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Canonical bases for the equivariant
cohomology and K-theory rings of
symplectic toric manifolds

M. PABINIAK AND S. SABATINI

Let M be a symplectic toric manifold acted on by a torus T. In this
work we exhibit an explicit basis for the equivariant K-theory ring
Kr(M) which is canonically associated to a generic component
of the moment map. We provide a combinatorial algorithm for
computing the restrictions of the elements of this basis to the fixed
point set; these, in turn, determine the ring structure of Kr(M).
The construction is based on the notion of local index at a fixed
point, similar to that introduced by Guillemin and Kogan in [GK].

We apply the same techniques to exhibit an explicit basis for
the equivariant cohomology ring Hp(M;Z) which is canonically
associated to a generic component of the moment map. Moreover
we prove that the elements of this basis coincide with some well-
known sets of classes: the equivariant Poincaré duals to certain
smooth flow up submanifolds, and also the canonical classes intro-
duced by Goldin and Tolman in |GTI], which exist whenever the
moment map is index increasing.
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1. Introduction

Let (M?",w) be a compact symplectic toric manifold of dimension 2n, i.e. a
compact symplectic manifold equipped with an effective Hamiltonian action
of an n-dimensional torus T with Lie algebra t, and let ¢: M — t* be a
moment map for the action. Moreover assume that the fixed point set M7 is
discrete. Let Hy(M) denote either the equivariant cohomology ring with Z
coefficients or the equivariant K-theory ring of M. The inclusioni: M" < M
is T-equivariant, hence it induces a map

i*: Hp(M) — Hy(M7).

Since MT is discrete the map i* is always injective (cf. [Ki] for a proof in
the equivariant cohomology setting and |GK] for the equivariant K-theory
ring). Therefore Hr(M) can be viewed as a subring of Hy(MT).

The main goal of this paper is to construct an explicit basis of Hy (M)
canonically associated to a generic component p of the moment map
(see page [[124]). The restrictions of the basis elements to the fixed points,
i.e. their images in Hr(M7T), determine the equivariant structure constants
associated to this basis, hence the ring structure of Hy(M).

A result of Kirwan guarantees that there always exists a basis for Hy (M)
associated to a generic component of the moment map, the elements of this
basis being called Kirwan classes (see [Ki] for the equivariant cohomology
setting, and Proposition for a generalization of this idea to equivariant
K-theory). This basis is, however, not unique. Several authors have added
different conditions that would ensure this basis to be unique, i.e. to be
canonically associated to a generic component of the moment map. For ex-
ample, Guillemin and Zara |GZ02,|GZ03] study this problem for the equiv-
ariant cohomology ring of GKM spaces (see Section 2.2)). The elements of
the basis they introduce are called equivariant Thom classes, and should be
thought of as the “equivariant Poincaré duals” to the closures of the unstable
manifolds W*(p) of a generic component x of the moment map with respect
to an invariant metric. When such closures are smooth, these equivariant
Poincaré duals can be computed explicitly in terms of the T-representations
on the normal bundle of W*(p). However in general these closures are not
smooth, and in this case the restrictions of the equivariant Thom classes to
the fixed point set are analyzed by means of the combinatorics of the GKM
graph. In |GT] Goldin and Tolman study a similar problem on Hamilto-
nian T-spaces, and introduce basis elements for the equivariant cohomology
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ring which are canonically associated to a generic component u of the mo-
ment map. However in both cases, the existence and uniqueness of such
classes is proved only under the assumption that p is index increasing (see
Definition [£.2)). This is satisfied for example when the stable and unstable
manifolds of p with respect to an invariant metric meet transversally. Later
work of Zara [Z] provides a basis of Hy(M;Q) also in the non-index increas-
ing case, however the same procedure would not in general produce a basis
of Hr(M;7Z).

In |GK|] Guillemin and Kogan introduce equivariant K-theory classes
which are a basis of the equivariant K-theory ring X1 (M) of a Hamiltonian
T-space (as a module over the equivariant K-theory of a point), not nec-
essarily endowed with an index-increasing component of the moment map.
However no explicit connection is given between such basis and the “natural”
basis given by the K-theoretical equivariant Poincaré duals to the closures of
the unstable manifolds (in the case in which there exists an invariant metric
for which these are all smooth). To express the extra conditions imposed on
Kirwan classes, Guillemin and Kogan introduce the local index map, that
associates to each class in Kp(M) and each fixed point ¢ € M an element
of Kr(pt). Note that Kr(pt) can be identified with R(T), the representation
ring of T.

Inspired by this idea, we present a slightly different definition of local
index of an equivariant K-theory class 7 at a fixed point ¢

Ind,: Kt (M) — R(T),

and give an explicit combinatorial recipe for computing it (see Definition
in Section [3). Using this notion we introduce a basis for the equivariant K-
theory ring of a symplectic toric manifold M which is canonically associated
to a generic component of the moment map, both in the index increasing
and non-index increasing case. The main result of the paper is the follow-
ing. Let F}, be the flow-up manifold at p € M™T (see page [I31], Section [,
corresponding to the closure of the unstable manifold at p.

Theorem 1.1. Let (M,w,T,) be a symplectic toric manifold of dimen-
sion 2n, together with a choice of a gemeric component of the moment map
w: M — R. Let Xp(M) be the equivariant K-theory ring of M. Then for
each p € MT there exists a unique Kirwan class Tp € Kp(M), called the i-
canonical class at the fixed point p (see Definition[33), satisfying

1) Indy(m,) =1 for all points ¢ € F, "N M*;
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2) Ind,(1p) =0 for all points q ¢ F, N MT.

Moreover, the set {p}pepr s a basis for Kr(M) as a module over R(T).

Being a Kirwan class means that 7,(p) = e (p), the equivariant (K-
theoretical) Euler class of the negative normal bundle N, of p at p, and
that 7,(q) = 0 for all ¢ € M" with u(q) < u(p) (see Proposition Z2).

We prove the claims of the above theorem in two separate Propositions:
uniqueness is proved in Proposition B.7] existence in Proposition 411

Moreover, we show that in the index increasing case these classes are
indeed the equivariant Poincaré duals to the flow-up manifolds F), (see
Lemma (4.3l and Prop. [A3]).

Note that we require our classes 7, to have local index 1 on F},, not only
at p as in [GK]. As a consequence, the trivial bundle 1 € X (M), endowed
with the trivial action on the fiber, is an element of our basis of i-canonical
classes, while it is a non-trivial R(T)-linear combination of the elements
of the basis exhibited in [GK]. Moreover, when M is a complex projective
space endowed with the standard toric action, the basis of i-canonical classes
consists of powers of the (equivariant) prequantization line bundle (see Ex-
ample [£.6]). Another important advantage of our approach is that the local
index, and thus also the i-canonical classes, is easy to calculate directly from
the combinatorics underlying the symplectic toric manifold, as we demon-
strate by various examples. We give explicit formulas for the elements of
this basis when the component of the moment map is index increasing, and
inductive formulas otherwise.

The definition of local index can also be translated to the equivariant
cohomology setting (Section [H), thus allowing us to define a canonical basis
for the equivariant cohomology ring of M.

Theorem 1.2. Let (M,w,T,) be a symplectic toric manifold of dimen-
sion 2n, together with a choice of a generic component of the moment map
p: M — R. Let Hf(M;Z) be the equivariant cohomology ring of M with in-
teger coefficients. Then for each p € M there exists a unique Kirwan class
T, € H7(M;Z), called the i-canonical class at the fixed point p (see
Definition [5.0), satisfying

1) Ind,(1p) =1;
2) Indy(1p) = 0 for all points ¢ € M\ {p}.
The set {1p}pemr is a basis for Hi(M;Z) as a module over Hy(pt; Z).
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Indeed, in Proposition 5.17]we prove that the i-canonical classes in equiv-
ariant cohomology coincide with the equivariant Poincaré duals to the flow-
up manifolds F},. Moreover, when the chosen component of the moment map
is index increasing, they also coincide with the canonical classes introduced
by Goldin and Tolman in |GT] (see Proposition B.10).

Note that the definition of i-canonical classes in equivariant cohomology
is not a direct translation of the definition in K-theory. Here we want the
local index of 7, to vanish at all fixed points other than p. The reason for this
difference is that we want the class 1 € H};(M;Z) to be one of the elements
of the basis of Hy(M;Z).

Organization. Section [ contains the background material and some pre-
liminary results. The definition and properties of the local index are in Sec-
tion Bl In Section M we construct i-canonical classes in equivariant K-theory,
thus proving their existence. Section B proves similar results in the equiv-
ariant cohomology setting. We finish the paper with an appendix about an
explicit description of the Kirwan map.
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2. Background
2.1. Hamiltonian spaces

Let (M,w) be a compact symplectic manifold of dimension 2n, and T a
compact real torus of dimension d with Lie algebra t. Suppose that T acts on
(M,w) in a Hamiltonian fashion, i.e. there exists a T-invariant map ¢: M —
t*, called moment map, satisfying

(2]‘) lgwW = *d<1/},£> )

where £ denotes the vector field on M associated with the flow of sym-
plectomorphisms generated by £ € t, and (-,-) the dual pairing between t*
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and t. Unless otherwise stated, we assume the action to be effective, and the
fixed point set M7 of the action to be discrete. We refer to (M,w,T,) as
a Hamiltonian T-space. Recall that when dim(T) = dimT(M), the Hamil-
tonian T-space (M,w, T, 1)) is called a symplectic toric manifold. Before
specializing to the case of symplectic toric manifolds, we first introduce some
notions that are be used throughout this note and do not depend on the ac-
tion being toric.

Let K1 (M) denote the equivariant K-theory ring of M, i.e. the abelian
group associated to the semigroup of isomorphism classes of complex T-
vector bundles over M, endowed with the direct sum operation ¢ and the
tensor product ®. Thus, if M is a point, Kt (pt) is the representation ring of
the torus T, henceforth denoted by R(T). Observe that, if £* C t* denotes the
weight lattice of t* and ¢* = Z(z1,...,x4), then R(T) can be identified with
the ring of finite sums {Z]EJ nje?™ st. |J| < oo,n; € Z and wj € (*},
or equivalently

(22) R(T) — Z[eQﬂixl, o 7627ri:pd’ eQﬂi(lef:ng---f:rd)]

i.e. R(T) is identified with the character ring of T. The unique map 7: M —
{pt} induces a map 7*: R(T) — Kq(M) which gives K(M) the structure
of an R(T)-module.

Observe that the inclusion i: MT < M, which is clearly T-equivariant,
gives rise to a map in equivariant K-theory:

i Kp(M) — Kp(MT) .

Since we assume MT to be discrete we have Kp(M7T) = @D, R(T), which
can be regarded as the ring of maps that assign to each fixed point p € MT
a representation in R(T). In [GK|, Corollary 2.2], the authors prove that for
(compact) Hamiltonian T-spaces with discrete fixed point set M T, the above
restriction map i* is injective (this result is quoted here in Theorem 2.3} see
also [HL, Theorem 2.5] for the case in which M is not necessarily compact).
Thus Kr(M) can be regarded as a subring of Kp(M7), which is a much
easier object to deal with. Henceforth we identify Kp(M) with ¢*(Kp(M)):

Ky (M) = i*(Kp(M)) € Ke(MT) 2= @5 R(T).
peEMT

Let p e M" and i%: Kp(M) — Kr({p}) the map induced by the inclusion
ip: {p} — M. For every 7 € Kr(M) we denote by 7(p) € R(T) the value
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i;(r), and define the support of 7 to be

supp(t) = {g € M" |7(q) #0} c M".

Observe that injectivity of ¢* implies that 7 =0 € Kp(M) if and only if
7(p) = 0 for all p € MT, or equivalently if and only if supp(7) = 0.

Let J: TM — TM be a T-invariant almost complex structure compat-
ible with w, i.e. w(J-,-) defines an (invariant) inner product on M. If p is
a fixed point of the action, the T-action on M induces a representation on
T,M ~ C", called the isotropy representation of T at p , which is given
by

(2.3)  exp(€) - (21,...,2) = (21 )z 2™ (O ) for every € € t.

Here the w;’s are well-defined nonzero elements of £* and are called the
weights (of the isotropy representation of T) at p. The weights are
nonzero because we are assuming M" to be discrete, and the isotropy ac-
tion commutes with the T-action on M around p. We denote the set of
these weights, counted with multiplicities, by W), and the set of all isotropy
weights, counted with multiplicities, by W = Hpe ar W

Take a vector € € t such that w(€) #0 for all w € W, and consider
the circle subgroup generated by £, St = {exp(t€) | t € R} C T. It is well-
known (cf. [F]) that the {-component of the moment map pu = 1¢: M — R,
defined as u(q) = (¥(q), &), is a T-invariant Morse function whose critical
set coincides with the fixed point set M™. It is easy to check that equation
(21) implies that the isotropy weights in the representation on the nega-
tive (resp. positive) normal bundle of y at p, denoted by N, (resp. N]j )R
coincide with the positive (resp. negative) weights, i.e. with those w’s
in W, such that w(§) >0 (resp. w(§) < 0). We denote this (multi)set by
W;r (resp. W,"). Observe that, with this convention, all the weights at the
minimum pg of p are negative, so that W, = W .

Let A, denote the number of positive weights at p for every p € M T.
then the Morse index of p at p is precisely 2\,,.

Definition 2.1. Given p € M T, the equivariant (K-theoretical) Euler
class of the negative normal bundle N, of u at p, denoted by eg (p), is an
element of K ({p}) defined as

ex)= [[ (1-e¢¥)

w, EWJ
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This class plays a key role in the construction of i-canonical classes.

We say that p separates fixed points if u(p) # u(q) for every p,q €
M7 with p # q. Observe that, since we only deal with symplectic toric mani-
folds, the moment map for the T-action is always injective when restricted to
the fixed point set. Thus, for an open dense subset of £ € t, the corresponding
1 separates fixed points. We call € € t generic if w(&) # 0 for all w € W
and the corresponding p separates fixed points. Such p is called a generic
component of the moment map. Henceforth, we order the fixed points
of the action po, ..., pn in such a way that u(pg) < p(p1) < -+ < p(py) and
denote this ordering by

(2.4) Po=<p1 < <DN-

The following proposition is not new, but since it plays a key role in our
work, we include the proof for the readers’ convenience.

Proposition 2.2. Let (M,w,T,v) be a Hamiltonian T-space, and let i :
M — R be a generic component of the moment map. Then for everyp € M?"
there exists a class vy, € K (M), called a Kirwan class at p, such that

(i) vp(p) = er (p);
(ii) v(q) = 0 for every ¢ € M™ such that ¢ < p, i.e. u(q) < u(p).

Moreover the set {vp}pemm is a basis for Kp(M) as an R(T)-module.

Before giving the proof of this Proposition, we recall here a few important
facts about the equivariant K-theory ring of Hamiltonian T-spaces. For every
p € MT and a small € > 0, let

My ={q € M| u(q) < u(p) £¢}.

We don’t include € in the notation as for all sufficiently small £’s homotopy
type of the above set is the same. Let D* be a 2),-dimensional disc centered
at 0 in the subspace C* C C* @ C"*r ~ T,M corresponding to the A,
complex coordinates on which the isotropy action (2.3) has positive weights.
Note that D*» is T-invariant with respect to the isotropy action. By a stan-
dard Morse-theoretic argument, for € > 0 sufficiently small, there exists an
equivariant homotopy equivalence between (M; , M) and (D?*» 0D*M»),

!Note that in literature it is common to call £ generic if w(€) # 0 for all w € W.
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thus implying that (M5, M) ~ Kr(D?**», dD?**). Consider the follow-
ing diagram:

(2.5) Ko (M, M, ) —2= Kp(M,)

-

Kr({p}) Kr({p})

where T}, is the Thom isomorphism, oy, the map in the long exact sequence of
the pair (M,", M) and «; the restriction map. We have that ¢}, 0 a;, 0 T, is
just the multiplication by e} (p), which is not a zero divisor in Kr({p}), thus
implying that «, is injective for every p € M T. This is the main ingredient
of the following Theorem (whose proof is omitted here, but the reader can
refer to [GKl, Lemma 2.1 and Corollary 2.2]):

Theorem 2.3. For every p € M* and € >0 (used to define Mpi) suffi-
ciently small, the K-theory long exact sequence of the pair (M;r, Mp*) splits
into short exact sequences

—y\ % By _
(2.6) 0 — Kr(M,, M, ) — Kr(M,|) —= K(M, ) —=0
Moreover, the following map
(2.7) Ko(MF) = Ke(MFnMT)
is injective for every p € MY, hence so is
(2.8) i Kp(M) — Kp(MT).

Finally, the map

(2.9) Kr(M) — K (M)

is surjective for every p € M".

Proof of Proposition[2.2. Consider any K-theory class v in qur(M;r ). Recall
that we denote ¢;(v) by v(p). By the exactness of (2.6) and the analysis of
the diagram (2.5]) done before, we obtain that v is in ker(8,) if and only if
it satisfies v(p) = f e (p) for some f € R(T) = Kr({p}) and v(¢q) = 0 for all
q € My N M". By Theorem 23 the restriction map Kr(M;5) — Kr(M;F N
MT) is injective, so specifying f uniquely determines the class v. By taking
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f =1 and extending the class v to M, which can be achieved by using the
surjectivity of (Z9)), we obtain a class v, € Kr(M) satisfying properties (i)
and (ii) in Proposition 2.2 henceforth called a Kirwan class.

Consider a collection of Kirwan classes {v},car. We first need to prove
that they generate Kr(M) as an R(T)-module. Let v € Kt (M), and let go
be the first fixed point (in the < order) where v(qo) # 0. Since the restriction
of v to M, is zero, from what we observed before, and by property (i) of
Vg, We have v(qo) = foer(qo) = fovg(qo), for some fy € R(T). Thus the
class v — fovg, is zero at qo, and by property (ii) of vg,, the first fixed point
q1 where it doesn’t vanish satisfies gy < ¢q1. By repeating this argument we
can construct a class v — Y ", fivg, with f; € R(T) for all i=1,...,m,
whose restriction to the fixed point set vanishes identically. By the injectivity
of [Z.8) it follows that v — >, fivg, = 0, and hence {v,},cpr is a set of
generators of X(M) as an R(T)-module.

Now suppose that § = 377_ ¢jvp,, = 0, where ¢; € R(T) and ¢; # 0 for
every j =0,...,s, and assume that i3 <iz <--- <is. Observe that v, is
the only class that does not vanish at p;,, and hence d(p;,) = c1vp, (pi,) =
cier (pi,) # 0, which gives a contradiction. We conclude that the set {1}, },epr
is a basis for K1 (M) as an R(T)-module. O

Finally we recall the following Lemma, whose proof follows, mutatis mutan-
dis, from that of |GS, Lemma 2.4].

Lemma 2.4. With the same hypotheses of Proposition [22, let {vp},epnr
be a basis of K1 (M) consisting of Kirwan classes. Consider the equivariant
structure constants {aj, ,}p g semr C R(T) associated to the basis {vp}penr,

namely
. S
VpVg = Y a5 Vs

seMT

Then there exists an explicit algorithm that computes these equivariant struc-
ture constants from the restrictions, {i*(vp)}pem=, of the basis elements to
the fized point set.

Observe that Kirwan classes are never unique, unless M is a point. In-
deed, if v, is a Kirwan class at p, then the class

Vp + E aqVq

{geM™|pu(q)>p(p)}

also is, for any set of a, € R(T).
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In the next sections we introduce “special” Kirwan classes, i.e. Kirwan
classes satisfying some extra assumptions that ensure their uniqueness, and
compute their restrictions to the fixed point set.

2.2. The equivariant K-theory ring of GKM spaces

Let (M,w,T,) be a Hamiltonian T-space (so M T is discrete) and assume
that dim(T) > 2. Then the T-action is called GKM (Goresky-Kottwitz-
MacPherson [GKM]), or equivalently (M,w,T, ) is called a GKM
space, if for every codimension one subtorus K C T, the submanifold fixed
by K has dimension at most 2. It can be checked that this condition is
equivalent to requiring that for every fixed point p € MT, the weights of the

isotropy action at p, w1, ..., w, € £* C t*, are pairwise linearly independent.
Let ¢ C t be ker(w;), and K; = exp(¢;) C T. From the definition of GKM
space it follows that for each i = 1, ..., n, the connected component of M

containing p is a 2-sphere, called isotropy sphere. The circle group T/K;
acts effectively on such sphere, and this action has two fixed points, one of
them being p. The combinatorics of the arrangement of isotropy spheres,
together with the information on their stabilizers, is encoded in a labeled
graph, called GKM graph I' = (V, E):

e The vertex set V coincides with the fixed point set MT.

e Given distinct p,q € V, there exists a directed edge e = ﬁ from p to
q if and only if there exists a 2-sphere S? fixed by some codimension
one subgroup K C T such that the fixed points of the action of the
quotient circle T/K on S? are precisely p and g¢; we refer to this sphere
as the sphere associated to (the edge) e.

e Every edge e = pg € E is labeled by a weight w(e) € ¢*, defined as
the weight of the isotropy T-action on TqSQ, where S? is the sphere
associated to e = ﬁ

Every time p is connected to ¢ by an edge e = p¢ (with weight w(e)), then by
definition also q is connected to p by an edge —e = g (with weight w(—e) =
—w(e)). In order to avoid having two edges representing geometrically the
same sphere, we choose one of these edges by picking an orientation on the
edge set E in the following way. Pick a generic ¢ and let : M — R be the
&-component of the moment map 1), as defined before. Each isotropy sphere
is a symplectic submanifold with an effective Hamiltonian action of a circle
with two fixed points p and ¢. Since £ is generic we have w(§) # 0, for all
w € W. This implies that u(p) # u(q), and so for each isotropy sphere we
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choose the directed edge e = p§ such that u(p) < u(q). We refer to this graph
as the oriented GKM graph (associated to (M,w, T,%,&)) and denote it
by I'? = (V, E°). We also define an increasing path « from p to ¢ in the
oriented GKM graph I'?, where p,q € V, to be an ordered sequence of edges
in E° of the form (ppi, p1ps,---, p; 4). Observe that if u(p) > u(q), (i.c.
p = q), then the set of increasing paths from p to ¢ is empty.

For a GKM space (M, w, T, ¥, ) with oriented GKM graph I'° = (V, E°),
the weights in the negative normal bundle at p, namely those in W, coincide
with the weights associated to the edges e; € E° of the form ¢; p. Thus the
equivariant (K-theoretical) Euler class of the negative bundle at p € M T in
Definition 2] can be expressed as

ez (p) = [ (1 - e2mve)

€j

where the product is over all the A\, edges e; € E° ending at p, i.e. ej =
cﬁ € E°, for some ¢ € V.

In analogy with the equivariant cohomology ring, the GKM graph de-
termines which elements in Kr(M7) come from classes in Kp(M). This is
proved by Knutson and Rosu in the Appendix of [R].

Theorem 2.5 (Knutson, Rosu ’03). Let (M,w,T, ) be a GKM space,
and I'=(V, E) the associated GKM graph. Then TEJCT(MT):@peMT R(T)
is an element of Kr(M) if and only if for every e = pGeE

(2.10) 7(p) — 7(¢) = a (1 — >} for some « € R(T).

Observe that the elements 7 € Kp(M7) satisfying ([2.I0) indeed form a
ring. Moreover condition (2.I0) is equivalent to requiring

7(p) —7(q) = a (1 — 3_2”“"(6)) for some & € R(T),

thus it is sufficient to check condition (ZI0) on the edges of the oriented
GKM graph.

2.3. Symplectic toric manifolds as GKM spaces

In the following sections we focus on symplectic toric manifolds, i.e. Hamil-
dim(M
tonian T-spaces (M, w, T, ) with dim(T) = 1m2() In this case, for every

p € MT the isotropy weights at p form a Z-basis of £*, the weight lattice
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of t*, hence they are pairwise linearly independent. Thus symplectic toric
manifolds are a special class of GKM spaces. Moreover, their oriented GKM
graph can be recovered from the one-skeleton of the image of the moment

map ¢ (M):
e The vertices of the GKM graph are the vertices of the polytope.

e The oriented edges of the GKM graph are precisely the edges of the
polytope, oriented by using pu.

e The weight labeling the edge e = ﬁ is precisely the primitive element
w € £* such that ¥ (q) — ¥ (p) = mw, for some m € R-y.

3. The local index

Let (M,w,T,1) be a symplectic toric manifold. In this section, for every
qe M T, we construct a map

Ind,: Kr(M) — R(T)

called the local index map at ¢. The procedure to construct Indy(7), for
7 € Kp(M), is summarised as follows:

1) Construct a smooth, toric CP* via symplectic cutting;

2) Define an equivariant K-theory class 7, on CP* that only depends
on 7(¢q) and on the positive weights at ¢ (with respect to the circle
generated by &);

3) Compute its index on CP?a,

We now describe the procedure in details.

First of all, recall that the equivariant K-theory push-forward map
Ind: X (M)— R(T), also called the (equivariant) index homomorphism,
can be computed by using the Atiyah-Segal formula [AS] in the following
way:

7(p)
3.1 Ind(7) = - .
(3.1) (7) ZM I -

’LUJ'EWP

Note that this is not in general a homomorphism of rings, but only a homo-
morphism of R(T)-modules. As we will see later (Proposition B.4)), the local
index map is not a homomorphism of R(T)-modules.
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For the trivial bundle 1 € Kp(M) one has:

1
Ind(1) = —.
( ) p;;T H (1 _ eQmw,-)

’LU]‘EWP

For any generic £ € t, consider the restriction map re: Kr(pt) — K1 (pt),
where S! = exp(t€), and let p: M — R be the associated é-component of
the moment map. Using Corollary 2.7 in [H] for almost complex manifolds
(equation (2.8)), we have that r¢(Ind(1)) is the number of fixed points with
no negative weights w.r.t. u, which is always 1 as M is connected and the

action Hamiltonian. Since £ was generic, we obtain
(3.2) Ind(1) = 1.

(1) Constructing CP*:.

Let wy, ..., wy, be the weights in the negative normal bundle of 1 at g €
MT. Note that w;(§) >0 for j =1,..., ;. Define H, to be \;,-dimensional
affine subspace of R" given by ¥(q) + R(wy,...,wy,). It is easy to see that
HyNp(M) is a A\gj-dimensional face of the polytope (M ). Define

H, =y~ (H, nyp(M)).

As we explain below, H, is a smooth, symplectic toric submanifold of M.
The action of T on H, is clearly not effective. In fact the subtorus

T) =exp({£ €t|wi(§) =0, i=1,....,0})CT

acts trivially on an open neighborhood of ¢ in Hy, and hence it acts trivially
on H,. Thus H, is acted on by the quotient torus T, = T/Tg, whose dual
Lie algebra Lie(T,)* can be identified with R(wy, ..., wy,). Let £; denote
the weight lattice of Lie(Ty)*, which is given by R{ws,...,wy,) N£*. The
action of Ty on H, is effective, as we now show. Every point s € H, fixed
by T, is also a T-fixed point in M, and the weights wf,...,w) of the

isotropy T, action on TgH, correspond to those weights w}, ..., w;, of the
isotropy action of T on T M which belong to R(wy, ..., w),). Moreover, since
the T-action on M is toric, we have that Z{w},...,w}) = ¢*, which implies

that Z(w?,... ,w’Aq> = (3. Thus the T, action is effective, and the polytope
HyNYp(M) C R(ws, ..., wy,) is Delzant with respect to the lattice £;. We
conclude that H, C M, endowed with the restriction of the symplectic form
w and the action of T,, is a symplectic toric manifold itself.
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Moreover, observe that H, is the “low down” submanifold of ¢, i.e.
the closure of the stable manifold of the gradient flow u; of p (taken with
respect to a T-invariant Kahler metric on M). Indeed, the R-action associ-
ated with the gradient flow p; commutes with the action of the complexified
torus Te = T ® C (see for example |A, page 8]), and therefore the stable
manifold at ¢, i.e. W*(q) = {x € M; lim;_,4+ o () = ¢}, is invariant under
the Tc-action. From the local model of the T-action around ¢ we deduce
that H, and W*(q) agree around ¢. This (together with Tc-invariance) also
implies that the action of ']I‘g on W#(q) is trivial, and thus W?*(q) must be
contained in a connected component of the fixed point set of Tg containing
q, which is exactly H,. As H is closed in M, we deduce that W$(q) C H,,.
Moreover, the invariance implies that W#*(¢) must be a union of Tc-orbits.
The set 1~ (Int (H, N (M))) is a Tc-orbit whose intersection with W*(q)
is non-trivial. Thus the whole orbit 1~ (Int (H, N (M))) must be con-
tained in W*(q) implying that the closure of this orbit, which is exactly
H,, is contained in the closure of W*(¢). Combining this with the inclusion
Ws(q) C H, proved above, we deduce that W$(q) = H,.

Similarly, define F, to be the (n — A\)-dimensional affine space given by
¥(q) + R{wy, 41, -.,wy,) and Fy to be

Fy =9~ (FyNyp(M)).

Note that Fj is also a closed T-invariant symplectic submanifold of M, which
can be thought as the “flow-up” submanifold at ¢, namely the closure of
the unstable manifold at ¢ with respect to p;. Therefore, mutatis mutandis,
what is claimed above for H, also holds for F7j,.

Let S? be the 2-sphere endowed with the standard symplectic form and
a symplectic toric S' action rotating the sphere S?, with speed 1, keeping
the north and the south poles fixed. Consider a moment map, h: S? —
R, such that 0 = h(S) < h(N) =1, where N and S denote the north and
the south poles respectively. Let H, x S? be the symplectic manifold with
symplectic form given by the sum of the pull-backs of the symplectic forms
on H, and S%. This manifold is endowed with the (non effective) Hamiltonian
action of T x S, i.e. (t, ') (s,5") = (t x 5,t' x s') for every (t,t') € T x S*
and (s,s') € Hy x S%. Denote by so = ¢, s1,. .., s; the T-fixed points in H,.
The T x S! fixed points in H, x 5?2 are given by

H;]E x {S} = {90 = (50,5) = (q,S),...,qj = (‘Sj’S)}
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and
Hy x {N} ={qp = (50, N),...,q; = (s5, N)},

forallt=0,...,7.

Note that the splitting T x S' allows us to regard t* as a subspace of
Lie(T x S*)*. With abuse of notation we consider the weights of the T-action
as elements in Lie(T x S!)*. Let —wgy € Lie(T x S')* be the weight of the
isotropy T x St action at T,({qo} x S?) C Ty, (H, x S?) (see Figure B.1]).

w2 52
S0

w1 S1

Figure 3.1: Local pictures for H,, H, x 52 and I:T;

Around qo = (¢, S), the moment map ¢’ of the Hamiltonian T x S' ac-
tion on H, X S? can be written as

1 1 1
V(z1,... 20, 2) = —w0§’Z\2 +w1§\21’2 T+ +wxq§’ZAq’2 +9(q) ,

where (z1,...,2),,2) are complex coordinates on H, x S? around qq. Since
the T-action on M is toric, the weights of the isotropy T-action at ¢, given by
w1, - .., Wy, form a Z-basis of £*, the weight lattice of t*; hence wq, w1, ..., wy
is a Z-basis of the dual lattice of T x S'. Let &, be the element of Lie(T x
S1) such that wo(&,) = —1, wi(§,) =1 for all i = 1,..., A, and w;(&;) =0
for all i = A\; +1,...,n. Then C; = exp(R(¢,)) C T x S! is a circle acting
effectively on H, x S? with moment map ¢ which around gqq is given by

1 1
(215, 20,,2) = §|z\2 +olalP+ §|qu|2 +¥(9) (&) -
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Let H be the symplectic reduction of Hy x 5% at e+ 9(q)(&,) with
respect to the action of Cy, for € > 0 sufficiently small, i.e.

HE = o~ (e + ¥(0)(,))/Cy

Observe that H, ¢ 1s symplectomorphic to the complex projective space CP?e,
endowed with the (Hamiltonian) residual action of T, = (T x S')/C,. De-
note its fixed points by po,p1,...,px, with

(see Figure B.1]). Moreover, the tuples of isotropy weights of the 'ﬁ‘q-action
at the fixed points of Hy are given by:

Wy, = {wo + w1, ..., wo +wy,}
and
Wy, = {—(w; +wo), w1 — wi, ..., Wi—1 — Wi, Wiy — Wi, ..., W, — Wi}

for all : =1,...,\;. Note that all the elements in W), vanish on ;, hence
they belong to the lattice of Lie('ﬁ‘q)*.

(2) Defining the class 7, on CP*.

The definition of such class is divided into two steps, (i) and (ii).

(i) Mapping 7 € Kr(M) to Kryxgr (Hy x S?)
Consider the following commuting diagram

fKT(M) L-UCT(H(]) :K11‘><5'1 (Hq X 52)

T2
A _
: i
Y

Kp(M") —— K (Hy) — Ky (Hy x 52)5)

where the maps involved are defined as follows. The map 7y is the restric-
tion induced by the T-equivariant inclusion H, < M. To define the map
ro: Kp(Hy) — Krxs: (Hy x S?) note that, as S1 acts trivially on Hy and T
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acts trivially on S2, we have a canonical identification
Krxs (Hq X 52) = fKT(Hq) ® Kg (52)

Define ry as tensoring with 1 € Kg1(5?2), i.e. ro(r1(7)) is the class 71 (1) ® 1
regarded as an element of Ky g1 (Hy X S?) under the above identification.
The vertical arrows are the restrictions of the equivariant K-theory rings to
those of the fixed point sets; in particular i: (Hy x SQ)TXSl — H, x S%. Let

T:=rg907].

In Step (i) we map 7 € Ky(M) to 7(7) € Krxs: (Hy ¥ S2). In practice,
we work with ¢* o 7(7) € Ky ((Hg x 5’2)“51). An explicit procedure is
given as follows:

e determine the restrictions of 7 € Kp(M) to H} ={so =q,...,s;};

e then i* o 7(7) is 7(s;) at ¢ and ¢, for all I =0,..., .

Note that these restrictions live in R(T), which we regard as a subring of
R(T x S') using the identifications

R(’H‘) — Z[e27riw17 . 627riwn’ eQWi(_wl_“‘—wn)} and
R(']I‘ X Sl) — Z[@27riwo7 e?ﬂiwl’ o 7627riwn, e?ﬂi(—wl_..._wn_wo)] (See )

(ii) Defining 7, as the image of 7(1) € Krxg1 (Hy x S%) under a map
(3.3) K: :K’]I‘xsl (Hq X 52) — Kﬁ,q(ﬁ;)

described below.

In practice, given 7(7) € Ky« g1 (Hy x S?) we define the class 7, := k(7(7))
by specifying its restrictions to each of the A, + 1 fixed points pg, p1,...,px,
of H g = CP*e using the recipe below. The value 7(7)(qo) (equal to the value
7(s0)) is an element of R(T), which we regard as a subring of R(T x S!).
Since the weights wy, ..., w, form a Z-basis of £*, we can express 7(qo) as
fe?miwn o e2miwn, e%i(_wl_'”_w")), where f(X1,..., Xp+1) is a polynomial
with integer coefficients. Let

f0:f<€2m(w0+wl)7 o e?m(wo-l—wkq)’ 627r|uuq+17 o 7627r|wn, e27r|(_w1_"’_wn_>\qw0))

and

fj :‘](-(62711(11)1711)]')7 o eQT“('LU)\q*'LUJ‘)? €2mw>\q+1’ L g2miwn 627r|(—w17.--7wn+)\qwj)) ’

* )
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forall j = 1,..., A, (i.e. the j-th argument of f; is €® = 1). Define the restric-
tion of 7, to the fixed point set to be f; at the point p;, for all j = 0,..., A,
Observe that this element of Kﬁq((ﬁ;)m) does indeed represent a class in
IKﬁq (fI(j) By Theorem it is sufficient to check that fy— f; =0 mod
(1 — e?miwotwi)y and f; — f; =0 mod (1 — e2™(®i=wi)) je. one needs to
check that fo is equal to f; when setting wo + w; = 0 and f; is equal to f;
when setting w; — w; = 0. These follow easily from the definition of the f;’s.

Remark 3.1. It is worth observing (though we are not going to use it)
that the above map k is the Kirwan map relating the K-theory rings of
a manifold and of its symplectic reduction. We devote the Appendix to a
careful description of the Kirwan map.

(3) Computing the index of 7,.
Let ag: R(Ty) = X, (pt) = Kz(pt) = R(T) be the homomorphism send-
ing wo to 0 and w; to itself, for all j # 0.

Definition 3.2. The local index of 7 at ¢, denoted by Ind,(7), is the
element of R(T) defined as

Indy(7) := aq 0 Ind(7y),

where Ind: K5 (H g = R(ﬁf'q) is the index homomorphism. The local index
map at q € Mﬁ‘ is the map

(3.4) Ind,: Kr (M) — R(T)
that assigns Ind,(7) to 7.

Note that the only information needed for computing Ind,(7) are the
weights of T-action on T, H, and the value of 7 at g. Moreover the computa-
tion is relatively easy thanks to the combinatorial recipe for computing the
restriction of (ko7)(7) € .’Kﬁq(Hg) to the T, fixed point set given in (ii),
and thanks to the Atiyah-Segal formula (3.1]).

Example 3.3. As an example, we calculate the local index of an equiv-
araint K-theory class of the Hirzebruch surface. Let 7 denote the class pre-
sented at the second picture in Figure on page [[T48] and ¢ denote the
fixed point where its value is (1 — e2™(#=%))e2™%  Observe that the weights
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at ¢ are y and x — y. Following the notation from the definition of the local
index, we have

\]

(C]) — f(eme, 627Ti(r—y)’ 627r2'(—3:))
(T)(po)=fo=f
( fi=

= (1 — e?miz=v)) 2y
r (eZmilutuo) g2milemy) 2milmeun)) — (1 - 2milemv)) ity
K f(1, 2mil@y) 2mil=aty)y — 1 _ (2milr=y),

The values of the class 7(7) at the fixed points of H, x S? close to (g, S)

are presented on the left side of Figure B.2] while the picture on the right
represents the values of the class k(1) (c.f. the Appendix).

(1-— e?”i(f’y))egmy _ 2mi(a+y)

Y

(1 _ 627ri(x7y))627ri(y+wo)

Yy + wo

Y+ wo
wo

Y
(1— 62m(x—§)> o2y

1 — e2mi(a+y) 1 — e2mi(z—y)

Figure 3.2: The values of the class 7(7) at the fixed points of H, x 52 close
to (¢,S) and the values of the class x(7) at the fixed points of H

The local index of 7 at ¢ is equal to

_ (1 _ eQﬂ'i(m*y))eZﬂ"L’(er’LUg) 1— 627Ti(xfy)
Oéq(Ind(Tq)) — % ( 1— eQWi(y+wo) 1— 6727ri(y+w0)
1— eQﬂi(xfy) 1— e27ri(367y)
= qu (— 1_ 6727ri(y+w0) + 1_ 627I'i(y+w0)> = aq(O) =0.

In the next proposition we prove some properties of the local index. For
the construction of our canonical classes, only properties (i), (ii) and (iii)

are needed, whereas properties (iv) and (v) are used in Subsection B to
compare our results with those of Guillemin and Kogan |[GKI.

Proposition 3.4. The local index satisfies the following properties:



Canonical bases 1137

(i) (Additivity) for any 7,7 € K1(M), and any ¢ € M have
Indy (1 + 7') = Indy(7) + Indy(7').
(ii) If 7(q) = aer (q) for some a € R(T) then

Indy(1) = a = 7(q)/er ()

In particular Indg(7) =0 if 7(q) = 0.

(iii) If 7'(g) = 0 then Indy(T + a7’) = Indy(T), for every o € R(T).

iv) The local index map Ind,: Kr(M) — R(T) is not a morphism of R(T)-
q
modules.

(v) The local index map Indy: Kr(M) — R(T) is a morphism of R(T/Cy)-
modules, where Cg is the image of the circle Cy C T x St used in the
reduction under the map T x St — T.

Note that the condition in (ii) is satisfied for instance whenever 7(¢') = 0
for all ¢’ < g, see the proof of Proposition

Proof. Property (i) follows from additivity of the index homomorphism.
To prove (ii), present a as f(e?™wr ... e2miwn 2mi(—wi——wn)) " where
f(X1,...,Xnt1) is a polynomial with integer coefficients; here w, ..., wy,
are the weights of T-action on Ty M, and wy, ..., w),, are the weights of T-
action on T, H,, i.e. the weights in V[/q+ (cf. page [I34). Let fy be the poly-
nomial obtained from f by substituting w; with w; +wg for j =1,..., A,.
Then the values of x(7(f7)) at the fixed points po, ..., px, of f[; are (respec-
tively)
>\q
fo JJ(@ = e2mitestweody o, 0.
j=1
Therefore, from (BI)) it follows that the index of k(7(f7)) is fo, and the
local index Indgy(f7) is the image of fy under the homomorphism Xz (pt) —
Kr(pt) sending wp to 0, so it is f. Property (iii) follows from the first two.
In order to prove (iv) it is sufficient to find a € R(T) and 7 € K¢(M)
such that a-Indy(7) # Indg(a - 7). Take 7 to be 1, the trivial line bun-
dle over M with trivial action on the fibers, and « to be e2™(-wi——wn),
Then, following the procedure on page [[134 the value of x(7(1)) at the
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fixed points po,p1...,ps, is always one, and equation (3.2)) implies that
e2“i(*w1*“'*w")1ndq(1) = 2mi(-wi——wn) However we prove that

Ind,(*m(Zwi=wn)) =

The value of k(7(e>m(-w1===wn))) at the fixed point pj is ™% where
ap = —wyp — -+ — Wy — Agwp and a; = —wy — -+ — wy, + Agw; for all j =
1,...,Ay. We prove that there exists an equivariant cohomology class a €

H%((C]P’)‘Q; Z) such that its restriction to the fixed point p; is exactly a;, for
all j =0,...,Ag. Let n € H%(C]P”\q; Z) be the equivariant Poincaré dual to
the CPA+—1 € CP*« corresponding to the (A, — 1)-dimensional sub-simplex
spanned by pi,...,py,. Hence the value of n at py is zero, and at p; is
—(wo +wj), for all j =1,..., A;. It is easy to check that ¢ = (A +1)n+
for some 3 € H2(pt; Z), where ¢; is the first equivariant Chern class of CP.
Then the class a = (—\y)n + ag is in H2(CP*+;Z), and its value at p; is ex-
actly aj, for all j =0,..., ;. Consider a generic £ € t (see [124]) generating
a circle subgroup S! C T and let rz: R(T) — R(S!) be the restriction map.
Theorem 1.1 and Corollary 1.2 in [ﬁY] imply that there exists an equivariant
line bundle, denoted by e?™¢, whose equivariant first Chern class is exactly a.
From [S, Prop. 3.9] it follows that rg(Ind(eQ“i“)) = 0 for all such £’s. (Observe

that the first Chern class of this line bundle is _a(ICP)

| .) Since € is generic,
this implies that Ind(e?™®) = 0, and hence Ind, (e2™(~®¥1=~wn)) = (.
Property (v) can be proved as follows. Observe that C’g is the circle
subgroup of T generated by 52 € Lie(T) such that 52 is 1 when evalu-
ated at the A\, positive weights at ¢ and is 0 when evaluated at the n —
Aq negative weights at ¢. Every element of R(T/ Cg) is the evaluation at
eZmiwy - e2miwn o2mi(—wi——wn) of 5 polynomial ¢ in n 4 1 variables with

integer coefficients (cf. [134)) satisfying
g(Xl, R 7Xn+1> = g(aXl, R ,aX)\q,X)\qul, R aXn+1) for all a € C.

In order to pass from a computation of the local index of a class 7 at g to
the computation of the local index of g7 at ¢, one needs to multiply the
polynomials fy and f; from page [[134] respectively by

go = 9(627ri(w0+w1)7 o 762'/x'i(wo—§—uuq)

,Qlewqurl’ o 7627r|w"’ e?m(—wl_..._wn))

and

gj = g(e2m(w17wj), e 627r|(wxq7w]')’ 627r|uuq+17 N 6271'|wn7 627r|(7w17.-.7wn))

)
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for all j =1,..., ;. The invariance of g gives that

2miw 2miw,, 27i(—wi—-—w,
90:.91:"':.9Aq:9<6 17"'76 , € ( ! ))

Thus the local index gets multiplied by the above polynomial. O

Recall that by F,, we denote the flow-up manifold at p € M", as defined
on page [[T31l We can now define i-canonical classes.

Definition 3.5. Let (M,w,T,1) be a symplectic toric manifold of dimen-
sion 2n, together with a choice of a generic component of the moment map
p =1 M — R. Then for each p € MT, a Kirwan class 7, € Xp(M) satis-
fying the following properties:

1) Indy(7,) = 1 for all points ¢ € F, N M T;
2) Ind,(7,) = 0 for all points ¢ ¢ F, N M™;

is called an i-canonical class at (the fixed point) p.

Remark 3.6. Note that the equivariant K-theory class of the trivial bundle
1 is an i-canonical class. Indeed, if pym € MT is the fixed point at which
p attains its minimum, then £, . is the whole manifold M and for any
q € MT we have that Ind (1) = Ind(1¢pr,) = 1 (see [B.2)).

Observe that as the i-canonical classes are a special set of Kirwan classes,
we have that:

o if for each p € MT there exists an i-canonical class Tp, then the set
{7 }pem is a basis for Kp(M) as a module over R(T);

e 7p(p) = er (p);
e 7(¢q) =0 for all g € M"\ {p} with ¢ < p.

We will see later that a stronger condition is true: 7,(¢) =0 for all q €
M™\ V;F, where V, is given in Definition A7}

As we remarked in Section 2.1l Kirwan classes are never unique, unless
M is a point. Conditions 1) and 2) in Definition guarantee that if i-
canonical classes exist then they are unique, hence their name: they are
canonically associated to (M,w,T,v,€), and the “i” refers to “index”, as
they are defined using the notion of local index.

Proposition 3.7 (Uniqueness of i-canonical classes). If an i-canonical
class T, exists then it is unique.
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Proof. Suppose that there exist two K-theory classes 7, and 7, satisfying all
conditions of Definition B.5, for some p € MT. Then the class n = Tp — 7';, is
supported on points living above p with respect to the order < defined in
[24)), and its local index is zero at all fixed points. If  were nonzero then,
by injectivity of (2.8]), there would exist a fixed point g = p with n(q) # 0.
Take minimal such ¢ (minimal with respect to <). Then, if ¢1,..., ¢y, are
the fixed points in H, connected to ¢ through an edge of the (oriented)
GKM graph I', we have that ¢; < ¢, implying n(g;) =0 for j=1,..., A,
So Theorem implies that 7(¢g) must be a (nonzero) multiple of e (¢) =
[T, ewy (1= e? ;). But condition (ii) of Proposition 3.4l would then imply
that Ind,(n) # 0. This contradiction proves that n must be the zero class

_ !
and hence 7, = Tp- O

Section Ml is devoted to proving that, indeed, for symplectic toric manifolds
i-canonical classes always exist.

3.1. Comparison with Guillemin-Kogan results [GK]

The definition of local index (Definition [3.2)) is inspired by, though different
from, the one in [GK]. In our definition of local index, we make an explicit
choice of the circle C; used for obtaining Hy through symplectic reduction.
The choice is different for each ¢ € M™. With this choice the reduced space
is always smooth and one can explicitly calculate the local index using the
algorithm we provide. In the work of Guillemin and Kogan, the reduction
at each fixed point is done with respect to the same fixed circle. Therefore
the reduced space is often an orbifold, making explicit computations much
harder. It is important to notice that the local indices I ; at ¢ € M defined in
[GK]], associated to reductions with respect to two different circles C;, i =
1,2, are not the same. Indeed I’: R(T) — R(T) is only an R(T/C;), and
not an R(T), -module homomorphism; thus different choices of C;’s cannot
result in the same local index map (see Remark 5.1 and bottom of page 371
in [GK]). Our local index is also only an R(T/CY), and not an R(T), -module
homomorphism (see Proposition 3.4 (iv) and (v)). Moreover, in [GK, Section
7] the authors define a new variant of the local index, which they call I,
where the circle used in the reduction can vary at each fixed point. If at each
fixed point the choice of their circle agrees with ours, then the local indices
Ind, and I; from [GK|, Section 7] are the same. In this case it is easy to
see that our i-canonical classes {7,} e+ and their classes {75}, pm are
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related by the following formula:

(3.5) Tp = Z TqGK.

geF,NMT

4. Construction

The main goal of this section is to prove the following

Proposition 4.1 (Existence of i-canonical classes). Let (M,w,T,)
be a symplectic toric manifold of dimension 2n, together with a choice of
a generic component of the moment map p =1¢: M — R. Then for each
p € MT, there exists an i-canonical class Tp.

We prove this by explicitly exhibiting a set of K-theory classes satisfying
properties 1) and 2) in Definition 3.5 The proof of Proposition [£1]is divided
into two parts: the index increasing case (Proposition [5]) and non-index
increasing case (Subsection [£.2]).

Definition 4.2. Let (M,w,T,,£) be a GKM space with oriented GKM
graph I'° = (V, E°). Then the space is called index increasing if for every
edge e = m € E° we have A\, < A\, and non-index increasing otherwise.

The Hirzebruch surface in Figure is an example of non-index increas-
ing GKM space.

For toric manifolds there is a natural algorithm for constructing a basis
of the equivariant K-theory ring consisting of special Kirwan classes which
are equivariant Poincaré duals to the flow up submanifolds. As we will prove
in Section[4.]] in the index increasing case these equivariant K-theory classes
are indeed i-canonical classes (see Proposition[4.5]). In the non-index increas-
ing case we will need to modify them to make them “canonical”, as explained
in Section Below we recall this algorithm. B

Let (M?",w, T,) be a symplectic toric manifold, and let = ¢¢: M —
R be a generic component of the moment map. Let T' = (V, E) (resp. I'° =
(V, E°)) be the associated GKM graph (resp. oriented GKM graph). This
GKM space is not necessarily index increasing. We recall that for every
p € MT the flow-up at p, denoted by F,, is a T-invariant submanifold of
M (see the discussion on page [[I3T] Section B]). Thus the normal bundle
to F,, which we denote by N(F,), is T-invariant, and for each ¢ € MT N F,,
the set of weights of the T-representation on N(F})|, is given by {w(7§)},
where r € MT\ F, and @ € F; note that such an edge does not necessarily
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belong to E°. We have that the (K-theoretical) equivariant Euler class of
the normal bundle N(F})|, is

(4.1) er(NF)) = [ -y,
re M\ F,

rgeE
In particular we have that er(N(F},)|,) = e (p).

Lemma 4.3. Let (M?",w, T, ) be a symplectic toric manifold, and let p =
P&: M — R be a generic component of the moment map. For each p € MT
define n, € Kp(MT) to be

(q) = 0 for g€ M\ F,
D)= er(N(Fp)lq) for g€ F,n MT.

Then ny, is an element of Kr(M), and it is a Kirwan class in the sense of
Proposition [2.2.

The element 1, € X1 (M) defined in the above lemma is called the equiv-
ariant (K-theoretical) Poincaré dual to the flow-up manifold F},.

Proof. The proof of this Lemma is quite standard, but we include it here
for completeness. In order to prove that 7, is indeed an element of K (M),
we need to verify condition (ZI0) in Theorem 2.5 for every edge e of the
GKM graph T'.

Let 7§ € E. If neither r nor s belong to F,, then by definition of 7,
we have n,(r) = ny(s) =0, so ([ZI0) holds. If r € F}, but s ¢ F),, then by
definition of n,(r) and {.I), n,(r) = Q (1 — e%iw(ﬁ))), for some @ € R(T),
and (2.10) holds. Similarly if s € F}, but r ¢ F),. Finally, suppose that both r
and s belong to F,. Consider the subtorus T" = exp{¢ € Lie(T) | w(75)(¢) =
0} C T fixing the sphere S? associated to the edge 7%. Since T’ acts trivially
on S? the representations of T" on N (S?)|, and N(S?)| agree. This implies
that there exists an isomorphism ¢: W,. — W; such that for every w € W,

(4.2) o(w) —w = ny w(7“_§)

for some n,, € Z. Note that S? is also an invariant submanifold in F,. Denote
by Wi (resp. wi ?) the set of weights of the T-representation on the tangent
space of F}, at r (resp. at s), and observe that the isomorphism ¢ restricts to
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an isomorphism from WTF ’ to Wf * satisfying (£2]), and hence to an isomor-
phism from W, \ Wi to W, \ Wi satisfying (E2). Observe that e2™v —
e2mip(w) — 627riw(1 — e2ming w(7~_§)) — Q/ (1 _ 627riw(r_§)))’ for some Q/ c R(T),
and that the weights of the T-representation on N (F})|, (resp. N(F))|s) are
precisely those in W, \ W/ (resp. Wy \ wi 7). It follows that

er(N(Fp)l,) — er(N(Fp)ls) = Q"(1 — 2w ())

for some Q" € R(T). By Theorem we can conclude that 7, is an element
of :K']T(M) .

In order to finish the proof we need to show that 7, satisfies properties
(i) and (ii) of Proposition 2.2l The first property follows from observing that,
by definition of F},, the negative normal bundle of u at p coincides with the
normal bundle N(F},) at p. The second one follows from observing that p is
a minimum of x on F), and that F), is connected. Therefore every fixed point
g in F, \ {p} satisfies u(q) > p(p). Hence any ¢’ with u(¢') < pu(p) must be
in MT\ F,, and thus 71,(¢') = 0. This concludes the proof. O

Remark 4.4. In the above proof we show that the normal bundle of F}, at p
coincides with the negative normal bundle of ;1 at p, so er(N(F})|,) = eg (p)-
Therefore Propostion B4 (ii) implies that

Ind, () = 1.

4.1. Toric manifolds: the index increasing case

In this Subsection we analyze symplectic toric manifolds which are also
index increasing GKM spaces. In this case Proposition 1] follows from the
following

Proposition 4.5. Let (M?",w, T, 1) be a symplectic toric manifold, and
let p=1v%: M — R be a generic component of the moment map. Let T'° =
(V, E°) be the associated oriented GKM graph, and assume it is index in-
creasing. Then for each p € M", the Kirwan classes np defined in Lemmal[{.3
are the i-canonical classes 7.

In the proof of this proposition we use some standard facts about index
increasing GKM spaces which, for the sake of completeness, are proved in
Subsection
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Proof of Proposition[{.5. We need to show that

nd, (1) 0 forqge MT\F,
1 =
1 forqe F,nM".

Consider any two fixed points p, ¢. Suppose first that ¢ ¢ F},. Then n,(¢q) = 0,
and therefore the local index at ¢ is 0 (see Propostion 34 (ii)). Now suppose
that ¢ € F},. By Lemma we have Ay > A,. In the GKM graph of M the

vertex ¢ is connected to A, vertices g1, ..., gy, by edges terminating at ¢, and
ton — A, vertices, gz, 11, - - . , ¢n by edges starting at g. As the moment map is
index increasing, from Corollary [5.16]it follows that the vertices gz 11,...,¢n
are also in Fj, as q is. Therefore A\, of the points q1,...,q), are not in Fj
(see also Corollary 5.16]). To simplify the notation assume that qi,...,q),
are not in Fj,. The value of 7, at these points is 0. Let wy,...,wy, be the

weights of T-action on the tangent spaces at g of the spheres corresponding
to the edges 714, . . . L, 4. Then, by (@.J)), the value of 1, at ¢ is given by

Ap
H 27r|w7

To calculate the local index of 7, at g we look at the class x(7(1p)) in
K5 (Hy). Using the algorithm and notation from Section [3we find the values

of this class at the fixed points of H g

Ap

I{/(F’(’r/p))(pl) e (1 _ 627Ti(wj_wl)) — O, l = 1’ cey )\p’
j=1
Ap

K(T(p)) (p1) = (1— 627r|(wj—wz)) £ 0, =X+ 1,0,
j=1
Ap

K(F(np)) (po) = [ (1 = emCesteoly £ 0.
j=1

Note that at a point p; where x(7(n,))(p;) is nonzero, this value is ex-
actly equal to the product of terms (1 — 627“1}:) taken over the weights w on
the edges connecting p; to fixed points in (Hg) = CP* where the value of
k(T(np)) is 0. This observation, and Atiyah-Segal formula (31), imply that
the index of x(7(1,)) is equal to the index of a class 1 on CPA~* C CP*
containing the fixed points of CP*+ where x(7(1,)) is nonzero. By ([B2) we
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have that Ind(1¢pas-»,) = 1. In other words, Ind(x(,)) is equal to

Ap Ap
(1 _ 627ri(wj+wo)) N H 27r| (w;—wy ))
j=1 J=1 —
g +0+ Z g B
(1 _ e27ri(wj+'wo)) I=Xp+1 (1 _ eQT(i(—’U}l—wo)) H (1 . eQﬂ'i(’w]-*’wl))
J=1 J=1,4#

Aq

1 1
g + Z Ag
H (1 o e?ﬂi(wj—i-wo)) I=Xp+1 (1 _ eQwi(—wl—wo)) H (1 o e?ﬂ'i(wj—wz))
J=Ap+1 J=Ap+ 1,57l
= Ind(l(cpxqf)\p) =1.

This shows that the classes defined naturally as the equivariant Poincaré
duals to the flow-up manifolds F}, are i-canonical classes. (]

Example 4.6 (The complex projective space CP"). Consider the com-
plex projective space (CP",w) where w denotes the Fubini-Study symplectic
form rescaled so that [w] is integral and primitive, i.e. [w] is a generator of
H?(CP™;Z) = 7, regarded as a lattice in H?(CP";R). Endow (CP",w) with
the standard toric action of an n-dimensional torus T and moment map ;
as before, let t be the Lie algebra of T and ¢ C t the integral lattice. Since the
action is Hamiltonian, the symplectic form extends to an equivariant form
in the Cartan complex, called equivariant symplectic form, given by w + 1.
We can choose the moment map so that (q) € £* for every q € (CP™)T.
Then the above equivariant form represents a well-defined element [w + 1]
in H2(CP™;Z) (regarded as a lattice in H2(CP™;R)). At the level of the
GKM graph (V, E) associated to (CP",w, T, ), the condition of [w] being
integral and primitive translates into saying that

(4.3) ¥(q) — ¥(p) = w(pq) for every pge E.

Indeed, this is equivalent to saying that the symplectic volume of the sphere

1(]ﬁ) is 1, for every PG € E. Note that for every pair of fixed points
p,q € (CP™)T there exists an edge pg € E.

Consider the equivariant K-theory class represented by the equivariant
line bundle 5" satisfying ¢§" (L% ) —[w + 9], where ¢f" (L") denotes the
equivariant first Chern class of LS". Such bundle exists by Theorem 1.1 and
Corollary 1.2 proved by Hattori and Yoshida in [HY]. Note that L5 (s) =
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e 2mY(5) for every s € ((C]Pm) Let £ € t be a generic vector, and consider the
ordering induced by p = ¢ on the fixed points. Note that for every choice
of generic vector &, the oriented GKM graph associated to (CP", w, T, 1, )
is index increasing.

For every p € M" consider the class

Tp = H (1 — e%w(q)LSl).

qeMT
q=<p

Observe that ¢ < p if and only if ¢ ¢ F), (see also Proposition B.15). There-
fore, for each s € (CP™)T, we have that

0 if s¢F,
7h(5) = H (1 — e2m@-¥()) — H (1- e%iw(q—%)) if seF,
24 i

Thus 7, coincides with the equivariant (K-theoretical) Poincaré dual to F),
which, by Proposition .5 is the i-canonical class at p.

The i-canonical classes for CP? are shown in Figure Bl

e2miy 27rz(y (L))(l _ e27riy)
27rwc 0 0
T0 T1 79

Figure 4.1: The basis of i-canonical classes {7,} for CP2.

4.2. Toric manifolds: the non-index increasing case

If the moment map is not index increasing, to each fixed point p € MT we
can still associate a K-theory class 7,, as in Lemma The value of 7, on
points ¢ € MT\ F,, is zero and therefore the local index Ind,(7),) is also zero
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(see Propostion [3.4]). However it may no longer be true that Indy(n,) = 1 for
qge F,NM T —; F;r . Below we present an algorithm to construct i-canonical
classes 7, out of the equivariant Poincaré duals 7, as in Lemma To
simplify notation, we use p to denote both p € MT and v(p), as ¥ is injective
on the fixed point set.

Definition 4.7. For any p € M T we define V;r to be the set of fixed points
which can be joined to p through an increasing path in E°, i.e. q € V;" if

and only if there exists a sequence of edges v = (ro = p,71,...,Tm = ¢) such
that r;r;41 € E° for every ¢ =0,...,m — 1.

This definition implies that 1(q) > u(p), i.e. p < ¢, for all ¢ € V,F\ {p}.
Also observe that (by LemmaB.8) £ C V' and thus for all ¢ € F}} we have
that F;T C Vq+ C Vp+. (In the index increasing case a stronger statement is
true: F, C F, for all ¢ € FE, see Corollary (.16]).

Proof of Proposition[{.1] - the non-index increasing case. Fix p € MT and
let V)& ={q0=p,q1,...,qx} be ordered so that ¢; < ¢ for 0 <j <I<k.
As the restriction of i to F, attains its minimum at ¢;, we have that

Jj<l=q; ¢ F,, and therefore g (g;) = 0.

We inductively construct auxiliary classes a1, ..., a satisfying

e Indg, (a;) = 11if j <1 and g; EFE;
e Indy (a)) =0if j <land g; €V, \ F;

e Indy(a) =01if g ¢ V"

Then we will show that aj is the i-canonical class 7,. In the following we
make use of the fact that FE C Vp+ (see Lemma [5.8)).
Define

ay = Tp + (1 - Indfh (np)) Ny if q <€ FI;E;
np — Indg, (np) Mg, if ¢1 € V;f \FE.

As ng, (p) = 0, we have a1 (p) = n,(p) = ey (p), and hence Indy,(a1) = Ind,(n,)
=1 (see Propostion 3.4 and Remark E.4). Also, observe that if 7y, (s) # 0
for some s € MT then s € F;E C qu C Ver7 where the first inclusion follows
from Lemma B8 and the second is obvious. Thus the class a; restricts to
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zero on M\ V;F and Inds(ar) = 0 if s ¢ V,*. Moreover, by Proposition 3.4
and Remark .4l we can conclude that

Indy, (a1) == Indg, (ny) + (1 —Indg, (n,)) - 1=1 ifq1 € Fy,
" ~ | Indg, () — Indg, (np) - 1 =0 if g1 € VP \ Fy.

Then we proceed inductively and define

o = aj—1+ (1 — Indqj (aj_l))nqj if q; € F;r,
J aj—1 — Indqj (aj,l)nq]. if qj c V;'_ \ F;r

As the fixed points are ordered with <, the restrictions of 7, to fixed points
90,41, - - -, gj—1 are zero. Thus the local index of a; at ¢; is the same as of a;_1,
for all I =0,...,7 — 1. Similarly as before, Remark 4] and Proposition [3.4]
prove that Indg, (a;) =1 if ¢; € F and is zero on V' \ F. Moreover a;
restricts to zero on M™\ V' and Ind,(a;) = 0 if s ¢ V.

The algorithm ends when we exhaust all the points in V;r ={q0,q1,---,qx}
and we define the class 7, to be aj. Thus Indy(r,) =1 if g€ F}; and Indy(7,) =
0if g ¢ F;r as needed. What is left to prove is that the classes 7, are Kir-
wan classes in the sense of Proposition This follows immediately from
observing that 7, = n, + Z a1, where a; € R(T) for every I, and

2 €V \{p}
from the n,,’s also being Kirwan classes. d

Figure presents the basis of i-canonical classes for the Hirzebruch
surface.

1— 627r7',y (1 _ 627r7',y)(1 _ 627”'(3/—:10))
1 0
y—x —x ) ] y—x y—x
1 (1 _ 6271'1(1—1/))6271'1/ 1— 627”»1/ 0
Yy Y Y y
Yy 1 Y 1-— 627ri(a:+y) y O Yy O
z+y z+y
1 0 0 0

Figure 4.2: The basis of i-canonical classes {7} for the Hirzebruch surface.
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Remark 4.8. Note that the collection of i-canonical classes {7p},cpsr is
obtained from the basis of Kirwan classes {1,},cpr by applying a lower

triangular matrix with 1’s on diagonal. This gives an alternative proof that
they form a basis of Ky (M).

5. Applications to equivariant cohomology

As it was already observed by Guillemin and Kogan, it is possible to use
the local index map to define “canonical classes” forming a basis of the
equivariant cohomology ring for every Hamiltonian T-space, in particular
for symplectic toric manifolds (see |[GK|, Remark 1.4]). This idea was al-
ready used by Zara [Z] to construct a basis for the equivariant cohomology
ring with rational coefficients. We follow the idea of Guillemin and Kogan,
but use a different definition of local index to ensure integrality of the basis
elements produced with this method. Moreover we relate our basis to the
bases already commonly used in equivariant cohomology (with integer co-
efficients). Namely, the basis thus obtained coincides with the basis of the
equivariant Poincaré duals {7,} defined below. In addition, when the generic
component of the moment map is the index increasing, Goldin and Tolman
IGT] introuduced another basis for the equivariant cohomology (see Defini-
tion [5.3]). In this case we show that the three sets of bases - the i-canonical
classes, the equivariant Poincaré duals {7,}, and the Goldin-Tolman |GT]]
canonical classes - are the same.

Our definition of i-canonical classes for equivariant cohomology is slightly
different from the definition given in K-theory. Namely, here we require the
local index of a class associated to a fixed point p to vanish on all MT \ {p}.
The reason for this change is that we would like the class 1j; to be an
element of our i-canonical basis.

Recall that in the Borel description, the equivariant cohomology ring
HZ(M;Z) is defined to be the ordinary cohomology ring of the space M xr
ET, where ET is a contractible space on which T acts freely. If T is a d-
dimensional torus, and x1,...,x4 a Z-basis of the dual lattice of T, then
Hi(pt; Z) = H*((CP*®)% Z) = Z[z1, . .., 74]. The unique map M — pt gives
HZ(M;Z) the structure of an H7(pt; Z)-module.

Let (M,w,T,¢) be a GKM space (see Section 2:2)) with GKM graph
(V, E). For an edge pg € E, let T/ = ']I"j = exp{€ € t | w(p§)(€) = 0} be the
subtorus fixing the sphere 5’127& =Y~ (ﬁ) corresponding to the edge ﬁ
Let S(t*) be the symmetric algebra of t* and 75;: S(t*) — S((t)*) be the
homomorphism induced by the inclusion of ¥ = Lie(T’) into t. Then for any
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class 7 € Hf(M;Z) we must have

(5.1) m54(7(q)) = m54(7(p)) for every pgeE.

This condition is necessary, but not sufficient to guarantee that a class 7 €
HX(M7™;7Z) is in Hi(M;Z). However, if working with rational coefficients, a
theorem of Goresky-Kottwitz-MacPherson (JGKM]) implies that each 7 in
HA(MT; Q) satisfying (5. is in Hi(M; Q). (Compare with Theorem [2Z.5])

5.1. Choosing a basis

We start by recalling the choices of bases already used in the literature: the
basis consisting of equivariant Poincaré duals to flow up manifolds and the
Goldin-Tolman canonical classes in the index increasing case.

Let (M,w,T,®) be a Hamiltonian T-space, and let u: M — R be a
generic component of the moment map. For a fixed point p, the equiv-
ariant (cohomological) Euler class of the negative normal bundle N,
of p at p is the element A € H?*»({p};Z) given by

(5.2) Ay = I] w

IUjEVVp+

The following Proposition is due to Kirwan.

Proposition 5.1 (Kirwan). Let (M,w,T,) be a Hamiltonian T-space,
and let ;n: M — R be a generic component of the moment map. Then for
every p € M" there exists a class v, € H%)")(M; 7) such that

(i) vp(p) = Ay
(ii) v(q) = 0 for every g € MT such that ¢ < p (i.e. u(q) < u(p)).

Moreover the set {vp}, ey is a basis for Hi(M;Z) as a module over
Hi(pt; Z).

An equivariant cohomology class satisfying properties (i) and (ii) above
is called a Kirwan class (at the fixed point p).

Note that Proposition is a generalization of the above original result
of Kirwan from the equivariant cohomology setting to the K-theory setting.
Due to this similarity we omit the proof of Proposition 51l which is based
on the fact that A, is not a zero divisor in Hry(pt; Z).
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Henceforth (M, w, T,,£) denotes a symplectic toric manifold endowed
with a choice of generic £ € t. In analogy with Section H for equivariant
K-theory, we define the equivariant (cohomological) Poincaré duals to the
flow-up manifolds F,. Let F}, be the (smooth) flow-up manifold at the fixed
point p (see page [[I31]), and N(F},) the normal bundle of F}, in M. Then
the equivariant (cohomological) Euler class of the normal bundle N(F,) of
F, in M at a fixed point ¢ is an element in H**»({q};Z) given by

(5.3) XT (N(Fp)‘q) = H w(@)
reMT\ F,

rGeE
In particular, since N(Fp)|, = N, , we have that x (N(Fp)lp) = A,

Definition 5.2. Let (M,w,T,?) be a symplectic toric manifold, and let
=15 M — R be a generic component of the moment map. For each p €
MT define the equivariant Poincaré dual to the flow-up manifold F, to

be the class 7, € H%\p(M ; Z) whose restriction to the fixed points is given
by

( 0 for ge MT\ F,
np\q) =
b xt(N(Fp)lg) forqe F,nM".

It is easy to check that 7, is a Kirwan class in the sense of Proposition [5.1]
for every p € M, and thus {n,},cr forms a basis of Hf(M;Z) as a module
over Hy(pt; Z).

Goldin and Tolman [GT] define another basis for the equivariant coho-
mology ring of a symplectic manifold endowed with a Hamiltonian torus
action.

Definition 5.3. Let (M,w, T, ) be a Hamiltonian T-space, and let y: M —
R be a generic component of the moment map. A cohomology class ¢, €
H%\P(M ;Z) is a canonical class in the sense of Goldin and Tolman (hence-
forth referred to as GT-canonical class) at p € M" if

(i) G(p) = Ay
(ii) ¢p(q) =0 for all ¢ € M\ {p} such that )\, < \,.
GT-canonical classes do not always exist; however, if they exist, they

are uniquely associated to the chosen component of the moment map p (see
|[GT, Lemma 2.7]). Moreover GT-canonical classes are Kirwan classes in the
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sense of Proposition 5] (cf. [GTl, Lemma 2.8]), hence if they exist for every
fixed point p, they form a basis of Hf(M;Z) as a module over H}(pt;Z).

If the T action above is GKM, and if the chosen component of the
moment map 4 is index increasing, then for each fixed point p the GT-
canonical class ¢, exists. Conversely, if for all p € M T the GT-canonical class
exist, then p must be index increasing (see Theorem 4.1 and Remark 4.2 in
).

Below we propose a different choice of basis for the equivariant coho-
mology ring, making use of our definition of local index translated to the
equivariant cohomology case.

Similarly to what we did in Section [, for a fixed point ¢ € MT we define
the map 7: Hi(M;Z) — Hip, ¢ (Hy x S*;Z) and denote by x the Kirwan
map r: Hi g (Hg x S%Z) — HZ (ﬁ;;Z) which is surjective (for the sur-
jectivity of k over the integers see [TW, Proposition 7.3]). The index ho-
momorphism in equivariant cohomology, corresponding to the equivariant
K-theory push-forward map, is simply given by integration. By the Atiyah-
Bott-Berline-Vergne Localization Formula |[AB, [BV]] this integral

* [ TI7 *—2Xq
Ind: H’Trq(H;;Z) — H

7 (PHZ)

is the following sum of rational functions:

a(p)
Ind(a):/ -y 2P
H; a;€(He)Ta H wi

! ¢ 'LULGW;],

where W¢ is the set of isotropy weights at g; in H q

Observe that if o € H%j(fl;; Z) and A < A, then Ind(a) = 0.

For a class 7 € H}(M;Z) let the local index of 7 at ¢, denoted by
Ind,(7), be the image of the above Ind(k o 7(7)) € H%:Q)‘q (pt; Z) under the
natural homomorphism H%q (pt; Z) — H3(pt; Z) (compare with Definition[3.2]).

Remark 5.4. An analogous of Proposition [3.4] holds for the local index
in equivariant cohomology (the only difference is that R(T) from the K-
theory setting needs to be replaced by Hy(pt;Z)). Moreover, by comparing
the degrees, one sees that if 7 € H2)(M;Z) then Ind,(7) = 0 for all g € MT
with A < \,, and that for all ¢ € MT with A > A, the degree of Ind,(7)n, is
equal to the degree of 7 (here 7, is the equivariant Poincaré dual to Fy).
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Definition 5.5. Let (M,w, T, ) be a symplectic toric manifold of dimen-
sion 2n, together with a choice of a generic component of the moment map
pw=1%: M — R. Then for each p € MT, a Kirwan class T, € H3(M;Z) sat-
isfying

1) Indy(7p) =1,
2) Indy(7,) = 0 for all points ¢ € MT\ {p},

is called an i-canonical class at (the fixed point) p.

Remark 5.6. Note that as the above classes are Kirwan classes, they sat-
isfy 7,(p) = A, , 7p(q) = 0 for ¢ < p, and they form a basis of H}(M;Z) as
an H7j(pt; Z)-module. (We will see later that in fact 7, is zero at all the
points ¢ € M T\ Vp+.) By repeating the argument of Proposition 3.7 one can
show that if i-canonical classes exist they are unique.

In what follows we prove the existence of i-canonical classes, compare
them with the equivariant Poincaré duals to the flow-up manifolds, and with
the GT-canonical classes in the index increasing case. Before doing so we
prove some technical lemmas.

5.2. Technical Lemmas

We recall that, by the local normal form for the moment map p, a fixed point
with all negative isotropy weights is a local minimum of p. Moreover, by |A],
a local minimum is a global minimum, and the connectedness of the fibers of
1 implies that the subset where p achieves its minimum is connected. Hence,
if the action has only isolated fixed points, there exists a unique fixed point
where g achieves its minimum (see [GS, Lemma 5.1]), and it is the only
point with all negative weights.

Lemma 5.7. Let (X,w,T,v) be a symplectic toric manifold together with
a choice of a generic component u: M — R of the moment map inducing
an orientation on the associated GKM graph (V,E). Let p be the vertex
corresponding to the fixed point where u attains its mim’mum Then for
every vertexr q € V there exists an increasing path ppk,pk Pk—1-- - ,ﬁ from

p to q.

Proof. The unique point p where u achieves its minimum is the unique fixed
point with only negative weights (i.e. it corresponds to the only vertex with
no incoming edges in the oriented GKM graph, that is WJ = ()). Take any
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vertex g € V. If ¢ = p we are done. Otherwise there exists a vertex p; and
an edge p1 ¢ € E with w(m) € Wq+, hence p1 § € E°. If p; = p we are done.

Otherwise we continue this process and construct a path p;p;_1,..., m in
the oriented GKM graph. As the GKM graph is finite and connected this
procedure must end at p. Il

We recall that given a symplectic toric manifold (M, w, T, 1, £) with oriented
GKM graph (V, E°) (which is not necessarily index increasing) and given
pe M, V}f is defined to be the set of vertices which can be joined to p
through an increasing path in E° (see Definition 7). The previous lemma,
applied to X = F,, implies the following.

Lemma 5.8. Given a symplectic toric manifold (M,w,T,,£), for every
p € MT we have that

T +
Frcv;

In Proposition [0.15] we prove that the opposite inclusion also holds pro-
vided that (M,w, T, 4, &) is index increasing.

Convention: In the rest of subsection[5.2 (M, w, T, ), £) denotes a com-
pact symplectic toric manifold together a choice of generic £ € t such that the
corresponding moment map component p = 1% : M — R is index increasing.
The associated oriented GKM graph is denoted by I'° = (V, E°). These hy-
potheses and notation apply to all of the following lemmas, propositions and

corollaries.

Lemma 5.9. Letp e M" and (Fp,w)p,) the flow up at p (see definition in
Section[3). Then for any q € F} \ {p} we have that Ag > Xp.

Proof. Take any q € FE \ {p}. By Lemmal5:g ¢ € V;r and thus there exists
an oriented path from p to ¢ such that p increases on each edge. The index
increasing assumption gives that Ay > A,,. ]

Proposition 5.10. Let n, € H%)‘p (M;Z) be the equivariant Poincaré dual
to Fy, (see Definition [5.2) and (p € HTQF)"’(M;Z) the GT-canonical class at
p € M™. Then n, = (.

Proof. Notice that our index increasing assumption implies that GT-
canonical classes exist at each p € MT. As the conditions in Definition

define GT-canonical classes uniquely, it is sufficient to prove that 7,(p) = A,
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and that for all ¢ € MT \ {p} with A, < )\, we have 7,(q) = 0. The first as-
sertion follows from observing that the normal bundle of F}, at p coincides
with the negative normal bundle of y at p. To prove the second one we use
Lemma [5.9] which implies that for any ¢ € MT \ {p} with A\, < )\, we must
have ¢ € M™ \ F,, and at these points 1,(¢q) = 0 by definition. O

Remark 5.11. There is an alternative way of proving that 7, = ¢, in the
index increasing case. If the class 1, — ¢, were nonzero, it would be nonzero
at some fixed point g. As both 7, and (, vanish on points in M™\ {p} of
index smaller or equal to the index of p (see Lemma [5.9]), the class 1, — (,
can only be nonzero at fixed points ¢ with A\; > \,. Since GT-canonical
classes form a basis of Hf(M,Z), from the previous observation it follows
that n, — (p = Zq;/\pAp cqCq» Where ¢4 € Hi(pt; Z), with ¢s # 0 for some s.
By comparing the degrees of the classes on the right and on the left hand
side of the above equation we obtain a contradiction.

Lemma 5.12. Let g€ MT and (Hg,wp,) be the flow down at q (see the
definition on page[I131)). Let p be a fized point connected to q by an oriented
edge ﬁ and such that A\, +1 = A;. Denote by p1,...,px, the fived points
connected to p by oriented edges m Then p,...,px, € Hy.

Proof. Note that the GKM graph for H, is a graph of valency \,. Therefore
exactly A, of the points connected to p must be in H,. Take any r # ¢ con-
nected to p by an edge ﬁ There are n — 1 — A\, = n — A4 such points. Then
Ar > Ap = Ag — 1, thus A\, > \;. Lemma [5.9 applied to —p and H, (instead
of i and Fy) gives that r ¢ H,. Therefore these n — A, points connected to p
are not in H,. It follows that the remaining A\, points, ¢ and the \; —1 = ),
points p1, ..., py, directly below p, must be in H,. O

To continue we need to recall some definitions from |[GTl]. Given a weight w €
£* in the weight lattice of t*, and a generic £ € t, the projection which sends
XettoX — %w € &+ C t* can be extended to be an endomorphism Puw
of S(t*), the symmetric algebra of t*. Given an edge 7175 € E of the GKM

graph of M, the (pairwise) independence of the set of weights at each fixed
point implies that p,, ) (Ar) # 0 and py ) <Ai*) # 0. Therefore the

w(rirs)
following nonzero elements of the field of fractions of S(t*) are well defined

for all 7175 € E

Pu () (M)
@(Tl,TQ) = ( )

Purm) (m)
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In |GT, Theorem 1.6] Goldin and Tolman prove that O(r,r2) € Z \ {0} for
all edges 7175 € E with Ar, = Ar, + 1. (Note that the assumption that the
difference of the indices is 1, though not explicitly stated in their theorem, is
implied and required.) Moreover, they prove the following formula for com-
puting the restriction of a GT-canonical class to a fixed point. Let (V, Ecqp)
be the subgraph of the GKM graph I' = (V, E) where E.y, = {e = e
E | A\s, = A\, +1}. Since the oriented GKM graph is index increasing, this
implies that p(r1) < p(re) for every 7175 € Eean, i.6. Eean is a subset of E°.
Then for every p,q € M™ we have that

vl .
(5.4) —5; Y H¢ o ( 1) O(ri_1, 1)7

ey it ri—1) w(ri_17%)

where » 7 is the set of paths from p to ¢ in (V, Ecen) and v € 371 is given
by the sequence of vertices v = (ro,...,7}y); here |y| denotes the length of
v, i.e. the number of edges composing it.

Lemma 5.13. For all e = ri1% € Eqn we have that O(ry,r2) = 1.

Note that the above lemma may not hold for GKM manifolds which are
not toric (see [GTl, Example 5.2])

Proof. Recall that W, denotes the set of weights of the edges ending at
7. Observe that p,, 72y sends w(m) to 0, so it is enough to prove that
there exists a bijection 8: W5 — Wt \ {w(7173)} such that O(w) — w = m -

(1?7”5) for some m € Z that depends on w. This is equivalent to proving
that the weights of T representation on 7;,H,, and 7,, H,, agree modulo
w(i173). The last fact follows from observing that the subtorus

T' = exp({n € t| w(i1r3)(n) = 0})

fixes the sphere Sfl_rg — ¢~ 1(175), an embedded T invariant submanifold of
H,, (which, in turn, is a smooth T-invariant submanifold of M). Thus the
representations of the torus T on the normal bundle of Sfl_rg in H,, need to
agree at r; and 7s. O

The next lemma proves that for each q € Vp+ there exists a path v whose

edges belong to Fiqy.

Lemma 5.14. Letp € M" and let X3 be defined as before. Then q € V& if
and only if 31 # 0.
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Proof. If Zq # 0 then clearly ¢ € V,'. Vice versa, suppose that ¢ € V,'.
Assume ﬁrst that there exists a path from p to g composed by one edge ﬁ €
E°. Note that the GT-canonical class (, does not vanish when restricted to
¢. Tndeed, (,(g) =0 and condition (5.I) would imply that w(pq) divides
¢p(p) = A, , which contradicts the assumption about linear independence of
weights at p. By (6.4]) we conclude that Z; = (). If the path from p to q is

composed by edges p_rl) =797, m_1Tm = 'm—1 ¢, each of them in E°,
then the preceding argument implies that the sets of paths Z:;, ceey Z:m_l
are all nonempty, and so Zg is nonempty as well. O

Proposition 5.15. For anyp € MT, let {, be the GT-canonical class. Then
for any g € M™ have

Gla) #0 & q € V,F.
Together with Proposition [5.10 this implies

=V,

Proof. If (,(q) # 0 then by (5.4) the set Zg is nonempty, hence g € Ver.
Now consider g € Vp+. By Lemma [5.14] we have that ZZ is not empty. We
use formula (5.4) quoted from [GT] to analyze (y(¢). Using Lemma .13
observe that each summand in (5.4) for (,(¢) is positive (in the sense that
it gives a positive number when evaluated on &), therefore (,(g) # 0. O

Corollary 5.16. Ifq € FE and qqb € E° then qo € FE. As a consequence,
the normal bundle of F), at q (denoted by N(Fp,)|q) is a subbundle of the
negative normal bundle of u at q (denoted by N, ).

Proof. By definition of V! it follows that if ¢ € V,* then V,F C V,F'. Together
with Proposition [ thls gives that F, T C F,. T From the deﬁnmon of Fy it
is straightforward to see that if gqf € EO then q € F, T and the first clalm
follows. As a consequence we have that N(F},)|, sphts as a direct sum of
line bundles L;, each of them being the tangent bundle at ¢ of the sphere
associated to the edge cﬁ € E°, for some ¢; ¢ Fj,. This implies the second
claim. (]

5.3. The proof of Theorem

We are now ready to prove Theorem It follows immediately from the
Proposition below.
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Proposition 5.17. Let (M,w,T,v) be a symplectic toric manifold, together
with a choice of a generic component of the moment map p=v$: M —
R, not necessarily index increasing. Then for each p € M" the i-canonical
class 1, exists, and is equal to the equivariant Poincaré dual 1, to flow-up
submanifold F,.

If the moment map pu=1%: M — R is index increasing (thus GT-
canonical classes exist) then the above proposition, together with Proposi-
tion [5.10, implies that for each p € MT the following equivariant cohomology
classes are the same:

e the Poincaré dual 1, to flow-up submanifold F};
e the GT-canonical class (p;

e the i-canonical class 7.

Proof. Fix p € MT. We show that the equivariant Poincaré dual 7p to the
flow-up submanifold F}, satisfies: Ind,(n,) = 1 and Ind,(7n,) = 0 for each q €
M™\ {p}. Since 7, is also a Kirwan class, this proves that 7, is the i-canonical
class at p. As n,(p) = A, , Remark 5.4] implies that Indy(n,) = 1. For ¢ €
MT™\ F, we have n,(g) = 0, thus Ind,(,) = 0. Consider a point ¢ € F,, \ {p}.
Let q1,..-,qx,,---,n € MT be the fixed points connected to ¢ by an edge

in the GKM graph of M, and let wy,...,wy,,...,w, denote the weights

on the corresponding oriented edges, with A, = H;\il w;. By definition of

equivariant Poincaré dual we have that

(@)= T[] wi= [ w- I[ w-

1<j<n 1<j<Aq Ag+1l<j<n

G EF, q; ¢, G EF,

To calculate the index Ind,(n,) we use the algorithm and the notation of
Section [Bl Observe that

fo= H(wj+wo)' H wj,

1<5< 2 AgH1<i<n
q; ¢y 4 ¢F,
0 if q; ¢ Fp
fz' = H (w]’ — ’U)Z) . H wj if q; € Fp
1<j<2g AgH+1<i<n

4;¢F, G EF,
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Therefore the local index Indy(n,) is equal to

IT @j+w)- J[ w I wj—w)- ] w

1<5<xg AgH+1<i<n, 1<j<2g AgH1<i<n
G Er, G Er, G EF, G Er,
Indy(np) = + E
I (w;+wo) 2 (twi—wo) ] (wj —wi)
1<5< A, ¢ €F, 1§;§}q
VED

1 1
= : +
Aq+11_<Ij<an H (wj + wo) 1%71, (—w; —wo) H (w; — w;)
q

GEr, 1<j<Aq i=4p 1<j<Aq

q;€F, J#i,q;€F

=| [l w|mdce),

Ag+1<i<n

GEF,

where s is the number of weights w1, ..., w), appearing in the representation
of T on T,F, (in the index increasing case, s would be \; — \,). Note that
s # 0 because if s = 0 then ¢ would be the minimum of y on F, (c.f. Lemma
[5.7) which contradicts our assumption that ¢ # p. As Ind(1¢ps) = 0for s > 0
it follows that Indg(n,) = 0. O

Appendix A. An explicit description of the Kirwan map

The map & used in the definition of local index is in fact the surjective Kirwan
map relating the equivariant K-theory or cohomology ring of a manifold X
with that of the reduced spaces. Indeed, below we describe a combinatorial
algorithm for calculating the Kirwan map, and the reader can compare it
with the combinatorial algorithm for calculating the local index in Section Bl
For simplicity we only deal with the equivariant cohomology setting.

Suppose that X = X??is a 2d-dimensional symplectic manifold equipped
with an effective Hamiltonian toric action of torus T = T%. Let ¢': X —
Lie(T%)* = R9 be a choice of moment map. Choose a subtorus 7% < T, k <
d, and consider the induced action of T% on X. Let 7: Lie(T%)* — Lie(T*)*
be the map induced by the inclusion 7% < T Then ¢ = ro¢': X — R
is a moment map for this action. Take any regular value a of the function
©. Then X,cq := ¢ '(a)/T* is a symplectic toric orbifold.
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If the T* action on ¢ ~!(a) is free then ' (a) /T* is a manifold. Moreover
it is equipped with a Hamiltonian action of the residual torus K := T7¢/T*.
By a theorem of Kirwan the following map (called Kirwan map)

ki Hi(X5Z) - Hi(p ™ (a); 2) =~ Hg(Xpea; Z)

is surjective (see [TW, Prop. 7.3]). We describe x explicitly in the situation
that appears in our algorithm for calculating the local index (where X =
Hy x S? and X,.q = H), namely when:

o k=1s0T"= S henceforth denoted S' to avoid confusion,
e St acts freely on o~ !(a), hence X4 is a manifold and

e the level of the reduction a is close to the maximum of ¢, i.e. the
hyperplane 7~1(a) cuts the moment map image of X close to the fixed
point gy of X where ¢ attains its maximum.

The moment map image of X4 is the intersection of ¢/(X) with the
affine hyperplane 7—'(a) in Lie(T%)*. The fixed points of X,.q correspond
to the points of intersection of this affine hyperplane with the edges of the
1-skeleton of the moment polytope of X; the set of these edges is denoted
by E. An example is presented in Figure [AIl The weights of the T% = T2
action at pg are wy; and wo. The affine hyperplane is perpendicular to the
vector v = wy + wa.

Recall the description of the kernel of the Kirwan map from the work of
Goldin |G] and Tolman-Weitsman |[TW], and observe that in our situation
any class in Hj(X;Z) which has value 0 when restricted to ¢o is in the
kernel. Therefore

r(a) = r(afq) - 1)
for any « in Hf(X;Z). This reduces our problem to analyzing only the
classes of the form f -1, with f € Hy(pt;Z).

We describe k(f - 1) by calculating its restrictions to the fixed points
Xqu- Let p; € Xﬁid be any fixed point. Denote by ¢;, o € X" the fixed points
in X connected by an edge %iqh € E such that p; is the intersection of the
edge @qo with the affine hyperplane 7~ !(a). Denote by S2 the sphere in X
corresponding to the edge 46 and by H; the subtorus of T fixing S?, i.e.
H; = exp({€ | w(@q0)(€) = 0}). Note that S? N ¢~ !(a) is a circle, denoted by
C;, equipped with a free S'-action (the restriction of the free S! action on
¢ 1(a) to S?Np~!(a)) and that

e;/S' = {pi}.
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To find the weights of the K action on T}, X,.q we proceed as in [GH,
Example 3]. Observe that H; is complementary to S' in T, so H; = T/S' = K
(this follows from the assumption that the reduced space is a manifold).
Therefore the K action on T}, X4 is isomorphic to the H; action on this
space. The weights of the K action on T, X, are obtained by projecting
the T weights at g to b} = Lie(H;)*. (Using ¢; instead of qg gives the same
result as the T weights at ¢; differ from those at gy by a multiple of w(%),
so the difference vanishes after applying the projection to h}). Note also
that the weights of the K action on T}, X,¢q, together with w(qiﬁ), form a
Z-basis of the lattice ¢*.

We need to find the image of f-1 € Hj(X;Z) under the composition

HE(X;Z) — HE(C;Z) = Hi({pi}; Z) = Hjy, (pt; Z),

where the first map is induced by the inclusion €; < X and sends f-1 €
Hi(X;Z) to f-1 € Hf(Cy;Z). As for the second map, on classes of the form
f -1, with f € Hy(pt; Z), it acts exactly as the map Hy(pt;Z) — Hy (pt; Z)
we used above to find the weights. Note that the value x(f - 1)(p;) is in the
Z~span of the weights of the K action on T}, X,.q, as it should be.

In conclusion, the procedure for finding the value of the restriction of
k(@) to p; is the following:

e Present the value a(qo) € Hi(pt;Z) in the basis consisting of the K
weights at T}, X,q and of the weight w(%).

e Map such value to Hg(pt;Z) = Hj; (pt;Z) by sending the weight
w(Gqh) to 0.

The result is k() restricted to the point p;. Note that starting from «a(g;) in-
stead of a(qp) gives exactly the same result because a(qp) and «a(qg;) differ by
a multiple of the weight w(m) (see (B.10)). By repeating the same argument
for each fixed point of X,¢4 we obtain the image of k(c) in Hj (XX ).

In the example in Figure ATl 7—!(a) is generated by the vector (1,—1).
At p; we get a Z-basis {w; — w2 = (1,—1), w1 = (1,0)}, while at p2 we get
a Z-basis {ws —w; = (—1,1), wa = (0,1)}. We find the image of the class o
presented in black on the right of Figure [Adl (with o;j = a(g;)). The torus K
is 1 dimensional, so the dual of its Lie algebra can be identified with R[z],
where £ = w1 — wy. At the point p; our procedure applied to o gives

wy +wy = — (w1 —w2) + 2wy = — (w1 —wy) +0=—zx.
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(Observe that if we use o instead of oy we indeed get the same result: 4w; +
wy = — (w1 —wy) + bw; — —(w; —wy) + 0 = —x.) At the point p, we get

w1+w2:(wl—w2)+2fwg—>(w1—w2)+0:x.

Therefore k() (presented in blue) restricted to p; gives —z, and restricted

to py gives .

= 7
@2 w1+ w2 a3 = 4w + Tws

q2 qs3
P2 r
w1 — Wwa T = wi] — wy
w2
1
WO o - oo = w1 + way a1 = 4w + w2

Figure Al: An example of a computation of the Kirwan map.

way

J(wi,ws)

(w1 + wo, wa + wp)

f(wr,w2) + cows
(w1 — ws,0)

wi|+wy W2 \w »
A ‘\ \ > \/
<

A w —wy f(wy,w2) A b (0,100 — )

f(wi,w2) + crwy
wy

Figure A2: A calculation of the Kirwan map in the situation encountered
in the definition of local index.

Our second example of computation of the Kirwan map goes back to
the situation presented in Figure B} i.e. the situation we encountered while
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calculating the local index. Given a class 7 € H}(Hy; Z) we want to calculate
the class #(7(7)) in HZ ((ﬁ;)TQ;Z). Figure [A2] consists of three pictures: the
weights around the fixed point g, the values of 7(7) at the fixed points of
H, x S? in the neighborhood of qo, and the values of x(7(7)) at the fixed
points of H o- The values of x(7(7)) at po, p1, p2, respectively, are calculated
in the following way:

f(wl,wQ) = f((w1 =+ ’u}o) — wp, (w2 + wo) — ’U}()) — f(w1 + wop, W2 + wo),
flwr,we) = f(wy, (we —wy) +w1) — f(0,wy —wy),
flwr, w2) = f((wr — w2) + w2, w2) = f(w1 — w2,0).
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