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Floer homology on the time-energy
extended phase space

ALBERTO ABBONDANDOLO AND WILL J. MERRY

We show how Rabinowitz Floer homology can be seen as a standard
Floer homology for fixed period Hamiltonian orbits on an extended
phase space.
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Introduction

Rabinowitz Floer homology is a version of Floer homology for Hamiltonian
periodic orbits having prescribed energy. It was introduced by Cieliebak and
Frauenfelder in [CF09]. The setting is the following. One considers a smooth
autonomous Hamiltonian H on an exact symplectic manifold (M, w) having
a compact regular level ¥ := H~!(0), which is of restricted contact type
with respect to a global primitive A of w. The manifold M is assumed to be
symplectically convex at infinity, and the Hamiltonian H is assumed to be
constant and positive outside from a compact set. This situation arises, for
instance, when M is the completion of a Liouville domain W and X is the
boundary of W (see e.g. [Sei08]). In this introduction we also assume that
the first Chern class of T'M vanishes on tori, but this assumption can be
eliminated if one does not want to develop a Z—graded theory. The periodic
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orbits of the Hamiltonian vector field X induced by H having energy zero
are critical points of the free period action functional, or Rabinowitz action
functional, which is defined as

Aﬂmjy:A¢m—TAHm@ym for (z,7) € C*°(T, M) x R

where T := R/Z. More precisely, the critical points of A are either elements
(z0,0), where xg is a constant loop in ¥, or elements (x, 7), where 7 # 0 and
z(t) :=x(t/7) is a closed orbit of Xp of period |7| and energy H(z) = 0.
The negative L?-gradient equation for this functional is the following Floer
equation for u : R x T — M coupled with an ODE for n: R — R:

dsu + Jy(u,n) (8w — X (u)) =0,

S ﬁ@:/ﬂm@mw
T

Here J = {Ji(*,7) }(t,r)erxr is a family of almost complex structures on M
compatible with the symplectic form —w. In most of the literature about
Rabinowitz Floer homology, the almost complex structure does not depend
on 7. However, an explicit dependence on 7 seems to be necessary in order
to achieve transversality. See Section below, where we explicitly discuss
the transversality issue in Rabinowitz Floer homology.

The standard counting of zero-dimensional spaces of finite energy solu-
tions of defines a boundary operator

d:RF.(H,f)— RF,_1(H, f)

on a graded Zs-vector space RFy(H, f) generated by critical points of an
auxiliary Morse function f on the critical set of Ay, which generically is
an at most countable union of finite dimensional compact manifolds. The
Z-grading of RF(H, f) is defined by the transverse Conley-Zehnder index of
periodic orbits plus the Morse index of critical points of f. The homology of
the chain complex (RF.(H, f),0) is called the Rabinowitz Floer homology
of the pair (3, M) and is independent on the choice of the auxiliary data
used in its definition. It is denoted by

{RFH(3, M)} ez

Rabinowitz Floer homology has several applications: it can be used to
prove various versions of the Weinstein conjecture on the existence of peri-
odic orbits on contact type hypersurfaces [CF09, [AFM15], gives obstructions
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to the existence of exact open symplectic embeddings [CF09], can be used
to study Moser’s problem of leafwise intersections , both in codimension
one [AFT10al, [AF10b, [AF12al MMP11l, Kan12, Kani4, MN14] and in higher
codimensions [Kan13|. In addition, Rabinowitz Floer homology is a produc-
tive tool in the study of the symplectic properties of the energy levels of
magnetic flows [CFO10, BE11), [Mer11] and orderability questions in contact
geometry [AF12c, [AM13] Weil5]. See |[AF12b| for a recent survey on the
role of Rabinowitz Floer homology in some of these topics. This homology
has been computed in the case of a displaceable X, for which RFH (X, M) is
actually zero [CF09], and in the case of the boundary ¥ of a domain in the
cotangent bundle of a closed manifold ) which is star-shaped with respect
to the zero-section, for which RF H, (3, M) recovers the singular homology
of the free loop space of @) in positive degree and the singular cohomology
of this space in negative degree [CFO10, [AS09]. More generally, Rabinowitz
Floer homology fits into an exact sequence involving symplectic homology
and cohomology [CFO10].

The aim of this paper is to explain how Rabinowitz Floer homology can
be seen as a standard Floer homology for fixed period Hamiltonian orbits
on the extended phase space

M := M x T*R,

endowed with the symplectic form @ :=w x d7 A do, where (o, 7) are the
standard coordinates on T*R = R x R*. The starting observation is that the
critical points of Ay are in one-to-one correspondence with the 1-periodic
orbits Z : T — M of the Hamiltonian vector field induced by the smooth
Hamiltonian

H:M —R, H(z,o,7)=T7H(z),
V(z,0,7) € M x T"R =M x R x R*.

Here and in often in the paper, we are identifying R* with R, so that we can
use the product notation 7H (x) instead of the formally more correct but
cumbersome duality pairing notation (7, H(x)). More precisely, the orbits of
this system come in R-families, because H is invariant with respect to trans-
lations of the variable o € R, and the set of 1-periodic orbits of X 7 modulo
this action of R is in one-to-one correspondence with the critical points of
Apgr. This R-symmetry could be broken by adding to the Hamiltonian H a
function of ¢ € R having a unique critical point, but we prefer not to do
this in order to keep the number of non-canonical choices to a minimum. In
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the above picture, 7 € R* plays the role of a “time dilation”. Since the dual
variable to time is energy, we refer to M as to the “time-energy extended
phase space”.

The above observation suggests to look at the standard fixed period
action functional for loops in M,

Ay (%) ::A@*X-Aﬁ(@(t))dt,

where A := A x 7do is a preferred primitive of w. We choose a loop of com-
patible almost complex structures J; on M of the form

jt(l',T, o) = Ji(x,7) X :fl,

where J; is the standard complex structure on T*R = C, (o,7) = o+,
and as above, J = {Ji(-,T)}(¢,r)erxr~ 18 a family of almost complex struc-
tures on M compatible with the symplectic form —w. Then the Floer nega-
tive gradient equation of A 5 for

= (u,¢,n) :RxT—MxRxR =M

takes the form

asu + Jt(uv n)(atu - nXH(U)) = 07
(2) 05¢ — Om =0,
(9577 + OtC — H(U) =0.

The first result of this paper is that the above equation produces a well-
defined Floer homology:

Theorem 1. The Floer complex (F*(ﬁ, 1), 0) over Zs produced by the crit-
ical points of an auxiliary Morse function f on the manifold of 1-periodic

orbits of X and by the zero-dimensional spaces of finite energy solutions
of (@ modulo the R-action is well-defined.

The main difficulty that we have to address in the construction of this
Floer complex is the fact that the Hamiltonian H is not coercive - it is
unbounded from below and from above. Thus the standard arguments for
showing that the Floer cylinders - that is, solutions of - with prescribed
asymptotics take values in a compact subset of M cannot be applied. We
overcome this difficulty in Section [3| where we prove that uniform bounds
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for the energy of solutions of the Floer equation associated to H imply that
these solutions take values in a compact subset of M, modulo translations
of the variable o € R.

The other non-standard feature of the Hamiltonian H is that its periodic
orbits come in non-compact families, due to the presence of the R-action on
the time-energy extended phase space. Since also the Floer equation
is invariant with respect to this action, we deal with this issue by simply
modding out the R-action in our counting process. This involves revisiting
the proof of transversality in Hamiltonian Floer theory, in order to check
that we can actually work with R-invariant almost complex structures J.
This is done in Section [4, where we also compute the Fredholm index of the
operators which arise when linearising the equations . Also after modding
out the R-action, the periodic orbits of X5 come in continuous families,
because the Hamiltonian H is autonomous. This fact is dealt with by the
now standard way of counting Floer trajectories with cascades (see [Fra03,
Fra04, BH13] for the finite dimensional case).

In our second main result we show that the Floer homology of H is
isomorphic to the Rabinowitz Floer homology of (X, M). More precisely, we
prove the following:

Theorem 2. There is a chain complex isomorphism
®: RF,(H, f) — F.(H, f).

As already observed, there is a one-to-one correspondence between the
critical set of Ay and the quotient of the critical set of Ay by the R-
action. However, there is no obvious correspondence between the spaces of
negative gradient flow lines of these two functionals. There are however some
relationships between these gradient flow lines, the most notable of which
being the following: if (u,(,n) : R x T — M is a solution of (2)), then the
average of n over T, that is the function

A(s) == / n(s. ) dt,

solves the second equation in ({1)).

Despite this relationship between solutions of (/1)) and , there is no rea-
son to believe that the natural identification between crit Ay and crit A ;7 /R
produces a chain map. This makes the construction of the isomorphism &
of Theorem [2| non-trivial. Its definition is based on counting solutions of the
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following hybrid problem: we consider tuples (u™,n~,u™, (", n™) where
u” :(—00,0] x T — M, n~ :(—o00,0] - R

is a solution of with a prescribed asymptotics at —oo,
(ut,¢Tnt) :[0,400) x T = M xR x R* = M

is a solution of with a prescribed asymptotic at +o00, and the following
coupling condition at s = 0 hold:

u”(0,t) = uT(0,1), nt(0,t) = n(0) vteT.

The above coupling condition can be seen as a Lagrangian boundary condi-
tion for M x M-valued maps on a half-cylinder. Together with the compact-
ness results which are proved in Section [3] this fact allows us to construct
the chain map ®. In order to prove that ® is an isomorphism, we use a stan-
dard argument (see [ASQ6]): we show that automatic transversality holds at
stationary solutions of the above hybrid problem and that the difference of
action at the asymptotics of a non-stationary solution is strictly positive.
These facts imply that ® is an isomorphism, since it can be represented by
a (possibly infinite) upper triangular matrix whose diagonal entries equal 1.

Outlook. On of the advantages of having an interpretation of Rabinowitz
Floer homology as a Floer homology for fixed period Hamiltonian orbits is
that the latter can be expected to have a ring structure. Indeed, Floer ho-
mology for fixed period Hamiltonian orbits on closed symplectic manifolds or
on Liouville domains carries the pair-of-pants product, which is constructed
by counting solutions of the Floer equation on the pair-of-pants Riemann
surface, that is, the sphere minus three points (see [Sch95, [Sei08|, [AS10]).

It is possible to show that the Floer homology for the unbounded Hamil-
tonian H also carries a standard pair-of-pants product. However, some pre-
liminary investigations suggest that this product is not very rich, and might
be even zero. This product has degree —(n + 1), and this fact excludes that
it restricts to the intersection product on ¥, when seen on the filtered Floer
homology corresponding to a small interval containing 0.

Nevertheless, it is seems to be possible to define a “better” product
on the Floer homology of H, which is of degree —n. This product should
be unital (and in particular non-zero), and under the isomorphism with
Rabinowitz Floer homology it should restrict to the intersection product on
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the hypersurface . The definition of this product involves counting pair-of-
pants with varying conformal structure. We hope to study it a sequel to the
present paper.
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1. Floer homology on the extended phase space
1.1. The extended phase space

Let (M,w) be an exact 2n-dimensional symplectic manifold and let H €
C*°(M) be an autonomous Hamiltonian. The corresponding Hamiltonian
vector field Xy is defined by

1x,w=—dH.

We assume that H is constant and positive outside from a compact subset of
M. We also assume that 0 is a regular value of H and that the (necessarily
compact) energy level

¥ = H0)

is non-empty and of restricted contact type, meaning that w has a global
primitive A such that a := A|y is a positive contact form on X. The latter
assumption means that the (2n — 1)-form a A da™~! is everywhere positive
on the oriented hypersurface X, where the orientation of ¥ is induced by that
of M by seeing ¥ as the boundary of the compact set {H < 0}. It follows
that the restriction of Xg to X has the same direction as the Reeb vector
field R which is associated to «, and hence

(1.1) a(Xpls) > ag

for some positive constant «g. Of course, one could normalize H in such
a way that Xpg coincides with the Reeb vector field on (X, «), and hence
a(Xgly) = 1, but we do not see a particular reason for doing it.
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We are interested in the closed Reeb orbits on X, or equivalently in the
closed orbits of X with arbitrary period and energy H = 0. This fixed en-
ergy problem can be transformed into a fixed period problem on an enlarged
phase space. Indeed, consider the manifold

M := M x T*R,
equipped with the one-form
/~\ =X /):1,
Xl being the standard Liouville form on T*R, that is,

/):1 = 1do,

where we are using coordinates (o,7) € R x R* = T*R. The corresponding
symplectic form on M is denoted by

O =w x (dr ANdo).
On M we consider the Hamiltonian H which is defined as
H(z,0,7) = TH(z), V(z,0,7) € M x TR,
whose associated Hamiltonian vector field on (M, ) is

Xg(z,0,7) =7Xp(x) + H(x)0,.

Therefore, (x,0,7) : R — M is an orbit of X ; if and only if it solves the
equations

¥ =71Xg(z),
(1.2) o' = H(x)
™ =0.

The third equation says that 7 is constant. If 7 # 0, then the first equation
says that the reparametrized curve ¢ +— x(t/7) is an orbit of Xg. If 7=
0, then the first equation says that x is constant. In both cases, H(x) is
constant, so the second equation says that ¢ is an affine function with slope
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H(z). Therefore, the flow ¢% of the vector field Xz on M has the form
H

(1.3) 'y (0,00,70) = (¢, x,, (z0), 00 + tH (w0), 7o)
= ( ?Z (1:0)7 oo + tH(LL“O), T0>,

for all t € R and (xg,00,79) € M.

We are interested in particular in 1-periodic orbits of X, that is in
closed curves (z,0,7) : T — M which solve the above equations, where T :=
R/Z. In this case, the periodicity of o forces H(x) to be zero, so that o is
actually constant. If 7 # 0, then ¢t — z(t/7) must be a |7|-periodic orbit on
¥ = H71(0) (|7] needs not be the minimal period). If 7 = 0, then z is an
arbitrary constant path on ¥ = H~1(0). Therefore, the one-periodic orbits
of X form the set

Pi(Xg) ={(z,0,7) |c €R, T € R*\ {0}, t = x(t/T)
is a |7|-periodic orbit of Xz on X}
U (Z xR x{0}).

Notice that this set is invariant with respect to the free symplectic action of
R:

(1.4) R x M — M, & (z,0,7)) = (x,0 + &, 7).
Indeed, this is a consequence of the fact that the Hamiltonian H, and hence
also the system (1.2)), is invariant with respect to this action.

The elements of P;(X ) are critical points of the Hamiltonian action
functional

Ay () :/:z*x_/g@ dt:/x*/\—I—/a’Tdt—/TH(a:)dt,
T T T T T
where # = (z,0,7) is an element of C*(T, M).

1.2. The Floer equation on the extended phase space

In order to write the Floer negative gradient equation for A 7, we start by
fixing a smooth family

J= {Jt('77—)}(t,T)ETXR*
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of almost complex structures on M, which are compatible with —w, meaning
that for each (¢t,z,7) € T x M x R*,

<'7 '>Jt(3:,7—) = Wx(Jt(xv T)" ')7

defines a Riemannian metric on 7T, M, whose associated norm is denoted by
|1, (z,r)- For compactness purposes we will require that

(1.5) sup ||t (-, 7)||ce < 400, V¢ e N.
TER*
where || - ||ce is the C*-norm taken with respect to some background metric

on M. Let us denote by J the set of all such families J of —w-compatible
almost complex structures for which is satisfied.

Given J € J we then consider the loop J; of almost complex structures
on M which is defined for # = (z,0,7) € M by

= 0

(1.6) Ju(&) == Jy(x,7) x J1, where J; := ( 1 _01 > :T*R — T*R.

Thus J;, t € T, is a loop of almost complex structures compatible with —@.
The corresponding metric

#(Ji(2)--)

<’a '>Jt(5c) .

&

is the product metric of (-, ) s, (z,-) with the Euclidean metric of T*R = R2.
The norms | - |7,z and | - [ () are the norms which are used whenever we
write the LP norm of sections of pullbacks of TM or T'M.

The L?-gradient of A 7 has the form

(1.7) VAg(Z) = VAg(z,0,7)
i J(z,7)(¢" = 7XH(x))
— J(@)@F - X () = — 7
o' — H(z)

so the Floer negative gradient equation for A 7, that is,

dii )
d—“+VA,~,(a) =0, fora:R— C®(T, M),
S

(1.8) st + Jy(@) (9t — X () = 0,
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is the following system of PDEs

dsu + Ji(u,n) (Opu — nX g (u)) =0,
(1.9) 0s¢ — O = 0,
9sn + 0¢ — H(u) =0.

for
= (u,(,n) :RxT— MxTR=M.

This system is invariant with respect to the R-action , so if (u,(,n) is
a solution, so is (u,( + &, n) for every £ € R. As usual, we are interested in
finite-energy solutions of the above systems, that is in solutions @ = (u, {,n)
for which the quantity

1
(1.10)  E(a) ;:/ |05a|% ds dt = / ldt — X (@) © dt]|% ds dt
RxT ‘ 2 JrxT ‘

is finite. The norm || - [|; on T M-valued differential forms is induced by
the norm | - | j, and by the Euclidean norm on the tangent space of the
cylinder. The proof of the last identity uses the fact that @ is a solution of
the Floer equation. The gradient structure of the equation implies that
the function s — A 5(4(s,-)) is decreasing and that

B(@) = [ Lhpa(s ) ds = lim Ag(a(s, )~ lim_Ag(i(s,)

R ds §——00 S——+00
=sup A (u(s,-)) — inf Ay (a(s,-)).
sER s€R

Notice that if we average over T the functions ( : R x T — R and 7:
R x T — R*, we obtain the functions

:/C(s,t) dt and 7(s) ::/n(s,t) dt,
T T
which solve the ODEs

{'(s)=0  and ﬁ/(s)—/TH(s,t)dt:

The second equation is precisely the equation for the evolution of the La-
grange multiplier in the Rabinowitz Floer equations (see equation in
the Introduction and Section [2.1] n below). The first equation implies that the
average C of ( is constant.
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We recall that the symplectic manifold (M,w) is said to be convex
at infinity if there exists a closed contact (2n — 1)-dimensional manifold
(X0, @oo) and an open symplectic embedding

L (Zoo X (0, +00), d(rasx)) < (M, w),

such that
My := M\ (2 x (0,4+00))

is compact. Here r denotes the second variable in the product ¥, x (0, 4+00).
In this paper, we will always assume that (M,w) is convex at infinity. Up
to a shift in r of the symplectic embedding ¢, we can also assume that H is
constant outside My and, in particular, that > belongs to the interior part
of M().

Moreover, we will always work with families J € J of almost complex
structures that are constant and of contact type outside M. This means that
the pullback ¢*(Ji(+, 7)) of Ji(+,7) to Yoo X (0,400) is an almost complex
structure Joo on Yo X (0,400) which is independent of both ¢t € T and
7 € R* and is of contact type, meaning that it satisfies

(1.11) dro Js = ras on Y X (0, +00).

We denote by Jcon the subset of 7 consisting of those J’s which satisfy this
condition.

The possibility of associating a Floer complex to the Hamiltonian action
functional A relies on the following a priori bounds:

Proposition 1.1. Assume that M is convex at infinity, that the family J

belongs to Jeon, and that H is constant outside My. Then for any A € R
there is a number C' = C(A), such that for every solution @ = (u,(,n) of the

Floer equation with
Aga(s)| <A VseR,
there holds

1€ = ¢l L~ @xm) < C, 71l o rxTy < C, u(R x T) C My,

where é indicates the average of ¢ over T, which as we have seen does not
depend on s.
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This result is proved in Section Basing on these a priori bounds,
the construction of the Floer complex for the autonomous Hamiltonian H
is almost standard, the only novelty being the fact that the presence of
the R-action causes critical points of Ay and solutions of the Floer
equation ([1.9) to come in non-compact R-families. These solutions will be
counted by modding out this R-action. Moreover, the critical set of Az
contains the 2n-dimensional manifold ¥ x R x {0} and its complement is
invariant also under the non-trivial T-action given by time translations, so
also after modding out the R-action critical points remain not isolated. We
will deal with this fact by a standard method, namely by considering Floer
trajectories with cascades.

1.3. The Floer differential

From now on we assume that the following conditions are fulfilled:

(i) The exact symplectic manifold (M, w) is convex at infinity.

(ii) The Hamiltonian H € C*°(M) is constant and positive outside of the
compact set My, and the compact energy level ¥ := H~!(0) is non-
empty, regular, and of restricted contact type with respect to a global
primitive A of w.

(iii) The almost complex structure J belongs to Jeon.

(iv) The flow ¢} of the Reeb vector field R of (X, @) = (X, Aly) is Morse-
Bott.

The last assumption means the following: for each T' > 0 the set Pr(R)
of T-periodic points of R is a closed submanifold of ¥ with

T,Pr(R) = ker(d¢h(p) — I) forallp e X,

and the rank of da is locally constant on Pr(R). This is equivalent to the fact
that the action functional A ; is Morse-Bott, meaning that its critical set
crit A is a union of finite-dimensional manifolds, and that at each critical
point the kernel of the second differential of A 5 coincides with the tangent
space of the critical manifold to which the point belongs.

Let A~ and AT be two connected components of crit A 5. By standard
arguments, Proposition implies that the space of solutions @ = (u,(,7)

of (1.9) such that

w(—o0) ;= lim u(s,-) € A7, and a(+o00) := lim (s, ) € AT

S§——00 s——400



292 A. Abbondandolo and W. J. Merry

is relatively compact in the quotient C2° (R x T, M) /R defined by the action
: this means that for every sequence ty = (up, Cp, 7)) in this space there
is a subsequence 1y, and a sequence (oy) C R such that (ug, , Ck, + on, 1k, )
converges to some (u,(,n) in C2(R x T, M). Indeed, by the action bounds

loc
Ag(AT) <Ap(a(s) <Az(A7),  VseR,

where A 7 (A) denotes the common value of A 7 on the connected component
A of crit Az, Proposition implies that the maps (up,(p — Cu,7p) take
values in a compact set. Then the C. compactness follows from a standard
bubbling-off argument, because (M ,&) does not have holomorphic spheres,
since w is exact, together with an elliptic bootstrap.

We set

K :=critAg/R,

where the quotient is given by the free action (|1.4), and we denote by
mceritAg — K

the corresponding projection. Then K is a finite dimensional manifold and
is diffeomorphic to the union of ¥ (the constant loops on H~1(0)) and of
two copies of Pr(R) for each T' > 0 (corresponding to positive and nega-
tive reparametrization of each closed orbit). The Hamiltonian action A
descends to a locally constant function on K, which we still denote by A 7.
We also fix a Morse function

f: =R

and a Riemannian metric g on K, such that the negative gradient flow ¢° ¢, f
of f with respect to g is Morse-Smale. We lift f to the Morse-Bott function

(1.12) fi=fomg critAg — R,

and g to the Riemannian metric g on crit A; making mx a Riemannian
submersion. The corresponding negative gradient flow on crit A 5 is denoted
by ¢° o7 Its singular set crit f is the at most countable set of lines ﬁ,gl(i),
for Z € crit f. The flow ¢*° o Preserves the R-coordinate.

If @ is a solution of (L.8)), so is @(sg + -, -) for every so € R, and [a] denotes
the equivalence class of all such solutions. Given two distinct connected
components A~ and AT of crit Ay, we can define the space of negative
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gradient flow lines with cascades
C(A~,A™)

between them as the set of all tuples ([@1],. .., [ax]), kK > 1, where each @; =
(uj,¢j,mj) is a non-stationary finite-energy negative gradient flow line of A ;
such that

1(—00) € A7, g (+o0) € A+,

and for each 7 =1,...,k — 1 there holds
0 71 (+00)) = 41 (—00),

for some s; > 0. Since the flow ¢* v j Preserves the R-coordinate, the last

condition implies that all the constant averages éj of the components (;
coincide. Moreover, @;(+00) and @;41(—00) belong to the same connected
component A; of crit Ay and

AI:I(A_) > A(Al) > > Ag(Ak—l) > AH(A+).

The action (1.4)) induces a free action of R on C(A~, AT). There are natural
R-equivariant mappings
- C(A77A+) - Aia ([ﬂ’lL SRR [ﬂ’k]) = €L1<_OO)7
evy . C(A_7A+) - A+7 ([al]a SRR [ak’]) = ﬂk(—l-OO)

If 2= € K and & € K are critical points of f on mxc(A™) and mxc(A™), we
can consider the R-invariant spaces

C(i A% = {w € C(A™,AT) [ev_(w) € W“Vf(w,cl(i_))} ,
C(A™, 37" = {w € C(A,AY) | evi(w) € WP o ,Cl(:ﬁ))},
C(i,4%) = C(@,AT)NC(A, ),

where W ( T (#)) and W* f( ,El(a?)) denote the unstable and the stable

manifold of the critical manifold 7 1(#) with respect to the negative gradient
flow qﬁs jon crit A It is convenient to extend the above definitions to the

case in Wthh A~ = AJr = A and 2~ # & are critical points of f in mic(A),
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by setting
C(i'_a A) = Wq_lvf(ﬂ-lzl(i‘_))/Ra
(1.13) C(A, &%) = W2 s (2)) /R,
C(#a") = (W mgh (27) VWP g s(mc (7)) /R,

where the R-action is the one given by the flow ¢ ¢ 2

Proposition 1.2. For a generic choice of the pair (J, g) the sets C(A~,A™),
C(z—,A™"), C(A~,27), and C(2~,2%) are finite dimensional manifolds, for
every A=, AT connected components of crit Ay and for every £, &7 in crit f.

Here and in the whole article, “for a generic choice of the pair (J,g)”
means for a residual set of (J,g) in the product of J.on with the space of
Riemannian metrics on K. Due to the special form we insist our almost
complex structures take on the T*R-factor, the above proposition does not
follow directly from the standard transversality statements in Floer theory.
Its proof will be discussed in Section 4.2

We define the Zo-vector space

ZeEcrit f

sup Ag(2) < —i—oo}.
e(&)=1

F(H, f):= {e ezttt

Let 2~ € K and 27 € K be critical points of f. By standard compactness
and transversality arguments, the zero-dimensional part of the manifold
C(z~,47)/R — where the quotient is with respect to the R-action
— is a finite set, and we denote by ng(Z~,2T) € Zg its parity. Then we
define

d:F(H, f)— F(H, f),

to be the homomorphism which maps € € F/ (H, f) into the element de €
F(H, f) which is defined by

(1.14) @)@ )= > ma@,2%)e(@), Vit € it f.

T~ Ecrit f

The fact that ng(2~,2") vanishes when Ay (27) > Ay (27) implies that the
above sum is finite for every # and that de belongs to F(H, f).

By studying the one-dimensional components of the manifolds
C(z~,41)/R, one proves that 9 is a boundary operator, that is, 9o d = 0.
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Therefore,
{F(H,f),0}
is a differential Zs-vector space.

The homology of the Floer differential Zy-vector space {F(H, f),d} is
denoted by

ker 0
imod

The Floer homology FH (FI ) is independent on the choice of J, f, ¢
Moreover, it depends on H only through its zero-level set 3. These assertions
follow from the fact that, as we shall prove in Section [2| this Floer homology
is isomorphic to the Rabinowitz Floer homology of (X, M).

A direct proof by the standard continuation argument is also possible,
but one would have to face the following difficulty when dealing with the
independence from H: a homotopy H between two Hamiltonians Hy and
H,; on M induces a homotopy Hy of Hamiltonians on M whose derivative
with respect to s is unbounded. This fact has the following consequence. Let
X : R — [0,1] be a smooth function constantly equal to 0 on (—oo, 0] and to
1 on [1,400). The energy of a solution of the s-dependent Floer equation

FH(H) :=

0T + jt(a) (atﬂ — XI:IX(S) (’[L)) =0,

which joins two given periodic orbits =~ and ZT is the quantity
B(@) = / 0% dsdt = Ag () — Ay, (7F) - / ¥ (5) () ds .
RxT RxT

Since the function x’ (S)f{X(s) is unbounded, it is a priori not clear that these
solutions have uniformly bounded energy. This difficulty can be overcome by
factorising the homotopy Hj into several homotopies between Hamiltonians
which are sufficiently close, as in [AS06, Section 1.8].

1.4. Grading and the Floer chain complex

Under the additional assumption that the first Chern class ¢ (7'M ) vanishes
on tori, the Floer differential vector space F(H, f) has a Z-grading with
respect to which the boundary operator 0 has degree —1. Indeed, in this
case also the first Chern class ¢;(T'M) vanishes on tori. A grading on the
Floer homology of a symplectic manifold whose first Chern class vanishes
on tori is defined by fixing a symplectic trivialization of the tangent bundle
along one loop in each free homotopy class, and then by transporting this
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trivialization to 1-periodic orbits. These trivializations then allow one to
associate to the linearized Hamiltonian flow along a 1-period orbit a path
I" in the linear symplectic group starting at the identity. The index of a 1-
periodic orbit is defined to be the Conley-Zehnder index of I'. The fact that
the Hamiltonian is autonomous and the presence of symmetries make the
symplectic path I' degenerate, meaning that 1 is an eigenvalue of I'(1). In
this case, it is convenient to work with the generlized version of the Conley-
Zehnder index which was studied by Robbin and Salamon in [RS95].

In our setting, it is convenient to work with symplectic trivializations
of TM along periodic orbits of X 7 Which are somehow compatible with
trivializations of the contact structure ker o of ¥ along the orbit. Because
of this fact, we recall here how the trivializations are chosen. This will be
useful in Section 2.2]

Since ¥ C M is by assumption a hypersurface of restricted contract type,
there exists a neighborhood U of 3 in M and a symplectomorphism

(1.15) (U,wly) 2 (£ x (1 - 6,1 +46),d(ra)),

where r denotes the second variable in the product ¥ x (1 — 4,1 + 9).
We endow R?" 2 T*R" with the standard symplectic structure

n
Wy 1= dej A de,
j=1

where (q1,...,qn, P1,---,Pn) € R? x (R?)* = T*R™ = R?",
For each free homotopy class e € [T, M] which contains loops in ¥ we
choose an element y.: T — X belonging to e and a symplectic trivialization

T :TxR*™ 2 =T x T"R"! = (y.)*(ker o).

If e is the trivial free homotopy class then we take y. to be constant, and we
require that y.-1 must agree with y. taken with the opposite orientation.

Suppose now that & = (z,0,7) is a critical point of A 5. Denote by e €
[T, M] the free homotopy class of x. We extend the trivialisation T2 via
parallel transport along a homotopy connecting y. to x, thus defining a
symplectic trivialisation of z*(ker a):

T : T x R*2 — z*(ker a).

Since
w(Or, R) = (dr Na+rda)(0y, R) =1,
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where r denotes the second variable in the identification (1.15)), we can
extend this trivialization to a symplectic trivialization of z*(T'M) by setting

T, :T x R*™ =T x T*R" — z*(TM),
Tl‘(t7Q17 o s qn,P1y - 7pn) = Tf(tﬁhy ceeydn—1,P15- - 7pn—1)
+ an R(x(t)) + pn Oy

Next, by taking the product by the constant trivialisation of the trivial
bundle T x T*R — T, we obtain a symplectic trivialisation

T; : T x R*"F2 = T x T*R"™! — #*(TM) = 2*(TM) x T*R.

This trivialisation conjugates the differential of the Hamiltonian flow
E(H along 7 to a path

(1.16) I'; :[0,1] — Sp(2n + 2)

into the linear symplectic group of R?"+2 = T*R"*! We denote by
1
Hrs(rj) € §Z

the Robbin-Salamon index of I'; (see [RS95]). Here we use the same sign
conventions of [ASI0], see in particular [AS10, Section 5.1]. The fact that
c1(TM), and therefore also ¢y (T'M), vanish on tori implies that ji(I'z) does
not depend on the choice of the homotopy connecting y. to z and on the way
the trivialization was transported along the homopy. Furthermore, ps(I'z)
depends only on the connected component A of crit A 7 to which Z belongs.
By

1
/Lrs(A) S §Z

we denote the common value of ps(I'z) over € A. Due to the special form
of H, this Robbin-Salamon index can be expressed in terms of the index
of the reparametrized closed Reeb orbit x : T — X, where = (z,0,7) (in
the case 7 # 0). This result is due to Bourgeois and Oancea [BO13|, and is
discussed in Section [2.2] below.

It is also convenient to define the number

p(A) = pes(A) — 3 dim A,
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which by the properties of the Robbin-Salamon index is an integer. The
grading on F(H, f) is induced by the integer-valued function

(1.17) py :crit f — Z, pp(Z) == p(A) +indy(2) + 1,

where A is the connected component of crit A; containing w,El(ﬁz), and
indf(#) denotes the Morse index of & € K as a critical point of f: K — R.
The additional“4+1” added in the formula is added purely for convenenience;
as we will see later this will imply that the isomorphism between the Floer
homology of H and the Rabinowitz Floer homology of ¥ is grading preserv-
ing. Notice that indf(2) + 1 is the dimension of the unstable manifold of the
line w,gl(j) with respect to the flow of —V f on A.

Proposition 1.3. For a generic choice of (J,g) the manifolds of Floer
trajectories with cascades have dimension

(1.18)

for every connected components A~ # At of crit Az, and for every &, &7
in crit f.

Proof. Assume that A~ # AT and denote by M(A~, A") the space of gradi-
ent flow lines (without cascades) running from A~ to A™, where we have not
divided through by either the free translation R-action on the independent
variable s or the free R-action . Theorem below tells us that the
virtual dimension of M(A~, A") is given by

w(A7) +dim A — p(A™).

One now argues as in [CF09, Appendix A] or [BHI13| to see that the dimen-
sion of the space C(A~, AT) of cascades is given by

dimC(A™,AT) =dim M(A7,A") =1 = p(A7) +dim A~ — p(AT) — 1,

where the —1 comes from the fact that in the space C(A~,AT) we have
divided out by the translation R-action (but not by the R-action (1.4)).
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Next, if 7 € mx (A7) then
dimC(aE_,A+) dim C(A~, A") — codimy - Wuvf(ﬂ-’(: (7))
p(A7) +dimA™ — p(AT) — 1 —dim A~ +indf(2) + 1
() — p(AT) 1.
Similarly, if 21 € m(A™) then
dimC(A™,2") = dimC(A~,A™") — codimp+W? o ( Tt (31))
=pu(A7) +dimA™ — p(AT) -1
— dim AT + (dim A" — indf(27))

= (A7) + dim A~ — pp(2T).

Furthermore, if 2% € mxc(A*) then
dimC(27,2") = dimC(27,A") + dimC(A~,2") —dimC(A—,A™)
= pp(@7) — pp(a").

Finally, the last three identities in (1.18)) obviously hold when A~ = A™ and
the spaces which appear there are defined as in (1.13]). Il

The last of the formulas (1.18)) implies that the quotient by the R-action
(1.4) has dimension

dimC(2~, &) /R = pp(27) — pp(@) — 1,

so ny(&¢~,2%) = 0 whenever ps(2") # ps(27) — 1. Therefore, if we set
F(H, f) = {e € P(UAf) | (@) =0 if us(2) £k}, VEEZ,

we see that the boundary operator 0 maps the subspace Fj (I:[ , f) into the
subspace Fj_1(H, f), for every k € Z. Therefore,

{Fk(ﬁ7 f)?a}kGZ

is a chain complex of Zs-vector spaces. Its homology is denoted by

FHy(H) ._% Vk €7
k o irna’F,eJrl(ﬁ[,f)7 .

This homology is independent of the choice of J, f, g, and depends on H
only through its zero-level set 3: as already observed, this will follow from
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the isomorphism of Section |2 together with the fact that the corresponding
statements are true for Rabinowitz Floer homology.

2. The isomorphism with Rabinowitz Floer homology

In this section we briefly recall Cieliebak’s and Frauenfelder’s construction
of the Rabinowitz Floer complex from [CF(09] and we prove that this chain
complex is isomorphic to the Floer complex of H. The assumptions on the
symplectic manifold (M,w) and on the Hamiltonian H € C*°(M) are still
the conditions (i), (ii), (iii) and (iv) in Section [1.3]

2.1. The Rabinowitz Floer differential
The free period action functional — or Rabinowitz action functional —
Ag : C®(T,M) xR —- R
is defined by
Apt(,7) = / PN — T/ H(a(t)dt.
T T
One readily checks that a pair (x,7) is a critical point of A if and only if:

¥ =7Xy(2),

2.1) /H(x(t)) dt = 0.
T

By the first equation, x is either a reparametrized closed orbit of X - if
T # 0 - or is constant - if 7 = 0. In both cases H(x) is constant, and by the
second equation H(z) is identically zero. We conclude that the critical set
of Ay is

crit Ag = {(z,7) | 7 € R\ {0}, t — z(t/7)
is a |7|-periodic orbit of Xz on ¥
U (X x {0}).

Therefore, crit Ag is naturally identified with the set

K = critAg /R,
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which was introduced in Section Moreover, the functionals Ay and A 5
coincide on K:

AH(i):Ax*A:AH(i) Vi = (z,7) € K.

Here we indifferently seeing 7 as an element of R or of R*. The same will be
done throughout the whole section.

Fix an element J € J.on. The corresponding L?-gradient of Ay is given
by

(22)  VAu(z,r) = <J.(:U,7')(:L"—TXH(38)),— /T H(m)dt).

Thus the negative gradient flow equation for Ag, that is,

%—FV.AH(’U):O, for v =(u,n): R — C(T,M) x R,

is the following system, coupling a PDE with an ODE:
Osu + Ji(u,m)(Oru —nXp(u)) =0,

2.3
(23) n'—/H(u)dt:O.

T
As noticed in Section the second equation has the same form of the
equation for the time-average of the R*-component of a solution of the Floer
equation for H on M.

Remark 2.1. We emphasise that in contrast to most of the current litera-
ture on Rabinowitz Floer homology, we work with almost complex structures
J = {Ji(-;7) }(t,rerxr that depend explicitly on 7. The reason for this choice
will become transparent in Section below. We were unable to verify that
transversality can be achieved in Rabinowitz Floer homology using a stan-
dard loop J; of 7-independent almost complex structures.

The energy E(v) of a flow line v = (u,n) is now the quantity

E(v) ::/ |63u|3t(u7n) dsdt+/ W‘gds.
RXT R

As with the functional Ay, the free period action functional Ag is never
Morse. However, it is Morse-Bott exactly when Az is. Indeed, both condi-
tions are equivalent to the assumption (iv) of Section
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Consider a Morse function f and a Riemannian metric g on K, having
a Morse-Smale negative gradient flow ¢* v As before, given two distinct
components K~ and K+ of K 2 crit Ay, we form the space Crp(K—,K™)
of gradient flow lines with cascades. This is defined as the set of all tuples
([v1], ..., [vk]), k > 1, where each pair v; = (uj,n;) is a non-stationary finite-
energy negative gradient flow line of A, such that

vi(—o0) € K™, vg(+00) € KT,
and such that for each j =1,...,k — 1 there exists s; > 0 such that
¢ (0j(+00)) = vj41(—00).

As before, there are natural maps evy : Crp(K—, KT) — K¥.
If 27 = (z7,77) and 2t = (2, 7") are elements of K belonging to K~
and K™ respectively, we consider the spaces

Crr(2™,KT):={w e Crr(K~,K") |ev_(w) € W'g(27)},
CRF(Ki,@Jr) = {w S CRF(Kf,KJr) ’ evy w) € vaf(i’+)} ,
CRF(i'_, §f+) = CRF({IA?_, K+) N CRF(K_, :i'+).

Exactly as in ([1.13]), we extend these spaces to cover the cases when one

or both of 2* belongs to K*. For a generic choice of (J,g), these are fi-

nite dimensional manifolds. Moreover, they fullfil the standard standard

compactness-up-to-breaking property. As remarked above, we will study give

a detailed proof that transversality can indeed be achieved for a generic fam-

ily (J,g) in Section [4.3]

We define the Zs-vector space

RF(H, f) := {e ¥/ a

sup Ap(Z) < +OO}.
ZEecrit f
e(z)=1

If 2= € K and &% € K are critical points of f, we denote by nf(37,4%)
the parity of the zero-dimensional part of Crp(2~,27), and we define the

Rabinowitz Floer differential

d:RF(H, f) = RF(H, f),
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to be the homomorphism which maps € € RF(H, f) into the element Je €
RF(H, f) which is defined by

(2.4) Oe@t) = > nff@,iM)e(@), Vit €ait f.

T~ €Ecrit f

Its homology is independent on the choice of J, f, g, and depends on H only
through its zero-level set ¥. Therefore, it is denoted by

RFH(Y, M).

See [CEQ9] for more details.

2.2. Grading and the Rabinowitz Floer complex

In this section we assume that ¢q(7T'M) vanishes on tori and recall the def-
inition of the grading of the Rabinowitz Floer complex. We use the the
conventions of [CFO10], which are more standard than those used initially
in [CEQ09]. The difference is a factor 1/2. Then we compare this grading with
the grading of the Floer complex of H which is defined in Section

Recall from Section that for each free homotopy class e € [T, M]
containing loops in ¥ we chose an element y, : T — 3 such that [y.] = e and
a symplectic trivialisation

T2 : T x R?2 = y¥(ker a).
If £ = (z,7) is a critical point of Ay such that [x] = e then we can extend
the trivialisation 7 using parallel transport along a homotopy connecting

Ye to x to define a symplectic trivialisation of x*(ker ) — T. We consider

the Robbin-Salamon index (see [RS95])
T2) e 1z
Hrs T 9
of the path
(2.5) ' :[0,1] — Sp(2n —2)
which is obtained by conjugating the restriction d¢¥, (z(0)) to the invari-

ant symplectic subbundle given by the contact distribution ker « in this
symplectic trivialization.
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The fact that ¢i(7'M) vanishes on tori implies that jus(I'$) does not
depend on the choice of the homotopy connecting y. to x. Furthermore,
prs(I') depends only on the connected component K of crit Ay to which &
belongs. By

. 1
HE‘S(K) € 52

we denote the common value of MTS(I‘%) over & € K. This is the transverse

Salamon-Robbin index of the orbits in K.
We set also

(2.6) p(K) o= plS(K) — S (dim K — 1),

which by the properties of the Robbin-Salamon index is an integer.
In the case K =% x {0} we set

(2.7) pt (X x {0}) :=1—n.

The next result clarifies the relationship between this index and the one
defined in Section [I.4] It is a particular case of more general index identities
which are proved in [BO13]. We include a sketch of the proof for sake of
completeness.

Proposition 2.2. Let K be a connected component of K = crit Ay /R =
crit Ay different from ¥ x {0} and let A := o' (K) be the corresponding
connected component of crit A . Then

prs(A) = s (K).

Proof. First note that by differentiating ((1.3]), we see that the linearized flow
at the periodic orbit Z(t) = (x(t), 0, 7) is given by

¥, (2(0) 0 tXp(x(t)
(2.8) d(b&ﬁ (z(0),0,7) = th(:U 0) 1 0
0 1

Recall from (1.15)) that there exists a neighborhood U of ¥ in M and a
symplectomorphism

(2.9) (U,wly)Z(Ex(1-10,140),d(ra)),
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where r denotes the second variable in the product ¥ x (1 — 4,1+ ¢). Let
C C M denote the submanifold

C:={z(T) | (z,7) € K}.

There exists a homotopy H?, s € [0, 1], of H with the following two proper-
ties:

1) H=H, Xy

2) In aneighborhood V C U of C we can write H'(p,r) = h(r) for (p,r) €
V', where h is a smooth function satisfying h(1) = 0, and »’(1) > 0 and

h(1) % 0.

See [CF09, p287]. It suffices to prove the result with H replaced by H!.
In order to simplify the notation, for the remainder of the proof we write
simply H again for H'. In the neighborhood U of ¥ we have, using the

identification ([2.9)),

v = Xpg|y and Ag- is Morse-Bott for each s,

Xp(p,r) =H(r)R(p),
and hence
O, (pr) = (95" (p). 7).
By differentiating we get in the splitting ker o @ RR & 9,.R

doy V" @(0)kera O 0
(2.10) do', (x(0),1) = 0 1 A"t |,
0 0 1

where we have used the fact that the differential of the Reeb flow leaves
the distributions ker o and RR invariant. We can now compare the paths
I'; :[0,1] — Sp(2n + 2) from and I'¢ : [0,1] — Sp(2n — 2) from (2.5).
Indeed, it follows from and that

(2.11) Ta(t) = ( Fgo(t) @(()t> )
where © : [0, 1] — Sp(4) is given by

L orh () 0 W)t

o= | h’(ll)t L

0 0 1
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in the basis Jg,, Op,, 0q,, Op,. Now we make use of [BOI13| Proposition 6],
which tells us that

(2.12) 1o (0) = _;Sgn( TfIZ'IES) h’(()l) > o,

Since the Robbin-Salamon index of a block diagonal symplectic path is the
sum of the Robbin-Salamon indices of the blocks, we conclude the proof
with

pas(A) = prs(T'z) = .UrS(Fg) + 1s(©) = Nrs(rg) = Ng(K)
O

Let K be a connected component of K = crit A5 /R = crit Ay different
from 3 x {0}. If € K is a critical point of the Morse function f, we define

Pt (&) = p" (K) + indf(2).

Since dim A = dim K + 1, we deduce that

(2.13) p(A) =p™(K) =1 and  pp(d) = w7 (2).

Notice that the above identity holds also in the case A = ¥ x {0} x R*.
Indeed, in this case

M(A):Nrs(A)_%dimAZO—n:1—n_1:NtI(K)_17

because of (2.7)).

Here is the version of Proposition in the Rabinowitz Floer setting.
This result is proved in [CF09, Appendix A]) (see also [Fra04, Appendix A]
for the analogous result in finite-dimensional Morse-Bott theory).

Proposition 2.3. For a generic choice of (J, g) the manifolds of Rabinowitz
Floer trajectories with cascades have dimension

dimCrp(K~ K+) }L "(K7)+dim K~ — u™(K1) —
K*) = pff(@7) = u"(KY) - 1,
dim Crr(K +) = p"(K7) +dim K~ — @ (3%) - 1,
&%) = pf (@) - pff(@h) - 1,
for every K=, K™ connected components of crit Ag and for every £=,37 in
crit f.

dim Crp(z™,
(2.14) rr(2

dimCrp(2~,2
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The last of the formulas (2.14)) implies that nff'(27,27) = 0 whenever
pE (&%) # pfF (&) — 1. Therefore, if we set

RE,(H, f) = {e€ RF(H, f) | e(2) =0if ufF(&) £k}, VK€L,

we see that the boundary operator 9 maps the subspace RFy(H, f) into the
subspace RFy_1(H, f), for every k € Z. Therefore,

{RF.(H, f),0}rez

is a chain complex of Zs-vector spaces. Its homology is independent on the
choice of J, f, g, and depends on H only through its zero-level set Y. It is
denoted by

{RFH(X, M)} kez.

2.3. The isomorphism

The aim of this section is to construct an isomorphism of differential Zo-
vector spaces

(2.15) ®: RF(H,f)— F(H,f).

As we have seen, the spaces RF(H, f) and F(H, f) are canonically identified,
and by this identification preserves the grading, when the grading is
defined. However, the two differentials are defined by counting solutions of
different problems, and there is no reason why the natural identification
should commute with the differentials. As it now standard in these sort
of questions, the correct definition of the isomorphism & involves counting
solutions of a hybrid problems, which we now define.
Consider a pair (v, a), where

v=(u",n"):(-00,0] - C(T,M) x R,

(2.16) 0= (u+,<+,77+) : [0, +00) — COO(T:M)7

are negative gradient flow lines of Ay and A, respectively, which satisfy
the following coupling conditions:

(2.17) u”(0,t) =ut(0,t), vt € T,
(2.18) n=(0) =nt(0,¢) Vt e T,
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where in (2.18) we are identifying R and R*. These coupling conditions imply
that

Ag(a(0,-)) =/TW(O,-)*A+/Tn+(0,t)8tc+(o,t) dt
—/W(o,t)H(u*(o,t))dt
T

:/u(o,-)*A—n(0)/H(u(o,t))dtzAH(v(o,-)),
T T

where the second integral in the first equation vanishes because 77 (0,-) is
constant. Therefore, such a pair (v, ) satisfies the action estimates

(219)  Au(o(=s,) > Au(0(0,) = Ag(a(0,-)) > Ag(a(s, ),

for every s > 0, and the sharp energy identity

220) B +B@) = lim_Ag(v(s) — lim_Ag(ils)
= e A = A

These action estimates and energy identity are the starting point of the
following L bound, which is proved in Section [3.4] below:

Proposition 2.4. For every A € R there is a number C = C(A) such that
for every pair (v,a) as in (2.16) of negative gradient flow lines of Ag and
A g, respectively, which satisfies the coupling conditions and

and the action bounds

there holds

177 [ oo (—s0,0)) < C 1¢T = Ml (0, 00) ) < C
177 1| 2 ((0,400) xT) < C
u” ((—00,0] x T) C My, ut ([0, +00) x T) C Mp.

where é* indicates the average of ¢* over T, which as we know does not
depend on s > 0.
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Fix a component K C crit Ay and a component A C crit A 7, and define
Mo (K A)

to be the set of all pairs (v,u) of negative gradient flow lines of Ay and

A, respectively, which satisfy the coupling conditions (2.17)), (2.18)) and
the asymptotic conditions

v(—o0) € K, u(+00) € A.

There is a free action of R on Mg (K; A), which is obtained by letting the
action ((1.4) act on the second component of the pair (v, @). The evaluation
map

ev: Mo(K;A) — K x A, (v,@) — (v(—00), i(+00)),

is equivariant with respect the R-action on the second component of the
product K x A.
The sharp energy identity now reads

(2.21) E(v) + E(@) = A (K) — Ag(A),

for every (v, @) in Mg (K; A). By the above proposition, together with stan-
dard arguments, the space Mg (K;A) is pre-compact in the C%. topology.
Proposition 2.5. The set Mg(K;A) is the set of zeroes of a Fredholm
section.

The proof of the above result is discussed in Section [£.4 below. Transver-
sality follows from standard arguments, the only obstruction being the exis-
tence of stationary solutions. Indeed, if A = F,El(K ), then the sharp energy
identity implies that Mg (K;A) is the set of all stationary solutions
(U(), ’17,()) with

vo(s) = (z(),7) Vs <0, to(s,-) = (x(:),0,7) Vs>0,

where (z,7) is a critical point of Ay in K and o € R. However, automatic
transversality holds in this case: see Lemma below.

It will be convenient to enlarge the space of cascades Crp(, K) by al-
lowing the final point on K to flow under the action of the negative gradient
flow of f. More precisely, when & € crit f does not belong to the component
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K of K we define
Crr(#, K) := Crr(i, K) x [0, +00),

and
evy : Crr(#,K) = K, (w, 8) = ¢ g r(evi(w)).

When & belongs to K, we define
Crr(#, K) = W'y (2),

and define 6v, : Cgrp(#, K) — K to be the inclusion. Similarly we enlarge
the set C(A, ) of cascades by defining

C(A, &) := C(A, &) x (—00,0], & ¢ me(A),

and define

ev_:C(A,z) — A, (w, 8) = @2 g rlev_(w)).
Meanwhile if & € mx(A) then C(A, &) := W* _ f(n,gl(fc)), with 6v_ the inclu-
sion.
Let 2= and £ be critical points of f on K and let K and A be con-
nected components of crit Ay and Az, respectively. We now form the fibred
product:

(2.22) Mo (@787 | K3A) —— == —~ - Mo (K; M)

Finally, we define

Mg (27;27) = U Mo(2, 27 | K,;A),
K,A

where the union is taken over all tuples (K, A) of components. By taking
such a union, we obtain an object which is actually a smooth manifold,
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without corners and without boundary. Indeed, consider an element
Y= (¢v7,97")
of
My = Mg(27;27 | K;A),
and assume that exactly one of the 1)*’s - say 1~ - belongs to the boundary

of the corresponding manifold éRF(i:_,K ). This means that ¢~ is of the
form (w,0), where

w = ([1}1],..., [Uva

is a negative gradient flow line with cascades, with £ > 1, and the non-
stationary negative gradient flow line vy = (ug, 1) satisfies

v (+o0) = evy(w) = 6vy(¢7) and vg(—o0) € K,

for a suitable component K of crit Ag. Then a gluing argument analogous
to the one which is used in the proof of [Fra04, Theorem A.12] shows that
1 is a limiting point of the space

My = Mo (2,327 | Ki;A),

and that the union Mj; U My is regular at the point 1. Analogous results
hold in general when both more of the )*’s belong to boundary components
of the corresponding manifolds of cascades. We conclude that Mg (27;2)
is a finite dimensional manifold without boundary and corners.

The coefficient

(2.23) ne(27,27) € Zy

is defined to be the parity of the zero-dimensional part of the quotient
Mg (27;27)/R*. The sharp energy identity (2.21)) implies that

n(y(i‘_,i'-i_) =0 if AH({i‘_) < Aﬁ(i—i_)’

Moreover, if A (27) = Az (27) then ne(2~,27) =0, unless &~ = 2T, in
which case the automatic transversality Lemma implies that

ne(27,27) = 1.

The homomorphism
®:RF(H,f)— F(H,f)
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is defined by
(®)(@") = D na(@,#M)e(@7),  Vee RF(H,f), V2" € crit f.
T~ €ecrit f

A standard gluing and compactness argument implies that & commutes
with the two differentials. Moreover, the triangular property of the coeffcient
matrix

S— At
(n‘b(l‘ L ))(i"*,i*)e(crit f)?
implies that ® is an isomorphism with inverse

o le(@t) = ) m(2,iN)e(d7),  Vee F(H,f), Vit € ait f,

T~ €crit f

where the coefficients m (2™, 4") are defined recursively by

0 if Ag(2%) > Agz(27)
and 21 # &7,
m(E™,it) =4 1 if 4+ =&,
Z ne(2,2T)m(27,2) otherwise.
TEecrit f

Remark 2.6. It is also possible to construct an chain map U : F(H, f) —
RF(H, f) starting from an analogous space My (A; K). This ¥ is an iso-
morphism by the same arguments, and in fact is a homotopy inverse to ®.

2.4. Degree of the isomorphism

Here we assume that c; (T'M) vanishes on tori, so that the graded complexes
RF,.(H, f) and F.(H, f) are well-defined. In this case, by Theorem we
have

(2.24) dim Mg (K;A) = p™(K) + dim K — u(A).

Together with (2.22) and Propositions and this implies that
Mg (2752 | K;A) is a manifold of dimension

dim Mg(27;27 | K;A) = dim Mg (K; A) 4+ dim Crp(2~, K) x C(A, 27)
—dim K x A
= p"(K) + dim K — p(A) + pfF(@7) — p"(K)
+ pu(A) +dim A — pp(27) +1 — dim K — dim A
= i (@7) = pp (@) + 1,
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and hence the same is true for Mg (27 ;2"). Therefore, the quotient of the
latter manifold by the R-action (1.4 has dimension

dim Mo (3753 /R = ¥ (37) = g (i),

We conclude that ne (27, 2%) can be non-zero only if y17(27) = ' (27), so
the isomorphism @ is grading preserving:

O : RF,(H, f) — Fy(H, f).

Notice that this is consistent with identity (2.13) and the fact that
ne (f, .C@) = 1.

3. Uniform estimates

The next two parts of this paper are technical in nature. In this one we prove
the uniform estimates needed to define the Floer complex for the Hamilto-
nian H on M and those needed to define the chain complex isomorphism
between the Rabinowitz Floer homology of the pair (H~1(0), M) and the
Floer homology of H.

The proof of these uniform estimates combines ideas from the proof of
[CF09, Proposition 3.2] with elliptic estimates and is split in several Lem-
mata.

3.1. Loops where the action functional has a small gradient

We begin by proving two Lemmata about some properties of loops Z in M
where the gradient of A5 has a small L?-norm.

Lemma 3.1. Let & = (z,0,7) € C®(T, M) be such that

(31) VA4 @) < o min{1L/| Xl 1=y, 1},
for some h > 0. Then

|H(xz(t))| < h vt € T.
Here the L°°-norm of X is defined by

X oo = X .
1 X # || oo (ar) %é?l ()|,
c



314 A. Abbondandolo and W. J. Merry

Proof. We start by proving the bound

(3-2) min [H(z(t))] < [VAg(@)llz2(m)-

If t — H(z(t)) changes sign, then the above minimum vanishes and (3.2) is
trivially true. Assume w.l.o.g. that H(z(t)) > 0 for every ¢ € T. Then

min [H (2(t))] = min H(z /H )dt = / H(z) - o')dt

teT teT
< llo" = H(@)l| 2y

< HVAEI@)HLQ(T)

where we have used the expression for the gradient of the action func-

tional. This proves ). By (3.1] and we get

h
min |H (x(1)] < ©.
If it is not true that |H (z)| < h on T, then by the above fact we can find an
interval [to,t1] C T such that

DolH@@)<h Velon)  ad |H(n) - Hit)| =

| >

Therefore, we can estimate

b~ \H(m) - Hio)| =

/t(,l th(x(t))dt‘ < /t \dH (2)[2']| dt
t1 t1
:/t \w(XH(x),x’)]dt:/t w(Xa(2), 2’ — X5 (2))| dt

t1
< / X0 () oo |2 — 7X11 (2)] 1,

< 1 Xl zar) / &/ — X5 (2)] gy (o

<N Xa e anllJ () (@" = 7 X5 (@) || L2 (T)
< | XullLeanIVAZ (@) 22 (1),
where we have used again (|1.7]). This shows that

h

VA (@) 2 > =

and contradicts the hypothesis. 0
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By (|1.1)) and since H is bounded away from zero outside from a compact
set, we can find h > 0 so small that

2
(3.3) N := H Y([~h, h)]) is compact and \(Xp) > 300 on N.

Lemma 3.2. Let h < agp/3 be such that holds. For any A, S € R there
exists a number L = L(A,S) such that if T = (z,0,T) satisfies

- h .
IVAg (@)l z2(ry < 5 min{1/[[ Xzl an), 1},

Ag@)| <A, lo—6llLm) <5,
where & := [Lo(t)dt denotes the average of o, then
|7l ooy < L.
Proof. From we deduce the following bound on 7':
(34) 72 < IVAz @) < o < o
Moreover, in the expression

Ay () :Az*ﬂ-[rﬁ(@) dt:/Tx*)\—i—/TTU’dt—/TTH(:U) dt,

the middle term in the right-hand side has the bound

/TO’ldt’ = /T/Udt‘ = /T/(U—é')dt‘
T T T

< |72 (mylle = &l L2y < oS,

Therefore, from the bound on A (&) we deduce the estimate

(3.5)

/:c*)\ - / TH(x) dt‘ <A+ oS
T T
From the bound on VA 5(Z) and from Lemma 3.1 we deduce that

x(t) e N=H Y([-h,h]) VteT.
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In the right-hand side of the identity
(3.6) / TN — / TH(z)dt = / MNa' — 7 Xy (z))dt
T T T
+ [ O () - Hw)de
T

the first integral has the bound

/T M — X u(x)) dt

< M=) / & — X 51 (2)] g o)

ML~ IVAZ (@) ]| 2T
Rl Lo (v
2| Xa | = (ar)

IN

IN

=: B.
By the above estimate and (3.5)), identity (3.6 implies that

(3.7)

/ T(ANXpg(x)) — H(z))dt| < A+ apS + B.
T
Since x takes values in N, (3.3]) implies that

(38) NXir(a)) — H(@) 2 Sa0 = h 2 52,

where we have used the upper bound on h. We claim that

3
. <—(A B).
(39) min|(t)] € (4 +a0S + B)

Indeed, the above bound holds trivially if 7 changes sign. W.l.o.g. 7 is pos-
itive, and in this case we deduce from (3.7)) and (§ .

AtapS+B> / r(A(Xp(x)) — H(z))dt

o
> — > — -
/Tdt rtrél%m'(t) 3 ItIél%l‘T( )1,

which proves (3.9)). The inequalities (3.4) and (3.9 imply the desired bound

on the uniform norm of 7:

3
7l () < OT(AJr%SJrB) +ag = L.
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3.2. Solutions of the Floer equation on cylinders
Now let I C R be an unbounded open interval and let
= (u,(,n): I xT— M=MxTR
be a solution of the Floer equation with uniformly bounded action:
(3.10) |Ag(a(s))] < A Vs el

In particular, @ has bounded energy:

= 1 ~ (1 — i ~(u < = .
ngm”AH(u(s)) S_l)1srlﬁ)IAH(u(s)) <2A=FE

As we have seen, the last equation in (|1.9)) implies that time average of ( is
constant:

/g(s,t)dt:cf Vs e I
T

The bound on the energy allows us to get a first bound on (:
Lemma 3.3. For every s € I there holds
1€(5, ) = Cllra(ry < 2VE + | H| oo (1)
Proof. Consider the set
S =8(@) = {s e I||VAz@s)llpam) < VE}.

By Chebichev’s inequality, the complement of S in I has uniformly bounded
measure:

1 I 1
I\SI< 5 [ Vg, 6y ds = 5E@ <1,

where we have used (3.11)). In particular, I \ S contains no intervals of length
larger than 1. Therefore, given s € I, we can find sy € S such that |s — sp| <
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1. By ,

10:C (505 ) 2 (1) < 10:C (50, +) — H (u(s0, )l z2(m) + [1H (u(s0, )|l 22 ()
< [IVAg(@(s0, )l 2y + | Hllpeary < VE + [|H| o (1)

Since ((so, -) has mean é , the Poincaré inequality implies that
1(s0, ) = Cllrzery < 19:C(s0, )l z2(ry < VE + || H|| 2= (1)
From the above estimate and from the bound
10sCll r2rxm) < 105l z21xm) = VE(@) < VE,

we find

A « S d
165 = Elzacmy = 16660, = sy + [ 501600 ey dor
do

/SUS %C(g’ ')‘ L2(T)
/:(/T 10 (o, t)|2dt)1/2 do
[A@d%m

< VE + ||H| = ar) + 105Cl| £z (1)
<VE + |H| =) + VE = 2VE + [|H|| = (1),

<VE + |H| =) +

= VE + |H| 1~ ) +

1/2
<SVE + |H| =) + |5 — 50|/

as claimed. O
A similar argument allows us to prove the following lemma:

Lemma 3.4. For every s € I there holds

2F
H77(37 ')HLZ(T) <L+ Ta
where L = L(A,2VE + | H| o (ar)) is given by Lemma and h < ap/3 is
such that holds.
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Proof. Consider the set
(3.12)

S = 8(i) = { € 1| VA4@() o < & minf1/] Xl e can. 1}} |

2

By Chebichev’s inequality, the complement of § in I has uniformly bounded
measure:

4 - 4 . 4F
TVSI< 35 [ IV AR (E6) ey ds = 75E() < 35

where we have used (3.11)). In particular, I \ S contains no intervals of length
larger than 4E/h%. Therefore, given s € I, we can find so € S such that

4F
K2
Since sg € S, Lemmata and imply the following bound on 7(sg, 0):

|s — so| <

In(s0, ) z2(ry < L = L(A,2VE + | H|| = (ar))-
From the above estimate and from the bound

10snl 215wy < 10siill21xm) = VE(@) < VE,

we find
5 d
Im7(s, M 2cry = Im(s0, )|l 2(ry + %Hﬁ(@ M r2(ry do
<L+ 14 (0,-) d
- do o L2(T) ?
<L+ ‘3 - 50’1/2"8577”L2 IxT)
<L+ if L+ 25
as claimed. n

We can now use elliptic estimates to prove local WP bounds on the
components 1 and ¢ of u:

Lemma 3.5. Let p > 1 be a real number. There is a number C = C(A,p)
such that for every interval Iy C I of length 1 whose distance from the com-
plement of I is at least 1 there holds

¢ = Clwiaoxmy <C and  |nllwrs,xm) < C.
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Proof. Consider the smooth function
fiIXxT—=C, f:=¢C—C+in

In order to prove the theorem, we have to show that | f|y1.r(7,xT) has a
uniform bound. By Lemmata [3.3] and

(313) Hf(s, ')”LZ('H‘) < F, Vs € R,
where N
4

By (1.9), f satisfies the equation
(3.14) of =iH (u),
where

0= Os +10;

is the Cauchy-Riemann operator on the cylinder R x T. The desired uniform

bound on || f|[yw1.r(,xt) Will follow from (3.13) and (3.14), thanks to the

Calderon-Zygmund estimate

(3.15) [ llwrooxty < ep(Jo, ) (10f 1 Locrsry + 1 f Il L2(rxm)) »

where Jj is a bounded interval whose closure is contained in the open interval
J. Indeed, given an interval Iy C I of length 1 as in the hypothesis, consider
the interval

L =1+ (*1, 1)

of length 3, which by the assumption on the distance of Iy from the com-

plement of I is still contained in I. By (3.15]), (3.14) and (3.13]) we have

1 lwro sy < eplo, In) (10f | Loz, xmy + 1 f L2 xm)
p(Io, 1) (iH o ul1o(1, ) + V3F)

< ¢p(lo, I1) (31/p||HHL°°(M) + \/§F) :

IN
o

Therefore the desired estimate holds with

C = C(A,p) = ((0,1), (=1,2)) (37| Hll 1~ (ary + VBF(4))
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3.3. Proof of the uniform estimate for solutions on cylinders

We can now prove the uniform estimate which is stated in Section |1.2

Proof of Proposition[1.1l Let @ = (u,(,n) be a solution of (1.9) on R x T
with
|Ag(a(s))| < A Vs € R.

We shall make use of the above Lemmata with I = R.
Consider the open subset of R x T:

Q:=u Y (M\ M) = u_l(b(Eoo x (0, +00)).

If h > 0 is small enough, then H~1([—h, h]) is contained in M. Therefore,
by Lemma together with the fact that the energy of % is bounded, we
deduce that every connected component of 2 is bounded. The fact that
Xp vanishes on ¢(X % (0,400)) implies that the map u satisfies the pure
Cauchy-Riemann equation

Osu + J(u)0yu =0

on 2 (note by assumption on €2 the almost complex structure J¢(z,7) = J(x)
does not depend on ¢ or 7). A standard computation involving ((1.11)) implies
that the scalar function r :=r o u : 2 — R is subharmonic:

Ar = ]85u|3(u) >0 on .

By the definition of €2, r extends continuously to € and takes the value 0 on
0f2. Since each component of €2 is bounded, the maximum principle implies
that the subharmonic function 7 < 0 on 2. On the other hand, » > 0 on €,
and we conclude that 2 must be empty. This shows that all the maps u take
value in the compact set M.

Let Iy C R be an interval of length 1. Lemma [3.5] and the fact that
WP (Iy x T) continuously embeds into L°°(Iy x T) when p > 2 imply that
¢ — g: and 7 are uniformly bounded on Iy x T. Since Iy is arbitrary, we get a
uniform bound on the L* norm of { — é and n on the whole of R x T. This

concludes the proof of Proposition [I.1] O
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3.4. Proof of the uniform estimate for solutions of
the hybrid problem

Fix a real number A and consider a pair (v, @) of negative gradient flow lines

v=(u",n"):(—00,0] - C(T,M) x R,
a:(ut,¢TnT) [0, +00) — COO(T,M)
=C®(T,M) x C®(T,R) x C*°(T,R"),

of Ay and A, respectively, which satisfy the boundary conditions (2.17),
(2.18) and the action bounds

An(v(s)) <A Vs <0, Ag(a(s)) > —A Vs >0.

Denote the time average of ¢ T, which we know to be independent from s > 0,
by (*:
= / (s, t)dt,  Vs>0.
T

Our aim in this section is to prove Proposition [2.4] that is to show that there
exists a number C' = C(A) such that

177 | 2o (—o0,0p) < C, I¢F - §+||Lw([0,+oo)x1r) <C,
1771 Lo 0,400y xT) < C
u” ((—00,0] x T) C Moy, u™ ([0, +00) x T) C Mp.

We start by observing that the above action bounds and (2.19) imply
(3.16) —A<Ag(u(s)) < Ap(v(=s)) < A, Vs > 0.

Moreover, the sharp energy identity (2.20]) implies that the energy of v and
that of 4 are uniformly bounded:

E(v) + E(d) < 2A.

The next lemma is a direct consequence of the main L estimate for the
component 7 of solutions of the Rabinowitz Floer equation which is proved
in [CF09]:

Lemma 3.6. There is a number T =T(A) such that ||~ L~ ((—o0,0) <
T(A).
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Proof. By [CFQ9, Proposition 3.2] there are positive numbers € and ¢ such
that for every pair (z,7) € C*°(T, M) x R there holds

(3.17) IVAg (2, 7)||p2(my < € = IT| < c(JAg(z,7)|+1).
Let S C (—o0,0] be the set of s’s such that

IV Az (v(8)lL2(m) < €
Since .
| IV A DIEaqry s = Blw) < 24,
Chebichev’s inequality implies that the complement of S in (—o0,0] has
uniformly bounded measure. Therefore, every s € (—oo, 0] has a distance

less than some constant S = S(A) from an element sy € S. For such a sq,

(3.17) and (3.16) imply

In™ (s0)| < c(A+1),

and the second equation in (2.3) gives us the bound

()] < I s0)| + 15 — sol | - e(A+1)+ SIH] 1

HLOO —00,0])
The conclusion follows. U
We can now prove the L> bounds for the solutions of the hybrid problem:

Proof of Proposition[2.4} By the above lemma, |17 ||p((—oo,0) has a uni-
form bound. Fix some p > 2. By Lemma for every interval Iy C [1,+00)
of length one there are uniform bounds

(3.18) 1CT = {Mllww (o xy < C1, I llwrsroxy < Ch,

for some C1 = C1(A). By covering [1, +00) with intervals of length one and
by using the Sobolev embedding theorem, we deduce the uniform estimates

(3.19) 1CT = {Mllpoe((goo)xm) < C20 17T | Lo (1 00) ) < Coa-

In order to obtain the L bounds on ¢t — ¢t and 5™, there remains to
bound

ST =Ml oy and {5 pee(po,1)xm)-
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Since 1~ (0) is uniformly bounded, it is enough to show that the complex
function

f(s:8) = CHs,t) = (7 +iln*(s,t) =17 (0))

has a uniformly bounded L*° norm on [0, 1] x T. Notice that by (3.19)

(3.20) [ £1l oo ([1,400)xT) < C35

for a suitable C3 = C3(A). By , this function satisfies the equation
Of =iH(u).
By the coupling condition , we also have
Im f(0,t) =0 vt € T.
We shall use the Calderon-Zygmund estimate

(3.21) IVl Lo (10, 400) xT) < Epll Ol Lo (0, 400)xT)

for every ¢ € C°([0,+00) x T) such that Imyp =0 on {0} x T. Let x:
[0,400) = R be a non-negative function such that x =1 on [0,1], x =0
on [2,400), and —2 < ¥’ < 0. By applying to the function (s,t) +—
X(8)f(s,t) we obtain

IV £lleqoxmy = IV zroa1xm) < IV 2e(0,400) xT)
< epll X Lr(0,400)xT) = EplIX'f + XOf |l Lo (0,400) xT)
< el fllze(n,2yxmy + HH (W) e (jo,21xT))
< cp Il (1,400 xm) + 2PN H | e (01))
< (203 + 21/pHHHL°°(M))7

where we have used also . Together with the uniform bound on
I Il 2o ({13 xT)> Which follows from , the above estimate implies that
I fllwrr(j0,1]xT), is uniformly bounded, and since p > 2, s0 is || f|| 5 ([0,1)xT)-
This concludes the proof of the uniform L* bound on ¢ — f T and nT.
There remains to show that ©~ and u™ take values into My, or equiva-
lently that the relatively open subsets of (—o0, 0] x T and [0, +00) x T which
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are defined by
QO = (u)"H(M\ My) and QF = (u) "N M\ My)
are empty. Let 7 be the radial coordinate on
M\ My = 1(Xoo X (0,+00)),
and consider the real valued functions
rt . 0F 5 R, rTi=rou®t.

Since u~ and u' are holomorphic on 2~ and 97, standard computations
involving the fact that Jy(x, 7) is independent of ¢ and 7 and of contact type
outside My imply

(3.22) ArE = |0,ut |5 >0,
and
(3.23) 1™ = —\(Opu™).

By the coupling condition (2.17)), r~ and r* coincide on the set
Q™ N ({0} x T) = @ N ({0} x T).

Therefore, they define a continuous function » on the union Q= U Q". The
fact that v and @ have bounded energy implies that the connected com-
ponents of 2~ UQT are bounded. Using also the fact that r =0 on the
boundary of Q= UQ™", we deduce that r has an interior maximizer on each
connected component of Q= UQT. Such a point must belong to {0} x T,
because the functions r~ and r™ cannot have interior maximizers, being
subharmonic by (3.22). If (0,9) is such a maximizer of r, then it is a max-
imizer of both »~ and r on suitable components of 2~ and Q. Since 7~
and r* are subharmonic, the Hopf lemma implies the strict inequalities

0577 (0,t9) >0  and  9gr™(0,t0) < 0.

Together with (3.23)) and the coupling condition (2.17)), these inequalities
lead to a contradiction:

0 < 9577 (0,19) = —A(Qpu™(0,19)) = —A(Ou™(0,10)) = 9571 (0,0) < 0.
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This contradiction proves that Q= and QT must be empty, concluding the
proof. O

4. Index computations and transversality

In this section we deal with the Fredholm theory, the index computations,
and the transversality issues that arise in this paper. We recall that R?" =
T*R"™ is equipped with coordinates (qi, ..., qn,P1,- - .,Pn) and with the sym-
plectic form

n
Wy, = dej AN de,
j=1
(see Section [L.4), that is

(41) an(thQ) =2z - j;ZZQ VZ1722 (= RQTL, with jn = <](') _Oln) )
n

(see also ([1.6)). Then J,, is a complex structure on R2" which is compatible
with —&,. It corresponds to the multiplication by 7 in the identification
R2" = C" given by (q,p) + q + ip.

4.1. Index computations

Here we use the notation from Sections|l.4]and recall that given a connected
component A C crit A5 carries the index

(4.2) w(A) == pps(A) — %dim A.

The following result is a standard computation (compare [BM04, Propo-
sition 4]). Nevertheless, due to the presence of the R-action we work in a
slightly different functional setting than usual, and so we give the proof in
full below. In fact, the precise functional setting we work in is irrelevant
for the index computation, but it will be very important when we discuss
transversality in Section below.

Theorem 4.1. The virtual dimension of M(A~, A1) is given by

virdim M(A7, A1) = (A7) — u(A1) +dim A,
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We will need to work with suitably weighted Sobolev spaces throughout.
Let us recall the definition. We choose a family of positive smooth functions
Js : R — (0,400), § > 0, which satisfy

(4.3) Vs(s) = el for [s| > 1,
and if I C R is an unbounded interval we define the spaces

LE(I) :={ce b (I)|&vs € LP(I)},

loc

WiT(D) = {§ € WP (1) | §05 € W'P(1) }
with Banach norms

1€

ps = 1€95]lp, 1€ll1p.6 = [1€0s]11,p5

respectively.

Before getting started on the proof of the index formula from Theo-
rem let us begin by explaining how to view M(A~,A™") as the zero set
of a Fredholm section 0 : B — £ of a Banach bundle over a Banach manifold.
Fix p > 2. Let us first consider a space B(A~, A*) of maps @ : R x T — M
such that:

1) @ is locally of class WP,

2) The following limits exist and are uniform in ¢:

z7(t):= lim a(s,t) €A™,

S§——00
TT(t) := lim a(s,t) € AT.

S$——+00

3) There exists sp > 0 such that for |s| > sp one can write
(44) {L(S, t) = €XPg=+(t) (@i(‘s? t))?
for sections

7 € WiP((—o0, —so] x T, (27)"(T'M))
" € WP ([s0, +00) x T, (#+)"(T'M))

respectively. Here exp denotes the exponential map with respect to
some background Riemannian metric on M.
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The space B(A™, /}*) admits the structure of a Banach manifold, and
the tangent space to B(A~,A™) at @ can be identified as

(4.5) TaB(A~,AT) = RN x WP(R x T,a*(TM)),

where N = dim A~ + dim A™. In fact we will be interested in the codimen-
sion one submanifold B(A~,At) ¢ B(A~,A™), which consists of those el-
ements @ € B(A~, AT) with the property that the asymptotic limits #+ =
(zF, 0%, 7F) of @ satisfy the additional requirement that

(4.6) o =0t
Thus the tangent space to B(A~, A™) can be identified with
(4.7) TaB(A~, AT) =2 RV=L x WiP(R x T, a*(TM)),

where N is as in (4.5)). . )
We now define a Banach bundle & — B(A~, A™) by requiring that the
fibre over u is given by

&= LE(R x T, a*(TM)).

We then define a codimension one subbundle €& C € by setting

Ea = {(w,g,p) € LER x T,a*(TM)) ( (s, t)dsdt = o} :

RxT

Fix J € J and let J; denote the corresponding loop of almost complex struc-
tures on M. Now define a section 0 = o 7.5 of E — B(A—,AT) by

[u dsu+ Jy(u,n) (Opu — nX g (u))
(4.8) al¢| = 0sC — O
n 8877 + at( - H(u)

An argument similar to [BO09, Appendix A] shows that provided § is
sufficiently small, the moduli space M(A~, A™) (which was defined as a set
of smooth maps) is included in the Banach manifold B(A~, AT). From now
on we assume that ¢ has this property. Standard elliptic regularity results
then imply that M(A~, A") is exactly the set of zeros of the section d. In
fact, we have the following simple lemma:
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Lemma 4.2. Ifu = (u,(,n) € lg’(A_,_AJF) belongs to the zero set of O then
necessarily i € B(A~, AT). Moreover O(B)(A~,A") C £.

Proof. Assume that (@) = 0, and assume that @ = (u, (,n) has asymptotic
limits

N W NE S S
(4.9) Sgrfoou(s, )= (x5, 0%, 77).
Since s — [ ((s,t)) dt is constant in s, a fact that has been used many times
in this paper already, we immediately see that

oc-=o".

Thus @ € B(A~,A") as claimed. Now assume that @ = (u,{,n) is an ar-

bitrary element of B(A™,A"), with asymptotic limits as in (£.9). Write
8(%(777) - (w,f,p) Then

&(s,t)dsdt = / (0sC(s,t) — On(s,t)) dsdt

RxT RxT

= 0sC(s,t) dsdt
RxT

=0t -0~ =0,
since u € B. O

Lemma tells us that O restricts to define a section 0 : B(A=,AT) — &
whose zero set is again all of M(A~, AT). It is this nonlinear operator whose
index we will compute. More precisely, we will compute the Fredholm index
of the vertical derivative Dy of O at :

(4.10) Dy : TaB(A—,AY) — &
In fact, we will compute the index of the operator

(4.11) Dy := 10 Dalyrogura iy : Ws 7 (R X T, @ (TM))

— L2(R x T,@*(TM)),

vyhere L€ — g’g is the inclusion. Since &; has codimension one inside of
&, using (4.7) and additivity of the Fredholm index by composition, we see
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that that
ind D =ind Dz — 1+ 1 = ind Dj.

In other words, the process of restricting to B(A~,A™) C [;’(A*,A*) and
then considering the image as lying inside £ instead of & make no difference
to the index (we just add and subtract one). Nevertheless, as far as transver-
sality is concerned working in this functional setting is important, since we
will see that O is generically transverse as an operator B(A~,AT) — &, but
it is not generically transverse as an operator B(A‘, AT) — E.

Let us now show that Dy is a Fredholm operator of index

(4.12) ind Dg = (A7) — p(A") —dim AT,

This is by now a standard computation, compare [BM04, Proposition 4] or
[Sch95]. Let us write T'*, '+, and ©F for the corresponding symplectic paths
associated to the orbits % defined in . In the trivialisations specified
above, the operator Dj is of the form

(4.13) s + Jns10; + S,

where S : R x T — Mat(R2"*2) is a matrix valued path. Here J,,11 is defined
as in (4.1}, and the limits ST := lims_,1., S(s,-) exist and are given by

~ -1

S*i=—Jn1- 005 - (7).

Using the decomposition (2.11]), we can write S* in block diagonal form:
B* 0
+ _

(4.14) S+ = < 0 Ot > )
where

B* = —J,_y-aT% - (T5) 7L

CF = T 8,0% - (%),
One checks directly that

0 0 0 0
ct_| 0 —7ER(1) -0  KW(1)

10 0 0 0
0 0 0 —hr'(1)
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Going back to , since the matrices ST are not bijective, the op-
erator Dy will not be Fredholm when defined on the unweighted Sobolev
spaces. However considering Dy instead as being defined on the weighted
Sobolev spaces is equivalent to considering the perturbed operator D;" on
the standard unweighted Sobolev spaces, where D2V looks like

O + Tns10; + (ST F 6Ionpo).

on the ends. Since (for § sufficiently small) the matrices ST F 6o, 40 are
bijective, we can now apply the standard Fredholm theory from [Sch95] to
see that D2V (and hence also Dy) is Fredholm of index

Hrs(rg) - NrS(Fta)a

where
T's:[0,1] — Sp(2n +2)

denotes the path of symplectic matrices corresponding to ST F 612,42, so
that

atrlzst(t) = j\n—i-l (Si + 5I2n+2) th(t)a F(:st<0) = 12n+2-

To complete the proof we need only relate the Robbin-Salamon indices of
the paths I‘f;t with the unperturbed paths I'*.

Let us drop the +’s for clarity. So we consider a single path I': [0,1] —
Sp(2n + 2) with corresponding matrix S = —J,1 - &' - T~!, and denote by
I's the corresponding path with S replaced by S — d12,42. We claim that
for |§] sufficiently small,

(4.15) e(T's) = 1as(T) — (sgn 5)% dim A.

This is particularly transparent when the component A has dimension ex-
actly 2 (this corresponds to the case where the underlying Reeb orbit is
transversally non-degenerate), and for simplicity here we consider only this
special case. In this case the matrix B in is bijective, and thus for § > 0
sufficiently small the only change in the Robbin-Salamon index will come
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from the © factor. We have already computed in (2.12]) that the Robbin-
Salamon index of the unperturbed path (i.e. 6 = 0) is given by

1 Th"(1) A'(1) \ _
:urs(@) - _§Sgn ( h,(l) 0 = 0.
The new path ©; solves the equation

©s : [0,1] — Sp(4), 8195 = Jo(C — 514) Oy, 05(0) = Iy,

and one has )
prs(©s) = prs(©) — 558 0l = —sgnd.

Thus (4.15]) follows, and hence so does (4.12)). This completes the proof of
Theorem [4.1]

4.2. Transversality on the extended phase space

In this section we show that transversality can be achieved for the spaces
C(A~,A™) of cascades from Proposition which are used to define the
boundary operator. In the next section we show how similar arguments
allow us to achieve transversality in Rabinowitz Floer theory.

Recall the definition of the space J of almost complex structures which
are defined at the beginning of Section and of its subset Jon C J, which
is introduced below equation .

In [FHS95], Floer-Hofer-Salamon introduced the notion of a regular point
of a solution of the Floer equation. These are defined as follows. Suppose
@:R x T — M is a solution of , and suppose that

. ~ N st
i s, ) =25

Then a point (s,t) is regular if

Ostu(s,t) # 0, (s, t) # (1), a(s,t) #a(s',t), Vs eR\{s}

In [FHS95, Theorem 4.1] the authors proved that the set R(@) of regular
points is an open dense subset of R x T, and this proof carries over di-
rectly to our setting. We remark that in the entire paper [FHS95|, there
is a standing assumption that the symplectic manifold is compact and the
asymptotes are non-degenerate. Nevertheless, these assumptions were not
used in the proof of [FHS95, Theorem 4.1], nor in any of the other results
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we quote from [FHS95] below. Regular points play a crucial role in obtain-
ing transversality for solutions of the Floer equation without needing to use
s-dependent almost complex structures. See [FHS95. p269].

Since we insist that our complex structures .J; are of the form ,
where J belongs to Jcon, the resulting deformation space used to obtain
transversality is smaller than one would like. The difficulty lies not in the
fact that J is independent of t and 7 and of contact type outside My, because
Floer cylinders are contained in My x T*R, but rather in the rigidity of
the form , and in particular in the fact that no dependence on o is
allowed. Because of this, we will need a slightly stronger result: namely that
the set of regular points for the two components (u,n) of a gradient flow
line @ = (u,(,n) is open and dense in the set of points (s,¢) such that the
Osu(s,t) # 0. This should be compared to [BO10), Proposition 4.3], where a
similar enhancement of the results from [FHS95|] was required. Here are the
precise details:

Definition 4.3. Let @ = (u,(,n) : R x T — M denote a solution of (T.9)),
and suppose that

Sgglooﬂ(s, )= = (x0T
We denote by
Os(u,n)(s,t) #0,
R(u,n) = (s,t) ERxT (u(s,t),n(s, 1)) # (a=(t),7),
(u(s,t),n(s,1)) # (u(s',),n(s',1)) Vs € R\ {s}

Theorem 4.4. Assume that Ost is not identically zero. Then the set R(u,n)
is an open dense subset of the non-empty open set {(s,t) | dsu(s,t) # 0}.

The proof of Theorem 4] is given at the end of this section. For now,
we will see how Theorem [£.4] allows us to achieve transversality for the
space of gradient flow lines with cascades. Standard arguments show that it
suffices to show that the space of gradient flow lines with zero cascades can
generically be assumed to be a transverse problem. In order to state this
result precisely, let us temporarily complicate our notation. Given J € Jeon
and two distinct components A* C crit A 77 let us write Mj(A~, AT) for the
space of solutions of that satisfy lims_ 100 U(s, ) € A=,

reg

Theorem 4.5. There exists a residual subset Jeon C Jeon Such that if J €
Jeos then for every pair A= # AT of components of crit Ag, the spaces
Mj(A~,AT) are all smooth manifolds.
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Proof. Given ¢ € N, we define J%  in exactly the same way as Jeon, only
instead of requiring J = {Ji(-,7)}¢,r)er-xT t0 be of class C>°, we require
only that J is of class C*, and we replace condition (1.5 with

(4.16) suﬂg | e (-, 7)|lce < 0.
TER~

The space J* is defined similarly. Unlike Jeon, the space J%, admits the
structure of a Banach manifold for all £ € N. We will use the notation from
the previous section, apart from the fact that the section 0 from will
be now denoted by 0y, since now J will be allowed to vary. Consider the
extended section

F:BA AN x T =& F(a,J) = d;(u)
Explicitly,

B Osu + Ji(u,n) (Oru — nXp(u))
o(i,J) :== 0s¢ — O ;
8877 + 8t€ - H(u)

where we have written @ = (u, , 7). As usual, the main step in the proof is to
show that the extended section F has the property that F~1(0) is transverse
to the zero section, and thus that the universal moduli space F~1(0) carries
the structure of Banach manifold. Equivalently, we must show that for every
zero (u,J) of F, the vertical derivative Dy j of F, which is a map

Daﬁ] : TQB(Af,AJr) X TJJK — &,
is a surjective operator. Recall that
TaB(A™,AY) = WiP(R x T, a* (T M)) x RUm A +dim AT=1,

We identify the tangent space T 1 7L, with the space of C*-maps Y : T —
I'(End(T'M)) of the form

Vi#) = (Yt(g”) 8) . V(hi=(z,0,7) €T x M,

where Y : T x R — I'(End(T'M)) satisfies

w(Yu,v) +wu,Yv) =0, Yu,veTM,
Je(x, )Ye(x, 7) + Yi(r,2)Je(T,2) =0, V(t,7,2) € T x R* x M.
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and finally such that Y;(z,7) =0 for x € M \ My, and

(4.17) sup ||Yi(+, 7)||ce < 400.
TER*

It suffices to show that the restriction of D 7 to Wél’p(]R x T, a*(TM)) x

Ty JE,, is surjective. Continuing to denote this restriction by Dj j, it can be
written as

(4.18) Day(,¢,7,Y) = Da(i, ¢, 1) + Fas(Y),

where Dy = th|W51"’(R><11' a-(T ) 18 the restriction of the operator from (4.10)),

which in this case sends a tangent vector (1, ¢, 1) to

3¢ — Oy

( Vst + Ji(u,n) (Ve = 0V Xu(u)) + (Vad +70yJ) (0w — nXn(w)) — 0Je(u, ) Xn(u) )
Osi) + ¢ — dH (w)[a] |

and the map F, j is defined by

Ye(u, ) (0w — 1 X g (u))
FiLJ(?) = 0 for Y/ = <1(; g) .
0

We already know from Corollary that the Floer operator Dy is a Fred-
holm operator. Thus the range of Dy is closed, and we need only prove that
it is dense. Fix ¢ > 1 such that 1/p 4+ 1/q = 1. The dual space (Ez)* is given
by

(w,€,p) € (€x)" = LY 5(R x T, (TA)) / {(0,¢,0) | € R}

where (0, ¢,0) € L% 5(R x T, @*(TM)) denotes the constant sectio and the
pairing LY x L? ; — R is given simply by integration (without weights).

To complete the proof we must show that if (w, &, p) € L% s(Rx T, @*(TM))
has the property that for all (4, ¢on, Y) e Wél’p(R x T, a*(TM)) x NN

"Note that the constants belong to L7 s(R x T,a*(TM)), thanks to the negative
weight.
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one has

(1

/RXT< UJ(ag Y), (w7§,p)>j{(~) dsdt =0,

then w and p are identically zero and ¢ is constant. Firstly, taking Y =0,
we see that (w, &, p) is a weak solution to the equation

(4.19) D (w,€,p) = 0.

Since the formal adjoint operator D is again a first order elliptic operator
with coefficients of class C¢, we see that (w, &, p) is in fact a classical solution
of (.19) and is itself of class C*. Define

Q= {(s,t) € R(u,n) | u(s,t) ¢ crit H}.

Since A~ # AT, the set R(u,n) is open and dense in the open non-empty set
of points {(s,t) | dsu(s,t) # 0} by Theorem Moreover since ¥ = H~1(0)
is a regular energy level set and lim,_, + o u(s, ) € X, it follows that 2 is again
an open non-empty set. Note also that since we assume H is constant on
M\ My, one has M\ My C crit H, and thus we are free to perturb J on 2
(recall outside of My all elements of J£  are required to depend only on
and be of contact type). We will now prove that on © both w and p vanish
and £ is constant.

First we check w = 0 on ). Suppose for contradiction that there exists
(s0,t0) € © such that w(so,to) # 0. Set p := u(so, to) and T := n(so, to), and
choose a map Y, : T, M — T, M such that J; (T, p)Y, + Y,Ji, (T, p) = 0, and
such that wy(Ypu,v) 4+ wp(u, Ypv) =0 for all u,v € T,M, and finally such
that

wp(Yp(‘)Su(so, t()), w(So, to)) > 0.

See for instance [SZ92, p1346] for an explicit construction of such a Y. Now
choose an element Y € T; 7%, such that

Y (to, @(s0, to)) = (Sg) 8)

Since (so,%0) belongs to R(u,7), one can choose a smooth function 8 : T x
M x R* — [0, 1] such that if ¥; € T37L,, is defined by

ffl,t(j) = 6(757%'77—)};;5('%)7 V(t,i’ = (I‘,U, T)) €T x Mv
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then

(4.20) /R . (Faa(h). (w,6.p)) . dsdt >0

(1)

(see [FHS95, Remark 4.4]). This is a contradiction, and hence w vanishes
on  as desired. Now suppose u € W;’p(R x T,u*(T'M)) is supported in €.
Then from what we have already shown,

/ (Dg(u,0,0), (w,&, p)>j dsdt = —/ p(s,t) - dH (u(s,t))[u(s,t)] dsdt.
RxT Q

Since u~!(crit H) N Q = 0, it follows easily from the previous equation that
if there exists (s1,%1) € Q such that p(s1,¢1) # 0 then for a suitable choice
of 4 one can make

/ (Dg(u,0,0), (w,ﬁ,p)>jt(ﬂ) dsdt > 0.
RxT

Thus p also vanishes on €. It then follows from (4.19)) that £ is constant on 2.

We now complete the proof that the operator is surjective. Sup-
pose £(s,t) = c for all (s,t) € Q. Then (w,& — ¢, p) is another solution of
which vanishes on €. Since (w,{ — ¢, p) has the unique continuation
property [FHS95| Proposition 3.1], it follows that w =0, £ = cand p =0 as
required. The remaining details of the proof are absolutely standard, and
use the usual Sard-Smale theorem and an argument due to Taubes in order
to pass from residuality in C* to residuality in C°°. We refer the reader to
[MS04, proof of Theorem 3.1.5.(ii)] for a detailed exposition. O

It remains to prove Theorem Given a flow line @ = (u,(,n), in the
forthcoming arguments it is convenient to abbreviate the two components
(u,m) by v. Thus v : R x T — M x R*. We will also use the notation

C(v) :={(s,t) e Rx T | dsv(s,t) =0}.

Remark 4.6. Standard arguments [FHS95, Lemma 4.1] tell us that the
set of points {(s,t) | dsu(s,t) = 0} is a discrete subset of R x T. In general
this will not be true for the set C(v). Nevertheless it is not difficult to
show that the set C(v) has non-empty interior in R x T (compare [BOI0,
Proposition 3.3]), and in fact one can even prove the stronger statement
that the set {(s,t) | dsu(s,t) = 0} has non-empty interior in the open set
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{(s,t) € R x T | u(s,t) ¢ crit H}. However we will not need this result in
the proof of Theorem

It will also be convenient to use the following notation. Given s € R and
h >0, let In(s) := [s — h, s + h]. Similarly given ¢ € T we denote by Ij,(t) :=
[t — h,t + h], which for 0 < h < 1/2 defines a proper arc in T = R/Z. Finally
we write Y, (s,t) := Ip(s) x I(t). We will need the following lemma in the
proof of Theorem [4.4] which is a minor variation of [FHS95, Lemma 4.2]
(compare also [BO10, Lemma 4.5]).

Lemma 4.7. Suppose tg and 61 are two solutions of the Floer equation
(1.9), defined on Ip,(so) x T for some hg > 0. Write u; = (uj,(j,m;), and
abbreviate vj := (uj,n;). Suppose there exists to € T such that

(4.21) ’UQ(S(), to) = ’Ul(So, t()),
and
(4.22) 85u0(30, to) 7é 0, 351)1(80, t()) 7é 0.

Assume in addition that for all 0 < h' < hg there exists 0 < h < h' such that
for all (s,t) € Yp(so,t0) there exists s' € I (so) such that

(4.23) vo(s,t) = vi(s',t).

Then in fact vg = vy, and hence ug and 41 agree up to a constant shift in
the R-direction.

Proof. Tt follows from (4.22]) that there exists h' > 0 such that for all 0 <
h < B’ sufficiently small, both of the maps

I1,(s0) > s — {uo(s,t),

Vit e I(tg),
(s, 1), fo)

are embeddings. Moreover by assumption there exists h < h’ such that for
each t € Iy (tg) there is a well defined smooth map

P (i) ovo(-,t) = In(so) — In(s0),

and for h” < h’ small enough it holds in addition that for all h < h” one has
so € im(t)y) for each t € Ij(to). The implicit function theorem allows us to
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invert 1, obtaining a map
0 = ()"t Inv(s0) — In(s0).
These maps 6; piece together to define a map
0 : Yy (so,to) = Yn(so,to)
of the form 6(s,t) = (¢(s,t),t). Thus for all (s,t) € Yy (so,t), one has

v1(s,t) = vo(o(s,t),1).

We now apply this to the equation dsui + Ji(u1,m)(Orur — mXpm(u1)) =0
to obtain
0 = dsur + Jp(ur, m)(Opur — m X (ur))
= 051 ()95 + Ji(uo(0),n0(0))dsuo(0)
+ Ji(uo(8),70(0))(9ruo(8) — 10(6) Xa (uo(6)))
=—Ji(u0(6),10(6))0so(0)
= 05u0(0)(0s¢ — 1) + Ji(uo(0),10(6))9suo(0)Or9.

By assumption Osug(f) # 0, and hence the vectors Osug() and J¢(uo(6),
10(0))0sup(6) are linearly independent. This implies 0s¢ = 1 and 0y¢ = 0.
Since ¢(sg,tg) = so, we see that ¢(s,t) = (s,t) for all (s,t) € Yy (so,t0).
Thus vg = v1 on Yy (so,tp). It now follows directly from the Floer equa-
tion that there exists a constant ¢ € R such that (i(s,t) = (o(s,t) + ¢
on Yy (so,to). Finally, define iy : I,(so) x T — M by

ta(s,t) = (ui(s,t),Ci(s,t) — e, mi(s,t)).

Then 4 and @y are both solutions of (1.9)) that agree on Yy~ (sg,to). By
unique continuation [FHS95, Proposition 3.1] it follows that @y = 1y on all
of In(sp) x T. This completes the proof. O

We now prove Theorem The proof is very similar to the proof of
Theorem 4.3 in [FHS95], however there are some minor but important dif-
ferences, and hence for the convenience of the reader we give a complete
proof.

Proof of Theorem[]4 Fix asolution @ = (u,(,n) : R x T — M of (1.9), and
let #* = (z%,0%,7%) denote the asymptotes of @i. Abbreviate v = (u,n).
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First note that since by assumption Os@ is not identically zero, the set
{(s,t) e R x T | Osu(s,t) # 0} is a non-empty open set.

Let us first check that R(v) is open. It is clear we need only exclude the
following situation: the existence of a sequence (sg,tr) € R x T converging
to some (sg,tg) € R(v), together with another sequence s). # sj such that
v(sg, tr) = v(s), ty) for each k. Since dsv(so,to) # 0, there exists h > 0 such
that for all ¢ € I}, (o), the map s — v(s,t) is an embedding for s € Ij(so).
Thus for all k sufficiently large the map Ij(sx) 2 s +— v(s,t) is also an
embedding. If (up to a subsequence) we had s}, — 00 one would obtain
v(s0,t0) = (2% (to), 7F), contradicting the fact that (sg,%p) € R(v), and sim-
ilarly if s}, — so then one would have s} € I(sy) for all k sufficiently large,
which contradicts the fact that Ij,(sg) 2 s — v(s, t) is an embedding. Thus
up to passing to a subsequence, we may assume that sgg — 56 € R for some
s( # so. But then v(sg, to) = v(sp, to), which contradicts the assertion that
(so0,to) € R(v). Thus R(v) is open, as desired.

We now prove that R(v) is dense in {(s,t) € R x T | Osu(s,t) # 0}. Fix
(so,to) € R x T such that dsu(sg,t9) # 0, and fix h > 0 such that dsu is
never zero on Y (So,to), and such that for all ¢ € Ij,(¢g), the map Ip(sg) 2
s+ u(s,t) is an embedding. The proof will be accomplished via a sequence
of claims.

Claim 1: Every such point (sp,%y) can be approximated by a sequence
(sk,tx) such that v(sy,tr) # (2 (t), 75).

Proof of Claim 1: Take s =so+1/k and t =to. If v(sg,tx) =
(x%(t), 7F) for all k then necessarily we have 9,v(so,to) = 0, which con-
tradicts the assertion that dsu(so,to) # 0.

By the claim we may therefore assume that without loss of generality
for all (s,t) € Y3, (s0,t0), one has v(s,t) # (x%(t), 7). Assume now for con-
tradiction there exists 0 < ¢ < h such that Yz(so,t0) N R(v) = 0. Thus for
all (s,t) € Yz(so,to) there exists s’ # s such that v(s',t) = v(s,t). Arguing
as in the proof above that R(v) is open, we see that there exists a uniform
T > 0 such that any such s satisfies |s'| < T

Claim 2: There exists a sequence s — so such that if s’ # s satisfies
v(s', to) = v(sk, to) then (¢',tg) ¢ C(v).

Proof of Claim 2 (Following [BO1(, p1206]): We may choose a chart U C
M x R around v(Yz(sg, %)) of the form I.(sg) x R?", such that (expressed
in this chart), the map v : V := v~ }(U) — I.(s9) x R*" is given by (s,t)
(f(s,t),9(s,t)), where the restriction of f to Yz(sg,tp) C V is simply given
by f(s,t) = s. Define m(s) := f(s,t9). Thus if (s,tg) € V belongs to C(v)
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then m/(s) = 0. In particular this is true for s € I.(sp). Thus
{s € I.(s0) | 3(s',t0) € VN C(v) with v(s',t9) = v(s,to)} C Spec(m).

The set Spec(m) of critical values of m is nowhere dense by Sard’s Theorem.
This proves the claim.
Replacing so with s; for k sufficiently large, we may therefore assume
that for each s’ € R such that v(s',ty) = v(so, to), one has (¢, t9) ¢ C(v).
Claim 3: After shrinking ¢ if necessary, we may assume that

V(s,t) € Ye(so,t0), Vs €R, (s, t) =v(s,t) = (s,t) ¢ C(v).

Proof of Claim 3: If this failed then we could find a sequence (s, ;) con-
verging to (sg,tp) and a sequence (s}) such that s is bounded away from
so, and such that (s),t;) € C(v) and v(sy,t;) = v(s},tx) for all k € N. As
above, such a sequence (s},) is necessarily bounded, and hence up to pass-
ing to a subsequence we may assume s — s # So. Then (s{, to) € C'(v) and
v(s(, to) = v(s0, to), which contradicts the line immediately before the claim.
For any (s,t) € Yz(so, to), there are certainly at most finitely many points
s" € R such that v(s,t) = v(s,t). Indeed, if not then there would exists an
accumulation point s” of such s’ (since as we have already noted, all such s
are uniformly bounded). Then we would have v(s,t) = v(s”,t) with (s”,t) €
C(v), which contradicts the last claim. Therefore let us let s1,..., s, denote
the finitely many points such that v(s;,to) = v(so,to) for j =1,...p.
Claim 4: For any § > 0 there exists v > 0 such that if (s,t) € Yas (s0, to)
then there exists 1 < j < p and (s, t) € Y5(sj,t0) such that v(s,t) = v(s,1).
Proof of Claim 4: If the claim failed we could find § > 0 and a sequence
(Sk,tk) = (S0, to) such that v(sy,tg) # v(s',tx) for all 8" € I5(s;), for all 1 <
J < p. Since by assumption for all k there exists some s} € [-T,T] such
that v(sg, tx) = v(s),tx), by taking a limit we find a point s;, distinct from
S1,...,Sp such that v(sp,to) = v(so,to). This is a contradiction.
This implies that for v > 0 sufficiently small,

~(s0,t0) = U

Jj=1

bS]

where

Vi = {(s,t) € Ys(so,t0) | 3(s',t) € Yi(sj,t0) with v(s',t) =v(s,t)}.
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By the Baire Category theorem, at least one of the sets V; has non-empty
interior. Let us suppose V{° # 0. Fix (3,%) € V°, and let (31, t) denote the
unique point in Yj(sy,to) such that v(3,1) = v(sl, ) Choose 0 < ¢§' < 6 such
that Yy (31,%) C Ys(s1,t0) and choose 0 <4 <~ such that Y./ (8,) C V3.
Then by assumption, for all 0 < k' < §’, there exists 0 < h < 7/ such that for
all (s,t) € Yj,(8,%), there exists (s,t) € Y3/ (81,%) such that v(s,t) = v(s',t).
Thus if we define vy(s,t) :=v(s+ § — §,t) we may apply Lemma to
obtain v = v1 on all of R x T. But then for any (s,t) € R x T, we have

v(s,t) = lim v(s+ k(3 — 8),t) = (x5 (1), 75),

s—+oo

which contradicts the fact that dsv is not identically zero. 0

Remark 4.8. Note that this proof continues to work if our map 4 is only
defined on a half-cylinder R* x T. Thus for such a map @, if d,4 is not
identically zero then the set R(u,n) is an open dense subset of the non-
empty open set {(s,t) € R x T | dsu(s,t) # 0}.

4.3. Transversality in Rabinowitz Floer homology

In this section we show how transversality can be achieved in Rabinowitz
Floer homology using almost complex structures J € Jeon. The starting
point is again the following analogue of the definition of a regular point.

Definition 4.9. Let v = (u,n) denote a solution of (2.3)), and suppose that

imu(s, ) = 45() = (@), 7).

We denote by

Osu(s,t) #0, 0sn(s) #0
R(v) =4 (s,t) eRxT v(s,t) # j:i( )
v(s,t) Av(s,t) Vs e R\ {s}.

Then the following result holds. The proof is almost word-for-word iden-
tical as the proof of Theorem and so we will not give it here. It is also
very similar to the proof of [BO10, Proposition 4.3].

Theorem 4.10. Assume that Osu is not identically zero. Then the set R(v)
is an open dense subset of the non-empty open set {(s,t) | dsu(s,t) # 0}.
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As in the previous section, we will now use Theorem to deduce the
following result. Given J € J.on and two components K~ # K of crit Ay,
let us denote by Mpp (K, KT) the space of solutions v = (u,n) of
whose asymptotic limits belong to K*.

Theorem 4.11. There exists a comeagre subset jc%g T Jeon Such that
if J e TSI then for every pair K= # K+ of components of crit Ay, the
spaces My(K~,K™) are all smooth manifolds.

The functional setting we work in is similar to the previous section.
Let B(K~, K*) denote the space of maps v = (u,n), where u: R x T — M
and 7: R — R, and such that v is locally of class WP (for some p > 2),
lim, 400 v(s, ) € K*, and finally such that v belongs to Wg’p in local charts
near the asymptotes (i.e. the analogue of holds). Let £ — B(K—, K™)
denote the Banach bundle whose fibre over v is given by

Ev=LER x T,u*(T'M)) ® LY(R,R),
and consider the map
F:BEK ,KT)x JE, — &,

given by

o as“"‘ Jt(“ﬂ?) (8tu_77XH<u))
F(u,m,J) = < Osn — [o H(u) dt )

As before, we need to show that for every zero (v,J) of F, the vertical
derivative D, j of F, which is a map

Dyy:T,B(K~,K") x T1J" — &,
is a surjective operator. We can identify
T,B(K™,K*) = Wy P(R x T,u*(TM)) x Wy P(R,R) x RUImK +dim K7

and this time we identify 737%, with the space of C* maps Y : T x R —
['(End(T'M)) satisfying

w(Yu,v) +wu,Yv) =0, Yu,veTM,
Ji(z, 7)Yi(x,7) + Yi(r,2) e (T,2) =0, V(t,7,2) € T xR x M.



344 A. Abbondandolo and W. J. Merry

and finally such that Y;(z,7) =0 for x € M \ My, and

sup | Y;(+, 7)[lce < +o0.
TER

As before, it suffices to show that the restriction of D, ; to W51 P(R x
T,u*(TM)) x W;’p(R,R) x Ty JL, is surjective. Continuing to denote this
restriction by D, j, it can be written as

DU,J(ﬂv 777 Y) = -D’U(ﬂ7 TA}) + FU,J(Y)v
where D, is the operator which case sends a tangent vector (u,7) to

( Vst + Je(u,n) (Vits — nVaXp(w) + (Vad +70,0) (0w — nX () — 7T (w,7) X a (w) )
sy — [ dH (w)[a] dt ’

and the map F;, ; is defined by

— ( Yelw,n)(Ou —nXp(u))
Fp3(Y) = ( 0 H > .

The operator D, is Fredholm, and hence its range is closed. As above, it
therefore suffice to show that the annhilator of its image is zero. Fix ¢ > 1
such that 1/p+ 1/q = 1. The dual space (&,)* is given by

(&) = Lq_é(R x T,u*(TM)) x L‘Z_(;(R,R).
We must show that if (w, p) € (£,)* has the property that for all (4,7,Y) €
WP (R x T,u*(TM)) x Wy P(R,R) x Ty J%,, one has

/ (Do,3(@,9,Y), (w,)) 5, 4y d5dt =0,
RxT

then w and p are identically zero. Taking Y = 0, we see that (w, p) is a weak
solution to the equation D} (w, p) = 0, and hence by elliptic regularity they
are of class C*. Define

Q= {(s,t) € R(v) | u(s,t) ¢ crit H}.

Since K~ # KT, the set R(v) is open and dense in the open non-empty set
of points {(s,t) | dsu(s,t) # 0} by Theorem [4.4} Moreover since &> = H~'(0)
is a regular energy level set and lim,, i u(s, ) € X, it follows that € is
again an open non-empty set. Note also that since we assume H is constant
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on M\ My, one has M\ My C crit H, and thus we are free to perturb J on
Q (recall outside of My all elements of J.  are required to depend only
on x and be of contact type). Finally, arguing exactly as in the proof of
Theorem [4.5] we see that on 2 both w and p vanish. This completes the
proof.

4.4. The index of the hybrid problem

In this Section we compute the index of the hybrid problem Mg (K;A) used
to define the chain map ® : RF(H, f) — F(H, f).

Theorem 4.12. The space Mg (K;A) has virtual dimension
dim Mg (K;A) = p"(K) + dim K — u(A).

Proof. The proof of the above result uses the fact that the coupling condition
(2.17) and (2.18) can be seen as a Lagrangian boundary condition for the
map

w: (00,0 x T — M x M x T*R,
w(s,t) = (u_(s,t),u+(—s,t),C+(—s,t),n+(—s,t)) )

Indeed, the tuple (v, n~,u*, (", n") belongs to Mg(K;A) if and only if w
satisfies a Floer-type equation with respect to the symplectic form w x (—@)
coupled with an ODE for n~, together with the boundary condition

(4.24) w(0,t) € Ay x R x {n~(0)},

which is of Lagrangian type, and suitable asymptotic conditions. By this
observation, the proof that Mg (K; A) is a Fredholm problem becomes stan-
dard and we do not present it here. Nevertheless, the index computation is
complicated by the coupling of the Floer-type equation for w with the ODE
for n~. Previous arguments |[CF09, BO13, MP11] for computing the index
for Rabinowitz Floer problems have all made use of the spectral flow, and
as such do not immediately apply in the situation we work with here, since
our maps are defined on half-cylinders.

We will compute the index in the more difficult case where K # ¥ x {0}
is not the set of constants. The case K = X x {0} is easier and left to the
reader. Moreover to slightly simplify the calculations that follow we will
assume that the component K is diffeomorphic to T, and in addition that,
writing K = {(z(t +r),7) | r € T}, K is transversally non-degenerate, which
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means that the algebraic multiplity of the eigenvalue 1 of d¢% (z(0)) is ex-
actly two.

As a first step, note that as far as the index computation is concerned,
the precise form of the coupling condition (2.18) is unimportant. Indeed,
given k € R, instead of requiring that ([2.18)) holds, we could instead require
that

kn~(0) =n7(0,1), VteT.
Any two such choices of k give rise to homotopic Fredholm problems, which
therefore have the same index. In particular, we may take x = 0. This means

that 77 (0) is now a free boundary condition, and the loop w(0, ¢) from (4.24))
belongs to the standard Lagrangian subspace

(4.25) w(0,t) € Ay x R x {0}.
Let us begin by formulating an appropriate local model for the problem. Let
S e Wh™((—o0,0] x T, L(R*"*2))

denote a path of matrices extending to the compactification [—oo,0] x T in
such a way that

lim esssup  (|0s5(s,t)| + [0:S(s,t) — 0:S(—00,t)]) = 0.

Sp—>—00 (S7t)€(foo,so)><'ﬂ‘
Assume in addition that the limit matrices S(—o0,t) can be written as
S(—oo,t) = (Sl (t), S2(t)) € Sym(Rgn) X Sym(R2n+2)_

We denote by W7 and Wy the corresponding symplectic paths Wi : [0,1] —
Sp(2n) and Ws : [0, 1] — Sp(2n + 2), defined by

(t)Wl(t)’ WI(O) = Ip,

Wi(t) = Jn
= (=Jn+1)S2()Wa(t),  Wa(t) = Iny1.

S1
Ws(t) In

Denote by (W) € %Z the Robbin-Salamon index of these paths. Next,
let B3 € Wh®°((—o00,0] x T,R?") denote a vector-valued path extending to
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the compactification [—oo, 0] x T in such a way that

lim esssup  (|0s8(s,t)| +10:6(s,t) — 0 B(—00,t)|) = 0.

50790 (5,1)€(—00,50) X T
Define A; := jnﬁt + 51, viewed as an unbounded linear operator
Ay WH2(T,R?™) — L*(T,R*"),

and abbreviate 5~ (t) := 5(—o0,t). Given a number ¢ € R, we say that the
tuple (A1,¢,87) is regular if B~ € W12(T,R?") Nrange(4;), and if v €
WL2(T,R?") is any vector such that Ajv = 87, then the real number

(4.26) A, B~ = /T<v(t), B(t))dt #c

is not equal to c. This definition was introduced in [MP11l, Definition 2.1]
and is a minor variation on the earlier definition given by Cieliebak and
Frauenfelder in [CF09, Definition C.3]. The number Ay, g- is well-defined
since A; is self-adjoint, see [MP11] Definition 2.1]. We assume that the tuple
(A1,0,57) is regular. This guarantees the operator D we write down below
in is a Fredholm problem, see [CF(09, Appendix C].

Let ¢:R?" < R*+2 denote the inclusion «(x) = (x,0), and let 7 :
R4+2 5 R2" denote the projection onto the first 2n coordinates. Fix r > 2
and let

WA mxo((—00,0] x T, R4"*2)
- {w € WH((—00,0] x T,R*™2) | w(0,) € Agen xR x {0}} ,
where the ¢ indicates that we are working with weighted Sobolev spaces (as

our asymptotic operators will not be bijective). With these preparations out
the way, the approrpriate local model for our problem is the operator

D : Wi ipyo((—00,0] x T,R¥™2) x Wi ((—00,0], R)
— Lg((—OO, 0] X T7R4n+2) X Lg((—O0,0],R)

given by

w\  (Osw+ JOw + Aw + i3
(2.2 D ()= (Pt et ).

More precisely, the linearisation of the problem Mg (K;A), when viewed in
a suitable symplectic trivialisation, takes the form (4.27). The fact that in
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such a trivialisation the tuple (A1,0,57) is regular is explainedﬂ in detail
in [MP11], Section 2.4]. In fact, since we are working with a hypersurface
of restricted contact type, one can always choose the trivialisation so that
the number A4, g- from has the same sign as 7, see the discussion on
[MP11l p95], although we will not need this.

The idea now is to homotope the operator D from into a new
operator of product form (w,n) +— (D'(w), D"(n)), i.e. one for which the
equations are decoupled. Let us define S := Jop119: + A and

B: Wy ((—00,0] x T,R*"*2) — W' ((—o0,0],R),
B(w) ::/T<7row,ﬂ> dt,

so the the operator D from (4.27]) can be concisely written as

_ S B
pear(S )

We will consider a homotopy {Dg}ge(o,1] of operators of the form

S (1-6).8
Do =0+ ((1 —0B (6 ) /

where ¢ : [0,1] — R satisfies ¢(0) = 0. The operators Dy are all Fredholm of
the same index, provided the tuple (A1, c(0), (1 — 6)57) remains regular in
the sense of [MP11], Definition 2.1]. In other words, we must choose ¢(6) so
that

A, (1—0)s- # ¢(0), VO €[0,1],

where the real number A4, (1_g)g- is defined as in (4.26)). Since we assumed
our original tuple (Aj, 0,57 ) was regular, such a choice can clearly always

2The only reason we have assumed that K is transversally non-degenerate in the
exposition here is that this is a standing assumption in [MPII]. As far as these
results are concerned this is a completely unnecessary restriction, and proofs in
the general case can be found in [CEQ9, Section 4], albeit with a slightly different
formulation.
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be made. Moreover one readily sees that
(4.28) sgnc(l) =sgnig, g-.

The final operator D is given by

(4.29) Dy <7;‘7’> = (851”;_{8;(1‘11; Aw) ,
and hence

(4.30) ind D; = ind D’ 4 ind D",
where

D' Wik pxo((—00,0] x T,R*™2) — Li((—00,0] x T,R*"*?),
D'(w) := 8w + Jont10pw + Aw,

and

D" : W' ((=00,0],R) = L"((—00,0],R),
D"(n) =1 +c(1)n.

The index of D’ is given by
(4.31) ind D' = pus(W1) — 2v(Wh) + s (Wa) — sv(Wa) + k,

where the correction term k is determined by the boundary condition (4.25),
and

v(Wy) = dimker(W; (1) — I,,), v(Wa) = dimker(Wa(1) — Ipi11).

Note that the assumption K is transversally non-degenerate translates im-
plies that v(W;) = 1. The correction term k is computed in [AS10, Theo-
rem 5.24] to be

m
k=5 -

(dim Wy + 2dim Vp — 2dim Wy N (Vo x Vo)),

| =

where 2m is the dimension of the ambient space M x M x T*R, W, denotes
the diagonal in (R™ x R™ x R)? and Vj is the subspace Ag. x R of R" x
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R™ x R, where Ag~ is the diagonal in R™ x R"™. Since

m=2n+1, dim Wy = 2n + 1, dimVo=n+1,
dim Wo N (Vo x Vo) = n + 1,
the correction term k vanishes. Meanwhile - provided |c(1)| is sufficiently

small, given that we are working with weighted Sobolev spaces - one easily
sees that

(4.32) ndp’ =% >0
1, ¢(1)<o0.

By definition (recall we reversed the maps (u™,(",n") in the definition of
w), one has

(4.33) — 1(A) = pes(Wa) + Jv(W2).

Finally, in this formulation the main result of [MP11, Theorem 1.10] tells
us that

V(Wl), )‘Alﬂ’ > 0,
v(Wi) +1, Aa, 5 <O.

pas(W1)

Putting (4.28) and (4.30)-(4.34) all together, we conclude that

(4.34) i (K) = {H“(Wl) B

N[ N[~

ind D = pu"(K) — p(A) — dim A,
and hence
dim Mg (K;A) =ind D + dim K + dim A = p"(K) + dim K — p(A).
This completes the proof. O

4.5. Automatic transversality at stationary solutions of the
hybrid problem

If the space Mg (A; K) contains no zero-energy solutions then the proof that
generically Mg (A; K) carries the structure of a smooth manifold contains
no ideas not already present in the proof of Theorem and Theorem [4.11
Therefore we omit the details. However we do still need to prove the au-
tomatic transversality result used in Section First we will need the
following simple lemma.



Floer homology on the time-energy extended phase space 351

Lemma 4.13. Suppose & = (z,
peR=R* Let z(t) = (x(t), o,
COO(T,R), if we define w(t) = (v

7) € crit Ag. Let v € C°(T,x*(T'M)) and
T) for some o € R. Then for any & €
(t),£(t), p) € C>(T, 2" (T'M)) then

& Ap(2)[(v, p), (v, p)] = *A g () [w, w].
Proof. One has
A5 (%) [w,w] = ((V2A5(7)[w], w))
= /Tw(v, Vi + (Vod + pdyJ)a’ — 7V Xp(z) — pXp(z))dt

+ [ ole —an@lupar - [

Now since p is constant, clearly f,ﬂ, p'&dt = 0. Since £ is a loop, fT p&'dt =0
and thus

d*A 7 (F)[w, w] = /Tw(v, Vv + (Vo d + pd,J)z’ — 7V, Xp(z) — pXp(z))dt

p / AH (2)[o])dt = d2 A (2)[(v, p), (v, p)].

Here is the promised automatic transversality result.

Lemma 4.14. Suppose 2= (x,7) € crit f. Let K C crit Ay denote the con-
nected component containing &, and let A = ﬂ,El(K) C crit Ag. Then auto-
matic transversality holds for the problem Mg (&; ). More precisely Mg (Z; )
contains only the stationary solutions,

Mo (2;2) = {(Z, (z,0,7)) |0 € R)} C Mo (K;A),

and if Dy denotes the linearisation of the problem Mg (&; ) at the stationary
solution (Z, (x,0,7)) then the operator Dy is surjective.

Proof. Set & := (x,0,7). We already know that D, is Fredholm of index
zero, and hence it suffices to show that D, is injective. Suppose we are given

v (—O0,0] x T — T:c(t)M7 U : [0,+OO) x T — Tx(t)M7
€:(—00,0] = R, ¢:[0,400) x T — R, n:[0,+00) x T — R*.
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Set
w = (v,§), z=(u,(,n).

Then the operator D, sends (w, z) to the solution of the linear problem:

d d
—w+ V2Ap(2)[w] =0, — 2+ V2A+(2)[z] =0,
oy VOIS0 e gl -
sgrjloow(s) € TxWhyg,(2), SEIJPOO z(s) € T(iﬂ)W_vf(ﬂ-lC (7)),

v(0,t) = u(0,1), forallt € T,

(4.36) £(0) = (0, 1), for all t € T.

Recall that f = f o mx was defined in (1.12)). We must show that any such
solution of (4.35) and (4.36) is identically zero. For this one considers the

function

Then

¢'(s) = —2((VPAg(&)2(s, ), 2(5,-))) ,
o (s) = 4[| V24 4(2)2(s,)||* > 0.

Thus ¢ is convex, and thus either ¢ = 0 or ¢’(0) < 0. Thus either z =0 or
d*A 7 ()[2(0,-), 2(0,-)] > 0.
Exactly the same argument shows that either w =0 or
d* A (2)[w(0,-),w(0,-)] < 0.
Lemma thus implies that w = z = 0 as required. O
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