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A locally conformally symplectic (LCS) form is an almost symplec-
tic form ω such that a closed one-form θ exists with dω = θ ∧ ω. A
fiber bundle with LCS fiber (F, ω, θ) is called LCS if the transition
maps are diffeomorphisms of F preserving ω (and hence θ). In this
paper, we find conditions for the total space of an LCS fiber bundle
to admit an LCS form which restricts to the LCS form of the fibers.
This is done by using the coupling form introduced by Sternberg
and Weinstein, [GLS], in the symplectic case. The construction is
related to an adapted Hamiltonian action called twisted Hamilto-
nian which we study in detail. Moreover, we give examples of such
actions and discuss compatibility properties with respect to LCS
reduction of LCS fiber bundles. We end with a glimpse towards
the locally conformally Kähler case.
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1. Introduction

Locally conformally symplectic manifolds (shortly LCS), a subclass of al-
most symplectic manifolds, were introduced by P. Liebermann in [Li], but
their modern study began with J. Lefebvre, [Lef], and especially with I. Vais-
man in [Va1]. From a conformal viewpoint, LCS manifolds might be viewed
as closest to symplectic manifolds, meaning they are endowed with a non-
degenerate two-form ω and a covering (Uα) of the manifold such that there
exist smooth functions fα on Uα with d(e−fαω) = 0 (see also [Lee], where
such an equation was first considered). As ω is non-degenerate, the local
one-forms dfα glue up to a global closed form and motivate the following
two equivalent definitions:

Definition 1.1. A manifold M is called locally conformally symplectic if
there exists a non-degenerate two-form ω and a closed one-form θ such that
dω = θ ∧ ω.

Definition 1.2. A manifold M is locally conformally symplectic if there
exists a symplectic covering (M̃,Ω) of M with the deck group acting by
positive homotheties of Ω.

Remark 1.3. The closed one-form θ is called the Lee form (after the name
of H.C. Lee, [Lee]). Defining dθ = d− θ ∧ ·, the LCS condition reads dθω = 0,
formally identical with the symplectic one. Note that dθ = 0 implies d2

θ = 0
and in fact the operator dθ produces the Morse-Novikov cohomology, also
called Lichnerowicz or twisted cohomology by several authors.

The second definition tells us that it is natural to consider the following
object associated to a symplectic covering (on which the Lee form is exact) of
an LCS manifold. Let χ : Deck(M̃/M)→ R+ be the map associating to an
element γ of Deck(M̃/M) the scalar factor of the corresponding homothety.
One can easily show that χ is a group morphism. We shall call an object α
on M̃ with the property that γ∗α = χ(γ)α automorphic. For instance, the
symplectic form on M̃ is automorphic. Let us denote by L the line bundle
M̃ ×χ R. It is clear that L is isomorphic to the trivial bundle, but any
automorphic object on M̃ can be regarded as an object on M with values
in L.

Many examples of LCS manifolds come from locally conformally Kähler
(LCK) geometry by forgetting the complex structure (see [DO], [OV] and
the examples and references therein), but examples which cannot be LCK
where constructed too, e.g. [BM].
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Locally conformally symplectic bundles 1379

The aim of this paper is to extend the following notion:

Definition 1.4. A fiber bundle with symplectic fiber (F, ω), F →M → B,
is called a symplectic bundle if the transition maps are diffeomorphisms of
F preserving ω.

The primary motivation for introducing symplectic bundles was provid-
ing new examples of symplectic manifolds. Weinstein, Sternberg, Guillemin
and Lerman studied the possibility of endowing the total space of such a fi-
bration with a symplectic form which coincides with the symplectic form of
the fibres, when restricted to any fibre. In [S], Sternberg constructed a closed
two-form with such properties, provided some additional requirements are
considered, which he called coupling form. Weinstein further related it to the
notion of fat connection in order to obtain a symplectic form on the fiber
bundle. The coupling form has been extended to more general settings. In
[Vo], Vorobjev introduced and studied a subclass of Poisson structures on
fiber bundles, called coupling tensors. Later, Vaisman extended Vorobjev’s
results from fiber bundles to foliated manifolds and moreover, for Jacobi
structures (see [Va2]). Fat connections were studied in [We] and the defini-
tion is the following:

Definition 1.5. Let G be a Lie group with Lie algebra g and let P be a
G-principal bundle. Let A be a g valued two-form which is the curvature
of a connection form a in Ω1(P, g). A point f in g∗ is called fat if f ◦A :
Kera×Kera→ R is non-degenerate.

We are going to extend the following result to the LCS case.

Theorem 1.6. [S, We] Let (F, ω) be a symplectic manifold with a Hamil-
tonian action of a Lie group G on F . If µ : F → g∗ is the momentum map,
then any connection on a G-principal bundle P which is fat at all the points
in µ(F ) induces a symplectic form on P ×G F .

In order to find the proper analogue in LCS setting, we define locally
conformally symplectic bundles and we use, instead of Hamiltonian actions,
twisted Hamiltonian actions defined by Vaisman in [Va1].

As the LCS condition is conformally invariant (if ω is LCS, then any
efω is LCS too), one could work with conformal actions w.r.t the LCS
form, as Haller and other authors do. However, we shall work in a more
restrictive frame by requiring the action of a Lie group to preserve the LCS
form. Since we shall usually work with compact groups and by an averaging
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procedure one can find an invariant LCS form, we shall consider only actions
preserving the LCS form. Moreover, this is very helpful in extending the
result of Sternberg and Weinstein, as we need a field of G-invariant forms
on the fibers.

Let G be a Lie group with Lie algebra g.

Definition 1.7. Let ρ : G−→ Diff(M) be an action of G on an LCS man-
ifold (F, ω, θ). If ω is G–invariant and if iρ(v)ω is dθ-exact, the action is
called twisted Hamiltonian. A choice of a smooth function ψ : g→ C∞(F )
such that iρ(v)ω = dθψ(v) will give a momentum map µ : F → g∗.

The main result we prove in this paper is:

Theorem 1.8. Let (F, ω, θ) be a locally conformally symplectic manifold
not globally conformally symplectic and let G be a Lie group acting on F by
diffeomorphisms preserving ω (and hence θ). If the action of G is twisted
Hamiltonian and if µ : F → g∗ is a momentum map of the action, then any
connection on a G-principal bundle P which is fat at Imµ induces an LCS
structure on P ×G F .

We shall give the proof in Sections 3 and 4 and devote Section 5 to a dis-
cussion of twisted Hamiltonian actions on LCS manifolds, which we study
in detail, one of the important results being 5.11. Section 5 also contains
several worked examples. In Section 6, we study compatibility properties for
the fiber and the total space of an LCS fibration with respect to LCS reduc-
tion, confining ourselves to actions of abelian groups. Finally, in Section 7
we investigate the possibility of replicating the construction of a coupling
form in the LCK setting, but the complex case seems to be very rigid and
the general result is not satisfactory.

2. Preliminaries

The definition of symplectic bundle was motivated by the following propo-
sition noted in [MS].

Proposition 2.1. Let F →M → B be a fiber bundle with compact fiber
and let M be endowed with a symplectic form which restricted to the fibers
remains symplectic. Then F →M → B admits the structure of a symplectic
fiber bundle.
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Locally conformally symplectic bundles 1381

In the LCS setting, we have the following analogue which leads to a
possible definition of LCS bundles:

Proposition 2.2. Let F →M
π−→ B be a fiber bundle with compact fiber

such that M is LCS with the Lee form Θ and the LCS form Ω = dΘη. If
the restriction of dΘη to any fiber is an LCS form, then there exists an LCS
structure (ω, θ) on F and there exist trivializations for the fiber bundle such
that the transition maps preserve the conformal class of ω.

The proof of 2.1 rests on using the Moser trick for symplectic forms.
Similarly, the proof of 2.2 uses te following LCS version of Moser trick:

Proposition 2.3. ([BK, Corollary 5.]) Let ωt be a smooth family of LCS
forms on a compact manifold such that the corresponding Lee forms θt are
cohomologous. If there exists a smooth family ηt with ωt = dθtηt, then there
exists an isotopy ϕt such that ϕ∗tωt is conformally equivalent to ω0 for all t.

Proof of 2.2. Let ϕα : π−1(Uα)→ Uα × F be trivializations for a covering
(Uα) of B. We want to show there exist diffeomorphisms ϕ̃α : Uα × F →
Uα × F so that the transition maps of ϕ̃α ◦ ϕα preserve the conformal class
of some standard LCS form on F .

To begin with, we denote henceforth the fiber over a point b by Fb and by
θb and ηb we shall understand the restriction of Θ, respectively η to the fiber
Fb. For any b in Uα, one can show that the one-forms θ̃αb := (ϕα)∗(θb) define a
family of closed cohomologuous forms depending smoothly on the parameter
b in Uα. The one-forms η̃αb = (ϕα)∗(ηb) also define a smooth family. So, F is
endowed with a smooth family of LCS forms ωαb := dθ̃αb

η̃αb .
We now apply 2.3. Without loss of generality, we can suppose we have

chosen from the beginning a contractible covering (Uα) such that the inter-
section of all the open sets from the covering is non-empty. Let x0 be a point
in this intersection.

We iterate the application of the Moser trick in order to apply it to
contractible sets. Thus, we find an isotopy kαb : F → F with (kαb )∗ωαx0

= fωαb ,
where f is a smooth function on F . Then (kαb )∗[ωαx0

]c = [ωαb ]c (we denote
by [·]c the conformal class). We define the diffeomorphism ψα : Uα × F →
Uα × F given by ψα(b, f) = (b, kαb (f)).

The new trivialization maps (ψ̃α = ψα ◦ ϕα)α have the property that
(ψ̃α ◦ ψ̃−1

β|{b}×F )∗[ωαx0
]c = [ωβx0 ]c. Let us fix some open cover set Uα0

and de-

fine χα : Uα × F → Uα × F , χα(x, f) = (x, (ϕα0
◦ ϕ−1

α )|{x0}×F (f)). Then, it

is easy to check that the trivialization (Φα)α defined by Φα := ψ̃α ◦ χα sat-
isfy (Φα ◦ Φ−1

β )∗|{b}×F [ωα0
x0

]c = [ωα0
x0

]c. Now it is clear that the LCS form we
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have to consider on F is ω = ωα0
x0

and thus we constructed a trivialization,
namely Φα, whose transition maps preserve the conformal class of ω (and
implicitly de Rham class of θ). �

The definition that now appears to be most natural for LCS fiber bundles
is the one requiring for a fiber bundle with LCS fiber the existence of a
trivialization with transition maps preserving the conformal class of the
LCS form. Nevertheless, for the purpose of extending Sternberg’s coupling
form to the LCS setting, it will be more convenient to work with a restrictive
definition of LCS bundles.

Let (F, ω, θ) be a LCS manifold. We denote by Diff(F, ω, θ) the group of
diffeomorphisms of F preserving ω. Note that, as ω is non-degenerate and
dω = θ ∧ ω, if f ∈ Diff(M) preserves ω, it preserves θ too.

Definition 2.4. A fiber bundle F →M → B with (F, ω, θ) LCS is locally
conformally symplectic if there exists trivializations with transition maps in
Diff(F, ω, θ).

Remark 2.5. If F →M → B is an LCS fiber bundle, the fiber at each
point comes naturally with an LCS form ωb with the Lee form θb. Indeed,
if ϕU : π−1(U)→ U × F is a local trivialization, (ϕU |Fb)∗ω is a well defined
LCS form on Fb, whose Lee form is (ϕU |Fb)∗θ. We can define ωb and θb with
any other trivializing map ϕV with V containing b, since the transition maps
take value in Diff(F, ω, θ).

Remark 2.6. If (F, ω, θ) is an LCS manifold, G a group acting on F by
diffeomorphisms from Diff(F, ω, θ) and P aG-principal bundle, P ×G F is an
LCS bundle of fibre F and base P/G. These are the fiber bundles which we
shall mostly consider. If G is a compact group, then an averaging procedure
as described in [OV2] will yield on F a G-invariant LCS form, regardless of
the nature of the action ofG. Thus, restricting ourselves to bundles with LCS
form — preserving structural group does not represent a severe constraint
for our purpose.

Example 2.7. The Hopf fibration:

(2.1) S1 × S3 → S1 × S7 → S4.

is an example of a LCS fiber bundle.

Since (2.1) is a prototype of the objects we are interested in, we shall
provide more details in order to understand this example. For this, we



i
i

“5-Otiman” — 2019/2/1 — 0:05 — page 1383 — #7 i
i

i
i

i
i

Locally conformally symplectic bundles 1383

have to see better what happens with the Hopf fibration S3 → S7 → S4.
Let us look at S7 as the set {(a, b) ∈ H2 | |a|2 + |b|2 = 1}, where H de-
notes the quaternionic numbers. We consider the natural map from S7

to the quaternionic projective space HP1, taking (a, b) to its equivalence
class [a, b]. The fiber over [a, b] consists of all the points on the sphere
(λa, λb), with λ ∈ H∗ and |λ| = 1. This identifies the fiber with S3 and it is
in fact, the Hopf fibration, via the isomorphism of S4 with HP1. Take now
the sets U1 = {[x1, x2] ∈ HP1 | x1 6= 0} and U2 = {[x1, x2] ∈ HP1 | x2 6= 0}.
They represent the trivializations sets of this fiber bundle and the transition
maps are given by:

U1 ∩ U2 × S3 → U1 ∩ U2 × S3

([1, λ], s) 7→ ([1, λ], s · λ|λ|)

This is just the multiplication with an element from S3 and it preserves the
standard contact form of S3, which we shall denote by α. We consider now
the trivial product with S1 to obtain (2.1). Obviously, the transition maps
let the volume form ν of the circle intact. Consequently, they preserve the
form dνα, which represents the LCS form of S1 × S3.

Moreover, the LCS form on S1 × S7, given by dνα̃, where α̃ is the stan-
dard contact form of S7, restricts on the fibers to the LCS form of S1 × S3,
since α̃|S3 = α. So this fiber bundle has the property we desire and try to
depict in the paper, namely an LCS bundle with an LCS form on the total
space which restricts well on the fibers.

Definition 2.8. Let F →M → B be an LCS bundle. We say that (Ω,Θ)
on M is an extension of (ω, θ) if i∗bΩ = ωb and i∗bΘ = θb for any b in B.

A simple observation is that if Ω is an LCS form on the total space of
a fibre bundle that restricts to the LCS forms of the fibres, then also its
Lee form Θ will restrict to the Lee forms of the fibres, since the LCS form
uniquely determines the Lee form.

3. Twisted closed extensions

In the symplectic setting, the first step towards finding a symplectic form on
the total space was looking for a closed two-form which restricts well on the
fibers. The following result is well known (we cite it according to [GLSW]):

Theorem 3.1. (Thurston) Let F →M → B be a differentiable fibre bundle
carrying a field ω of p-forms on the vertical bundle, defining a closed form
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on each fibre. Then there exists a closed p-form Ω on M which restricted
on the fibers is equal to ω if and only if there exists a de Rham cohomology
class c on M such that its restriction to each fibre coincides with the class
determined by ω.

We now find a similar criterion for LCS forms.
As in the symplectic case, [GLSW], we could directly apply Proposi-

tion 2.13 in [Hat], which is very general, but has a very involved proof. For
the sake of completeness, we shall give a direct and short proof using Hodge
theory instruments, which we believe is interesting in itself.

Theorem 3.2. Let F →M → B be an LCS fiber bundle with F compact
and let Θ be a one-form such that Θ|Fb = θb. Then there exists a dΘ-closed
form Ω on M with (Ω,Θ) an extension of (ω, θ) if and only if there exists a
class c in the twisted cohomology H2

Θ(M) such that for any b, i∗bc = [ωb] in
H2
θb

(Fb), where ib : Fb →M is the natural inclusion of the fibre.

The next lemma is crucial for the proof of 3.2:

Lemma 3.3. Let F be a compact manifold and θ a closed one-form. If
{ωt}t is a smooth family of dθ-exact forms indexed by an open set in Rn,
then there exists a smooth family of forms {ψt}t∈R such that ωt = dθψt for
any t.

Proof. We choose a Riemannian metric g and denote by d∗θ the adjoint of dθ
with respect to g. The Laplacian associated to dθ is ∆θ = dθd

∗
θ + d∗θdθ and

it is an elliptic operator. The following Hodge decomposition for the twisted
differential holds:

(3.1) Ωp(F ) = Hpθ(F )⊕ dθΩp−1 ⊕ d∗θΩp+1

where Hpθ = Ker∆θ. We observe that each dθ-exact form belongs to dθd
∗
θΩ

p

by plugging in (3.1) the Hodge decomposition for Ωp−1. So each dθ-exact
form has a primitive which is d∗θ-exact, hence the following map is surjective:

dθ : d∗θΩ
p → dθΩ

p−1.

Moreover, we prove that this primitive is unique, resulting in the bijectivity
of the map above. Indeed, let us assume that dθd

∗
θη1 = dθd

∗
θη2, then

〈d∗θη1, d
∗
θψ〉 = 〈d∗θη2, d

∗
θψ〉.
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But because of the Hodge decomposition this implies that

〈d∗θη1, η〉 = 〈d∗θη2, η〉

for any η, hence d∗θη1 = d∗θη2.
We denote by Gθ : (Hpθ(F ))⊥ → (Hpθ(F ))⊥ the Green operator associat-

ing to α the unique solution ϕ of ∆θϕ = α. By using the commutation of
Gθ with dθ and d∗θ (see Proposition 6. 10 in [Wa]), one can easily show that
if ω = dθη, then ω = dθd

∗
θGθω (note that ω belongs to (Hpθ(F ))⊥). There-

fore, the primitive of a dθ-exact form ω can be chosen to be d∗θGθω. Since
d∗θ and Gθ are smooth operators, the family of primitives ψt = d∗θGθωt is
smooth. �

We now proceed with the:

Proof of 3.2. The direct implication is obvious. For the converse, consider c
in H2

Θ(M) with i∗bc = [ωb] in H2
θb

(F ) and fix Ω0 in c. Then there exists a one-
form ψb on Fb such that i∗bΩ0 − ωb = dθbψb. We now restrict only to those b
belonging to a trivialization open set U and consider ΦU : π−1(U)→ U × F
a trivialization map. Since the map ΦU defines an isomorphism between
Fb and F for any b in U , i∗bc− ωb is a smooth family of vertical forms
and ΦU∗θb = θ, ΦU∗dθbψb defines a smooth family of dθ-exact forms on F.
By using the previous lemma, we get that the collection ψb can be chosen
smooth, so there exists ψU a one-form on π−1(U) such that i∗bψU = ψb. We
define the following two-form:

Ω = Ω0 − dΘ

∑
U

(π∗ρU )ψU

where {ρU}U is a partition of unity on B. By restricting Ω to Fb we get that:

i∗bΩ = i∗bΩ0 − dθb
∑
U

(ρU (b))ψb

= i∗bΩ0 − dθbψb
= ωb.

This completes the proof. �

Corollary 3.4. Let (F, ω, θ) be a compact locally conformally symplectic
manifold and let ω = dθη. If F →M → B is an LCS bundle and there is a
cohomology class c in H1

dR(M) such that for any b in B, i∗bc = [θb], one can
find a twisted closed extension for (ω, θ).
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Proof. The proof is obvious since once found a one-form Θ on M extending
θ on the fibers, the condition in 3.2 applied to Θ is automatically satisfied,
because the class of ωb in H2

θb
(Fb) is 0 and is trivially extended by the class

0 in H2
Θ(M). But such a Θ exists by applying 3.1. �

Proposition 3.5. Let (F, ω, θ) be a compact LCS manifold with ω = dθη,
G a Lie group acting on F by preserving ω and P a principal G-bundle. If
ρ̃ : g → X (F ) is the infinitesimal action induced by the action of G on F
on the Lie algebra g and θ(ρ̃(v)) = 0 for any v in g, then P ×G F carries a
twisted closed extension.

Proof. According to the previous result, we have to find a one-form Θ such
that i∗bΘ = θb.

We consider the one-form (0, θ) on P × F . It is a closed G-invariant
form. In order for (0, θ) to descend to a one-form on P ×G F , the following
relation has to be satisfied:

iρ(v)(0, θ) = 0, ∀v ∈ g,

where ρ : g→ X (P × F ) is the infinitesimal action of the Lie algebra g
on P × F with respect to the action of G on P × F (given by (p, f) · g =
(pg, g−1f)).

If we denote by ρ′ : g→ X (P ) the infinitesimal action of g on P , then
ρ = ρ′ − ρ̃. Hence, iρ(v)(0, θ) = −θ(ρ̃(v)) and the condition for (0, θ) to be
basic becomes equivalent to the vanishing of θ(ρ̃(v)). We consider then Θ
on P ×G F such that π∗Θ = (0, θ). Clearly, i∗bΘ = θb and the conclusion
follows. �

Remark 3.6. We shall see in the next section that two possible scenarios
for θ(ρ̃(v)) to vanish are when the action of G is twisted Hamiltonian or
when G has at least one fixed point.

4. Proof of 1.8

The proof of the theorem follows the very same original arguments, mean-
ing that we shall construct a non-degenerate two-form on the total space
P ×G F by using a connection on P and the momentum map of the twisted
Hamiltonian action, as previously defined. However, this form must not be
symplectic, but locally conformally symplectic. Therefore, the main differ-
ence from the original coupling form construction is that of finding a natural
way to define a Lee form on P ×G F coinciding with the Lee forms of the
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fibres. For the sake of completeness, we shall give all the steps of the proof
and compare to the results from the original setting (described for instance
in [MS]).

We need the following:

Definition 4.1. A connection Γ in an LCS fiber bundle is LCS if the
parallel transport with respect to any curve γ, Pγ : Fγ0 → Fγ1 , preserves the
LCS forms of the fibers, meaning P ∗γωγ1 = ωγ0 (which automatically implies
P ∗γ θγ1 = θγ0).

Remark 4.2. Let H be any connection on P . Then H induces a connection
H on P ×G F by the following:

H[p,f ] = {π∗,(p,f)v | v ∈ Hp},

where [p, f ] denotes the image of (p, f) under the projection π : P × F →
P ×G F . Moreover, H is an LCS connection and consequently the flow of
every horizontal field on P ×G F with respect to H preserves the LCS form
and the Lee form when restricted to the fibers.

The proof will be divided into six steps which we now explain:

Step 1. (Fixing a connection.) We denote by B the quotient P/G and
by Vert the space of vertical fields of the fibration F → P ×G F → B. Let
ρ̃ : g → X (F ) be the infinitesimal action of G on F .

We consider on P ×G F a connection H induced by a fat connection H
on P (we need fatness only at µ(F )). The curvature of H is given by:

RH : TB × TB → Vert

RH(X,Y ) = [X∗, Y ∗]− [X,Y ]∗,

where X∗ denotes the lift of X with respect H. We shall denote by A the
curvature form of the g-valued one-form a associated to H. The relation
between A and RH is:

RH([p, f ])(X,Y ) = π∗,(p,f)(0, ρ̃(Ap(X,Y ))(f)).

Remark 4.3. As in [Va1], a vector field X is twisted Hamiltonian if iXω
is dθ-exact. We denote the space of twisted Hamiltonian vector fields by
Ham(F ). Therefore, ρ̃ takes value in Ham(F ) and the relation that connects
the two curvatures tells us that RH is a Hamiltonian vector field if restricted
to a fiber Fb, meaning RH : TbB × TbB → Ham(Fb).
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Step 2. (Defining the Lee form.) As in 3.5, the form (0, θ) on P × F
descends to P ×G F if and only if θ(ρ̃(v)) = 0 for any element v in the
Lie algebra g. But this will be the case as a consequence of the twisted
Hamiltonian action of G. Indeed, ρ̃(v) is a twisted Hamiltonian vector field
on F , therefore there exists a smooth function f on F such that iρ̃(v)ω = dθf .
By the Cartan formula we obtain that:

Lρ̃(v)ω(X,Y ) = iρ̃(v)dω(X,Y ) + diρ̃(v)ω(X,Y )

= iρ̃(v)θ ∧ ω(X,Y ) + d(dθf)(X,Y )

= θ(ρ̃(v))ω(X,Y )− θ(X)ω(ρ̃(v), Y )

+ θ(Y )ω(ρ̃(v), X) + d(dθf)(X,Y )

= θ(ρ̃(v))ω(X,Y )− θ ∧ dθf(X,Y ) + d(dθf)(X,Y )

= θ(ρ̃(v))ω(X,Y ).

However, Lρ̃(v)ω = 0, since the action of G preserves ω. The non-degeneracy
of ω then implies that θ(ρ̃(v)) = 0, thus resulting in the condition of (0, θ)
to be basic.

Therefore, there exists a one-form Θ on P ×G F such that (0, θ) = π∗Θ.
Moreover, Θ is closed and equals θb when restricted to Fb. The one-form Θ
has also the property that Θ(π∗(w, 0)) = 0, for any vector w tangent to P .
Thus, (0, θ) yields a closed one-form Θ on P ×G F which is θb on Fb and
vanishes on any horizontal space induced by a connection on P .

Θ will be the Lee form of the LCS form we construct in the next steps.

Step 3. (Defining the LCS form.) The LCS form is defined by inter-
twining the LCS structure of the fiber and the chosen connection on the
principal bundle, being called coupling form in the original setting. We use
the same terminology and the definition is the following:

ω[p,f ](X,Y ) =


ωb(X,Y ) if X and Y are vertical,

0 if X is horizontal and Y is vertical,

µ(f)(Ap(X
′, Y ′)) if X and Y horizontal.

Here X ′ and Y ′ are the vectors in TpP such that π∗,(p,f)(X
′) = X and

π∗,(p,f)(Y
′) = Y .

Remark 4.4. Since F is not a globally conformally symplectic manifold,
θ is not an exact form and H0

θ (F,R) vanishes (see [HR2, Lemma 3.1]). But
H0
θ (F,R) is precisely the obstruction for every Hamiltonian vector field to



i
i

“5-Otiman” — 2019/2/1 — 0:05 — page 1389 — #13 i
i

i
i

i
i

Locally conformally symplectic bundles 1389

have a unique Hamiltonian associated function, as the following is an exact
sequence:

0 −→ H0
θ (F,R) −→ C∞(F,R) −→ Ham(F ) −→ 0.

Thus, the momentum map µ is defined by the C∞ map λ : Ham(F, ω, θ)→
C∞(F ) associating to a Hamiltonian vector field Xf its unique Hamiltonian
function f . Therefore, on horizontal vector fields, ω(x∗, y∗) = µ(A(X ′, Y ′)) =
λ(RH(x, y)) where x∗ and y∗ are the horizontal lifts with respect to H of
the vector fields x and y on B.

Step 4. (Verifying that ω is dΘ-closed.) We need to show dΘω(X,Y, Z) =
0 for all possible combinations of horizontal and vertical arguments.
4.1. By construction that dΘω(X,Y, Z) = 0, for vertical X, Y and Z.
4.2. Let X and Y be vertical and Z is horizontal. Then Θ ∧ ω(X,Y, Z) =
0, since H is the ω-orthogonal of the vertical bundle and Θ vanishes on
H. Thus, dΘω(X,Y, Z) = 0 is equivalent to dω(X,Y, Z) = 0. But H is an
LCS connection, and hence the flow of any horizontal vector field preserves
(ωb, θb). This can be written as (LZω)(X,Y ) = 0, for any horizontal field Z
and any vertical fields X and Y . As in [GLS, Theorem 1.2.4], the following
computation shows that dω(X,Y, Z) = 0:

(4.1) d(iZω)(X,Y ) = X(iZω(Y ))− Y (iZω(X))− iZω([X,Y ]) = 0

However, 0=(LZω)(X,Y )=d(iZω)(X,Y )+iZdω(X,Y ), hence iZdω(X,Y )
and therefore, also dω(X,Y, Z) have to vanish.
4.3. Let now X and Y be horizontal fields and Z vertical. The following
relation is essential for the proof:

(4.2) − dΘω(Y,X)(Z) + dΘω(Y,X,Z) = ω([X,Y ], Z).

An equivalent form of the above is:

− dω(Y,X)(Z) + dω(Y,X,Z) + ω(Y,X)Θ(Z)−Θ ∧ ω(Y,X,Z)(4.3)

= ω([X,Y ], Z).

Since horizontal and vertical fields are ω-orthogonal, Θ ∧ ω(Y,X,Z) =
ω(Y,X)Θ(Z), thus (4.3) rewrites as

−dω(Y,X)(Z) + dω(Y,X,Z) = ω([X,Y ], Z).
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Although proved in [GLS] on page 6, we present the proof for the sake of
completeness. By using the vanishing of the vertical-horizontal component
of ω, Cartan formula and the fact that the Lie bracket of two vector fields,
one of which is vertical, is again vertical, the following computation arises:

LZω(Y,X) = (LZω)(Y,X) + ω([Z, Y ], X) + ω(Y, [Z,X])

= (diZω + iZdω)(Y,X)

= Y (iZω(X))−X(iZω(Y ))− iZω([Y,X]) + dω(Z, Y,X)

= dω(Y,X,Z)− ω([X,Y ], Z)

Consequently, relation 4.2 holds.
Take now X = x∗ and Y = y∗ (where x and y are vector fields on B).

The ω-orthogonality of H and Vert give:

i[a∗,b∗]ω(Z) = i[a∗,b∗]−[a,b]∗ω(Z) = iRH(a,b)ω(Z).

Using now 4.4, we further obtain that

iRH(a,b)ω(Z) = dΘλ(RH(a∗, b∗))(Z) = dΘµ(A(a∗, b∗)) = dΘω(a∗, b∗).

Consequently, i[a∗,b∗]ω(Z)=dΘω(a∗, b∗)(Z)=−dΘω(b∗, a∗)(Z). Relation (4.2)
now implies that dΘω(b∗, a∗, Z) = 0, hence dΘ(X,Y, Z) = 0, for any X and
Y horizontal and Z vertical.
4.4. Finally, let X,Y and Z be horizontal vector fields. Since Θ vanishes on
horizontal vector fields, dΘω(X,Y, Z) = 0 is equivalent to dω(X,Y, Z) = 0.
The proof is the same as in [MS] on page 225, and hence we only indicate a
sketch of it.

Denote by Xv the vertical component of the vector field X. Then the
following relation is straightforward:

[[x∗, y∗], z∗]v = RH([x, y], z)− [z∗, RH(x, y)].

But RH([x, y], z) and [z∗, RH(x, y)] are fiberwise Hamiltonian vector fields.
It is easy to show that the fiberwise Hamiltonian function for [z∗, RH(x, y)]
is Lz∗ω(x∗, y∗) (because ω(x∗, y∗) is a fiberwise Hamiltonian function for
RH(x, y)). So [[x∗, y∗], z∗]v is a fiberwise Hamiltonian vector field, and its
Hamiltonian function is ω([x∗, y∗], z∗)− Lz∗ω(x∗, y∗) (again, we used the
fact that the vertical-horizontal component of ω vanishes). By summing
over cyclic permutations and using the Jacobi identity, one gets that∑

x,y,z[[x
∗, y∗], z∗]v = 0, so its Hamiltonian function has to be 0 because
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of its uniqueness. What we get is:∑
x,y,z

ω([x∗, y∗], z∗)−
∑
x,y,z

Lz∗ω(x∗, y∗) = 0

and this is precisely the expression of dω(x∗, y∗, z∗), which ends the proof.

Step 5. (The non-degeneracy of ω.) Choosing a fat connection on P at
Imµ will assure the non-degeneracy of ω on the horizontal space, which is
the only thing we need to know, since on the vertical bundle it is already
non-degenerate, thus ending the construction.

Remark 4.5. Circle LCS actions provide more easily examples of LCS
manifolds constructed as in 1.8. The reason is that principal S1-bundles
over some manifold M are parametrized by H2(M,Z). Moreover, if one
chooses a symplectic manifold M whose symplectic form ω has integral co-
homology class, then the corresponding S1-bundle over M is endowed with
a fat connection, namely the one-form α satisfying π∗ω = dα, where π is
the natural projection π : P →M . The non-degeneracy of ω implies the fat-
ness of α. The two-form dα represents also the curvature of α, hence the
coupling form of the bundle P ×S1 F rewrites on the horizontal part as
Ω(X∗, Y ∗) = µ(π∗ω(X ′, Y ′)), where X∗ and X ′ denote the lift of the vector
field X on P ×S1 F and respectively on P .

5. Twisted Hamiltonian actions

The above results show the need to find twisted Hamiltonian actions on LCS
manifolds. In this section we give several criterions for the existence of such
actions and conclude with several examples.

We already used and proved the following result within the proof of 1.8:

Proposition 5.1. Let (M,ω, θ) be an LCS manifold and let G be a Lie
group acting on M . If the action of G is twisted Hamiltonian, then neces-
sarily θ(ρ(v)) = 0 for any fundamental vector field ρ(v) of the action.

The condition θ(ρ(v)) = 0 is also sufficient in the following case:

Proposition 5.2. Let (M,ω, θ) be an LCS manifold with H1
θ (M,R) = 0.

Then the action of a group G is twisted Hamiltonian if and only if θ(ρ(v))
= 0.
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Proof. The direct implication is clear. For the converse, we prove that iρ(v)ω
is dθ-closed. By using the Cartan formula and the G-invariance of ω, we get:

dθiρ(v)ω = diρ(v)ω − θ ∧ iρ(v)ω

= Lρ(v)ω − iρ(v)dω − θ ∧ iρ(v)ω

= −iρ(v)θ ∧ ω − θ ∧ iρ(v)ω

= 0.

SinceH1
θ (M,R) vanishes, any dθ-closed form is dθ-exact, hence the action

is twisted Hamiltonian. �

The next result adds a condition for an action to be twisted Hamiltonian
in terms of the Lie algebra of the group:

Proposition 5.3. If G is a Lie group with perfect Lie algebra g acting on
the LCS manifold (M,ω, θ) by preserving ω and θ(ρ(v)) = 0, for any v in g,
then G acts twisted Hamiltonian.

Proof. As in 5.2, we get that iρ(v)ω is dθ-closed. Hence we can define a map
λ : g→ H1

θ (M) by

v 7→ [iρ(v)ω].

We prove next that whenever X and Y have ω-preserving flows and θ(X) =
θ(Y ) = 0, then [X,Y ] is a twisted Hamiltonian vector field (i.e. i[X,Y ]ω is dθ
-exact). Indeed, by using the Lie derivative properties, we get:

iLXY ω = LX(iY ω)− iY LXω
= diX(iY ω) + iXd(iY ω) + 0

= −dθ(ω(X,Y ))

By the easily verifiable relation [ρ(v), ρ(w)] = −ρ([v, w]) and by taking ρ(v)
and ρ(w) as X and Y above, one obtains that [g, g] is in the kernel of λ. Since
g is perfect, λ vanishes identically, hence the action is twisted Hamiltonian.

�

Remark 5.4. The condition θ(ρ(v)) = 0 plays a very important role in
finding twisted actions. By the Cartan formula and the fact that θ is closed
and G-invariant, we get that 0 = Lρ(v)θ = d(θ(ρ(v))). Therefore, θ(ρ(v)) is
always a constant (we always assume the manifolds we work with are con-
nected!). We observe that whenever the action of G has a fixed point (m is
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fixed if g ·m = m, for any g ∈ G), θ(ρ(v)) vanishes, since the fixed points
provide zeros of ρ(v).

Another case that triggers the desired equality is when θ has vanishing
points or in general when M is a second kind LCS manifold. This is a notion
introduced in [Va1]: first and second kind LCS manifold are defined in terms
of the Lee homomorphism (which associates to any vector field X whose flow
preserves the LCS form ω the constant θ(X)). A second kind LCS manifold
is then defined as having the Lee homomorphism trivial, thus satisfying the
condition θ(ρ(v)) = 0.

The next criterion deals with dθ-exact LCS forms.

Lemma 5.5. Let (F, ω, θ) be a connected LCS manifold with dθ-exact LCS
form, ω = dθη, and let G act on F by preserving η and θ. If G has at least
one fixed point, then the action of G is twisted Hamiltonian.

Proof. We want to show that iρ(v)ω is dθ-exact. The condition θ(ρ(v)) = 0
is satisfied, since the hypothesis fits one of the situations described in the
previous remark. Using this and the Cartan formula again, we obtain:

0 = Lρ(v)η = diρ(v)η + iρ(v)dη

= dη(ρ(v)) + iρ(v)(ω + θ ∧ η)

= dη(ρ(v)) + iρ(v)ω − η(ρ(v))θ.

This yields iρ(v)ω = −dθη(ρ(v)) and the action is indeed twisted Hamilto-
nian. �

Remark 5.6. For the above twisted Hamiltonian action, the twisted mo-
mentum map is given by

µ : F → g∗, µ(f)(v) = −η(ρ(v))(f).

Remark 5.7. Let M be a contact manifold and G a Lie group acting by
preserving some contact form α. If we let G act trivially on S1, then the
action of G on S1 ×M is twisted Hamiltonian with respect to the LCS form
ddvolα, where dvol is a volume form on S1. The proof follows the arguments
above, because the condition of existence of at least one fixed point can
be dropped. Indeed, this condition was important only for achieving the
vanishing of dvol(ρ(v)) = 0. But this is also the case, since any fundamental
vector field ρ(v) is tangent to M only, hence the S1-component vanishes.
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Note that there are many examples of LCS manifolds of the form S1 ×M
with M contact (in particular, Sasakian, [OV]). See also 5.15.

Another approach towards finding twisted Hamiltonian actions is moving
from the LCS manifold to one of its symplectic coverings. Unfortunately, the
action of a group does not in general lift to an action on a covering space.
However, if G is the Lie group acting on M and M̃ is one of its coverings,
one can always define on M̃ an action of the connected component of the
identity of the universal covering of G, which we shall denote henceforth by
G̃0. For more details, see [MO].

Intuitively, a twisted Hamiltonian action lifts to a Hamiltonian one and
the reversed scenario also should work. Indeed, this will be the case un-
der some minor extra requirements. The following two results concern this
situation.

Proposition 5.8. Let (M,ω, θ) be an LCS manifold and π : M̃ →M one
of its symplectic coverings. If G is a Lie group acting twisted Hamiltonian
on M , then G̃0 acts Hamiltonian on M̃ .

Proof. Let π∗θ = dh on the covering M̃ . The two-form Ω = e−hπ∗ω is sym-
plectic. We denote by ρ̃(v) the fundamental vector field of v with respect
to the action of G̃0 on M̃ . One can easily show that π∗ρ̃(v) = ρ(v), hence
iρ̃(v)Ω = e−hiρ̃(v)π

∗ω = e−hπ∗(iρ(v)ω). However, G acts twisted Hamiltonian
on M , therefore there exists s such that iρ(v)ω = dθs, meaning that

iρ̃(v)Ω = e−hπ∗(dθs) = e−hπ∗(ddhs) = d(e−hπ∗s),

and the action is thus Hamiltonian. �

We present next a partial converse of 5.8 and following the definitions
in [GOPP], we recall:

Definition 5.9. Let M̃ be the universal covering of an LCS manifold and
χ : π1(M)→ R+ the character of M . Then M := M̃/Ker(χ) is called the
minimal covering of M .

Remark 5.10. Deck(M/M) is an abelian group, since it is isomorphic
to the quotient π1(M)/Ker(χ), which is a subgroup of R+. Moreover,
Deck(M/M) acts only by proper homotheties, since factorizing to Kerχ
means factorizing to the isometries of π1(M).
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Theorem 5.11. Let π : M →M be the minimal covering of the LCS man-
ifold (M,ω, θ) and let Ω be the symplectic form of M . Let G be a Lie group
acting on M by preserving ω. Then G acts twisted Hamiltonian on M if and
only G̃0 acts Hamiltonian on M .

Proof. The direct implication is exactly 5.8, so we are left only with the con-
verse. Let us denote by cγ all the scalars of the homotheties in Deck(M/M)
(meaning γ∗Ω = cγΩ, for any γ in Deck(M/M)). By 5.10, we have cγ 6= 1.
The symplectic form Ω is equal to e−hπ∗ω, where π∗θ = dh. It is a straight-
forward computation to show that cγ = e−γ

∗h+h.
The Hamiltonian action of G̃0 on M implies that for any v in the Lie

algebra g:

iρ̃(v)Ω = df.

One can show that iρ̃(v)Ω is an automorphic one-form, so df is automorphic,
whence we get that γ∗f − cγf is constant. We shall denote henceforth this
constant depending on γ by aγ .

Next, we prove that

(5.1) k(γ) :=
aγ

1− cγ

is a constant not depending on γ in Deck(M/M).
In order to prove it, we need to see how the constant aγ behaves for

the composition of two elements γ1 and γ. By pulling back the equality
γ∗f − cγf = aγ with γ1, we get γ∗1γ

∗f − cγγ∗1f = aγ , which is equivalent to

(γ ◦ γ1)∗f − cγ1cγf + cγ1cγf − cγγ∗1f = aγ .

Consequently,

aγ◦γ1 − cγaγ1 = aγ

for any γ1, γ in Deck(M/M). By changing γ with γ1 in the equality above,
we get:

aγ1◦γ − cγ1aγ = aγ1 .

However, Deck(M/M) is abelian by 5.10, hence aγ1◦γ = aγ◦γ1 . Combining
the previous two equalities, we get

cγ1aγ + aγ1 = cγaγ1 + aγ ,

so aγ1(1− cγ) = aγ(1− cγ1), for any γ and γ1 in Deck(M/M), whence we
conclude that k(γ) = k is constant.
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We now explain why the action of G is twisted Hamiltonian. We first
notice that eh(f − k) is Deck(M/M)-invariant, and hence descends to M .
Indeed,

γ∗eh(f − k) = eγ
∗h(γ∗f − k) = eh

cγ
(aγ + cγf − k)

= eh

cγ
(k(1− cγ) + cγf − k) = eh(f − k).

Therefore, there exists some function r on M such that eh(f − k) = π∗r.
This further yields:

df = d(e−hπ∗r) = e−hddhπ
∗r = e−hdπ∗θπ

∗r = e−hπ∗(dθr).

Nevertheless,

df = iρ̃(v)Ω = e−hiρ̃(v)π
∗ω = e−hπ∗(iρ(v)ω),

and hence we obtain

π∗(iρ(v)ω) = ehdf = π∗(dθr),

meaning that the action is indeed twisted Hamiltonian. �

Remark 5.12. If the universal covering M̃ coincides with the minimal cov-
ering, the requirement for the action of G on M̃ to be Hamiltonian simplifies
to preserving the symplectic form, since M̃ is simply connected.

Remark 5.13. 5.11 does not work in general for any covering space dif-
ferent from the minimal one. Let us take M̃ a symplectic covering of M
and G a Lie group acting by preserving ω. If the lift of this action to M̃ ,
namely the action of the covering G̃0, is Hamiltonian with respect to the
symplectic form e−hπ∗ω, then G is twisted Hamiltonian if and only if one
can always choose on M̃ an automorphic Hamiltonian function for any fun-
damental vector field, as the proof of 5.11 unravels. Fortunately, this can
always be done on the minimal covering, since the deck transformations are
not isometries and the function introduced at (5.1) is constant. We shall give
at the end of the section an example consisting of a Hamiltonian action on
the universal cover of an LCS manifold, which does not come from a twisted
Hamiltonian action.
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Example 5.14. We construct a twisted Hamiltonian action on diagonal
Hopf manifolds. We regard S2n−1 as embedded in Cn \ {0} by:

S2n−1 = {(z1, z2, . . . , zn) | |z1|2 + · · ·+ |zn|2 = 1}.

There are many contact structures on S2n−1 (see, e.g. [KO]). Namely,
every collection of real numbers (here called weights) a1, . . . , an, satisfying:

0 < a1 6 a2 . . . 6 an

provides us with a contact form

ηa1,...,an = 1∑
i ai|zi|2

η0

which is a deformation of the standard one of S2n−1: η0 =
∑

i yidxi − xidyi.
These contact forms will further provide a family of LCS forms on S1 ×

S2n−1 defined by

ωa1,...,an = ddvolηa1,...,an

where dvol is a volume form on S1. The universal covering R× S2n−1 carries
the exact symplectic form d(etηa1,...,an). By dividing it with et we obtain the

two-form
d(etηa1,...,an )

et which descends to ωa1,...,an on S1 × S2n−1.
Let T k be the k dimensional torus, with k ∈ {1, 2, . . . n}. One can define

the following action of T k on S1 × S2n−1:

(u1, u2, . . . , uk) · (s, (z1, z2, . . . , zn)) = (s, (u1z1, . . . , ukzk, zk+1 . . . , zn)).

This action preserves dvol and also the contact form ηa1,...,an for any n-tuple
a1, . . . , an, hence the LCS form is T k-invariant. Moreover, the condition

dvol(ρ(v)) = 0

is satisfied for any fundamental vector field since its S1-component is 0. From
the proof of 5.5 (we need only the vanishing of dvol(ρ(v)), not necessarily a
fixed point of the action), the above action is twisted Hamiltonian.

Another approach for this example would be using the isomorphism
between R× S2n−1 and Cn \ {0} given by:

ψa1,...,an(t, (z1, . . . , zn)) = (e−ta1z1, . . . , e
−tanzn).



i
i

“5-Otiman” — 2019/2/1 — 0:05 — page 1398 — #22 i
i

i
i

i
i

1398 Alexandra Otiman

Thus, we recover S1 × S2n−1 as Cn \ {0}/((z1, . . . , zn) 7→ (ea1z1, . . . e
anzn)).

The induced action of T k on Cn \ {0} is

(u1, . . . , uk) · (z1, . . . , zk) = (u1z1, . . . , ukzk, zk+1 . . . , zn)

and it is Hamiltonian with respect to the symplectic form

ω = (ψa1,...,an)∗(d(etηa1,...,an)).

The hypothesis conditions in 5.12 are satisfied, therefore the action is twisted
Hamiltonian.

The motivation for considering this example actually comes from com-
plex geometry. However, we do not need any complex structure for our
purposes, but since the action we consider happens to be holomorphic, our
setting fits the situations described in [GOP]. Another way to see the action
is indeed twisted Hamiltonian is the following: Hopf manifolds are Vaisman,
as proven in [KO]. Moreover, the torus T k acts by Vaisman automorphisms
as defined in [GOP]. Theorem 5.15 in [GOP] proves that every group acting
by Vaisman automorphisms has a twisted Hamiltonian action.

Remark 5.15. The above example is related to contact fibre bundles in
the following way.

Let P be a principal T k-bundle. The product P ×T k (S1 × S2n−1) is
equal to (P ×T k S2n−1)× S1, since the action of T k is trivial on S1. Never-
theless, T k preserves ηa1,...,an , hence T k acts on S2n−1 by contactomorphisms
and the contact momentum map is given by v 7→ ηa1,...,an(ρ(v)). Thus, the
twisted momentum map on S1 × S2n−1 and the contact momentum map on
S2n−1 have the same image in the dual of the Lie algebra of the torus, (Rk)∗.
Choosing a connection in P which is fat on the points in the image of the
momentum map will produce a contact form on P ×T k S2n−1, according to
[Ler, Theorem 3.3], and hence an LCS structure on (P ×T k S2n−1)× S1.

Example 5.16. For any manifold M , T ∗M has a locally conformally sym-
plectic structure given by the Lee form π∗α and the LCS form dπ∗αθ, where α
is any closed form on M , θ is the Liouville form on T ∗M and π : T ∗M →M
is the natural projection, [HR1].

Let G be a compact Lie group acting on M with at least one fixed point.
We lift the action of G to T ∗M . This action will preserve θ. As G is compact,
we can average any closed one-form on M and obtain a G-invariant closed
one-form α. The action of G on T ∗M will also preserve π∗α and since G
acts with at least one fixed point, any G-invariant one-form β evaluated in
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a fixed point p will provide a fixed point βp for the action of G on T ∗M ,
recovering thus the setting from 5.5. On the other hand, (T ∗M,dπ∗αθ, π

∗α) is
not globally conformal symplectic unless α is an exact form on M , and hence
non-trivial examples are obtained for every M with non-trivial H1(M,R).

Example 5.17. We present an S1-action on the Inoue surface S+
N,p,q,r,t

which can also be found in [M], that preserves the LCS form given in [T],
is not twisted Hamiltonian, but its lift to an action of R on the universal
covering is Hamiltonian. This shows the relevance of the minimal covering
in 5.11 and relates directly to 5.13.

We recall the definition of S+
N,p,q,r,t, see [I]. Let p, q, r be integers with

r 6= 0 and let t be a real number. Let N ∈ SL(2,Z), with eigenvalues α and
1
α , and let (a1, a2) and (b1, b2) be two corresponding eigenvectors. We denote
by (c1, c2) the solution of the equation:

(c1, c2) = (c1, c2) ·NT + (e1, e2) +
b1a2 − b2a1

r
(p, q),

where

ei = 1
2ni1(ni1 − 1)a1b1 + 1

2ni2(ni2 − 1)a2b2 + ni1ni2b1a2, i = 1, 2.

Let H denote the upper half plane {w ∈ C ; Imw > 0} and call G+ the group
of automorphisms of H× C generated by:

g0(w, z) = (αw, z + t)

gi(w, z) = (w + ai, z + biw + ci)

g3(w, z) = (w, z + b1a2−b2a1

r ).

The S+
N,p,q,r,t Inoue surface is defined as (H× C)/G+. According to [T], the

LCS form carried by this complex surface is written on the cover H× C as:

ω̃ = −i

(
1 + (z2)2

(w2)2
dw ∧ dw − z2

w2
(dw ∧ dz + dz ∧ dw) + dz ∧ dz

)
.

The Lee form is written on H× C as dlnw2 and it is easy to see that indeed,
dω̃ = dlnw2 ∧ ω̃. We denote by s the real number b1a2−b2a1

r and regard the
circle S1 as the quotient R/ ∼, where x ∼ x+ s.
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We define an S1-action on S+
N,p,q,r,t by:

[x] · (̂w, z) = ̂(w, z + x).

Direct computations show that this is indeed a well defined action, preserv-
ing the LCS structure. This S1 actions lifts to an action of R on H× C:

x · (w, z) = (w, z + x),

which clearly leaves the symplectic form 1
w2
ω̃ invariant,and hence it is Hamil-

tonian on the universal cover of S+
N,p,q,r,t. However, the S1-action is not

twisted Hamiltonian. Indeed, if it was twisted Hamiltonian, then, accord-
ing to 5.13, one could choose a Hamiltonian function on H× C which is
automorphic. Then each Hamiltonian function is left invariant by all the
isometries in Deck((H× C)/S+

N,p,q,r,t). But the fundamental vector field cor-
responding to the element 1 from the Lie algebra (equal to R) is ∂z + ∂z and
its Hamiltonian function is −2 z2

w2
and it is not preserved by the isometries

g2 and g3 from G+, which is the deck group of the covering, contradiction.

In particular, this proves:

Corollary 5.18. H1
θ (S+

N,p,q,r,t) is nontrivial.

Proof. We consider the action described in 5.17 and use the same notations.
We first notice that θ(ρ(v)) = 0 for any real number v. This happens because
π∗θ(v(∂z + ∂z)) = dlnw2(v(∂z + ∂z)) = 0 and combined with the fact that ω
is invariant under the action of S1, one obtains that iθρ(v) is dθ-closed. If
H1
θ (S+

N,p,q,r,t) vanished, then the action would be twisted Hamiltonian, which
is not the case. �

6. Compatibility of the bundle construction with
LCS reduction

In this section we study compatibility properties with respect to locally
conformally symplectic reduction. For that we need to consider only contexts
when the same group G acts on the fiber and on the total space of the fibration
in a compatible way. The following results show that a favorable case for this
to happen is when G is abelian.
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Proposition 6.1. If G is an abelian Lie group acting twisted Hamiltonian
on the LCS manifold (F, ω, θ), then the Hamiltonian function of every fun-
damental vector field is G-invariant.

Proof. The commutativity of G assures that every fundamental vector field
ρ(v) is G-invariant. Let h be the unique Hamiltonian function for ρ(v). Then
iρ(v)ω = dθh. Moreover, since ω, θ and ρ(v) are G-invariant, dθg

∗h = dθh for
any element g in G. However, H0

θ (F ) vanishes (see 4.4), as θ is not exact, so
g∗h = h. �

Proposition 6.2. If G is an abelian Lie group acting twisted Hamiltonian
on F and P is a G-principal bundle with a fat connection, then G acts twisted
Hamiltonian on P ×G F with respect to the coupling form constructed in 1.8.

Proof. Define the action of G on P ×G F by:

g · [p, f ] = [p, g · f ].

This is well defined as a consequence of the group G being abelian. In order
to check this action is indeed twisted Hamiltonian, we observe that the
fundamental vector fields ρ̃(v) (for any v in g) are vertical and fiberwise
twisted Hamiltonian, since ρ̃(v) = π∗(0, ρ(v)), where π : P × F → P ×G F
is the projection.

If Ω is the coupling form and Θ is its corresponding Lee form, we shall
prove that iρ̃(v)Ω is dΘ-exact. Let h be the Hamiltonian function of ρ(v).

According to 6.2, h is G-invariant. We denote by H̃ : P × F → R the func-
tion H̃(p, f) = h(f). Since H̃ is also G-invariant, it descends to a function
H : P ×G F → R, such that H([p, f ]) = h(f). Moreover, H has the property
that restricted to any fiber Fb is the Hamiltonian function associated to ρ(v).
We prove the following:

(6.1) iρ̃(v)Ω = dΘH.

Equality (6.1) is obviously true on vertical vector fields, since its restriction
to the fiber Fb reduces to the action of G on F being twisted Hamiltonian.
We have to prove next that (6.1) also holds on horizontal vector fields.

Let V ∗ be the lift to P ×G F of the vector field V on P/G. As shown
in the proof of 1.8, [V ∗, ρ̃(v)] is a fiberwise Hamiltonian vector field, whose
Hamiltonian function is LV ∗H. However, [V ∗, ρ̃(v)] is π∗[V

∗∗, ρ(v)], where
V ∗∗ is the lift of V to P , thus the Lie bracket vanishes and therefore, LV ∗H =
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0. Then the following holds:

dΘH(V ∗) = dH(V ∗)−HΘ(V ∗) = 0 = iρ̃(v)Ω(V ∗),

as Θ vanishes on basic vector fields. Thus, we have proved that (6.1) is
indeed satisfied.

According to our definition of twisted Hamiltonian action, we still have
to show that for any g in G:

(6.2) g∗Ω = Ω.

For X and Y vertical vector fields, (6.2) means the G-invariance of ω, which
is granted. For X horizontal and Y vertical, Ω(X,Y ) vanishes and as the
action of G on P ×G F preserves the horizontality and verticality of vector
fields, (6.2) holds whenever X is horizontal and Y is vertical. We are left
with verifying that (6.2) is true also when X and Y are both horizontal.
By using the fact that for any g in G and X horizontal, g∗X = X and the
G-invariance of the momentum map (as a consequence of the group being
abelian), one gets:

µ(A(X,Y )) = µ(A(g∗X, g∗Y )),

which is the definition of Ω on horizontal vector fields and concludes the
G-invariance of Ω. �

Let now µ̃ be the momentum map of the action of G on P ×G F . Since
G is abelian, both µ and µ̃ are G-invariant. The momentum map µ̃ can be
expressed as:

µ̃([p, f ])(v) = H([p, f ]) = h(f) = µ(f)(v).

So, the relation between µ̃ and µ is the following:

(6.3) µ̃([p, f ]) = µ(f).

Usually, the reduction process is performed at 0. In the present case, the
reduction can be performed at any regular value, since the momentum maps
are G-invariant. For simplicity, however, we only consider reduction at 0.
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As a consequence of (6.3), the following holds:

(6.4) µ̃−1(0) = P ×G µ−1(0).

We use locally conformally symplectic reduction as presented in [HR3]
or [GOPP] and assume that 0 is a regular value and G acts freely and
properly on µ−1(0). By (6.4), we see that the action of G on µ̃−1(0) is still
free and proper. Thus, both µ̃−1(0)/G and µ−1(0)/G are manifolds. We are
now ready to prove the following compatibility theorem.

Theorem 6.3. Let G be an abelian Lie group acting twisted Hamiltonian
on the LCS manifold (F, ω, θ) and P a principal G-bundle with a fat connec-
tion at Im(µ).Then G acts twisted Hamiltonian with respect to the coupling
form Ω and assuming all conditions for reduction at 0 are met, the relation
between the two reduced manifolds is:

µ̃−1(0)/G ' P/G× µ−1(0)/G.

Proof. We define f : µ̃−1(0)/G→ P/G× µ−1(0)/G, f([̂p, f ]) = (p̂, f̂). By us-
ing only the way G acts on F and P ×G F , f is well defined with the inverse

l : P/G× µ−1(0)/G→ µ̃−1(0)/G, l(p̂, f̂) = [̂p, f ]. The map f is the diffeo-
morphism we want. �

Remark 6.4. It may happen that the base P/G carries a symplectic struc-
ture. As previously stated, when G is S1 there is a correspondence between
fat connections on a circle bundle and integral symplectic forms of the base.
Since both reduced spaces have LCS structures by [HR3, Theorem 1], it
means that a product between a symplectic manifold and an LCS one may
be LCS. This is unlike the LCK case, where under compactness conditions,
the product of LCK with Kähler is never LCK, as proved in [OPV].

7. Locally conformally Kähler bundles

Here we address the same problems we did so far for locally conformally
Kähler manifolds, namely defining LCK fiber bundles and finding conditions
for the total space to admit an LCK structure which restricts to the one of
the fibers. We necessarily have to consider only the case when the fiber is a
complex submanifold of the bundle.

Recall that an LCK manifold (M,ω, J) is a Hermitian manifold whose
fundamental two form ω satisfies the LCS definition for a closed one-form θ.
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Definition 7.1. Let F →M → B be a fiber bundle with (F, ω, J) an LCK
manifold, which is a complex submanifold of (M,J). We call it LCK fiber
bundle if its structure group consists of holomorphic ω-preserving diffeomor-
phisms.

Remark 7.2. By adding the extra condition of holomorphicity of the tran-
sitions maps, we ensure there exists a canonical complex structure on each
fiber Fb, which we denote by Jb.

Remark 7.3. The problem of finding an LCK structure on M which re-
stricts to ω on the fiber F does not reduce to regarding F and M only as
LCS manifolds. Indeed, if we forget the complex structure and look only for
conditions of existence of an LCS extension of ω, which is actually the first
step to consider, there is no guarantee the extension we obtain satisfies also
J-invariance and positiveness in order to come from an LCK metric. Hence
working in the complex brings new constraints for the LCS extensions.

Let us consider the same setting as in 1.8: suppose we have an LCK fiber
bundle with total space P ×G F . We further assume that P/G is a complex
manifold, endowed with a complex structure J1. With these assumptions, we
are able to construct the following almost complex structure J̃ on P ×G F :

J̃(X) =

{
Jb(X) if X is a vertical vector tangent to Fb,

(J1(π∗X))∗ if X is horizontal.

Clearly, J̃ satisfies the condition J̃ ◦ J̃ = − id. We are interested in find-
ing a favorable context for the coupling form to be LCK with respect to J̃ .
For that, we need to investigate first when J̃ is integrable and hence we look
at the Nijenhuis tensor.

We recall that the Nijenhuis tensor defined as

NJ(X,Y ) = [X,Y ]− [JX, JY ] + J [JX, Y ] + J [X, JY ]

vanishes if and only if J is integrable, hence a complex structure. Computing
now NJ̃ , we obtain:

NJ̃(X,Y ) = 0,

whenever X and Y are vertical vector fields, since for any point p in P ×G F
with π(p) = b:

NJ̃(X,Y )(p) = NJb(X|Fb , Y|Fb)(p) = 0.
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If Xp and Yp are horizontal vectors, we can compute NJ̃(X,Y )p by taking
field extensions of Xp and Yp which are lifts of fields from the base, de-
noted by X∗ and Y ∗. Then by using the formula of the curvature [X∗, Y ∗] =
[X,Y ]∗ +RH(X,Y ), the definition of J̃ and the fact that J1 is integrable,
we get that:

NJ̃(X∗, Y ∗) = J(RH(J1X,Y ) +RH(X, J1Y ))

+RH(X,Y )−RH(J1X, J1Y ).

An LCK form is necessarily of type (1,1), hence J̃-invariant. This condition
applied to the coupling form would automatically imply the J̃-invariance of
the curvature form with respect to the complex structure on the base, J1.
But this will further yield the vanishing of the Nijenhuis tensor applied on
horizontal vector fields. It remains to deal with the vanishing of NJ̃(X,Y ),
when X is horizontal and Y is vertical and eventually the positiveness of the
coupling form. We cannot control these two conditions, and hence in general
the almost complex structure J̃ is not integrable.

It is an open question so far to find sufficient conditions for J̃ to be
integrable.
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