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Dirac-Jacobi bundles

LucA VITAGLIANO

We show that a suitable notion of Dirac-Jacobi structure on a
generic line bundle L, is provided by Dirac structures in the omni-
Lie algebroid of L. Dirac-Jacobi structures on line bundles gener-
alize Wade’s £Y(M)-Dirac structures and unify generic (i.e. non-
necessarily coorientable) precontact distributions, Dirac structures
and local Lie algebras with one dimensional fibers in the sense of
Kirillov (in particular, Jacobi structures in the sense of Lichnerow-
icz). We study the main properties of Dirac-Jacobi structures and
prove that integrable Dirac-Jacobi structures on line-bundles inte-
grate to (non-necessarily coorientable) precontact groupoids. This
puts in a conceptual framework several results already available in
literature for £1(M)-Dirac structures.
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1. Introduction

A Dirac structure on a manifold M is a maximal isotropic subbundle of the
generalized tangent bundle TM ® T* M, whose sections are preserved by the
Courant (equivalently, the Dorfman) bracket [II, 9]. Dirac structures unify
presymplectic and Poisson structures. While every submanifold of a presym-
plectic manifold is equipped with an induced presymplectic structure, not
every submanifold of a Poisson manifold is equipped with an induced Pois-
son structure. However, every submanifold of a Poisson manifold is (almost
everywhere) equipped with a Dirac structure. From the point of view of
Hamiltonian mechanics, submanifolds in a Poisson manifold are constraints
on the phase space. Hence Dirac geometry is the right conceptual framework
for constrained Hamiltonian mechanics on Poisson manifolds.

In [40] Wade defines £(M)-Dirac structures. They play a similar role in
precontact/Jacobi geometry as Dirac structures do in presymplectic/Poisson
geometry. However, Wade’s definition does not capture non-coorientable pre-
contact distributions, nor local Lie algebras with one dimensional fibers in
the sense of Kirillov [22]. Recall that a precontact manifold is a manifold
M equipped with a precontact distribution, i.e. a hyperplane distribution
C. The quotient bundle L := TM/C is a non-necessarily trivial line bun-
dle. When L is trivial, C' is called coorientable. A coorientable precontact
distribution can be presented as the kernel of a globally defined 1-form.
Hence coorientable precontact distributions are simpler than generic ones
and most authors prefer to work with the former. However, there are impor-
tant (pre)contact distributions which are not coorientable, e.g. the canonical
contact distribution on the manifold of contact elements is not. Actually, a
large part of the theory of coorientable precontact manifolds can be extended
to the generic case, after developing a suitable language to deal with generic
line bundles.

A similar situation is encountered in Jacobi geometry. A Jacobi manifold
in the sense of Lichnerowicz [27] can be regarded as a manifold M equipped
with a Lie bracket on smooth functions which is a first order differential
operator in each entry. Now, functions on M are sections of the trivial line
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bundle Rp; := M x R — M. If we take sections of a generic line bundle,
instead of functions, we get the notion of a local Lie algebra with one dimen-
sional fibers in the sense of Kirillov [22]. Lichnerowicz’s Jacobi manifolds are
simpler than Kirillov’s local Lie algebras and most authors prefer to work
with the former. However, there are important local Lie algebras which do
not come from Jacobi manifolds. For instance, a non coorientable contact
manifold (M, C) defines a local Lie algebra (containing a full information
on C') which doesn’t come from a Jacobi structure. Actually, a large part of
the theory of Jacobi manifolds can be extended to local Lie algebras with
one dimensional fibers.

In this paper we show that a suitable notion of Dirac-Jacobi structure
on a generic line bundle L, is provided by Dirac structures in the ommni-Lie
algebroid of L. The omni-Lie algebroid of a vector bundle E, here denoted
by DE, and Dirac structures therein, have been introduced by Chen and Liu
in [0], and further studied by Chen, Liu and Sheng in [§]. In the case when
FE is a line bundle, Dirac structures in DE encompass local Lie algebras
with one dimensional fibers (see [6]), as well as non necessarily coorientable
precontact distributions, and Wade’s £ (M)-Dirac structures. We study sys-
tematically Dirac-Jacobi bundles, i.e. line bundles L equipped with a Dirac
structure in DL, extending to this general context a number of results al-
ready available for £!(M)-Dirac manifolds. We also find completely new
results, including a useful theorem on the local structure of Dirac-Jacobi
bundles (Theorem [6.1]), a general discussion on backward/forward images of
Dirac-Jacobi structures (Section , and a coisotropic embedding theorem
(Section [9)), paralleling similar results holding for Dirac manifolds (see [I5],
[1], and [5] respectively). In our opinion, the omni-Lie algebroid approach to
Dirac-Jacobi structures clarifies Wade’s theory, putting it in a simple and
efficient conceptual framework.

The paper is organized as follows. In Section [2] we recall those aspects of
differential geometry of line bundles that we will need in the sequel. Specif-
ically, we discuss, in some details, the Atiyah algebroid (also called gauge
algebroid) of a vector bundle and its functorial properties. In Section [3| we
present an alternative point of view on (pre)contact geometry: it turns out
that (pre)contact geometry can be obtained from (pre)symplectic geometry
“replacing smooth functions with sections of an arbitrary line bundle L, and
vector fields with sections of the Atiyah algebroid of L”. This principle is a
guide-line throughout the paper. Actually, Dirac-Jacobi geometry can be ob-
tained from Dirac geometry “replacing the tangent bundle with the Atiyah
algebroid of a line bundle”. This vague statement will be much clearer after
Section [4] where we define Dirac-Jacobi structures on generically non-trivial



488 Luca Vitagliano

line bundles. The examples show that Dirac-Jacobi bundles encompass (non-
necessarily coorientable) precontact manifolds, local Lie algebras with one
dimensional fibers (in particular, Jacobi manifolds and flat line bundles), and
Dirac manifolds. In Section [5| we begin a systematic analysis of Dirac-Jacobi
bundles. In particular, we show that a Dirac-Jacobi bundle is essentially the
same as a (generically singular) foliation equipped with precontact or lo-
cally conformal presymplectic (lcps) structures on its leaves (see [20] for the
trivial line bundle version of this result). In Section |§| we describe, to some
extent, the local structure of a Dirac-Jacobi bundle around a point in ei-
ther a precontact or a lcps leaf of the characteristic foliation (Theorem [6.1)).
This description is not a full local normal form theorem. Nonetheless it is
useful for several purposes (see, e.g., Corollary and Proposition .
In addition, it allows to prove the existence of certain structures transverse
to characteristic leaves (Propositions and . In Section [7| we define
the null distribution of a Dirac-Jacobi bundle. It plays a similar role as the
null distribution of a Dirac manifold, in particular, that of a presymplectic
manifold. Namely, under suitable regularity conditions, the null distribu-
tion can be quotiented out. The quotient manifold is naturally equipped
with a local Lie algebra with one dimensional fibers, which, together with
the null foliation, completely determines the original Dirac-Jacobi struc-
ture. This allows to describe the structure of Dirac-Jacobi bundles, with
sufficiently regular null distribution, in a similar way as for Dirac manifolds.
In Section [§] we discuss how to pull-back and push-forward a Dirac-Jacobi
structure along a smooth map. This allows us to define two different kind of
morphisms (backward, and forward morphisms) between Dirac-Jacobi bun-
dles. The analysis in this section closely parallels a similar analysis for Dirac
manifolds in [I, Section 5]. In Section |§| we discuss coisotropic submani-
folds in manifolds equipped with a local Lie algebra structure. Under suit-
able regularity conditions, a coisotropic submanifold inherits a Dirac-Jacobi
structure. Conversely, under suitable regularity conditions, a Dirac-Jacobi
bundle can be coisotropically embedded in a manifold equipped with a lo-
cal Lie algebra with one dimensional fibers (Theorem [9.2)) (see [5, Theorem
8.1] for a Poisson geometric version of this result). In Section [10| we prove
that Dirac-Jacobi bundles are infinitesimal counterparts of (non-necessarily
coorientable) precontact groupoids. Every Dirac structure comes equipped
with a Lie algebroid structure integrating (if at all integrable) to a presym-
plectic groupoid [2]. Similarly every £!(M)-Dirac structure comes equipped
with a Lie algebroid structure integrating (if at all integrable) to a coori-
ented precontact groupoid [21]. Theorem generalizes these results to
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Dirac-Jacobi bundles. Finally, recall that a local Lie algebra with one di-
mensional fibers can be regarded as a homogenous Poisson manifold via the
so called Poissonization trick. Similarly, a £'(M)-Dirac structure can be
regarded as a homogeneous Dirac structure via a Dirac-ization trick [20],
and this is sometimes useful in proving theorems in Dirac-Jacobi geometry
from available theorems in Dirac geometry (see, e.g., [21], see also [41]). In
Appendix [A] we show how to adapt the Dirac-ization trick to Dirac-Jacobi
structures on non-necessarily trivial line bundles.

Notation, conventions and terminology

Let M be a smooth manifold, and let £ — M be a vector bundle. A dis-
tribution V in E is the assignment z — V, of a subspace V, of the fiber
E, of E over x for all points x € M. Let V be a distribution in E. The
rank of V is the integer-valued map rank V on M defined by rank V : x —
rank, V :=dim V. A (smooth) section of V' is a section e of E such that
e(z) € V, for all x € M. Distribution V' is smooth if V,, is spanned by values
at x of sections of V, for all x € M. The rank of a smooth distribution is a
lower semi-continuous function. A smooth distribution is regular if its rank
is locally constant. Hence a regular distribution in a vector bundle over a
connected manifold is a vector subbundle. If E is a Lie algebroid, a distri-
bution V in FE is called ¢nvolutive if sections of V' are preserved by the Lie
bracket on I'(E).

Typical examples of distributions in vector bundles are kernels and im-
ages of vector bundle morphisms over the identity. The kernel of a vector
bundle morphism (in particular, the intersection of two vector subbundles)
is a distribution with upper semi-continuous rank. Hence it is smooth if and
only if its rank is locally constant. The image of a vector bundle morphism
is a smooth distribution. In particular, its rank is a lower semi-continuous
function.

A distribution K in T'M is integrable if every point of M is contained in
a plaque, i.e. a connected, immersed submanifold O such that TO = K|p.
An integrable distribution K in T'M determines a partition F of M into
leaves, i.e. maximal plaques. Partition F will be referred to as a foliation
(of M), specifically the integral foliation of K, and K will be also called the
tangent distribution to F and denoted by T'F. (A version of ) Stefan-Sussman
Theorem asserts that a smooth distribution K in T'M is integrable if and
only if it is involutive and, additionally, rank K is constant along the flow
lines of sections of K. In particular, a regular distribution in T'M is integrable
if and only if it is involutive (Frobenius theorem). The integral foliation of a
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regular distribution in T'M will be called regular. A regular foliation of M is
simple if the space M,eq of leaves carries a smooth manifold structure such
that the canonical projection M — M,eq is a (surjective) submersion.

We assume that the reader is familiar with (fundamentals of) the theory
of Lie groupoids, Lie algebroids and their representations (see, e.g., [10] and
references therein). The unfamiliar reader will find a quick introduction to
those aspects of the theory relevant for this paper in [33] (see Section 1.2
therein, see also Chapter 4). We only recall here that, given a Lie algebroid
A — M, with Lie bracket [—, —]4 and anchor py4, and a vector bundle £ —
M equipped with a representation of A, i.e. a flat A-connection, there is an
E-valued Cartan calculus on A consisting of the following operators:

e the E-valued Lie algebroid differential
dap :T(NA*"Q@E) - T(NA*® E),

and, for every section « of A,

e the contraction iy : '(A\*A* ® E) — I'(A\*A* ® E) taking an F-valued,
skew-symmetric multilinear form w on A to iow = w(a, —, ..., —),

o the Lie derivative Ly, : I'(AN*A* ® E) — I'(A\*A* ® E), defined as L, :=
[iou dA,E] = Z.osz,E + dA,Eia'

The above operators fulfill the following (additional) Cartan identities

[Lavig] = ifap.  [Las Lol = Liapa
[da,E,dAE] = [da,E, La] = [ia,ig] = 0.

for all a, 5 € I'(A), where [—, —| denotes the graded commutator.
2. Reminder on the Atiyah algebroid of a vector bundle

In order to fix the notation, we collect, in this section, some already known
facts about the Atiyah algebroid of a vector bundle, including its defini-
tion and its interaction with vector bundle morphisms. For more informa-
tion about the Atiyah algebroid the reader may refer, e.g., to Mackenzie’s
book [28] and references therein (especially reference [23] of the present pa-
per). Beware that our terminology and notation are slightly different from
Mackenzie’s ones.

Let M be a smooth manifold, and let £ — M be a vector bundle over
it. A derivation of E is an R-linear map A : I'(E) — I'(F) such that there
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exists a, necessarily unique, vector field X € X(M), called the symbol of A
and also denoted by o(A), satisfying the following Leibniz rule

A(fe) = X(fle+ fA(e),
for all f € C*°(M) and e € T'(E).

Remark 2.1. Derivations are first order differential operators. If E is a
line bundle, then every first order differential operator I'(E) — I'(E) is a
derivation.

Derivations of E can be regarded as sections of a Lie algebroid DE — M,
the Atiyah algebroid of E, defined as follows. The fiber D, FE of DFE through
x € M consists of R-linear maps A : I'(E) — E, such that there exists a,
necessarily unique, tangent vector X € T, M, called the symbol of A and
also denoted by o(A), satisfying the following Leibniz rule

A(fe) = X(f)ex + fz)Ale),

feC®(M) and e e T'(E). It is easy to see that D, F is a vector space.
Choose coordinates (z%) on M, and a local basis (¢%) of I'(E). Then a basis
of D,E is (6;,€%) defined as follows. For e = f,e% € I'(E) put

Ofa
di(e) == aj;. (z)e? and  €l(e) := fo(x)eb.

This shows that the D, E’s are fibers of a vector bundle DE — M whose
rank is dim M + (rank E)2. Sections of DE — M are denoted by Der E.
They identify with derivations of . Hence DE — M is a Lie algebroid,
whose Lie bracket is the commutator of derivations and whose anchor o :
DE — TM maps a derivation to its symbol. A representation of a Lie
algebroid A — M in a vector bundle £ — M can then be regarded as a
morphism of Lie algebroids A — DE. In particular, there is a tautological
representation of the Lie algebroid DFE in E itself, given by the identity
id: DE — DE. The de Rham complex I'(A*(DE)* ® E) of DE with values
in E is sometimes called the der-complezr [32]. We denote be dp the differ-
ential in the der-complex. The der-complex is actually acyclic. Even more,
it possesses a canonical contracting homotopy given by contraction with the
identity derivation 1: F — FE, Te = e. The Atiyah algebroid DFE is often
called the gauge algebroid of E.

Correspondence F — DE is functorial in the following sense. Let VB
be the category whose objects are vector bundles (over possibly different base



492 Luca Vitagliano

manifolds) and whose morphisms are regular morphisms of vector bundles,
i.e. vector bundle maps that are isomorphisms on fibers. Then correspon-
dence E +— DFE can be promoted to a functor from VB™® to the category
of Lie algebroids, with morphisms of Lie algebroids over possibly different
base manifolds. Namely, let £ — M and E' — M’ be vector bundles, and
let F': E— E’ be a regular vector bundle morphism over a smooth map
F : M — M. In particular, a section ¢’ of E’ can be pulled-back to a section
F*e' of E, defined by (F*e')(x) := (F|E,l oeo F)(x), for all z € M. Then F'
induces a morphism of Lie algebroids dpF : DE — DE’ defined by

((dpF)A)e = A(F*¢'), A€ DE, ¢ eI(E).

It is easy to see that rank, dpF = rank, dF + (rank E)? for all z € M. If
there is no risk of confusion, we also denote by Fy the vector bundle mor-
phism dpF. Of a special interest is the case when F : M — M’ is the in-
clusion of a submanifold and F : E = E’|j;y — E’ is the inclusion of the re-
stricted vector bundle. In this case dpF : D(E'|yr) — DE’ is an embedding
whose image consists of derivations of E’ whose symbol is tangent to M.
We will often regard D(E'|5;) as a subbundle of DE’ (over the submanifold

Remark 2.2. There is a more geometric interpretation of derivations of a
vector bundle which is often useful. Namely, derivations of a vector bundle
E — M can be understood as infinitesimal vector bundle automorphisms of
E, as follows. let {A;} be a smooth one-parameter family of derivations of
E, and let X; = o(A¢). Denote by {®;} the one-parameter family of diffeo-
morphisms generated by {X;}. Then there exists a unique one-parameter
family {®;} of vector bundle automorphisms ®; : E — FE, over {®;} such
that

%@;{6 = CDIAte,

for all e e T'(E). If Ay = A is constant, then family {®;} is a flow, over the
flow of X = o(A), and

d

Ae = &
T u

Die.
t=0
In the case when E = L is a line bundle, then rank DL = dim M + 1 and

a basis of D, L is (0;,1,), where 1, maps section e to e,. Moreover, the dual
bundle of DL is J'L ® L*, where J'L is the first jet bundle of L. In this



Dirac-Jacobi bundles 493

case, der-complex looks like
0 — (L) —T(J'L) — T(A2(DL)*® L) — -+,

and the first differential I'(L) — I'(J'L) agrees with the first jet prolongation
j':T(L) = T(J'L). Let L — M and L' — M’ be line bundles and let F :
L — L’ be a regular morphism of vector bundles over a smooth map F :
M — M’. A sections v/ of J'L' can be pulled-back to a section F*t)’ of J'L
as follows. First define a vector bundle morphism j'F : F*J'L' — J'L by
putting (le)j}m(x))\’ = jL(F*)), for all z € M. Next put F*¢ = j1F oo
F. By definition j'F*N = F*j1\ for all X € T'(L). If there is no risk of
confusion we also denote by F* the vector bundle morphism j'F.

The pull-backs F* :T'(L') — I'(L) and F*:T\(J'L') — I'(J'L) can be
extended to a degree zero map, also denoted by F*:T'(A*(DL)*® L") —
I'(A*(DL)* ® L), in the obvious way. Moreover,

F*dDw’ = dDF*w/

for all " € T'(A*(DL')* @ L').

Vector bundle morphism j'F is adjoint to dpF in the sense that
(FA ") = (A, F*p) forall A € D,Land ) € J;(x)L', where (—, —) : DL ®
J'L — L, is the duality pairing twisted by L. Hence, if A € Der L and
A" € Der L are F-related, i.e. A(F*N) = F*(A'XN) for all N € I'(L') (in
other words, Fi(A,) = A’F(I) for all z € M), then

IAF*W = Fripw
(2]‘) 2 * ./ * - /
LAF W = F*Law

for all " € T'(A*(DL')* @ L').

3. A new look at contact and locally conformal symplectic
geometries

A precontact manifold is a manifold M equipped with a precontact distri-
bution C, i.e. a hyperplane distribution on M. Let (M, C) be a precontact
manifold. Denote by L the quotient line bundle TM/C, and by 6 : TM — L
the projection. We also interpret 6 as an L-valued 1-form on M. It con-
tains a full information on C. Actually, a precontact distribution on M
can be equivalently defined as a line bundle L equipped with a precon-
tact form 6 : TM — L, i.e. a nowhere zero L-valued 1-form 6 : TM — L.
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The curvature form we : A2C' — L, (X,Y) = 0([X,Y]), defines a morphism
(we)y : C — C* @ L of vector bundles whose kernel K¢ is a, generically sin-
gular, involutive, subdistribution of C' called the null distribution of C. Since
the rank of K¢ is an upper semi-continuous function on M, then Ko is
smooth if and only if it is regular. In this case, the rank of K¢ is locally
constant and K¢ is integrable by involutivity.

A precontact distribution C'is contact if we is non-degenerate, i.e. (we),
is an isomorphism. A contact distribution C' defines a local Lie algebra (L =
TM/C,{—,—}) in the sense of Kirillov (see Remark below). Following
Marle’s terminology [29] we will use the name Jacobi bundle for a local
Lie algebra with one dimensional fiber. A Jacobi bundle is a line bundle L
equipped with a Lie bracket {—,—} : (L) x I'(L) — I'(L) on its sections,
which is, additionally, a first order differential operator (hence a derivation)
in each entry. The Lie bracket of a Jacobi bundle will be called a Jacobi
bracket. Jacobi manifolds in the sense of Lichnerowicz [27] are natural sources
of (trivial) Jacobi bundles and Jacobi brackets, but there are interesting
examples of non-trivial Jacobi bundles.

Remark 3.1. The Jacobi bracket {—, —} defined by C' can be described
as follows (see, e.g., [I1]). Let X € X(M). The map ¢x : C - C* Q@ L, Y —
0([X,Y]) is a well-defined morphism of vector bundles. Put

X' = (wc);1(¢x) eI'(C).

It can be showed that X — X’ does only depend on \ := 6(X). We denote
it by Xy. Now, let A=6(X),u=6(Y) e I'(L), with X,Y € X(M). Then
{A\, u} =0([X), X,]). Notice, additionally, that the vector field X is the
symbol of the derivation {\, —} and, moreover, its flow preserves C.

In the following, it will be convenient to take a slightly more general
point of view on precontact geometry. Namely, we relax the requirement
that a precontact form is nowhere zero, and call a precontact form any 1-
form 6 on M with values in a line bundle L. — M. The kernel of 6 is a
non-necessarily regular distribution on M whose rank is dim M at points
where 6 vanishes, and dim M — 1 at points where 6 is not zero. When ker 6
is not regular, the null distribution cannot be defined as above. However,
there is still a way out as discussed below (Remark [3.7).

Now, we propose an alternative approach to precontact geometry, in-
spired by the (pre)symplectization trick. The latter consists in regarding a
precontact manifold as a homogeneous symplectic manifold, which is always
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possible. In our approach, precontact geometry is, in a sense, symplectic ge-
ometry on the Atiyah algebroid of a line bundle. Let L — M be any line bun-
dle. Consider the Atiyah algebroid DL of L and let Der L be sections of DL
(see Section . As already remarked, there is a tautological representation
of DL in L, and an associated (acyclic) de Rham complex (I'(A*(DL)* ®
L),dp) (remember that (DL)* = J'L ® L*). In the following, we denote
by Q} the graded space I'(A®*(DL)* ® L). Since the contraction 4; with the
identity operator 1 := idp(z) € Der L is a contracting homotopy for (€27, dp),
i.e. [i7,dp] =id, it immediately follows that Q} = kerdp @ keri; with pro-
jections Q7 — kerdp, w — w — i1dpw, and 27 — ker iy, w > iydpw. In par-
ticular, dp : keri; — kerdp is a (degree one) isomorphism of graded vector
spaces, and 7 : ker dp — ker iy is its inverse isomorphism.

Remark 3.2. The C*°(M)-linear operator i; does actually come from a
constant rank morphism of vector bundles A*(DL)*® L — A*(DL)* ® L
also denoted by 4y. In particular, it induces acyclic differentials on fibers
(also denoted iy).

Proposition 3.3. Precontact forms on M with values in L are in one-
to-one correspondence with 2-cocycles in (2},dp). Nowhere zero precontact
forms correspond to 2-cocycles w such that w, ¢ keriy for any x € M.

Proof. Let 6 : TM — L be a precontact form on M. Denote by © : DL — L
the composition

DL -ZsTM % I,

where ¢ is the anchor of DL, i.e. the symbol map. Regard © as a 1-cochain

in (27,dp) and put w := —dp®O. Then w is a 2-cocycle. From o1 = 0, we get
i1© = 0, hence © = —ijw. Conversely, let w be a 2-cocycle in (27 ,dp). Put
© := —iqw, so that © € kery. Since the kernel of ¢ is actually generated by

1, it follows that © descends to an L-valued 1-form 6 : TM — L, i.e. © =
foo.

For the second part of the statement, let A € Der L and x € M. We have
w1z, Az) =w(1,A)y = —O(A)z = —05(c(Az)), and the claim follows from
surjectivity of o. O

Remark 3.4. Let x € M. The proof of Proposition [3.3| shows that 6, = 0
if and only if w(1,,—) = 0.

Clearly, every 2-cochain w € Q2 defines a morphism w, : DL — (DL)* ®
L =J'L. Put K, :=kerw,. It is a generically non-smooth distribution in
DL.
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Remark 3.5. By definition, the 2-cochain w is non-degenerate if wy is an
isomorphism, i.e. K,, = 0. In this case the inverse isomorphism wf : J'L —
DL defines a skew-symmetric bracket {—, —}, : T'(L) x I'(L) — I'(L) via,

{>‘7 N}w = <Wﬁ(j1)\)ajlu>,

where (—, —) : DL ® J'L — L is the duality pairing twisted by L. By defi-
nition, {—, —},, is a first order differential operator in each entry. Moreover,
it is easy to see that {—,—}, is a Lie bracket, i.e. it satisfies the Jacobi
identity, if and only if dpw = 0. In this case (L, {—, —}.) is a Jacobi bundle.

Proposition 3.6. Let 0 : TM — L be a nowhere zero precontact form with
values in the line bundle L — M, let C' := ker 8 be the corresponding precon-
tact distribution, and let w € Q% be the associated 2-cocycle. The symbol map
o: DL — TM establishes a linear bijection between K, and K¢. In partic-
ular, 0 is a contact form, i.e. C':= ker 8 is a contact distribution, if and only
if w is non-degenerate. In this case the bracket {—, —}., of Remark is the
Jacobi bracket defined by C.

Proof. We use the same notations as in the proof of Proposition Work
point-wise taking a generic x € M. First of all we remark that, from Propo-
sition 1, ¢ K,. Since 1 generates kero, it follows that the restric-
tion o : K, — TM is injective. Now, let A € Der L be such that A, € K.
Compute 0(c(A;)) = O(Az) = —w(14, Agz) = 0. This shows that o(K,,) C
C. Since ker © is a regular distribution in DL, we can choose A € ker ©. We
have to show that, for all such A, 0(A,) € K¢, i.e. that, for all X € I'(C),
we(o(Ay), X)) = 0, where we : A2C — L is the curvature form of C. Thus,
let OJ € Der L be such that o((J) = X. In particular, [0 € I'(ker ©). Compute

wo(0(Az),0(0e)) = 0([0(A), o(0)])z

O([A,0)).

= W(Aarv Dz) - A(@(D))x + D<@(A))x
=0.

Conversely, let Y € T'(C) be such that Y, € K¢, and let A € Der L be such
that Y = o(A). Then the same computation as above shows that ker ©, C
ker w(A,, —). Since ©, # 0, it follows that w(A,, —) =r0, = w(rl,, —) for
some real number r. Hence A, —r1, € K,,. But o(A, —r1,) =0(A;) =
X... This concludes the proof of the first part of the proposition.

It remains to show that, when w is non degenerate, {—, —},, agrees with
the Jacobi bracket {—, —} determined by C. To see this, first notice that
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derivations of the form {\,—} preserve ©. Namely, let A € I'(L) and let
Ay = {\,—}. The Lie derivative LA, © of © along A, vanishes identically.
Indeed, for all A € Der L, put u = O(A) = 60(c(A)) € I'(L), and compute

(£4,0)(A) = Ax(6(4)) = B([Ax, A))

= {\ u} = 0([o(Ar), o(A)])
=0([o(Ar), 0(A = AL)]
=0,

where the last equality follows from the fact that (A — A,) € I'(C), and
o(Ay) = X preserves C (see Remark [3.1)). Now

wb(A)\) = _Z.AAdD@ = dDZ.AAG = dD/\ = jlk,
i.e. w#(51\) = Ay, which concludes the proof. O

Remark 3.7. Propositions |3.3| and show that the information con-
tained in a precontact distribution C' can be actually encoded in a 2-cocycle
w in (Q2},dp). Moreover, from w, we immediately recover the notion of null
subdistribution of a precontact distribution and Jacobi bracket of a contact
distribution. Finally, Proposition [3.6] suggests how to define the null distri-
bution of a (non-necessarily nowhere zero) precontact 1-form 6 : TM — L:
it is o(K,), where w € Q2% is the 2-cocycle corresponding to 6. Notice that
o: K, — o(K,) is not injective precisely at points where € vanishes. Specif-
ically, from Remark we see that 1, € ker o N K, whenever 6, = 0.

Now we turn to locally conformal presymplectic (lcps) geometry. Recall
that a lcps manifold is a manifold M equipped with a lcps structure, i.e. a
pair (w, b) where b is a closed 1-form and w is a 2-form such that dw + b A w =
0. A Icps structure (w,b) is locally conformal symplectic (lcs) if w is non
degenerate. There is a more conceptual approach to leps geometry (see, e.g.,
[36, Appendix A])). Namely, a closed 1-form b can be understood as a flat
connection in the trivial line bundle Ry := R x M, and d 4+ b A (—) is the
associated flat connection differential. This suggests to revise the definition
of a leps structure as follows. A lcps structure on M is a triple (L, V,w)
where L — M is a line bundle, V is a flat connection in L and w : A2°TM — L
is an L-valued 2-form such that dyw = 0, where dy is the flat connection
differential associated to V (notation w instead of w will be clear in few lines).
A leps structure (L, V, w) is lcs if w is non-degenerate, i.e. the induced vector
bundle morphism w;, : TM — T*M ® L is an isomorphism. For instance,
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even-dimensional characteristic leaves of a Jacobi bundle are equipped with
les structures in this more general (line bundle theoretic) sense.

Remark 3.8. A Ics structure (L, V,w) defines a Jacobi bracket {—, —} on
I'(L) as follows. Let A € I'(L), and let dy A : TM — L be its flat connection
differential. Put X := (w,) ' (dwA). Then {\, u} = w(X), X,). The Jacobi
identity for {—, —} is equivalent to dyw = 0.

Now we show that lcps geometry can be put in the same framework
as that proposed for precontact geometry. Specifically, a flat connection in
L is an injective Lie algebroid morphism V : TM — DL. Hence the image
Iy :=1imV is a subalgebroid in DL and the symbol o :Zy — TM is an
isomorphism of Lie algebroids. Conversely, it follows by dimension counting
that a transitive Lie subalgebroid of DL is either DL itself or is of the form
Iy for a unique flat connection V. Hence there is a one-to-one correspon-
dence between flat connections in L and transitive, proper Lie subalgebroids
in DL. Differential dvy is the L-valued Lie algebroid differential of Zy up to
the identification Zy ~ T'M. This shows that precontact/lcps geometry is
the geometry of an L-valued, closed 2-form on a transitive Lie subalgebroid
of the Atiyah algebroid of a line bundle L.

Remark 3.9. Let w be an L-valued 2-form on the manifold M. It can
be also regarded as a 2-form on DL itself as follows. Let w = o*w € Q% be
given by (oc*w)(A,0) := w(o(A),o(0)), for all A,0 € Der L. In particular,
w € keriy. Conversely, let w € keriy N Q2. Then it descends to an L-valued
2-form on M, i.e. w = o*w for some w : A>’TM — L. In other words, an L-
valued 2-form w on M is equivalent to a 2-cochain w in (Q9,dp) such that
iqw = 0. Now, let (L,V,w) be a lcps structure and w = o*w. If the rank
of w is at least four, then w determines V. However, in general, it doesn’t
(consider the case w = 0), and V is an extra piece of information. Finally, a
direct computation shows that

(3.1) (dpw)(Vx,Vy,Vz) = (dyvw)(X,Y, Z)

for all X|Y,Z € X(M). Hence condition dyw = 0 is equivalent to condition
(d Dw)‘zv =0.

4. Dirac-Jacobi bundles

Wade defined a Jacobi version of a Dirac structure, and originally called it a
Dirac structure on E1(M) [40]. Later the terms EY(M)-Dirac structure [20]
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and Dirac-Jacobi structure [21] were also used to indicate the same object.
Wade’s definition is based on the following remark. Let M be a smooth
manifold and let Ry; := M x R be the trivial line bundle over M. Sections
of the bundle EY(M) := (TM & Ry) & (T*M @& Ryy) are equipped with a
canonical bracket extending the Courant bracket on sections of TM @& T*M
[40, Section 3]. An £(M)-Dirac structure is then a maximal isotropic sub-
bundle of £}(M) whose sections are preserved by the canonical bracket.
EY(M)-Dirac structures encompass cooriented precontact distributions and
Jacobi structures in the sense of Lichnerowicz [27] as special cases. Wade
also defined conformal Dirac structures in the same spirit as conformal Ja-
cobi structures [I4], Section 1.4], which are essentially equivalent to Jacobi
bundles, but she didn’t develop the theory beyond the definition (except for
the special case of locally conformal Dirac structures [38]). In this section
we propose an alternative, and easy to use, definition of a conformal Dirac
structure, which we call a Dirac-Jacobi bundle. Dirac-Jacobi bundles are
slightly more general than £'(M)-Diract structures, and encompass non-
coorientable precontact distributions and Jacobi bundles.

With the new understanding of precontact (and lcps) structures pre-
sented in the previous section, it is actually easy to find a common frame-
work for precontact distributions and Jacobi bundles. Namely, let L — M be
a line bundle. Similarly as in the presymplectic/Poisson case (or in Wade’s
EY(M)-Dirac case) consider the vector bundle

DL := DL & J'L.

Vector bundle DL was first considered by Chen and Liu in [6]. They named
it the omni-Lie algebroid because it plays a similar role for Lie algebroids
as Weinstein’s omni-Lie algebras do for Lie algebras [40]. The omni-Lie al-
gebroid DL is an instance of E-Courant algebroid [7] and of AV -Courant
algebroid [26]. Additionally, it is a contact Courant algebroid in the sense
of Grabowski [I7]. Grabowski’s contact Courant algebroids are actually line
bundle theoretic versions of Courant-Jacobi algebroids [I§] (called general-
ized Courant algebroids in [30]). For the purposes of this paper we will not
need the whole technology developed in References [7, 17, [I8] 26} 30]. It will
suffice to notice that DL possesses the following structures:

1) two natural projections

(4.1) prp:DL — DL, and prj:DL — J'L,
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2) a non-degenerate, symmetric, L-valued 2-form
(= =) :T(DL) xI'(DL) — I'(L),

given by:
(A, ), @, 9)) == (A, 9) + (0, ),
and

3) a (non-skew symmetric, Dorfman-like) bracket
[-,-]:T(DL) x T'(DL) — I'(DL),
given by:
(4.2) [(A; ), (B, 9)] == ([A, 0], Lay — indpy)

for all A,[J € Der L, and all ¢, € T'(J'L).
An easy computation exploiting Cartan calculus on the Lie algebroid
DL shows that the bracket [—, —] satisfies

(4.3) [e, 81 + [8, 0] = dp{a, B),
(4.4) [o, [8, 911 = [lev, B1,~] + [8, [, ]I,
(4.5) [ev, f5] = flev, B] + (o 0 prp) (@) (£)B,

and, moreover,

(4.6) (la, 81, 7) + (la,21, B) = prp(e) ({B,7)) -

for all a, 5,7 € I'(DL) and f € C>*(M).

Remark 4.1. When L = R}y is the trivial line bundle, then DL = £*(M),
and (the skew-symmetrization of) bracket (4.2)) is to be compared with the
bracket on T'(EL(M)) used by Wade [40, Section 3].

Definition 4.2. A Dirac-Jacobi bundle over a manifold M is a line bundle
L — M equipped with a Dirac-Jacobi structure, i.e. a vector subbundle £ C
DL such that

1) £ is mazximal isotropic with respect to {(—,—), and

2) T'(£) is involutive with respect to [—, —], i.e. [I'(£),['(£)] C T'(L).
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Remark 4.3. Maximal isotropic, involutive subbundles £ of the omni-Lie
algebroid DL were first considered in [6]. Among other things, the authors
show that, if £ N J'L = 0, then £ is the graph of a Jacobi structure and vice-
versa. See Example below for more details. Dirac structures in omni-Lie
algebroids were also considered in [§] from a somewhat different perspective.

Remark 4.4. The bilinear map (—,—) has split signature in any local
basis of I'(L). Hence a subbundle £ C DL is maximal isotropic if and only
if it is both isotropic and coisotropic, if and only if it is either isotropic
or coisotropic and, additionally, rank £ = (rank DL)/2 = dim M + 1. Now,
for a vector bundle V — M and a distribution W in V, denote by W9
the annihilator of W in V* ® L = Hom(V, L), i.e. W° is the distribution
consisting of ¢ € V* @ L such that (¢, w) = 0 for all w € W. The following
point-wise equalities hold

(4.7) prp(2)°=2nJ'L and prj(L)=(£nDL)°,

for every maximal isotropic subbundle £ of DL.
Consider the short exact sequence

(4.8) 0— (1) — DL -2 TM — 0,

where 1: I'(L) — I'(L) is the identity operator and generates the subbundle
(1) = End L of linear endomorphisms of L. Taking duals and tensoring by
L in (4.8]), we get the so called Spencer sequence

(4.9) 0¢— L& J'L+— T"M & L +— 0,

where pr; is the canonical projection given by j'A — ), and the embedding
T*M ® L — J'L adjoint to the symbol o is given by df ® A+ j1(fA) —
fitA, where A € T'(L), and f € C°°(M). In what follows we will always re-
gard T*M ® L as a subbundle of J!' L understanding the embedding 7*M ®
L < J'L (beware that a different convention for the Spencer sequence is
often used where the embedding T*M ® L < J'L maps df ® A to fj'A —
41 fA. However, this choice is not adjoint to (4.8))).

In addition to , one can easily check two more pairs of point-wise
equalities:

(o oprp)L)’ =£N(I"M @ L),

(4.10) (pr, o pry)€ = (£N(1))°,
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and

(prp€n (1)’ =pr (E€NJ'L),

(4.11) !
pry(L)N(IT*M ® L) = (c(£NDL))".

for every maximal isotropic subbundle £ of DL.

Remark 4.5. Let £ be a maximal isotropic subbundle of DL. It is involu-
tive (with respect to bracket [—, —]) iff

([, Bl.v) =0,
for all a, B8, € T'(D). Now, from (4.3)), , and (4.6)), the expression
Tg(Oé, 57 7) = <<[[Oé, ﬁ]]v ’Y>>

is skew-symmetric and C°°(M)-linear in its arguments «, 3, y. Hence it de-
fines a section Y¢ of ASD* ® L. We call Yo the Courant-Jacobi tensor of
£. The involutivity condition on a maximal isotropic subbundle £ is thus
Te=0.

Remark 4.6. When L = R,/, Definiton gives back Wade’s definition
of a Dirac structure in £*(M) [40, Definition 3.2]. However, there are inter-
esting examples of Dirac-Jacobi structures on non-trivial line bundles. For
instance, every Jacobi bundle is a Dirac-Jacobi bundle of a specific kind (see
Example below). Finally, it should be mentioned that Dirac structures
in £Y(M) are special instances of Vaisman’s Dirac structures in the stable
big tangent bundle of index h (see [34] for more details).

Example 4.7. Let w € Q2 =T(A%(DL)* ® L) be a 2-cochain in the der-
complex (see Section . Since w is skew-symmetric, the graph

D, = graphw, = {(A,w,(A)): A€ DL}

of w, : DL — J'L is a maximal isotropic subbundle of DL. Moreover £, is
involutive if and only if dpw = 0. Indeed, an easy computation shows that

Te, (o, an,a3) = (dpw)(Ar, Ag, A3),

for all a; = (A, w,(4A;)) € T(Ly,), i =1,2,3. So £, is a Dirac-Jacobi struc-
ture on L if and only if w is a 2-cocycle in (27 ,dp). Conversely, a Dirac-
Jacobi structure £ C DL is of the form £, for some 2-cocycle w in (Q'L, dp)
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if and only if £N J'L = 0. If, additionally, (1,0) ¢ £,, then w, ¢ keriy, and
vice-versa, x € M. Hence, from Proposition L-valued precontact forms
0 : TM — L identify with Dirac-Jacobi structures £ on L such that

(4.12) enJiL=o,

and nowhere zero precontact forms correspond to Dirac-Jacobi structures
such that and, additionally, (1,0) ¢ £, for any € M. In particular,
Dirac-Jacobi bundles encompass (non-necessarily coorientable) precontact
manifolds.

Example 4.8. Let {—,—}:T'(L) x I'(L) — I'(L) be a skew-symmetric, first
order bidifferential operator. Interpret {—, —} as a section J of A2(J!L)* ®
L, by putting

TG ) = (A )

for all A, u € I'(L). Clearly, J defines a morphism J*: J'L — (J'L)*® L =
DL. Since J is skew-symmetric, the graph

£ = graph J* = {(J*(y),¥) : ¢ € J'L}

of J* is a maximal isotropic subbundle of DL. Moreover £ is involutive if
and only if J is a Lie bracket. Indeed, an easy computation shows that

Te, (a1, a2, a3) = 2{\1,{A2, A3} } + cyclic permutations,

for all a;; € T(£7) of the form o;; = (J4(j'\;), 5'\i), i € T(L), i = 1,2,3. So
£ is a Dirac-Jacobi structure on L if and only if (L,{—,—}) is a Jacobi
bundle. Conversely, a Dirac-Jacobi structure £ C DL is of the form £; for
some Jacobi bundle (L,{—,—}) if and only if £N DL = 0. Hence Jacobi
bundles (L, {—, —}) identify with Dirac-Jacobi bundles (L, £) such that

(4.13) €N DL =0,

as first noticed in [6] (see Theorem 3.16 therein).

Example 4.9. Let V C DL be a vector subbundle and let V° C J'L be its
annihilator, i.e. VO:={y € J'L: (A,9) =0 for all A € V}. Clearly, V &

V0 C DL is an isotropic subbundle. Moreover, it is maximal isotropic by
dimension counting. Finally it is involutive if and only if V is involutive,
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i.e. I'(V) is preserved by the commutator of derivations. Indeed, an easy
computation shows that

Tvave(ar,az,az) = ([A1, Az], ¥3) + ([A2, Az],¥1) + ([As, A1), 42),

for all oy = (A, ;) € (V@ V), i =1,2,3. So, involutive vector subbun-
dles of DL can be regarded as Dirac-Jacobi structures on L. Notice that
the image of a flat linear connection V : TM — DL is an involutive vector
subbundle of DL. Accordingly, a flat connection in L can be regarded as a
Dirac-Jacobi structure on L which we denote by £v. On the other hand, the
identity operator 1 : I'(L) — I'(L) also spans an involutive vector subbundle
of DL. We denote by £1 the corresponding Dirac-Jacobi structure. Notice
that DL = £v ® £¢ for every flat linear connection V in L.

Example 4.10. A lcps structure (L, V,w) (see discussion preceding Re-
mark defines a Dirac-Jacobi bundle as follows. Put w := oc*w (see Re-
mark and consider the Dirac-Jacobi structure £y defined by V (Exam-
ple . Deform £v to a new vector subbundle

Lvw = {(A ¢ +w(A)): (A 9) € £}

of DL. Since w is skew-symmetric, and (A, 1) = 0 for all (A,) € Ly, then
£y w is a maximal isotropic subbundle. Moreover, it is involutive if and only
if dyw = 0. Indeed, an easy computation shows that

Teo, (a1, 2,03) = (dpw)(Vx,, Vx,, Vx,) = (dyw)(X1, X2, X3),

for all a; € I'(£v ), where X; := o(prpa;), ¢ = 1,2, 3, and, in the last equal-
ity, we used (3.1]). Dirac-Jacobi bundle (L, £v,) contains a full information
on the leps structure (L, V,w). Hence lcps manifolds identify with certain
Dirac-Jacobi bundles.

Example 4.11. Recall that a homogeneous Poisson structure is a pair
(m, Z) where 7 is a Poisson bivector, and Z is a vector field such that Lz7 =
—m. A homogeneous Poisson structure on M can be regarded as a Dirac-
Jacobi structure on the trivial line bundle R, as follows. Let 7 be a bivector
field and let Z be a vector field on M. Put

(4.14)
Lirz)={(h—hZ + 7t ), n@1+n(2)j'1) eDRy : heR,pe T*M},

where 7f : T*M — TM is the vector bundle morphism induced by . It is
easy to see that £ 7y C DRy is a maximally isotropic subbundle, and it is
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a Dirac-Jacobi structure if and only if (7, Z) is a homogeneous Poisson struc-
ture [40, Section 4]. In this case, (7, Z) is completely determined by £ 7).
Even more, Dirac-Jacobi structures of the form £, ) can be characterized
according to the following

Proposition 4.12. A Dirac Jacobi structure £ C DRys is of the form
L(x,z) for some homogeneous Poisson structure (w,Z) if and only if T:
£N DRy — Ry is an isomorphism (here T : DRy — Ry is the projection
A— A(1)).

Proof. Let (m, Z) be a homogeneous Poisson structure. It follows from
that ’S(RZ) N DRy ={h—hZ:h R}, hence pr: S(W’Z) N DRy — Ryy,
h — hZ — h is an isomorphism.

Conversely, let £ C DRj; be a Dirac-Jacobi structure such that 7: £N
DR;; — Rjs is an isomorphism. Put

A:=77Y1) e(DRy) and Z:=—c(A)=A(1)—-AcX(M).

Next we define a bivector field 7. To do this, notice, first of all, that pr;: (£) =
(£N DRyy)? is a vector subbundle in J'Rj;. Even more, the canonical pro-
jection ¢ : J'Ry; — T*M, j'h +— dh, restricts to an isomorphism

C:prp(L) — TFM.

In the following we denote T := pr i (£). The vector bundle 7 is equipped
with a skew-symmetric bilinear map II : A>T — R, given by

(¢, ¥) == (A, ),

for all (A, ¢),(0O,v¢) € £. From the fact that £ is isotropic and the first
identity in (4.7)), IT is well defined. It is easy to see that II (and 7)) completely
determine £. Indeed

(4.15) C={(A¢): ¢ €T and (¢, ¢) = (A, ) for all ¢ € T}

Now, bilinear map II, identifies, via isomorphism ¢ : 7 — T* M, with a bivec-
tor field 7 € T'(A2TM). Define L(r,z) C DRy via @ . Then, as already
noticed, £(r 7) is a maximally isotropic subbundle of DR,. Using it
is easy to see that £, ) C £, hence £, ) = £ (in particular, (7,7) is a
homogeneous Poisson structure). |




506 Luca Vitagliano

We conclude that homogeneous Poisson structures identify with Dirac-Jacobi
structures £ C DRy such that 7: DRy, N £ — Ry is an isomorphism, or,
in other words, the vector subbundle £ N DL in DRj; has rank 1 and is
transversal to the image of the standard inclusion TM — DR,;.

Example 4.13. A Dirac structure £ C T'M @ T*M can be regarded as a
Dirac-Jacobi structure £ on the line bundle R, by putting [40, Remark 3.1]:

£:={(X,n®1+hj'1) €DRy; : h € R and (X,n) € £}.

Being the image of € under projection DRys — T'M & T™* M, Dirac structure
£ is completely determined by £. In other words, correspondence £ — £ is
an inclusion of Dirac structures on M into Dirac-Jacobi structures on R,;.

Example 4.14. New Dirac-Jacobi structures can be obtained via gauge
transformations (see also [1, Example 3.6]). Let w € Q2 and let £ be a Dirac-
Jacobi structure on L. Define a vector subbundle 7,£ C DL by putting

T = {(A ¥ +wy(A)) : (A, ) € £}

Since w is skew symmetric, 7,£ is isotropic. Moreover, it shares the same
rank as £, hence it is maximal isotropic. An easy computation shows that

Yo e(on, az,a3) = Ye(al, ab, a3) 4+ (dpw) (A1, Ag, Ag)
= (dpw)(A1, Ag, Ag),

for all oy = o, + (0, w,(A;)) € T'(1,£), where o) € T'(£), and A; = prp(a;) =
prp(al), i =1,2,3. Hence 7,£ is a Dirac-Jacobi structure whenever

dpWlpr,(2) =0

(as in the case of £y in Example [4.10). In particular, if w is dp-closed,
then 7,,£ is a Dirac-Jacobi structure for all £.

5. Characteristic foliation of a Dirac-Jacobi bundle

Dirac structures are equivalent to presymplectic foliations, i.e. foliations
equipped with a presymplectic structure on each leaf. Similarly, Dirac-Jacobi
bundles are equivalent to foliations equipped with either a precontact form
or an lecps structure on each leaf. This was proved in [20] for Dirac-Jacobi
structures on the trivial line bundle Rj;. In this section we discuss the gen-
eral case.
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Let (L, £) be a Dirac-Jacobi bundle over a manifold M. Vector bundle
£ — M is naturally a Lie algebroid acting on the line bundle L. Indeed,
denote by [—, —]¢ : ['(£) x I'(£) — I'(£) the restriction of the bracket
to sections of £. Moreover, denote by pg : £ — T'M the composition of prp
(see (1)) restricted to £, followed by the symbol map o : DL — T'M. From
and (4.5)), [—, —]¢ and pg are the Lie bracket and the anchor of a Lie
algebroid. Additionally, denote by V* : £ — DL the restriction of prp, to
£ so that pe = 0 o V*. Since pry, intertwines the bracket and the
commutator of derivations, V* is a Lie algebroid representation.

As usual, the image of the anchor pg is an integrable, non-necessarily
regular, smooth distribution in T'M, integrating to a foliation which we
denote by Fe and call the characteristic foliation of the Dirac-Jacobi bundle
(L, £). Leaves of Fe are called characteristic leaves of (L, £). Similarly, the
image of the flat connection V¥ is an involutive, non-necessarily regular,
smooth distribution in the Lie algebroid D L. We denote it by Z¢. The symbol
o : DL — TM maps Z¢ surjectively onto T Fe.

Distribution Z¢ is equipped with an L-valued, skew-symmetric bilinear
map w : A’Zg — L given by

W(A’ D) = <D7 90>7

for all (A, ), (d,9) € £. From the fact that £ is isotropic and the second
identity in , w is well defined.

Our next aim is to show that Zg and w induce, on every characteristic
leaf, either a precontact form, or a lcps structure. First we prove a

Lemma 5.1. The rank of Lo is constant along characteristic leaves.

Proof. Let O be a characteristic leaf. The bundle map pge : £|p — TO is
surjective. Hence it splits and, for every vector field X € X(0O), there ex-
ists o € IT'(£|0), such that pe(a) = X. It follows that V£ is a derivation of
D(L|p). So V& generates a flow ® = {®,;} of infinitesimal automorphisms
of the line bundle L|p — O (see Remark which lifts to a flow dp® :=
{dp®:} of infinitesimal automorphisms of the vector bundle D(L|p) — O.
Since Z¢ is an involutive distribution, it is preserved under dp®. In particu-
lar, rank Z¢ is constant along the integral curves of X. The assertion follows
from arbitrariness of X and connectedness of O. O

Corollary 5.2. For every characteristic leaf O, the rank of Ze|o is either
dim O + 1, or dim O. In the first case, Ze|o = D(L|o), while in the second
case, Telo is the image of a flat connection in L|o.
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Proof. It immediately follows from Lemma and surjectivity of o o V* =
pe: Llo = TO. O

According to the above corollary, and similarly as for Jacobi bundles,
characteristic leaves can be of two different kinds.

Definition 5.3. A characteristic leaf O is said

e precontact if rankZg|p = dim O + 1,

e [cps if rankZ¢|o = dim O.
Every point in a precontact (resp. lcps) leaf is said a precontact (resp. leps)
point.

Definition (5.3) is motivated by the following

Proposition 5.4. The 2-form w induces, on every characteristic leaf O, a
2-cochain wo in (Qi\ovdD)'

1) If O is precontact, then wp = —dp(fo o o) is the 2-cocycle correspond-
ing to a (necessarily unique) L|p-valued precontact form 6o : TO —
Lio.

2) If O is lcps, then Le|o is the image of a flat connection V© in L|o, and
wo = 0*we, for a (necessarily unique) leps structure (Lo, VO, we).

Proof. Let O be a characteristic leaf. Then, Z¢|o is a transitive subalgebroid
in D(L|p).

1) Let O be precontact. From Corollary Ze|lo = D(L|o), and we :=
w|e is a 2-cochain in (Qz|o, dp). A direct computation shows that

(dpw) (A1, Ao, Az) = Te(ag, az,a3) =0,

for all a; = (A4, %) € £lo, 1 = 1,2,3. Sowp is a 2-cocycle. Hence, from
the proof of Proposition there is 0 as in the statement.

2) Now, let O be leps. From Corollary Ze|o is the image of a flat
connection V© in L|p. Use connection V© to split D(L|p) as im VO @
(1). The restriction w|p is only defined on Zg|p = im V® but can be
uniquely prolonged to a 2-cochain we in (QzIO ,dp) such that ijwp = 0.
It follows that wp = c*we for a unique L|p-valued 2-form wp on O
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(cf. Remark [3.9). A direct computation shows that
(dVOQ(D)(XL X?a X3) = (dDW)(vg)(N V?Q; VSQ(S) = YQ(O(]_, a2, Oég) = O)

for all o = (VY. 1) € £lo, X; € TO, i =1,2,3. So (L|o, VO, wo) is
a leps structure on O.

0

Remark 5.5. Let (L, £) be a Dirac-Jacobi bundle on M. The Dirac-Jacobi
structure £ is completely determined by the distribution Zg¢ and the 2-form
w: A’Zg — L. Specifically,

(5.1) L={(A¢): A €T¢ and iaw = |z, }.

Indeed, it is immediate to check that the right hand side of contains
£ while it is contained in the orthogonal complement of £ with respect to
(—-).

Equivalently, £ is completely determined by its characteristic foliation
equipped with the induced precontact/lcps structures on leaves. In more
details, let O be a characteristic leaf. By the very definition of character-
istic foliation, the restricted bundle £|» can be regarded as a subbundle
in D(L|p). Actually (L|o, £|o) is a Dirac-Jacobi bundle. Specifically, £|p
is the Dirac-Jacobi structure corresponding to wep if O is precontact (see
Example and to (VO,we) if O is leps (see Example .

Conversely, let L — M be a line bundle, and let F be a foliation
equipped with either an L|p-valued precontact form 6o or a lcps structure
(Llo, VO, wo) on each leaf O. The foliation F determines a distribution Z
in DL and a 2-form w : A2Z — L by

Tlo = D(L|p) if O is a precontact leaf
©- imVP  if O is a leps leaf

and
—dp(fp oo) if O is a precontact leaf
wlo =

o*wo if O is a lcps leaf.

In its turn, the pair (Z,w) determines a distribution £ in DL by

£:={(A¢): A €T and ianw = |7}
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If £ is a smooth subbundle, we call F a (smooth) precontact/lcps foliation.
In this case, £ is a Dirac-Jacobi structure and F is its characteristic foliation.
So Dirac-Jacobi bundles are equivalent to precontact/lcps foliations.

6. On the local structure of Dirac-Jacobi bundles

In this section we study the local structure of Dirac-Jacobi bundles around
both precontact, and lcps points. As a corollary we show that the parity
of the dimension of precontact (resp. leps) leaves is locally constant (Corol-
lary . We also discuss the transverse structures to characteristic leaves
(Propositions and . Our analysis parallels that of Dufour and Wade
for Dirac manifolds [15].

Let L — M be a line bundle. Moreover, let (2°) be coordinates on M
and let u be a local basis of I'(L). Recall that I'(J'L) is locally generated by
(dz' @ p, j'p). Here we regard T*M ® L as a vector subbundle in J'L via
the embedding 7*M ® L < J'L adjoint to the symbol map o : DL — TM
(see Remark. The adjoint basis of (dz* ® u,j'ut) in Der L is (6;, 1), where
8;(fr) = 2Ly, for all f € C(M).

Theorem 6.1. Let (L, £) be a Dirac-Jacobi bundle over a smooth manifold
M, letxg € M, and let O be the leaf of the characteristic foliation Fe through
xo.

If O is leps, then, locally around xg, there are coordinates (x*,y®) on
M, a generator u of T'(L), and there is a basis (o, 5%, B) of T'(£), where
i=1,...,dimO, and a=1,...,codim O, such that

a; = (6; + B, + E1, Fyda! @ p),
(6.1) B = (G”"éb + G, (dy* - Efdz') © u) ;
B= (-G, j'u— Bde' @ p),

with Fij + Fji = Gab + G = .

On the other hand, if O is precontact, then, locally around xg, there
are coordinates (z*,y*) on M, a generator p of T'(L), and there is a basis
(o, 0, ) of T'(L), where i=1,...,dimO, and a=1,...,codimO, such
that

ai = (0i + Ef'ba, Fijda’ @ p— Fij'p),
(6.2) a=(1+E%,, Fd'®py),

B = (G, (dy" ~ Efda’) @ i~ E%j'p)
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Proof. The proof is an adaptation of the proof of [15, Theorem 3.2]. Let
O be a leps leaf. Choose coordinates (x%,4*) on M around xg such that
O = {y* =0}, and let u be a local generator of I'(L) around xy such that
t|o is constant with respect to the flat connection V9 induced by £ in Lio
(see Proposition . In particular, Zg|p is locally generated by d;|0. So,
there is a local basis of I'(£), around ¢, of the form

el

& i i),
B =
B

a)?

Y

—~
=2
&

-+

a
9

. h

=

=]

—
~—

with Xﬂ@ = Ea|@ = E]@ = 0. In particular,
5+ Ay = (53 + Ag)&- + a linear combination of (d4, 1),
for some smooth functions Az (here 52 is the Kronecker symbol). Since
Al(xo) = 0, matrix [|§] + A| is invertible around xo. Let || A} be its in-
verse, and put @; := AJa;. Then @; is of the form
@; = (6; + a linear combination of (4, 1) vanishing on O, k;).

On the other hand, E“,ﬁ are of the form

0 = B§; + a linear combination of (0, 1),
O

= B'S; + a linear combination of (J,,1).

Put §® = Ea — B%q;, and B = E — B'@; . Then 8%, B are of the form

B% = (a linear combination of (4, 1) vanishing on O, h%),

B = (a linear combination of (4, 1) vanishing on O, h).

Moreover, since £ is isotropic, (8;, h%)|o = (&;, h)|o = 0. System (@;, 3%, 3)
is a local basis of I'(£) around zg. Its representative matrix in the basis
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(05,04, 1,dx* @ p, dy® @ p, jp) of T(DL) is of the form:

60 0y 1 dz@p dy@p,j'p
Id A * *
0 B C D

(07

B

where [d is the identity matrix, and A,B,C vanish at zg. It follows that
matrix D is invertible at x(, hence it is invertible around zg. Put

(5)=2(5)
Finally, let k; be locally given by
ki = (kijda? + kiody®) @ p+ K5 p,
and put
a; =@ — kiaf* — Kif.

System («;, 5%, B) is a local basis of I'(£) around xg. Its representative matrix
is of the form:

0p Oyl dz@p dy®p,j'p
Id E F 0 .

0 G H Id
Since £ is isotropic,
F+F=G+G' =H+E =0,

where (—)! denotes transposition. This concludes the proof of the first part
of the statement.

The proof of the second part is very similar. We report it here for com-
pleteness. Let O be a precontact leaf. Choose again coordinates (z*,y®) on
M, around xg, such that O = {y® = 0}, and let u be any local generator of
I'(L) around zg. Thus, there is a local basis of I'(£), around xg, of the form

@ = (6; + Ay, Ez),
a=(1+A4A, k),
Ba = (ia’ Ea)’
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with Ez\o = ﬁ“|@ = X|O = 0. In particular,

% + éz = (Id + M) ( 0 > + a linear combination of (d,),
1+A L

for some function matrix M. Since M(zo) = 0, matrix Id + M is invertible

around zg. Put
(ai >:<m+m>—1(0‘i )
a a

Then @;, a are of the form

@; = (§; + a linear combination of d,, k;),

@ = (1 + a linear combination of §,, k).

On the other hand, the 0 are of the form

0% = B¥; + B*1 + a linear combination of d,.
Put 5% = E“ — B%@&; — B%. Then the 3% are of the form
B* = (a linear combination of &, vanishing on O, h%).

Moreover, since £ is isotropic, (6;, h*)|o = 0. System (@;, @, 3%) is a local
basis of I'(£) around xz¢. Its representative matrix is of the form:

0,1 6y dz@pu,jlp dy®p
d A * *
0 B C D

a

B

where A,B,C vanish at xg. It follows that matrix D is invertible at xg,
hence it is invertible around zo. Let |AL|| be its inverse and put 8¢ = AP
Finally, let k;, k be locally given by

Fi = (Rijda? + Fiady®) © p+ Kij'p,
k= (Kde? + kady®) ® p+ Kj'p,
and put
o; — Eiaﬁaa
oa=a— Ea/@a'

&7
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System (v, o, /%) is a local basis of I'(£) around z. Its representative matrix
is of the form:

0,1 0y dz@pu,jlpn dyop
ol 1d E F 0 |.
Bl o G H Id

Since £ is isotropic,
F+F=G+G' =H+E =0.
This concludes the proof. O

Corollary 6.2. Let (L,£) be a Dirac-Jacobi bundle over a manifold M
and let O ={xo} C M be a zero-dimensional lcps leaf of the character-

istic foliation. Then, around xo, £ = £ for some (local) Jacobi bracket
J:T(L) x (L) — I'(L), vanishing at zo (see Example[4.8).

Proof. Since dim O = 0, it follows from Theorem (6.1) that, locally
around zg, there are coordinates (y®), a generator p of I'(L), and a basis
(8%, B) of T'(L), a=1,...,dim M, such that

5= (G0, + G, dy @ p)
8= (-G, j'u).
Hence £ N DL = 0. This concludes the proof. O

Corollary 6.3. Let (L, £) be a Dirac-Jacobi bundle over a manifold M and
let O = {xo} C M be a zero-dimensional precontact leaf of the characteristic
foliation. Then, around o, after trivializing L, we have £ = £, 7y for some
(local) homogeneous Poisson structure (m, Z) such that both m and Z vanish

at xo (see Example .

Proof. Since dim QO = 0, it follows from Theorem (6.2) that, locally
around g, there are coordinates (y%), a generator p of I'(L), and a basis
(o, %) of T'(£), a = 1,...,dim M, such that

a= (14 E%,, 0),

ge — (Gabdb, dy® @ p — Eajllu) '
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Now, £ N DL is generated by 1 + E®J, which is transversal to the subbundle
generated by the d,’s. Upon using p to identify L with R,; around zg, the
assertion follows from Proposition [4.12 O

Corollary 6.4. Let (L,£) be a Dirac-Jacobi bundle over a manifold M.
Then the parity of the dimension of precontact (resp. lcps) leaves of the
characteristic foliation Fe is locally constant on M.

Proof. Pick a point 2y € M and let x be a point in a connected neighborhood
of zp where £ has one of the forms given by Theorem Let O (resp. O)
be the characteristic leaf through zo (resp. z). If O and O’ are both lcps
then £, is given by and (Zg), = VO (T,0') is spanned by

i + Ef6q + Eil, G5, + G41, —GP,
Hence
dim O’ = rank,Z¢ = rank,, Ze + rank, G = dim O + rank, G.

Since G is a skew-symmetric matrix, it follows that the parity of dim O’
and dim O is the same. The precontact case can be discussed in a similar
way. l

Remark 6.5. Locally, the dimension of a lcps leaf and the dimension of a
precontact leaf have different parities. This can be proved either in a similar
way as in the proof of Corollary or exploiting the Dirac-ization trick
(see Remark in the Appendix).

Theorem shows also that the regularity of the characteristic foliation
on one side and that of distribution Z¢ on the other side are (partially) in-
tertwined. Namely, notice, first of all, that, when the smooth distribution Z¢
is regular, Fg is not necessarily a regular foliation as the following example
shows.

Example 6.6. Let M =R, L =Ry, and £=V @ V? (Example, with
V ¢ DL =TR x R the smooth, involutive, vector subbundle generated by
x0/0x + 1. Then Zg =V which is a vector subbundle, hence a regular dis-
tribution, but TF¢ = 0(Z¢) = (x0/0x) which has rank zero for x = 0, and
rank one otherwise.

However, when Fg is a regular foliation, then Z¢ is necessarily a regular
distribution.
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Corollary 6.7. Let (L,£) be a Dirac-Jacobi bundle over a smooth man-
ifold M. If Fe is a reqular foliation, then Zg is a regqular distribution. In
particular, it is a vector bundle over each connected component of M.

Proof. We need to prove that the rank of Z¢ is locally constant. First prove
that rank Z¢ is constant around every precontact point. Thus, let O be a
precontact leaf of the characteristic distribution, g € O, and let x be a point

in a connected neighborhood U of oy where £ has the form (6.2). Then (Z¢),
is spanned by

6+ ES, 14 E%,, G,

In particular, rank, Z¢ = dim O 4 1 + rank, G, and it can only change in U
if the rank of G changes. On the other hand, T, Fe¢ = 0(Z¢), is spanned by

D D g o d
ox’ Loye’ T oye’ oy’
and there are two cases. Either E := ||[E%||" is in the image of G, and in this

case dimT,Fe = dim O + rank, G, or E is not in the image of G, and in
this case dim T, Fe = dim O + 1 4 rank, G. Since dim T, F¢ is locally con-
stant, we conclude that rank, G can only change by one in U. However, G
is skewsymmetric so that rank, G is even for all x. Hence rank, G is con-
stant in U and rank, Z¢ is constant in U as well. In a similar way one can
prove that rank Zg is constant around every lcps point. Details are left to
the reader. O

We conclude this section with one further application of Theorem [6.1
Namely, we show that, similarly as for Poisson structures [39], for Jacobi
structures [14], and for Dirac structures [15], for every Dirac-Jacobi bundle
over M, and every point xg € M, there is

1) a Jacobi structure transverse to O, if x¢ is a lcps point,

2) a homogeneous Poisson structure transverse to O, if xq is a precontact
point,

where O is the characteristic leaf through xg.

Proposition 6.8. Let (L, £) be a Dirac-Jacobi bundle over a smooth mani-
fold M, let O be a leaf of the characteristic foliation Fe, and let xo € O. Ad-
ditionally, let Q C M be a submanifold transverse to O at xqg, with dim Q) =
codim O, i.e. xg € Q and Ty, M =T, 0O & T,,Q. Locally around xy,
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1) if O is a leps leaf, then £ induces a Jacobi bracket Jg : T'(L|g) x
I'(L|g) — T'(L|g) on the restricted line bundle L|g, with (JgQ)z, = 0;

2) if O is a precontact leaf, then £, together with a trivialization of the
restricted line bundle L|q, induces a homogeneous Poisson structure

(7TQ, ZQ) on @, with (7‘rQ)$0 = (ZQ);BO =0.

Proof. Let xg be a leps (resp. precontact) point. First we show that £ induces
a Dirac-Jacobi structure on £q, at least around xg. This is a consequence of
Proposition [8.4] below, and of Theorem Namely, from Example it is
enough to check that £N (N*Q ® L|g) has constant rank around zy (here
N*Q is the conormal bundle to Q). Thus, choose coordinates around xg as
in Theorem (6.1) (resp. (6.2)) with the additional property that @ =
{z* = 0}. Using (6.1)) (resp. ), it is straightforward to check that £nN
(N*Q ® L|g) = 0. Hence £ induces a Dirac-Jacobi structure on £|g given
by

o = {(Aigw) € DLIg : (AW) € £},

where ig : Q@ — M is the inclusion (see Example (8.3) for more details).
Finally, it is easy to see that {zo} is a lcps (resp. precontact) leaf of the char-
acteristic distribution of (L|g, £g). The assertion now follows from Corol-

lary (resp. [6.3). O

Similarly as for Poisson [39], Jacobi [14] and Dirac [I5] manifolds, the
transverse structures described in Proposition are actually independent
of the choice of @), up to isomorphisms, and do only depend on the charac-
teristic leaf O, as explained by the following

Proposition 6.9. Let (L, £) be a Dirac-Jacobi bundle over a smooth man-
ifold M, let O be a leaf of the characteristic foliation Fg, and let xo, x € O.
Additionally, let Q,Q" C M be submanifolds transverse to O at xg,x(, Te-
spectively, with dim Q = dim Q" = codim O, i.e. zp € Q, x(, € Q', and

TooM =T, )0 6T, Q, TyM =Ty0oTyQ'.

1) if O is a leps leaf, then there are neighborhoods U, U’ of xo, z{, in Q, Q’,
respectively, and a Jacobi isomorphism (U, Ly, Jg) ~ (U', L|y/, Jg),
where Jg, Jg are the Jacobi structures induced by £ as in Proposi-
tion[6.8 (1);

2) if O is a precontact leaf, and we fix a trivialization of L in a neigh-
borhood of both xo and x(), then there are neighborhoods U,U" of x, x|,
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in Q,Q’, respectively, and an isomorphism of homogeneous Poisson
manifolds (U, mq, Zq) ~ (U',nq, Zg'), where (nq, Zq), (7¢q/, Zg') are
the homogeneous Poisson structures induced by £, and the fixed trivi-
alizations, as in Proposition . (2).

Proof. If dim O = 0 there is nothing to prove. So, assume dim O > 0. Then
we can choose xg # ).

)

Let O be a lcps leaf. Since O is connected there is no loss of gener-
ality if we assume that x¢,z{, are in the same neighborhood V' where
£ has the form . Additionally, it follows from the proof of The-
orem that we can choose the coordinates (z%,y%) so that, around
zo and zf), Q = {z' =0} and Q' = {2’ = '}, respectively, where the
c"’s are constants. Consider the (local) derivations A; := prp(o;) =
di + Edq + Ei1 € I'(DL), i =1,...,dimO. They correspond to (lo-
cal) infinitesimal automorphisms of L — M. Integrating, and com-
posing their flows if necessary, we can construct a (local) automor-
phism F of L — M, mapping L|g — Q to L|gr — @'. It remains to
show that F': L|g — L|g is a Jacobi map, i.e. it identifies Jgy and
Jgr. To see this, consider the skewsymmetric bidifferential operator
Jv : N2J L]y — L]y given by:

L w0f 09 (.09 0
JV(]IA’]1V)2<2GI)8;16;’+G (faja_gajl))“’

where A = fu and v = gu for some local functions f, g. A direct com-
putation shows that the conditions Y¢ (8%, 8%, 3°) = 0 are equivalent
to Jy being a Jacobi structure, and the conditions Y ¢ (8%, 8%, o;) = 0
are equivalent to A; being an infinitesimal Jacobi automorphism. It
follows that F': L|yy — L|y is a Jacobi map. Additionally Jy restricts
to both @ and Q' and the restrictions agree with Jg and Jg respec-
tively. Hence F': L|g — L|¢/ is a Jacobi map as well.

First of all recall that, according to Dazord, Lichnerowicz and Marle
[14], an isomorphism of homogeneous Poisson manifolds (M, Z),
(M, 7', Z") is a Poisson isomorphism F : (M, 7) — (M’,7") such that
F,Z — 7' is a Hamiltonian vector field, i.e. F,Z — Z' = (7')¥(dh) for
some function h € C*°(M’).

Now, go back to the statement and let O be a precontact leaf. Fix
once for all a nowhere zero section p of L in a connected neighbor-
hood containing both xy and z{,. This is always possible (e.g., choose
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an embedded curve 7 connecting zp and z{, and a nowhere zero sec-
tion p' of L along v. Now extend y' to a global section p of L. It
follows that u is nowhere zero in a tubular neighborhood of ). Simi-
larly as above, we can restrict to the case when g, x(, are in the same
neighborhood V' where £ has the form , and, additionally, Q =
{2t =0},Q" = {2* = ¢!}, for some constants c!. Consider the vector
fields X; = (o oprp)(ey) = % + Efaza, i=1,...dimO. Integrating
them, and composing their flows if necessary, we can construct a (lo-
cal) diffeomorphism F : V — V mapping @ to @’. It remains to show
that F' : Q — @’ is an isomorphism of homogeneous Poisson manifolds,
i.e. it identifies m and ¢/, and, additionally, F.Zg — Zqr = ), (dh)
for some function h € C*°(Q’). To see this, consider the bivector my
and the vector field Zy on V given by

NN

_ Gab
v 8ya 8yb )

A direct computation shows that the conditions Y¢ (3%, 3%, 8°) =0
are equivalent to my being a Poisson bivector, and the conditions
Ye(B%, B a) = 0 are quivalent to Lz, my = —my. Hence (1y, Zy) is a
homogeneous Poisson structure on V. Additionally, T (5%, 8%, o;) = 0
are equivalent to X; being an infinitesimal Poisson isomorphism, and
conditions Y¢ (5% a, ;) = 0 are equivalent to Lx,Zy = ﬂg/(dFi). It
follows that the flow of X; consists of automorphisms of the homo-
geneous Poisson manifold (V, 7y, Zy) so that F : V — V itself is an
automorphism of (V,my, Zy ). Finally, both my and Zy restrict to @
(resp. Q') and their restrictions agree with 7w and Zg (resp. mg: and
Zg). Hence F : Q — @' is an isomorphism of homogeneous Poisson
manifolds. O

7. Null distributions, admissible sections and admissible
functions

7.1. Null distributions of a Dirac-Jacobi bundle
Let L — M be a line bundle and let 8 : TM — L be an L-valued precontact

form on M. Denote by K the null distribution of 6 (see Remark [3.7)). We
make the following
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Assumption 7.1. Distribution K is simple and L is the pull-back, along
the projection 7 : M — M,eq, of a line bundle Lyeq — Myeq over the leaf
space Myeq of K.

If, additionally, a certain cohomology class vanishes (see below), then 6
descends to a unique contact form 60,cq : T Myeq — Lyreq such that 8 = 7%60,¢q.
Contact manifold (Myeq, Ored) is the contact reduction (M, 0). All the above
assumptions are always valid locally when K is regular. So, morally, precon-
tact forms are pull-backs of contact forms along submersions.

Similarly, let (L,V,w) be a lcps structure on a smooth manifold M.
Denote by K := kerw, the null distribution of w. Make Assumption as
above. If a certain cohomology class vanishes, then V = 7m*V,q, and w =
T*wreq for a unique les structure (Lyed, Vieds Wred) O Myeq. The lcs manifold
(Myed, Lred; Vied, Wred) 18 the lcs reduction of (M,L,V,w). Again all the
above assumptions are always valid locally when K is regular. So, morally,
lcps structures are pull-backs of lcs structures along submersions.

We can repeat the above discussion for each leaf of a precontact /lcps fo-
liation and conclude that, morally, precontact/lcps foliations are pull-backs
of contact/lcs foliations along submersions. In their turn precontact/lcps
foliations are equivalent to Dirac-Jacobi bundles (see Remark, and con-
tact/lcs foliations are equivalent to Jacobi bundles [22]. So, morally, Dirac-
Jacobi bundles are pull-backs of Jacobi bundles along submersions. In this
section, we clarify this claim (see, e.g., [I, Section 4.3] for the analogous
situation in Dirac geometry).

Let (L, £) be a Dirac-Jacobi bundle over a smooth manifold M. There
are distinguished subdistributions Ee C Zo C DL, and Ke C TFe CTM,
defined by

Ee:=£NDL, and Kg:= O'(Eg).

We call Fe and Ko the null der-distribution and the null distribution of
(L, £), respectively. This terminology is motivated by the following remark,
which immediately follows from (5.1). Let O be a characteristic leaf of (L, £).
If O is precontact, then E¢|p = K, is the null distribution of the 2-cocycle
wo in (Qho,dl)) corresponding to the precontact form #» on O. Hence
Kglo is the null distribution of §o (see Remark [3.7). On the other hand,
if O is leps, then Fglp = Ky, NimV?, and Kg|o = ker(wo), is the null
distribution of the leps structure (L|o, VO, wp) on O.

The following remark provides a way how to characterize Dirac-Jacobi

structures in Examples |4.7]

Remark 7.2. It is straightforward to check the following.
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e When £ = &, for some 2-cocycle w in (Q},dp) (Example [4.7), then
Fea consists of just one precontact leaf O = M, and wp = w. Moreover,
E¢ = K, and K¢ is the null distribution of the L-valued precontact
form corresponding to w.

e When £ = £; for some Jacobi bracket J:I'(L) x I'(L) — I'(L) (Ex-
ample , then Fg is the contact/lcs characteristic foliation of the
Jacobi bundle (L, J). Hence E¢ =0 and K¢ = 0.

e When £ = V @ V for some involutive vector subbundle V' C DL (Ex-
ample , then V is a Lie algebroid and Fe is its characteristic foli-
ation. Moreover, Zg|o = V|0, and wp = 0 for every characteristic leaf
O. Hence Eq =V and Ko = T Fe. In particular, if V' is the image of a
flat connection V : TM — DL in L, then Fg consists of just one lcps
leaf © = M and Ze = im V. On the other hand, if £ = £, then Fg¢ is

a precontact foliation with zero dimensional leaves.

e When £ = £y, for a lcps structure (L, V,w) (Example |4.10), then
Fe consists of just one lcps leaf O = M, Zg =imV, and wp = o*w.
Moreover K¢ is the null distribution of w and Eg¢ is the image via V
of KQ

e When L =Ry and £ = £(; 7) for some homogeneous Poisson struc-
ture (7, Z) (Example[d.11)), then T Fy is spanned by Z and the Hamil-
tonian vector fields with respect to . In particular, the characteristic
leaves are the flowouts of the symplectic leaves of 7 along Z. For every
symplectic leaf P of 7, the vector field Z is either everywhere tangent
or everywhere transversal to P. Accordingly, there are two kinds of
characteristic leaves O of £ 7). Either O =P for some symplectic
leaf P of 7 such that Z is tangent to P, or O is a disjoint union of a
one-parameter family of symplectic leaves of 7, and Z is everywhere
transversal to the symplectic leaves in the family (in particular, Z|p
is everywhere non null). In the first case, O is a precontact leaf (with
respect to £ 7)) and its precontact form 6 : 70 — Rp is 0 = izw,
where w is the symplectic structure induced by 7 on O. In the second
case, O is a lcps leaf. Specifically, V© is the connection in Rp whose
connection 1-form 7 := V1 is uniquely determined by the conditions
1) n vanishes on symplectic leaves of 7, and 2) n(Z) = 1. Moreover,
the leps form we : A2TO — Ro, is uniquely determined by the condi-
tions 1) we agrees with the symplectic structures induced by 7 on the
symplectic leaves of 7, and 2) izwp = 0. Finally K¢ is spanned by Z.
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e When L =Ry, and £ = L for some standard Dirac structure £ (Ex-
ample, then Feg is the presymplectic foliation of £ [I], Section 4.2].
This means that all leaves O are lcps. In more details, V© is the trivial
connection in Ry, we is the presymplectic structure on O induced by
£, and K¢|e is its null distribution, for every leaf O.

The rank of the null der-distribution E¢ is an upper-semicontinuous
function. Hence, if E¢ is smooth, then it is also regular. On the other hand,
the null distribution K¢ may well be smooth, without being regular, as
Example [6.6] above shows. In that case Ee = Ze¢ = V which is smooth, while
K¢ = 0(V) = TFg¢ which is smooth but not regular. So, even when Fg is
a vector bundle, K¢ may fail to be regular. However, when K¢ is regular,
then E¢ is necessarily regular, according to the following

Proposition 7.3. Let (L, £) be a Dirac-Jacobi bundle over a smooth man-
ifold M. If the null distribution Kg is reqular, so is the null der-distribution
Eq. In particular, both Ko and E¢ are vector bundles over each connected
component of M.

Proof. The statement follows from Theorem Recall that we defined
Te :=prpf, and let w : A2Zg — L, be the bilinear form induced by £. Notice
preliminarily that

(71) FEe = {A €Teoipw = 0}

Now, first prove that rank E¢ is constant around every point of a precontact
characteristic leaf O. Thus, let zg € O and let x be a point in a neighborhood
U of xg where £ has the form and, additionally, the rank of Kg is
constant in U. An easy computation shows that

(7.2) (Ee)e = {X'(0; + EX00) + X(1 + E%,) : F - X = 0}
where we denote X := || X?, X||*. Hence,
rank, Fe = dim O + 1 — rank, F.

It follows from ([7.2]) that

% 9 a 9 ai . _
(7.3) (Kg)y = {X <ami +E ay@) + X i F X_O}.

Now, distinguish two cases:
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Case I: E := ||[E*(x)|| # 0. In this case,

o .9 9
ami + E’L aiya? and F aya

are linearly independent. Hence
rank, K¢ = dim O + 1 — rank, F.

Case II: E := ||[E*(z)|| = 0. In this case

! B
Ko), =4 X! 4 R F-X=0%.
(Ke) { (WJF ’39“) O}

and there are two possibilities:

e Case Ila: E =0 and F := |F;(x)|| # 0. Then the kernel of projection
X > || X?|| does not intersect ker F and

rank, K¢ = dim O + 1 — rank, [,

again.

e Case IIb: E =0 and F := | F;(x)|| = 0. Then ker F contains the kernel
of projection X ~ || X?|| and

rank, K¢ = dim O — rank, [F.

Since F is a skew-symmetric matrix, its rank is even. So Case IIb (on one
side) and Case I or IIa (on the other side) cannot occur simultaneously for
two different points x,z’ in U, if rank K¢ is to be constant in U. Hence
either

rank, K¢ = dim O + 1 — rank, F = rank, Fg,

or

rank, K¢ = dim O — rank, F = rank, Fe — 1,

for all x € U. In any case, rank F¢ is constant in U.

It remains to prove that rank Fg¢ is constant around every point of a lcps
chracteristic leaf O. This case is simpler. Let g € O and let = be a point in
a neighborhood of xy where £ has the form , and, additionally, rank K¢
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is constant in U. Then
(Be)y = {X"(0; + EX6, + F;1) : F - X = 0},

where X = || X?||. Hence rank, Fg = dim O — rank, F. On the other hand,

! )
Ko)y =< X! _ 4+ Ro F-X=009.
(Ke) { <5W+ Zé’ya) 0}

Hence rank, K¢ = dim O — rank, F = rank, F¢. This concludes the proof.
O

Remark 7.4. Suppose that the null distribution K¢ is regular, so that
the null der-distribution Fg¢ is regular as well. It is easy to see that Case
IIb in the proof of Proposition occurs precisely when (1,0) € I'(£) (use
E=F=0in ) Hence the same proof shows that, when K¢ is regular,
(in each connected component of M) there are only two possibilities:

e (1,,0) ¢ £, for any x € M, and rank F¢ = rank K¢, or

e there are only precontact leaves, (1,0) € I'(£), and rank E¢ =
rank K¢ + 1.

When the second case occurs, then Zg C T*M ® L = (1)°.

7.2. Jacobi reduction of Dirac-Jacobi bundles

Let (L,£) be a Dirac-Jacobi bundle over a smooth manifold M. In the
following, we denote by J1L — M the bundle of first order differential op-
erators L — Ry;. It is the dual vector bundle of J'L, and J1L ® L = DL.
Moreover, denote by ¢* : T*M — (DL)* = J'L ® L* the dual map of the
symbol ¢ : DL — T'M. In other words, ¢* is obtained from the embedding
T*M ® L < J'L tensoring by L*.

Definition 7.5. A (possibly local) section A € T'(L) is admissible for the
Dirac-Jacobi structure £ if there exists A € Der L such that (A, j1)\) € T(£).
A derivation A like that is called Hamiltonian. The space of admissible sec-
tions is denoted by T'agm(L). Similarly, a function f € C*°(M) is admis-
sible for £ if there exists F' € I'(J1L) such that (F,o*(df)) e I'(£® L*) C
DL ® L* = J1L ® (DL)*. A differential operator F' like that is called Hamil-

tonian. The space of admissible functions is denoted by C5,  (M).
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Remark 7.6. The Hamiltonian derivation (resp. differential operator) as-
sociated to an admissible section (resp. function) is not uniquely determined.
Namely, it can be changed by adding any (smooth) section of E¢ (resp. Kg).

Proposition 7.7. The pair (C35,,(M),Taam(L)) is a Jacobi module in the
sense that

1) C5,, (M) is a commutative, associative, unital algebra (actually a sub-

algebra in C°(M)), and T aqm(L) is a CSS_(M)-module,

adm

2) Taam(L) is a Lie algebra and C25, (M) is a Taqm(L)-module,

adm

3) the action A — X of Taam (L) on C5. (M) satisfies

adm

(7.4) Xa(fg) = fXa(g) + gXa(f)

for all N\€Taam(L), and f,g€ C5, (M), i.e. Tagm (L) acts on C25,, (M)
by derivations,

4) the Lie bracket {—, —} on Taam(L) satisfies

(7.5) A fuy = X0 (Hu+ N 1)

for all A\, pp € Tagm (L), and f € C5, (M), i.e. {—,—} is a first order,
differential operator with scalar-type symbol in each entry.

Proof. The product of two admissible functions f, g is admissible as well. In-
deed, let F, G : J'L— Ry be linear maps such that (F, o*(df)), (G, o*(dg)) €
(& ® L*). Since o*d(fg) = fo*(dg) + go*(df), then (fG + gF,o*d(fg)) €
I'(£ ® L*) as well. Similarly, the product of an admissible function times an
admissible section is an admissible section as well. Next, let A, 4 be admis-
sible sections and let f be an admissible function. Define

A ut = A,

with (A, 1)) € T'(£). Well-posedness of {—,—} follows from Lemma
Skew-symmetry follows from isotropy, and the Jacobi identity follows from
involutivity of £. Similarly, define

The same arguments as above show that correspondence A — X is a well-
defined Lie-algebra action. Identities ([7.4)), (7.5 are straightforward. Details
are left to the reader. ([
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Lemma 7.8. Let A (resp. f) be an admissible section (resp. function), and
let x € M. Then O(X\) =0 (resp. X(f) =0) for allJ € (Eg¢), (resp. X €
(Ke)e).

Proof. Let )\, z and [J be as in the statement, then (A, j')\) € T'(£) for some
A € Der L and (0J,0) € £. Hence O(\) = (0, 51\) = (A, 51N, (0,0)) = 0
by isotropy of £. Similarly for admissible functions. O

When K¢ is a regular distribution, Lemma can be inverted giving
the following

Proposition 7.9. Let K¢ be a reqular distribution. A section X of L (resp. a
function f on M) is admissible if and only if O(X) =0 for all O € T'(Ey)
(resp. X(f) =0 for all X e I'(Kg)).

Proof. The “only if part” of the statement follows from Lemma [7.8| For the
“if part”, recall that, in view of Proposition [7.3] when K¢ is regular, Eg¢ is
regular as well. Hence, in view of the second of (4.7), pr;: (&) is a regular
distribution in J'L. Now, O(\) = 0 for all 0 € ['(Eg) tells us that j'\ is
a section of the annihilator of Eg¢, and, from again, there is a section
a of £ such that pr i (a) = j'\, whence a = (A, j'\) for some A € Der L.
Similarly for admissible functions. O

Now recall that, when K¢ is a regular distribution, then, in each con-
nected component of M, either (1,0) € I'(£) and, in this case, rank E¢ =
rank K¢ + 1, or (1,,0) ¢ £, for any = € M, and, in this case, rank E¢ =
rank K¢ (Remark . Hence we have the following

Corollary 7.10. Let K¢ be a reqular distribution. In each connected com-
ponent of M, if (1,0) € T'(£), then there are no admissible sections, oth-
erwise there is a canonical Ke-connection VX in L, and a section of L is
admissible if and only if it is VX -constant.

Proof. 1f (1,0) € I'(£) then pr ;i (£) C T*M ® L and there cannot be admis-
sible sections. Otherwise rank F¢ = rank K¢, hence E¢ is the image of a flat
K g-connection VX in L. The last part of the statement is obvious. O

Example 7.11. Let £ = £;. Then E¢ = (1), and K¢ = 0. Hence every
function is admissible but there are no admissible sections. This simple ex-
ample shows that the situation here is slightly different from that in Dirac
geometry. Namely, under similar regularity conditions, a Dirac structure
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does always possess admissible functions, while Dirac-Jacobi structures may
fail to possess admissible sections.

Remark 7.12. Let K¢ be a regular distribution. The case (1,0) € I'(£)
is exceptional and can be completely characterized as follows. First of all,
if (1,0) € I'(£), then all characteristic leaves O are precontact, moreover
1 € I'(Z¢) and Remark shows that 6», and hence we, vanish. It follows
that K¢ = TFg. So £ =V @ VY for some Lie subalgebroid V C DL such
that 1 € I'(V) (see Example and the third item in Remark [7.2)).

Now on, in this section, we assume that K¢ is regular and (1,0) ¢ I'(£).
Moreover, we make the following

Assumption 7.13.

1) The distribution Kge is simple, i.e. its leaf space Mpeq is a smooth
manifold and the projection 7 : M — M,eq is a submersion.

2) The line bundle L is isomorphic to the pull-back bundle 7* L4 for
some line bundle L;eq — M;eq.

From Assumption [7.13/(1) and Proposition admissible functions
identify with functions on M;eq. Similarly, we would like to use Assump-
tion (2) to identify admissible sections with sections of L..q. However,
for sections the situation is slightly more delicate. From Corollary ad-
missible sections are VX-constant sections of L. Denote by ¢ : L — m* Lyeq
the isomorphism in the Assumption (2). Isomorphism ¢ induces another
K ¢o-connection V{f in L characterized by the property that V{f -constant
sections correspond to pull-back sections 7*\eq via ¢, with Ajeq € T'(Lyeq)-
Hence the composition of the pull-back followed by ¢! identifies sections
of Lyeq with Vé( -constant sections. In general, VX # Vé( and the difference
A:=VE - Vé( : K¢ — DL is a 1-form on K¢ with values in the vector
bundle of endomorphisms of L. In its turn, the bundle of endomorphisms of
L is the trivial line bundle generated by 1, hence A can be regarded as a
section of K§. Since both VE and Vg are flat connections, A is a 1-cocycle
in the de Rham complex of the Lie algebroid Kg:

0—— C®(M) —5T(KL) —5 T(A2KE) —= - -
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Assume that the cohomology class of A in I'(A*K7}) vanishes. Then con-
nection V¥ is trivial in the following sense: there exists an(other) isomor-
phism L ~ 7% L..q which identify VE _constant sections with pull-back sec-
tions. To see this, let A = dg, f for some function f. The required isomor-
phism is the composition ¢ : L — 7*Lyeq of ef : L — L, A+ e/ X followed
by ¢ : L — ©* Lyeq. Summarizing, the composition of the pull-back followed
by ¢! identifies sections of L..q with admissible sections, and Proposition
reveals that the line bundle L,qq, equipped with the bracket {—,—}, is
a Jacobi bundle. We have thus proved the following

Proposition 7.14. Let (L,£) be a Dirac-Jacobi bundle with regular null
distribution, and (1,0) ¢ I'(£). Under assumption and the condition
A=dg.f for some f € C®(M), Lyeqa is a Jacobi bundle and there is an
isomorphism of line bundles L ~ w*L,cq tdentifying sections of Lieq with
admissible sections of L and the Jacobi bracket on I'(Lyeq) with the Jacobi
bracket on T'agm(L).

In the generic case, i.e. K¢ regular but not simple, both Assumption
and the assumption A = dg, f are still valid locally, but they may fail to
be valid globally. However, M is globally equipped with a Jacobi structure
tranverse to K¢ that we now describe.

Consider the short exact sequence

(7.6) 0 — K¢ Y% DL — DL — 0.

where DL := DL/im V. Sections of D+ L should be interpreted as deriva-
tions of L transverse to K¢. Similarly, sections of the tensor product JfL =
(DL ® L* = J1L/(Kg ® L*) should be interpreted as first order differ-
ential operators I'(L) — C*°(M) transverse to Kg.

Now, let N be a submanifold of M complementary to K¢, i.e. such that
T.M =T,N @ (Kg¢), for all z € N. Any A € T(D*L) can _be restricted to
N to give a genuine derivation of L|x as follows. Let A = A +im VE, with
Ac Der L. Moreover, let A be a section of L[y and let X be a section of L
such that )\] ~N = A, at least locally around a point z € N. Put

(AlNA))z = (AN

It is easy to see that A|y : T'(L|y) — I'(L|n) is a well defined derivation.
Sections of Ji"L can be restricted to N in a similar way.
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Proposition 7.15. Let (L,£) be a Dirac-Jacobi bundle with regular null
distribution, and (1,0) ¢ T'(£). The Dirac-Jacobi structure £ induces a canon-
ical section J+ of N2Ji{-L ® L. Moreover, for every submanifold N of M
complementary to Kg, J* restricts to a Jacobi bracket {—, —}n on T'(L|y).

Proof. From the proof of Corollary [7.10] the image of Vi is Ee. So, the
dual of sequence ([7.6)), tensorized by L, reads

0+ Ki®L+— J'L+— E%<«—0.

From (4.7)), we have E =pr ;1 £. Recall that J{- L=J1L/(Ke ® L*) = (E)*.
Hence a section of A2J{-L ® L is the same as a morphism

/\2(pI'J1£) — L.

Thus, let ¢,9 be sections of prj£. There are A,[0 € Der L such that
(A, p), (O,9) € T(L). Put

(7.7) T v) = (O,9).

The morphism J= : (pr;: £)¥2 — L is obviously well defined. Moreover, since
£ is isotropic, J* is skew-symmetric. This proves the first part of the Propo-
sition.

For the second part, let N C M be a submanifold complementary to Ke.
Restrict J+ to N in the obvious way to get a skew-symmetric, first order,
bidifferential operator {—, —}x on sections of L|y. Every section of L|y
can be extended, locally around any point of N, to a VX-constant, hence
admissible, local section of L, and

{Alv, pln v = {A v

for all admissible, local sections A, p of L defined around N, where {—, —} is
the Jacobi bracket of admissible sections. The Jacobi identity for {—, —}n
now follows from the Jacobi identity for {—, —}. O

Remark 7.16. Every submanifold N C M complementary to K¢ can be
locally understood as (the image of) a section of the projection M — Mieq
onto the leaf space of Kq. The proof of Proposition then shows that
{—=, —}n is the pull-back of the Jacobi bracket on I'(Lyeq).
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8. Morphisms of Dirac-Jacobi bundles

Let (M,C) and (M’,C") be precontact manifolds. A morphism of precon-
tact manifolds f: (M,C) — (M',C") is a smooth map f: M — M’ such
that df(C') C C'. In particular, df induces a morphism of line bundles F :
TM/C —TM'/C" over f. As it will be clear from what follows, it is in
practice useful demanding, additionally, that F' is a morphism in the cate-
gory VB™& (see Section [2), i.e. it is an isomorphism on fibers (this choice
excludes, for instance, the embedding of a line, with the zero rank distri-
bution, as an integral manifold in a contact manifold, from morphisms of
precontact manifolds). In terms of the precontact forms 6 : TM — TM/C
and 0" : TM' — TM’'/C a morphism of precontact manifolds is a regu-
lar morphism of line bundles F : TM/C — TM'/C’" over a smooth map
f: M — M’ such that 6’ odf = F o6. On the other hand, let (L,{—,—})
and (L', {—, —}') be Jacobi bundles over manifolds M and M’ respectively. A
morphism of Jacobi bundles or, shortly, a Jacobi morphism, is a reqular mor-
phism F': L — L' such that {F*N, F*p/} = F*{X '} for all N,/ € T(L').
The two notions of morphism of precontact manifolds, and Jacobi morphism,
do not agree on contact manifolds. Hence, similarly as for Dirac manifolds,
there are two distinct notions of morphisms of Dirac-Jacobi bundles. What
follows in this section parallels [I, Section 5] (see also [3]). However, mor-
phisms of Dirac-Jacobi bundles exhibit a few novel features which make
discussing them slightly more complicated than discussing morphisms of
standard Dirac manifolds.

8.1. Backward Dirac-Jacobi morphisms

Similarly as for Dirac manifolds, under suitable regularity conditions, a
Dirac-Jacobi structure can be pulled-back along a regular morphism of line
bundles. Namely, let L — M and L’ — M’ be line bundles, and let F': L —
L’ be a regular vector bundle morphism over a smooth map F : M — M.
Additionally, let £ be a Dirac-Jacobi structure on L.

Definition 8.1. The backward image of £ along F' is the, non-necessarily
regular, distribution in DL defined as:

Br(L) = {(A, FY'): (F.A) € £} cDL.
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Definition 8.2. A backward Dirac-Jacobi map F : (L, £) — (L', £') be-
tween Dirac-Jacobi bundles is a regular morphism of line bundles F' : L — L’
such that £ = Bp(L).

Remark 8.3. Let I'r be the distribution in DL & F*(DL') defined by
Ip:={((A,¢),(A",¢)) : A'= F,A and ¢ = F*)'}.
Clearly, I' is the kernel of the smooth vector bundle epimorphism

DL & F*(DL') — J'L & F*(DL))
((A,T/}), (Ala’(vb/)) — (T,Z) - F*W,F*A - A/)

Hence it is a smooth vector bundle (of rank dim M + dim M’ + 2). Notice
that Bp(L') is the image of I'r N F*£' under projection DL & F*(DL') —
DL onto the first summand. It is easy to see that the kernel of surjec-
tion T'p N F*L — Bp(L) consists of points in DL & F*(DL') of the form
((0,0),(0,%")), with (0,¢') € £, and F*y' = 0. Summarizing, there is a
short (point wise) exact sequence

(8.1) 0 — kerjlFNF*¢ —TrnF*¢ — Bp((g) —0,

where the second arrow is the inclusion F*(DL') < DL & F*(DL’), and the
third arrow is the projection DL @ F*(DL') — DL. Finally, B (£') is a max-
imal isotropic distribution in DL. To see this, let x € M. Upon selecting a
generator y in L, and the generator F(u) in Lp(,), maximal isotropy of
B (L) immediately follows from [I, Proposition 5.1]. In particular, B (L)
has constant rank.

Proposition 8.4. If rank(ker j'F'N F*£) is constant, then the backward
image Bp(L') is a vector subbundle of DL. In this case, (L,Br(L)) is a
Dirac-Jacobi bundle.

Definition 8.5. Let L — M and L' — M’ be line bundles and let F' : L —
L' be a regular morphism of line bundles over a smooth map F : M — M.
A section @ = (A, ) of DL and a section o/ = (A’;4)’) of DL are F-related
if ¢» = F*¢’ and, additionally, A and A’ are F-related.

Proof of Proposition 8.4 The proof is an adaptation of the analogous proof
for the Dirac case [I, Proof of Proposition 5.9], and it is very similar to
that one. We report it for completeness. Let rank(ker j1F N F*£') be con-
stant. Since rank B (£') is also constant, then, from (8.1), rank 'y N F* ¢’
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is constant as well. Hence I'p N F*£' is a vector bundle, and so is Bp(L'). It
remains to prove that B p(£') is involutive. To see this, it is useful to prove
the following

Lemma 8.6. Let xg € M be a point such that the rank of dF' and the rank
of ker j'F' N F*£' are constant around xo. Then, for every ag € Br(L s,
there exist a local section a of Br(L') and a local section o/ of £ such that
= ag and, additionally, o and o are F-related.

Qg,

Proof of Lemma[8.6. Let 2 be as in the statement and let r := rank,, dF.
Then we can choose coordinates (z!,...,2™) in M, centered in x(, and
coordinates (y',...,y") in M’, centered in yo := F(x¢), such that F looks

like
(8.2) F(z',...,2™) = (... 2",0,...,0),

around zg. Moreover, let i/ be a local generator of T'(L') around yg. Fi-
nally let S be the submanifold in M defined by z"t! =... =2™ =0 so
that 1) F establishes a (local) diffeomorphism F : § — S’ =im F = {y" "1 =
~-=y" =0}, and 2) F|g: L|g — L'|s is an isomorphism over F : S — S’
In order to find o and o/ as in the statement, first extend ag to a lo-
cal section ag = (Ag,vs) of Br(L)|s, and use the isomorphism F|g to
find a section oy = (A%, vy) of s such that (¢s), = F*(¢5)p(z) and
Fi(Ay) = (AS) o for all z € S. Next, using , extend Ag to a section
A of DL such that Fi(A;) = (A%)p(y) for all z in a neighborhood of .
Then o := (A, F*YY) is a section of Br(L') and oy, = ag. Finally, extend
s to a section of £ in any way and notice that o, ' are F-related. O

Now, we are ready to prove that Bp(£') is involutive. Let YT be the
Courant-Jacobi tensor of B (£'). We want to show that T = 0. To see this,
first compute T at a point x as in the hypothesis of Lemma [8.6] Thus, let
(ai)o € Br(L)z,, and let a; be sections of B (L), and o} sections of £,
such that (a;)z, = ()0 and «;, o, are F-related, i = 1,2, 3. Then it is easy

to see from ([2.1)) that
T((a1)o, (a2)o, (a3)o) = Y(a1, a2, a3)e, = Lo (o, b, a3) pay) = 0,

i.e. T vanishes at all points z( as in the statement of Lemma [8.6] Since such
points are dense in M, it follows that T vanishes everywhere. O
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In analogy with the Dirac case, we call clean intersection condition the
condition that ker j1F N F*£' has constant rank (see [I, Section 5]). Clearly,
it always holds when £ = £, for some 2-cocycle w in (Q9,,dp).

Example 8.7. Let (L, £) be a Dirac-Jacobi bundle over a smooth man-
ifold M, and let F :S < M be the inclusion of a submanifold. Equip S
with the restricted line bundle L|g and let F': L|g < L be the inclusion.
Now ker j'F' is the annihilator D(L|s)° of D(L|s) in (J'L)|s. It is easy to
see that, actually, D(L|s)° = N*S® L|s C T*M|s ® L|s C (J'L)|s, where
N*S is the conormal bundle to S. Hence the clean intersection condition
reads: £N (N*S ® L|g) has constant rank. If this condition is satisfied, then
L|s inherits a Dirac-Jacobi structure

(8.3) Br(L) ={(A F¢) e DL[s : (A,9) € £},

(cf. [9, Section 3.1]). For instance, let K¢ be a regular distribution, and let
S C M be a submanifold complementary to K¢ (see Subsection . Then,
L£N(N*S® L|g) =0 and the clean intersection condition is automatically
satisfied. Indeed a form n € £N (N*S ® L|g) annihilates tangent vectors to
S. Being in £, n does also annihilate tangent vectors in Kg¢. Since Kelg
and T'S span the whole T'M|g, it follows that n = 0. Under the additional
assumption that (1,0) ¢ T'(£), the backward image B (L) is precisely the
Dirac-Jacobi structure corresponding to the bracket {—, —}¢ induced by £
on I'(L|s) (Proposition [7.15)). Indeed, Br(L) N D(L|g) consists of points
in £|g of the form (A,0) with o(A) € T'S. But, from (A,0) € £, we also
get 0(A) € K¢, hence o0(A) =0, and from (1,0) ¢ I'(£), we get A = 0. So,
from ([£.13), B (L) is the Dirac-Jacobi structure corresponding to a Jacobi
bracket {—, —}. That {—, —} = {—, —}s now follows from (7.7).

8.2. Forward Dirac-Jacobi morphisms

Under suitable regularity conditions, a Dirac-Jacobi structure can be pushed-
forward along a regular morphism of line bundles. Namely, let L — M and
L' — M’ be line bundles, and let F': L — L’ be a regular morphism of line
bundles over a smooth map F : M — M’'. Additionally, let £ be a Dirac-
Jacobi structure on L.

Definition 8.8. The forward image of £ along F' is the, non-necessarily
regular, distribution in F*DL’ defined as:

(L) == {(FLA,¢) : (A, F*)') € £} € F*(DL).
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Definition 8.9. A forward Dirac-Jacobi map F : (L, £) — (L, £") between
Dirac-Jacobi bundles is a regular morphism of line bundles F': L — L’ such
that §r(L) = F* ¢

Clearly, an isomorphism F' : L — L’ over a diffeomorphism F : M — M’
is a forward Dirac-Jacobi map if and only if it is a backward Dirac-Jacobi
map, and this happens iff

(FL.A, (F7YH*y) € £ for all (A,9) € £.

So the two notions of Dirac-Jacobi maps agree for isomorphisms. An iso-
morphism which is (either a backward or a forward) Dirac-Jacobi map is a
Dirac-Jacobi isomorphism.

Remark 8.10. The forward image §r(£) is the image of I'r N £ under the
projection DL @ F*(DL') — F*(DL') onto the second summand. It is easy
to see that the kernel of the surjection I'r N £ — Fp(L) consists of points
in DL ® F*(DL') of the form ((A,0),(0,0)), with (A,0) € £, and F.A = 0.

Summarizing, there is a short (point wise) exact sequence
(8.4) 0 — kerdpFNEL —TpnL— Fr(L) —0,

where the second arrow is the inclusion DL < DL & F*(DL') and the third
arrow is the projection DL @ F*(DL') — F*(DL’). Finally, Fr(£) is a max-
imal isotropic distribution in DL. This follows from [1l Proposition 5.1] sim-
ilarly as for backward images. In particular, §r(£) has constant rank.

In order to check whether or not the forward image does actually deter-
mine a Dirac structure on M’ one should check two things: first, whether
or not §r(L) is a vector subbundle of £*(DL), and second, whether or not
§r(£) descends to a vector subbundle of DL. The first issue is addressed in
the following

Proposition 8.11. Ifrank(kerdpF N £) is constant, then the forward im-
age Fr(L) is a vector subbundle of F*(DL’).

Proof. It immediately follows from (8.1) by a similar argument as that in
the proof of Proposition [8.4 O

We call clean intersection condition, the condition that ker dp F' N £ has
constant rank. Clearly, it always holds when £ = £; for some Jacobi bundle
(L, J) over M.
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Remark 8.12. The clean intersection condition is equivalent to the condi-
tion that ker dF' N K¢ has constant rank. Indeed, ker dp F' is mapped point-
wise isomorphically onto ker dF' by the symbol map ¢ : DL — T M. Hence
kerdpF NEL=kerdpF NE¢ is mapped point-wise isomorphically onto
kerdF N Kg. In particular, ker dpF N £ has constant rank if and only if
so does kerdF N K¢.

Next issue is addressed as follows. The fiber Fp(£), of Fr(L) over a
point & € M is a subspace in the fiber of F*(DL') over z. The latter is the
fiber Dp(,) L' of DL over F(x). Hence, as for standard Dirac structures, it
is natural to give the following

Definition 8.13. Dirac-Jacobi structure £ is F-invariant if Fp(£), is in-
dependent of the choice of z in a fiber of F.

Now, suppose for a moment that rank dF is constant. Then the image
of F' is locally a submanifold. If £ satisfies the clean intersection condition
with respect to F', and, additionally, it is F-invariant, then §z(£) descends
to a vector subbundle of DL’ (over every smooth piece of F(M)) whose fiber
at F(x) is §r(L)s, x € M. In particular, in order to get a vector subbundle
of DL’ over the whole M’, we need F to be a surjective submersion. Even
more, we have the following

Proposition 8.14. Let F : M — M’ be a surjective submersion. If the rank
of kerdpF N £ s constant, and £ is F-invariant, then the forward image
Sr(L) descends to a Dirac-Jacobi structure on L'.

Proof. The clean intersection condition and the F-invariance guarantee that
§r (L) is a vector bundle descending to a maximal isotropic vector subbundle
of DL'. Denote it by £'. It remains to prove that £ is involutive. This can
be done similarly as in Proposition and [I, Proposition 5.9]. Details are
left to the reader. O

Example 8.15. Let (L, £) be a Dirac-Jacobi bundle over a smooth mani-
fold M, and let Ly — N be a line bundle. Moreover, let F': L — Ly be a
regular morphism of line bundles over a surjective submersion F' : M — N
with connected fibers, such that kerdF C Kg. In this case, the clean in-
tersection condition holds, without further assumptions, in view of Re-
mark Moreover, if, additionally, ker dp F' C £, then £ is F-invariant.
To see this, first notice that the Lie derivative £ along a derivation [J €
I'(kerdpF') C Der L preserves sections of £. Namely, let (A,¢) € I'(DL),
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and put Lo(A, ) := ([0, A], Lgy). Then Lo(A,¢) € T'(£) for all (A, ) €
I'(£). Indeed

ED(Aﬂm = ([Da A]vﬁﬂw) = [[(D,O), (Av¢)ﬂ

In its turn, since (4, 0) € I'(ker dpF') C I'(£), then [([3,0), (A, )] isin I'(£)
by involutivity of £. In particular, £ is preserved by the flow of [, for all
O e I'(kerdpF). Hence, since fibers of F are connected, for any z, 2’ in
the same F-fiber, there is a Dirac-Jacobi isomorphism G : L — L, over a
diffeomorphism G : M — M, such that G maps x to 2’ and, additionally, G
is F-vertical, i.e. F'o G = F. It is now easy to see that

Sr(L)w = {(FA ) (A F*Y) € £/}
= {(FoG)A¢) : (A, (FoG)Y) € £}
= SFOG(S)m = SF(£)£E7

so that £ is F-invariant. Hence §r(£) descends to a Dirac-Jacobi structure
on Ly. Denote it by £y. By construction E¢, = £y N DLy = (dpF)(Eg).
For instance, let kerdpF = E¢, so that ker dF' = K. This means that dis-
tribution K¢ is simple, its leaf space is N, and F' : M — N is the natural
projection. Additionally, (1,0) ¢ I'(£) and the canonical (ker dF’)-connection
in L = F* Ly is the one induced by £ (see Subection . Hence £y is the
Dirac-Jacobi structure corresponding to the Jacobi bundle induced on N by
(L, £). Clearly F': (L,£) — (£n, Ly) is both a forward Dirac-Jacobi map
and, from Example 8.7, a backward Dirac-Jacobi map.

Remark 8.16. The two conditions kerdF C K¢, and kerdpF C £ ap-
pearing in Example are not equivalent. While from ker dpF C £ im-
mediately follows ker dF’ C K¢, the converse is not true. For instance, let
M =R?, L =Ry and let £ = £y, where V is any flat connection in L.
So E¢ is the image of V and K¢ = TM. In particular, kerdF' C K¢ for
any F'. Now let N consist of one point *, Ly = Ry,y — N = {*}, and let
F: M xR — Ry, =R be the projection onto the second factor. It is easy
to see that ker dp F' is the image of the canonical trivial connection Vg in L.
Hence, unless V = V|, the kernel of dpF' is not contained into £.

9. Coisotropic embeddings of Dirac-Jacobi bundles

Let (L,£) be a Dirac-Jacobi bundle over a smooth manifold M, and let
S C M be a submanifold. The inclusion ¢ : L|g < L of the restricted line
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bundle is a regular morphism. Hence £ induces a Dirac-Jacobi structure
B,(£) on L|g (up to a clean intersection condition, see Subsection [8.1]).
When £ is the Dirac-Jacobi structure corresponding to a precontact form
0 :TM — L, then B,(£) is the Dirac-Jacobi structure corresponding to the
pull-back precontact form ¢*¢ : T'S — L|s. On the other hand, when £ is
the Dirac-Jacobi structure corresponding to a Jacobi bracket {—, —} on L,
in general 98,(£) does not correspond to a Jacobi bracket on L|g. In other
words, Jacobi brackets “do not pass to submanifolds” and we need to work in
the general setting of Dirac-Jacobi bundles when dealing with submanifolds
in a Jacobi manifold.

Coisotropic submanifolds are of a special interest. In Poisson geome-
try, they model first class constraints of Hamiltonian systems. Moreover the
graph of a Poisson morphism is a coisotropic submanifold is a suitable prod-
uct Poisson manifold. Similar considerations hold in Jacobi geometry. For
instance the graph of a Jacobi map is a coisotropic submanifold in a suitable
product Jacobi manifold [19].

Now, a presymplectic manifold can be coisotropically embedded in a
symplectic manifold if and only if the null distribution is regular, and the
coisotropic embedding is essentially unique. This classical result, due to Go-
tay (see [16] for details), plays an important role in symplectic geometry.
For instance, Gotay’s Theorem can be used to show that deformations of
a coisotropic submanifold S in a symplectic manifold are controlled by an
Lso-algebra depending only on the intrinsic presymplectic geometry of S
[31]. There is a contact version of Gotay’s Theorem stating that a precon-
tact manifold can be coisotropically embedded in a contact manifold if and
only if the null distribution is regular, and the coisotropic embedding is es-
sentially unique. One can use the latter result to study deformations of a
coisotropic submanifold in a contact manifold (see [25] for more details).
Similarly, any Dirac manifold can be regarded as a coisotropic submanifold
(with the pull-back Dirac structure) in a Poisson manifold, if and only if the
null distribution is regular [5, Section 8]. This can be used, for instance, to
reduce the quantization problem of the Poisson algebra of admissible func-
tions on a Dirac manifold to the quantization problem of the Poisson algebra
of basic functions on a coisotropic submanifold [4]. It is natural to ask: can
one unify the above mentioned coisotropic embedding theorems in contact
and Dirac geometry, proving an analogous result for Dirac-Jacobi bundles?
In this section we show that the answer is affirmative (see Theorem [9.2)).

Let (L,{—,—}) be a Jacobi bundle. As already remarked, the Jacobi
bracket {—, —} can be regarded as a morphism .J : A2J'L — L and defines a
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morphism J* : J'L — JJL ® L = DL, ¢ — J(1, —). Recall that a submani-
fold S C M is called coisotropic (with respect to (L, J)) if Xy := (o 0 J¥)(N)
is tangent to S for all sections A of L such that A|s = 0. More information
about coisotropic submanifolds in Jacobi geometry may be found, e.g., in
[25].

Let (Lg, £) be a Dirac-Jacobi bundle over a manifold S.

Definition 9.1. A coisotropic embedding of (Lg,£) in a Jacobi bundle
(L,J) over a manifold M is an embedding ¢ : Lg < L over an embedding
t:S < M, such that

1) the image of ¢ is a coisotropic submanifold of M, and

2) £=9B,(Ly),ie¢:(Lg, L) — (L, L) is a backward Dirac-Jacobi map.

Theorem 9.2. Dirac-Jacobi bundle (Lg, £) can be embedded coisotropically
(i.e. there is a coisotropic embedding) into a Jacobi bundle if and only if the
null der-distribution Fe = £ N DLg is regular.

Proof. The proof parallels the proof of the analogous proposition for Dirac
manifolds [5, Theorem 8.1]. Let (Lg, £) be a Dirac-Jacobi bundle over S,
and let ¢ : Lg — L be a coisostropic embedding into a Jacobi-bundle (L, J)
(over an embedding ¢ : S — M). In the following, we use ¢ to regard S as a
submanifold in M and identify Lg with L|g. The rank of E¢ = £N DLg is
an upper semi-continuous function on S. On the other hand, it is also lower
semi-continuous. Indeed,

L=B,(L5) ={(A, V) : (A0) € £/}
= {(J*(¥),*¢) : ¥ € (J'L)|s and J*(¢)) € DLg}.

Since S is coisotropic, it follows that
Ee = {J*(¥) : ¢ € ker jL1}.

But kerjlt = N*S® Lg is a vector bundle (see Example . So, Ee =
JYN*S ® Lg) is a smooth distribution. Hence it is regular.

Conversely, let E¢ be a regular distribution in DLg. Restricting to con-
nected components of S, if necessary, we can assume that E¢ is a vector
bundle. We want to show that there is a Jacobi bundle on a neighborhood
of the zero section 0 of the vector bundle 7 : EL = Fi ® Lg — S such that
0:5— E}; is a coisotropic embedding.
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Pick a complement G of E¢ in DLg, i.e. DLg =G & Eq. Equip E};
with the pull-back line bundle L := n*Lg, and define a maximal isotropic
subbundle £5 C DL, depending on G, as follows. Abusing the notation, we
denote again by 7w : L = n*Lg — Lg the projection. Thus, take the back-
ward image B,(£) C DL. The clean intersection condition is automatically
satisfied. Hence B, (£) is a Dirac-Jacobi structure on L.

There is a canonical 1-cochain ©¢ in (27 ,dp). The value of O at € € E};
is the composition:

dDﬂ'

(9.1) D.L " D,Ls— (E¢)y —— (Ls)z ,

where x = 7(e) and the second arrow is the projection with kernel G,.
Take the differential wg := —dpO¢. There is an alternative description of
wg. Namely, the splitting DLs = G @ E¢ induces a splitting J'Lg = (G* ®
Lg)® E;r:, whence an embedding EE — J'Lg of vector bundles. Recall that
J'Lg is equipped with a canonical contact form 6 taking values in the pull-
back line bundle J'Lg x5 Lg (see, e.g., |25, Example 5.5]). Consider the
2-cocycle wyip, := —dp(f o). It is easy to see that wg coincides with the
pull-back of w1, along the embedding L — J'Lg xg Lg over the embed-
ding EL < J'Lg.

Next, use wg to “gauge transform” B,(L£) and get a Dirac-Jacobi struc-

ture (see Example [4.14)):
L6 = TweBx(£) = {(A ¢ +iawg) : (A, ¢) € B (L)}

We claim that £ is the Dirac-Jacobi structure corresponding to a Jacobi
bracket on I'(L), at least around the (image of the) zero section 0 of .
To prove the claim, it suffices to show that the characteristic leaves of £4
are either genuinely contact or genuinely lcs around 0. Thus, describe the
characteristic foliation of £5. It is easy to see that Zg,, = prpLg = 7, T e It
immediately follows that all characteristic leaves of £ are of the form O :=
71(0) where O is a characteristic leaf of £, and, for every characteristic
leaf O of £,

Te

clo

T (Telo) = D(L|p) if O is precontact
* 7 (im VO) if O is leps

(here, when O is lcps, V© is the connection in Lg|e). In particular, O is
precontact (resp. leps) if and only if O is such. Compute the 2-cocycle w .
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First, let O be precontact. A direct check shows that, in this case,
(9.2) wp =T wo + twa,

where ¢ : L| 5 < L is the inclusion. Now, we show that wg is non-degenerate
around the image of the zero section O : 0 — O, which, abusmg the notation,
we denote again by 0. It suffices to show that the point-wise restriction w0]0
is non-degenerate. Recall that the exact sequence

0 — (kerdr)|o — TOlo 2% TO — 0

splits via the inclusion d0 : TO — T(’)[O Moreover, since 0= EE\O — O is
a vector bundle, then (kerdm)|o =~ 0. Summarizing, there is a direct sum
decomposition TO\O =TO ® O. Denote by pg : T(’)|0 — O the projection
with kernel TO.

Similarly, the exact sequence

dDT('

0 — (kerdpm)|o — D(L|g)lo 2> D(Lslo) — 0

splits via the inclusion dpO : D(LS\O) — D(L|5)lo. Moreover, the compo-
sition 0 opg : (kerdpm)|o — O is an 1som0rphlsm Hence there is a direct
sum decomposition D(L|5)lo = D(Ls|o) ® O. Accordingly, a section £ of
O identifies with the unique differential operator D, : L|g — L|5 such that
D:A = 0 for all fiber-wise constant sections A € I'(L|5), and Dee = (g, e) for
all fiber-wise linear sections e € I'(L|5) (a fiber-wise linear section of L is
a section of the form > f® X where the f’s are fiber-wise linear function
on O and the \’s are fiber-wise constant sections of L\O, i.e. pull-back sec-
tions m* Ao, with Ao € I'(Lg|o) - in particular, fiber-wise linear sections of
L| 5 identify with sections of E¢|o). Now, notice that E¢|o C D(Ls|o) and
D(L5|(9) = =GnN D(LS|(9) (Go differs from G|(9 in
general, because sections of G are derivations I'(Lg) — I'(Lg) but, in gen-
eral, not all of them are tangent to @). Summarizing, there is a direct sum
decomposition D(L|z)lo = Go © Eglo © 0.

From , wslo = (T*wo)|o + (t*wg)|o. Compute the first summand
(m*wpe)|o- Since O is the kernel of , : D(L|5)lo = D(Lsl|o), and, from ,
E¢lo = kerwp, then (7*we)|o is given by matrix

Go Eg

Go |wolge 0O
E2|(9 0 0
O 0 0

o

i

9
0
0
0
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where wo|g,, is non-degenerate. Now, compute the second summand (t*wg)|o-
From (9.1)), ©¢ vanishes on 0. Hence, for all A,00 € D(L|35),

(t"wa)lo(Alo, Do) = Alo(©c(0)) — Dlo(©c(A)).
Let Alg € T'(G). Clearly, A can be chosen in such a way that (pg o dpm)A =

0 so that ©g(A) =0 (here pg: D(Lg|lo) = E¢|o is the projection with
kernel Gp). Since Alg is tangent to 0, we also have

Alo(©c(D)) = Alo(Oc(D)lo) = 0.
Hence (¢*wa)|o(Alo,O]o) = 0 whenever Alp € I'(G). Similarly,

(t*wa)lo(Alo, Olo) =0

~

Whgn both A|0,D’0 S F(E2|(9) or A|0,D’0 S F(O) Finally, let A‘O =cc
I'(O) and O|p = e € I'(E¢|p). In particular, J is tangent to 0 so that

Uo(0c(A)) =Ulo(Oc(A)lo) = 0.

Choose O such that (pg o dpm)A = e and A = D.. With these choices, it is
easy to see that Alo(O¢(0)) = (g, e). We conclude that (t*wg)|o is given by
the matrix

Go E¢lo @)

Go 0 0 0
E%\’O 0 0 _<_7_> ’

o 0 <_a _> 0

where (—, —) : O® E¢lo — Lg|o is the duality pairing (twisted by Lg|o).
Hence wg|o is given by the non-degenerate matrix

Go  Eclo O

G(’) WO‘GO 0 0
Ei}\‘o 0 0 _<_7_>

0 0 <_7_> 0

So, locally around 0, the characteristic leaf O is actually a contact leaf.
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Now, let O be lcps. A direct computation shows that wz = 0*wz with

wg = mwo + (VO)**we,

where the second summand is defined by (VO)*t*wg(X,Y) := wa(VE, VY,
for all X,Y € TO. Similarly as above, we want to show that wgs is non-
degenerate around the image 0 of the zero section of 00 and, to do
this, it suffices to prove that wgo is non-degenerate. First of all, notice that
the symbol o : DLg — T'S establishes an isomorphism between Fg¢|o and
Ee¢|o := ker wp whose inverse isomorphism is given by the connection vO.
In particular, E¢|p is a vector subbundle of TO, and there is a direct sum
decomposition TO = Go @ E¢|o, where

Go:=0(GND(L|5)) =c(G)NTO.
Hence there is a direct sum decomposition T' @]0 =Gp® Eclo® O. Sim-
ilarly as in the contact case, one proves that wjlo is given by the non-

degenerate matrix

Go Eglo O

Go || wolge 0 0
E%\‘O 0 0 _<_7_>
@ 0 (—,—) 0

where (—, =) : O ® Eg|o — Lg|o is the duality pairing. Details are left to
the reader. So, locally around 0, the characteristic leaf O is a lcs leaf.

It remains to prove that the zero section of EL is a coisotropic embedding
of S. This immediately follows from [25, Corollary 3.3.(3)] and the fact that
0N O = O for every characteristic leaf O of (Lg, £). O

The construction in the proof of Theorem depends, a priori, on the
choice of a complementary vector bundle G. However, two different choices
of G determine isomorphic Jacobi bundles, at least around the zero section
of Ej:, as shown by the following

Proposition 9.3. Let (Lg,£) be a Dirac-Jacobi bundle over a manifold
S, such that Eg¢ is a vector bundle and let Go,G1 C DLg be two com-
plementary vector subbundles, i.e. E®Gy=FE ® Gy = DLg. Finally, let
(L:=mn*Lg,Jy) (resp. (L :=n*Lg,J1)) be the Jacobi structure determined
by Gy (resp., G1) on a neighborhood of the (image of the) zero section 0 of
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T EL — S as in the proof of Theorem . Then there is a Jacobi isomor-
phism ® : (L, Jo) — (L, J1) locally defined around 0, such that ® o 0 = 0.

Proof. The proof parallels the proof of [5, Proposition 8.2]. We use the same
notations as in the proof of Theorem Let Go,G1 be as in the state-
ment, and let A : Gy — Eg be the vector bundle morphism whose graph is
G1 C Gy @® Ee¢ = DLg. Let G be the graph of the vector bundle morphism
tA: Gy — Eg,t €[0,1]. The G¢’s interpolate between Gy and G;. Clearly,
DLg = Gy ® FE for all t. Hence every G determines a Dirac-Jacobi structure
£ on L. Moreover, £, corresponds to a Jacobi bundle (L, J;), at least around
0. We claim that the time-1 flow ® of the (time dependent) derivation

d
A= Jf (dt@gt> € Der L
fixes 0 and maps Jy to Ji. Since O, vanishes on 0 for all t’s, so does Ay,
hence ® 0 0 = 0 (in particular, ® is well defined around 0). Finally, notice
that the J;’s share the same characteristic foliation:

{O: O is a characteristic leaf of Dg}.

In particular, A; is tangent to O for all O. Denote by ws(t) the 2-cochain

on O induced by £;. If O is precontact then w(t) is non degenerate around
0 and

wp(t) = wp(0) + " (we, —wa,)-
It follows from the contact version of the Moser lemma that ® maps wz(0)
to wa(1). Similarly in the leps case. Details are left to the reader. So ®

maps the contact/lcs foliation of .Jy to the contact/lcs foliation of Ji, hence
it maps Jy to Ji. [l

Any Jacobi bundle as the one constructed in the proof of Theorem
will be called a Jacobi thickening of (Lg, £). The above proposition shows
that the Jacobi thickening is unique up to isomorphisms. Hence every Dirac-
Jacobi bundle (Lg, £) such that Fg¢ is a regular distribution, admits an
essentially canonical coisotropic embedding.

Remark 9.4. Let (Lg,£) be a Dirac-Jacobi bundle such that Fg¢ is a
regular distribution, and let (L,J) be a Jacobi thickening. The proof of
Theorem shows that the contact/lcs characteristic leaves of (L, J) are
Jacobi thickenings of the precontact/lcps characteristic leaves of (Lg, £). In
the case when S has just one characteristic leaf, i.e. (Lg, £) corresponds to
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either a precontact or a lcps manifold, Jacobi thickening reproduces either
the contact thickening of [25] or the lcs thickening of [24].

Example 9.5. Let Lg be a line bundle over a smooth manifold S, and let
V € DLg be an involutive vector subbundle. The vector bundle V inherits
from DLg a Lie algebroid structure. Moreover, the inclusion V < DLg is a
representation of the Lie algebroid V in the line bundle Lg. So V is a Jacobi
algebroid in the sense of [25]. In particular, there is a Jacobi bundle (L :=
m*Lg,J), with fiberwise linear Jacobi bracket J, over the total space of the
vector bundle 7 : V* ® Lg — S (see [25] for details). Now, let £=V @ V?
be the Dirac-Jacobi structure on Lg corresponding to V. The distribution
E¢ =V is automatically regular, hence (Lg, £) admits a Jacobi thickening.
Namely, let G C DLg be a complementary vector subbundle, i.e. V& G =
DLg. Then G determines a Jacobi bundle (L, Jg) on a neighborhood of
the zero section 0 of 7 : V* ® L — S, and 0 is a coisotropic embedding. We
claim that Jg is in fact independent of G and coincides with J. In other
words, we claim that, for every o, € I'(V) and € € V* ® Lg,

(93) JG(]elaajslﬁ) = <€7 [O‘?/B]%

where, in the left hand side, we interpret «, 8 as fiber-wise linear sections of
L (see the proof of Theorem 9.2 for a definition of fiber-wise linear sections).

In order to prove , recall that wp = 0 for every characteristic leaf
O of V@ VP Now denote by ¢ the restriction Lg|p. Assume that O is
precontact. Then V|p =Dl and V*® L|lo = J'¢. As in the proof of Theo-
rem denote by ¢ : O — V* ® L the inclusion. By definition t*©¢ agrees
with the contact form on J'¢, hence W = Two + L'we = wg agrees with
the canonical 2-cocycle on J'/ and Equation holds for all £ € O. On
the other hand, if O is leps, then V|p =imVg where Vg : TO — D/ is a
flat connection. Hence V* ® L|o identifies with 7O ® ¢ and L| identifies

with (T*O ® ) X £. Similarly as in the precontact case, connection V9 in
L| 5 induced by £ agrees with the pull-back connection 7*V s, and w agrees
with the canonical lcs form on T*O ® £. Hence Equation holds for e
belonging to lcs leaves as well.

Example 9.6. Let (Lg, £) be a Dirac-Jacobi bundle over a smooth man-
ifold S. From Proposition if the null distribution K¢ is regular, so is
Eg, hence (Lg, £) can be coisotropically embedded in a Jacobi bundle. So
regularity of K¢ is sufficient for coisotropic embedding. However, it is not
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necessary as the following example shows. Let M = R? with standard coor-
dinates x,y and L = Ry so that DL = (TM @ Ryy) ® (T*M @ Ryy). More-
over, let J € T(A%(J'L)* ® L) = T(A%2(TM @ Ry;)) be the Jacobi bracket
on C*°(M) given by
0 0 0
J=2—AN—+—AN1

x@y Or + oy
It is easy to see that S = {y = 0} is a coisotropic submanifold. Moreover,
£ can be pulled-back to (Lg := L|s = Rg) giving a Dirac-Jacobi structure
L£CDLs=(TS®Rg) @ (T*S ® Rg) generated by

0
l+z—, de—x-1.
oz
In particular, F¢ is spanned by 1+ xa% and it is, as expected, a smooth
rank one vector bundle. On the other hand, K¢ is spanned by :ca%. So its
rank is one everywhere except in x = 0 where it is zero.

10. Integration of Dirac-Jacobi structures on line bundles

A Lie algebroid is integrable if it is isomorphic to the Lie algebroid A(G) of
a Lie groupoid G. An integration of a Lie algebroid A is a Lie groupoid G
together with an isomorphism A ~ A(G). A geometric structure X on a Lie
groupoid G, which is compatible with the groupoid structure in a suitable
sense, usually determines a geometric structure on A(G) which is compatible
with the algebroid structure in a suitable sense, and is to be considered as
the “infinitesimal counterpart of X”. Conversely, let A be an integrable Lie
algebroid, and let G be an integration on A. Suppose that A is equipped
with a geometric structure X, compatible with the algebroid structure. It
is natural to wonder whether X is the infinitesimal counterpart of a suit-
able structure X on G. If this is the case, we say that (A, X) integrates to
(G, X). There are many examples of positive answers to the above question.
For instance, Poisson manifolds integrate, if at all integrable, to symplectic
groupoids. More generally, Dirac manifolds integrate, if at all integrable,
to presymplectic groupoids [2]. In [21] Iglesias and Wade show that £!(M)-
Dirac manifolds integrate to cooriented precontact groupoids. In this section
we discuss the case of a generic Dirac-Jacobi bundle using the language of
Spencer operators introduced by Crainic, Salazar and Struchiner in [12].
As already mentioned in the introduction, we assume that the reader is
familiar with (fundamentals of) the theory of Lie groupoids, Lie algebroids
and their representations (see, e.g., [10] and references therein). Here we



546 Luca Vitagliano

will only recall some aspects of the theory. The unfamiliar reader will find
a quick introduction to all other aspects relevant for this section in [33] (see
Section 1.2 therein, see also Chapter 4).

Let G = M be a Lie groupoid with source s, target ¢ and unit u. We iden-
tify M with its image under u. Denote by Go = {(g1,92) € G X G : s(g1) =
t(g2)} the manifold of composable arrows and let m : Go — G, (g1, 92) — 9192
be the multiplication. We denote by pry, pry : G2 — G the projections onto
the first and the second factor respectively.

Recall that the Lie algebroid A(G) of G consists of tangent vectors to the
source fibers at points of M. Every section « of A(G) corresponds to a unique
right invariant, s-vertical vector field o" on G such that o = o"|5;. The Lie
bracket in I'(A(G)) is induced by the commutator of right invariant vector
fields, and the anchor of A(G) — T'M is given by p(a) = ti(a) = t.(a"|pm),
for all &« € I'(A(G)). We denote by ¢Z the time-z flow of a”.

Now, let £ — M be a vector bundle carrying a representation of G,
i.e. a smooth map G x4 F — M, written (g,e) — g - e, satisfying the usual
properties of an action. The infinitesimal counterpart of a G-action is a
representation of A(G), i.e. a flat A(G)-connection V : A(G) — DE given by

(10.1) Vae=—|  9(2)7" - eyg(z)

where z — ¢(z) is any smooth curve in the s-fiber through x, such that
9(0) =z and ¢(0) = a. Here x € M, and @ € A(G),.

Proposition 10.1. There is a canonical flat kerds-connection V9 :
kerds — Dt*E in the pull-back bundle t*E such that

(10.2) Va = t(Vr )
for all € T(A(G)).

Proof. Let g: o =y € G, X € kerdys, and let z — g(z) be a smooth curve
in s~1(x) such that g(0) = g, and §(0) = X. Define Vg( € Dyt*E as follows.
For s € T'(t*F) put

d

(10.3) Visi= | geg(a) ! sle(e).

It is straightforward to check that VY is a well-defined ker ds-connection in

t*E. Moreover V[gX y] = VY, V$] for all right invariant vector fields X, Y.
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Since right invariant vector fields generate I'(kerds), it follows that VY is
a flat connection. Finally, Equation (10.2)) immediately follows from ((10.3])

and (10.1)). O

A t*E-valued differential form w on G is multiplicative (see [12]) if

(m*0) (g,9.) = Pr10g, + g1 - (Pr320g,),

for all (g1,92) € Go. Various geometric structures on Lie groupoids are en-
coded by multiplicative forms (with generically non-trivial coefficients). Stan-
dard examples are provided by presymplectic groupoids, contact groupoids
and multiplicative foliations of groupoids. Crainic, Salazar and Struchiner
realized that the infinitesimal counterparts of vector bundle valued multi-
plicative forms are what they call Spencer operators [12].

Let A — M be a Lie algebroid, with anchor p : A — T'M, and Lie bracket
[—,—]: T(A) xT'(A) — I'(A). Moreover, let E — M be a vector bundle car-
rying a representation V of A. Crainic, Salazar, and Struchiner define FE-
valued k-Spencer operators on A, for all positive integers k. I'm only inter-
ested in the case k = 1.

Definition 10.2. An E-valued 1-Spencer operator on A is a pair (D,l),
where

D:T(A) — QY(M,E)

is a first order differential operator, and
l:A—F

is a vector bundle morphism such that

(10.4) D(fa) = fD(a) + df @ l(«),

and, moreover,

(10.5) D(lev, f]) = Ly, D(B) — Lv,D(c)
(10.6) e, B]) = Val(B) — iy D(@)

for all a, 8 € I'(A), and f € C*(M).

Formula (|10.5)) contains the Lie derivative of an E-valued form w on M
along a derivation A € Der E (in the case of Formula ((10.5)), A =V, for
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some « € I'(A)) which can be defined by

(Law)(Xq,..., Xg)

= AW(X1, .., Xg) = Y w(Xa, . [o(A), X, X,
=1

for w € QF(M,E), X1,..., Xy € X(M). In particular, if the flow of A is
{®.}, and the flow of the symbol o(A) is {®.}, then

(10.7) Law = i

o P

z=0

where
(q):w)x(Xla s 7Xk> = (I)z‘gi (wgz(x)((@z)*le SRR (@z)*Xk)) )
forall x € M, and X1q,..., X € T, M.

Example 10.3. Let £ — M be a vector bundle. Recall that E-valued one
forms on M, Q'(M, E), embed into sections of the first jet bundle J'E, via
the C°°(M)-linear map

v:QYM,E) = T(J'E), df e jlfe— fjle,
feC>®(M), e el (F), and v fits in an exact sequence
(10.8) 0— Q' (M, E) S T(J'E) Z5T(E) — 0
Additionally, splits via the first order differential operator
DS T(JIE) —» QY(M, E)

well-defined by

pelass (Z fjl)\> _ de® A

(see also [12, Example 2.8]). More precisely, D% o v = —id. Notice that

(10.9) DS (fp) = fFDUS () + df @ prg(v)),

for all f € C>(M) and 1 € I'(J'E). Hence (D?* pr;) is an E-valued 1-
Spencer operator on the Lie algebroid J'E with trivial bracket and anchor.
Following Crainic, Salazar and Struchiner, we call D2 the classical Spencer
operator.
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Theorem 10.4 (Crainic, Salazar, and Struchiner [12]). Let E — M
be a vector bundle carrying a representation of a Lie groupoid G = M, with
source s, target t, and unit u, and let A be the Lie algebroid of G. Then any

multiplicative form 6 € QY(G,t*E) induces an E-valued 1-Spencer operator
(D,1) on A, given by

D(a) = u*(Lys, )

(10.10) l(a) = u*(inr0)

If, additionally, G is s-simply connected, then the above construction estab-
lishes a one-to-one correspondence between multiplicative E-valued 1-forms
on G and E-valued 1-Spencer operators on A.

Remark 10.5. It immediately follows from ([10.3)) and ([{10.7]) that Formulas
(2.8) in [12] are indeed equivalent to the more compact (10.10]).

My next aim is to show that a Dirac-Jacobi bundle is the same as a
Lie algebroid equipped with a 1-Spencer operator of a certain kind. It will
then follow from Theorem that Dirac-Jacobi bundles integrate, if at
all integrable, to (non-necessarily coorientable) precontact groupoids (see
below).

It is useful to revise slightly the definition of 1-Spencer operator, at least
in the case when it takes values in a line bundle. Thus, let A — M be a Lie
algebroid.

Proposition 10.6. The following two sets of data are equivalent (see also
[12, Remark 2.9]):

1) A line bundle L — M carrying a representation of A, and an L-valued
1-Spencer operator (D,1) on A,

2) a vector bundle morphism (V,92): A — DL @ J'L = DL such that

(10.11) coV=p
and
(10.12) (V. 2)(le, B]) = [(V, 2) (), (V, 2)(B)].

Moreover, im(V, 2) is automatically isotropic for every (V,Z) as above.

Proof. First let L — M be a line bundle carrying a representation V of A,
and let (D, 1) be an L-valued 1-Spencer operator on A. It follows from ({10.4))
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that the map 2 : I'(A) — I'(J'L), defined by 2(a) := v(D(a)) — j'i(a), is
C°(M)-linear. Hence it comes from a vector bundle morphism, also denoted
by 9 : A — J'L. Consider (V,2) : A — DL @ J'L = DL. Equation (10.11)
is automatically satisfied. Now, using ((10.5)), (10.6) and the fact that dp o
1 _

j - =dpodp =0, we get

2([av, B]) = ¥(D([ev, B]) — 5 U([ev, B])
= v(Ly,D(B) — Lv,D()) — j (Val(B) — iysD(a))
= Ly, (v(D(B)) — j'1(B)) — Lv,7(D()) + dDZ 3 D(a)
=Ly, 2(8) — Lv,7(D(a)) + dDZvﬂ(D(OZ))
= Lv,%(B) —iv,dpy(D(a))
=Ly, 2(8) —iv,dpP(a),

for all a, B € T'(A). Hence
(Viag: Z([, 8]) = ([Va, Vg, Lv,2(8) — iv,dpZ(a))

(Va, Z(a)), (Vs, 2(8))]
(V, 2)(a), (V, 2)(B)]-

Conversely, let (V,2): A — DL be a vector bundle morphism such that

(10.11)) and (10.12) hold. Put, D := D% 0 @, and | := pr; o &, where pr; :
J'L — L is the natural projection and D : T'\(J'L) — QY(M, L) is the

classical Spencer operator defined in Example This means that

I
_ =

(10.13) 2(a) = j'1(a) - 1(D(a)),

for all & € I'(A). Then (10.4) follows from (10.9), o o V = p follows from
(10.11), and Vi, g1 = [Va, V], (10.5) and (10.6) follow from ([10.12). More-

over, the construction of (V,D,[) from (V, Z) clearly inverts the construc-
tion of (V, 2) from (V,D,1).
Finally, compute
(V. 2)(@),(V,2)(B)) = (Va,5'1(B) = 1(D(B))) + (Vs,j'l(a) = 7(D(a)))
=V l(ﬁ) i (a)D(ﬁ) Vsl(a) — iy D(a)

where we used (10.13)) and (10.6]).
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Corollary 10.7. Let A — M be a Lie algebroid with rank A = dim M + 1,
let L — M be a line bundle carrying a representation of A, and let (D,1) be
an L-valued 1-Spencer operator on A such that the associated vector bundle
morphism (V,2) : A — DL is an embedding, then (L,im(V, Z)) is a Dirac-
Jacobi bundle. Conversely, let (L, L) be a Dirac-Jacobi bundle over M, and
leti: £ < DL be the inclusion, then (D := DS opr;, 04,l := pry opr o
i) is an L-valued 1-Spencer operator on the Lie algebroid £ — M.

In other words, a Dirac-Jacobi bundle is essentially the same as a rank
dim M + 1 Lie algebroid £ — M equipped with a 1-Spencer operator with
values in a line bundle L such that the associated vector bundle morphism
(V,2): £ — DL is injective.

Proposition 10.8. Let G = M be a Lie groupoid, with source s, target t,
and unit u, A the Lie algebroid of G, and let L — M be a line bundle carrying
a representation of G. Moreover, let § € QY(G,t*L) be a multiplicative form,
(D,1) the induced L-valued 1-Spencer operator on A, and let (V,2): A —
DL be the associated vector bundle morphism. Then (V, D) is injective if
and only if

(10.14) (V9)~! (kerdpt N K,|,,) = 0,

where K, = kerw, and w is the 2-cocycle in (7., ,dp) corresponding to 6
via Proposition [3.5,

Proof. It suffices to show that

ker VNker 2 = (V9) ™! (kerdpt N Ky|,,) -
We concentrate on the right hand side, which is more explicitly given by
(V)™ (kerdpt N K,|,,) = {a € kerds|ys : t.(VI|y) = w|m(VY, —) = 0}.
First of all, from ([10.2)), ker V = (V9)~(ker dpt|5s). We claim that ker 2 =

(V9)~1(K,|nm). To see this, let a € T'(A), and z € M. Denote a" := V¥,.
So, from ((10.13]) and (10.10]),

Do) = jgl(a) = y(D(@)s)
= jx “(iar0) — v(u*(Larb)a)
(10.15) u* (friar® — Y(Lar0)z)
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Now, put © =v() =0*0 =000 € Q;., =T (J'*L), and notice that
v(Ls-0) = L5-O. Hence, from ((10.15)), o, € ker 2 iff

0= (Y(Lar0)s — jaiard. A)
— in (L4r® — dpis-O)
=i (ig-dp®),
= iau* (ig-dp®©),

for all A € D, L. We conclude that a, € ker 7 if and only if u* (i5-dp®), =
0. Now, recall that 8 is multiplicative. It follows that © is multiplicative as
well, i.e.

(10.16) (M"0)(g,,42) = Pr1Og, + g1 - (Pr30,,),

for all (g1,92) € Ga, where m* is the pull-back of elements in €2}, along the
regular line bundle morphism m*t*L — ¢*L (similarly for prj, pr}). Since dp
commutes with pull-backs, dp®© is also multiplicative. So, From Lemma[10.9
below, u* (ig-dp®), = (ia-dp®),. Hence o, € ker 7 if and only if iz-w, = 0,
ie. (VY,), € K,. This concludes the proof. O

Lemma 10.9. Let G = M and L — M be as in the statement of Proposi-
tion . Moreover, let © € Q3. be multiplicative, i.e. © satisfies .
Then ig-© = t*u*iz-0, for all a € T'(A).

Proof. First of all, it is easy to check that, from right invariance of o, right
invariance of " = ng follows, i.e., for any g : * — y € G, right translation
Ry : 57 (y) = s~ (z) maps @"|s-1(y) to @"[s-1(,). In particular,

Gy = (Ry)d .

g

for all g € G. Now, let © € Qh'. Take Ay,..., Ay € Dgt*L = Dy L. We
can express ay and A; as (cf. [I2 Proof of Lemma 4.2])

G = (Ry)u(@) ) = mu(@ly),05) and Ay = ma(t(A), Ay,
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1 =1,..., k. Hence, from multiplicativity,

(ia-©)y(Ar, ..., AL)

= 0,(a7, Ay, Ay)

= Og(ma(@y (g, 0g)s muc(t4(A1), A1), . mu(( D), A))

= (m"0)1(g),9)((@1(g), 0g), (t:(A1), A1), ..o, (£4(Ak), Ag))

= (pr1O¢(g) + g - (Pr30y)) ((@(g), 0g), (£(A1), Ar), ..., (B (Ar), Ag))
= Oy (@ ta (A1), - £ (A))

= (u"(ia-0))s(g) (£ (A1), ., t:(Ak))

(0 (120))g(Drs .., Ap).

Definition 10.10.

1) A precontact groupoid is a triple (G,L,0) where G = M is a Lie
groupoid such that dimG = 2dim M + 1, L. — M is a line bundle car-
rying a representation of G, and 6 € Q'(G,t*L) is a multiplicative 1-
form satisfying condition (10.14).

2) A Dirac-Jacobi Lie algebroid is a Lie algebroid A — M equipped with
a Lie algebroid isomorphism A ~ £ onto a Dirac-Jacobi structure £
on a line bundle.

Collecting the above results we get the following

Theorem 10.11. Let G = M be a Lie groupoid such that dimG =
2dim M + 1, and let A be the Lie algebroid of G. If G is s-simply connected,
construction in Theorem establishes a one-to-one correspondence be-
tween precontact groupoid structures on G and Dirac-Jacobi Lie algebroid
structures on A.

Appendix A. Dirac-ization trick

Jacobi bundles are equivalent to homogeneous Poisson manifolds of a spe-
cial kind, namely principal R*-bundles M — M equipped with a Poisson
structure IT on the total space M such that (II, £) is a homogeneous Poisson
structure, i.e. LgII = —II = h* |II. Here, h_y : M — M is the multiplication
by —1 € R*, and & is the Fuler vector field on ]\7, i.e. the fundamental vec-
tor field corresponding to the canonical generator 1 in the Lie algebra R of
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the structure group R*. Often, properties of Jacobi bundles can be proved
using their interpretation as homogeneous Poisson structures. This is the so
called Poissonization trick exploited, for instance, by Crainic and Zhu in [13]
to study integrability of Jacobi brackets. At the same time, precontact man-
ifolds can be understood as homogeneous presymplectic manifolds (of a spe-
cial kind), i.e. principal R*-bundles M — M equipped with a presymplectic
structure w on M such that Lew =w = —h* w (see, e.g., [35]). Actually,
this last construction inspired the interpretation of precontact distributions
presented in Section

Similarly, Dirac-Jacobi bundles can be understood as homogeneous Dirac
manifolds. This was already proved by Iglesias-Ponte and Marrero for £*(M)-
Dirac structures, i.e. Dirac-Jacobi structures on trivial line bundles [20] Sec-
tion 5]. In this appendix, we consider the general case. Namely, we define
homogeneous Dirac manifolds and prove their equivalence with Dirac-Jacobi
line bundles. Let us start with the remark that a line bundle L — M can
be understood as a principal R*-bundle. Namely, take the slit dual bun-
dle M := L* \ 0, where 0 is the (image of the) zero section of L. There
is an obvious (fiber-wise) action h : R* x M — M, (t,v) = hyv, of R* on
M which makes it a principal R*-bundle over M. On the other hand, ev-
ery principal R*-bundle is of this form. Now, denote by 7: M — M the
projection, and by £ € X(M) the Euler-vector field on M. Sections of L
identify with (degree one) homogeneous functions on M, i.e. those functions
f such that £(f) = f = —h*, f. We denote by A the homogeneous function
corresponding to section A € I'(L).

Proposition A.1.

1) There is an embedding of C°°(M)-modules t:DerL — X(M ), A

A, with A uniquely determined by A(X) = A()\) Moreover [A,D]
[A, 0] for all A, € Der L.

2) The image of v consists of degree zero homogeneous vector fields, i.e.,
vector fields X on M such that [£,X] =0, and h* | X = X.

3) Geometrically, there are canonical isomorphisms W*DL:W*JleTM
of vector bundles over M, and the embedding I'(DL)—T(7m*DL)=~
I(TM) agrees with ¢.

Proof. For point (1), it is enough to notice that a vector field on M is
completely determined by its action on homogeneous functions. The same
argument shows that every vector field in the image of ¢ is homogeneous of
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degree zero. To see that every degree zero homogeneous vector field X is in
the image of ¢, and complete the proof of point (2), notice that X preserves
homogeneous functions. For point (3), define an isomorphism 7*.J; L ~ T'M
by mapping (v, F') € 7*J1L, with v € L7 \ 0, and F € (J1).L, x € M, to
the unique tangent vector X € T, M mapping a homogeneous function A to
X(A) :=F()), where A\ € I'(L). The last equality can be read from the right
to the left to define the inverse isomorphism. Finally, define an isomorphism
m* DL ~ 7*J; L by mapping (v, A) € 7* DL, with v as above, and A € D, L,
to (v,v 0 A) € (J1).L. The last claim in the statement immediately follows
from the definition of isomorphism 7#*DL ~ T M. O

Remark A.2. According to the proof of Proposition a tangent vector
X € T, M identifies with the point (v, A) € 7*DL, where A()X) := X (\)v*,
and v* € L, is the unique point such that (v, v*) = 1.

Proposition A.3.
1) There is an embedding of C*°(M)-modules " : T(J'L) < QY(M), ¢

1;, with {ﬁv uniquely determined by @Z(ﬁ) = (A, ). Moreover, ji\ = d,
forall X\ e T'(L).

2) The image of’Lvv consists of degree one homogeneous 1-forms, i.e.,
1-forms o on M such that Leo =0 = —h* |0.

3) Geometrically, there are canonical isomorphisms w*(DL)* ~ 7* J'L ~
T*M of vector bundles over M, and the embedding I'(J'L) =T (z*J'L)
~ T[(T*M) agrees with 1"

Proof. For point (1), it is enough to notice that a differential 1-form on M is
completely determined by its contraction with degree zero horﬁggeneous vec-
tor fields. In particular, it follows from FINA) = (AN = AN = A(N) =
(d\)(A) that 51X = dX. The same argument shows that every differential 1-
form in the image of /Y is homogeneous of degree one. To see that every
degree one homogeneous differential 1-form o is in the image of ¢V, and
complete the proof of point (2), notice that ¢ maps degree zero homoge-
neous vector fields to degree one homogeneous functions. Point (3) follows
from Proposition O

Put TM := TM @& T*M.

Theorem A.4.
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1) There is an embedding of C°°(M)-modules ¢:T'(DL) — I’('I]'M),
(A, ) — (A, ). Moreover v intertwines the bi-linear pairing (—, —) :
I'(DL) x T(DL) — I'(L) and the symmetric bi-linear pairing {—, —) 17 :
T(TM) x D(TM) — C*°(M) in the sense that

(e(a),u(B)) 57 = (. B), o, B€T(DL).

Embedding v does also intertwine bracket [—, —] on T'(DL) and Dorf-
man bracket on T'(TM).

2) The image of v consists of pairs (X, o), where X is a degree zero ho-
mogeneous vector field and o is a degree one homogeneous differential
1-form.

3) Geometrically, there is a canonical isomorphism 7" DL ~ T’]f\\\é/f/ of vec-
tor bundles over M. Embedding T'(DL) — T'(n*DL) ~T(TM) agrees
with ¢.

Proof. The statement immediately follows from Propositions [A] and [A73]
The only part deserving some more comments is that about the Dorfman
bracket in point (1). The latter follows from the identity

(A1) Lx¥ = Lab,

for all A € Der L, and v € T'(J'L). In order to prove Equation , it suf-
fices to notice that the embeddings I'(L) < C*°(M), and ['(J'L) — Q' (M),
uniquely extend to an injective cochain map (27 ,dp) = (Q*(M),d), w — @
such that

G(AL, .. A =w(Ar, ..., Ay),

for all Ay,...,A; € Der L, andwEQ’z. O

Now, let L — M and M be as above. Denote again by  : M — M the
projection.

Proposition A.5. Let (L, £) be a Dirac-Jacobi bundle over M. The sub-
bundle m*£ C 7*DL ~ TM is a Dirac structure on M.

Proof. Tt immediately follows from Theorem [A.4] and dimension counting.
Il
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Definition A.6. The Dirac structure 7*£ is callggi/ the Dirac-ization of the
Dirac-Jacobi structure £. A Dirac structure on M is homogeneous if it is
the Dirac-ization of some Dirac-Jacobi structure £ on L.

Remark A.7. When (L, £) is the Dirac-Jacobi bundle corresponding to a
Jacobi bundle (L,{—,—}) (resp. a precontact distribution C') on M, then
its Dirac-ization £ = 7*£ corresponds to the Poissonization of (L, {—,—})
(resp. the presymplectization of C).

Let (L, £) be a Dirac-Jacobi bundle over M, and let £ be its Dirac-
ization. We conclude this section discussing the relationship between the
characteristic foliation F¢ of £ and the characteristic (presymplectic) folia-
tion Fz of £. First of all, notice that the diagram

4 \N/

TM—>[DL

\

T*M—>J1

commutes. It immediately follows that prTE = w*prpL. In particular, T'Fe =
(d7)(TF5), hence leaves of F5 project onto leaves of F¢ under 7. More pre-
cisely, m establishes a surjection between leaves of F5 and leaves of Fg.
If O is a leaf of .7-"2, and O is a leaf of J3 projecting onto O, then the
tangent bundle TO is 7*(Zg|o) C 7*DL ~ TM Now, recall that, if O is
lcps, then Zg|o is actually the image of a flat connection V© in L|o. Con-
sider the dual connection, also denoted by V., in LI}, and its restriction to
M|@ =71"40) = L[} \ 0. The above dlscussmn shows that O is (locally)
the image of a VP-constant section of 7 : M!@ — 0. On the other hand, if O
is precontact, then Z¢|o = D(L|p) and O coincides with M |o. In particular,

~ dim O if O isl
(A.2) dimO =4 " Lo

dimO + 1 if O is precontact.
Remark A.8. Identity (A.2)) provides an alternative way to prove Corol-

lary Namely, it is known that the parity of the dimensions of character-
istic leaves of a Dirac manifold is locally constant (see, e.g., [15, Corollary
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3.3]). Together with (A.2)) this immediately implies Corollary Addition-
ally, it follows from (A.2) that, locally, the dimension of a lcps leaf and the
dimension of a precontact leaf have different parities.

We also have eNTM = 7* (£N DL). This shows that the null distribu-
tion K3 of £ projects onto K¢ point-wise isomoaphically. This can be also
seen as follows. Let O l?ve a leaf of F¢ and let O be a leaf OE Fg over O.
Moreover, let wz € 02(0O) be the presymplectic structure on O induced by
L. Cleimrly, wg is completely determined by its values on vector fields of the
form A, with A a section of Z¢|p. Hence, if O is lcps, wg is completely
determined by

—_—~—

w5(VQ,VO) = (V,4) = (VY, ) = wo(X, V),

where X,Y € X(0), and ¢ € T((J'L)|o) is such that (V{,1) is a section
of £]p. If O is precontact, wg is completely determined by

P e Ny

W@(Kvli) = <|i’7:[;> = <D,7J}> = WO(A’ D)7

where A, 0 € Der L|p, and ¢ € T'((J'L)|o) is such that (A, 1) is a section
of £|p. In any case,

wa = wWols-
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