding to trivial cylinders,
conclude that 7 is either a positive asymptotic limit of the top level or a
negative asymptotic limit of the bottom level. This contradicts the fact that
the positive limits of the top level and the negative limits of the bottom
level agree with those of Cj, .. O

Lemma 6.7. All components of Coo + with Yo as a positive asymptotic limit
must be equal to either PT or P~.

Proof. This follows from Theorem [50, Theorem 2.4]/Theorem
and Lemma Indeed if Cy is a sequence in M,  converging to Ci 1
then P* « Cy = P* « CZ’L + =0 by homotopy invariance of the intersection
number. Thus Lemma [3.17] allows us to conclude that any component of
Coo + is either identical with or disjoint from P*.

Now, if there were a component Z of Cy 4 distinct from P* with ~
as a positive puncture, then Z must approach a simple cover of 7y since,
according to the previous lemma, v9 would have to be a bidirectional limit
of Cs +. Condition (3c) of Theoremthen tells us that Z must approach
with the same winding as P*. But since P+ and P~ approach 7q in opposite
directions with extremal winding, Z necessarily approaches g with extremal
winding and thus, according to Lemma [3.15] in the same direction as either
Pt or P~. Theorem [3.16] then lets us conclude that Z intersects either Pt
or P, which contradicts the fact from the previous paragraph that such a
Z must be disjoint from PT and P~. O

Lemma 6.8. There is precisely one nontrivial component of C + not equal
to Pt or P~.

Proof. We first show that there is at most one nontrivial component of Cog 4
distinct from P and P~. Recall that the building Cw 4, being the limit
of spheres, can be modeled by a tree with vertices corresponding to compo-
nents of the building and edges corresponding to periodic orbits connecting
adjacent levels (or, in general, nodes, but we know there are none in this
case). Moreover, we know that all components of the building are either
nicely-embedded curves or trivial cylinders. Assuming there are two or more
nontrivial components in Ci 1 which are distinct from P and P~, we can
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find a sequence of components (C1,...,C,) of Cx + corresponding to dis-
tinct, adjacent vertices in the modeling tree, with Cy and C,, nontrivial and
not equal to P™ or P~. Since we assume all the C; correspond to distinct
vertices, we can conclude none of the C; with i ¢ {1,n} are planes since
planes correspond to univalent vertices in the tree modeling C . Thus all
elements of the sequence (C1,...,C)) are either trivial cylinders, or non-
trivial components distinct from P+ and P~. Moreover, by truncating the
sequence if necessary, we can assume without loss of generality that only
(1 and (), are nontrivial and that all C; for 1 < ¢ < n are trivial cylinders.
However, since a sequence of adjacent trivial cylinders in the holomorphic
building must be cylinders over the same periodic orbit ~y, this allows us to
conclude that either C has a positive puncture limiting to v and C), has a
negative puncture limiting to v, or that C has a negative puncture limiting
to v and C), has a positive puncture limiting to . Thus v is a bidirectional
orbit, so Lemma [6.0] tells us that v = 9. However, since Lemma [6.7] tells us
that the planes P™ and P~ are the only possible components of the build-
ing having g as a positive asymptotic limit, this contradicts our assumption
that C; and C,, are distinct from P¥. This completes the argument that
there is at most one component of Cy, 4 distinct from the P*.

We next argue there is at least one nontrivial component of C 1 distinct
from Pt and P~ . If there are no nontrivial components other than P and
P~ then every component of the building is either equal to PT, P~ or a
trivial cylinder. Since C« 4+ is, as the limit of connected curves, a connected
building, this would then let us conclude that g is the only asymptotic limit
of components of the building C + However, since C 4 is a limit of curves
in M(C}, ), the properties of SFT-convergence (see Proposition allow
us to conclude that the asymptotic limits of the top and bottom levels of
Coo,+ agree with those of C}, ;. Since C, | has only odd asymptotic limits
and g is even, this is a contradiction. Thus there must be at least one
nontrivial component in the building not equal to P™ or P~. O

Lemma 6.9. Let C € My \ {C]’Qﬁr}. Then the intersection numbers of
the curve C' with the flow segments 7y, are well defined and given by

Yp, - C =1 Y - C=0.

Proof. To see this, we first recall the flow segments have boundary in the
boundary U, and interior in the interior of U,. Since curves C'€ M, 4 \
{02’,7 +} limit at the punctures to periodic orbits disjoint from ~,, and, by
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definition of M, , are contained entirely within Uzlw it follows that the in-
tersection number of such a curve with the flow segments -, is well defined.
Moreover, since the image of C]’37 . compactifies to a map that is disjoint from
Yy, it follows that curves in My,  nearby to C;, | are also disjoint from -,
and thus

Y - C=0

for C € My 4\ {CI’)’JF}. On the other hand, it follows from Corollary H—
specifically that a flow line passing through CI’)’ . gives a local diffeomorphism
with a neighborhood of C}, , in M(C}, ) — that curves in M, ; nearby to

I’)’ + have a single transverse intersection with ~,, . Thus

Yo, C =1

for C e My \ {C} |} as claimed. O

We will denote by Z, the nontrivial component of Cy, 1 guaranteed by
Lemma

Lemma 6.10. The pseudoholomorphic building C + is a height-2 building
with Z,, on the top level, and P and trivial cylinders over the negative orbits
of C,, .. on the bottom level, i.e.

Coo,+ = Zp® (P+ HzGF; R x ’yz)

where T, is the set of negative punctures of C;Di and v, s the asymptotic
limit of C}, . at z € T

Proof. We argue that the number of times that P* appears as a com-
ponent of the building C 4 bounds the intersection number ~,, - C for
CeMpi\ {C’I’J’ +} from below. This with the previous lemma will show
that PT can appear at most once as a component of Ci +, while P~ can’t
appear. Assume there are components D; of Cy 4 with D; = PT (mod the
R-action), and choose a parametrization u : C — M’ of P™ with v mapping
0 € C to the intersection of 7,, with P*. Then according to Proposition
if C, = [2k, Jk, Tk, ag, ug] € M, 4 is a sequence which converges in the sense
of [6] to Co +, then there is a sequence of holomorphic embeddings

o = g, - ILD — Xy,

with D = {z € C||z| < 1} the unit disk in C, so that uj o ¢y ; converges in
C* to u|p. Since ug, o ¢y has image in U‘,,’J and 7, meets Pt transversely, it
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follows from the C*® convergence that the pseudoholomorphic disks uy o ¢y, ;
intersect 7, transversely for sufficiently large k. This shows that for large
k, Cj, has at least one transverse intersection with V!, for each component
of Coo + equal to PT. However, since R x Yy, is pseudoholomorphic, every
intersection of v, with a curve Cj contributes positively to the intersec-
tion number 7y, - C, so the number of components of Cw 1 equal to Ptis
bounded above by 7y, - Cy = 1. An analogous argument shows that the num-
ber of components of C  equal to P~ is bounded above by v, - Cj = 0.
Thus P can appear at most once as a component of Cs 4+ and P~ does
not appear.

Finally, we observe that we have shown in Lemmas[6.3/and [6.6]that Coe +
has at least two levels, at least two nontrivial components, and precisely one
nontrivial component Z, distinct from P* and P~. This combined with the
results of the previous paragraph then shows that C 4 has precisely two
nontrivial components: Z, and P*. Moreover, by stability, Cwo + must be a
height-2 building with Z, on the top level and P+ along with cylinders over
the other negative orbits of Z, on the bottom level. O

Remark 6.11. We remark that Theorem [3.16] can also be used to bound
the number of planes appearing in C 4, but an additional argument is then
needed to show that the unique plane appearing in Ci, 4 is P+ and not P~.
Indeed, if the total number of times PT and P~ appeared as components
of Cs, 4+ were greater than one, we could argue that the unique nontrivial
component of Cr 4 distinet from P* guaranteed from Lemmamust have
multiple negative ends approaching 9. Moreover, these ends would have to
be disjoint in M since all components of Cz/;, . are nicely embedded. We could
then argue, as in Lemmal6.13|below, that these ends would have to approach
70 in the same direction. Theorem [3.16] would then yield a contradiction, so
we could conclude that there is at most a single plane in the building Cy 4.

Remark 6.12. The work leading up to the proof of Lemma [6.10| can be
simplified somewhat if one applies [30, Theorem 1.10] to perturb J’ slightly
so that all moduli spaces of embedded curves are smooth manifolds of the
appropriate dimension as predicted by the index formula . Since auto-
matic transversality holds for the planes P and P~ such a perturbation of
J’ could be carried out while maintaining the existence of planes with the
properties we need. Given such a J', it would follow immediately from [58],
Theorem 2| that Co 1 is a height-2 building with precisely one nontrivial
component on each level. It would then remain to argue, as we have above,
that the nontrivial component of the lower level is P*. However, we do not



Connected sums and finite energy foliations I 1727

need to assume that such a generic J’ has been chosen since our argument
shows that the theorem holds for any J’ for which there exist planes P+ and
P~ with the prescribed properties.

Finally, we conclude that M, _ \ M, ; consists of a single building,
completing the proof of the first statement in Proposition [6.4]

Lemma 6.13. With C +, Zp, I',, and . as above, we have that

Proof. Let C, , € My \ M, ;. We seek to show that C/ , = Ceo 4. The
argument above applies to show that Ceo 1+ = Z, © (PT I - R x ;) for
some nicely-embedded curve Z;,. It only remains to show that Z}’7 = Z,. We
first argue that Z,, and Z]; must approach g in the same direction. To see
this, we first note that since C + and Cl, , are nicely-embedded buildings
and thus Z, and Z, are disjoint from P*, it follows from condition (3c) of
Theorem that ZT’, and Z,, approach ~ with winding equal to that of pP*,
and thus equal to |u®(v0)/2] = u®(v0)/2. Thus, according to Lemma
Zzla and Z, approach ~g in either the same or the opposite direction, with
approach governed by a nonzero multiple of an eigenvector ey of A, ; with
smallest possible positive eigenvalue. However, the boundary of U}’, at 7o,
being given nearby by the planes PT and P, is tangent to the largest
negative eigenspace span {e_} of A, 7, since eigenvectors with largest neg-
ative eigenvalue govern the approach of P™ and P~. Since, according to [26],
Lemma 3.5], eigenvectors with the same winding and different eigenvalue
are pointwise linearly independent, e is nowhere tangent to the boundary
of U,. Thus if e, points into U, —e points into Uy and vice versa. Since,
7, and Z,, both approach 7o from within U, we can thus conclude that Z,
and Z,, approach ~p in the same direction.

We next claim the fact that Z; and Z,, approach «g in the same direction
leads to a contradiction unless Z,, = Z,,. Let C}, and Cj, be sequences in M, 4
converging respectively to Co + and CC’,Q +. Then, for any j and k, we have
that

CixCr=Cp,xC,, =0
by homotopy invariance of the holomorphic intersection product. It then
follows from Lemma that Z:,’) and Z, are either identical or disjoint.
However, since Z/ and Z, approach 7o in the same direction, it follows

from Theorem that ZI'D and Z, must intersect. We thus arrive at a
contradiction unless Zl’, = Zp. O
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We now complete the proof of Proposition [6.4

Lemma 6.14. The set M, _ \ M,, _ consists of a single height-2 building
with Z,, on the top level, and P~ and trivial cylinders over the negative orbits
of C}, . on the bottom layer, i.ec.

where I, is the set of negative punctures of C;;,i and vy, is the asymptotic
limit of Cp, y at z €T .

Proof. Let Co,— € M, — \ M,, _. An analogous argument to that in Lem-
mas |6.6/ as above gives us that Coo— = Z, © (P I cp- R x ;) for
some nicely-embedded curve Z,. It remain only to show that Z, = Z,. This
follows from an argument analogous to that in Lemma [6.13] above. Indeed,
we can argue exactly as in Lemma that Z, and Z, approach 7o in the
same direction. Then, with C}, and C}, sequences respectively in M, ; and
M,, _ converging respectively to C + and C —, we have that

Cj+C=C,, xC,_ =0

by homotopy invariance of the holomorphic intersection product. We can
thus again apply Lemma and Theorem to arrive at a contradiction
unless 7, = Z,. O

Next, we define M, + analogously to M, +, that is, we define M, 4 C
M(Cy.+)/R to be the connected component of

{Cor} U{C € M(Cyz)/R|C C Uy}
containing C; +. An analogous argument to above shows the following.

Proposition 6.15. There exists a curve Zz € M(X,J')/R which is em-
bedded in M and disjoint from P* so that

Mo \Mgq =20 (P~ HzeF; R x ;)

and
Mg\ Mg- =2, (P* HzeF; R x ;)

where T 1s the set of negative punctures of C{;,i and vy, 1s the asymptotic
limit of Cy 4 at z € T';.
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Finally, to complete the argument, we need to show that the curves
from the old foliation together with the curves from the compactified moduli
spaces from above give a foliation of the surgered manifold with the same
energy as the original foliation. We work with the definition of finite energy
foliation given by Corollary More precisely we consider the collection of
simple periodic orbits B’ € M’ defined by

B’ =i(B)U {0}

where B is the set of periodic orbits with covers appearing as asymptotic
limits of the original foliation F, and we define a collection of curves F' C
M(N, J")/R by including:

e The curves in the moduli spaces M, , M, _, M, ., and M, _.
e The curves {Z,, Z,, P", P~} constructed above.

e The push forward via the inclusion i : M \ {p,q} — M’ of any curve in
the original foliation F which lies in the closure of the complement of
the regions U, and Uy, i.e. if C = [3,4,I,a,u] € Fand C C M \ (U, U
U,) then we define i(C) = [%, j,T', a, 4 o u]. Since ¢*.J = J’ outside of U,
and Uy it follows that i(C') is a pseudoholomorphic curve in M’.

We now argue that F’ so defined is a stable finite energy foliation for
M'. We need to show that there is a unique curve from F’ through every
point of M\ B’, that the index of any nontrivial curve in 7' is 1 or 2, that
the intersection numbers between any two nontrivial curves in ' vanish,
and that E(F') = E(F).

We first address the fact that the energies of the two collections of curves
are the same.

Lemma 6.16. With F' C M(N,J')/R the collection of curves defined above,
we have that

E(F') := sup E(C) = sup E(C) =: E(F).
CeF' CeF
Proof. We recall from the proof of Lemma that the energy E(C) of a
curve C = [%, 4,1, da,u] € M(X, J)/R, defined by (3.2)), is given by the sum
of the periods of the orbits that are asymptotic limits of the positive punc-
tures of C'. Since all curves C' € F have asymptotic limits in the region where
i*\" = X and, by construction, either satisfy i(C) € F' or are homotopic to

a curve satisfying this, every curve in F has energy equal to that of some
curve in F'. We conclude E(F) < E(F').
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Conversely, every curve in C' € F'\{Z,, Z,, P*, P~} is, by construc-
tion, either of the form C’ = i(C') for some C' € F or is homotopic to a curve
of this form. Thus every curve C' € F'\ {Z,, Z,, P, P~} has energy equal
to that of some curve in F and we conclude that E(C’) < E(F). Moreover,
by Propositions and Z, and Z,; have positive punctures identical
respectively to C), | =i(Cp +) and Cj | =i(Cy,+) and thus E(Z,) < E(F)
and E(Z;) < E(F) as well. Finally, we recall from the proof of Lemma
that the dA-energy of a curve, defined by , is always nonnegative and is
given by the difference between the sums of periods of the positive asymp-
totic limits and those of the negative asymptotic limits. Thus, if follows
immediately from Propositions that E(P*) < E(Z,) < E(F). We con-
clude that E(F’) < E(F) and, with the previous paragraph, this completes
the proof. O

We next address the fact that all nontrivial curves in F’ have index 1
or 2.

Lemma 6.17. Let C € F'. Then ind(C) € {1,2}.

Proof. Except for C € {Z,, Z,, PT, P~ }, this is immediate from the fact that
all nontrivial curves in F have index 1 or 2. To see that ind(P¥) = 1 we use
the fact P+ « P* = (. Then according to Theorem

ind(P%) = x(S?) — #Teven
—2-1=1.

The fact that ind(Z,) =ind(Z,) =1 then follows from Propositions
and Indeed, since the pseudoholomorphic buildings M, + \ M, + and
M + \ Mg + have no nodes, the sum of the indices of the nontrivial compo-
nents must add to the index of a curve in M,, 4 or M, 1. Since such curves

have index 2, and we have just shown that P* have index 1, it follows that
ind(Z,) = ind(Z,) = 1 as claimed. O

We next address the intersection numbers. We start by showing that any
two distinct curves in F' are disjoint.

Lemma 6.18. Let Cq, Co € F' be distinct curves. Then C1 and Co are
disjoint.
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Proof. Since any two nontrivial curves in the original foliation F have van-
ishing intersection number, it follows that any two nontrivial curves in

Ci, Cy € f/\{Zp,Zq,PJr,Pf}

have vanishing intersection number. Thus any two such distinct curves are
disjoint in M. Moreover, since the curves Z,, Z,, P*, and P~ occur as com-
ponents of limiting buildings of sequences of curves in 7'\ {Z,, Z,, P*, P~}
we can immediately conclude from Lemma that any two distinct, non-
trivial curves in F’ are disjoint. |

Lemma 6.19. Let Ci, Cy € F'. Then Cq * Cy = 0.

Proof. As noted in the proof of the above lemma, this is immediate for any
two curves

C1, Cy € F'\{Zp, Zy,PT, P }.

It remains to show that C'; x Co = 0 when one or both of C, Cs is equal to
one of Z,, Z,, P*, or P~. We first observe that ind(Z,) = ind(Z,) = 1 and
Z, and Z, each have precisely one puncture asymptotic to an even orbit.
We thus have for C' € {Z,,, Z,} that

ind(C) — x(S*) + #leven =1 —-2+1=0,

so it then follows from facts in [26] that the bound in inequality
is achieved at each puncture of Z, and Z, (see also discussion preced-
ing Lemma 2.6 in [2] and equation 5.1 in [50]). Meanwhile, we know that
the bound in inequality is achieved at each puncture of every other
curve in F' from Theorem Thus, by Corollary and the previ-
ous lemma, we can conclude that Cy x Cy = 0 for any distinct C1, Co € F'.
Since we already know that P* x P =0 by Theorem it remains to
show Z, x Z, = Z, x Z, = 0. However, since Z,, and Z, are embedded in M’
and, as observed above, have extremal winding at each puncture, Corol-
lary implies that Z, x Z, = Z; x Zy = 0. This completes the proof that
Cy x Cy = 0 for any two curves Oy, Cy € F'. O

It remains to show that there is a curve of F’ through every point of

M'\ B

Lemma 6.20. For every x € M'\ B’ there is a curve C € F' passing
through x.
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Proof. By construction, since i*J' = J outside of U, UU, and since the
boundaries of U, and U, are made up of curves in the foliation F, it suffices
to show there is a curve through every point of U, \ Z, and U, \ Z,. We will
prove this for U, \ Z,. The argument for U, \ Z, is identical.

We first define a subset U, , (resp. U, _) of U, \ Z, to be the sets of
points in U, \ Z, having a curve of M,, ; (resp. M,, _) passing through them.
Then U, and U/ are each nonempty (by construction of M,.+), open (by
Corollary and (relatively) closed (by compactness and Pr0p051t10n
Thus, U, | and U, _ each form a connected component of U, \ Z,. Since U’
is connected and Z is an embedded submanifold, U, \ Z, has at most two
connected components. Thus, the proof is completed unless U, ! 4= U’
However, if U, . = U, _ thereis a point 2’ € U, \ Z, with curves C’+ € /\/lp7
and C_ € M, _ passing through 2'. Since C; *C_ =C}, , *C, _ =0 by
homotopy invariance of the intersection number and Theorem [3.8] we must
have that Cy = C_, so we have found a curve belonging to both M, . and
M, _. But we've shown in Lemma that the intersection numbers v, - C
of curves C' € My,  with the flow segments 7, are well defined and satisfy

’yp/+-021 Y - C =0,

while an analogous argument shows that for curves C' € M, _ the intersec-
tion numbers 7y, - C are well defined and satisfy

’yp;'CZO ’pr'C:L

Thus, a curve belonging to both M, y and M, _ would lead to a contra-
diction, and this completes the proof that there is at least one curve of F’
through every point of M’ \ B’. O

Appendix A. Additional details for Section

In this section we collect some of the more straightforward but tedious com-
putations supporting claims made in Section [5}

Lemma A.1. Consider S? equipped with polar coordinate ¢ € R/277Z and
azimuthal coordinate 6 € [0, 7). The following define smooth tensor fields on
S2:

1) sin® 6

2) cosf
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3) sinfdo

4) 0y (and Oy vanishes for 6 € {0,7})

5) sin? 0 d¢

6) sinf 0y (and sin @ Oy vanishes for 6 € {0,7})

Proof. Considering S? embedded as the unit sphere in R3, the smooth
change of coordinates on the upper and lower hemispheres obtained by pro-
jecting onto the zy-plane is given by

x = sin f cos ¢

Yy = sin 6 sin ¢.
In these coordinates we have
sin? 0 = x% 4 3
which is clearly smooth. Meanwhile
cosh =+V1—sin? =+/1— a2 —y?2
which is also smooth near (z,y) = 0, and hence the 1-form
—d(cos ) = sin 6 df

is also smooth.
Next we have that

Op = x4 O + Yp Oy
=—y0; +x0,
which is smooth and vanishes when x = y = 0 (i.e. when 0 € {0, 7}). Mean-
while, using that the standard round metric g on S? with total area 4r is
given by
g=df ®df+sin®0do @ de

we have that

9(9y,-) = sin® 0 do

so sin? f d¢ is smooth since it is dual to a smooth vector field. Similarly

g(sin® 9y, -) = sin 0 do
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8o sin 0 0y is smooth since it is dual to a smooth 1-form. Moreover,
g(sinf 9y, sinf Og) = sin® O = x2 + 1>
shows that sin 6 9y vanishes when x =y = 0 i.e. when 6 € {0, 7}. O

Lemma A.2 (Lemmal(5.2)). Consider the maps &5 : R* x S — R3\ {0}
defined by

D (p, ¢, 0) = £(psin b cos ¢, psin O sin ¢, p° cos ).
Then ®4 and ®_ are smooth diffeomorphisms satisfying
PINL = p?\y
with Ay, A_, and \i as defined in Section [3

Proof. We first claim that ®L is bijective. Since the two maps differ by
negation on R3\ {0} it suffices to show that @ is bijective. We first observe
that ®; maps the set RT x {# = 0,7} bijectively to the complement of the
origin on the z-axis. We thus consider a point pg = (xg,%0, 20) € R3\ {0}
not in the z-axis, and seek to find a unique solution to

(A.1) xo = psinf cos ¢
(A.2) Yo = psinfsin ¢
(A.3) 20 = p°cosf

with (p,¢,0) € RT x R/27Z x (0, 7). Squaring and summing (A.1)—(A.2)

gives
(A.4) x3 +yg = p?sin® 0

and the assumption that py is not in the z-axis implies that x% + yg > 0.

Combining (A.4]) and (A.3) leads to

Z
cot 0 csc? § = 0

(zd +3)3/?

which has a unique solution with 6y € (0, 7) since the derivative of cot # csc? 6
is everywhere negative and limg_ .+ = oo for k € Z. Substituting this 6
in gives a unique pg > 0. Finally substituting these values of pg and
Ay into equations f gives a unique value of ¢y € R/27Z for which
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f are satisfied. This completes the proof that ®, and ®_ are
bijective.

To show the & are diffeomorphisms, it remains to show that ®4 are
immersions. Again it suffices to show this for ®,. For 6 ¢ {0, 7} we have
that

sinfcos¢p —psinfsing pcosbcoso
D®(p,¢,0) = |sinfsing psinfcos¢ pcosbsing
3p? cos b 0 —p3siné

from which we can compute that
det D® . (p, ¢,0) = —p*sinO(1 + 2 cos® #)

which is nonzero for 6 ¢ {0, 7}. Meanwhile, in a neighborhood of 6 € {0, 7}
we can make the change of coordinates

X =sinfcos ¢
Y =sinfsin ¢
to write
(I)-i-(pa X7 Y) = (vapY7p3 V1-— X2 — Y2)
Thus,
X p 0
D(I)+(p7X>Y) = Y OX pY
— Y2 _Vv2 _ .3 _ .3
1 X Y p \/l—XQ—YQ p \/1—X2—Y2
and

p*(3 —2X2 —2Y?)
V1-X2-Y?

which is nonzero along the set X =Y = 0 as required. Thus &1 are immer-
sions.
Finally recall that A4+ were defined by

det D&, (p, X,Y) =

1
Ay = +dz + i(xdy —ydzx).
The maps @4 : (p,¢,0) € R x S2 = (2,5, z) € R? defined by

x = tpsinfcos¢ dr = =+ (sinfcospdp+ pcoshcospdf — psinfsin ¢ do)
y = *tpsinfsing dy =+ (sinfsin¢dp+ pcosfsinddf + psinb cos ¢ de)
z = +p°cosh dz ==+ (3,02 cosfdp — p? sin9d0)
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SO
ydx = psin® §sin ¢ cos ¢ dp + p® sin @ cos 0 sin ¢ cos ¢ df — p? sin? O sin® ¢ do
zdy = psin? @ sin ¢ cos ¢ dp + p? sin 6 cos 0 sin ¢ cos ¢ d + p? sin? 6 cos? ¢ d¢

and hence
zdy — ydz = p?sin® 0 do.
We then find that

dENL = 3p*cosOdp — p®sinf db + %pQ sin? 0 d¢
= p? <3c059dp — psinfdf + ;sin20d¢>
= p’\
as required. O

We next compute the Reeb vector field of the contact form Ay = fA; on
R x S2. We start with a general lemma.

Lemma A.3. Let (M, \) be a contact 3-manifold, let f be a smooth positive
function, and let Xy be the unique section of { = ker \ satisfying

(A.5) ix,d\ = df — df (Xy)A

where X is the Reeb vector field. Then the Reeb vector field of the contact
form associated to fA is given by

Xf)\ = %XA + #Xf
Moreover, if {vi,ve} is a basis for £, then we have that
(A.6) Xf = [d)\(vl, UQ)]_I(df(UQ)Ul — df(’Ul)UQ).

Proof. Let Xf be the unique section of ¢ satisfying iz, d\ = df — df(Xy)A.
Then
df (Xg) = (ig,)?dA + f(Xp)ig A= 0
since Xf € £ = ker \. We then find that
ix,d(fA) =ix, df NA+ix, (fdN)

= ix.df A
— df (X )N — df
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while
ix, d(fN) = ig,df N +ig (fdN)
=iz (fd))
= fig,dX
SO
gz, N = Fix, d(fA) + frig,d(fN)

[df (XA)A = df] + 7 [f i, dN]
[df (XA = df + ig d)]

O = =

by definition of X ¢. Furthermore

. Y N
v, U = Fi )+ i, ()
= Z'XA)\—F %Z'X—f)\

Thus %X A+ #X ¢ is the Reeb vector field of f\ as claimed.

Next, to verify the second claim, we define X ¢ by (A.6) and verify that
this X satisfies (A.5). Computing, we have that

iz, A\ —df — df (X3)A = [d\(v1, 02)] 7 [df (v2)dA(v1, ) — df (v1)dA(v2, )]
—df —df (X))
Using that i,,A =0, ix, A = 1 and ix, d\ = 0 we see that each of the vectors
X, v1, and vo yields 0 when evaluated on the right hand side of this equation
above. Since these vectors form a basis for the tangent space, it follows that
this quantity vanishes on T'M and thus (A.5]) is satisfied. O
Lemma A.4 (Lemma |5.3|). Recalling the definition
g(0) = 2cos? 6 4+ 1 = 3cos? § + sin® 0

from (5.3)), we have for 6 ¢ {0,7}:
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o The set
B0, = {(fg)_l (—3 cot 0 0y + ;sin68p> ,2pcscl Oy + 89}
= {Ul(pv 07 (b)a UZ(pv 07 (b)}

is a symplectic basis for (£1,dAy).
o The Reeb vector field Xy of the contact form Ay is given by

Xp=[gf" [(—pfp —3fpcot§ +2f) O
+ <3cot0f¢ — ;sinefp> O

1
+ (pf¢+ 281n9f9—|—f0089> @,].

Proof. The vectors v; and vy are clearly linearly independent for 6 ¢ {0, 7}
since v; has nonzero 9, component and vanishing dy component, while the
opposite is true of vo. Recalling that

1
A =3cosfdp— psinfdd + isin29d¢
d\1 = (2sinfdp — cos O sinf dg) A db

we immediately find that
AM(v1) = (fg) ' [(Bcos)(3sind) + (3 sin®0)(—3cot§)] =0
and
A (v2) = —psind + (3 sin?0)(2pcscd) = 0
so v1 and vy € & . Finally, we have that
i, dN1 = (fg) " (sin® @ + 3 cot A cos O sin ) db

= (fg) " (sin® @ + 3 cos? 0) df
=1/fdé
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and thus

(A.7) dA1(v1,v2) = iy, (i, A1)
= iy, (1/f dO)
— /1.

Since A1(v1) = A\1(v2) = 0, it follows that
d)\f(’Ul,’Ug) = fd)\l(’Ul,Ug) =1
and thus {vi,v2} is a symplectic basis for (£1,dAs) for 0 ¢ {0, 7}.
Next to compute the Reeb vector field of Ay we first observe that the
vector field X defined by
X1 =g(0)(cos00, +20y).

satisfies
M (X)) = g(0)71 3 cos® 6 + sin? 6] =1
and
ix,d\; = g(0) "' [2sin 0 cos — 2sinf cosb] df = 0

so X1 is the Reeb vector field of A\;. According to Lemma the Reeb
vector field of Xy of A\ is then given by

Xf = %Xl + %Xf
with

Xp = [di(v1,v2)] 7 (df (v2)v1 — df (v1)v2)
= f(df (v2)v1 — df (v1)v2)

where we’ve applied (A.7)) in the second line. Computing, we have that
1
Fdf (va)vr = g(0) ™" (2pcscOfy + fo) (3 cot 0 Oy + 5 sin 8p>

=g(0)7* | (=6pcsch cot 0fs —3cotBfg) Oy + (,of¢ + ;sin9fg> 8,0]
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and
1
fdf(v1)vy = g(0)~* <—3 cot 0 fy + 3 sin 9fp> (2pcsc Oy + Op)

=gt [(—6;) cscOcotOfy + pfy) Op + (—3 cot 0 fy + % sin 9fp> 89} .
Combining the above we conclude that
Xy = [0 |-ty ~ acot0 +21) 0,
+ <3c0t9f¢ — ;sin9fp> Oy
+ <pf¢ + %sin@fa + fcos 9) 8,)]

as claimed. O

Lemma A.5. Let C € Sp(1) be a symplectic matriz and let k #0 be a
constant. Then the path V¢, - [0,1] — Sp(1) defined by

SV
\I/qk(t):C[eO e_kt}o !

has Conley-Zehnder index p..(¥Yc) = 0.

Proof. We first consider the case C' = I, i.e. the path given by

kt
e 0
Wik = [ 0 e—kt] :

The path U, is easily seen to be homotopic within ¥(1) to its inverse

ekt }

\Ill_yli = \Illffk = |: 0 ekt :

via the homotopy
Wy(t) := R(sm/2)Vr(t)R(sm/2) ! = R(sm/2) ¥ x(t)R(—s7/2)
where R(0) is the rotation matrix

cos —sinb
sinf  cos@ |’

R(0) = [



Connected sums and finite energy foliations I 1741

The homotopy axiom from Theorem [2.1] then implies that

tez(Yrk) = MCZ(\III_}C)
while the inverse axiom implies that

//ch(\PI,k) = _/‘LCZ(\I’;}C) :

We conclude that

,Ufcz(\I’I,k) =0.

For C # I, we can use the fact that the symplectic group is path con-
nected to find a path Cs € Sp(1) with Cyp = C and C; = I. We then construct
a homotopy ¥y € X(1) defined by

ekt 0 1
\Ifs(t) = \Ifcs7k(t) = C 0 ekt CS

with Wy = Ve i and ¥y = W7 ;. The homotopy invariance axiom of Theo-
rem [2.1] and the result of the previous paragraph then imply

NCZ(\IJCJC) = ch(\p[,k) =0
as claimed. O
Lemma A.6. For any € > 0, there exists a smooth, positive function f. :
R — R* satisfying:
1) fo(x) = 2 whenever |z| > ¢,
2) xfl(x) >0 for all z # 0, and
3) f/(0) > 0.

Proof. Given € > 0 choose a smooth function 5. : R — [0, 1] satisfying
o B.(x)=1for |z| > ¢,
o B.(x) =0 for |z| <e/2, and
e xfL(x) >0 for |z| € (¢/2,¢) (and thus all x € R).

Since [, is compactly supported and vanishes for || < £/2 it follows that the
function z — z~!4'(z) is smooth, compactly supported, and thus bounded.
We can thus find a ¢, > 0 so that
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Be

/

|
[
|
D=
[}
N
™
()

Y

and hence

(A.8) 1 -z '8 (x)ce > 1 — (max:c

for all z € R. Defining

fe(z) = B(x)2” + (1 — B=(2)) (32° + c2)
= %(55(33) + 1)z + (1 — Ba(z))e-
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immediately clear that f. is smooth, positive, and satisfies the first and

third conditions listed in the lemma.

To check that f. satisfies the second condition we compute using z3.(z) >

0, Be(z) > 0, and (A.8]), and find

zfi(x) = @ [3BL(2)2” + (B(x) + D)z — B(z)ce]
= 3l2Bi(2)]2” + (Be(z) + 1)a® — wfl(x)ee

1V
o= 8 0K
SR
—
| 8
8 2
|~
= 8
R T
— ™
o)
o
o
S~—

v

Since %mz >0 for x #0, xfl(x) >0 for all  # 0, and this completes the
proof. O
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