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The decategorification of bordered
Heegaard Floer homology

INA PETKOVA

Bordered Heegaard Floer homology is an invariant for 3-manifolds,
which associates to a surface F an algebra A(Z), and to a 3-
manifold Y with boundary, together with an orientation-preserving
diffeomorphism ¢ : F' — 9Y, a module over A(Z). We study the
Grothendieck group of modules over A(Z), and define an invari-
ant lying in this group for every bordered 3-manifold (Y, Y, ¢).
We prove that this invariant recovers the kernel of the inclusion
iv : H1(0Y;Z) — H (Y;Z) if H(Y,0Y;Z) is finite, and is 0 other-
wise. We also study the properties of this invariant corresponding
to gluing. As one application, we show that the pairing theorem
for bordered Floer homology categorifies the classical Alexander
polynomial formula for satellites.
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1. Introduction

Heegaard Floer homology is an approach, motivated by gauge theory, to
studying knots, links, and 3- and 4-manifolds, developed by Ozsvath and
Szabo. To a closed 3-manifold Y one associates a graded chain complex
CF(Y') whose chain homotopy type is a powerful homeomorphism invariant
of the manifold. A knot K in a 3-manifold Y induces a filtration on the
complex CF(Y), which in turn leads to knot Floer homology—a bigraded
homology theory for knots. Amongst the many valuable properties of knot
Floer homology, the simplest version, HFK (Y, K ), categorifies the Alexander
polynomial, detects the genus, and detects fiberedness.

The ideas of Heegaard Floer homology were recently generalized by Lip-
shitz, Ozsvath and Thurston to 3-manifolds with boundary ﬂ] The new the-
ory, bordered Heegaard Floer homology, provides powerful gluing techniques
for computing the original Heegaard Floer invariants of closed manifolds and
knots.

We explore the structural aspects of the bordered theory, developing
the notion of an Euler characteristic for each of the two types of modules
associated to a bordered manifold. The Euler characteristics of related Floer
homologies have been shown to be invariants of 3-manifolds. For example,
for a closed manifold Y, the Euler characteristic of HF*(Y) is the Turaev
torsion of Y, and for a knot K in S3, the Euler characteristic of HFK (K) is
the Alexander polynomial Ag(t). For sutured manifolds, Juhdsz developed
a Floer theory called sutured Floer homology M], whose Euler characteristic
has been shown to be a certain Turaev-type torsion function B] In this
paper, we study the Euler characteristic of bordered Floer homology, its
relation to the Euler characteristics of the aforementioned Floer theories,
and its behavior under gluing. -

Bordered Floer homology is a TQFT-type generalization of HF' to man-
ifolds with boundary. To a parametrized surface one associates a differential
graded algebra A(Z), where Z is a way to represent the surface, and to a
manifgli with parametrized boundary represented by Z a left type D struc-
ture CFD over A(Z), or aright As-module CFA over A(Z). Both structures
are invariants of the manifold up to homotopy equivalence, and their derived
tensor product is an invariant of the closed manifold obtained by gluing two
bordered manifolds along their boundary, and recovers CF. Another vari-
ant of these structures is associated to knots in bordered 3-manifolds, and
recovers CFK after gluing.

We study the Grothendieck group of the surface algebra A(Z), and prove
that the image of the above structures in this group is an invariant of the
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bordered manifold. The difficulty in obtaining an interesting invariant lies
in the fact that there is no differential Z-grading on the algebra and mod-
ules. Instead, A(Z) is graded by a non-abelian group G, and the modules
are graded by sets with a G-action. An Euler characteristic which carries no
grading data loses too much information about the manifold, while one car-
rying the full data from G would be harder to define, as well as to interpret
and relate to its sisters in the closed and sutured worlds.

To obtain an invariant with integer coefficients, we define a Z/2 differ-
ential grading m on the algebra and modules, and show that it agrees with
the Maslov grading under gluing.

Suppose M is a right A.-module over A(Z) with a set of “homoge-
neous” generators G(M), i.e. for each generator x there is a unique inde-
composable idempotent I(x) that acts non-trivially (by the identity) on that
generator; suppose N is a left type D structure with a set of “homogeneous”
generators &(N). In Section [ we define a correspondence between inde-
composable idempotents of A(Z) and generators of A*(H1(F;Z)), and maps
h:&(M)— A (H(F;Z)) and h* : §(N) — Hom(A*(H,(F;Z)),7Z) sending
each generator x to the generator of A*(Hy(F;Z)) corresponding to I(z),
or to its dual in Hom(A*(H1(F;Z)),Z). In Section Bl we define a differential
grading m on the algebra A(Z) by Z/2. In Sectiond we prove the following:

Theorem 1.1. Let Z be a pointed matched circle with associated surface
F of genus k.

1) The Grothendieck group of the category of finitely generated Z/2-graded
left type D structures over A(Z) is equivalent to that of finitely gen-
erated left Aso-modules over A(Z), and is given by

Ko(A(Z2)) = A*(H((F;Z2)) = 7%

Moreover, if N is a (finitely generated) left type D structure over A(Z)
with Z/2 grading m, then its image in this group can be computed by

Nl= ) (~1)"@h(a),

z€S(N)

where &(N) is a set of homogeneous generators and h(x), as defined
above, is the wedge in A*(H1(F;Z)) of generators of Hi(F;Z) given
by the set of matched points in Z corresponding to Ip(x) (with order
induced by the orientation of the circle). In other words, [N| counts
generators of N in each primitive idempotent.
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2) Let M be a finitely generated Z./2-graded right Ax-module over A(Z).
Then M induces a homomorphism

[M] € Hom(A*Hy(F;Z),Z)

via the rule
[M]: [N]— [M X NJ.

This homomorphism can be computed by

(M=) ()" ().

zeS(M)

In other words, the Euler characteristic of an A(Z)-module counts gen-
erators according to their grading, and the algebra action on them.

To formulate the behavior of the Euler characteristic under gluing, note
that the tensor product M X N is just a chain complex, and so its Euler
characteristic is an integer. This corresponds to the pairing A*(H(F';7Z)) x
Hom(A*(H(F;Z)),Z) — Z given by a - b — a(b).

Theorem 1.2. Let M be a right Asx-module over A(Z) and N a left
type D structure over A(Z). The Euler characteristic of the chain complex
MXN is x(MX N) = [M]-[N]. In particular, let Y1 and Ys be bordered 3-
manifolds which agree along their boundary, with Heegaard diagrams Hy and
Ho, so that H = Hi Uy Ho represents the closed 3-manifold Y =Y, Uy Y.
Fiz s; € spin®(Y;). Then up to an overall sign

[CFA(Hy,51)] - [CFD(Ha,s2)l =x | €D CF(H.s)

sespin®(Y)
s|Yi=s;,i=1,2

A similar statement can be made when one of the bordered manifolds
is endowed with a knot. For that purpose, we define a second (internal)
grading which behaves much like the Alexander grading for knots in closed
manifolds, and study the Euler characteristic in A*(H(F;Z)) ® Z[t,t7Y],
where t corresponds to the internal grading. One topological significance of
this new invariant is that it recovers the Alexander polynomial.

Recall that given knots K < S3 and C < S' x D?, we can glue S' x D?
to S\ v(K) by identifying the O-framings. The image of C after this gluing
is a satellite knot denoted K¢. Let k = #(C N D?) be the homology class
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of C inside S' x D?. Tt is a classical result that Ay, (t) - Ax(tF) = Ax. (1),
where U < S2 is the unknot. The pairing on bordered Floer homology cat-
egorifies this formula.

To state the result, for a bigraded module M we denote by [M, k| the
Euler characteristic of M where t is replaced by t*. Also note that the pairing
has the bigraded version

ANYH(F;Z) @ Z[t, 71 x Hom(A*H,(F; Z) @ Z[t, t71]) — Z[t, t 7).

Theorem 1.3. Given oriented knots K in S% and C in a 0-framed S* x D?,
let k = #(C N D?) be the homology class of C inside S* x D?. Let (5% \ K, 0)
be the O-framed complement of K, and let a1y and as be the generators of
H1(T?;7Z) corresponding to the 0-framing and the oo-framing. Then

[CFA(S' x D?,C)] - [CFD(S® \ K, 0), k] = x(CFK (Kc)).
Moreover,
[CFA(S' x D?,0)] = x(CFK (Uc))a} + Po(t)ay = Ay, (t)ai + Po(t)as,

and
[CFD(5°\ K, 0)] = x(CFK (K))a1 = Ag(t)ar.

In other words, the decategorification of bordered Floer homology in this case
1s precisely the classical Alexander polynomial formula for satellites

Ay (t) - Ag(tF) = Ak (t).

We would like to study the polynomial Pc(t) further to see what addi-
tional information one might gain about the satellite C. o

Our last main result discusses the topological data encoded in [CFD(Y)].

Work of Zarev ﬂﬂ] implies that the Euler characteristic of bordered Floer
homology recovers the Fuler characteristic of sutured Floer homology for
the same manifold with boundary with properly chosen sutures. The Fuler
characteristic of sutured Floer homology has some interesting topological
properties B} We hope that since bordered Floer homology also satisfies a
nice gluing formula, we can find new topological information in its Euler
characteristic.

As a first step in that direction, we make a statement about [CFD]
without an additional Alexander grading. Below, all homology coefficients
are in Z. Looking into this was suggested to the author by Peter Ozsvath, as
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a possible one-boundary-component Heegaard Floer analogue to Donadson’s
formulas from ﬂa}

Theorem 1.4. Let (Y, Z,¢) be a boﬁe\red 3-manifold, with boundary of
some genus k. If b1 (Y,0Y) > 0, then [CFD(Y)] = 0. If by(Y,0Y) = 0, then

span[CFD(Y)] = |H1 (Y, 9Y)|AF ker(ix : Hy(F(Z2)) — Hy(Y)).

Note that [@(Y)] is an element of A*(H,(F(Z))), and span[C/’FTD(Y)]
is the Z span of this element.

It would be interesting to explore further the additional structure of the
Grothendieck group of a surface algebra, for example, the structure arising
from the action of the mapping class group, or from other types of surface
cobordisms. Similar to the surgery formulae for Turaev torsion, one should
be able to obtain new formulae when the gluing is along any genus surface.

Acknowledgments. I am deeply thankful to Robert Lipshitz for suggest-
ing this problem and for his close guidance throughout. I am grateful to
Peter Ozsvath for numerous enlightening conversations, and for pointing
my attention to what became Theorem [[L4l T thank Alexander Ellis, Dylan
Thurston and Rumen Zarev for helpful discussions, Sucharit Sarkar for his
comments on an earlier version of this paper, and the referee for many useful
suggestions and corrections.

2. Background in bordered Heegaard Floer homology

This section is a brief introduction to bordered Heegaard Floer homology.

2.1. The algebra

In this section, we describe the differential graded algebra A(Z) associated
to the parametrized boundary of a 3-manifold. For further details, see ﬂ,
Chapter 3].

Definition 2.1. The strands algebra A(n, k) is a free Z/2-module generated
by partial permutations a = (S, T, ¢), where S and T are k-element subsets
of the set [n] :={1,...,n} and ¢ : S — T is a non-decreasing bijection. We
let inv(a) = inv(¢) be the number of inversions of ¢, i.e. the number of pairs
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i,j € S with i < j and ¢(j) < ¢(i). Multiplication is given by

(8.0, 6)- (U, V.6) = {(S, Vo) if T = U, inv(¢) + inv(y) = inv (1) o )
0 otherwise.

See ﬂ, Section 3.1.1]. We can represent a generator (S,T,¢) by a strands
diagram of horizontal and upward-veering strands. See |7, Section 3.1.2].
The differential of (S, T, ¢) is the sum of all possible ways to “resolve” an
inversion of ¢ so that inv goes down by exactly 1. Resolving an inversion (i, )
means switching ¢(7) and ¢(j), which graphically can be seen as smoothing
a crossing in the strands diagram.

The ring of idempotents Z(n, k) C A(n, k) is generated by all elements
of the form I(S) := (5, 5,idg) where S is a k-element subset of [n].

Definition 2.2. A pointed matched circle is a quadruple Z = (Z,a, M, z)
consisting of an oriented circle Z, a collection of 4k points a = {a1, ..., as}
in Z, a matching of a, i.e., a 2-to-1 function M : a — [2k], and a base-
point z € Z \ a. We require that performing oriented surgery along the 2k
0-spheres M (i) yields a single circle.

A matched circle specifies a handle decomposition of an oriented surface
F(Z) of genus k: take a 2-dimensional 0-handle with boundary Z, 2k ori-
ented 1-handles attached along the pairs of matched points, and a 2-handle
attached to the resulting boundary.

If we forget the matching on the circle for a moment, we can view
A(4k) = D, A(4k, i) as the algebra generated by the Reeb chords in (Z\
z,a): We can view a set p of Reeb chords, no two of which share initial or
final endpoints, as a strands diagram of upward-veering strands. For such a
set p, we define the strands algebra element associated to p to be the sum of
all ways of consistently adding horizontal strands to the diagram for p, and
we denote this element by ag(p) € A(4k). The basis over Z/2 from Defini-
tion 2.11is in this terminology the non-zero elements of the form I(S)ag(p),
where S C a.

For a subset s of [2k], a section of s is a set S C M~!(s), such that
M maps S bijectively to s. To each s C [2k]| we associate an idempotent in
A(4k) given by

I(s) = > I1(S).

S is a section of s

Let Z(Z) be the subalgebra generated by all I(s), and let I =%"_1I(s).
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Definition 2.3. The algebra A(Z) associated to a pointed matched circle
Z is the subalgebra of A(4k) generated (as an algebra) by Z(Z) and by all
a(p) :=Tap(p)I. We refer to a(p) as the algebra element associated to p.

We will view A(Z) as defined over the ground ring Z(Z). Note that
A(Z) decomposes as a direct sum of differential graded algebras

k
AZ) = P Az.9),

i=—k

where A(Z,i) = A(Z) N A(4k,k +i). Similarly, set Z(Z,7)=Z(Z)N
A4k, k +1).

2.2. Type D structures, A..,-modules, and tensor products

We recall the definitions of the algebraic structures used in ﬂﬂ] For a beau-
tiful, terse description of type D structures and their basic properties, see
ﬂﬂ, Section 7.2], and for a more general and detailed description of A,
structures, see é, Section 2.3].

Let A be a unital differential graded algebra with differential d and
multiplication p over a base ring k. In this paper, k will always be a direct
sum of copies of Fy = Z/27Z. When the algebra is A(Z), the base ring for all
modules and tensor products is Z(Z).

A (right) Aso-module over A is a graded module M over k, equipped
with maps

mi s M @ AP 5 M2 — ),

satisfying the compatibility conditions

0= Y mi(mj(x,a1,-+,a;-1),++ ,an_1)
i+j=n+1

n—1
+ Zmn(x7al7 L, A1, d(ai)7 e 7a’n71)
i=1

n—2
+ Zmn—l(-x)al? o, A1, (H(aia ai-i—l))v o 7an—1)
i=1

and the unitality conditions ma(x,1) = x and m;(x,a1,--- ,a;-1) =01if i >
2 and some a; = 1. We say that M is bounded if m; = 0 for all sufficiently
large 1.
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A (left) type D structure over A is a graded module N over the base
ring, equipped with a homogeneous map

d: N — (A® N)[1]
satisfying the compatibility condition
(d@ld]\[) o+ (M@ld]\[) o <1dA®(5) 0 =0.

We can define maps
o1 N — (A% @ N)[K]
inductively by

~Jidw for k=0
| (da®0p_1) 08  for k> 1.

If (N,9) is a type D structure, then A ® N can be given the structure
of a differential module over A, with differential

0= p1 ®@idy +(p2 ®idy) 00

and algebra action
a-(b,n) = (p2(a,b),n).

A type D structure is said to be bounded if for any x € N, ¢;(x) = 0 for
all sufficiently large i.

If M is a right As-module over A and N is a left type D structure,
and at least one of them is bounded, we can define the box tensor product
M X N to be the vector space M ® N with differential

0:M®N — M® N[1]
defined by

o0
0= Z(mk ® ldN) o (1dM ®5k—1)'
k=1
The boundedness condition guarantees that the above sum is finite. In that
case 0> = 0 and M X N is a graded chain complex.
Given two differential graded algebras, four types of bimodules can be

defined in a similar way. We omit those definitions and refer the reader to
ﬂg, Section 2.2.4].
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2.3. Bordered three-manifolds, Heegaard diagrams,
and their modules

A bordered 3-manifold is a triple (Y, Z,¢), where Y is a compact, ori-
ented 3-manifold with connected boundary 0Y, Z is a pointed matched
circle, and ¢ : F(Z) — 0Y is an orientation-preserving homeomorphism. A
bordered 3-manifold may be represented by a bordered Heegaard diagram
H = (%, 3, a,z), where ¥ is an oriented surface of some genus g with one
boundary component, 3 is a set of pairwise-disjoint, homologically inde-
pendent circles in Int(X), v is a (g + k)-tuple of pairwise-disjoint curves in
Y, split into g — k circles in Int(X), and 2k arcs with boundary on 0%, so
that they are all homologically independent in H;(X,0Y), and z is a point
on (0¥)\ (anN9X). The boundary OH of the Heegaard diagram has the
structure of a pointed matched circle, where two points are matched if they
belong to the same a-arc. We can see how a bordered Heegaard diagram #H
specifies a bordered manifold in the following way. Thicken up the surface to
¥ x [0,1], and attach a three-dimensional two-handle to each circle a; x {0},
and a three-dimensional two-handle to each 3; x {1}. Call the result Y, and
let ¢ be the natural identification of F'(OH) with Y. Then (Y, 0H, ¢) is the
bordered 3-manifold for H.

To a bordered Heegaard diagram (H,z) = (3, a, 3, 2), we associate ei-
ther a left type D structure @(H, z) over A(—0H), or a right A,-module
5F\A(H,z) over A(OH). Similarly, we can represent a knot in a bordered
3-manifold by a doubly-pointed bordered Heegaard diagram (H,z,w) =
(3, o, B, z,w), where z and w are in X\ (a¢U3), and z € OH. To this di-
agram we can associate a right A.-module CFA™(H, z,w), this time over
Fo[U], where a holomorphic curve passing through w with multiplicity n con-
tributes U™ to the multiplication. Setting U = 0 gives 6F\A(H, z,w), where
we count only holomorphic curves that do not cross w.

Now we define the above modules. A generator of a bordered Heegaard
diagram H = (X, o, 3) of genus g is a g-element subset x = {z1,...,z4} of
a N B, such that there is exactly one point of x on each [-circle, exactly
one point on each a-circle, and at most one point on each a-arc. Let G(H)
denote the set of generators. Given x € &(H), let o(x) C [2k]| denote the
set of a-arcs occupied by x, and let o(x) = [2k] \ o(x) denote the set of
unoccupied arcs.

Fix generators x and y, and let I be the interval [0, 1]. Let m(x,y), the
homology classes from x to y, denote the elements of
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Hy(ExIxI,((ax{1}UBx{0}U0X\2)x1I)xI)
UxxIx{0}HU((yxIx{1}))

which map to the relative fundamental class of x x I Uy x I under the
composition of the boundary homomorphism and collapsing the rest of the
boundary.

A homology class B € ma(x,y) is determined by its domain, the pro-
jection of B to Ha(X, U B U 0OX). We can interpret the domain of B as a
linear combination of the components, or regions, of ¥\ (a U 3).

Concatenation at y x I, which corresponds to addition of domains, gives
a product * : mo(x,y) X ma(y, w) — ma(x, w). This operation turns ma(x, x)
into a group called the group of periodic domains, which is naturally iso-
morphic to Ha(Y,9Y).

Let X (H) be the Fy vector space spanned by &(H). Define Ip(x) = o(x).
We define an action on X (H) of Z(—9H) by

1) %= {x if I(s) = Ip(x)

0 otherwise.

Then aT\D(H) is defined as an A(—0H)-module by
CFD(H) = A(=OH) ©r_om) X (H).

Since there are no explicit computations of CFD in this paper, we omit the
definition of the map d; and refer the reader to ﬂ, Section 6.1].

Define I4(x) = o(x). The module @(H) is generated over Fy by X (H),
and the right action of Z(OH) on 6F\A(7-l) is defined by

<. I(s) = {x if I(s) = L4(x)

0  otherwise.

The Ay multiplication maps count certain holomorphic representatives of
the homology classes defined in this section ﬂﬂ, Definition 7.3].

2.4. Gradings

It turns out there is no Z-grading on A(Z). Instead, the algebra is graded
by a nonabelian group G, and the left or right modules over it are graded
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by left or right cosets of a subgroup of G. In the topological case, domains
of a Heegaard diagram can be also graded by G, and the subgroup above is
the image of periodic domains in G. We briefly recall the relevant definitions
and results. For more detail, see ﬂ, Sections 2.5, 3.3, and 10].

2.4.1. Gradings by nonabelian groups. Before we specialize to bor-
dered Floer homology, we recall gradings by nonabelian groups in general.

Definition 2.4. Let G be a group and A be an element in the center of
G. A differential algebra graded by (G, )\) is a differential algebra A with a
grading gr by G (as a set), i.e. a decomposition A = EBgeG A,. We say that
an element a € Ay is homogeneous of degree g, and write gr(a) = g. We also
require that for homogeneous a and b the grading is

e compatible with the product, i.e. gr(ab) = gr(a)gr(b),
e compatible with the differential, i.e. gr(da) = A~ 'gr(a).

In this notation, a Z-grading is a grading by (Z,1). In this paper, we
discuss a Z/2-grading, i.e. a grading by (Z/2,1).

Definition 2.5. Let A be a differential algebra graded by (G, ), and let
S be a set with a right G action. A right differential A-module graded by S
is a right differential A-module M with a grading gr by S (as a set), i.e. a

decomposition M = @ g My, so that for homogeneous a € A and z € M

e gr(za) = gr(z)gr(a),
e gr(0z) = gr(z)\ L.

Similarly, a right S-graded A.-module over A is a right A..-module M
over A whose underlying module is graded by S, such that for homogeneous
xr € M and aq,...,a; € A, we have

grmip1(z®a; @ @a;)) = N er(z)gr(ar) - - - gr(a;).

If G acts transitively on S, we can identify S with the space of right
cosets of the stabilizer G of any s € S.

Similarly, left modules are graded by sets with a left G action (left G-
sets).

Tensor products are graded by twisted products of sets.

Definition 2.6. Let A be a differential algebra graded by (G, \), let M be
a right A-module graded by a right G-set S, and let NV be a left A-module
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graded by a left G-set T'. The tensor product M ®yx N is then graded by the
set

SxaT:=8xT/{(s,gt) ~ (sg,t)|s € S,t € T,g € G},

and this grading descends to a grading on the chain complex M ®4 N.
There is an action of A on S xg T by \-[s X t] := [sA x t] = [s X At], and
the differential acts by A~! on the gradings.

2.4.2. Unrefined gradings for bordered Heegaard Floer homol-
ogy. We recall the undrefined gradings on the algebra and modules. Let
Z = (Z,a, M, z) be a pointed matched circle, with |a| = 4k. We recall the
gradings on the algebra A(Z) and the modules over it. Let Z' = Z\ {z}.
For p € a and a € Hy(Z',a), the multiplicity m(a,p) of p in « is the aver-
age multiplicity with which «a covers the regions adjacent to p. Extend m
bilinearly to a map m : Hy(Z',a) x Hyo(a) — %Z, and define the linking of
a, B € Hi(Z',a) by
L(a, B) :=m(B,0a).
Define G’(4k) to be the group generated by pairs (j,«), with j € %Z

and o € Hy(Z',a) such that j = 1#{p € alm(c, p) is a half integer} mod 1,
with multiplication given by

(J1,a1) - (J2, 2) = (J1 + Jo + L(a1, a2), a1 + a2).

We refer to j as the Maslov component of (j,«), and « as the spin® compo-
nent of (j, ).

We define a grading gr’ on A(4k) by G'(4k) as follows. For a = (S, T, ¢) €
A(4k), define

[a] =) [s,6(s)] € Hi(Z', a),

seS

i.e. [a] is the sum of the intervals on Z’ corresponding to the strands in the
strand diagram for a. Also define

t(a) = inv(a) — m([a], S).

The function gr’ given by

defines a grading on A(4k) in the sense of Definition 24 where the distin-
guished central element of G’(4k) is A = (1,0). The elements of form ag(p)
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are homogeneous with respect to this grading, and the grading gr’ descends
to a grading on the algebra A(Z).

With an additional choice of a base generator in each spin® structure,
one obtains a grading by a right G’(4k)-set or G(OH)-set on the right A.-
module associated to a Heegaard diagram 7, and similarly a grading by a
left G'(4k)-set or G(—OH )-set on the left type D structure associated to H,
where 2k is the number of a-arcs on H.

In order to define the gradings on the modules, we first grade domains.
Let H be a bordered Heegaard diagram with 2k a-arcs and with OH = Z. Let
B € my(x,y) be a domain away from the basepoint. Define ¢'(B) € G(4k)
by

9'(B) := (—e(B) — nx(B) — ny(B),(?aB),

where 9?B is the part of B contained in OH, viewed as an element of
H,(Z',a). This grading is multiplicative under concatenation, i.e. ¢'(Bj *
By) = ¢(B1)g'(Bz2). For a fixed x € §(H), the set P'(x):={¢'(B)|B €
ma(x,x)} is a subgroup of G(4k).

The As-module 6F\A(H) splits as a direct sum over spin®(Y’), where
Y is the bordered manifold associated to H. For each nonzero summand
CFA(H,s), fix a base generator x € G(H,s), and define S’ (H,s) :=
P'(x)\G'(4k). For a generator y € &(H,s), let B € ma(x,y), and define

gr'(y) = P'(x)g'(B).

The function gr’ defines a grading on 6F\A(H,5) by S (H,s).

To define a grading on @(H), we must now work with G’(4k) or
G(Z) where the pointed matched circle is Z = —H. The orientation revers-
ing identity map r : Z — —Z induces amap R : G'(4k) — G'(4k) or G(Z) —
G(—2),ie. R(j,a) = (j,r«()). For nonempty &(H,s), fix x € S(H,s) and
define ST, (H,s) := G'(4k)/R(P'(x)). Define the grading of y € &(H,s) by
picking B € ma(x,y) and setting

g'(y) = R(¢'(B))R(P'(x)).
This defines a grading on the module 5F\D(’H,5) by S (H,s).

2.4.3. Refined gradings for bordered Heegaard Floer homology.
If certain choices are made, the grading gr’ descends to a grading gr on
A(Z,i) in the smaller group G(Z) = {(j, o) € G'(4k)| M. () = 0}, which is
a central extension of Hi(F). The group G(Z) is the Heisenberg group
associated to the intersection form of F', and the grading function is defined



The decategorification of bordered Floer homology 241

as follows. Pick an arbitrary base idempotent I(s) € A(Z,14). For each other
I(t), pick an element ¥ (t) € G'(4k) so that M,9[¢(t)] =t — s. Define

gr(I(t1)a(p)I(ta)) = P(t1)er' (alp))w(t2) .

The choices s, 9 (t) are called grading refinement data. The function gr is a
grading on A(Z,7) by (G(Z), ). Different choices of grading refinement data
result in gradings which are conjugate in a certain sense, see ﬂ, Remark 3.46].

After choosing refinement data, one can grade a domain B € ma(x,y) by

9(B) = ¥(1a(x))g' (B)¢(La(y)) ! € G(9H).

For &(H,s) # 0, fix x € &(H,s). The set P(x) = {g(B)|B € m(x,x)} is a
subgroup of G(OH), and CFA(H,s) has a grading in S4(H,s) = P(x)\G(0H)

via

where B € m(x,y). -

To define a refined grading on CFD(H), first fix grading refinement
data sgy and sy for A(OH,0), so that a refined grading g on domains
is defined. Then s_gy = [2k] \ spp and ¥_gy(t) = R(wan ([2k] \ t))~1 de-
fine a grading refinement on A(—0H,0), the reverse of the refinement on
A(H,0). For nonempty 6&5), fix x € 6(H,s), and define Sp(H,s) :=
G(—0H)/R(P(x)). Then CFD(H,s) has a grading in Sp(#,s) defined on
generators y € S(H,s) by picking B € ma(x,y) and setting

2.4.4. Tensor products. For bordered Heegaard diagrams H; and Ha
that agree along the boundary, i.e. OH1 = Z = —0Ho, the tensor product
CFA(H1,51) ® CFD(H2,s2) has a grading gr™ in the double-coset space

Pi(x1)\G(2)/R(P2(x1)),

where the base generators x; and xo are chosen to occupy complementary
a-arcs, and the grading refinement for @(Hl,sl) is chosen the same as
the grading refinement for @(7—[2,52). Here Pj(x;) denotes the image of
mo(Xi,%X;) in G(H,;).
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There is a homotopy equivalence

®: CFA(Hy1,51) R CFD(Ha,52) = @ CF(H.9)

sespin®(Y)
s|Y;=s;,i=1,2

which respects the gradings in the following sense. If u X 2 and v X y are in
the same spin® structure s, and are homogeneous with gradings related by

g (uRz) = Ngr® (v R y),

then ®(uXz) and ®(vXy) are homogeneous with respect to the Maslov
grading, and their relative Maslov grading is ¢ modulo div(c;(s)). See ﬂ,
Theorem 10.42].

3. A Z/2 grading

Instead of working with the grading groups G'(4k) and G(Z2), we will de-
fine a homological Z/2 grading m on the algebra A(Z), and study the
Grothendieck group of Z/2-graded modules over A(Z). The reason we prefer
this is because we would like to easily relate the Euler characteristic of CFA
or CFD of bordered 3-manifolds in Ky(A(Z)) to other familiar 3-manifold
invariants.

Let Z = (Z,a, M, z) be a a pointed matched circle with associated sur-
face F' = F(Z2) of genus k. For each i € [2k], let p; be the Reeb chord con-
necting the two points in M ~!(i). Choose grading refinement data, i.e. a
base idempotent I(s) and an element ¢ (t) € G'(4k) for each t, as in Sec-
tion Z.43] to get a grading gr on A(Z) with values in G(Z). For any p;
and any refinement data, a(p;) is homogeneous with respect to the refined
grading, so let g; = gr(a(p;)) for i € [2k]. The set {[a(p;)]|i € [2k]} generates
Hy(F;Z), and A generates the center of G(Z), so {\, g1,...,92x} is a gen-
erating set for G(Z). Since the commutators of G(Z) are precisely the even
powers of A\, we see that the abelianization of G(Z) is

G(2)A =17/2 x 7%,

Thus, given any abelian group H, any map from {\, g1,...,g2r} to Z/2 x
H sending A into Z/2 x {0} determines a homomorphism A from G(Z) to
Z]2 x H. Moreover, if h(X) = (1,0), the composition h o gr : A(Z) — Z/2 %
H is a grading, with the differential lowering the grading by (1,0).
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Here we choose H to be the trivial group, and define a homomorphism

FiG(2)—17)2
A1
g; — 1.

Definition 3.1. The Z/2 grading of an element a € A(Z) is defined as
m(a) := f ogr(a).

The discussion above shows that m is a differential grading on A(Z)
(with O lowering the grading by 1 mod 2).

With this Z/2 grading on A(Z), we are ready to prove Theorems [[1]
and [[2] which are statements for differential graded modules (where the
grading is by Z/2). However, in order to define an invariant in Ky(A(Z))
of bordered manifolds, we need to define a Z/2 grading on @(’H 5) and
CFD(’H s).

First we define a Z/2 grading on domains, using the refined grading ¢
by G(2).

Definition 3.2. For any z,y € 6(H) and B € m(x,y), define m(B) € Z/2
by
m(B) := fog(B).

Theorem 3.1. For periodic domains, the map m is independent of the
grading refinement data. In fact, if B is a periodic domain, then m(B) = 0.

Before we prove the theorem, we make an observation about the refined
grading on the generators a(p;), and then give an alternate definition of m.

Lemma 3.2. Reducing the Maslov component modulo 2, the refined grading
on a(p;) is given by

(—3:lalp)])  ifies
gi =
(3: [a(pi)]) ifi¢s.

Proof. If i€s, then I(s)a(p;)I(s) is nonzero, so g;=gr’(a(p;)) = (—3; [a(p:)]).
If i ¢ s, then choose some j € s and define t := (s \ j) Ui. Then I(t)a(p;)I(t)
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20, s0
g = B0 (o) ()
= (= g+ Bl + L), [0 1)
u<»wwmmw0
(o) + LUa(pa] [6(6)"]): )
(o)~ L(a(p0)] [6(6): (o)

LWM[mmum)

l\’)\i—‘ w\»—* w\v—*

(-2
(=2
-

Now, write 9[¢(t)] = Z4k1 npay. Since M,0[(t)] =t —s=j—1i, and
M=) = {p;, p; }, it must be that n,+ +n,- =1 Then

L([y(t)], [alpi)]) = m(la(pi)], [4(t)])

4k
=m ([a(pl)] ) anap)
p=1

4k
=" mym(la(pi)] ap)
p=1
= n,em(la(pi)], pf) +n,-m(lalpi)], p;)
1 1
=M T3
= % mod 1
It follows that 2L([¢)(t)], [a(p;)]) = 1 mod 2, so g; = (3;[a(ps)]). -

Using [a(p;)] as a standard basis for Hy(F;Z), if a = Z?il h; [a(pi)], we
will write (j;«) as (j; h1, ..., hog).

Proposition 3.3. Let 6;; := [a(p;)] N [a(pj)] = L(pi, pj), and define a map
fs from G(2) to Z/2 by

Js(shy, . hog) = j — %th + %th + Z hi, iy 6iiy -

€S i¢s 11 <ig
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Then fs agrees with the homomorphism f.

Proof. Note that [a(p;,)] N [a(pi,)] = — [a(pi,)] N [a(pi,)] € Z implies 6;,;, =
0iyi, mod 2.
Given a = (jg; hd, ..., h%) and b= (jp; hY, ..., h5,),

Js(ab) = fs(ja + jb + L([a] , [b]); R + hll)a SR gk + hgk)
o 1 . 1 .
= Ja+ o+ L([a], [B]) — 5 > (hi +hY) + 3 > (hf+hd)
€S i¢s
+ ) (R + BY) (WS + hb)d
1<J
o 1 . 1 .
= Ja + Jb + L([a] , [b]) — B Z(hi +hY) + B Z(hi +hY)
€S i¢s
+ ) heRGS; + > Rkl + Y hIRES; + Y hPhbsy;
1<j 1<J i<j 1<j
= fs(a) + fs(b) + L )+ > hehbes; + > hihbs;;
1<j i>7
= fs(a) + fs(b) + L )+ > hihbss
i#]
= fs(a) + fs(b).

The last equality is true since L([a], [b]) is an integer, and }_,; hfh?éij =
L([a], [b]) mod 2. Thus, fs is a homomorphism.
We evaluate

fs(gi) = {

and fs(\) =1, so fs agrees with f on the generators g; and A. Thus, fg
f.

$:143-040=1mod 2 ifies
.04_% 14+0=1mod 2 ifids

[N
| NI
ol |

ol

Proof of Theorem [31. We may assume that B € m(x,x) for some x with
I4(x) = 1(s), since if By € ma(x,x) and I4(x) # I(s), we can choose a gen-
erator y with I4(y) = I(s), and a domain By € ma(y,x), so that B := By %
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By % (—B3) € ma(y,y), and we see that

We construct a surface F' as in the proof of ﬂ, Lemma 10.3]. We follow
the notation of that proof without explaining it for the next few paragraphs,
so we advise the reader to get familiar with it before proceeding.

If necessary, perform a [-curve isotopy as in Figure [l to arrange that
distinct segments of 0 lie in distinct regions of the Heegaard diagram,
and label the regions Ry, R1,..., R4_1, beginning at the basepoint z, and
following the orientation of 0X. Let 6; = m(R;) — m(R;—1).

_)
. Ro| Ri | Ry w0 |Rak—

Figure 1: An isotopy ensuring that there are 4k distinct regions at 9%. On
the left, a collar neighborhood of 0% and the closest intersection point to
a1 along ag. On the right, a finger move along 0% of the S-curve near that
intersection point.

If 7 € x, then C(x) = 0, so the lift ®~1D(z) of a neighborhood of z is a
union of disks and h(x) half-disks. Observe that e([X]) 4+ 2nx([X]) = 1, so

e(B) + 2nx(B) — I(e([%]) + 2nx([3]))
e(F)+2) ng(F)—1I

e(B) 4 2nx(B)

= X(F) — 7 Y16+ Y hte) 1
= #(9F) —%Zw +Y h(z) 1.

The boundary of any half-disk lies above an «a- or a [-circle, or an a-arc.
Since each « or p-circle is occupied exactly once by an x € x, we can cancel
in pairs all half disks with boundaries lying above - or p-circles with the
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components of JF that are lifts of the same a- or §-circles. We are left only
with half disks with boundary projecting to an a-arc, and with components
of OF whose projection intersects 0%. Let the number of these connected
components of OF be t, and let h%(x) be the number of half disks at x with
boundary projecting to an a-arc. Then

¢(B)+ 2nx(B) = t — i SO 10+ 3 B -

reEX
Now,
|0;| = # corners of F' above a;
= |# preimages of () in OF)|
= | multiplicity of a ;) in 0B]
= |hareayls
and

Z h%(x) = Z | multiplicity of the a-arc occupied by x in 0B| = Z |hil,

TEX TEX €S

SO

¢(B) + 2nx(B _t—l—erhM I

1€S
—t—l—fZ]h\+Z|h|
zes
_t—l——Z]h\+ Z\hi\.
i¢s ics

Thus,

Fo(9(B)) = —e(B) — 2nx(B) — 5 S bt 5 S hit 3 oo,

€8 igs i1 <iz
1 1
— —t+l+§Z(|hi|+hi) - 52 Bl + h) + > i hiybii,
i¢s 1€8 11 <ig
=—t+1+ Z h; — Z h; + Z hilhiz(silirz
i¢s,h; >0 i€s,h; >0 11 <io

S Z h; + Z hi,hiy0iyi,-

h;>0 11 <ig
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Since lifts of adjacent regions are identified along a-arcs in pairs, starting
at the highest index and going down, the lift of 9B consists of positively
oriented arcs of 0¥ such that any two are either disjoint or nested, but
never interleaved or abutting. In other words, we can represent the result
of this identification geometrically on an annulus lying above Z by layers
of horizontal arcs, so that the lowest layer consists of all aaR(j ) of highest
index (j), after gluing, the second layer from the bottom contains the second
highest indices (j), and so on. In this representation, each arc not in the
lowest layer projects to a subset of the projection of the arc that it lies over.
Since the identification along S-arcs is from lowest to highest index, following
the regions along the higher multiplicity side of an a-arc at 0% shows that
the boundaries of the set of arcs are matched along a-arcs in order from the
highest level (i.e. lowest index) to the lowest possible, to form the ¢ circles
of OF that contain a-arcs. See, for example, Figure

z z

Figure 2: Top: The genus 2 split circle. Bottom: The layers representation
of the boundary components of F which contain parts of 9%, in the case
when B is a domain with boundary (2,2,3,—1) and after two copies of 3
have been added to B. Here [ = 2, [j = 1.

Rotating 90° counterclockwise, we can draw Z in the plane as a vertical
line segment oriented upwards with ends identified with the basepoint z, and
we can draw the annulus as a rectangle, so that the top and bottom edges
are identified and project to z, and so that when we endow all 93-arcs and
a-arcs with an orientation arising from the orientation of F', all 0X-arcs are
oriented upwards.

Note that for a matched pair (i, j) with i < j, hps) = 6; = =05, i.e. for
i € [2k], by =6,- = —6,+. If h; <O, then §,- <0, so there are |h;| 0X-arcs
ending at p;, hence ]h ] a-arcs starting at p and ending at p+ In other
words, all |h;| copies of «; are oriented upwards when h; < 0. Similarly, when
h; > 0, there are h; 0¥-arcs starting at p; , hence h; a-arcs ending at p;” and
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starting at pf, i.e. all h; copies of «; are oriented downwards when h; < 0.
(see Figure []).

| \M | S{l;g‘

—/ K(/ 04

Figure 3: Obtaining a braid representation of the boundary components of
F that intersect 0X. In this example (hq, ha, h3, hgy) = (3,1, —1,—2).

For h; < 0, we can draw the copies of «; as parallel arcs open to the
right, curved so that they do not intersect any d%-arcs. For h; > 0, we draw
the copies of «; similarly as arcs starting at pj moving upwards, passing
through the top horizontal line, continuing to move up from the bottom to
the copies of p; , also in a way as to not intersect d¥-arcs. All arcs now
move strictly upwards, and in this way we represent the relevant boundary
components of F' as a closed braid (where we don’t care about the sign of
crossings). Note that a copy of a; and a copy of «; cross an even number of
times if 9;; = 0, and an odd number of times if J;; = 1. It follows that if the
braid is given by a permutation o,

t = # boundary components of I’ intersecting 0%
= # components in the closure of the braid
= #cycles in o, including cycles of length 1
= # involutions of ¢ + length of o
= # crossings in the braid + # strands in the braid

= Z hilhigdiliz + (Z h; + l)

11 <to h;>0
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Hence, fs(g(B)) = 0. O

Note that if B is periodic, then fs(R(g(B))) = 0 too.
Now we define m as a relative grading on the modules.

Definition 3.3. Suppose &(H,s) # 0. Pick x € 6(H,s) and define m :
CFA(H,s) — Z/2 by m(x) = 0 and

m(y) = m(x) +m(B),

wherey € &(H,s) and B € ma(x,y). Similarly, define m : C/'FTD(H,E) —7Z]2
by m(x) = 0 and

m(y) = m(x) + fs(R(9(B))),
where y € &(H,s) and B € m(x,y).

This is well defined since it factors through the set gradings from Sec-
tion

In some cases there is a natural choice of a base generator for each spin®
structure so that m agrees with the absolute Maslov grading after gluing.
We do not discuss these choices here.

4. The Grothendieck group of Z/2-graded A(Z)-modules

Let C be a triangulated category ] The Grothendieck group Ko(C) is
defined as the abelian group with generators [P] for each isomorphism class
P € C and relations [P] = [P'] + [P"] for each distinguished triangle P’ —
P — P" — P'[1].

Example: The most familiar and basic example is the homotopy category
of Z-graded chain complexes over Z (the translation functor [1] simply shifts
the complex, and the distinguished triangles are the mapping cones). The
reader can verify that the Grothendieck group is Z, via [C] = x(C).

As mentioned in Section 1, specific examples have been studied in low
dimensional topology, namely, the image in the corresponding Grothendieck
groups of the homology theories with Z or Z/2 coefficients SFH, Kh, HF,
HFK (3,14, [1d, [11].

We proceed to define our main object of interest, the Grothendieck group
of a differential graded algebra. Given a differential graded algebra A, we
recall the definition of Ky(A) (see ﬂa], for example). Let K(A) be the homo-
topy category of modules over A, P(A) the full subcategory of projective
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modules, and P(A) C KP(A) the full subcategory of compact projective
modules, which is a triangulated category.

Definition 4.1. Given an algebra A with differential grading by Z or Z/2,
we define K((A) to be the Grothendieck group of the category P(A). It has

e generators: [P] over all compact projective differential graded A-
modules P

e relations:
1) [P2] = [P1] + [P3] whenever Py — P, — Pj is a distinguished trian-
gle
2) [P[1]] = —[P], where [1] is the grading shift by 1
3) If we also introduce an additional %Z—grading along with the re-
lation [P{k}] = tk[Pl, where {k} denotes the grading shift up by
k € 1Z, we get a Z[tz,t2)-module for Kj.

Note that relation (3) is usually seen in reference to a Z-grading, but we
find it more convenient in the bordered Floer homological context to work
with a %Z—grading, which we define and study in Section [

We will work with left modules here. By ﬂg, Proposition 2.3.18], there
is an equivalence of categories of bounded left type D structures and left
Aso-modules, and along with ﬂQ, Corollary 2.3.25], we see that we can work
either in the homotopy category of finitely generated projective modules or
finitely generated bounded type D structures.

For the rest of this section, we will often write A for A(Z).

Recall that a type D structure N over A is called bounded if for all
x € N there is some integer n, so that for all i > n, §;(x) = 0. Note that for
a finitely generated N we can find a universal n, so that for all z and all
i>n,d;(x) =0.By ﬂﬁ, Proposition 2.3.10], every type D structure over A is
homotopy equivalent to a bounded one, by tensoring it with a left and right
bounded AD identity bimodule. Furthermore, finiteness is preserved, since
the identity module in the proof of ﬂﬂ, Proposition 2.3.10] is finitely gen-
erated. In the homotopy category, homotopy equivalent type D structures
map to the same symbol in Ky, so it is enough to study finitely generated
bounded type D structures.

Note: In the special case of CFD of a 3-manifold, the bounded type D
structures are the ones coming from admissible Heegaard diagrams.
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Definition 4.2. Let M be a right A.-module over 4. We say that x € M
is Z-homogeneous if there is a unique indecomposable idempotent, which we
denote by I4(x), that acts on x by the identity, and all other indecomposable
idempotents act trivially on 2. We denote by o(x) the subset of [2k] for which

I4(x) = I(o(x)).

Recall that a left type D structure over A is an Z-module equipped with
a type D structure map, so we can talk about an action on N by Z too.

Definition 4.3. Let N be a left type D structure over A. We say that
x € N is Z-homogeneous if there is a unique indecomposable idempotent,
which we denote by Ip(zx), that acts on x by the identity, and all other

indecomposable idempotents act trivially on 2. We denote by o(x) the subset
of [2k] for which I4(x) = I(o(x)).

From now on we work with type D structures.

Lemma 4.1. Let N be a finitely generated 7./2-graded type D structure
over A. Then N has a finite set of generators that are homogeneous with
respect to the grading and Z-homogeneous.

Proof. This is a direct consequence of the fact that Z = Z/QQ%, but we
spell it out anyway. By definition, there is a finite generating set & for
N that is homogeneous with respect to the grading. Let € &. Then I(s)z
is Z-homogeneous, since the indecomposable idempotents are orthogonal,
ie. I(s)I(t) =0 whenever s # t. Clearly, I(s)z is also homogeneous with
respect to the grading. Last, observe that x = Iz = 3 541 I(s)w, so the set
{I(s)x | v € &,s € [2k]} generates N. O

Given a pointed matched circle Z for a surface F', let A := A(Z). Recall
that in SectionBlwe defined p; as the Reeb chord connecting the two points in
M~1(i). The elements [a(p;)] generate Hy(F';Z). Denote the initial endpoint
of p; by p; and the final endpoint by p;", and order the basis {[a(p;)]|i € [2k]}
so that [a(p;)] < [a(p;)] if and only if p;” comes before p; when we follow the
orientation of the circle starting at z. In other words, we order the basis of
Hy(F';Z) according to the order of the initial endpoints of the corresponding
Reeb chords, where this order is induced by the orientation of the circle. Call
the ordered basis a1 < ag < -+ < ag.

Given a set s C [2k], let J(s) be the multi-index (j1,...,jn), so that 1 <
J1 < ...<jn<2kand{j1,...,Jn} =s. Given a multi-index J = (j1,...,7n)
of increasing numbers as above, define ay = aj, A ... Aaj,. We will use the
shortcut notation as := a (). Note that as form a basis for A*(H1(F;Z)).
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Suppose N is a left type D structure over A with a set of Z-homogeneous
generators (N). Define a function h : G(N) — A*H(F;Z) by h(z) = ag(y).-
Similarly, if M is a right A.-module over A with a set of Z-homogeneous
generators (M), define a function h* : &(M) — Hom(A"H,(F;Z), Z) by
h*(z) = ay (.- Recall that for the structure CFA associated to a Heegaard
diagram, I4(x) is the idempotent corresponding to the « arcs occupied by
x, and for @, Ip(z) is the idempotent corresponding to the unoccupied
« arcs, and in either case h(z) € AF(H{(F;Z)).

Below is the proof of Theorem [L11

Proof of Theorem [I1l. Suppose that N is a finitely generated bounded type
D structure. By Lemma [l N has a finite set of generators that are ho-
mogeneous with respect to the grading and Z-homogeneous. We show that
then [N] is a linear combination of symbols of elementary projectives, i.e.,
type D structures of form Ng such that AX Ng = Al(s). We use induction
on the size of the generating set. Clearly, if N has only one generator, it is
an elementary projective, since, because of the boundedness condition, the
differential must be zero. Otherwise, if we fix an ordering of the generators
T1,...,Tn, We can represent the type D map § by the matrix formed by
the coefficients of dz; = > ;@i T;- Observe that N being bounded is equiv-
alent to the existence of an ordering on the generators that yields an upper
triangular differential matrix with zeros on the diagonal (see Figure @ for
example).

' o \a(‘m)

0 a(p2) 1
x9 1 ) 0 0 a(p1)
0 0 0

T3
r3 I

Figure 4: An example of a bounded type D structure. Left: A Heegaard
diagram. The domains that contribute to d are shaded. Center: The type D
structure for the diagram. Right: A matrix representation of the map J with
respect to the given ordering of the generating set. Note that the notation p;
here comes from the labels on the diagram and carries a different meaning
than in Section Bl

So chose an upper triangular differential matrix for N and let = be the
generator corresponding to the bottommost row of the matrix. Then z is a
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cycle, and we have a distinguished triangle of left A-modules
Alp(z)m(z)] > AN - AKN/AX z,

so under the equivalence of categories, [N] = [AK N| = (—1)™®) [AIp(z)] +
[AXK N/AK z]. Note that AK N/ AKXz = AKX N’ where N’ is obtained
from N by setting  to zero. In other words, the matrix for N’ is obtained
from the matrix for N by removing the last row and column, hence N’ is
bounded and can be generated by fewer elements than N, so by hypothesis
[N'] is the sum of symbols of elementary projectives. Thus, [N] is of that form
too. More precisely, applying the distinguished triangle process repeatedly
by moving up the matrix, we see that

(Nl= > (-)"@[AIp(x)].

€S (N)

So far we have shown that Ky(A) is generated (over Z) by the symbols
of elementary projectives, i.e., modules of the form AI(s).

By [9, Proposition 2.3.18], there is an equivalence of categories of bounded
left type D structures and left A,,-modules. Below we use the latter. The
algebra A = A(Z) has a Z-grading given by the total support of an ele-
ment in Hi(Z, a), i.e. the sum of the coefficients of the projection from
gr’'(a) € G'(Z) onto Hi(Z,a). Since we only work with upward going and
horizontal strands, this grading is in fact by non-negative numbers, and the
degree 0 part is precisely the ground ring Z. The part of positive degree, call
it A4, is an augmentation ideal - dividing by it yields Z. This augmentation
map A — Z induces a map of the categories of modules over A and Z by
M — M/ALM. More precisely, an A-module homomorphism f: M — N
maps elements of AL M to AL N, so it descends to an Z-module homomor-
phism f": M/A+M — N/ALN. Thus, distinguished triangles in P(A) are
sent by the augmentation map to distinguished triangles in P(Z). So a re-
lation between the symbols of modules in K(.A) implies a relation between
the corresponding symbols in Ky(Z).

Note that there is a correspondence between primitive idempotents and
elements of A*(Hy(F;Z)) given by I(s) — as, so we can identify Ky(Z) =
Ko((Z/2)%") = 72" with A*(H\(F;Z)) via [AI(s)] = as. Thus,

Ko(A) = A" (H1(F; Z)).

We now turn to the second part of the theorem. Given a finitely gener-
ated Z/2-graded As.-module M over A, the derived tensor functor M&®—
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from P(.A) to the homotopy category of chain complexes over Z descends to
a homomorphism Ky(A) — Z. By the equivalence of ﬂQ, Proposition 2.3.18],
we can think of this homomorphism as

[M] : [N] — [M X NJ.
On basis elements, [M] acts by

[M] : [AI(s)] — [M®AI(s)] = > (=™
€S (M),0(x)=s

Since [AI(s)] = ag, we can write this homomorphism as

M= ) (~)"™h ().

€S (M) U
5. Ky of Alexander-graded dg modules over A(Z)

In this section, we define a relative %Z—grading a on the dg algebra A(Z),
as well as on the left type D structures and right A..-modules over A(Z).
We refer to it as Alexander grading, and show that it has properties similar
to the Alexander grading on CFK for links in closed 3-manifolds. For now
we restrict to the case of torus boundary, and define an Alexander grading
for CFD of knot complements and for CFA of knots in the solid torus.

The pointed matched circle Z = Z(T?) for a torus is depicted in in
Figure Bl Four points are matched into two pairs a; and a9, and divide
the circle into the four upward-oriented arcs pg, pi1, p2, and ps (not to be
confused with the p; in Section Bl), where py contains the basepoint z. The
algebra A(Z) has two idempotents, one for each «;, and 6 Reeb elements,
coming from the Reeb chords p1, p2 and ps3 (also see ﬂ, Section 11.1]).

Recall that the unrefined grading on the torus algebra takes values in the
group G’ which consists of quadruples (j;r1,72,73), with j € %Z, r; € Z, and
j is an integer if o and r1 — r3 are even. There is also a refined grading by
a subgroup G, different from G(Z), which consists of triples (j;qi, g2) with
7,q1,q2 € %Z and ¢ + g2 € Z. For the group law on G’ and G and further
details, see [1, Section 11.1].

We have a surjection

G — Hl(Za a)

(Jsr1,72,73) = (11,72,73).
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zZe
l— a2
P3
— 1
P2
- O[2
P1
—

zZe Po

Figure 5: The circle Z in the case of torus boundary.

As with the refined grading group G(Z), we can think of G as a Z central
extension of Hy(T?; %Z) In other words, we have a map

G — H(T*% Q)
(J;q1,62) = (a1, G2)

with image inside %Z X %Z and kernel generated by A = (1;0,0).

Let K be a knot in S? and let @(K, n) be a type D structure for
the n-framed complement S3 \ K. Fix a generator z and recall that we can
choose the sign of the generator B of ma(x, ) so that B does not cover the
basepoint z, and has multiplicities 1,n + 1,n at the regions corresponding
to p1, p2, p3, respectively.

We can define the Alexander grading in two ways: by composing gr’ with
map from G’ to %Z, or by composing gr with a map from the subgroup G
to %Z. The two maps to %Z are obtained by composing the two maps above
with

Hl(Z, a) — =7

(7“1,?“2,7“3) — L—QHH + 7”517“2 +

N[

and
H\(T*Q) = 3Z
(QbQQ) = nq1 — q2.

The gradings ¢'(B) and g(B) are in the kernel of the respective maps, so we
get maps from the quotients G'/P(z) and G/P(z) to 3Z, i.e. an Alezander
grading on CFD(K,n) by %Z, which we denote by a.
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Also note that the two maps commute with the grading maps (i.e. tran-
sitioning between G and G’), hence the two maps define the same grading
on @(K ,n) by %Z. Note that this grading agrees with the function S
from ﬁ, Equation 11.39].

Next, we define the Alexander grading for a knot in the solid torus.
One might like to just add the number of times we pass through the second
basepoint of the Heegaard diagram to the Alexander grading above, but we
also have to keep track of the homological class of the knot in the solid torus.

Given a 0-framed solid torus and a knot K in it with homology class [p],
fix a generator = of EF\A(K ), and note that we can choose the generator B
of my(z, x) to have multiplicities 0, 1,1 at py, p2, p3 respectively, and to avoid
the basepoint z. This B covers w with multiplicity p: the boundary of B is a
set of complete o and S circles, and the complete arc a;. By capping off all
circles with the disks they bound, we get an immersed surface in the solid
torus whose boundary is the meridian of the solid torus. In other words, the
surface we obtain from B is homologically equivalent to the disk D? (with
positive orientation) that the meridian bounds, hence intersects the knot
homologically p any times. Hence, in the Heegaard diagram, B covers the
basepoint w a total of p many times.

This time we have the algebra graded by G’ x {0} or G x {0} as sub-
groups of G' x Z or G' x Z, and corresponding maps to Hi(Z,a) X Z or
H1(T?;Q) x Z defined as above on the first factor, and as the identity on
the second. Define the Alexander grading a on the algebra as the composition
of these maps with the maps to %Z given by (r1,re,73;d) — d — p(ra +713)
and (q1, q2;d) — d — pga respectively.

The domain B above has grading of the form g’/(li) =(50,1,1;p) in
G, or g(B) =(50,1;p) in G, and the grading on CFA(K) takes values
in G xZ/{g'(B)) or G x Z/(g(B)), respectively. The gradings of B are in
the kernels of the maps, so we get well defined maps from the quotients
G' x Z/{¢'(B)) and G x Z/(g(B)) to 3Z, and also note that the two maps
commute with the grading maps, hence we have a well defined grading on
CFA(K), which we also call the Alexander grading and denote by a.

Note that a 1Z-grading introduces relation (3) in Definition BT}, and the
Grothendieck group for left type D structures (or left A,,-modules) over
A(Z) becomes

Ko(A(Z)gr) = A (HY(F; Z)) @ ZIY2, 1712,

whereas right As-modules over A(Z) decategorify to homomorphisms in
Hom(Ko(A(Z)g), Z).
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6. Tensor products

We first show that as a relative grading, the grading m defined in Section [3
agrees with the relative Maslov grading for closed manifolds.

Let Y7 and Y3 be bordered 3-manifolds which agree along their boundary,
with Heegaard diagrams H; and Ho which can be glued along their bound-
ary Z = 0H1 = —0Ho to form a closed Heegaard diagram H = Hi Ug Ha
representing the closed 3-manifold Y = Y] Uy Y. Let s € spin®(Y'), and let
5; = 8\y;- . .

Let u,v € CFA(H1,s1) and z,y € CFD(Ha2,$2) be homogeneous elements
with respect to the grading gr, and suppose u and = occupy complementary
a-arcs, and so do v and y, and u X x and v X y are in the same spin® struc-
ture s.

Proposition 6.1. Let ¢ be the relative Maslov grading mod 2 between u X ©
and v®y € CF(H,s) (see ﬂ, Theorem 10.42]). Then

[m(u) +m(x)] = [m(v) +m(y)] = t mod 2.

Proof. Recall that @(?—[1,51) is graded by Pi(z1)\G(Z), where z; €
&(H1,51) is a chosen base generator, and Pj(x) is the image of mo(z1, z1)
in G(Z). Similarly, @(7‘[2,52) is graded by G(Z)/R(P»(z2)), where x9 €
&(Ha, s52) is a chosen base generator and P(x3) is the image of mo(x2, x2)
in G(Z). Recall that the map f from Section B maps any element of P;(x;)
or R(P(x2)) to zero.

By ﬁ, Theorem 10.42],

g®(uRz) = Ng® (v Ry) € P(21)\G(Z2)/R(Py(22)).

This means that if we fix representatives gy, 9y, 0z, 9y € G(Z) so that
[gu] = gr(u) € Pi(z1)\G(Z), etc., then

[9ug] = [N'gugy] € PL(21)\G(2)/R(Py(x2))-
Then there exist h; € Pi(z1) and hy € R(Pa(x2)), such that
h1gugehe = X' gugy € G(2).
Applying f to both sides, we see that

F(higugah2) = f(N'gugy),
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SO

0= f(h1gugzh2) — f(N'gugy)
= f(h1) + f(gu) + f(g2) + f(h2) — tf(N) — f(g0) — f(gy)
= f(gu) + f(92) —t — f(gv) — f(gy)
T(gr(U)) + f(gr(x)) —t — f(gr(v) — f(gr(y))
m(u) +m(z) —t —m(v) —m(y). 0

A similar statement can be made about the Alexander grading on the
manifolds studied in Section Bl Let H; be a Heegaard diagram for a knot
in a 0-framed solid torus (S! x D% C), and let Hy be a Heegaard diagram
for a O-framed knot complement (S3\ K,0), so that H = H; Uy Ho is a
Heegaard diagram for (S, K¢). Recall that there is only one spin® structure
for each of the bordered manifolds and for S. Also recall that for knots,
we enhance the grading group G to G X Z, and in this case C’FA(Hl) is
graded by the coset space (h4)\G, and CFD (H2) is graded by a coset space
G/(hp), where (hy) and (hp) are the images in G of the the groups of
periodic domains of H; and Hs. Every element of the double-coset space
(ha)\G/(hp) has a representative of the form (j;0,0;d), where j,d € Z,
so we can think of CFA(HI) X C’FD(HQ) as graded by Z x Z. The second
factor, i.e. the number d, is in fact the relative Alexander grading for knot
Floer homology. For more detail on these facts, we refer the reader to the
the discussion preceding ﬂﬂ Theorem 11.21], and the computation example

ﬂ Section 11.9].

Proposition 6.2. Let u,v € @(7—[1) and x,y € @('Hg) be homoge-
neous elements with respect to the grading gr, and suppose u and x occupy
complementary a-arcs, and so do v _and y. Let A be the relative Alexander
grading between u X x and v Xy € CFK(H). Then

(a(u) +p- alz)) - (a(v) + p-a(y)) = A,

Proof. The Maslov component does not affect the computation, so we leave
it blank. Recall that in this 0-framed case we can assume that h4 has form
(;;0,1;p) and hp has form (_;1,0;0).

Fix representatives

Gu = (—§puaqmdu)a
v = (—;pva‘IU; dv)7
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9z = (—pr,Qz;dx),
Gy = (55 Py, @ys dy)

in G so that [g,] = gr(u) € (ha)\G, etc. Then

[9ugz) = [P4™ % gugah " 7] = (50,05 dy — pqu — paz)],

[gvgy] = [hzqviqygvgyhli)pvipy] = [(—; 0,0;dy, — pgy — pr)]a

and so A=A(uNz) - A(wNHy) = (du — pgu — Pdz) — (dv — PG — Pay),
which equals precisely (a(u) 4+ p-a(x)) — (a(v) + p - a(y)). O
Now let - be the pairing

- Hom(A*H(F;Z),72) x N*H\(F;Z) — Z
¢-a— da).

In particular,

. 1 ifs=t
as - ay =
s T 0 otherwise,

Proof of Theorem[1.2 This is really automatic from the definition of the
homomorphism [M], but we work out the pairing in terms of generators as
well. For the first part, M X N inherits a Z/2 grading from M and N by
m(x X y) =m(z)+ m(y). We have

[M]-[NI= ) (~1)™@R*(@) - Y0 ()™ Wh(y)

2€&(M) yeS(N)
— Z a Z (—1)™=) | . Z a Z (—1)™W)
sC[2k] zeS(M),h*(z)=as tC[2k]  yeS(N)h(y)=a
— Z al - ag Z (—1)"@) (—1)mW)
s, tC[2k] €S (M),h* (z)=as

YES(N),h(y)=as

_ Z (—1)m@)+my) — Z(_l)m(r)+m(y) = x(MXN).
2€S(M),ye&(N) ey
h*(z)=as=h(y)

The second part is the specialization of the first part to CFA and CFD with
the grading m defined in Section Bl and CF graded by the Maslov grading.
We remark that [CFD] and [CFA] are elements of A*H(F;Z). The last step
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in the above equation follows, up to an overall sign for each spin® structure,
from Proposition O

Proof of Theorem[I-3. This is the Alexander-graded version of Theorem L2
Recall that homology solid tori have a unique spin® structure. For H; and
Ho as in Proposition [G.2]

[CFA(HY)) = > (-1)"@e@ap + 3~ (—1)m@el@gs
€S (Hq) r€S(Ha)
Ia(z)=t0 Ia(z)=t1

[CFD(H2)] = S ()@ 4 3 )W) g,
yEGS(Hz) yEGS(Hz)
Ip(y)=to Ip(y)=t

We multiply out and see that [6F\A(7-L1)] . [@(Hg)] equals

Z (—1)m@)+mly)ga(z)+raly)
€S (H1),y€G(Hz)
La(@)=t0=Ip(y)

+ Z (—1)m@)+mly)ga(@)+paly)

€S (H1),yeS(Hz)
Li(z)=u:=Ip(y)

_ 3 (—1)m(@)+m(y) ga(@)+pay)

€6 (H1),yES (H2)
xXy#0

= Z (—1)M (@Bdy) 4 Aably)

ZEG(Hl),yEG(Hz)
xXy#£0

= +t"X(CFK (Kc)).

Gluing a Heegaard diagram for the unknot in the 0-framed solid torus
with one generator (see [12, Section 3]) to a diagram for (83 \ K,0) shows
that the a; component of [C’FD(S3\K 0)] is x(CFK(K)) = Ag(t). Simi-
larly, gluing a diagram with one generator for the 0-framed complement of
the unknot to a diagram for C' — Sl x D? in a O-framed S x D? shows
that the a] component of [C’FA(S1 x D?,C)] is X(CFK(C’)) Ac(t).

Proving that the as component of [@(53 \ K,0)] vanishes requires a
different argument. Say rank HFK (83, K) = n and assume we have a basis
{z0,...,x2,} for CFK~(K) which is both horizontally and vertically sim-
plified. We illustrate CFK~(K) on the (U, A) lattice as in ﬂﬂ Section 3.
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Recall this means we have 2n + 1 points {&, ..., &2, } representing the ba-
sis, and a vertical (respectively horizontal) arrow from x; to z; of length [ is
represented by a vertical (respectively horizontal) arrow of length [ pointing
down (respectively to the left) staring at &; and ending at &;. Note that there
is at most one vertical and at most one horizontal arrow starting or ending
at each basis element, and there is a unique element &Y with no in-coming
or out-going vertical arrow, and a unique element & with no in-coming or
out-going horizontal arrow. See Figure [6

Recall that we can obtain CFD(S®\ K,0) by replacing arrows with
chains of coefficient maps, and adding one more chain from £? to &”, called
the unstable chain.

Choose ¢y to be the base idempotent, and define ¥ (11) = (%, 1,0,0) €
G'(4). This refinement give rise to a G(Z) grading, and hence to a Z/2
grading m. With this choice, we list the relative (m,a) gradings of a hori-
zontal chain of length [, a vertical chain of length [, and the unstable chain
when 7(K) =0, 7(K) > 0, and 7(K) < 0, in this order.

(0,00 =25 (0, —3) L2 0, -3 22 Pl <2 (1,
(0,0) == (0, 3) =2~ (0, 3) 22 P2 (0,1 - ) —2——(1])
(0,0) =2 (0,0)

(0,0) 7 (0, ~ 1) <2 (0, -3) 22— <2 (0,1 — 27) < (0, —27)
(0,0) 2= 1,1y P q 3y Do Paq g o Ly P (0, —27),

We plot the chains on the (U, A) coordinate system so that the grading
a of a generator with coordinates (x,y) is given by x — y. Draw each chain
corresponding to a vertical or horizontal arrow also as a vertical or horizontal
chain, respectively, and represent coefficient maps between a generator in ¢
and a generator in ¢; by arrows of length %, and coefficient maps between
two generators in ¢; by arrows of length one. The choice for the unstable
chain depends on 7(K).

Case 1: 7(K) = 0. Ignore the Dis map, and identify £V and &" if they are
not the same basis element. Note this may not result in the correct model for
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C/'FTD(S?’ \ K,0), but the information about the ¢; elements is intact, which
is all we are interested in.

Case 2: 7(K) > 0.

Note that in this case £V is 7(K) units above and 7(K) units to the
left of £". Draw the unstable chain in an L-shape, as follows. Starting at £?,
represent the first coefficient map by a vertical arrow of length %, so that the
first ¢1 element is half a unit below £Y. Proceed downwards, drawing the D1o
maps to have length one, until half the ¢; elements have been plotted. Repeat
the process for the other half, starting at ¢” and going to the left. Connect
the middle two elements by a straight arrow to represent the coefficient map
between them.

Case 3: 7(K) < 0.

Here £V is |7(K)| units below and |7(K)| units to the right of £". Rotate
the construction for Case 2 by 180°.

Figure [ illustrates the above description with a couple of examples.

Note that each element lies on a line L; of slope 1 passing through
(t,0), for some t € %Z. For 1y elements t € Z, and for 1 elements t € Z + %
If a(z) — a(y) =t € 3Z, then the line through z is ¢ units above the line
through .

Let G be the graph on vertices &, ..., &2, and edges the 2n 4 1 chains
(note that if 7(K) = 0 we may have only 2n vertices and 2n edges), embed-
ded as above. Every vertex has degree 2, so GG is a union of cycles. Endow
edges with the orientation induced by the horizontal and vertical arrows for
CFK ™, and orient the edge corresponding to the unstable chain to start at
€V and end at £".

Rotate the plane clockwise by 45°, so that the lines L; are now horizontal,
and smoothen G locally at the vertices, so we can think of it as an immersion
of a union of circles. The vertices now comprise the local minima, local
maxima, and the points with vertical tangents of the immersion. A vertex
v # €Y, &M is a local maximum if it has an incoming horizontal edge and an
outgoing vertical edge, and a local minimum if it has an incoming vertical
edge and an outgoing horizontal edge. The vertex &Y is a local maximum if
it has an incoming horizontal edge and 7(K) > 0, and a local minimum if it
has an outgoing horizontal edge and 7(K) < 0. Otherwise it has a vertical
tangent. Similarly, £” is a local maximum if it has an outgoing vertical edge
and 7(K) <0, and a local minimum if it has an incoming vertical edge and
7(K) > 0. Note that this covers the case when £V = ¢".
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Figure 6: Two examples of the graphical interpretation of CFK ™~ and CFD.
Left: The (3,4) torus knot (7 = 3). Right: the (2, —1) cable of the left-handed
trefoil (7 = —2). On top are the models for CFK ™, below are the models
for @, with dashed unstable chain, and on the bottom are the rotated,
smoothened graphs. Red and black represent opposite m gradings.



The decategorification of bordered Floer homology 265

Tracing the ¢; elements along a connected component of G, observe
that the m grading changes exactly when passing through a local maximum
or minimum. On the other hand, think of a connected component as an
immersed circle, ignore the orientations of the edges, and fix an orientation
for the circle. The derivative of the height function changes sign exactly at
the local maxima or minima, so two ¢ elements have the same m grading
exactly when the derivatives of the height function at their coordinates have
the same sign. For any t € Z + %, the line L; crosses G away from any
local minima and maxima, and the oriented intersection number of L; and
G is zero, since GG consists of immersed circles. This means that half the
intersection points have positive derivative, and the other half have negative
derivative (see Figure [d). In other words, half of the ¢; elements of a given
a grading have m grading 0, and the other half have m grading 1, and so
they cancel each other out in the summation for [CFD(S?, K), 0], i.e.

> (—1)m@)gal@) — g,

€& (CFD(S*\K,0)),Ip (z)=t1

In other words, the a component of [C/’F\D(S3 \ K,0)] is zero.

Last, we show that we do not in fact need the assumption that we have
a basis which is both vertically and horizontally simplified.

Let 2 = {&o,...,&n} be the plot of a vertically simplified basis with £”
in position (0, 7), and let H = {no, ..., n2,} be the plot of a horizontally sim-
plified basis with 5 in position (7,0). Also plot the vertical and horizontal
chains.

The symmetries of CFK > discussed in ﬂﬁ, Section 3.5] imply that when
we have a reduced complex, the vertical and horizontal complexes are iso-
morphic as graded, filtered complexes. The change of basis for this isomor-
phism may not be a bijection, and in fact may not even map generators to
homogeneous linear combinations of generators, but since the isomorphism
preserves gradings and filtrations, we may deduce that the number of ele-
ments of Z in position (z,y) with given Maslov grading is the same as the
number of elements of H with the same grading in position (y, x).

In addition, the symmetry

HFKz(K,]) & HFKi,Qj(K, —])

implies that there is the same number of elements of = with given parity of
the Maslov grading in position (z,y), as in position (y, x).
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Since the grading m agrees with the Maslov grading, by combining the
two symmetries, we see that for a given m grading (0 or 1) there the number
of elements of = of that grading in a given position (z,y) equals the number
of elements H of the same grading in the same position. In other words, we
can find a bijection b : H — = that preserves coordinates and also preserves
the m grading. Identify the two bases under this bijection, i.e. think of a
horizontal chain from 7; to 7, as a horizontal chain from b(n;) to b(n;),
and think of the unstable chain as going from £V to b(n"). While the result
of this identification may not represent CFD(S3 \ K,0), it has the same
graphical structure that we already analyzed in the case of a basis which
is simultaneously horizontally and vertically simplified. The bigradings on
the chains when moving along a connected component of the graph obey

the same rules as before, since b respects the m grading, and by |12, Lemma
3.2.5] the a grading of any element is specified by its coordinates. This allows
is to make the same cancelation argument as before. O

7. A 7Z/2 grading via intersection signs

In Section [ we defined a Z/2 differential grading m on the surface algebra
A(Z) and the left or right modules over it, and showed that it agrees with
the Maslov grading after tensoring. For the algebra, this grading was defined
as a composition of the G(Z) grading from [7] with a homomorphism from
G(Z) to Z/2; for the modules, it was defined as a composition of the G(Z)-
set grading with a quotient of the homomorphism from G(Z) to Z/2.

Inspired by a similar definition in E in this section we provide a more
hands-on definition of the grading m, via intersection signs of a- and -
curves on a Heegaard diagram.

Let Z be a pointed matched circle, and let k be the genus of the surface
F(Z2). Given a Heegaard diagram H with OH = Z, recall that the 4k points
aN Z come with an ordering <, induced by the orientation of Z\ z ﬂﬂ,
Section 3.2]. For any a-arc «;, label its endpoints as a; and oz;r, so that a;” <
ozf, and order the a-arcs so that a; < a, <--- < ay,. Write the matching
as M(a; ) = M(caj) =1, i.e. so that an idempotent I(s) corresponds to the
set of a-arcs indexed by s C [2k]. We recall the definition of the function J
from Section @l Given a set s C [2k], J(s) is the multi-index, i.e. ordered set,
(J1,- -+, Jn) for which j; <--- < j, and {j1,...,Jn} =s.

We define a grading on the algebra A(Z by looking at the diagram
for the bimodule A(Z) that was studied in [1] (labeled (F,{a; },{a;})),
and in ﬂ§, Section 4] (labeled AZ(Z)). Flgure IZI is an example of AZ(Z)
when Z is the split pointed matched circle of genus 2. Let 9,AZ(Z) denote
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Figure 7: The diagram AZ(Z).

the boundary component of AZ(Z) which intersects the a-arcs, and Let
0gAZ(Z) denote the boundary component of AZ(Z) which intersects the
B-arcs. Order the a-arcs and label their endpoints as above, i.e. following
the orientation of 0,AZ(Z) \ z, and do the same for the -arcs, i.e. following
the orientation of d5AZ(Z) \ z. For each i, orient a; from «; to o, and f;
from B; to B;". For any point z € a N B, define s(x) to be the intersection
sign of @ and B at z. Note that the intersection sign of «; and §; at the
diagonal of the triangle is positive.

Recall that the generators G(AZ(Z)) are in one-to-one correspondence
with the standard generators of A(Z) by strand diagrams. We will denote a
generator of A(Z) and the corresponding generator in &(AZ(Z)) the same
way. Given a generator a of A(Z), write its representative in S(AZ(Z)) as
an ordered subset a = (z1,...,2p) of aN @, with x; ordered according to
the occupied a-arcs. For a generator x € G(AZ(Z2)), let 0,(x) be the set of
occupied a-arcs, and let og(x) be the set of occupied (-arcs. Define ox to
be the permutation for which

T € oy, N 5j0x(1)

Lp € Qi, N /Bjox(p)

where (i1,...,ip) = J(0a(x)) and (ji,...,7p) = J(0g(x)). In other words,
ox is the permutation arising from the induced orders on the two sets of
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occupied arcs. Define the sign of x by

s(x) = sign(ox) [ | s(:):

i=1

Lemma 7.1. The sign assignment s induces a differential grading m on
A(Z), in the sense that the unique function m : S(AZ(Z)) — Z/2 for which
s = (=1)" is a differential grading.

Proof. If a generator y is in the differential of x, then x and y are equal
size, say p, as subsets of a N 3. There is a rectangle connecting x to y, so
x and y differ exactly at the vertices of the rectangle, say x; # y; and z; #
yj. Then [T, s(z:) - [Ty () = s(ws)s(@;)s(y)s(ys) = 1, and sign(ox) =
—sign(oy), hence s(y) = —s(x).

For the mo multiplication, note that if x and y are generators with x -
y = z, we can see this as a set of half-strips from x to z with boundary p, so
that y represents I, (x)a(p)lo(z), where I, is the idempotent corresponding
to o, for any generator. Then I, (x) -y =y counts half-strips from I, (x) to
y with the same boundary p. Since x and I,(x) occupy the same a-arcs,
then J(0q(x)) = J(0a(la(x))). Similarly, J(oa(y)) = J(0a(2)), J(0g(x)) =
J(05(2)), amd J(03(Ia(x))) = J(05(y))- Let

J(Oa(X>) = (0‘17 s 7a;D)
J(0a(2z)) = (b1,...,bp)
J(O/B(X» = (Cla s 7CP)
J(0s(y)) = (di, ..., dp),
and write I,(x) = (w1,...,wp), again with w; ordered according to the oc-

cupied a-arcs.

Let 04 be the permutation that maps J(04(2z)) to J(0.(x)) along half-
strips, i.e. 0o(i) =i if ; = z;, and 04(i) = j if x; and z; are connected by
a half-strip. Let o3 be the permutation that maps J(og(x)) to J(og(la(x)))
so that og(i) =j if x; and w; occupy the same a-arc. Then o, =0y o0
Oq; Oy = 030 0x 0 0q, and 0y (x) = 0p © 0x, SO ngazagla]a(x) = id. Hence,
sign(ox)sign(oy)sign(oy)sign(oy, (x)) = 1.

In addition, if x; = z,_¢;), then w; = y,_(;) and it follows that s(z;) =
8(24, (1)) and s(wi) = s(Y,,(i))- If instead x; and 2, (;) are connected by
a half-strip, then w; and y, ;) are connected by a half-strip, with the
same boundary, so wj,Ti, 2o, (i), Yo. (i) are the vertices of a rectangle, so

s(wi)s(i)s(24, (1)) Wo. ) = 1.
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s(x)s(y)s(z)s(ln(x)) = (sign(ax) Hs(xﬁ) . <sign(ay) HS(%)>

i=1
p
. (s1gn 0z) s( ) . <sign(01a(x))Hs(wi))
i=1 i=1
— sign(ox)sign (o, )sign(ay )sign(o7, )

) H (S(Wi)s(l‘i)s(zaa(z’))s(yaa(z‘)))

':]@

=1.

On the other hand, /,(x) is an idempotent, so o () = id, and s(w;) = 1 for
all 7, and so s(I,(x)) = 1. Therefore,

s(x)s(y) = s(2). .

Next, we define a Z/2 grading on CFD. Given a Heegaard diagram
‘H for a bordered 3-manifold, order the « arcs as above, but according to
the orientation on —0H, and orient them from a;r to o . Also order and
orient all & and g circles, and define a complete ordering on all a-curves by
al,...,agk,a‘f,...,a;_k.

Write generators as ordered tuples x = (z1,...,24) to agree with the
ordering of the occupied a-curves, and for any generator x, define oy to be
the permutation for which

r1 € o, N By (1)

Tk € gy, N By (k)
Tr1 € & N By, (k41)

ZTg € O‘g—k N 60:((9)’

where (i1,...,1;) = J(o(x)). For any x;, define s(z;) to be the intersection
sign of a and B at x;. We also define og for each k-element set s C [2k] to
be the permutation in Sy that maps the ordered set (1,...,k) to J(s) and
(k+1,...,2k) to J([2k] \ s).



270 Ina Petkova

Last, define the sign of x by

g

5(x) = sign(o)sign(ox) [ | steo)

i=1

Proposition 7.2. The sign function s induces a differential grading m
on CFD, in the sense that the unique function m : S(H) — Z/2 for which
s = (=1)" is a differential grading.

In other words, we can define the Z/2 grading of a generator to be 0 if
its sign is 1, and 1 if its sign is —1.

To prove this, we glue AZ(Z) to H and define signs for the generators
of the resulting Heegaard diagram. Define a total ordering on the a-curves
to agree with the ordering on H and on the S-curves by concatenating the
ordering on AZ(Z) and the ordering on H (in this order). The orientations
on the a-arcs in both diagrams are compatible, and induce an orientation
on the a-circles obtained after gluing. Then we can define permutations
and local intersection signs as above, and define a sign for each generator
z=x®Yy of AZ(Z) UH by

g+k

s(z) = sign(oy) H s(zi).

Note that this definition induces a relative Z/2 Maslov grading:

Lemma 7.3. If two generators z and z’ in AZ(Z) U H are connected by an
index 1 domain that doesn’t touch the boundary of the Heegaard diagram,
then they have opposite signs.

Proof. Glue a diagram Hg to AZ(Z)UH to obtain a closed diagram, and
pick a generator b on 1 so that b ® z and b ® 2z’ are generators in the closed
diagram. These new generators are connected by the same domain, so their
Maslov gradings differ by one. For any choice of completing the ordering and
orientation on the aw and 3 curves for the closed diagram, define signs for the

enerators as above, and observe that our sign definition agrees with that of

, Section 2.4] (we can think of a closed Heegaard diagram for a manifold
Y as a sutured diagram for Y (1) by removing an open neighborhood of the
basepoint), so any way of completing the ordering and orientation will yield
s(b®z)=—s(b®2'). On the other hand,
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sign(o,)sign(oy, ) = sign(opez)sign(opgyz)

and
g+2k g+2k k g+k k g+k g+k g+k
H(b@z)i~H(b®z)i:Hbi~ Zi - Hbl z.= ||z ||z,
i=1 i=1 i=1 i=1 i=1 i=1 i=1 i=1
SO
s(z)s(z') =s(b®z)s(b®z') = —1. O

Lemma 7.4. With the above definitions, if x ® y is a generator of AZ(Z) U
H, then

s(x®@y) = s(x)s(y).
Proof. Let ox € Sy be the concatenation of oy and idg , and let oy € Sy
be the concatenation of idg, and oy. Note that ox o 7 is the concatenation

of ox with oy, and also equals &, 0 x. Denote x ® y by z and observe that
0z = 0x 0Oy O Oy(y), and so

sign(o,) = sign(ox)sign(oy )sign(o(y))

= sign(Ux)sign(ay)sign(c;’o(y)) .

Then
k g
s(x)s(y) = sign(ox) H s(xi) - sign(og(y))sign(oy) H s(y:)
i=1 ok i=1
= sign(ox)sign(oy )sign(oy(y)) H %
gtk =

= sign(oy) H 2 .
i=1

Proof of Proposition[7.3 Suppose ay is in the differential of x, so there are a
B € m(x,y) and a sequence of Reeb chords p, such that (B, p) is compatible,
ind(B,p) =1, and a = a(p). Then if we glue AZ(Z) to H, B completes to
a closed index 1 domain from /p(x) ® x to a ® y, where we think of Ip(x)
and a as generators of AZ(Z).

Lemmas and [C4] along with the fact that idempotents have grading
0, immediately imply that

= s(Ip(x) ©x)s(a®@y) = s(Ip(x))s(x)s(a)(y) = s(x)s(a)(y). O

O
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Remark. To conclude this section, we explain how to relate the Z/2 grading
from this section to the grading from Section Bl Recall I(s) is in I(Z,0)
whenever |s| = k. Given such s, look at J(s) = (s1,...,5), let pf be the
Reeb chord from «a; to oy whenever i # s;, and let p* be the set of all such
Reeb chords. Choose grading refinement data sp:= {1,...,k} and define
P(s) = gr'(a(p®)) = (t(a(p®)); [p®]) for every other s. This specifies a refined
grading gr on A(Z,0). The resulting Z/2 grading m = f o gr obtained by
composing with the map f from Section [3] agrees with s. In other words,
given a € A(Z,0), then s(a) = (—1)™®), and, for an appropriate choice of
a base generator for C/’F\D(H) in each spin® structure, s(x) = (—1)™®). The
proof that the two gradings agree is a rather tedious computation of the
refined gradings of the half-strip domains on AZ(Z), and, since it does not
affect the results of this paper, we do not include it.

8. The Euler characteristic of bordered Heegaard Floer
homology

In this section, we prove Theorem [I.4]

Let (Y, Z,¢) be a bordered 3-manifold with Heegaard diagram # (so
OH = —Z2) of genus g, and let k be the genus of FI(Z) = JY. For simplicity,
we assume that Z is the split pointed matched circle. At the end of this
section we provide a simple handle slide argument to complete the proof of
Theorem [[4] for general Z.

Fix an ordering and orientation of all 5-circles, a-circles, and a-arcs. Let
M(H) be the (g + k) x g signed intersection matrix given by

e — #(Oziﬂﬁj) ifigg—k
YU #@en By ifi>g—k.

We can read [C/'F\D(Y)] from M(H) in the following way. Fix a k-element
subset s C [2k]| and let M(H)s be the square matrix obtained from M (H)
by deleting the rows corresponding to s. More precisely, if ¢ € s, we delete
the (g — k +4)™ row, i.e. the one corresponding to af'. Observe that

det M (H)s = sign(o,(x)) Z s(y)
yeS(H),Ip(y)=I(s)

= sign(0,(x)) > (=1)").

YyeS(H),In(y)=1I(s)
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In other words, det M (H)s is £ the coefficient of as in [C/'F\D(Y)}, where
as is the basis generator for A*H;(F';Z) defined in Section (] corresponding
to the set s.

Next, we relate ker(H1(F\(Z)) — H1(Y)) to M (H). If we cap off H with
a disk, and close off each af inside the disk, we get a closed surface ¥’
of genus g with {ov,...,a4_k, ), ..., ab,} spanning a (g + k)-dimensional
subspace of H;(X'). By adding in circles 71, ..., 74—k such that

o
#(fymaﬂ—{ s

#(viN oz}) =0,

0 otherwise,

: / / / /
we extend to a basis {a,..., 00—k, V1, Ygoks X, O, ..o, Oy, Oy 1},
which is dual to {vi,...,Yg—k,Q1,..., gk, a},..., b }. In other words,
if
g—k g—k 2k
!/ /
Bi E cijv; + g ai;o + E a;; 0,
j=1 7=1 7=1

then #(8; N ;) = ¢4, etc. Permute the last 2k rows of M () by swapping
adjacent rows in pairs, i.e. for each i exchange the rows corresponding to
ab; 1 and o;. Call the new matrix M'(H). Let o, &', 3, and « be the sets of
a, o/, 8, and v circles, respectively. The columns of M’(H) now represent 3
circles as linear combinations of v and o circles in the space Hy(X')/Hy ().
Note that the inclusion H;(9Y) — H;(Y) is the composition of

Hl(F) — Hl(E/) —» Hl(Y),

where the first map is the inclusion of the subspace Z ('), and the second
map is the quotient by all @ and S circles. In terms of our basis,

Z(a') S Ly, 0.0') 5 L(v,a,a) /Lo, B),

where ¢ is the quotient by the homology subspace generated by o« U 3. Then
ker(H1(0Y) — H1(Y')) = ker(q o ¢), or if we first quotient by the space gener-
ated by a, then ker(H;(0Y) — H1(Y)) = ker(q o 7) in the resulting sequence

Z<a’> N Z<’y,a’> “ Z<7,a'> JZ(B) .
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Define Vg := span{f1, ..., Bg—r} C Z (v, a’) and V := span{vi,..., 74—} C
Z (v,a’). Now, ker(q o 7) is isomorphic under 7 to imz N ker g, i.e. to the sub-
space of Vg that is perpendicular to V. In other words,

ker(go7) = {ma (v)|v € Vg, my, (v) = 0}.

We can change basis for Vs by performing column operations on M'(H)
so that imz N ker q is generated by the initial columns. This corresponds to
handleslides of (-circles over f-circles, so the Heegaard diagram after the
handleslides specifies the same bordered manifold. Thus, we may assume
that M'(H) already has this form, i.e. that imz N kerq is generated by the
initial columns of M'(H).

Lemma 8.1. Let M™P be the submatriz of M'(H) formed by the top g — k
rows. The rank of M'P is g — k iff H1(Y,0Y) is finite.

Proof. Pick 61,...,0, dual to f1,...,3,. The rows of M"P(H) record the
intersections of a given «-circle with the (-circles, so they represent the
linear combination of that a-circle in terms of the §-circles.

By the universal coefficients theorem, H;(Y,0Y) is finite if and only
if HY(Y,0Y) =0, and by Poincaré-Lefschetz duality, H'(Y,0Y) = Hy(Y).
Let a, B, and 6 be the sets of a-circles, S-circles, and J§-circles, respec-
tively. The Mayer-Vietoris sequence for the Heegaard decomposition of Y
specified by #H identifies Ho(Y') with ker(Hy (o) ® H1(3) — H1(X)), so fi-
nally, H;(Y,0Y) is finite if and only if ker(H;(a) & H1(B) — H1(X)) = 0.
But Hy(X) = H1(6) @ H1(B), so the kernel is zero-dimensional exactly when
msHi(a) has dimension g — k. The projection 75H; () is exactly the span
of the rows of M'™P(H), so the dimension of the projection is the rank of
MU©P(H). O

Similarly, let M!"™ he the submatrix of M'(H) formed by the bot-
tom 2k rows. Note that for any s, rank M'(H)s < rank M'P + rank Mbottem
so if rank H1(Y,0Y") > 0, then det(M'(H)s) =0, and so [C/'FT?(Y)] =0. If
rank H,(Y,0Y) = 0, then by Lemma the matrix M’(H) has the block

(o)

where 0 is the (¢ — k) x k zero matrix, and B is a (g — k) x (g — k) matrix
with det(B) = |H1(Y,0Y)|. To see that det(B) = |H1(Y,dY)|, observe that
the columns of B represent S-circles as linear combinations of v circles, after
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quotienting by all o/ circles. On the other hand, by definition we have

Hy(Y,0Y) = Hi(Y)/im(Hy(9Y) — H1(Y))

= (Z(v.a') /Z(B))/im(goT)
%Z<'y,a>/Z<B,a>
=Z(v) /Z(B)

>~ 797%/im B.

Since H;(Y,0Y) is finite, then B has full rank, and |H;(Y,9Y)| = det B.
We already discussed that the columns of 0 span imz N ker g and

A
the columns cy,...,cr € R?* of A span ker(go1). Last,

AP ker(goz) ={vi A--- ANuvglv; € ker(qo7)}

k k
= {Ztlici VANRREIVA Ztkici’tij € Z}
=1

=1

- { Z tlo(l)ca( A tk:a ’tz] € Z}
oeSy
= span { Z Cor) N N cg(k)}
gES)

= span{ci A--- Acg}

k
= span {Z a;r1e; N\ -+ N Z aike,}
Z Za ])]sgn ei, A Aey,

sC[2k] €Sk

= span { Z det Ag - e;;, A+ Aej,

= span

sC[2k]

= span

Z det Agag

sC[2k]
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But det M(H)s = det Ag det B, so

span[CFD(Y, Z, )] = det B - AF ker(H,(F(2)) — H\(Y))
= |H\ (Y, 0Y)|A* ker(H1(F(Z)) — Hi(Y)).

This proves Theorem [[4 in the case when Z is a split circle. The
promised handle slide argument is merely the observation that arc slides
correspond to row operations, and any pointed matched circle for a surface
of genus k can be obtained from the split one by a sequence of arc slides.
Specifically, sliding «; over o corresponds to adding the (g — &k + j )th
to the (g — k4 4)™ row in M(H), and to adding the (g — &k + i)™ row to
the (g — k + 7)™ row in M’(H). Row operations preserve determinants, and

this completes the proof of Theorem [[.4l
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