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Motivated by the study of hyperkéhler structures in moduli prob-
lems and hyperkahler implosion, we initiate the study of non-
reductive hyperkahler and algebraic symplectic quotients with an
eye towards those naturally tied to projective geometry, like cotan-
gent bundles of blow-ups of linear arrangements of projective space.
In the absence of a Kempf-Ness theorem for non-reductive quo-
tients, we focus on constructing algebraic symplectic analogues of
additive quotients of affine spaces, and obtain hyperkahler struc-
tures on large open subsets of these analogues by comparison with
reductive analogues. We show that the additive analogue naturally
arises as the central fibre in a one-parameter family of isotrivial but
non-symplectomorphic varieties coming from the variation of the
level set of the moment map. Interesting phenomena only possible
in the non-reductive theory, like non-finite generation of rings, al-
ready arise in easy examples, but do not substantially complicate
the geometry.
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1. Introduction

Some of the most fascinating moduli spaces arise as hyperkahler or algebraic
symplectic analogues of simpler moduli spaces. The classical example is the
moduli space of Higgs bundles over a curve, which contains the cotangent
bundle to the moduli space of vector bundles as a dense open subset. The
theory of Higgs bundles and the Hitchin fibration is extraordinarily fruitful
in several areas of mathematics [8, [10]. Another example is Nakajima quiver
varieties [18], which are algebraic symplectic analogues of moduli spaces of
quiver representations, and play an important role in representation theory.
Each of these spaces, along with their analogues, arises via a quotient pro-
cedure from a group action on an affine space. These examples suggests that
hyperkahler analogues of other moduli problems, particularly those arising
as quotients of affine spaces, might bear similar fruit. One could dream that
such a picture may emerge in the other archetypical moduli problem, the
moduli of curves. Independently, especially given work on hyperkéhler ana-
logues of toric varieties, it is worth asking how much of the basic structure
of hyperkahler quotients can be extended to nice enough projective vari-
eties and their cotangent bundles. In fact, it has recently been shown that
a wide range of projective varieties, including blow-ups of projective space
along projective linear arrangements, can be described as a quotient of affine
spaces by a solvable group action [6]. The moduli space of stable pointed
rational curves M, admits such a description; so one can begin to explore
the dream.

On the one hand, hyperkahler quotients by torus actions have been
extensively studied for many years. On the other, hyperkahler implosion,
recently developed in a series of papers by Dancer, Kirwan and their co-
authors, can be thought of as addressing very special cases of unipotent
actions via the study of a universal imploded cross-section [2H4]. Our moti-
vation is to broaden the class of unipotent actions amenable to a hyperkéhler
quotient-like construction, while staying tied to smooth projective geome-
try, by virtue of using the full solvable group action. In effect, the unipotent
actions to consider are graded in the sense of [I], where the torus action
arises via the universal torsor of the projective variety as in [6]. One can
then elide the technical difficulties of the stratified singularities that arise
in implosion, because these are contained in unstable loci for the torus ac-
tion, for a suitable ample character. The present paper initiates this general
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study by focusing on the base case of linear actions of the additive group
which, when suitably modified to non-linear additive actions and put in a
family together with a Néron-Severi torus action, suffice to realise My, as
a quotient of affine space.

The theory of algebraic symplectic and hyperkahler analogues for reduc-
tive quotients of affine spaces is reasonably well understood following work
of Proudfoot [19], which unifies the construction of hypertoric varieties and
Nakajima quiver varieties. The construction of these analogues is given by
an algebraic symplectic or hyperkéahler reduction of the cotangent lift of the
action, where one takes a quotient of a level set of a moment map on the
cotangent bundle. Over the complex numbers, the algebraic symplectic and
hyperkahler analogues of a reductive quotient of an affine space are home-
omorphic by the Kempf-Ness Theorem [I1], which relies on the fact that
a complex reductive group is the complexification of its maximal compact
subgroup. More precisely, the algebraic symplectic analogue is constructed
by taking a geometric invariant theory (GIT) quotient of the zero level set
of an algebraic moment map by the reductive group and the hyperkéhler
analogue is a topological quotient by the maximal compact group of the in-
tersection of the algebraic moment map zero level set with a smooth moment
map level set.

For non-reductive groups, one does not have a Kempf-Ness Theorem
relating GIT quotients and symplectic reductions and, although one may
expect such a result, it is not clear what shape it should take, as the maximal
compact subgroup of the additive group is trivial. Until this hope is realised,
we can only focus on the algebraic symplectic side; however, we will see
below that the additive algebraic symplectic analogue inherits a hyperkahler
structure via a comparison with a reductive algebraic symplectic analogue.

In the simplest cases the additive theory provides new phenomena. We
show how to produce examples where the ring of invariant functions on the
zero level set of the algebraic moment map is non-finitely generated, and
yet still work with the spaces in practice without difficulty. Strikingly, as
we show in Theorems [3.13] and [3.14] the additive theory, in contrast to the
reductive theory, gives a natural one-parameter family X — C* constructed
as smooth algebraic symplectic reductions at non-zero values in C*, which
is isotrivial as a family of varieties, but not as a family of algebraic symplec-
tic varieties. The central fibre of this family is singular and is the extrinsic
quotient of the zero level set obtained by using invariant functions on the
cotangent bundle (although, there exist invariant functions on the zero level
set which do not extend to global invariant functions on the cotangent bun-
dle). The algebraic symplectic analogue should be a quotient of the zero
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level set of the algebraic moment map, which is singular. However, we avoid
these singularities by presenting an algebraic symplectic reduction which is a
quotient of a dense open subset of the zero level set, determined by stability
analysis; in Proposition [3.16, we show that this algebraic symplectic reduc-
tion is also an open subset of the central fibre of our 1-parameter family
and provides an algebraic symplectic analogue of a dense open subset of the
additive quotient of the affine space. Conveniently, this also circumvents the
need for the ring of invariant functions on this zero level set to be finitely
generated.

A fruitful idea of non-reductive geometric invariant theory is to embed
a non-reductive group in a reductive group and use techniques of reductive
GIT [7]. We can embed G, in SLy as the upper triangular unipotent sub-
group. Over the complex numbers, any linear action of the additive group
extends to SLo and the ring of G,-invariants on the affine space V' is nat-
urally isomorphic to the ring of SLo-invariants on W :=V x A? and so, in
particular, is finitely generated (this is Weitzenbock’s Theorem [21]). Fur-
thermore, we have an isomorphism

V//Gq := Spec C[V]® = Spec C[W]3™ =: W//SLs.

Theorem gives a direct comparison between the algebraic symplectic
structures on the additive algebraic symplectic analogue of V//G, and the
reductive algebraic symplectic analogue of W //SLy, realised as a birational
symplectomorphism differing in codimension at least two. Then, via the
Kempf-Ness Theorem for SLo, we establish a hyperkéhler structure on a
dense open subset of the additive algebraic symplectic analogue, in a way
similar to the implosion picture. Since every linear algebraic group G over
the complex numbers is isomorphic to a semidirect product G, x G, of a
reductive group G, with a unipotent group G, and G, admits a subnormal
series whose quotients are isomorphic to G,, one can perform symplectic
reduction in stages by taking reductions by G, followed by a symplectic
reduction by a reductive group; thus, it suffices to understand additive and
reductive symplectic reductions. Therefore, in this paper, we focus symplec-
tic reduction for the additive group.

The outline of this paper is as follows. Section 2 is a summary of the
reductive quotient theory, detailing algebraic moment maps for cotangent
lifts of the action, symplectic and hyperkéhler reduction and the results of
Proudfoot on hyperkahler analogues. Section 3 addresses the additive case,
describing the moment map and the geometry and stability properties of
the level sets. We study the non-zero level set case and the zero level set
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case separately. The main results are Theorems and describing
the algebraic symplectic reductions for non-zero values in a one-parameter
family, followed by Proposition [3.16] presenting an algebraic symplectic re-
duction of a dense open subset of the zero level set, determined by stability
analysis. Section 4 explicitly compares the additive analogue to the familiar
SLy-analogue, summarised in Theorem [.4] and as a corollary of this result,
we obtain a hyperkahler structure on a dense open subset of the additive
analogue. In Section 5, we show how the whole story relates to projective
geometry, by looking at the cotangent bundle to the blow-up of n points on
P"~2 and the moduli space of pointed stable rational curves. Section 6 is
devoted to examples of computations of rings of additive invariants on the
zero level set of the moment map.
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gesting the study of M ,, and for subsequent conversations. We are grate-
ful to Andrew Dancer and also to Frances Kirwan for helpful discussions,
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2. Algebraic symplectic analogues of reductive quotients

Let G be a reductive group acting linearly on affine space V = AV: i.e., via
a representation p : G — GL(V'). We can construct a GIT quotient of the
G-action on V' by linearising the action on the structure sheaf of V using
a character x : G — (G,; the corresponding GIT quotient is a morphism of
algebraic varieties

S /N

where VX755 is the open set of semistable points in V for the G-action
linearised by x in the sense of Mumford [17]. The GIT quotient V//, G is the
projective spectrum of the ring of y-semi-invariants on V' and is projective
over the affine GIT quotient V//G := Spec C[V]%.

In this section, we study the lift of the G-action to the cotangent bundle
T*V , which is algebraic symplectic with respect to the Liouville form on T*V
and has an algebraic moment map p: T*V — g*. An algebraic symplectic
reduction of the G-action on T*V is given by taking a GIT quotient of a level
of this moment map at a central value of the co-Lie algebra. Finally, we give
a survey of Proudfoot’s construction of an algebraic symplectic analogue of
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V//«G, which, over the complex numbers, is homeomorphic to a hyperkéahler
analogue [19].

2.1. Algebraic moment maps for cotangent lifts of linear actions

We recall that an algebraic symplectic manifold (M,w) over C is a smooth
complex algebraic variety with an algebraic symplectic form w (that is, w is
a non-degenerate closed algebraic 2-form on M). This definition also makes
sense over a more general field k. The classical example of an algebraic
symplectic manifold is the cotangent bundle 7T*X of a smooth algebraic
variety X with symplectic form given by the Liouville 2-form. For an affine
space V = A", if we identify T*V 2 V x V* and take coordinates 1, ..., T,

on V and aq,...,a, on V* then the Liouville form on T*V is given by
n
w= Z dz; A doy.
=1

Let G be an affine algebraic group which acts linearly on an affine space
V = A" via a representation p : G — GL(V'). The cotangent lift of the G-
action to T*V =2 V x V* is given by

g+ (v,7) = (p(g)v,yp(g9)~")

where g € G and we consider v € V' as a column vector and v € V* as a row
vector. The following lemma is well-known, but as we were unable to find a
suitable reference, we include a proof for the sake of completeness.

Lemma 2.1. Let G be an algebraic group and p: G — GL(V) be a G-
representation. Let & € g* be a point which is fized by the coadjoint action.
Then the following statements hold.

(i) The cotangent lift of the G-action on T*V is algebraic symplectic for
the Liouville form w on T*V .

(ii) This action has an algebraic moment map w:T*V — g* (that is, a
G-equivariant algebraic map that lifts the infinitesimal action) given

by
p(v,7) - A= y(Ay) = 7(p«(A)v)
for A e g* = (LieG)* and (v,y) e T*V =V x V*.
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(iii) A point p € p=(€) is a smooth point of the level set u=1(&) if and only
if the G-action on p is locally trivial (that is, the stabiliser group G
is finite).

(iv) Ifp € p=1(€) is a smooth point, then there is a canonical non-degenerate
bilinear form on the vector space

T,(1=(8)) /g

induced by the non-degenerate bilinear form wy, on T,(T*V).

Proof. For (i), we need to show ojw = w, where o, : T*V — T*V denotes
the action of g € G. For p = (v,v) € T*V, we identify T),(T*V) = T*V =
V x V* and write tangent vectors as pairs p’ = (v/,+'). Then

(a;‘w)p(p', p') = wg.p(dpoyg ("), dpag(p”))

=7"(p(g) " p(g)v") =+ (p(g)~"

p(9)v") = wp(p', p").

For (ii), we first check the equivariance of u: for g € G, A € g and (v,7) €
T*V, we have

(g - (v,79) - A= p((p(g)v,v0(9)™")) - A=vp(g) " px(A)p(g)v
= vad,(g)-1 (p«(A))v = adg(u(v, 7)) - A.

It remains to check that the moment map lifts the infinitesimal action. The
infinitesimal action A, € T,(T*V) of A€ gon p = (v,7) € T*V is given by
A = (po(A)v,7p-(—A4)). Then

(2.1) wp(Ap, p') = 7' pa(A)v — yp (AN
=7 ps(A)v + ypi (A = dpp(p) - A

as required.

For (iii), p is a smooth point of x~1(¢) if and only if d,u is surjective.
By the infinitesimal lifting property of the moment map, we see that p
is smooth if and only if g, = 0 (or, equivalently, if and only if G, is finite).

Statement (iv) follow from an algebraic version of the Marsden—Weinstein
and Meyer Theorem [14], 15]. Let us briefly sketch the proof. By the preim-
age theorem, we have 7T, plfl (&) C kerdp,p. Moreover, the vector spaces kerd,
and T, (G - p) are orthogonal complements with respect to the bilinear form
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wp, as ¢ € kerd,, if and only if
dpp(Q)-A=0VA e g < wy(4,,()=0VAecg < (e T,(G p)*.

Therefore, T,(G - p) C T,(p~1(€)) = kerdpp = T,(G - p)“»; that is T,(G - p)
is an isotropic subspace of (1,(T*V),wp) and there is an induced non-

degenerate bilinear form wj, on

Tp(G - p)r JTy(G - p) = Tp(u ' (€))/9

defined by wy,([C1], [C2]) := wp(C1, C2), where the above isomorphism uses the
infinitesimal action g — T,,(T*V'), whose image is T),(G - p) and whose kernel
gp is zero, as p is a smooth point). O

The level sets of an algebraic moment map p: T*V — g* are closed
algebraic subvarieties of 7*V, and so are affine algebraic varieties, which are
smooth if the level set is taken at a regular value of p (that is, if and only if
G acts locally freely on this level set). Moreover, for central elements & € g*,
the level sets ©~1(£) are invariant under the linear G-action.

2.2. Algebraic symplectic reductions for reductive groups

For the moment, we restrict ourselves to reductive groups G in order to take
a reductive GIT quotient of the G-action on the level sets of the moment
map for the cotangent lift of this action. In the following section, we will
consider non-reductive groups.

Definition 2.2. Let G be a reductive group acting linearly on V and alge-
braically symplectically on (7*V,w) with algebraic moment map p : T*V —
g* as above. Let x be a character of G and £ € g* be a central element; then
we refer to (x, &) as a central pair. The algebraic symplectic reduction of the
G-action on (T*V,w) at a central pair (x, &) is the GIT quotient of the linear
G-action on the affine algebraic variety 1 ~!(&) with respect to the character
defined by x, we denote this as follows

T=T(ye) pHEX T — i H(€) /4G

Remark 2.3. Over the complex numbers, for any £ € g*, one can construct
a holomorphic symplectic reduction of the G-action on T*V at & as the topo-
logical quotient u~1(£)/G. If € is a regular value of x and the G-action on
pu~L(€) is free and proper, then = 1(€)/G is a holomorphic symplectic man-
ifold by a holomorphic version of the Marsden—Weinstein—-Meyer Theorem.
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In a more general setting, one can defined a stratified holomorphic symplec-
tic structure along the lines of [12]. In this case, the holomorphic reduction
and the algebraic symplectic reduction at the trivial character are related
by the natural map

pHO/G = nTHO//G

which is surjective, but not necessarily injective. The algebraic and holo-
morphic reductions coincide if all points of ©=1(£) are stable.

We now state an algebraic version of the Marsden—Weinstein—-Meyer
Theorem.

Proposition 2.4. Let G be a reductive group acting linearly on an affine
space V and consider the algebraic symplectic reduction p='(€)//xG of the
G-action on T*V at a central pair (x,§). If G acts (set theoretically) freely on
&)X, then p=1(€) //xG has a unique structure of a algebraic symplectic
manifold compatible with that of T*V .

Proof. The assumption that G acts on the GIT semistable set p~!(£)X~5¢
with trivial stabiliser groups, implies that p=1(&)X™% = p=1(&)X7%%, as all
orbits have top dimension and so must be closed. Hence, the G-action on
the GIT semistable is scheme theoretically free (i.e., set theoretically free

and proper) and, moreover, the semistable set is contained in the smooth
locus of x~1(¢) by Lemma The GIT quotient

m X = TN ()//XG

is a geometric quotient, which is smooth and, in fact, a principal G-bundle
by Luna’s étale slice theorem [13].

To prove the existence and uniqueness of the algebraic symplectic form
on u=(€)//yG, we can use an algebraic version of the Marsden—Weinstein—
Meyer Theorem: by Lemma the Liouville form w determines a non-
degenerate two form on p~1(£)// G, which is closed, as w is closed. O

For semisimple groups, such as SL,, we only have the trivial character
x =0 and the trivial central value £ = 0. For the central pair (0,0), the
hypothesis of this proposition are never satisfied, as all points are semistable
and 0 € ~1(0) is a fixed point of the linear G-action. In cases when the
hypothesis of this proposition fail, we cannot expect to have a stratified
symplectic structure analogous to [12], as the GIT quotient can identify
orbits of different dimensions and the stratification in loc. cit. is obtained
using the conjugacy class of the stabiliser subgroups.
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Instead, we show there is an open subvariety of the algebraic symplectic
reduction which admits the structure of an algebraic symplectic manifold.
Since the GIT quotient restricts to a geometric quotient on the stable locus,
one may expect to use the stable locus as this open subset. However, we
cannot take the whole stable locus as the presence of non-trivial but finite
stabiliser groups can cause singularities in the geometric quotient (for ex-
ample, the Kleinian surface singularities have a GIT quotient construction
given by a finite group acting linearly on A2, for which all points are stable).

Lemma 2.5. Let G be a reductive group acting linearly on V = A" and
(x; &) be a central pair. Then there exists an open subvariety of u=1(£)//G
admitting a unique structure of an algebraic symplectic manifold compatible
with T*V .

Proof. Let m: pu=1(€)X=%% — n=1(€)//xG denote the GIT quotient, which
restricts to a geometric quotient p~!(&)X™% — p~1(€)X%/G. The smooth
locus of p~1(£)X~%/G inherits an algebraic symplectic structure following
Lemma 2,11 O

2.3. The algebraic symplectic analogue

The inclusion V' C T*V, as the zero section, realises V as a Lagrangian
subvariety of T*V. In fact, the zero section V is contained entirely in the
zero level set of the algebraic moment map and, as G is reductive, the G-
equivariant closed immersion j : V < x~1(0) induces a closed immersion

7 VIIXG = 17 H(0) /G-

If the G-action on 1 ~1(0)X75¢ is free, then 1 ~1(0)//, G is a smooth algebraic
symplectic variety and j is Lagrangian, as V C T*V is Lagrangian.

Definition 2.6. The algebraic symplectic analogue of V//, G is the alge-
braic symplectic reduction of the G-action on T*V at the central pair (x,0).

The above terminology comes from Proudfoot’s notion of a hyperkahler
analogue [19]. We rephrase Proposition 2.4 of loc. cit. in terms of the alge-
braic symplectic structure.

Proposition 2.7 ([19], Proposition 2.4). Let G be a reductive group
acting linearly on an affine space V' with respect to a character x : G — Gy,.
If the G-action on p=1(0)X=% is free and VX~5% is non-empty, then
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i) V//xG is an Lagrangian submanifold of u=1(0)//G, and
ii) T*(V//4G) is a dense open subset of u=1(0)//,G.
More generally, one has the following result.

Corollary 2.8. Let G be a reductive group acting linearly on an affine space
V' and x be a character of G. Then there exist open subvarieties U C V//\ G
and U' C = 1(0)//xG with a commutative square

U/

™

V) G (0) )G

whose horizontal maps are closed immersions such that
(i) U’ is an algebraic symplectic manifold;
(ii) U is a Lagrangian subvariety of U’;

(i) T*U is an open set of U', which is dense if non-empty.

Proof. Let U C VX~%/G and U’ C p=1(0)X=%/G denote the smooth loci of
the geometric quotients of the stable sets. Then U’ is an algebraic symplectic
manifold by Lemma and the remaining parts follow in the same way as
in the proof of Proposition 2.7} O

2.4. Hyperkahler reduction

Over k = C, the above algebraic symplectic quotient constructions are re-
lated to a hyperkahler quotient construction. The starting point is the ob-
servation that the cotangent bundle of a complex affine space V' = A is not
only algebraic symplectic: the holomorphic symplectic form w = wc is part
of a hyperkahler structure on T*V coming from an identification T*V = H"
where H denotes the quaternions.

Let 1,4, 7, k denote the standard basis of the quaternions H; then we
recall that the standard flat hyperkédhler structure on H™ comes from the
Quaternionic Hermitian inner product @ : H" x H" — H given by

n

Q(z,w) = Z zlw;r

=1
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where T denotes the Quaternionic conjugate. The triple of complex structures
1,J,K on H" are given by left multiplication by 4, j, k and the hyperkéahler
metric g and corresponding kéahler forms wr, w;, wi are given by the following
formula

Q=g+ iwr+ jwy+ kwg.

We identify T*V =2 H" by (v,v) — (v1 —Y1J,...,Un — Ynj) and write the
corresponding hyperkéahler structure on T*V as (g,wr,wy,wg). If we take
coordinates x1,...,x, on V and aq,...,a, on V*, then

n n
WR = % (dek AN dTy + dag A dak> and wc = Zd:ck A day,.
k=1 k=1

Let G be a complex reductive group with maximal compact subgroup K;
then G is the complexification of K. Suppose that we have a linear G-action
on V such that K acts unitarily. Then we can consider the cotangent lift of
the K-action to T*V. In this case, the triple of Kéhler forms are preserved
by the action of K on T*V and, moreover, this K-action on T*V is hyper-
Hamiltonian; that is, it has a hyperkahler moment map given by a pair
of moment maps pgx = (ur, pc) for the symplectic forms (wg 1= wr, we :=
wyj + iwg ). More precisely,

pr : TV — ¢ R (v, ) = p(v) — p(y)
pc TV — g* = & pe(v,y '

Remark 2.9. The action of the maximal compact group K is hyper-
Hamiltonian, not the action of . For non-reductive groups, there is no
longer a bijective correspondence with compact groups; thus, it is not im-
mediate how one should construct a theory of hyperkahler reductions for
non-reductive groups.

Let (x®,xc) be a regular value of the hyperkéhler moment map that
is fixed by the coadjoint action. Then the hyperkahler reduction of the K-
action on T*V at (xr, xc) is defined to be

T VIl (xaone) K = 1 (Ocs X)) /K = (g (xw) N gt (xe)) /K.

If the K-action on the level set ,ul_{lK( (xR, xc)) is free, then this hyperkéhler
reduction has a unique hyperkahler structure compatible with the hyper-
kéhler structure on the cotangent bundle by [9].
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The hyperkéhler reduction is the (smooth, rather than algebraic) sym-
plectic reduction of the K-action on pg 1(X(C) with respect to xr. Hence, by
work of Kempf and Ness [I1], the hyperkdhler reduction is homeomorphic
to the GIT quotient of G = K¢ acting on pi¢ 1()(@) with respect to the char-
acter of G corresponding to yr (that is, the algebraic symplectic reduction
of G acting on TV with respect to the central pair (xr, xc))-

Proudfoot proves the following result using the Kempf-Ness homeomor-
phism and the argument outlined in Proposition

Proposition 2.10 ([19], Proposition 2.4). Let G be a complez reductive
group acting linearly on V = A¢ and let x € € be fized by the coadjoint ac-
tion. If x is a regqular value of the moment map p and (x,0) is a regular value
of the hyperkdihler moment map ppk, then T*(V//\G) is homeomorphic to
an open subset of the hyperkdhler reduction T*V////\ K which is dense if
non-empty.

3. Algebraic symplectic analogues of quotients of
Ggq-representations

In this section, we study linear actions of the additive group G, = C* on
an affine space V := A" over the complex numbers. We restrict to the field
of complex numbers k = C, as in this case, the ring of invariants C[V]C« is
finitely generated. In this section, we describe the construction of an alge-
braic symplectic analogue of an open subset of V//G,.

3.1. Non-reductive GIT for representations of the additive group

Let G, act linearly on V = A™ over the complex numbers. A key idea of
non-reductive GIT is to transfer a non-reductive GIT problem to a reductive
setting by embedding the non-reductive group in a reductive group; see [7].
We fix a closed embedding G, < SLs as the unipotent subgroup in the
upper triangular Borel subgroup of SLs. In this case, the representation
p: Gy — GL(V) factors via the embedding G, < SLs by the Jacobson—
Morozov theorem (alternatively, we can extend the action to SLy by putting
the derivation of the Gg-action in Jordan normal form). Then

C[V]C = C[V xg, SLa|™ 2 C[V x SLy/G,]>™
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and as, moreover, SLy/G, = A? — {0} has a normal affine completion A2
with complement of codimension 2, it follows that

Cvie = cwt,
where W :=V x AZ. In particular, C[V]C« is finitely generated.

Definition 3.1. For a linear G,-action on an affine space V = A", the
non-reductive enveloping quotient is the morphism of affine varieties

q:V = V//G, := Spec(C[V]C).

The term enveloping quotient was introduced in [7] to emphasise the fact
that the morphism ¢ is not surjective in general (for example, the enveloping
quotient for the G,-representation V = Sym!(A2)®2 is not surjective). A
further difference of non-reductive actions is that taking invariants is not
exact and so, for an invariant closed subset Z of V', there may be intrinsic
invariants to Z which do not extend to invariants on V. For a detailed
comparison of reductive and non-reductive GIT, see [7].

The enveloping quotient restricts to a better behaved quotient on certain
stable sets defined in [7]. To define these sets, consider the G,-equivariant
embeddings

i't VoL Vxg SLe — W=VxAZ — P:=PAxW)

—

v v, I] = (v,(1,0)) — [1:v:1:0],

where SLy acts trivially on the copy of A! appearing in P. Since SLy has no
non-trivial characters, the line bundles Oy s, and Op(1) admit canonical
SLs-linearisations and we can consider the (semi)stable sets for the reductive
group SLg in the sense of Mumford. In the terminology of [7] Definition 5.2.5,
the pair (P, Op(1)) is a fine reductive envelope for the G,-action on V.

Definition 3.2 ([7], Definitions 5.1.6 and 5.2.11). For v € V', we make
the following definitions.

1) v is Mumford (semi)stable for the Gg-action on V if i(v) is SLa-
(semi)stable in V' xg, SLo.

2) v is completely (semi)stable for the Gg-action on V if ¢/'(v) is SLo-
(semi)stable in P.

Let V™) and V(®)* denote the Mumford (semi)stable and the completely
(semi)stable sets respectively.
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Although the definition of the Mumford (semi)stable locus depends a
priori on the choice of an embedding of G, into a reductive group, it turns
out that this notion is intrinsic to the G, action (cf. [7] Proposition 5.1.9).
The following theorem relates these concepts.

Theorem 3.3 ([7], Theorem 5.3.1). For G, acting linearly on V = A",
there is a commutative diagram

V§( Vms — Vmss( Vﬁ — V

| | |

V3G —— V™ |G, —=V//G

where all horizontal maps are open inclusions, the two left most vertical
maps are locally trivial geometric quotients, and the right vertical map is the
enveloping quotient.

The completely (semi)stable sets can be computed using the Hilbert—
Mumford criterion for the SLo-action on P = P(A! x V x A2). As the SLy-
action on the line Al is trivial, we see that i'(v) = [1:v:1:0] is always
semistable and so V' = V. Let Ty C SLs be the diagonal torus; then T acts
with weight zero on A! and, as SLo acts on A2 by its standard representation,
the T weights on A% are (41, —1). Hence, the Ty-weight set of i'(v) already
contains the weights 0 and 1. We state and prove a well-known result that
describes the completely stable locus.

Proposition 3.4. Let G, act linearly on V =2 A™; then the complement to
the completely stable set is the non-negative weight space for the diagonal
torus Ty C SLg acting on V.

Proof. Tt is straight forward to verify that SLo-stability of #/(v) is equivalent
to Ty-stability of ¢’(v), because [0:0:1:0] has a negative and a positive
weight for all tori T" # T,; which are obtained by conjugating T; by an ele-
ment in the upper triangular Borel. By the Hilbert-Mumford criterion, i'(v)
is Ty-stable if and only if v € V has a negative Ty-weight, as i'(v) already
has a positive T -weight. O

3.2. The moment map for the cotangent lift

Let G, act linearly on V' = A™ over the complex numbers; then this extends
to a linear SLo-action p : SLy — GL(V'). We can consider the cotangent lifts
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of these actions and their associated moments maps, as well as the cotangent
lift of the SLg-action on W :=V x A? using Lemma All these moment
maps can be described using the moment map psy, v : T*V — sl; for the
SLy-action on T*V .

We identify T*V = V x V* and consider points x € V' as column vec-
tors and points a € V* as row vectors. The algebraic moment map psy,,v :
TV — sl3 is given by

(3.1) sty (@) - B = a(p.(B))

where p, : slo — gl(V') denotes the derivative of the representation p. Let

1 0 0 1 0 0
a0 h) e=(0a) #-(0)
denote the standard basis of sly and let H*, E*, F* denote the dual basis of
s[5. Then, using this basis, we can write

psi,v(z, o) = @y (z, ) H* + ®p(z, ) E* + @p(z, ) F*
where @, P, Pr are algebraic functions on 7%V

Remark 3.5. It is clear from the expression for the moment map
that if our SLo-representation V' decomposes as a sum of SLo-representations
V =V’ ® V", then the moment map on T*V is the sum of the moment maps
for each summand; that is, usr, v = psL, v’ + HUSL,, V-

Thus, it suffices to compute pgsy, v for irreducible SLa-representations V.

Example 3.6. Let us consider the irreducible SLy-representation Vi4q :=
Sym*(C?) of dimension k + 1. The G,-action on V. is given by the repre-
sentation G, — GL(Vj41)

1 (F)e (5)¢ c*
0 1 (kIl)c ekt
cr 0 1
0 c
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The derivative of the SLs-representation gives the infinitesimal action sly —
glet1

kh ke 0 0
f (k=2h (k—1)e
h e
<f T > =1 0 2 0
: .. .. .. e
0o ... 0  kf —kh
We take coordinates © = (x1,...,2k+1) on Vg and a = (g, ..., aprq)

on V¥, and identify T Vi1 = Viyq x Vi7 . Then the cotangent lift of the
SLo-action on Vi1 has moment map

where
k
ok (z,0) = Z(kz — 2J)xj 410541,
§=0
k k
Ph(z,0) =Y (k+1—jlzja; and Ph(r,a) =Y jrjajn
j=1 j=1

and the G,-action has moment map ug, v,,, = @% TV — C.

Since the subgroup G, < SLs corresponds to the 1-dimensional Lie sub-
algebra of sly spanned by the basis vector E, the algebraic moment map
pG,,v : T*V — (LieG,)* = C for the G,-action on TV is given by ®p.
Remark 3.7. Under the isomorphisms

(C[T*V]G“ =~ C[T*V x AZ]SI“ ~ (C[T*V] [u,v])SL2,
the Gg-invariant function ® g corresponds to the SLs-invariant function

f=u’®p —uwwdy — v’ Pp.

Indeed, ®p is obtained by evaluating f at (u,v) = (1,0) and f is SLo-
invariant, as psr, v is SLo-equivariant.
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As the SLo-representation W is the direct sum of V' and the standard
SLy-representation A2, the moment map for the SLo-action on T*W is the
sum of the moment maps for SLo-acting on T*V and T*A2. By Example
the moment map for the SLy-action on T*A? is given by

USLy,a2 (U, v, A, 0) = (uX — vn) H* + vAE™ + unF*
where (u,v,\,n) € A% x A%)*. Hence, usp, w : T*W — sl} is given by

(3.2) psL,w (z,7) =(Pu(z, o) + ul —on)H* + (Pg(x, o) + vA)E*
+ (Pp(z, ) + un)F*,

where 2 = (x, (u,v)) €W =V x A2 and vy = (a, (\,n)) € W* 2 V* x (A?)*,

Remark 3.8. Let ¢ : T*V < T*W be the G,-equivariant inclusion (z, o) —
(z,(1,0),,(0,1)). Then there is a commutative diagram

v e ¢

L]

T*W ——sl3

HSLo, W

where sl5 — C = Lie (G,)* is the projection map induced by the inclusion
Ga — SL2

3.3. The geometry of the level sets of the moment map

We continue to use the notation above: let V' be a complex G,-representation
and let W =V x A? be the associated SLs-representation. As above, we
write the moment map for the SLs-action on T*V as

USL, v = Py H* + PpE* + dpF”

and we write the moment map for the G,-action on 7%V (resp. SLe-action
on T*W) as

pg, : T7V = C (resp. psr, : T*W — sl3).

As every element £ € C = (LieG,)* is central, every level set Hy (&) :=
u@j({) is a Gg-invariant closed subvariety of T*V. Henceforth, we exclude
a degenerate case: if the G,-action on V' is trivial, then pg, = 0 and so the
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level sets are either empty (for £ # 0) or equal to the whole cotangent bundle
T*V (for £ = 0).

We first describe the level sets for the G,-representations Vi1 =
Sym*(C?).

Lemma 3.9. For k> 1, let Viyq := Sym*(C?) be the (k + 1)-dimensional
irreducible SLa-representation and let ug, v, ., : T*Vii1 — C be the moment
map for the cotangent lift of the G,-action. For § € C, the level set Hi(&) :=
”ﬁ_}j,VkH(Q is a quadric affine hypersurface in T*Vi1. Moreover, these hy-

persurfaces have the following properties.

1) Hi(§) is irreducible if and only if £ #0 or k > 1. The hypersurface
H1(0) has two irreducible components, which are both isomorphic to
A3,

2) Hy(&) is non-singular if and only if £ # 0.

3) For& =0, the singular locus is the Gq-fized locus; that is, Sing Hy(0) =
(T*Vig1)Ce.

4) Hy(0) is normal if and only if k > 1.

Proof. We use the explicit form of the moment map

k
“Ga,7Vk+1($7 Oé) = Z(k - ] + 1)1’j+10&j.

j=1

given by Example As this is a homogeneous quadratic function, the
corresponding level sets are affine quadric hypersurfaces. We note that each
monomial appearing in this hypersurface equation involves distinct variables
and, for £ > 1, we have more than one such monomial; thus, for k& > 1, the
hypersurface Hy(§) is irreducible. If k = 1, then ug, v, (2, o) = x2a7 and the
hypersurface Hy () is irreducible if and only if £ # 0.

The singular loci of these hypersurfaces are

Sing Hy(§) :={(z,a) € Hy(§) 22 = = Tpp1 =y = -~ = oy, = 0}.

In particular, Sing Hy(§) is empty for £ # 0. Conversely, for £ = 0, the sin-
gular locus of Hy(0) is isomorphic to A? and coincides with the G,-fixed
locus

(T*Vir1)® ={(z,0) : 29 = - = 2341 =y = --- = oy, = 0} = Sing Hy(0).
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Since codim(Sing H(0), H(0)) = 2k +1 — 2 = 2k — 1, we see that Hy(0) is
non-singular in codimension 1 if and only if k£ > 1. In particular, H;(0) is
not normal, as it fails to be non-singular in codimension 1. Since normality
is equivalent to regular in codimension 1 and Serre’s S2 condition, which
automatically holds for irreducible affine hypersurfaces (for example, see
[16] I1I §8 Proposition 2), we conclude that, for k > 1, the hypersurfaces
Hj,(0) are normal. O

We can then extend this to any G,-representation using Remark

Proposition 3.10. LetV be a (non-trivial) Go-representation and let ug, :
T*V — C denote the moment map for the cotangent lift of this action. For
¢ € C, the level set Hy(§) := Méi(ﬁ) is an affine quadric hypersurface in
TV with the following properties.

1) Hy (&) is irreducible if and only if €#0 or V #Sym?!(C?)@Sym?(C?)®n
as an SLo-representation, for some n > 0.

2) Hy (&) is non-singular if and only if £ # 0.

3) For& =0, the singular locus is the Gq-fized locus; that is, Sing Hy (0) =
(T*V)Ce

4) Hy(0) is normal if and only if V # Sym!(C?) @ Sym®(C?)®", as an

SLo-representation, for some n > 0.

Proof. We extend the G4-action on V' to SLo and decompose V' as a sum of
irreducible SLa-representations

V = Sym" (C?) @ - - - @ SymF= (C?).

On Sym*i (C?) (resp. Sym*: ((CQ) ), we take coordinates x(j) . xg)ﬂ (resp.

agj), . oz,(C )+1) By Remark we have

pe, (T, o) = ZMGa,kj (@, al) = Z (kj+1— i)xii)ﬂ(])
= j=1 i=1

Hence

Sing Hy (§) :== {(z,a) e Hy (&) : xgi)l—a() 0 for 1<j<m, 1<i<k;}
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and we see that 1), 2) and 3) hold. We prove 4) as in Lemma we have

m m
codim(Sing Hy (0), Hy (0)) = > " 2(k;j +1) =1 —2m =2 k; —1
j=1 j=1
where k; > 0, for j =1,...,m, and, as he action is non-trivial, there is at

least one j such that k; > 0. Hence, codim(Sing Hy(0), Hy(0)) > 1, with
equality if and only if there exists jo such that kj, =1 and k; = 0 for all
§ # jo (that is, if and only if V = Sym!(C?) @ Sym®(C?)®™~1). In exactly
the same way as in the proof of Lemma Hy (0) is normal if and only if
V # Sym!(C?) @ Sym®(C?)®" for some n > 0. O

3.4. (Semi)stability on the level sets of the moment map

Let (T*V)® be the completely stable set for the Gg-action and write
Hy ()% := Hy (&) N (T*V)*® (that is, the completely stable set determined
with respect to the ambient invariants on 7*V).

Lemma 3.11. Let V be a (non-trivial) G,-representation; then fix an ex-
tension to SLo and write V as a sum of irreducible SLy-representations

V = Sym* (C?) & - -- @ Sym* (C?)

and take coordinates CL‘gj) ,x,(CJJ)Jrl (resp. agj) ...,a]({ill) on Sym*i (C?)

(resp. Sym*i (C%)*). Then the complement to the completely stable locus

TV — (T*V)* is given by

{(z,a): agj) :a?](ﬁi)-i-Q—i =0for 1 <j<m,1<i<]Jkj/2]}.

Proof. This is a direct consequence of Proposition [3.4] and the fact that
the weights for the diagonal torus Ty C SLy acting on Sym*(C?) are k, k —
2,...,—k+2,—k and, dually, the Ty-weights on Sym”(C?)* are —k, —k +
2,...,k—2,k. O

An important consequence of this is the following result.
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Corollary 3.12. Let V be a G,-representation with moment map ug, :
TV — C; then

pe, (T*V — (T*V)*) = 0.
In particular, if pg,(z, ) # 0 then (z,a) is completely stable and so, for

¢ # 0, the hypersurfaces Hy (§) := ,u,a (&) are completely stable everywhere;
that is, Hy (£)° = Hy (€). Furthermore, Hy (0)° C Hy (0) — Hy (0)Ce.

Proof. From the proof of Proposition [3.10] the moment map is given by

k; ‘ ‘
(kj +1— i)xgi)lal(]) + Z (kj +1— i)a:z(-i)lagj)
j=1\ i=1 i=[k; /2]+1

=

&

Q
£

|
M5

On T*V — (T*V)?, the first part of this expression vanishes, as the ozgj s are
zero for 1 <i < [k;/2], and the second part vanishes, as the azgi)ls are zero

for [k;j/2]+1<i<k. O
3.5. Algebraic symplectic reduction at non-zero values

In this section, we construct an algebraic symplectic reduction of the lin-
ear G,-action on T*V at £ € C* by taking the G,-quotient of the level set
Hy (&) = M@j (&). We first describe this quotient.

Theorem 3.13. Let G, act linearly on an affine space V with moment
map pg, : T*V — C. For § # 0, consider the hypersurface Hy (§) := ,uéi (€).
Then we have the following:

i) Hy(£)® = Hy(§)™ = Hy (§),

i) Hy (&) admits a locally trivial geometric quotient Hy (£)/Gg, which is
smooth,

iii) Hy (€)/Gy is affine and so C[Hy (€)]® is finitely generated,
iv) all invariants in C[Hy (€)% are restrictions of invariants in C[T*V %,

v) Hy (&) = Hy(§)/Gq is a trivial Gg-torsor.

In particular, we have Hy (€)/G, = Hy(€)//G, := Spec C[Hy (€)]% and the
non-reductive quotient w: Hy (§) — Hy (£)//Gq is surjective.

Proof. The first statement is Corollary and it follows that there is a
Zariski locally trivial geometric quotient Hy (§) — Hy (§)/G,. By Proposi-
tion Hy (&) is smooth and so the quotient Hy (§)/G, is also smooth
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which gives ii). The quotient Hy (£)/G, is a priori only quasi-affine; how-
ever, we will show that SLs x¢, Hy (§) is affine and deduce from this that
the quotient is affine. Consider the closure

SL2 XGQ Hv(g)

of SLy xg, Hy(€) in A? x T*V. By Remark this hypersurface is defined
by the vanishing of f — & where

f=u*®p —uwwdy — v’ Pp.

The boundary, which is given by setting (u,v) = (0,0), is empty and so
SLa xg, Hy () is affine. As the reductive GIT-quotient of an affine variety
is affine, it follows that

Hy(£)/Gq = (SLa x¢, Hy(£))/SLe

is affine. Hence, Hy (§)/G, is affine and so has finitely generated coordinate
ring
ClHy (§)/Ga] = C[Hy (€)]* = C[SL2 xe, Hy ()],

Moreover, we have a surjection
CT*V]® = C[T"V x A% — C[SLa xg, Hy (§))*"* = C[Hy (¢)]*"

which completes the proof of iii-iv).

Finally, to show Hy () — Hy(§)/G, is isomorphic to the trivial G-
torsor, we show there exists a function o € C[Hy (£)] whose derivation under
the G,-action is 1, which gives a section perpendicular to the G,-action
that enables us to define an isomorphism with the trivial G,-torsor over
Hy (€)/Gg. More precisely, we claim that there exists ¢’ such that pg, =
D(¢’), from which it follows that o := ¢’/£ has derivation 1 in C[Hy (£)]. Tt
suffices to provide o’ for the irreducible SLo-representations V = Sym” C2: if
we take coordinates x;, a; on T*V as above, then, for appropriate choices of

constants \;, the image of o’ := Z?:Jrll Aiz;a; under the derivation is ug,. U

The following theorem proves that the algebraic symplectic reductions
Hy (€)/G, are algebraic symplectic manifolds, which fit together to give a
1-parameter family of algebraic symplectic reductions. Moreover, the fibres
of this 1-parameter family are isomorphic as algebraic varieties, but not as
algebraic symplectic varieties; instead, they are ‘scaled symplectomorphic’
to each other.
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Theorem 3.14. For £ # 0, the quotient X¢ := Hy (§)/Gq is an algebraic
symplectic manifold with symplectic form we induced by the Liouville form
w, which form a 1-parameter family

ch—>.)(

{—— C

where Hy (C*) := ,u(;j(@*) — X := Hy(C*) /G, is a trivial Gy-torsor. Fur-
thermore, for &1,& € C*, there is an isomorphism

D¢, 6, Hy (61)/Ga — Hy (€2)/Gq

of algebraic varieties which scales the symplectic forms as follows: {awe, =
61 (I)Zl 752w£2 :

Proof. By Theorem the quotient Hy (£)/G, is a smooth affine variety
for £ # 0 and, moreover, it has an algebraic symplectic form we induced by
the Liouville form w on T*V by Lemma

The linear action of G, on the affine space T*V has finitely generated
ring of invariants and so we can consider the non-reductive enveloping quo-
tient 7 : T*V — T*V//G, := Spec C[T*V]® which restricts to a Zariski lo-
cally trivial geometric quotient on the completely stable locus. By Corol-
lary

Hy(C*) := pgl(C*) C (T*V)°

and so Hy(C*) — Hy(C*)/G, is a Zariski locally trivial geometric quo-
tient. The morphism X := Hy (C*)/G, — C* defining this 1-parameter fam-
ily is given by the Gg-invariant function pg, and restricts to the quotient
Hy(€)/G, at £ € C*, as every Gg-invariant function on Hy (§) extends to
a Gg-invariant on T*V. Moreover, Hy (C*) — Hy (C*)/G, is a trivial Gg-
torsor, as the derivation of the function o’/ug, € C[Hy (C*)] = C[T*V],,
is 1, where ¢’ is the function appearing in the proof of Theorem 3.14.

Let ¢ : T*V — T*V be the map given by multiplication by C = & /&
on V and the identity map on V*; this map restricts to a G,-equivariant
isomorphism

¢ Hy (1) = Hy(&2)

and induces an isomorphism of quotients

(O3 HV(&I)/G(I — Hv(§2>/Ga.
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The pullback of the Liouville form w on T*V via ¢ : T*V — T*V satis-
fies ¢*w = Cw. Let m¢ : Hy(§) = Hy(£)/G, be the quotient map and i¢ :
Hy (&) — T*V be the inclusion; then

e, ®7(We,) = ¢, (We,) = @i, (W) = ig, @7 (w) = ig, (Cw) = O, (we),
and, as g, is surjective, it follows that ®*(we,) = Cuwe,. O

Following the proof of this result, we are able to describe the central
fibre of this 1-parameter family.

Corollary 3.15. The central fibre of the 1-parameter family X = Hy (C*) /G,
constructed above from the algebraic symplectic reductions of the Gg-action
onT*V at non-zero values is the zero fibre of the morphism ug, : T*V//Gq —
C. More precisely, there is a Gg-invariant morphism

Hy(0) — Xy = Spec C[T*V]® /(ug,)

constructed using the extrinsic Gg-invariant functions on the ambient space

V.

At this point, we should emphasise that in general, the hypersurface
Hy(0) C T*V admits G,-invariant functions which do not extend to T*V
and so there is a non-surjective homomorphism

CIT*V]® /(ug,) — ClHyv(0)]*

and, if the latter is finitely generated, then we have a morphism of affine
varieties

Hy (0)//Gq := Spec C[Hy (0)]% — Xp.

We should also point out that the hyperkahler metric on T*V is not
preserved by the G,-action and so does not automatically give a hyperkahler
metric on these algebraic symplectic reductions.

3.6. Constructing the algebraic symplectic analogue

The non-reductive quotient V//G, will often be singular, as not all points
in V are stable (for example, the origin has full stabiliser group, so is not
stable). Therefore, we can only expect to provide an algebraic symplectic
analogue of an open subset of this quotient.
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Proposition 3.16. Let V' be a G,-representation. Then the open set U :=
V3 /Ga C V//Gq has an algebraic symplectic analogue U’ := Hy (0)/G,; that
is, we have the following.

(i) There is a closed immersion U — U’.

(i1) U’ is an algebraic symplectic manifold, with algebraic symplectic form
W' induced by the Liouville form w on T*V .

(iii) U Cc U’ is a Lagrangian subvariety.
(iv) T*U is an open subset of U' which is dense if non-empty.

(v) U’ is an open subset of the central fibre Xy of the 1-parameter family
X.

Proof. As V¥ C V is open and the quotient V® — U := V3 /G, is a Zariski
locally trivial geometric quotient, U C V//G, is a smooth open subvariety.
The hypersurface Hy (0) is singular, but the completely stable locus avoids
the singularities:

Hy(0)° € Hy(0) — Hy(0)%* = Hy (0)reg

by Proposition and Corollary Hence, as Hy (0)* — Hy(0)5/G, =:
U’ is a Zariski locally trivial geometric quotient, U’ is also smooth. Since the
completely stable locus is determined by the extrinsic invariants on T*V, it

follows that V' N Hy (0)°* = V® and we have a pullback square

VS——=Hy(0)%,

|

V——Hy(0)

such that both horizontal morphisms are closed immersions. It follows that
the induced map on G,-quotients U — U’ is also a closed immersion.

The algebraic symplectic structure on U’ is a consequence of the alge-
braic version of the Marsden-Weinstein-Meyer Theorem and the fact that
U c U’ is a Lagrangian subvariety follows from the fact that V C T*V is a
Lagrangian subvariety. The proof of statements (iii) and (iv) follow exactly
as in the proof of Proposition

For (v), we recall that the central fibre Xy of the 1-parameter family X is
the G,-quotient of Hy (0) obtained using only the G,-invariant functions on
T*V. Since the completely stable locus Hy (0)® is determined using invariant
functions on T*V, the Zariski locally trivial geometric quotient Hy (0)% — U’
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is obtained by restricting Hy (0) — Ap and so, in particular, U’ is an open
subset of Xj. O

The completely stable set Hy (0)® is determined using only the ambient
Gg-invariants on the affine space T*V. However, there may be additional
intrinsic G4-invariants on Hy (0) which do not extend to invariants on 7%V,
as the homomorphism

C[T*V]® — C[Hy(0)]%

is not surjective in general. Since the G,-action on Hy (0) does not extend
to SLg, we cannot conclude that C[Hy (0)]%= is finitely generated (see
below).

The additional intrinsic invariants can be used to construct a potentially
larger open subset which admits a Zariski locally trivial geometric quotient,
referred to as the ‘locally trivial stable set” in [7]. The G,-quotient of this
locally trivial stable set Hy (0)"* would also admit the structure of a smooth
algebraic symplectic variety. However, as there is no Hilbert—Mumford style
criteria to compute the locally trivial stable set, we would need to compute
the invariant ring, which is impractical and thus justifies our use of the
potentially smaller, but easily understandable, subset of completely stable
points. Furthermore, the following lemma shows that these subsets can differ
in at most a codimension 2 subset.

Lemma 3.17. The complement of Hy(0)° C Hy(0)"** has codimension >2.

Proof. The codimension of Hy (0)° C Hy(0)"* is greater than or equal to
the codimension of Hy (0)* C Hy (0), which we can explicitly compute using
Lemma If we write V as a sum of irreducible SLo-representations V' =
Sym* (C?) @ - - - @ Sym*~ (C?), then the codimension of Hy (0)° C Hy (0) is

2 if’fj/ﬂ -1,

which is greater than or equal to 2, unless V' = Sym!(C?) or V' = Sym?(C?).
If V =Sym!(C?), then Hy(0) is 3 dimensional and Hy (0)° = Hy (0)*s,
as the complement to the completely stable locus is the G,-fixed locus
(see Proposition |5.1] below). If V' = Sym?(C?), then we also have Hy (0)° =
HV(O)”s (essentially, as on the complement of the completely stable locus
the action is not separated, see . Il
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3.7. Finite generation of the invariant ring of Hy (0)

In the simplest example V = Sym!(C?), the ring C[Hy (0)]® is non-finitely
generated.

Example 3.18. Let V = Sym!(C2) be the 2-dimensional G,-representation.
If we take coordinates z1, z2 on V and a7, ag on V*, then the action of s € G,
onT*V =2V xV*is

S (]}1,.%'2,0[1,0[2) - (-rl + SXr2,T2,01,02 — 8041).

By Example the moment map ug, : T*V — C is given by pg, (z,a) =
zoa1. The ring of G,-invariant functions on the cotangent space is finitely
generated

C[T*V]G“ = Clzg, a1, z101 + 22012],

but the ring of G,-invariant functions on the hypersurface Hy (0) := ,LL(E’(}(O)
is not: for n > 0,

zla; and  zoad

are Go-invariant functions on ,ua (0), but the functions z; and ay are not
Gg-invariant. We see that taking Gg-invariants is not exact: there are G-
invariant functions z7o; and z90f on ,ua(O) which do not extend to G,-
invariant functions on the ambient affine space T*V'.

There is an immediate extension of this example: we can add on copies
of the trivial representation.

Corollary 3.19. For the G,-representation V = Sym'(C?) @ Sym(C?)®",
the ring of Gg-invariant functions on Hy (0) = ,ua (0) is non-finitely gener-
ated.

However, this seemingly negative result is not as discouraging as one
may think: by Proposition this representation V is the only case for
which the hypersurfaces Hy (0) are not normal. If we consider the induced
Gq-action on the normalisation of Hy (0) for V = Sym!(C?) @ Sym°(C?)®",
then we see that the ring of G,-invariants is finitely generated.

Lemma 3.20. Let V = Sym'(C?) & Sym®(C2)#" and Hy (0) — Hy(0) be
the normalisation of the zero level set of the moment map. Then C[Hy (0)]C«
is finitely generated.



Algebraic symplectic analogues of additive quotients 1619

Proof. As the non-normal hypersurface Hy (0) has two irreducible compo-
nents, its normalisation is the disjoint union of the normalisation of each
of these irreducible components. However, the irreducible components are
both affine spaces of dimension 3 4+ 2n and so are already normal. As the
Gg-action on both these affine spaces is linear, the ring of G,-invariants on
the normalisation is finitely generated. O

The next smallest example is given by V' = Sym?(C?), which we study in
and show that the ring of G,-invariants on Hy (0) is finitely generated.
If C[Hy (0)]% is finitely generated, then we can define

Hy (0)//Gq := Spec C[Hy(0)]%,

which contains Hy (0)°/G, as an open subset. In this case, as the composi-
tion
V< Hy(0) TV >V

is the identity, we have a commutative diagram

C[Hy (0)]% —2~C[V]C

T Ju

C[T*V]8<——C[V]Ca.

Hence ¢ is surjective and gives a closed immersion V//G, — Hy(0)//G,.
As we can only expect to have an algebraic symplectic structure on an
open subset of the G,-quotient of Hy (0), the question of whether C[Hy (0)]%«
is finitely generated is not particularly pertinent. However, we note that
the zero level set of the moment map Hy (0) is the only level set which is
preserved by the action of the upper triangular Borel B in SLo. For repre-
sentations V' which are not equal to a sum of trivial representations with
one copy of Sym®(C?), the hypersurface Hy (0) is normal and irreducible. It
would be interesting to study the ring of B-invariants on Hy (0) from the
point of view of [I], which in particular gives a geometrically useful finitely
generated subring that should still have the desired separation properties.

4. Comparisons of the holomorphic symplectic quotients

Let G, act linearly on an affine space V' = A" over the complex numbers;
then

V//Gq = W//SLy
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where W := V x AZ2. In the previous section, we studied algebraic symplectic
reductions of the G,-action on T*V. We can alternatively consider algebraic
symplectic reductions of the SLo-action on T*W. As SLo is semisimple, it
has trivial character group and, as only 0 € sl} is coadjoint fixed, there is
only one algebraic symplectic reduction

pgi,(0)//SLy

where pgr, : T*"W — sl denotes the algebraic moment map for the SLo-
action on T*W. Although G, also has trivial character group, every element
in its co-Lie algebra is coadjoint fixed and we have a 1-parameter family of
algebraic symplectic reductions by Theorem [3.14] In many ways, this reflects
the fact that the representation theory of the reductive group SLj is discrete,
whereas the representation theory for the non-reductive group G, is not.

In this section, we compare the non-reductive algebraic symplectic quo-
tients ,u(aj (£)//G, studied above with the reductive algebraic symplectic
quotient ,ungz (0)//SLa. We continue to assume the G,-representation V' is
non-trivial.

4.1. Equivariant morphisms between the level sets

In order to relate the non-reductive holomorphic symplectic quotients with
the reductive holomorphic symplectic quotient, we want to construct a G-
equivariant morphism Mt(_;i &) — /@le (0). In this section, we assume that as
an SLo-representation

V # Sym!(C*) @ Sym’(C?)®",

so that the hypersurface Hy (0) is normal. The non-normal case will be
studied separately in

We recall that MS}L (0) is the closed subvariety of T*W defined by the
equations

Cp(z,a) +ur—vn=0
Op(x, ) +vA =0
Op(x, o) +un=0.

where pgr, v = @y H* + ®pE* 4+ ®pF* : T*V — sl3 is the moment map for
the SLy-action on T*V and (x,«) are coordinates on 7"V and (u,v, \,n)
are coordinates on T*AZ.
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Remark 4.1. There are families of natural G,-equivariant inclusions V' <
W =V x A? (resp. V* — W* =V* x (A%)* given by z + (x,a,0) (resp.
a—(a,0,b)) for constants a, b€ C, which give rise to inclusions ¢qp : T*V —
T*W. However, Lmb(,u,éj €)) C ungQ(O) if and only if ¢y =¢ =0 and ¢p =
—ab. As the functions @ and ¢ are not constant (cf. Example , these
natural families of G,-equivariant maps ¢, do not map one level set to the
other.

Fortunately, there are G,-equivariant inclusions u(gal(f ) — ,ugIL (0) when

£=0.

Proposition 4.2. Let f:T*V — T*W be a morphism that extends the
identity map on T*V. Then f restricts to a G,-equivariant morphism f :
,ua &) — ugﬁz(()) only if € =10. For £ =0, the G,-equivariant morphisms
I ,u(gj (0) — ungz(O) are given by two I1-parameter families of morphisms
{ia}azo and {js}p0, where, for (z,a) € ,u(aj(O),

la(z, @) = (:c (a,0), e, _%gm,_%u,a))

a

and
o) i= (= 2 2ule) o (0,0)).

Proof. Such an extension f is given by functions fy, fu, fi, fn € C[T*V]. If
f(“a(f)) - Ngﬁz (0), then, on M{;j(&), we have

‘I)H + fuf)\ - fvfn = f + fvf)\ = (I)F + fufn =0.

If moreover f : ,uéj(f) — ,uéﬁz (0) is Gg-equivariant, then f,, f\ € C[u@j (¢)]Ca
and f,, f;, satisfy

fu(c' (xﬂa)) :fu('r7a) + cfv(a;,a)
e (z,a)) =fy(z,a) — cfir(z, )

for c € G4 and (z,a) € ,u(_;j(()).

First suppose that £ # 0. Since pg, = £ = — fyfron ,ua (£) and the equa-
tion pg, is irreducible (here we use the assumption that V # Sym!(C?) ®
Sym®(C?)®"; see also Example , it follows that both f, and f) are non-
zero constant functions. However, in this case, there are no functions f;, and
fr which transform under G, as above.
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Hence let £ =0. As f,f» =0 on the irreducible hypersurface ua(O),
it follows that either f, =0 or fy, =0 on ,u(_}j(O). We will show that the
first case gives rise to the family i,; then, similarly, the second case gives
rise to the family 7. If f, =0, it follows that f, € (C[u(_;j(O)]G“. Since ® gy
is irreducible but not Gg-invariant (cf. Example and &g+ fufh=0
on u@j(O), we conclude that f, = a for some non-zero constant a. It then
follows that f = i,.

The Gg,-equivariance of i, and jp on ,ua (0) can be verified using the
following transformation properties of g, ®r and @ p:

Sp(c (z,a) =Py(z,a) + 2¢Pr(x, a)
Ppr(c (z,0)) = Pp(z,a) — cPy(z,a) — 2Pp(z,a),

for ¢ € G, (which follow from the SLy-equivariance of ugr, v : 7%V — sl3).
O
Henceforth, for notational simplicity, we consider only the morphism 7 :=

i1, and we note that the same results hold, with only minor modifications
to the proofs, for i, and jp.

Lemma 4.3. The morphism i : ,u(gj(O) — ugli(()) has the following prop-
erties.

(i) The stabiliser groups are preserved by i.

(ii) Let p,p’ € ,u(}j(O); then i(p) and i(p') lie in the same SLa-orbit if and
only if p and p’ lie in the same Gg-orbit.

(iii) For p € ug!(0), we have {g € SLy : g -i(p) € i(15}(0))} = Gq

Proof. For (i) suppose p € “K_Ej (0) has G,-stabiliser subgroup H. If g € SLy

fixes i(p), then
(0)-(s)

and thus g € G, C SLy. By the G,-equivariance of i, it follows that i(p) has
SLo-stabiliser group H.

For (ii), if i(p) and i(p’) lie in the same SLo-orbit , then g - i(p) = i(p’) for
some g € SLs. However, the same argument as above shows that g € G, and
so i(g-p) =1i(p'), but as i is injective, we conclude g - p = p’. The converse
direction is trivial.

For (iii), the inclusion “C” follows by the argument used in (i), and the
opposite inclusion follows by G,-equivariance of i. O
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Theorem 4.4. Let V be a G,-representation and let W =V x A? be the
associated SLo-representation; then the non-reductive and reductive algebraic
symplectic analogues are birationally symplectomorphic. More precisely, the
equivariant inclusion i : ua (0) — ,ung2 (0) induces a morphism

16 (0)°/Ga — pgt, (0)//SLy

which is an isomorphism on open subsets and, moreover, this isomorphism
respects the induced symplectic forms.

Proof. Let U = ua(O)gﬁi_l(ugiz (0)SL279); then U C ,uéj(O) is a Gg-
invariant open subset. Let U’ = SLg - i(U); that is, U’ is the image of the
morphism U Xg, SLy — MS_IL (0) given by [u, g] — g -i(u). By construction,
the open subset U’ C ungg(O)SLQ_S is a SLg-invariant subset on which SLo
acts with trivial stabilisers by Lemma (i); therefore, U’ is smooth by
Lemma (iii). It follows from Lemma (iii) that the morphism U Xg,
SLy — U’ is bijective and, moreover, is an isomorphism as U’ is smooth.
The G,-action on U C ,u(Eyj(O)g admits a Zariski locally trivial geomet-
ric quotient and the SLy-action on U’ C ugiz(O)SLrs admits a geometric
quotient, which is a principal SLo-bundle. Moreover, we have isomorphisms

U/Ga = (U XGa SLQ)/SLQ = UI/SL2

which proves the desired birationality statement.

The Liouville form wy on T*V (resp. wy on T*W) induces algebraic
symplectic forms wg, (resp. wgr,) on U/G, (resp. U’'/SLy) by Proposi-
tion (resp. Lemma . We consider the commutative square

U—" >y
U/Gyq—'=U"/SLy.

From the explicit definition of i : T*V — T*W, we see that i*wy = wy.
Therefore

7, (We,) = wy = i*(ww) = i*1dp, (wsr,) = 76,1 (WL, )-

Since g, : U — U/G, is surjective, it follows that wg, = i wsL,,. O

For the reductive algebraic symplectic analogue, we can use the Kempf-
Ness Theorem for SLo, which gives a homeomorphism between the algebraic
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symplectic analogue and the hyperkédhler analogue. Then using the above
birational symplectomorphism we obtain the following corollary.

Corollary 4.5. The additive algebraic symplectic analogue u@i(O)g/Ga of
V3 /G, admits a hyperkdhler structure on a dense open subset. Further-
more, assuming a bounded number of trivial representations in V', then for
all but finitely many cases, this is a codimension at least 2 complement in

115 (0)// Ga.

Proof. Everything has been established except the codimension at least two
condition. This follows from a dimension count. The non-stable locus for
such a representation is high codimension, but N§L12 (0) is always codimension
at most 3, and the image of Ma (0) under the inclusion is codimension at
most 5, in T*W. Thus U in the proof of the theorem is high codimension
complement both in ,ua(()) and in M§le (0) for all but finitely many cases. By
upper semi-continuity, the codimension of the complement can only increase
in the quotients and analogues. U

Remark 4.6. In fact, the proof can easily be refined to handle all the cases
with a computation. It is likely that the codimension at least 2 complement
result always holds. One can refine the statement further to get explicit com-
parisons between the high codimension loci for the SLy quotient analogues
and the G, quotient analogues.

5. Geometric applications

In [6], an algebraic uniformisation for an iterated blow up X of a projective
space along a collection of linear subspaces is provided by a description of
X as a non-reductive GIT quotient of an affine space V' by a solvable group
G = GY x G3,, where s is the Picard rank of X and ¢ > 0. One can consider
the cotangent lift of this action to T*V and take an algebraic symplectic
reduction by G, by extending the ideas of to construct an algebraic
symplectic analogue of X. However, the construction of [6], often involves
several copies of G, (that is, t > 2) or a non-linearisable action of G, (which
is the case, for example, if X = My, and n > 6).

The simplest geometric example covered by [0], which we can directly
apply the techniques of is X = Bl,P" 2, which is a non-reductive GIT
quotient of V' = A?" by a linear action of G, x (G,,)"*!. Let us briefly ex-
plain how this construction works. Let X’ := BL,P*~!, which is toric, as we
can choose the n points to be the n coordinate points in P*~!. The Cox ring
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of X’ is given by
Cox(X') = Cly1, 21, - - -, Yn, Tn),

where y1,...,y, are the homogeneous coordinates on P"~! before blowing
up and z; represent the exceptional divisors of each point being blown up.
Then X’ is a GIT quotient of A%" = Spec Cox(X’) by its Picard torus T &
Tx = G™FL, which acts as follows: for t = (to,t1,...,tn) € Txs

t(yomi) = | to [ ]t i tis
J#i
To relate X’ and X, consider the linear projection P! --» P"~2 sending
the n coordinate points in P"~! to the given n points in P"~2; this induces
a rational map X’ --» X, which is a Zariski-locally trivial Al-bundle over

its image. Moreover, this lifts to a G,-action on A?" = Spec Cox(X') given
by, for ¢ € G,

¢ (yi,zi) = (yi + czi, i),

which is normalised by the torus action. By [6] Theorem 1.1, X = A"//, G, x
(Gy)"*! for x € Hom(Tx, Gyy,) = Pic(X) an ample divisor class.

In this class of examples, the Gg-action on V = A?" is linear and, as
an SLy-representation we have V = Sym!(C?)®". In the next subsection, we
study these representations and the algebraic symplectic analogues of V//G,
in greater depth.

5.1. Representation of the form V = Sym?!(C?)®"

Consider the G,-representation V = Sym!(C?)®" and its cotangent lift to
T*V. More precisely, if we write

C[V] = Clyi, wili<i<n and  C[T*V] = Cly;, x4, Bi, ai]1<i<n,
then ¢ € G, acts by
¢ (Yir i, Bis i) = (yi + cxiy iy Biy o — ¢Bi).
Hence, the G,-moment map p : T*V — C is given by Z;”:l Bjx;j.

Proposition 5.1. Let V = Sym!(C?)®" be as above. Then



1626 B. Doran and V. Hoskins

(i) The complement to the completely stable locus for the Gg-action on
ua(O) 1s the Gy-fized locus. In particular, the completely stable locus
1s the largest possible stable set.

(ii) The Gq-invariants on T*V give a separating set of invariants for the
Gq-action on /1,(_}3(0) and, moreover, the nullcone of these invariants
is the Gy-fized locus.

Proof. For (i), by Lemma
Méi(o) - M@j(o)g = {(Yi, zi, Bi, i) 1<i<n i = B3 =0 for i =1,...,n},

which is precisely the G,-fixed locus.

For (ii), we let N(T*V') (resp. N(,u(_}j (0))) denote the nullcone, which is
the common zero set of all non-constant homogeneous G,-invariant functions
on T*V (resp. N(E,j (0)). For T*V, the ring of G,-invariant functions is finitely
generated:

Clws, Bi, xiy; — i, Bicy — Bjaui, miaij + y; 5] — C[T* V]S
and
N(T*V) = {(yiaxiaﬁiaai)lgign ;=0 =0fori=1,.. .,TL} = ,uéj(())c’“

As there may be additional invariants on ,ua(O), which do not extend to
T*V, we have N(,u(aj (0)) € N(T*V). However, we claim in this case, that
these nullcones coincide, from which Statement (ii) follows. We argue by con-
tradiction: suppose f € (C[,u(;j (0)]® and f is not identically zero on Np-y.
We can lift f to a (no longer invariant) function on 7%V, whose deriva-
tion under the Gg-action must lie in the ideal I:= (3., x;53;). Since f
is not identically zero on Np-y, it must contain a monomial of the form

m = [[;~, y;'a;". Then the derivation of m is given by

n
D(m) = Z Hy;joé;'? (riziyl ol — siylal T B;)
i=1 j#i
However, each monomial in D(m) is not divisible by any of the monomials
x;f; in the equation defining I and can only be ‘integrated’ in one way (as

only z; = D(y;) and ; = D(—«;) lie in the image of D). Hence, no such f
can exist with D(f) € I. O

This proposition justifies the following definition.
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Definition 5.2. For G, acting on ME},} (0), we define the non-reductive quo-
tient

¢+ pg, (0) = g (0)//Ga 1= Spec(C[T*V% /1)
where [ is the ideal defining ,u(aj(()) cT*V.

Remark 5.3. Using this definition, we have ua (0)//Gq = Xy, where X is
the central fibre of the 1-parameter family of algebraic symplectic reductions

given by Corollary

By Proposition we have ¢~ 1(0) = ua (0)Ce = ,uéj(O) - ,u(;j(O)s and
q(ua (0)*) = ,u(_}j (0)* /G, has the structure of a smooth algebraic symplectic
variety by Proposition [3.16]

Let W =V x A2; then as SLp-representation W = Sym!(C2)®"+1. Let
,ugﬂQ (0) C T*W Dbe the zero level set for the SLy-moment map on 7*W and
recall that there is a G4-equivariant closed immersion ¢ : u@i (0) — ,ugﬂQ (0)
given by Proposition

Proposition 5.4. Let V and W be as above. Then

(i) i(pgt(0)%) C pgp,(0)St==2,

(ii) “(53 (0)°/Gq has a hyperkdhler structure.

Proof. For (i), if p € ,u(_}(O)s, then there exists f € C[T*V]® such that
f(p) # 0 by Proposition Let h be the image of f under the homomor-
phisms

C[T*V]% = C[T*V x AYSY2 — C[T*W]3te,

where the final homomorphism is induced by an SLo-equivariant projec-
tion 7 : T*W — T*V x A? such that moi:T*V — T*V x A? is given by
the identity map on 7%V and the point (1,0) € A2. Then h(i(p)) = f(p) # 0.
Since T*W = Sym!(C?)®2("+1)  the stable set (T*W )32~ is the union of
all open subsets given by the non-vanishing locus of an SLo-invariant. Hence
i(p) is SLe-stable and has trivial stabiliser group by Lemma .

For (ii), let U = ,u((?ﬂj (0)* and U’" = SLy - i(U); then by the argument used
in Theorem 4.4} we have

U/G, 2 U’/SLy

and, moreover, as SLo acts freely on U’ C ,ugLIQ (0)SL275 its SLo-quotient has
a hyperkéahler structure coming from the hyperkahler reduction of T*W by
SU(2) via the Kempf-Ness homeomorphism. O
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5.2. The blow up of n points on P72

Let us return to Bl,(P"2) = V//,G, x T, where V = A" and T = G’/'*. In
the previous section, we described the moment map and algebraic symplectic
reduction for the G,-action on T*V. In this section, we also take into account
the torus action. The following lemma gives the equations for the zero level
set of the algebraic moment map for the torus action.

Lemma 5.5. For T = G acting on T*V as above, the algebraic moment
map pr : T*V — C™ is given by

HT ((ylax’bvﬁ’bval 1<z<n = Zazyuﬂlxl Zajy]7 ooy By — Zajyj
J#1 J#n

Hence M;I(O) is defined by the ideal

n
I= <Zaiyz‘7ajyj+5jxj 1<y SN> :

=1

The construction in [6] as applied to this example tells us three facts
we will now use. The first is that the rational quotient map from V to
Bl,(P"2) is surjective. The second is that the action of G, x T is scheme-
theoretically free on an open subset U of V that surjects onto Bl,(P"~?)
under the quotient map. The third is that this open subset U is exactly the
stable locus for the torus action.

These facts allow us to describe a hyperkihler structure on 7*Bl,, (P"~2)
by taking a quotient in two stages: first by the G,-action and then by the
torus action. Observe that g’ 1(0) is closed under the torus action and there
is an induced torus action on the quotient yg 1(0)//G,. We know by Propo-
51t10n 1|and the explicit form of the fixed point locus, that the open subset
Kg, (0)3, which is the complement of the fixed point locus, must also be
closed under the torus action. Furthermore, the complement of pg 1(0)* in
Hg, 1(0), that is, the non-stable points for the G,-action, are contained in the
unstable points for the torus action.

Lemma 5.6. The complement C of the G,-stable points in T*V is a subset
of the unstable points for the torus action. Furthermore, the image of C under
the Gg-quotient map is contained in the unstable points for the induced torus
action on ua (0)//Gy.
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Proof. By Proposition the complement C is the nullcone of the G,-
action. Therefore any homogeneous function on the quotient of T*V pulls-
back to a Gg-invariant function that vanishes on C. In particular, if f is a
homogeneous semi-invariant function for the torus action on the quotient,

then the pull-back must vanish on C, and f itself must vanish on the image
of C. O

By Proposition there is a hyperkéhler structure on ua(O)S /G,. By
the above lemma, the GIT torus quotient of u(_;j(O) //Ggq is equal to the GIT
torus quotient of ,ua (0)°/G,. By direct observation, the solvable group acts
freely on u@al(O)s and hence the torus acts freely on u@al(O)s /Gq. Therefore
one can now apply the standard torus hyperkahler quotient construction
to ,u(aal (0)// G4. By our above facts, this gives us a hyperkahler structure
on T*Bln(]P’"*Q) by restriction to an open set: first, Proposition tells us
T*(V?5/G,) is an open subset of ,u(?ﬂj (0)°/Gy; then, the further torus quotient
analogue must contain T*(V*/(G, x T), which equals T*Bl,(P"2), as an
open subset.

Proposition 5.7. The cotangent bundle T* Bl,(P"~2) has a hyperkdhler
structure realised as an open subset of an algebraic symplectic analogue of a
quotient of affine space by a solvable group action.

5.3. The moduli space of pointed stable rational curves

In this section, we construct an algebraic symplectic analogue of an open
subset of the moduli space of pointed stable rational curves Mo,n, using the
construction of My, described in [6] as a quotient of an affine space V by a
non-linear G, x Gj,-action, where p is the rank of the Picard group of M.

Let us outline this solvable quotient construction of Mom. The affine
space V' has coordinate ring

ClVlI=Cly1,-- - yn—1,®1]1<|112n-4
where I C {1,...,n — 1} and the action of s € G, is given by

S-x; =g and s~yi:yi+sH:E1.
e
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In particular, for n > 5, the G,-action is non-linear. The torus action comes
from the Picard torus: we have

Pic(Mon) = ZH & D ZE;
1

where the direct sum is over subsets I C {1,...,n — 1} such that 1 < |I| <
n—4, then t = (tg,t;) € T := Hom(Pic X, G,,) acts on V by

-1
t'sztjxj and t-yi:tH (Ht1> Yi-

1>

The action of the Picard torus on V is linear and it normalises the G,-action:
t-s-(zr,y:) = (tus) -t (xr,9)

Hence, there is an action of the semi-direct product G, x T on V and by
[6] Corollary 3.9, we have that Mo, = V//,Gq x T, where x is an ample
character of T'.

Let us consider the cotangent lift of these actions: we identify T*V =2 V x
V* and take coordinates (ay, 3;) on V*. Then for s € G, and t = (ty,t7) €
T, we have

s (znynanB) = |znyi+s[Jenar—sY 8 [] 2.8

IEY i€l IENET)
1
t-(xr,yi,ar,Bi) = | trer, ty <H 751) it tar, ty <H 751) Bi
156 I5i

The torus action normalises the G,-action:

t-s- (xfayhabﬁi) = (tHS) 't'(xfayiaafvﬂi)

and so G, x T acts on T*V. As usual, we equip T*V with the Liouville
algebraic symplectic form

n—1

w=Y dzyNdor+ Y dyi AdB;.
I

i=1
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Lemma 5.8. The Liouville form w is preserved by the G, x T-action on
T*V . The Gg-action has moment map p: T*V — C given by

n—1
pe, (v, on, B) = > Bi[[er

i=1 1>

and the subtori Gy, =Ty CT and Gy, =2 T7 CT have moment maps pg :
TV — C and py : T*V — C given by

n—1
pa(enyson B) =Y yifi and  pr(er, i, on, Bi) = arer — > 4ib;
i=1 i€l

Furthermore, the G,-fived locus is the singular locus of the zero level set of
the Gg4-moment map:

(T*V)® = Sing pig; (0).

Proof. As the torus action is linear, we only need to check that the G-
action preserves w. For s € Gg, let o, : T*V — T*V denote the action of s.
For p = (a1, yi, a1, B;) € T*V and p’ € T,(T*V) = T*V, we have

/ / / / ~ /
dpos(p') = x[ayi+52$] H zg,ar, b |,
Iei  I4£Jsi
where
~ / / /
ar=af—s| 3 G [[ ersd > B [ ax
il I#J>i i€l I1#£J>1 1,J#£K>i

From which one verifies that

(aiw)p (0, 1") = Wy, (p) (dpos(P), dpos (")) = wp(®', p").

The G,-moment map is G,-invariant and the infinitesimal action of 1 €
C on peT*V is given by

lp: 07Hx17_2ﬁi H I’J,O

I>i iel  I£Ji
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Using this, we verify that the infinitesimal lifting property

Wp(lpvp/):_z55/1 _Zﬁi H L +25£H5’31:dp“@a(?/)-
I

i€l I1#J>i % 1>

The moment maps for the torus factors are computed from the infinitesimal
action.
Finally, we have Sing ,ua (0) = (T*V)®, because both are given by

(vayiaab/@i):HxI:OVi’ Zﬁl H .TJZOVI ;

I2i iel  I£Ji

by direct computation. O

One can construct a symplectic reduction of the G, x T-action on T*V
in stages, by first taking a quotient of the G,-action on the zero level set
and then taking the symplectic quotient for the torus action with respect
to the ample character x. As the Gg-action on ,ua(O) is not linear, we
can’t extend the action to SLo in order to use the notions of completely or
Mumford (semi)stable defined in [7]. However, we can work with the notion
of locally trivial stable (Definition 4.2.3 in loc. cit.).

Proposition 5.9. For the Gg-action on the zero level set, the locally trivial
stable set is the complement of the Gg-fized locus:

pg (0)"" = pgt(0) — pg(0)%

a a a

and there is an induced algebraic symplectic structure on the G,-quotient of
this open set.

Proof. Consider the following G,-invariant functions:

fi=1ler and fr=> 8 [] -

I3i iel  IAJ>i

The ring of invariant functions in the localised rings at these functions

Clug (0))F* and  Clug!(0)]5°

are finitely generated, as the derivations of y;/f; and ay/fr under the G,-
action are 1. Moreover, such an element which is sent to 1 by the derivation of
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the G,-action gives an isomorphism from this localised open subset to a triv-
ial G4-torsor, and so there are geometric quotients ,ua 0)f, — “K_Bi 0)4,/Gq
and ,ua(()) = ,ua(()) #,/Gq. Therefore,

1 (0) = ugt (0% = Jug 0)r, ulJpe 0)y, € gl (0).
7 I

Since no G,-fixed point is locally trivial stable, the above inclusion must
be an equality. The final statement follows as Méi (0)its — u(}j(O)”s /Gg is a
locally trivial geometric quotient. O

As the T-action preserves ,ua (0)!* and normalises the G,-action, there
is an induced free T-action on “(53 (0)"$ /G, and the T-moment map descends
to this quotient. Therefore, we can now construct the algebraic symplectic
reduction U’ of the T-action on ,u(_;j(O)lts /G4 with respect to the charac-
ter x as a GIT quotient. To relate this to My,,, consider the open subset
U:=V"// G, xT of My,, where we also have V! =V — V€. Then we
have the following result, whose proof follows in the same way as that of

Proposition

Corollary 5.10. The open subset U of Mo, defined above has algebraic
symplectic analogue U’ equal to the algebraic symplectic reduction of the T-
action on ,ua (0)!5 /G, with respect to the character x. In particular, U C U’
is Lagrangian and T*U C U’.

The hyperkéahler metric on T*V is not preserved by the G,-action and so
we cannot say anything about a hyperkahler structure on U’. It is natural to
expect that there should be an induced hyperkéhler structure on U’, which
can perhaps be realised by exhibiting a Kempf-Ness type homeomorphism
for additive group quotients or by extending the action on an open subset
of T*V to SLs and using the Kempf—Ness theorem for reductive quotients.

6. Examples

We can explicitly study some examples, using an algorithm of van den Essen
[20] and Derksen [5] to compute rings of G,-invariants on the zero level set
of the moment map. Let us quickly explain the algorithm.

For a Gg-action on an affine variety, the algorithm produces a list of
generators for C[X]% which terminates if and only if the ring is finitely
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generated. The first step is to choose f € C[X]|® such that on X ¢ the G-
action becomes a trivial G4-torsor (the existence of such an f is a conse-
quence of the derivation of the G,-action being locally nilpotent). Then, as
taking Gg-invariants is left exact, there is an inclusion

C[X]% — C[X]}"

and C[X]% = C[X]NC[X ] «. The algorithm gives generators for this inter-
section using colon ideals and can be performed using a computer algebra
package, which is adept at computing Groebner bases; for details see [5]
Algorithms 2.6 and 2.7.

6.1. The 2 dimensional irreducible SLs-representation

Let V =Sym!(C?)=A? with G,-action given by c- (r1,12)= (21 +cx2, T2),
for c€G,. We have the GIT quotient 7y : V — V//G,=Spec C[za] =2 Al,
which restricts to a geometric quotient on V*® = {(x1,x2) : 2 # 0}.
The moment map for the cotangent lift of the SLo-action to T*V is given
by
psLy,v (2, @) = (1001 — 22000) H* + (12001 ) B + (71002) F™

and the G,-moment map is given by ug,(z,a) = x2a1. By Example
C[,ua(O)]G“ is non-finitely generated and so we instead work with the nor-

malisation
1, (0) Yy ||

where ,uél(O)( 1= Spec(C[acl,ozl,ag] has ,u(f; (0)(1) = {($1,a1,a2) toqp # 0}
and has non-reductive GIT quotlent Ig, Lo )(1)//Ga = Spec Clz1, 1], and
b, (0)( 2) = Spec Clzy, x2, ag] has pg (0)( = {(x1,22,2) : x2 # 0} and has
non-reductive GIT quotient ,uGa( )2 //Ga = Spec C[z2, , as].

Let W=V x A? and write (C[T*W] = C[T*V][u,v, A\,n]. Then for the
SLo-action on T*W, the zero level set MS_I}Q(O) C T*W is defined by the
ideal

(101 — T2002 + AU — MV, T2001 + AV, T12 + NUL)
and C[T*W]3% = C[hy, ..., he]/(h1hs — hohs + h3hg) where

hi1 = zou — 210 ho = a1u + av hs = r100 + To0x9
hy = a1m — agA hs = z1 A + x2m hg = uX + vn.

We have MS_EQ(O)SLQ*S = U?:1M§ﬁ2(0)hi-
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The G,-equivariant closed embedding 7 : ,u(;j(O) — ugﬁQ(O) induces

i) 151 (0)(y//Ga — pgt,(0)//SLy

where

i) (w1, 01) =(0, a1, a121,0, —azi, —a1a),

i(2) (w2, 02) =(22,0, 2202, —203, 0, T202).

We have i(j)(,ua(O)(j)) C ugﬁz (0)$%27* and the morphisms i(j) induce bira-

tional symplectomorphisms between the reductive and non-reductive alge-
braic symplectic analogue. Furthermore, for V//G, = Al 2 W//G,, we see
that the non-reductive algebraic symplectic analogue /,Léj(())(g) /]Gy =2 A2
provides a better algebraic symplectic analogue that the reductive algebraic
symplectic analogue ,ungz (0)//SLa, which is a singular subvariety of AS.

6.2. The 3 dimensional irreducible SLs-representation

Let V = Sym?(C?) = A3 with the G,-action given by, for ¢ € G,, we have
c- (z1, 72, 23) = (71 + 2cx9 + 23, 29 + cx3,73) and the SLy-action

. P 2pq ¢
< . > — pr ps+qr qs
r? 2rs 52

The non-reductive quotient V — V//G, = Spec C[z3, 7173 — 23] = A?
restricts to a geometric quotient on V* = {(x1,z2,x3) : x3 # 0}.

The algebraic moment map for SLs acting on T*V is given by the holo-
morphic functions

p(x,a) = pg, (x,a) = 2x9a1 + aoxs,
py(z,a) =2x100 — 223003,
Op(x,a) = r100 + 20379.

For the G,-action on uéi (0), we have

HGH(0) — gk (0FF = {(z.0) € pg}(0) w5 = ay = 0}

which strictly contains

u@j(O)G“ = Sing ,ua(O) ={(z,a) € ,u[;j(O) tx9 = w3 =a; = az = 0}.
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By the algorithm of van den Essen and Derksen, (C[,uéj (0)]%= is finitely
generated by

fi=wz3, fo=wmas—a3, fi=ai,

f1 = m1a1 + x2a9 + w303, f5 = dajag — a3
f6 = T1a1 — Tr3as, f7 = 41‘3@% + 2%20,2(13 - 4x1a1a3 + :L‘la%
fs = 2x3x103 — Qx%ag — 2:0%@1 — T1T9a9.

The invariants fg, fr and fs are intrinsic to the hypersurface, but one easily
checks that these do not give any additional separation or increase the stable
locus; i.e., the locally trivial stable set coincides with the completely stable
set in this example.

For the SLe-action on T*W, the zero level set us}}z (0) C T*W is defined
by the ideal

(22100 — 2w3003 + Au — N, 2T2001 + Qo3 + AV, T102 + 2039 + M)

and (C[MS_L12(0)]SL2 is generated by

hi = z1v% — 2z9uv + x3u° hy = x173 — 73

hs = a1u2 + aouv + Oé3U2 hy = x100 + 2009 + L3003
hs = 4oy — a3 hg = uA\ + vn

hr = a1n? — aan) + ag\? hs = £1A? + 2xan\ + x30°

hg = 10\ — x2(uX — vn) — x3UN hip = 2c1un — as(uX — vn) — 2asAv.

The birational symplectomorphism 7 : ua 0)//Gq — ,u,ngz (0)//SLg given
by Theorem [4.4] can be explicitly determined:

E(yla R 7y8) = (yla Y2,Y3,Y4, Y5, —2967 —YelY7, —2Z/6y8; 07 O)
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