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Seidel’s morphism of toric 4—manifolds

SiLviA ANJOS AND REMI LECLERCQ

Following McDuft and Tolman’s work on toric manifolds @]7 we
focus on 4-dimensional NEF toric manifolds and we show that even
though Seidel’s elements consist of infinitely many contributions,
they can be expressed by closed formulas. From these formulas,
we then deduce the expression of the quantum homology ring of
these manifolds as well as their Landau—Ginzburg superpotential.
We also give explicit formulas for the Seidel elements in some non-
NEF cases. These results are closely related to recent work by
Fukaya, Oh, Ohta, and Ono [15], Gonzalez and Iritani [19], and
Chan, Lau, Leung, and Tseng |§]. The main difference is that in
the 4-dimensional case the methods we use are more elementary:
they do not rely on open Gromov—Witten invariants nor mirror
maps. We only use the definition of Seidel’s elements and specific
closed Gromov—Witten invariants which we compute via localiza-
tion. This makes the resulting formulas directly readable from the
moment polytope.
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1. Introduction

Let (M,w) be a closed connected symplectic manifold and let as usual
Ham(M,w) denote its Hamiltonian diffeomorphism group. Under a suit-
able condition of semipositivity, Seidel defined in @] a morphism, S, from
71 (Ham(M,w)) to — after a mild generalization due to Lalonde, McDuff, and
Polterovich [28] - QH.(M,w)*, the group of invertible elements of the quan-
tum homology of (M, w). This morphism has been extensively used in order
to get information on the topology of Hamiltonian diffeomorphism groups
as well as the quantum homology of symplectic manifolds. It has also been
extended in various directions, see the end of the introduction for some of
these extensions related to the present work.

A quantum class lying in the image of S is called a Seidel element. In

], McDuff and Tolman were able to specify the structure of the lower
order terms of Seidel’s elements associated to Hamiltonian circle actions
whose maximal fixed point component, Fi,.y, is semifree. Recall that this
condition means that the action is semifree on a neighborhood of F},,x which
means, in our case, that the stabilizer of each point is trivial or the whole
circle. When the codimension of Fax is 2, their result immediately ensures
that if there exists an almost complex structure J on M so that (M, J) is
Fano, i.e so that there are no J—pseudo-holomorphic spheres in M with non-
positive first Chern number, all the lower order terms vanish. In the presence
of J-pseudo-holomorphic spheres with vanishing first Chern number, there
is a priori no reason why arbitrarily large multiple coverings of such objects
should not contribute to the Seidel elements. As a matter of fact, McDuff
and Tolman exhibited an example of such a phenomenon when (M, J) is a
NEF pair, which by definition do not admit .J—pseudo-holomorphic spheres
with negative first Chern number.

In this paper, we show that even though there are indeed infinitely many
contributions to the Seidel elements associated to the Hamiltonian circle ac-
tions of a NEF 4—-dimensional toric manifold, these quantum classes can still
be expressed by explicit closed formulas. Moreover, these formulas only de-
pend on the relative position of representatives of elements of mo(M) with
vanishing first Chern number as facets of the moment polytope. In particu-
lar, they are directly readable from the polytope.

More precisely, we consider (see Section [2 for precise definitions):

e a 4—dimensional closed symplectic manifold (M,w), endowed with a
toric structure and admitting a NEF almost complex structure,
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e its corresponding Delzant polytope P, which is assumed to have n > 4
facets,

e a Hamiltonian action generated by a circle subgroup A, with moment
map Py.

We assume additionally, that the fixed point component of A on which &
is maximal is a 2-sphere, F.x C M, whose momentum image is a facet
of P, D. We denote by A € Hy(M;Z) the homology class of Fi,.x and by
Pnax = q)A(FmaX)-

In this case, McDuff-Tolman’s result ensures that the Seidel element
associated to A is

SA) =A@qt=+ Y apqg "Bt
BEHS(M;Z)>°

where Hég (M;7)>% consists of the spherical classes of positive symplectic
area, that is, w(B) > 0 and ap € H.(M;Z) denotes the contribution of B.
As mentioned above, when there exists a Fano almost complex structure, all
the lower order terms vanish and we end up with S(A) = A ® qt®mex.

In the non-Fano case, one has to be careful about the number and rela-
tive position of facets, in the vicinity of D, corresponding to spheres in M
with vanishing first Chern number. We denote the number of such facets
by #{c1 = 0}. Theorem (.4 lists all the contributions made to the Seidel
element associated to A in the 6 cases when #{c; = 0} < 2. We denote the
facets and the corresponding homology classes in M in a cyclic way, that
is, D, which we denote by D,, below, has neighbooring facets D,_1 on one
side and D, 11 = D1 on the other, and they respectively induce classes A,
An—l; and An+1 = Al in HQ(M; Z)

Figure [ shows the relevant parts of the different polytopes we need to
consider. Dotted lines represent facets with non-zero first Chern number
and we indicate near each facet with non-trivial contribution the homology
class of the corresponding sphere in M. For example, in Case (3¢), only
three homology classes contribute: A,,_1, A,, and Ay; A,—1 and A; have
vanishing first Chern number while ¢;(4,,) # 0.

Theorem [4.4l.  With the notation and under the assumptions above, the
following homology classes have non trivial contributions to S(A):
1) A, contributes by as, = A,,.

2) When c¢1(A,) =0,
(2a) then kA, (with k > 0) contributes by ara, = Ap,
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Figure 1: The cases appearing in Theorems 4] and F5], and Appendix [Al

(2b) and when c1(A1) = 0, then kA, + A1 (withk > 0 andl > 0) con-
A, ifk>1

tributes and its contribution is apa, +14, = ,
—A1  otherwise.

3) When c1(Ay) # 0,
(3a) when c1(A1) =0, then kA, (with k > 0) contributes by ara, =
_Al?
(3b) when c¢1(A1) =0 and c1(A2) =0, then kA; + 1Ay (with k>0
and 1 > 0) also contributes, and its contribution is aga,+iA, =
—A ifk>1
Ao otherwise,
(3¢c) when ¢1(An—1) =0 and c1(A1) =0, then kA,—1 and lA; (with
k>0 andl > 0) also contribute, and their contributions are given
by aga, , = —An—1 and aja, = —A;.

Moreover, in each case, if the facets immediately next to the ones mentioned
correspond to spheres with non-zero first Chern number, then these are the
only non-trivial contributions.

Now, under the same assumptions, Theorem gives the explicit ex-
pression of the Seidel element associated to A when #{c; =0} < 2. No-
tice that we give (without proofs) the expression of the Seidel elements for
#{c1 = 0} = 3 in Appendix [Al

Theorem Under the assumptions above, and in the cases described by
Figure [, the Seidel element associated to A is

(1) S(A) = Ay @ gt



Seidel’s morphism of toric 4-manifolds 5

t(blnax
(2a) S(A) = A, ®q 1Ay
o) S(A) = (A I A :
(2b) S(A) = An @ g — s ~ MO Ty ) T e ey
tq)max_w(Al)
_ Prnax _
(3a) S(A)_An®qt Al®q1_t w(Ay)
tq>max_w(A1)
_ Prnax _
(3b) S(A)—An@)qt A1®q1ft*w(x41)
) +Pmax 1 Pmax—w(Az) t—w(A)—w(As)
_ < 1 X q m — A2 & q 1_ tw(A2)> 1— t—w(Al)fw(Az)
thmax—w(An—l) t(I’max_w(Al)
— ¢max _ - -
(30) S(A) =An®qt An-1®4¢ 1 — t—w(An-1) A1 @q 1 — t—w(A)’

Interest of our approach

This work is closely related to recent work by Fukaya, Oh, Ohta and Ono
ﬂﬂh, Gonzdlez and Iritani ﬂﬁ}, and Chan, Lau, Leung and Tseng @] Roughly
speaking, for toric NEF symplectic manifolds, on one side Fukaya, Oh, Ohta,
and Ono showed that quantum homology is isomorphic to the Jacobian
of the open Gromov—Witten invariants generating function, Jac(WW/°Pe").
On the other side, Gonzélez and Iritani expressed the Seidel elements in
terms of Batyrev’s elements via mirror maps. Finally, Chan, Lau, Leung,
and Tseng proved that WP coincides with the Hori—Vafa superpotential.
Then by using this open mirror symmetry and the aforementioned results,
they showed that the Seidel elements correspond to simple explicit mono-
mials in Jac(W°P"). In the 4-dimensional case, these results are clearly
related to ours — see for example the discussion on the Landau—Ginzburg
superpotential in Example below —, however our approach is somehow
more elementary and stays on the symplectic side of the mirror.

We now sketch our approach. The Seidel element of a symplectic mani-
fold (M,w) associated to a loop of Hamiltonian diffeomorphisms ¢ based at
identity is defined by counting pseudo-holomorphic sections of (Mg, ©2) which
is a symplectic fibration over S? with fibre M and whose monodromy along
the equator is given by ¢ (this construction is called the clutching construc-
tion, see Section for more details). To compute Seidel’s elements when
(M,w) is a toric 4-dimensional symplectic manifold and ¢ = A is one of the
distinguished circle actions, we proceed as follows.
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1) Following Gonzalez and Iritani @], and Chan, Lau, Leung, and Tseng
|, we notice that (Mjy, ) is a toric 6-dimensional symplectic man-
ifold, see Proposition I?:[El This allows us to reduce the computation
of the Seidel elements to the computation of some 1-point Gromov—
Witten invariants, see Section .2

2) Then we compute the latter by induction using localization formulas
from Spielberg’s ﬂﬁ, @] or Liu’s ﬂﬁ] for the base cases and the splitting
axiom satisfied by Gromov—Witten invariants for the inductive steps,
see Section 4]

3) Step (2) completely ends the computation up to some particular 0—
point Gromov—Witten invariants which we preliminarily compute us-
ing a localization argument, see Section

Application in terms of Seidel’s morphism and quantum
homology

As mentioned above, Seidel’s morphism has been extensively studied for its
applications. However not many things are known concerning & itself, for
example its injectivity. It is obvious that Seidel’s morphism is trivial for
symplectically aspherical manifolds since these particular manifolds do not
admit non-constant pseudo-holomorphic spheres at all. In ﬂﬁ], Seidel showed
that for all m > 1 Seidel’s morphism detects an element of order m + 1 in
1 (Ham(CP™, wgt )), with wy the Fubini-Study symplectic form. In the case
of CPP? for example, this makes the Seidel morphism injective. Determining
non-trivial elements of the kernel of & in cases when § is not “obviously”
trivial would be interesting, for example to test the Seidel-type second order
invariants introduced by Barraud and Cornea via their spectral sequence
machinery M] In order to find such classes, one should first compute all the
Seidel elements in specific cases; here are families of examples for which the
present work allows such computations.

Example 1.1 (Hirzebruch surfaces). It is well-known that Hirzebruch
surfaces Fg, are symplectomorphic to S x S? endowed with the split sym-
plectic form w,, with area p > 1 for the first S?~factor, and with area 1 for
the second factor. Recall that Fg is Fano, [Fy is NEF, and that for all k£ > 2,
Fy admits spheres with negative first Chern number. As we shall see in
Section (5.3l the computations we present in this paper allow us not only to

! Actually, this first step does not require M to be 4-dimensional.



Seidel’s morphism of toric 4-manifolds 7

compute directly the Seidel elements associated to the circle actions of Fy,
but also to compute the Seidel elements associated to the circle actions of
For for all k > 2, that is, in the non-NEF cases. We present explicitly the
case of Fy.

Similar computations can be made for a1 which can be identified with
the 1-point blow-up of CP? endowed with its different symplectic forms.

Example 1.2 (2— and 3—point blow-ups of CP?). In the same spirit,
consider the symplectic manifold obtained from CP? by performing 2 or 3
blow-ups. It carries a family of symplectic forms w,,, where v > 0 determines
the cohomology class of w,. It is well-known that it is symplectomorphic to
M, ., or M, ., .,, respectively the 1- or 2-point blow-up of 52 x 52 endowed,
as above, with the symplectic form w,,. Here, ¢; and co are the capacities of
the blow-ups.

In previous works, Pinsonnault M], and Anjos and Pinsonnault B] com-
puted the homotopy algebra of the Hamiltonian diffeomorphism groups of
M, ¢, and M, ., .,.- In particular they showed that all the generators of its
fundamental group do not depend on the symplectic form nor the size of
the blow-ups provided that g > 1. In both cases, all the generators but one
can be obtained as Hamiltonian circle actions associated to a Fano polytope
while the last one is associated to a NEF polytope. When u = 1, the funda-
mental group of the Hamiltonian diffeomorphism group is generated only by
the former. So the computations we present here again allow us to compute
all the Seidel elements of the 2— and 3-point blow-ups of CP?, regardless of
the symplectic form and sizes of the blow-ups.

In relation with these two examples, let us point out that we were able
to exhibit a nontrivial element in the kernel of Seidel’s morphism on some
specific 3-point blow-ups of CP?. We also proved that Seidel’s morphism is
injective on all Hirzebruch surfaces. See ﬂﬂ] for more details.

Then we turn to quantum homology. Following @], we deduce from the
expression of the Seidel elements described in Theorem a presentation
of the quantum homology of 4-dimensional NEF toric manifolds. Batyrev
ﬂa] and Givental ﬂﬂ, ] showed that the quantum homology of Fano toric
manifolds is isomorphic to a polynomial ring quotiented by relations given
as the derivatives of the well-known Landau—Ginzburg superpotential. For
NEF toric manifolds see also the works by Chan and Lau ﬂ], Fukaya, Oh,
Ohta, and Ono ﬂﬁ, @], Iritani ﬂﬁ], Usher @], and references therein. As an
application of our computations we are able to give explicit expressions for
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the potential in the NEF case which can be read directly from the moment
polytope, and obviously can be related with Chan and Lau’s results.

Example 1.3 (4— and 5—point blow-ups of CP?). To illustrate what is
explained above, we explicitly compute the Seidel elements of the 4— and 5—
point blow-ups of CP?. Note that these manifolds are NEF and do not admit
any Fano almost complex structure. Then we deduce their quantum homol-
ogy and we give the explicit expression of the related Landau—Ginzburg
superpotential, see Section Of course, this expression agrees with Chan
and Lau’s result ﬂ] and in Remark 5.5 we indicate how.

Extensions and applications

We now discuss some extensions of Seidel’s morphism for which there is hope
to get explicit information in the setting of and with similar techniques as
the ones used in the present work.

Homotopy of Ham in higher degrees. As mentioned above, since M]
and B} the homotopy algebra of the Hamiltonian diffeomorphism groups of
the 2- and 3-point blow-ups of CP? is completely understood. It would
be interesting in this case to compute explicitly some invariants of the
higher-degree homotopy groups generalizing Seidel’s construction: the Floer-
theoretic invariants for families defined by Hutchings in ﬂﬁ] and the quan-
tum characteristic classes introduced by Savelyev in ﬂﬁ] Briefly recall that
the former are morphisms 7, (Ham(M,w)) — End._1(QH.(M,w)) obtained
as higher continuation maps in Floer homology. The latter are defined via
parametric Gromov-Witten invariants and lead to ring morphisms

H, (QHam(M, W)a Q) - QH27L+* (Mv w)'

Both constructions restrict to the Seidel representation, respectively, in de-
gree 1 and 0.

Bulk extension. In this paper, what is called quantum homology should
more precisely be refered to as the small quantum homology ring. There
is also a notion of big quantum homology ring, obtained by considering
not only the usual quantum product but also a family of deformations via
even-degree cohomology classes of M, see e.g Usher @] and Fukaya, Oh,
Ohta, and Ono ﬂﬁ] for a precise definition. For b € H®V (M), one ends up
with QH?(M,w) isomorphic to QH,.(M,w) as a vector space but with a
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twisted product. In ﬂﬁ], the authors extended Seidel’s morphism to mor-
phisms 71 (Ham(M,w)) — QHY(M,w)* and generalized in the toric case
part of the results of McDuff and Tolman ﬂﬁ] It would be interesting to see
which information on the big quantum homology can be extracted from the
present work.

Lagrangian setting. The Seidel morphism has been extended to the La-
grangian setting in works by Hu and Lalonde ], and Hu, Lalonde, and
Leclercq @] Following McDuff and Tolman @], Hyvrier ﬂﬂ] computed the
leading term of the Lagrangian Seidel elements associated to circle actions
preserving some given monotone Lagrangian. He showed that when the lat-
ter is the real Lagrangian of a Fano toric manifold, all lower order terms
vanish. It could be interesting to study the Lagrangian case in NEF toric
manifolds, however the preliminary question of the structure of the lower
order terms has to be tackled with different techniques than the ones used
in M] since they require the use of almost complex structures which gener-
ically lacks regularity. Let us also mention that Hyvrier's work as well as
such a possible extension provide examples where one can apprehend the
categorical refinement of the Lagrangian Seidel morphism due to Charette
and Cornea ﬂﬁ]

Organization of the paper

The paper is organized as follows. In Section Pl we review the necessary back-
ground material, that is toric geometry, quantum homology, and Gromov—
Witten invariants. Section [3] is devoted to the case of toric 4-dimensional
NEF manifolds where we specify these notions. In Section @l we precisely
state the main theorems enumerating all the contributions to the Seidel mor-
phism and the expression of the Seidel elements (Section [I.]) and we prove
them (Section 2] to Section [£.4]). Finally, we describe explicit examples and
applications mentioned in the introduction in Section Bl In Appendix [A]l we
gather additional computations of Seidel’s elements in more cases, complet-
ing Theorem
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2. Toric manifolds and quantum homology
2.1. Toric geometry: the symplectic viewpoint

Recall that a closed symplectic 2m-dimensional manifold (M,w) is said to
be toric if it is equipped with an effective Hamiltonian action of a m—torus
T and with a choice of a corresponding moment map ® : M — t*, where t*
is the dual of the Lie algebra t of the torus 7. There is a natural integral
lattice tz in t whose elements H exponentiate to circles Ay in T', and hence
also a dual lattice ¢, in t*. The image ®(M) is well-known to be a convex
polytope P, called a Delzant polytope. 1t is simple (m facets meet at each
vertex), rational (the conormal vectors 7; € t to each facet may be chosen to
be primitive and integral), and smooth (at each vertex v € P the conormals
to the m facets meeting at v form a basis of the lattice tz). We describe
them as follows:

P=Pk):={x et |(nz) <ki,i=1,...,n},

where P has n facets D1,..., D, with outw(mﬁ primitive integral conormals
n; € tz and support constants k = (K1i,...,k,) € R™.

It seemed more relevant to follow the same convention as in @] even though
the polytope is often defined by P’ = {x € t*|(n},z) > —k;, i = 1,..., N} for inward
normals 7;.
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Delzant proved in ﬂﬂ] that there is a one-to—one correspondence between
toric manifolds and Delzant polytopes given by the map that sends the toric
manifold (M,w,T,®) to the polytope ®(M). (See |27] and the references
therein for more details on this background material.)

2.2. The clutching construction

Let (M,w) be a closed symplectic manifold and A = {Ay} be a loop in
Ham(M,w) based at identity. Denote by My the total space of the fibration
over CP! with fiber M which consists of two trivial fibrations over 2-discs,
glued along their boundary via A. Namely, we consider CP! as the union of
the two 2-discs

Dy ={[1:2]€CP!'||z| <1} and Dy={[z:1] € CP'||z| <1}
glued along their boundary
ODy = {[1:e 27 9 c[0,1]} = {[e*™ : 1], 0 € [0,1[} = dD>.
The total space is
My = (M x DyLIM x D) [ with (2, [1: e 27]) ~ (Ag(), [e27 : 1]).

This construction only depends on the homotopy class of A. Moreover, 2,

the family (parameterized by S?) of symplectic forms of the fibers, can be

“horizontally completed” to give a symplectic form on My, wp ., = Q + k-

7* (wp) where wy is the standard symplectic form on S? (with area 1), 7 is the

projection to the base of the fibration and s a big enough constant to make

wa,,, non-degenerate. (Once chosen, x will be omitted from the notation.)
So we end up with the following Hamiltonian fibration:

(M, W) (My,wp) —— (52, wp).

In @], McDuff and Tolman observed that, when A is a circle action (with
associated moment map @, ), the clutching construction can be simplified
since, then, M can be seen as the quotient of M x S by the diagonal
action of ST, ¥ . (z, (21, 29)) = (Ag(z), (€™ 21, ¥ 25)). The symplectic
form also has an alternative description in M xg: S3. Let a € Q1(S%) be the
standard contact form on S? such that da = x*(wg) where y : S% — §? is
the Hopf map and wy is the standard area form on S? with total area 1. For
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all c € R, w+ cda — d(Ppa) is a closed 2-form on M x S% which descends
through the projection, p: M x S% — M x g S3, to a closed 2-form on My:

(1) we = pe(w + cda — d(Ppav))

which extends €. Now, if ¢ > max ®,, w. is non-degenerate and coincides
with wp . for some big enough k.

In the case of a toric symplectic manifold fiber, the same arguments lead
to the fact that (My,wy) itself is toric. This fact has been already noticed
and used in other instances, e.g. by Gonzales—Iritani ﬂﬂ, Section 3.2] and
Chan-Lau-Leung-Tseng [8, Section 4] in more general settings than what
we will need in this paper, so that we only give here the specific statement
which we will need, and refer the reader to the aforementioned works for
details.

Proposition 2.1. Let (M?™, w,T,®) be a toric symplectic manifold with
associated Delzant polytope P. Denote by (Ma,wy) the total space resulting
from the clutching construction associated to A, Hamiltonian circle subgroup
of T. A admits a representative in T given as the exponential of 0b where
0 € [0,1] and b € tz, the lattice of circle subgroups of T'.

Then there exist a (m + 1)—dimensional torus Ty C Ham(My,wy), and a
moment map Op: My — t) ~ t* X R such that (My,wa, Ty, Pp) is a toric
symplectic manifold, whose associated Delzant polytope Py and integral lat-
tice t[Z\ are given by

Py ={(z,20) € txR)* |z € P, + (x,b) <z <0}

and t) =tz x Z C t x R where ¢ > max{(x,b),z € P} coincides with the
constant ¢ appearing in () above.
Moreover, the outward normals of Py, na, are given in terms of the ones

Of P7 n, as fOllOU)S.‘ A = {(77270)7771 € 77} U {(07 1)7 (ba _1)} :
The polytopes P and P, are illustrated by Figure 2l The upper and

lower facets of Py correspond to two copies of P, the former horizontal, the
latter orthogonal to (b, —1) € t* x R.

2.3. Toric geometry: the algebraic viewpoint

We now briefly review toric varieties since we will use this viewpoint exten-
sively. Good basic references are Cox-Katz HE] and Batyrev |5]. There is
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(0,1)

—b : (bv_l)

Figure 2: The polytopes associated to the fiber M (left) and to the total
space My (right).

also a good summary of the definition and some properties of smooth toric
varieties in Spielberg ﬂﬁ] In what follows we mainly use his notation.

Let m > 0 be a positive integer, t7 = Z" be the m—dimensional integral
lattice and ¢, = Hom(tz, Z) be its dual space. Moreover, let t = t7 ®z R and
t* = t; ®z R be the R-scalar extensions of tz7 and t},, respectively.

A convex subset o C tis called a regular k—dimensional cone (1 < k < m)
if there exists a Z-basis of tz, {n1,...,7m}, such that the cone o is generated
by 11, ...,mk. The vectors 1y, ..., m, € tz are the integral generators of o. If o’
is a (proper) face of o, we will write o/ < o. A finite system X = {o1,...05}
of regular cones in t is called a regular m—dimensional fan of cones if any face
o’ of a cone o € ¥ is in the fan and any intersection of two cones 01,09 € ¥ is
again in the fan. A fan ¥ is called a complete fan if t = U;0;. The k—skeleton
$(*) of the fan ¥ is the set of all k~dimensional cones in 3. A subset of the
1-skeleton of a fan is called a primitive collection of % if it is not the set of
generators of a cone in ¥, while any of its proper subset is. We will denote
the set of primitive collections of ¥ by P.

Suppose the l-skeleton of ¥ is given by ny,...,n4. Let z1,...,2z4 be
a set of coordinates in C% and let ¢: C* — t; ®7 C be a linear map such
that ¢(z;) = n;. For each primitive collection P = {n;,,...,n;, } we define a
(d — p)-dimensional affine subspace in C¢ by

A(P) = {(Z1,...,Zd)€Cd‘ Ziy :‘-':Zip:(]}.

Moreover, we define the set U(X) to be the open algebraic subset of C? given
by

Ux) =c?\ |J AP).

peEP
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The map ¢: C? — tc induces a map between tori (C*) — (C*)™ that we
will also call ¢. Its kernel, D(X) := ker(z: (C*)? — (C*)™), is a (d —m)-
dimensional subtorus. Then the quotient Xy := U(X)/D(X) is called the
toric manifold associated to Y. Note that there is a torus of dimension m
acting on Xy. Moreover, Delzant ] showed that if Xy is a projective
simplicial toric variety then it can be constructed as a symplectic quotient
and therefore it is endowed with a symplectic form w (it is also endowed
with an action of a m-dimensional torus). From the moment polytope of
this symplectic toric manifold it is possible to recover the fan 3. However,
as explained in ﬂa, Part B], changing the cohomology class of the symplectic
form corresponds to changing the lengths of the edges of the polytope. The
size of the faces of a polytope cannot be recovered from the fan which only
encodes the combinatorics of the faces. Hence, the fan does not give the
cohomology class of the symplectic form.

Standard results about toric manifolds explain how to obtain the coho-
mology ring of the toric variety Xs. Assume the moment map ¢ : Xy — t*
is chosen so that each of its components is mean-normalised. Let Py C t*
be the image of the moment map. Let Dy,..., D, be the facets of P (the
codimension—1 faces), and let 7,...,n, € tz denote the outward primi-
tive integral normal vectors. Let C' be the set of subsets I = {i1,...,ix} C
{1,...,n} such that 1 <k <m and D;, N---ND;, # 0. Consider the two
following ideals in Q[Z1, ..., Z,]:

Lin(2) = (M (z.n)Zi |w € 65), SR(D) = (Zi, -+ Zi, | {ir, .. ik} £ C).

The ideal Lin(X) is generated by linear relations and the ideal SR(X) is
called the Stanley—Reisner ideal. A subset I C {1,...,n} is called primitive
if I is not in C but every proper subset is. Clearly,

SR(2) =(Zi, -+ Zi,, | {i1,-.. ik} €{1,...,n} is primitive).

The map which sends Z; to the Poincaré dual of ®~1(D;) (which we shall
also denote by Z; € H?(Xx;Q)) induces an isomorphism

(2) H*(Xs:; Q) 2 R[Z1, ..., Zy]/(Lin() + SR(Z)).

Moreover, there is a natural isomorphism between Hs(Xx;Z) and the set
of tuples (ay,...,a,) € Z" such that > a;n; = 0, under which the pairing
between such an element of Hy(Xx;Z) and Z; is a;. The linear functional
n; is constant on D; and let 7;(D;) denote its value. Under the isomorphism
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of ([2)) we have
(3) [w] = an(Dl)Z’L and Cl(XE) = Z Zi.

Dually, let R(X) C Z™ be the subgroup of Z™ defined by
(4) RE)={(v1,---smm) €EZ" |vim + -+ Yunn =0} ZZ"™.

Then the group R(X) is canonically isomorphic to Ho(Xx;Z).

2.4. Small quantum homology and Gromov—Witten invariants

Except for our application in terms of the Landau—-Ginzburg potential in
Section B we will work with the (small) quantum homology ring with coeffi-
cients in the ring IT := IT1""V[g, ¢!]. The variable ¢ is of degree 2 and IT"™V
is a generalised Laurent series ring in a variable of degree 0:

(5)  TIWY .= {th”’mé@, #{k >c|r,#0} <oo,Vc€R} .

KER

The quantum homology QH , (M;1I) = H,(M,Q) ®q II is Z-graded so that
deg(a ® ¢%t") = deg(a) + 2d with a € H,(M). The quantum intersection
product a xb € QH,;;_qgim p(M;11), of classes a € H;(M) and b € H;(M)
has the form

axb= Z (axb)p ®q @ BlwB),
BeH$ (M;z)

where HS(M;7Z) is the image of m2(M) under the Hurewicz map. The ho-
mology class (a * b)p € Hi\j_gim m+2c,(B) (M) is defined by the requirement
that

(axb)p-pmc= GWAB/{P,(a,b,c) for all c € H,(M).

In this formula GW% 3(a,b,c) € Q denotes the Gromov-Witten invariant
that counts the number of spheres in M in class B that meet cycles repre-
senting the classes a,b,c € H,(M). The product * is extended to QH (M)
by linearity over II, and is associative. It also respects the Z-grading and
gives QH (M) the structure of a graded commutative ring, with unit [M].
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Gromov—Witten invariants can also be interpreted as homomorphisms
GWY o H*(M;Q)®" @ Hi (Mo Q) — Q

GW%k(al,...,ak;ﬁ) —/ eviay U...eviar U PD(f),

M07k(A;J)

where M 1 (A; J) is the compactified moduli space of J-holomorphic spheres
with & marked points in M representing the homology class A. Let us recall
that in general GW% p(a1,...,ax) is the homomorphism

GW%k: H*(M;Q)®k —-Q, (ai,...,ax)— GW%k(al, o ag; [Mogl)

so that when k = 3, GW%;S(al, ag,as) = GW%3(a1, as, as; [pt]).

For easy reference, we gather here the properties of Gromov—Witten in-
variants which will be used explicitly at several places in the computations
of Section @ The first two are extracted from |31, Proposition 7.5.6] and
the third is the particular case of ﬂ3_1|, Theorem 7.5.10] for the invariants
GW%4(CL1, ... aq;[pt]) = GW%Q{LZ’?’A} (ai,...,a4) when k = 4 (see @, Re-
mark 7.5.1.(vi)]). 7

Proposition 2.2. Let (M,w) be a semipositive compact symplectic mani-
fold, A € Hoy(M;Z), k> 1, and ay,...,ar € H*(M;Q). Then the following
properties hold.

(Divisor) If (A, k) # (0,3) and deg(ay) = 2 then

Gw%k(al’ cosa) = GW%/@A(GL PNEYE /Aak.

(Zero) If k # 3 then GW(h, = 0. If k = 3 then

ng)\g(alaa%a?)) :/ arUazUag.
M

(Splitting) If k = 4 then GW%A(al, ..., aq; [pt]) is equal to

M M
Z Z GWy, s(a1,az,e,) 9" GWy 3(ey, as, as)
A=Ao+A; v,p

where (ey), is a basis of H*(M;Q), g, are the coefficients of the
cup-product matriz: g,, = fM ey Uey, and g"" the coefficients of its
muverse.
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2.5. Gromov—Witten invariants of toric manifolds

In this section we present Spielberg’s formula from @, Theorem 1] for the
computation of Gromov-Witten invariants of toric manifolds, which we will
use in Section[3.2l Note that Liu proved a more general result in @], however
since we only need to compute genus-0 Gromov-Witten invariants we will
use Spielberg’s formulation and notation.

Definition 2.3. ﬂﬁ, Definition 6.4] Let ¥ be a complete regular fan in
Z™ and let Psx, be its dual polytope. A graph I' is a finite 1-dimensional
CW-complex with the following decorations:

1. A map o : Vert(T') — (M) mapping each vertex b of the graph to a vertex
O’(b) of Pz;

2. A map d: Edge(I") — Z~¢ representing multiplicities of maps;

3. A map S: Vert(I') — B({1,...,p}) associating to each vertex a set of
marked points.

These decorations are subject to the following compatibility conditions:

(a) If an edge e € Edge(I") connects two vertices by, by € Vert(I') labeled
o(by) and o(bz), then the two cones must be different and have a com-
mon (m — 1)-dimensional face: ¢(b1) No(by) € L"),

(b) The graph represents a stable map with homology class A;
(¢c) The CW—complex I' contains no loops;

(d) For any two vertices by, by € Vert(I'), the sets of associated marked
points are disjoint: S(b1) N S(by) = 0;

(e) Every marked point is associated with some vertex.

The following notation will be useful to understand the statement of the
theorem. We define the following subset of Vert:

Verty s := {b € Vert ’ val(b) =t, deg(b) =t + s},

where val : Vert(I') — Z is the function assigning to each vertex the num-
ber of outgoing edges and deg : Vert(I') — Z~( assigns to each vertex the
number of its special points:

deg(b) = #5(b) + #{e € Edge(T") | b € de}
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where de = {bi(e), ba(e)} associates to an edge e the two vertices by (e), ba(e)
it connects.
We also need the following result:

Lemma 2.4. [@, Lemma 6.7] Let 01,09 € Y™ be two m-—cones in X that
have a common (m — 1)—face T € 21 Let Miys-- 5N, _, bethe generators
of the common face T, such that

1= (Mirs s M5 Mr()) AN T2 = (Mg i1 N (2))-

Let wy, ..., wy be the weights of a diagonal action of (C*)™ on C™ with respect
to the standard basis. The induced C*—action on the invariant 2-sphere V.
has weight w3} at the point Vy  given by

n
wg; = Z<77€7Um>we,
/=1

where {uy, ..., un} is a basis of € dual to {n;,, ..., M, 1-1)}-

Corollary 2.5. [37, Corollary 6.8] Let e € Edge(I') and by, by € de be the
vertices at its two ends. Let o; = o(b;) be the m—cones of the vertices b; and
T =01 Noy its common (m — 1)-face, that are generated as in the Lemma
above. For a stable map (C;x1,...,xp; f) fized by the torus action, let C.
be the irreducible component of C corresponding to the edge e. Let F :=
(b1,e) € Vert(T") x Edge(T") be such that by € de. At the point

PFr = fﬁl(vo(bl)) nCe,

the pull back to C. of the torus action on V, has the weight wp at pp:

1 n
Wp = df Z<nfa Um>Wg,
€ =1

where d. is the multiplicity of the component C. and the vectors u; are as
in the lemma above.

We will introduce some more notation, grouping together certain weights
on a graph I'. We will write o1 ¢ oo for the property of o1 and o9 having a
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common (m — 1)—dimensional proper face:
01009 <= 01,09 € E(m) and o1 Nogy € E(mfl).

The total weight of a m—dimensional cone o is defined to be

o __ o
Wrotal = H We -

o aoo

Finally, let a € (™) be a m-cone in the fan ¥ that has a common (m — 1)~
face T with o1 : @ ¢ 01. Then « and o7 have (m — 1) generators in common;
let n;, € ¥ be the generator of o that is not a generator of or. We then set
A = ;. , where (71,...,7,) represents the homology class of 7 (see ().

Since we are interested only in 1-point Gromov—Witten invariants we
will give a simplified version of Spielberg’s formula.

Theorem 2.6. [@, Theorem 1] The 1-point genus—0 Gromov—Witten in-
variants for a toric variety Xy, are given by

1
GWis(Z) =) mTF - Sp
r

where Ar is the automorphism group of the graph I,

0o t t—3
rell T e (T ) (G v o)

we. w w
121 bevert, . () i1 WEi(b) Fi(b) F,(b)

H (—1)mm?2m 1—[ i=Ae+1
(m!)?(wgy)?m A

2Ty s || <wgl L -wg;>
1=0 m
1 1\ & Dy
H H <w _|_..._|_w > .H(wg())k
t,s beVert, ,(I') Fi(b) Fi(b) k=1

and where

- we use the convention 0° = 1;

- Zt=Z7b . gk
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- o(1) is the fized point the marked point is mapped to;

; (1)
0 Zf le ¢ 20—(1)7

wg(l) if oo o(l) and ny € ») )\ES).

- we define wz(l) = {
o(1

3. Toric 4-dimensional NEF manifolds

Now we restrict ourselves to the case of toric 4-dimensional NEF mani-
folds. We explain the construction of M, and its properties including its
cohomology ring. This will play a very important role in the next section.

3.1. Toric and homological data

We consider a 4-dimensional toric manifold (M, w, T, ®) and its moment 2—
dimensional Delzant polytope P. Assume it has n facets that we denote by
Di,v=1,...,n.Let vy,...,v, denote the outward primitive integral normal
vectors and let A; denote the circle action corresponding to v;, that is, A; is
the circle action whose moment map is given by @4, := (v;, (+)).

We pick a w-tame almost complex structure J and denote by ¢1(M)
the first Chern class of (T'M, J). We assume that (M, J) is NEF, that is
(c1(M), B) > 0 for every class B € Hy(M,Z) with a J-pseudo-holomorphic
representative.

Moreover, we consider the particular case when there are at most 2 (con-
secutive) facets corresponding to spheres with vanishing first Chern number
and assume their normal vectors are v,, and v; (recall that we denote vy4+1
by v1 as for the Ds). Since the polytope P is Delzant we can assume that
the facets D,,_1 and D,, are perpendicular. Moreover, as explained in m,
Section 2.5], the vectors v; satisfy the relations

(6) Vi—1 + Vi1 = dv;,

where —d; = D, - D; denotes the self-intersection of the facet D;. Since the
first Chern number vanishes on the facets D,, and D it follows that D, -
D,, = Dy - D; = —2. Therefore we can assume that the vectors v; satisfy the
following relations:

(7) Up_1 = —€2, Up = —€1, v =ey—2e and vy = 2ey— 3eq,

where the vectors e, es form the canonical basis of Z2.
Next, using the clutching construction described in Section 22 we con-
struct the manifold My, associated to the loop A, which we will denote
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simply by My in order to simplify the notation. As we noticed in Propo-
sition 2.1 My is a toric manifold with moment map ®,. The moment im-
age is a 3—dimensional polytope Py with n + 2 facets which we denote by
D{‘, .., DA Dé\, D with corresponding outward primitive integral normal
vectors N1, ..., N, Mo, M- D{\, . ,DQ are the vertical facets of Py, “coming
from” the facets of P, while Dé\ and D} are respectively the bottom and
top facets. Note that the vectors 7y, ...,n, are induced by the normal vec-
tors vy, ..., v,. More precisely, n; = (v;,0) with ¢ = 1,...,n. It follows from
(@) together with the clutching construction that the vectors n; satisfy the
following relations

NMn—1 = —€2 N3 = azel + PBzez m = —e1 —e3
Nn = —€1 T = €3

m = ez —2e; n; = ajer + fjer

N2 = 262 — 361 .

where now the vectors e, ea, e3 form the canonical basis of Z3. Clearly, it
follows from the definition of n;, with ¢ = 1,...,n, together with (@) that

(8) Ni—1 + Nig1 = din;.

Example 3.1. Consider the second Hirzebruch surface, with a polytope
with normal (outward) vectors (0, —1), (—1,0), (—=2,1), (1,0) where the facet
normal to (—1,0) corresponds to a curve of zero Chern number (in this
example there is only one facet where the first Chern number vanishes). In
this case the vectors n; are the following: m = (—2,1,0),72 = (1,0,0),n3 =
(07 -1, 0)) N4 = (_17 0, 0)7 M = (_17 0, _1)7 = (07 0, 1)'

The vertical facets of Py, and the corresponding outward normals are
represented in Figure [l Note that the polytope is closed, but in Figure
we only draw the facets in which we are interested.

The manifold My is 6—dimensional, hence its fan X lives in the lattice
Z3. Then the 1-dimensional cones of the fan ¥ are generated by the vectors
1; defined above. The set of primitive collections of the fan 3 is given by the
following set:

P={{n,ms} - {nma—1} {n2,nabs - {n2sna}s {03, 05},
) {77377771}7 {nn—2777n}7 {nbﬂ?t}}
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2

m

Dy
-1

Figure 3: Some vertical facets of the polytope Py and their outward normals.

From (2]) it follows that the cohomology ring of My is given by the
following isomorphism:

H*(My; Q) =2 Q[Zy, ..., Zn, Zy, Z4]/(Lin(X) + SR(X))
where SR(Y) is the Stanley—Reisner ideal of 3 and Lin(X) is the ideal gener-

ated by the linear relations. The former is generated by the set of primitive
collections:

(9) Z1Zs,. .., 21T ZoZas s o T, ZsToss s ZaToms o
Zn-32n-1,ZLn-3%n, Ln—2Zn and ZyZ,

while the ideal Lin(X) is generated by the following three elements:

(10) Zn +271+322 —a3d3 — - —an_2Zn 2+ 2y,
(11) Zn1— 21— 27y — 3323 — -+ — Bpn_2Zy 2, and
(12) Z - 2,

In view of the relations (I0)—-(12), Z,—1, Z,, and Z; are linear combinations
of the others, so that the set {Z1, ..., Z,_2, Z}} is a basis of the degree 2 part
of the cohomology ring. The degree 2 homology Ha(Mpy;Z) can be identified
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with the group R(X) C Z"*? given by

R(Z) = {(1s- s Yns Voo Ye) € Z" T2 | 3am1 + - + Youlhn + 1 + e = 0},

where we identify 7,1 with 7,41, D42 respectively. If follows from the
definition of the vectors 7); that a basis for the degree 2 homology, Ha(My;7Z),
can be given by the set {A1,..., A\y—2, \p} which is dual to the basis of the
degree 2 cohomology, that is, Z;j(A\;) =1 if i =7 and 0 otherwise. More
precisely, the generators are given by

A= (L,0,...,0,1,-2,0,0), Ao =(0,1,0,...,0,2,-3,0,0),
Aj=(0,...0,1,0,...,0,84,04,0,0), j=3,...,n—2, and
A= (0,...,0,—1,1,1),

where the entry 1 in A; is located at the j—th entry.

From the description of the set of primitive collections, it is easy to get
the set of maximal cones in . Next we list some 3-dimensional cones (the
ones that are going to be relevant for our computations):

o1 = <77n72777n71a77b> 05 = <772,773,77b> 09 = <7717772777t>
02 = (Mn—1,"n, M) 06 = (Mn—2, Mn—1,M¢) a10 = (12,13, Mt)
o3 = (N1, ns M) 07 = (=1, Mn> NMt)

oq = (11,12, M) o8 = (11, M)

Consider now, for example, the invariant 2-sphere V,,,,, connecting
the fixed points corresponding to o9 and o3. Since oo = (,—1, 7n, M) and
o3 = (N1, Mn, Mp), the homology class of V,,n,, is Poincaré dual to Z,Z,.
Hence the primitive relations yield

(21, Viosros) = L1202y = Z1 222y, (Zb, Viaynios) = 0,
<Z2, V02m0-3> == 0, PR <Zn,2, V02ﬂ0-3> == 0

Since {Z1,..., Zn—9,Zp} is dual to {A1,..., \n—2, A\p}, it follows that V,,ns,
= A1. For another example, consider the homology class of V,,~,, which is
Poincaré dual to ZyZy,. Since 11 + 13 = danz (see ([{)) it follows that 2as +
303 =1 and a3 + 283 = dz. Using ([I0) and (II]) one obtains

(Z1,Vigsros) = 21722, (Z2, Vigsrros) = 232 = —doZ1 Z2 2, ( Zy, Vo) = 0,
<Z3, Va4m05> = Lol = L1 Lo Ly, <Z4, V02m03> =0, ... <Zn,2,Va4m05> =0.

Therefore V,,ns. = A1 — d2A2 + A3. Calculations of the homology classes
of the other invariant spheres are similar. Moreover, it is not hard to check
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that the ones not identified in the diagram of Figure Ml all include contribu-
tions of generators \; distinct from Aj, Ag, and .

06 g1
a7 Ao 02
A1 At
o8 Ao a3
A2 — 2\ A2 — 2\

o Ay + A2 — 20 -
A1 — dodo + A3 AL —d2Xo + A3
a10 05

Figure 4: Diagram representing some invariant 2-spheres of the toric man-
ifold M and their homology classes.

Let A; € H.(M;Z) with i = 1,...,n denote the homology class of the
pre-image under the moment map ® of the facet D;. Since M}, is the total
space of a fibration with fiber M, these homology classes can be identified
with some invariant 2-spheres in My, V5 o, . More precisely, we have A, =
)\1, A1 = )\2 — 2)\1. Le Amax = /\b = VO—S(‘]O—S = V02m07. Since

a(Mpy) =214+ 2y + Zpy+ Zy,

where ¢ (M) is the first Chern class of the tangent bundle of M, it follows
easily that (c1(Ma), A1) = (c1(Ma), A2) = 0 and (c1(Ma), \p) = 1. Therefore
we have (c1(My), An) = (c1(Ma), A1) =0 and (c1(Map), Amax) = 1.

As we shall see in Section Il in order to compute certain Gromov—
Witten invariants we will need to know some more information about the
ring structure of the cohomology of My, namely certain relations satisfied by

3The notation Amayx is due to the fact that this is the homology class of a section
of My through points on the maximal fixed point component of the action (prior
to the clutching construction).
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the coefficients of the cup-product matrix G = (guu)vp, With g, = fMA e, U
e, (for some basis (e,), of the cohomology ring), and its inverse, G~ =
(9" )vp-

By noticing that the cohomology of M, is non-zero only in even degrees,
that the degree 0 and degree 6 groups are 1-dimensional (respectively gen-
erated by 1 and the fundamental class of My, [M,]), and that g,, # 0 only
if the degrees of e, and e, sum up to 6, it is easy to see that, as soon as
(ev)y is ordered so that the degree increases, G decomposes as

00 01
0o B 0
BT 0
0 B 0
1000

with B the matrix composed of the (guu)e, |=2,je,|=4-

Now, let us specify the basis. Recall that the set {Z1,...,Z,-2,Zp} is a
basis of the degree 2 part of the cohomology. Notice that by (@) and (I2])
we have Zg = 0. Then the degree 4 part of the cohomology consists of all
products Z;Z; and Z;Z;, with 1 <7 <j <n —2. In view of the relations
coming from SR(X), Z1Z; = 0 for 3 < j < Z,,_. Then, multiplying (] by
71 immediately leads to the relations 212 + 27175 = 0. Hence, for ¢ = 1, only
Z17Z5 and Z1Z, need to be considered. Recall that we have 2a3 + 363 = 1
and as + 203 = d2 as seen above. Then multiplying (I0) and () by Z»
gives Loy = L1725 + 272 7; and Z22 = —doZ1 725 + (1 — 2d2)ZQZb. Thus for
¢t = 2 we only have to consider Z5Z;,. Hence, we can explicitly write some
part of B:

07y 717y ZoZp ...
Zi | —2 -2 1 0—0
Z 1 1 —dy
Zs 0 0 1

(13) Z4 0 0 0
| 0 0 0
Zno| 0 0 0
7 1 0 0

Indeed, the vanishing terms come from the relations given by the ideal
SR(X), while the non-zero terms can be computed using the definition. For
example, since Z;Zj, is Poincaré dual to Vy,ns, = A2 — 2A1 (see Figure H), it
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follows that 21257, is given by
/ 21797y = Za(Aa — 201) = 1.
M

Using this computation together with the relations given by the ideals SR(X)
and Lin(X) we can obtain the other non-vanishing terms.

In order to simplify the notation, we will denote g,, and g"* by us-
ing the indices of the corresponding elements e, and e,. For example, for
e, = Z1 and e, = Z>Zy, gy, will be denoted g1 2, and ¢g”# will be denoted
g"2%b. Of course G and G~ are symmetric so that Gup = G and g"H = gh".
Moreover, note that by commutativity of the cup-product, permuting the
indices does not change the value g1 2, = gy,12 = g2,15- However, this fails for
the coefficients of G~1.

Since G~1G = 1, we get relations between the coefficients of G and G~!
by multiplying particular lines of G~! with columns of G. For example,

Zglb,ugmlb —1 _29117,1 n glb,2 _1
v
Zglb,l/gy712 — O : : _2g1b,1 + glb,2 + glb,b — 0

Zglbﬂlgyab -0 g'Pl — dyg'h2 4 g103 —

v

which lead to the fact that ¢'®* = —1. By using the lines of G~ correspond-
ing to Z1Zs, Z5 7y, and again the columns of G corresponding to Z1 2o, Z1 2y,
and ZsZp, we get some more relations between the coefficients of the matrix
G~'. We gather in the next lemma the result of these computations.

Lemma 3.2 (Some coefficients of G71).

gl — 1 gi2b — 1

gib2 _9glbl — 1 g122 = 94121

gl — dogth2 4 g1b3 — G121 — dyg'22 4 ¢123 — ¢
gb =0

g2 = 9421

g dyg?b2 4 203 — 1
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3.2. Gromov—Witten invariants

We now compute some Gromov—Witten invariants of M, using Spielberg’s
machinery from @] In particular we will use a simplified version of its main
theorem which we give in Section

We need to know the weights of the torus action at the different charts.
By general theory each 3—dimensional cone gives a chart of the toric manifold
near a fixed point. For our calculations it will be convenient to know the
following weights, which we compute using Lemma 2.4

02 = {1, Mn, M) 07 = (=1, Mn, Nt)
wg? = ay wgl = ay
wy? —ag—i-wt Wor = ag + wp
wy? = wp — wg; = Wy — Wp
o3 = <771777n7 77b> o8 = (11, n;s M)
wgi = —ay wgs = —ay
‘73—2a1—|—a2—|—wt wgs = 2a1 + az + wp
Wy? = wp — Wyt = wi — wp
o4 = (771,772,77b> o9 = (N1,M2, M)
wot = —2a1 —az — wy wg? = —2a1 —az — wp
wgt = 3a1 + 2a2 + 2wt wg® = 3ay + 2az + 2wy
Wgt = wp — Wy’ = W — W
where the a1, as € Z are linear functions on the weights wy, ..., w,. Now we

are ready to begin calculating Gromov—Witten invariants of this manifold.
In the next lemma we will compute some invariants which will be needed
later in the proof of Theorem

Lemma 3.3 (Gromov—Witten invariants).

1 ifi=1,j=0
mx+A 1(Zizy) = GrVv,almerA v 1(ZiZ) =90 ifi=1,j=2
0 ifi=2j=0b
2 ifi=1,j=0
and GWA aaZiZzy) =492  ifi=1,j=2
—1 ifi=2,j=5b

Proof. We first compute the invariant G‘:VV%A A, +4,1(Z12Zp). We use the
formula from Section Since the marked point has to lie in the cone o3

or o4, we need to consider the graphs which contain one of these cones and
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which represent the class Apnax + A, + A1, It follows that we should consider
the following graphs:

g3
g4 g3 g2 a7
1) e T
a7 g8 g9
(4)
g2 g3 g8 g9
2 e ® ° ° os
o4 o3 og o7 oo o3 o4
(3)® ® ® ® (5)

Therefore Theorem gives the following computation

(al + as + wt)(al + as + wb)

GWA o n(Z12y) = (1) + -+ (5) = —

max (Wb _ Wt)2
(et astw)(azt+w) (a1 +2(wp —wi))(a1 + a2 +wi)(a1 + az + wp)
ay(a; + wp — wy) (wp — wt)Q(al + wp — wt)
(a1 +ag + wb)2 (a1 +as + wt)Q(al + wp — wt) 1
(wp — wy)? (wp — wy)? -

We can compute the invariant GW%WAW AL Al,l(Zl Z3) in a similar way. In
this case the marked point lies in the cone o4 or o9 so we need to consider
the same graphs as in the computation above plus the following graph:

g g g g
(6) o o o o
The formula now gives for GW%;XJFAM_AMI(ZlZQ) =(1)+---+(6):

(3(11 + 2a9 + 2wt)(a2 + wt)(al +as + wt)
aj(wp — w) (a1 +wp — wy)

N (3a1 + 2a2 + 2wp) (a1 + a2 + wy) (a1 + ag + wp)

(wp — wi)?(a1 + wr — wp)
(3a1 + 2a9 + 2wy) (a1 + as + wy) (a1 + az + wp)

(wo — we)?(a1 + wp — wr)

B (3a1 + 2as + 2wp)(ar + ag + wp)? B (3ay + 2as + 2w;) (a1 + az + wy)?
ay(wp — wy)? ar(wp — wy)?

" (3a1 + 2ag + 2wp) (a1 + a2 + wp)(ag + wy)

ar(wy — wp) (a1 + wy — wp)

M
GWAI:,\aX—kA,,L-i-Al,l(Zan) =

=0.

The remaining invariants can be computed using the same formula, therefore
we leave their computation for the interested reader. [l
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4. Seidel morphism in the NEF case

In this section we explain how to compute the Seidel element associated
to a Hamiltonian circle action fixing a facet of a toric 4-dimensional NEF
symplectic manifold.

4.1. The Seidel morphism

Recall from Section that, starting from any closed symplectic manifold
(M,w) and a loop of Hamiltonian diffeomorphisms A C Ham(M,w), one
can construct a Hamiltonian fibration 7: (My,wy) — (S?,wp) with fiber
(M,w), where wp = Q4+ k- 7*(wp) for some big enough k. Then, follow-
ing [36], one can define Seidel’s morphism, under some appropriate semi-
positivity assumption on (M,w), by counting pseudo-holomorphic section
classes in HQS(M A; Z), with respect to some arbitrary choice of such a sec-
tion. This choice was made canonical in ﬂﬁ]
In view of our goal, we now focus on the following specific case:

(i) The manifold M admits an almost complex structure J so that (M, J)
is NEF (that is, there are no J-pseudo-holomorphic spheres with
(c1(M), B) < 0).

(ii) The symplectic manifold (M,w) is a toric 4—dimensional manifold,
whose associated Delzant polytope has n > 4 facets.

(iii) A is a circle action, with moment map ®,, whose maximal fixed point
component corresponds to a divisor, denoted by Fiax.

Notation 4.1. Since the first Chern class of M (and of M only) is exten-
sively used in what follows, we will denote c¢1(M) by ¢1 and {c1(M), B) by
Cl(B).

We now extract from @] the results which will be used in this section.
Notice that in our specific setting, Fiax is semifree and has dimension 2.
We denote by ®pax = Pp(Fnax) the maximal value of the moment map.
Concerning the choice of the section mentioned above, recall that in the
toric case it is convenient to choose opax = {x} x Dy Up {2} X D2 (see the
description of the clutching construction, Section [Z2]) for any fixed point
of the S'-action z lying in Fiuax. If we let Apax = [0max] € H5 (M;Z) then
all the contributions to the Seidel morphism come from the section classes
Amax + B with B € Hy(M;Z) and are determined by counting Gromov—
Witten invariants in the classes Apax + B, see e.g @, Definition 2.4]. Lastly,
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by @, Lemma 2.2] the sum of the weights which appear in the formula
giving the Seidel morphism, as part of the exponent of the ¢ variable, is
Mmax = -1

Theorem 4.2 (Theorem 1.10 and Lemma 3.10 of [@]) Under the
assumptions (1)—(iil) above, the Seidel element associated to the circle action
A s

S(A) = [Fmax] & thDmax + Z ag ® qlicl(B)tq)Inaxfw(B)
BeHS(M;Z)>0

where Hg(M;Z)>0 consists of the spherical classes of positive symplectic
area, that is, w(B) > 0 and ap € H.(M;Z) is the contribution of the section
class Amax + B defined by requiring that ag -pr ¢ = GW{XI,:&X+B,1(C) for all
homology classes ¢ € Hy.(M;Z). Moreover,

(i) If ap # 0 either ¢1(B) =0 and ap € Hy(M;Z) orc1(B) =1 and apg €
Hy(M: 7).

(ii) If ap # 0 then B intersects Fiax.

(i11) If ¢c1(B") > 1 for all J-holomorphic spheres B’ which intersect Fiax,
then all the lower order terms vanish.

(i) If ¢1(B") > 1 for all J-holomorphic spheres B’ which intersect Fiax
but are not included in Fax, then ap # 0= ¢1(B) = 0.

Remark 4.3. Item (i) above reads: If ap # 0 then ¢;(B) = 0 and |ap| = 2.
Indeed, when M is 4-dimensional, |ag| =4 means that ap has to be a
multiple of the fundamental class [M], however this case can easily be ruled
out. (See for example the end of the proof of @, Theorem 1.10].)

Item (4i) is [32, Lemma 3.10] and shows that, even though the formula
above might contain infinitely many terms, computing the Seidel morphism
is somehow “local” (that is, one does not need to know the whole polytope).

Recall the notation we introduced in Section B} We consider the case
when the polytope P, associated to M, admits n > 4 facets, D1,..., D,.
These facets correspond to divisors whose homology classes we respectively
denote by Aj,..., A,. We put A4,, = [Finax| and we see the indices mod n.
For any n-tuple a = (a1,...,a,) € Z", we denote by Az =), a;A; the ho-
mology class of the union of (possibly multiply covered) spheres in M whose
projection to P is given by Dz = U; D;.
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Thus Theorem 2] combined with Remark B3] implies that the Seidel
element is given by

S(A) =A4,Q® qtcb‘“ax + Z as, ® qt‘i’maxfw(Aa)

a

where a4, # 0 if and only if

1) Dg is connected and intersects D,,,
2) ¢1(Aaz) = 0 (i.e, by NEF condition, for all ¢ so that a; # 0, ¢1(4;) = 0).

In Theorem [£.4] below, we compute each contribution a4, in the case of
polytopes where any Dj satisfying (1) and (2) contains at most two facets
corresponding to spheres with vanishing first Chern number. Notice that in
case the facets corresponding to divisors with vanishing first Chern num-
ber are not D,, and/or D; (that is, Cases (3b) and (3c)), the content of
Section Bl has to be slightly adapted.

Theorem 4.4. Let (M,w) be a closed NEF toric 4—dimensional symplectic
manifold. Assume that its associated Delzant polytope has n > 4 facets. Let
A be a circle action, whose mazimal fixed point component is a divisor Fuax
and denote A,, = [Fiax] its homology class. The following homology classes
have non trivial contributions to S(A), the Seidel element associated to A:

1) A, contributes by as, = A,.

2) If Cl(An) =0,
(2a) then kA, (with k > 0) contributes by ara, = An,
(2b) and if c1(A1) =0, then kA, +1A; (with k>0 and | >0) con-
A,  ifk>1,

tributes and its contribution is axa, 14, = ,
—Ay  otherwise.

3) If e1(An) £ 0,
(3a) if c1(A1) =0, then kA (with k > 0) contributes by apa, = — A1,
(3b) if c1(A1) =0 and c1(Az) =0, then kA + 1Ay (with k>0 and
1 >0) also contributes, and its contribution is

—Ay ifk >,
ARA +IA, = .
Rt Ao otherwise.

(3¢) if c1(An—1) = 0 and c1 (A1) =0, then kA,—1 and lAy (with k > 0
and l > 0) also contribute, with respective contributions ara, , =
—A,_1 and aja, = —A;.
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Moreover, in each case, if the facets immediately next to the ones mentioned
above correspond to spheres with non-zero first Chern number, then these
are the only non-trivial contributions.

As a corollary, we compute the Seidel element associated to A in these
different cases. (See also Figure [l in the introduction.) Recall that we also
compute in Appendix[Al the Seidel element associated to A when there exist
three divisors in the vicinity of A,, with vanishing first Chern number.

Theorem 4.5. Under the assumptions and with the notation of Theo-
rem [{.4] above, the Seidel element associated to A is as follows.

1) If e1(Ap), c1(Ap—1) and c1(Ay) are all non-zero, then S(A) = A, ®
qtémax,

2) If c1(A,) =0,
(2a) but c1(Ap—1) and c1(Ay) are non-zero, then

tq>max

S() = A ®4 oy

(2b) and c1(A1) =0 but ¢1(An—1) and c1(Az) non-zero, then

tcbmax A t(bmax*w(Al) 1
— A1 ®q 1— t—UJ(Al) ’ 1— t_w(A")_w(Al) ’

S(A) = An X q 71 _ t—w(A,,,)

3) If c1(An) # 0,
(8a) if c1(A1) =0 and ¢1(An—1),c1(A2) non-zero, then

t@maxfw(Al)

— ¢max _
S(A)—An®qt Al@ql_t—w(z‘h)’

(3b) if c1(A1) = c1(A2) =0 but c1(An—1) and c1(Asz) non-zero, then

o t<I>maX—w(A1)
S(A) = A, @ qt™m —A1®QW
1P max 1 Pmax—w(Az) t—w(A1)—w(Az)
— (A1 ®q 1 (A Ay ®q 1— t_w(A2)> "1 — pw(A)—w(Ay)

(3¢) if c1(Ap—1) = c1(A1) =0, c1(An—2) and c1(A2) non-zero, then

tq’max _W(An— 1) t@max —UJ(Al)

— ¢max _ _
S(A) - An ® qt An—l ® q 1_ t—w(An—l) Al ® q 1 _ t—w(Al) .
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We start by deducing Theorem from Theorem .4l The proof of the
latter is postponed to the next subsection since it is much more involving.

Proof of Theorem[{.3 It is a staigthforward consequence of Theorems
and (L4

([@): By Theorem 4l only A, contributes and its contribution is of the
form S(A) = A, ® qt®mex.

[al): Here A,, and its iterations induce the only non-trivial contributions.
The contribution of kA, being A,, @ g6 *An)Pmax—w(kAn) e get the
result by summing over k (starting at k = 0):

> Y $Pmax
S(8) = A, @ i (Z(t <An>>'f> = A B4 T
k=0

([Ba): This case is similar to (Zal) except that we sum the contributions of all
the kA;’s starting at k = 1 (thus, the new —w(A;) as power of t).

[Bd): This case is similar to (3a) (but for both A,_; and A;).

Now we turn to (Bh]). The first two terms coincide with the sum of the
contributions induced by A, and kA;. However, we also have to count the
contributions of kA1 + [As. As before, we can see that

tq:'max —w (Al )_W(AQ)

—A1®q
o0

= Z A(Ay+A5)+1A,
k=1,l=0

® qt‘bmaxf(k+l)w(A1)*kw(Az)

which sums the contributions of k(A; + Ag) +[A; (with £ > 1 and [
that is, the contributions of all terms of the form kA, + [ Ay with k& > [
In the same way,

> 0),
> 1.

t@mm(*Qw(Ag)*w(Al)

A2 ® q (1 _ t—w(Az))(l _ t—w(A1)—w(A2))

o0
- Z Al Ay +Az)+1A; & qtEma—ke(A) = (k+Dw(A2)

k=1

which sums the contributions of all terms of the form kA + [ Ay with k < [.
Thus the formula given for the case (Bh) is indeed the sum of all non-trivial
contributions.
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Finally, let us look at (2h]). First decompose

1 t—w(An)—w(Al)

[ et —wlA) — T T el —atan

and by replacing, we check that

+Pmax $Prmax—w(A1) 1
S(A) = |A,®q¢q 1 oA A ®q 1 — t—w(A) | 1 _ w(An)—w(A)
(P 1 Pmax—w(An)—w(Ar)
=A,®q 1 w(A) +A4,®q = t_W(A"))(l _ t—w(An)—w(Al))
P ma—w(Ay) $Pmax—2w (A1) ~w(An)
— A1 ®q 1=l A1 ®q (1 — =0 (1 — (A —w(A)’

Now the first term counts the contributions of all terms of the form kA,
(as in (2a) above), the second term counts the contributions of kA; (or
Ap + kA1, see above) and then the last two count (as for (Bh]) but with A,
playing the role of A; and A; playing the role of As) all the contributions
of the terms of the form kA, + [A; (with k£ and [ both non-zero). O

4.2. Proof of Theorem .4

The proof is more or less a case-by-case proof and we focus on Case (20),
since all the difficulties which one might encounter are already present and
since the methods used to compute the Gromov-Witten invariants are the
same. Notice that Case (2b) is one of the spectific cases described in Sec-
tion [B

We need to determine the class ag of Theorem .2l where B = kA,, + A
€ Hy(M;Z). Recall that this class is determined by the requirement that

ag-c=GWY* i (c), forall ce H,(M;Z).

In the notation for the Gromov—Witten invariant we can either use the
homology class c or its Poincaré dual. We define By ; := Ayax + kA, + [A;7.
Now we claim that in order to prove the theorem in Case (28) it is sufficient
to compute the following Gromov—Witten invariants.
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Theorem 4.6. For any k,l € N we have

0 ifk>1
2 afk <l
0 ifk>1
-1 ifk<l

1 ifk>1

CW3! ((Z12s) = { 2 ifk<l

ngﬂggw:{

and GW%{:M(ZQZ;,) = {

where Zy, Za, Zy, € H?(My; Q) are defined in Section [31

Since the proof of this theorem is quite long and technical, we postpone
it to Sections and 4] and we first finish the proof of Theorem 4] by
proving the claim.

The class ap is a linear combination of the homology classes of the pre-
images, under the moment map ® of the facets of the polyope P = ®(M),
that is,

(14) ap = ZaiAi,
i=1

where a; € Z. Since the dimension of the Z-module H5 (M;Z) is n — 2, we
can assume that two of the coefficients a; vanish. The following lemma shows
that we can choose the coefficients as = a3 = 0.

Lemma 4.7. All the classes A; are linear combinations of the basis ele-
ments {A1,..., An—2}, defined in Section[3.

Proof. Tt is known from the diagram of Figure @ that A, = \; and A; =
A2 — 2\ which gives A1 = A,, and Ao = 24,, + A1. Recall that n; = aeq +
Biea where ¢ = 1,...,n. Let v; j := a;3; — a;3;. It is not hard to check that
Relation () implies that 7; ;41 = 1. Moreover v; ; # 0 if j # i + 1 because
the polytope is convex. We can write all the Als as linear combinations of
the basis elements \;, using the same argument as we use in Section [3] for
A, and Aj, which yields:

Apn_1 = A2, Ay = A3+ 753N+ As,
Ap—2= M3+ VYn-1,n-3 An—2, e Az = Xo + 42 A3 + Ay,
An—S = )\n—4 + Tn—2,n—4 )\n—3 + )\n—27 AQ =X —dy X+ >\3~
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Since A,_o = A,_1 it follows from the second equation that \,_3 = A,,_o —
Yn—1,n—3An—1. Substituting this in the third equation we can find an expres-
sion of A\,_4 as a linear combination of A, s and A,_1. Going around the
polytope we easily see that we can, recursively, determine an expression of
each \; as a linear combination of the A}s with i # 2,3. In particular, we
obtain expressions for A3 and A4 which implies, by the last two equations,
that Ay and A3 are linear combinations of the remaining A’s. O

Therefore, from now on, we assume as = a3 = 0 in the linear combina-

tion (I4]). Recall that
ap-¢= GW%H:XJFB,l(PD(C))

for ¢ € Ho(M;Z). If ¢ does not contain A,_1, A,, A1, Ay then it is clear
that the Gromov—Witten invariant GVV%’:nx .+ p1(PD(c)) vanishes when B =
kA, + [A;. Therefore

0=GWY* |, (PD(43)) =ap- A3 =a4
because ao = a3 = 0. Then, using that a4 = 0, we get
0=GWY" 5 (PD(A1)) = ap - Ay = as

and by repeating the process around the polytope we get for all k£, 3 <k <
n—2,

0=GWY* 5 (PD(AL)) =ap - Ak = app
so that all the coefficients vanish except a,,a;. That is, we obtain ag =
anAy, + a1 Ay for some a,,a1 € Z when B = kA, +[A;. Since PD(A4y) =
Z5Zy and PD(A1) = Z1 7y, it follows from Theorem [£.6] that if k£ > [ then
0=GCGWXYr (Z,7,) = ap - Ag = (anAn +a1A;) - Ay = ay,

OBy 1,1

1=CWMs (7:72,) =ap- Ay = (anAn + a14y) - A = a, — 2a;.

OBp,1:t

We conclude that a,, = 1, a; = 0 and ag = A,, in this case. If k < [ then we
obtain

~1=GWg» (%Z)=a1 and 2=GWg (Z1Z)=a,—2a1.

Therefore, in this case, a, =0, a1 = —1 and ag = —A;. This concludes the
proof of Theorem 4], Case (20).
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4.3. An intermediate result

Before giving the proof of Theorem [1.6] we first need an intermediate result
about some particular 0—point Gromov—Witten invariants. Recall that, by
the divisor axiom, the 0—point invariant G\NéwA (A), for A# 0 € Hy(Mn;Z),
is given by
1
M _ M
GW 't (A) = WGWA,%UL’}L’ h)

where h € H*(My;Q) is such that h(A) = [, h # 0. From now on we will
suppress the indication of the number of marked points when that number is
clear from the context and the expression for the Gromov—Witten invariant.

Proposition 4.8. Let k and [l be non-negative integers. Then

1
—— ifk=
GWM (A, +14,) =4 18 TF=0
1
3 ifk=1,
0 otherwise.

Proof. In Steps 1 and 2 below, we prove the result in the first two cases.
Then, in Step 3., we prove the result in the remaining cases by adapting
Steps 1 and 2. A good reference for what follows is @]

Step 1. Let k£ > 0. We begin with some preliminaries about moduli
spaces of stable curves. Let Mg ,(CP!, k) denote the moduli space of genus
0, n—pointed, degree k stable maps to CP'. Let

p: ﬂo,l(CPl, k) — MOQ(CPI, k)

be the universal curve, and let ev : Mg 1(CP!, k) — CP* be the evaluation
map at the marked point. Mg o(CP!, k) is a smooth Deligne-Mumford stack
of dimension 2k — 2 and the map p is the forgetting morphism, which forgets
the marked point. The following short exact sequence over CP':

0— Ocpr — O(cpl(l) b O(c[pl(l) — Ocpr (2) =Tcpr — 0,
induces the short exact sequence

0 — Tip = Ocpr (—2) = Ocpr (—1) ® Ocpi (—1) = Ogpr — 0.
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Given a genus 0, 0-pointed, degree k stable map u : C — CP!, we have a
short exact sequence of vector bundles over the domain C':

(15) 0— U*O(C[pl(—2) — U*O(C]Pl(—l) D ’LL*OC]pl(—l) — Oc — 0.

Since H(C,u*Ocp1(—2)) = HY(C,u*Ocpi(—1) ® u*Ocpr (—1)) = {0}, the
long exact sequence in cohomology associated to (IH]) becomes

0— HO(C, Oc) — Hl(C, 'U,*O(C]pl(—2)>
— HI(C, U*O(Cpl(—l) ) U*Ompn(—l)) — 0,
where the complex dimension of H(C,u*Ocpi(—1) ® u*Ocp:(—1)) and

HY(C,u*Ocp: (—2)) are respectively 2k — 2 and 2k — 1.
Next we define two bundles over Mg o(CP*, k):

E = p*eV*Ocpl(—Q) and Vi := p*ev*((’)@pl(—l) D O(C[Ebl(—l)) .

The bundle Ej has rank 2k — 1 and its fiber over [u : C — CP!] is given by
HY(C,u*Ocp: (—2)), while V}, has rank 2k — 2 and fiber H*(C, u*Ocp:(—1) ®
u*Ocp1(—1)). They belong to the following short exact sequence

0—>OM—>Ek—)Vk—>0,

where O, is the trivial line bundle over ﬂo,o((CIPl, k). Therefore, the Euler
and Chern classes of these bundles satisfy

(16) e(EBr) = co—1(Ex) =0,  e(Vi) = car—2(Vi) = cop—2(E}).

Finally, recall that f[ﬂo,g(u’l,k)} (Vi) = 75 (see Manin 30)).

Step 2. We now consider the case of a toric fibration 7 : My — CP?
where the total space is a toric manifold of (complex) dimension 3 and each
fiber is diffeomorphic to the toric surface M. Using the previous notation,
we want to show that

1
CGW(kA,) = / oL
[Mo,o(Ma,kA,)]vE k

We first introduce some notation. We have
H¢. (point; Z) = H*(BC*; Z) = H*(CP*; Z) = Z[ul,

where u = ¢1(Ocp=(—1)) is the first Chern class of the tautological line
bundle over BC* = CP*°. Let L,,, denote the C*—equivariant line bundle
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over a point given by the 1-dimensional C*—representation ¢ — t"*. Then
(c1)c (Limy) = mu € HE.(point; Z) = Z[u).

The action of C* on CP! by ¢ - [x,y] = [tx,y] has two fixed points: 0 =
[0:1] and co = [1: 0] and at these points

(c1)c-(ToCPY) = u,  (c1)e+ (T CP) = —u.

There is a unique lift of this action to M, which acts trivially on 7=1(0).
This lift induces a C*—action on My o(My, kA,) and we have

Moo(Mp, kA, = Fy U Fay

where Fy and F,, can be identified with Mo,o((CIF’l, k) as moduli spaces of
maps to 7~1(0) and 7 !(c0), respectively.
By virtual localization [20],

1 1
= et [
/[‘MO’O(MA’kAn)]vir [Fg]vir eC* (N}%r) [Foc]vir eC* (N}V;i)

where N}ff and N}i are the virtual normal bundles to Fy and F, respec-
tively.

Let £ = [u: C — CP!] € Fy. As explained in @], the tangent space Til
and the obstruction space Tg at the moduli point £ € ﬂ(),o (Mp, kA, fit in
the tangent-obstruction exact sequence:

(17) 0 — Ext’(Qc,O0c¢) = HY(C,u*TMy) — T¢
— Ext'(Qc, 0¢) = H'(C,u*TMy) = T¢ = 0

where

e Ext®(Qc, O¢), respectively Ext!(Qq, O¢), is the space of infinitesimal
automorphisms, respectively deformations, of the domain C,

o HO(C,u*TMy), respectively H'(C,u*TMy), is the space of infinitesi-
mal deformations of, respectively obstructions to deforming, the map
u.
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Equivalently,

0 — Ext’(Qc, Oc) — HY(C,u*TCP") @ Ly, — T}
— Ext!'(Q¢, 0¢) = H'(C,u*O(-2)) - T = 0.

Together with the fact that e(Ey) = 0, this leads to

e ec (VB SRoo(crrpy (Lu)

Suppose now that § € F. In this case (IT) is equivalent to

0 — Ext’(Q¢, O¢) — H*(C,uw*TCP") & L_, — T}
— Ext'(Q¢,0¢) = H'(C,u*O(=2)) ® L_y — T — 0

so that
/ B / e(Br @ L)
[Foc]v e@*(N}z) Mo .o(CP' k) U
where
2k—1 ’ 2k—1 A
€(Ek &® L—u) - Z (_u)lCQkflfi(Ek) = _Ue(Vk) + Z C2k717i(Ek)(—u)Z
i=0 i=2

by (I6]). Together with the aforementioned result due to Manin, this now
yields

1 1
/[Foc]vir erx (NF:)) /MO,U(CIP’I,k) B(Vk) ]{33 .

This proves that GW(kA,) = —7%, which finishes the proof of the first
case of the proposition. The second case follows by symmetry.

Step 3. For the third and fourth cases we adapt Steps 1 and 2 above to
the case of genus 0, 1-pointed, stable maps u : C — CP' x CP! of degree k to
the first sphere and of degree [ to the second sphere. We denote the moduli
space of such maps by My 1(CP! x CP!, (k,1)), it is a Deligne-Mumford
stack of dimension 2k + 21.

As above, we define the evaluation map ev : Moo (CP! x CP!, (k,1))

k,l

%
CP! x CP! and the forgetful map given by p: Mg 2(CP! x CP, (k,1)) —
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Mo 1(CP! x CPY, (k,1)) which forgets the second marked point, and we con-
sider the following short exact sequence over CP! x CP':
0— O@pl(—Q) X O(Cpl(—Q)
— (Ocpr (—1) ® Ocpi (—1)) x (Ocpr (—1) ® Ocpr(—1))
— O@pl X O(c[pn —0.
Given [u: C — CP! x CP!] € My 1(CP* x CP!, (k,1)), this exact sequence
pulls-back to
0— u*(Ocpl(—Q) X O@pl(—Q))
— u*(((’)@pl(—l) D O(C]pl(—l)) X (O((jpl(—l) D O(Clpn(—l)))
— U*(O(c]pl X O(C]pl) — 0.

In a similar way to the previous case we define bundles

EkJ = p*eV*(OCPI(—2) X O(CPI(—2)) and
Vk,l = p*eV*((OCPI(—l) &b O@pl(—l)) X (O@pﬂ(—l) D O(C[pl(—l)))
over Mo 1(CP! x CP, (k,1)). Now Ej; and Vj,; have rank 2k + 21 — 2 and

2k 4 21 — 4, respectively. In this case we have the following short exact se-
quence of bundles

0— Om _>Elc,l _>Vk,l — 0,
where, again, O, is the trivial bundle. So relations (@) become in this case

e(Er1) = cabga—2(Ery) =0,  e(Vig) = canra—a(Viy) = conra—a(Ery) -

We consider the same C*-action as above, with fixed points 0 = [0 : 1]
and oo = [1: 0], and its lift to M acting trivially on 771(0). It induces a
C*—action on Mg o(Mp, kA, + Ar). Analogously to the first case we have

ﬂo,o(MA, kA, + lAl)C* =FyUFy

where Fyy and Fiy, can now be identified with Mg 1(CP! x CP!, (k,1)).
Again, by virtual localization @],

1 1
/ 1= / vir +/ vir) °
[MO’O(MAJCA”_’_[AI)]V;:- [Fo]vir ecx (NFO ) [Foc]vir ecx (NFOO)

However, in this case, since dim Mg 1(CP! x CP, (k,1)) = 2k + 2 and
both Euler classes e(E});) and e(Ey; ® L_,) have smaller degree than this
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dimension we conclude that both integrals

/ 1 / B(Ek)
7\/.lr = [ and
(mpir e (NET) R, (cprxepr (k) €(Lu)

/ S / e(Br @ L)
[Fo]¥ir €C* (NEZ) Mo.1 (CPT X CP!,(k,l)) U

vanish, unless k£ =1 when we can reduce the calculation of the Gromov—

Witten invariant to the first case by considering curves in class k(A, +
Ar). O

4.4. Proof of Theorem

We are now ready to prove Theorem which will conclude the proof of
Theorem E4

We use an induction argument. First notice that using the results from
Spielberg recalled in Section 2.5 we can easily compute the value of the
three Gromov—Witten invariants of Theorem for the base cases k = 0,1
and | = 0, 1 (see Lemmal[3.3] for the computation of some of these invariants).
Now we assume they hold for all values ¢, j such that i <k —1and j <[ -1
and we will prove they also hold for i = k and j = [. Because [M] - [o] =1
for any section class o, the divisor axiom for Gromov-Witten invariants (see
Proposition 22)) implies that the 1-point invariant GW%:” n B,1(C) equals
the 3-point invariant GW%:M +p3([M], [M], c). It follows easily, from the fan
description of the manifold My in Section [3, that PD([M]) = Z;. Therefore
we need to compute the Gromov—-Witten invariants

GWAr | 53(Z, 2y, Z)
with Z € H*(M;Z) since the degrees satisfy the equation 2 deg Z, + deg Z =
2N + 2¢1(By;) + 2m — 6 where dim Mj = 2N =6, deg Z, = 2, c1(Byy) =1
and m = 3 is the number of marked points.

The main idea of the proof is to compute well-chosen Gromov-Witten
invariants via the splitting axiom along two different partitions and then

deduce relations from the two resulting expressions. Namely, we start with
GWABiAl (21, Zy, Zy, Z1; [pt]), from which we will deduce:
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Lemma 4.9. GWABK{CAZ(Zle) and GW%CAI(leQ) satisfy the following equa-
tions: Y ’

(18)  (k—20)GWH (Z1Z,) + GWH (Z122) =k — 21, ifk>1,
(19)  (k—20)GWEr (Z1Z,) + GWHA (Z1Z5) =2k — 41+ 2, ifk <.

Proof. Step 1. We use the partition Sy = {1,2},5; = {3,4} of the in-
dex set {1,2,3,4} and apply the splitting axiom so that we get:

GW%AJA(ZL Zba va Zla [pt]) =

S GWEN(Z1, Zy,en) g GW S (s 2y, Z0)
Co+C1=By,

where the sum runs over all Cy, Cy such that

Co = Amax + koAn + o A1 o Co = koA, + oAy
I
Ci=kiA, + 1A C1 = Apax + k14, + 11 A1

with kg + k1 = k and [y + [; = [. In order to ease the reading, we used in the
equality above as well as in the rest of this proof, the Einstein summation
convention with respect to the basis of the cohomology (and thus forgot
>y, from the notation).

This leads us to

GWr (21, Zy, Zy. Z1; [pt])
= GWE (21, Zy,e) g GV (e, Zy, Z)
+ GW]X,:&X,S(ZI, Zp,en) gt GW]k\{-lAnHAl,B(ew Zy, Z1)

My v M
+ Y GWEE (20 Zben) 9 GWRI L (e 2o, 20)
1<ko+lo<k+I1-1

+ GWo3 (21, 2, e0) g™ GW%/[;CA,LB(QM? Zy, Z1)
+ Gwﬁ/f‘frﬂrlAhS(Zl’ Z,en) g™ GW%HA,B s(€us Zv, Z1)

Xy

My v Ma
D GWl g, 520 Zh ) 7 GWEY (e 2, 20)
1<ko+lo<k+I1-1
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Now, by using the divisor axiom (see Proposition 2.2)) together with the fact
that [, Z, = fAl Zy, = 0, we end up with:

(20) GWE (21, Zy, Z, Z0; [pt])
= 2GW* 4(Z1, Zb,e0) g™ GWS (e, Z, Z1)

Moreover, it is clear that kal 71 = Z1(Amax + kA, +1A1) =k — 2] and
ka_l Zp = 1, and by the zero axiom (see Proposition 2.2)):

-2 if@u221’
GW(J)\@(QM’ZMZH:/ e UZyUZ1 =1 ife, =2,

M )
. 0 otherwise.

So one gets that (20) leads to

(21) ngﬁ%(zl, Zy, Zy, Z1; [pt])
=2(k—21) > GWH* (e) (9" —24"").
v:le,|=4

Remark 4.10. From the diagram of Figure @] GWﬁfl71(ey) = 0 only if the
class e, is Poincaré dual to one of the following homology classes: A,,_1, Ay,
Ay, A, Anax, OF Apnax + Aq, since the marked point should lie in one of the
following cones: o9, 03, 04, 07, 03, or gg. Their Poincaré duals are the classes
Lin- 12, Lon Ly, L1 Ly, Loy, L1 4y, and 41 Zs, respectively. Note that the only
ones that belong to the basis of the cohomology are 7217, ZsZp,, and Z1 Z5.
Therefore, at most three terms appear in the summation in Equation (2I])
above and the coefficients can be computed thanks to Lemma

In the case of Equation (21I), we end up with
(22) GWE (21, Zy, Z, Z0; [pt]) = 2(k — 20GW S ((Z12) .

Step 2. We use the partition Sy = {1,4},5; = {2, 3}.

The same Gromov—Witten invariant is given by the following expression

(23) GW%@74(21, Zy, Zy, Z1; [pt])
= GW03 (21, Z1,60) g7 GWE2 5(eu, Zo, Z)

Ly

My v My
+ Z kaoAn-i-loAh?)(Zl’ Zl’ €V) 9 GWBkl,ll ,3(€lt7 Zb? Zb)'
1<ko+1lo<k+l
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Since (by the zero axiom):

GW Zlazlael/

ife, =2y o0re, =2

{ ife, =71

otherwise

0—2[0 ifeV:Zl,

and / ey, =< g if e, = Zo,
koA, +lgA .
’ o 0 otherwise

it follows from the divisor axiom that (23] is equal to

(24) = Z (4glu - 292M - QQbM)GW%/[ﬁhl(eu)
ple.]=4

£ [t - 2P GW (ko Ay + 1oA)
p 1<ko+1lo<k+l

(ko = 2l0)g™ +10 ) GWE 1 (e,)

where GW (kg A,, + l9A1) denotes the 0—point invariant in class koA, + lpA;.
These were computed in Proposition .8 In order to simplify the expression,
we will denote them by GWq. We will also omit the index 1 indicating the
number of marked points for the various 1-point Gromov—Witten invariants
appearing in what remains of the proof.

In view of Remark above and Lemma B2 equation (24)) actually
reads

= —2GWy* (Z122)

+ ) (ko—200)*GWo| (ko g +10)GW (Z12)
1<ko+1lo<k+l

+ho M PCGWIN (202)) + ko g PGWE (Z122))].

Then, using Proposition L8 we separate the summation in three summa-
tions: kg = 0, lp = 0, and kg = lp:
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(25) = —QGW (leg + Z 4l0 < l3> GW%A[ (ZIZb)
lo=1

k
1
+ >k (%g) [gl’lb ng@{iyl(zlzb)

k():l

I gl,ZbGWMA (ZQZ )+ glleGWABf[IfN(ZlZQ))}

min(k,l)
TR
ko=1

T g RCWY (Z22)) + " 2GWI (212))]

Applying the induction hypotheses and Lemma B2l we can simplify even
further this expression. However we need to consider two different cases:

(a) If k£ > [ then (28) is equal to

-1
(26) = —2GWy* (Z1Z) —dl+ Y (=290 + g"* —2g11%)

k—1 l
- Z gl,lb o Z (gl,lb + 1)

k1=l ko=1
= —2GWH* (Z125) + 1 ("% — 29""%) — (k +21) g~ — 51

(b) If £ <l then (28) is equal to

(27) = —2GW " (Z1Z2) — 4 Z 1— Z 2
1,=0 =k-+1
k
o Z 1,16 12b+291,12)7 Z(gl,lb 12b+291 12)
ko—l k():l

= —2GWH* (Z125) — 4(k+1) —8(1 — 1 — k) + 6k

Step 3. We use the fact that the results of Steps 1 and 2 coin-
cide, i.e. when k > [, [22)=(28]) while when k < [, [22)=(21).



Seidel’s morphism of toric 4-manifolds 47

First we consider the case k > [, (2Z2)= (28] leads to

2(k — 21) GWH (Z12,) + 2GW i (Z12,)
- (gl,Qb . 291,12) . (k + 2l) gl,lb — 5l

In particular, when kK =1,1=0 and k= 1,1 =1, it follows from the base
cases (Lemma [B3) that the matrix elements satisfy:

(28) gl,lb — _2 and 2g1,12 . gl,2b — 3’
respectively. Getting back to the general case, we finally deduce:
(a) For k > [, 2)=(20) together with (28] give

(k —21) GWE* (Z12p) + GW* (Z122) = k — 21,

b) and for k£ < I = together with ive
(b) : g g
(k—20) GWy* (Z12s) + GW S (Z1Z5) = 2k — A1 + 2.

This ends the proof of the lemma. O

We now proceed along the same lines but for two other Gromov-Witten
invariants, namely,

GWKAJA(ZL Zy, Zy, Z2; [pt])  and GWJJ‘B{CAJA(Z% Zy, Zy, Z3; [pt]) -

Since the method is exactly the same, we leave the computation to the
interested reader and we simply give the four resulting equations.

Lemma 4.11. From GW%:‘Z (21, Zy, Zy, Zo; [pt]), we deduce: if k >'1

(29)  LGWH* (Z12) + (k= 2)GW* (Z22) — GW? (Z122) = 1;

1
s

and if k <1

(30) LGW M (Z12) + (k = 2)GW I (ZaZy) = GW ™ (21 Zs)
—4l—k—2.
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Lemma 4.12. From GWABK{CAZ 1(Za, Zy, Zy, Zo; [pt]) we deduce:

(31) (20 +2dy — 1) GW* (Z2Zy) + deGW ™ (Z1Z) =0, ifk>1,
(32) (204 2dy — 1) GW R (Z2Z) + doaGW* (Z122) = 1 =21, ifk <1,

where dy comes from the matriz G, see Table ([I3)).

In order to conclude the proof of Theorem G we consider two linear
systems:

e one given by the equations (I8), (29), (1), corresponding to the case
k > 1 of Lemmas 49 E.TT] and ETI2] above,

e the other given by the equations (I9), [B0), B2) corresponding to the
case k <.

The unknowns of these linear systems are the Gromov-Witten invariants we
are looking for, namely, GW* (Z12,), GW} (Z12Z5), and GW (Z22y).
The unique solutions of these systems give us the desired result.

5. Applications and explicit examples

In this section we show some applications of our results and illustrate their
relevance with some particular examples. More precisely, in Section B1] we
show how to obtain an expression for the Landau—Ginzburg superpotential
from the moment polytope of a NEF toric 4—manifold. In Section we
compute the Seidel elements, the quantum homology ring and the Landau—
Ginzburg superpotential for two examples of NEF toric surfaces, namely CP?
blown—up at 4 or 5 points. Finally, in Section 5.3l we show how we can use the
Fano and NEF computations to obtain explicit expressions of Seidel elements
for some particular non-NEF manifolds, namely the Hirzebruch surfaces Fo
or Fo,_1 with k& > 2. As an example, we compute them explicitly for Fy.

5.1. The Landau—Ginzburg potential

In this section we follow the works of McDuff-Tolman @] and Ostrover—
Tyomkin [33] which were themselves developments of original ideas due to
Batyrev [5] and Givental ﬂﬂ, @] In particular, we will also use quantum
cohomology. The definition is similar to quantum homology in Section 2.4]
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except that the coefficient ring is IT := IT"™V[q, ¢ '], with

[y . {thm’m €Q, #{rk<c|ry #0} < o0,Vc € R}

KER

(compare with (§)) and that the product on QH*(M;w) = H*(M;Q) ®¢ 11
is Poincaré dual to the intersection product and is called the quantum cup
product.

Let us recall some notation. Consider a torus 1" with Lie algebra t and
lattice tz. Let (M,w) be a smooth toric 2m-manifold with moment map
® : M — t" and with moment polytope P. Let Dy,..., D, be the facets of
P, inducing homology classes A4; = [®~1(D;)] € Ha(M;Z), and let vy, ..., v,
denote the outward primitive integral vectors normal to the facets. The
moment polytope is given by

P={xet|(x,v5) <kj, for j=1,...,n}

where x; € R. Any face of P, given as the intersection of facets D;,, ..., Djy,
admits a dual cone consisting by definition of those elements in t which are
positive linear combinations of vj,,...,vj,. As explained in ﬂﬁ, Section 5.1],
any vector in t lies in the dual cone of a unique face of P. Therefore, a subset
I={i1,...,ix} C{1,...n} determines a unique face of P whose dual cone
contains v;, + --- 4+ v;,. This face is given as the intersection of facets which
we (still) denote by Dj,,...,Dj, and there exist unique positive integers
Cl,...,¢¢ so that v, +---+wv;, —crvj, — - —cwj, = 0. Batyrev showed
that if ] is primitive, the sets I and J = {j1, ..., j¢} are disjoint. Moreover, if
Br € Ha(M;Z) is the class corresponding to the above relation (recall from
Section 23] that Hy(M;7Z) is isomorphic to the set of (a,...,a,) € Z" such
that Y a;v; = 0), then by @):

(33) Cl(ﬂ[):/{?—cl—-“—q,
(34)  w(Br) =i, (Dy,) + -+ + i, (Diy,) — e1v5,(Dj,) — -+ — evj, (Dy,)
= Ki, + -+ K, — C1Rj, — - — CRj, -

Denote by A; the circle action corresponding to v;, that is, A; is the circle
action whose moment map ®,, is given by the composition of the moment
map @ : M — t* with the linear functional v; € t. Let

S*(Ay) = yi @ ¢ 7V P) € QH (M, w)*
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be the cohomological counterpart of the Seidel element. In @] the authors
show the following result.

Proposition 5.1. Let QH*(M,w) denote the small quantum cohomology
of the toric manifold (M,w). The map © which sends Z; to the Poincaré
dual of ®~1(D;) induces an isomorphism

Q[Z1, ..., Zy) ®11/(Lin(P) + SRy (P)) = QH*(M,w),

where the ideal Lin(P) is generated by the linear relations

Lin(P) = <Z(a;,vj)zj |2 e t;>
and the ideal SRy (P) is given by
(35) SRy (P) = <Yz'1 Y Y YR g By (Br)
’ I={iy,... ix} is primz’tz’ve>,
where
(36) Y; = Z; + higher order terms,
is a lift of the Seidel element y; in Q[Z, ..., Z,] @11, such that O(Y;) = y;.

As McDuff and Tolman explain in @], in general, it is not possible to
find Y; without prior knowledge of the ring structure on QH*(M,w) but, in
special cases, we can indeed describe Y;. In the Fano case the higher terms
vanish and we may take Y; = Z;. In the NEF case there might be higher
order terms in the Seidel elements y;, however, from @, Theorem 1.10] we
know that the lifts Y; of y; are determined by some linear combination of the
Z; which is unique up to the additive relations Lin(P) (see @, Example 5.4]
for more details).

5.1.1. Fano case. In this case the Landau—Ginzburg superpotential is

given by
n
W = E 2Vt
i=1
where for v; = (vj1,...,0jm) € Z™ the term 2% represents the monomial
27

We now recall a result obtained by Givental in @] (which we illustrate
with Ostrover—Tyomkin’s formalism, see ﬂﬁ, Proposition 3.3]).
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Theorem 5.2. If (M,w) is a symplectic Fano manifold, then

QH*(M,w) =T[zf,..., 25/ Jw as TT-algebras

’Tm

and in particular
QH (M,w) =TIV [2F, ... 25]/Jw as T™Y —algebras
where Jyy is the ideal generated by all partial derivatives of W.
In @] the authors consider the natural homomorphism

U:Q[Z1,...,Z,) @I — H[2F, ..., 2]

m

such that SRy (P) is in the kernel of ¥ and the image of the additive relations
gives the ideal Jy . In this case the homomorphism is defined by

U(Z;) = qz"t"

and it is easy to see that W satisfies the desired properties. Indeed, as we
saw above, in the Fano case we may set Y; = Z; hence

SRy (P) = <Zi Ly = 25 25 @ g )
’ I={iy,... i} is primitive>
and

\I/(Zz A sz _ Z]cll A Z]C; ® qcl(ﬁf)tw(ﬁz))
- qkzv"'l v Vi gl TRy
L et ety L e geaiy ey, ) ger (8w (Br)
=0

by B3) and ([B34). Therefore the ideal SRy (P) is in the kernel of .
The image of the additive relations is the following

U ()7 =4

Jj=1 J

(x,v5)2%t"%.
1

n n
On the other hand, we have

n n
ow ok vj,i—1 . ; K
G = s D v st = g ) gt
-
v j=1 j=1
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Note that if © = e; is the i—th vector of the canonical base in R"™ then
(x,v;) = vj,; and one obtains the desired result.

5.1.2. NEF case. In this subsection we give the explicit expression of
the Landau—Ginzburg superpotential when M is a NEF 4-dimensional toric
manifold for which at most 2 of the homology classes A; = [®~!(D;)] of the
pre-image of the facets D; have vanishing first Chern number. It follows from
the proof of the next proposition that the result generalizes to any number
of classes (corresponding to facets of the polytope) with Chern number zero,
but the expressions get more complicated as we increase the number of such
classes. Moreover, Theorem still holds for these cases.

Proposition 5.3. If M is a NEF toric 4-manifold and A; = [®~1(D;)]
where D; is a facet of the moment polytope then the Landau—Ginzburg su-
perpotential is given by the following expression:

1) if c1 vanishes only on the class Ay then

n

. Vigk Vi 1K +Rr_1—Kg

W_E 2Vt Uk ghkritRe-1 TR
j=1

2) if ¢1 vanishes only on the classes Ax_1 and Ay then

n
W = § Ui ki 4 Z’Uktlfk+1+/€k—1—l€k, + Z’Uk—ltl‘ik-i-lik—z—lfk—l
Jj=1
4 kat5k+l+5k—2_’fk—l 4 zvk—lt’ik+1+ﬁk—2_ﬁk

Proof. Case (1): in this case the Seidel elements are given by Theorem .5t

S(Aj) =Aj@qt™ if j#k—1kk+1,

tlfkflfw(Ak)
S(Ak-1) = Ap1 ® @™ = A ® 4y
[
S(Ag) = Ak ® I w(An)

ikt —w(Ag)

S(Ag+1) = App1 @ g™ — A @ oAy
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If S* denotes the Seidel morphism in cohomology then we have

S*A)=Z;j@q¢ 't if jAk—1,kk+1,
* tw(Ak) -1 —KRE—
S*(Ap—1) = <Zk1 —Zp® l—t‘*’(Ak)) ®q 't ;

—Kg

* _ —1

1w (Ak) N

S*(Agt1) = (Zk—H -2 ® 1= (A0

Thus in equation (B6]) we may take

. . 1
Vi=2Z; if jEk—Lkk+1, Yi=Z® o,

10(Ar) 1@ (Ak)

Yk—l = Zk:—l - Zk: & Yk+1 = Zk+1 - Zk: &® m

[ A

where w(Ak) = kg1 + Kk—1 — 2K. In this case, the definition of the homo-
morphism ¥ is such that

(37) V1<j<n, YY) =qz"t"

so one obtains

U(Zj) = g2t if j#k =1k k+1,

\I/(Zk 1) —qz’l]k LK1 —i—qzvktnk*lJr”k - Hk’

\I}(Z ) Uktnk(l — tw(Ak)) = qz“kt"‘k — qZUkt"‘ikJrl"l‘K‘k—l_Hk
\I/(Z ) vk+1tmc+1 + qZ’UktHk_*_l—‘,-K/k_l_Hk ‘

It is clear, by definition of ¥ and the proof in the Fano case that SRy (P)
is in the kernel of the homomorphism. Computing the image of the additive
relations gives

n
\\ T,; = q .7) ’U th’% —q(x, v kat5k+1+’fk—1_’ik
J

Jj=1
4 q(m,vkq) vktm+1+ﬁk7ﬁm 4 q(x7vk+1)zvktﬁk+l+ﬁk—lfﬁk'

In order to obtain the derivatives of the potential we need

(x,v5-1) + (x,v541) — (z,vK) = (z,v), that is, vg_1 + Vg1 = 20k,
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which holds, if dim M = 4 and ¢;(Ag) = 0, as noticed already in Section BI],
Equation (g]).
Case (2): In this case Theorem 5 gives the following:

Y, =2; it j£k—2k—1kk+1,

Yio=2Zp o—Zp 1 ®

tw(Ak—l) tw(Ak_1)+2w(Ak)
T O Ty S () (1 = e

1 1w(Ax) 1

Y1 = <Zk1 ® 1— (A I @ 1-— tw(Ak)> 1 — tw(Ak—1)Fw(Ax) ’

1 (Ar-1) 1

m:<%®1—ﬂM0_%1®1—WM“01_WM“H%m7
w(Ax) tw(Ar—1)+w(Ar)

Yirr = Ziet = 26 © Tgrmy — 409 A (1 = e FelAn)

tw(Ak)-i—Zw(Ak,l)

T S ) (1 - e )

Therefore, as above, if we define W such that it satisfies (87) then we obtain

S

(Z;) =qz"t" if j#k—-2k—1,kk+1,

(Zk72) — qzkaztﬁkfz + qzvkt5k+1,k—1+ﬁk—2 + qzvk—ltﬁk—z(tﬁk,k—l + t’ﬂc+1,k)7
(Zo) = @106t (1 — gkt PRk 2ion) L qahgis (¢t _ ik,
(
(

SO

Zk) — qzvkt:‘ik(l _ t5k+1,k+"€k—1,k) + qzvk—ltﬁk—2(tﬁk,k—1 _ tNkJrl,k)’
Zk—l—l) _ qzvk+1tlik+1 + qzvk—ltﬁk-,+1,k+l-€k-,—2 + qzvktnk+l(tﬂk_l"" + t/‘@k—‘z,k—l)

S

where r; j = k; — Kkj. Again, it is clear that SRy (P) is in the kernel of the
homomorphism and it is not hard to check that the image of the additive
relations gives the derivatives of the superpotential, under the assumptions
that vg_1 + Vg1 = 2v, and vg_9 + v = 201 [l

Remark 5.4. Note that in the NEF case we know by, for example, the
previous works of ﬂ§] and @] that the Seidel elements completely determine
the potential so we cannot have constant terms (terms containing only the
variable t) in the potential. In general, in the non-NEF case, we do not know
if that holds. Moreover, we might have an infinite number of (constant) terms
in the potential, as explained to us by K. Chan. See also Remark 5.6l
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5.2. NEF examples: The case of a blow—up of CP? at 4 or 5 points

In this section, as an application of our results, we compute explicitly the
small quantum cohomology (and homology) of the manifold obtained from
CP? by performing 4 and 5 blow-ups, X, and Xj respectively. Note that
these manifolds admit NEF almost complex structures, but no Fano ones.
Since the computations are similar, we show the full computations for X4
and only give the final result for X5. As already noticed in Example [[L2] X,
is symplectomorphic to the 3-point blow-up of S? x S? endowed with the
split symplectic form w), for which the symplectic area of the first factor is u
and the area of the second factor is 1 (see E, Section 2.1] for more details).
Let ¢;, i = 1,...,4 be the capacities of the blow-ups. Let B, F' € Hy(Xy;7Z)
be the homology classes defined by B = [S? x {p}], F = [{p} x S?] and let
E; € Hy(Xy4;Z) be the exceptional class corresponding to the blow-up of
capacity c¢;. Consider X4 endowed with the standard action of the torus
T = S x S! for which the moment polytope is given by

P:{(wl,xg)ERQ\ngggu,x2+x1§u—03,
—1§$1§0,01§$2—$1§M+1—C2}

so the primitive outward normals to P are as follows:

v = (07 1)7 V2 = (17 1)7 U3 = (170)7 Vg = (17 _1>7 U5 = (07_1)7
v = (—1,0), and wv7=(—1,1).

The normalised moment map ® : X; — R? is given by
Lo L2
(I)(Zla--'vz'?): _§|Z3’ +61’_§|Zl‘ +tu—e),

where

A +33 —cj+ci—3p cf — 3 — c§ + 3c3p + 3cip — 3
€1 = 5, 2, 2 and € = 5, 2, 2 :

3(cy + 5+ c5 —2p) 3(cy +c54c5—2p)
Moreover, the homology classes A; = [®~(D;)] of the pre-images of the
corresponding facets D; are: Ay = F — Fy — F3, Ay = F3, As=DB — F| —
B3, Ay = F1,As = F — E1, A; = B — E5, and A; = E5. Let A; be the circle
action associated to v;. Since the complex structure on Xy is NEF and T-
invariant, it follows from Theorem that the Seidel elements associated
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to these actions are given by the following expressions

tHh—¢€2

S(A1) = (F — E2 — E3) X pr—"
tu+62—1+61—€2

S(Ag) = B3 @ qth+9"% — (F — By — F3) ®¢q

1 _ tCz+C3*1
te1tei—ez
— (BB - By @ar—qo
S(As) = (B — E1 — Ej) L e pr—r

terteatcs—p
S(A4) = E1 () qt61+€2_cl — (B — E1 — Eg) ®q

S(As) = (F— F)®qt?,  S(Ag) = (B~ Ep) @qt' ™,
tlH—Cg,—el—eQ

S(Ar) = By @ gt 100 — (P — By — By) g7 — —— .

Therefore we have

* -1 te
S* (M) =Z1®4q T e
. tl—u—02—61+62

S*(Ag) — 7y ® q—ltcs—,u—el—l-eg —Z1®q m

t€2—€1—()1

—1
B B pyrerr

—e1

* _ -1
S*(A3) = Zs®q [T

t}L*Cg*El*EQ

* _ —lyci—e1—ex -1z
S*(Ay)=Zy@q 't Z3®q 1 prci—cs ’

S*(A5) = Z5 X qiltiez, S*(AG) = Z6 X qiltelil,
1 1 1 t€1+€2—/1—03
S*(A7) = Zy @ g teTHTITOTe — 71 @ ¢

1—tlea
Thus in equation ([B6) we may take
Yi=Z7 71
1=241Q 1 fl-c—cs’
t1—02—03 th—ci—cs
Yo=20-71® 1 fi—ea Z3® CpETTEr——
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t},b—cl—C3
YB:ZS@)W, Y4:Z4—23®m7 Ys = Zs,
tl—Cz—Cg
Ys = Zg, and Y7:Z7—Z1®m'

There are fourteen primitive sets: {1,3},{1,4},{1,5},{1,6},{2,4},{2,5},
{2,6},{2,7},{3,5},{3,6},{3,7},{4,6},{4,7},{5,7}.

Let t93 =1 — tl=c2=¢cs and t13=1—tF"7% The corresponding mul-
tiplicative relations for QH*(X4,w,), that is, the generators of the ideal
SRy (P) defined in Proposition [5.1] can be written as follows

38
. I1Zy = Zo @ qttosti s — Z1 @ qt' "t 3 — Z3 @ gt a3,
Z1Z4t173 = Z3Qth 7% + 73 ® qt“icltzg,
7175 = 1 ® ¢*t'ta 3,
Z1\Z6 = Z7 @ qt%taz — Z1 @ qt' %,
ZoZuytostrz = Z3(Zo + Z3 + Zy) @ th "ty 5+ 71 2y @ 127 5
o Z1Z3 ® t1+“_01_02_203,
ZQZ5t273t173 =7175® tlic?i%tl,g + 235 ® t‘uiclic‘gtgg + 73 ® qt‘uic‘gtg’g,
ZoZgtast1 s = Z176 @117y 3 + Z3Z6 @ 1 Sty 5 + 71 @ qt' Tty 3,
ZQZ7t2,3t173 = Zl(Z1 + Zy + Z7) & tlic27€3t173 + 7377 ® t‘uiclicgtgg
L 7Ty @ thtumei—e2es
Z3Zy = Zy @ qt 13 — Z3 @ qt',
7376 = 1 @ ¢*tt 3,
Z3Zqtay = 71 Z3 @ t1727% 4 7, @ qt' %ty 3,
Z4Z6t1 3 = Zs @ qt' "ty 3+ Z3Zg @ tH T,
ZyZrtast1 s = Z1Z4 @t 7y 3+ Z3 77 @ 1O g 4
737y @ gttt 4 g 2ptieey, o o
ZsZqtog = 7175 @ t1727% 4 Zg @ gttty 5

where we should also take in account the additive relations Zg = Z7 + 225 +
Z3— Zsand Z7 = —Z1 — Zy + Z4 + Zs. It follows from Proposition (.1 that
QH*(X4,w,) is isomorphic as a ring to Q[Z1,...,2,] ® I1/1 where I is the
ideal generated by the relations above. We can describe the result also in
terms of homology. For that consider the homology classes A; = [®~1(D;)] €
Hy(X4;Z). They are additive generators of Hy(Xy;7Z) and multiplicative
generators of QH, (X4, w,). Moreover QH4(X4,w,,) is generated, as a subring
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of QH,(Xy4,w,), by the elements gA;. These generators are E; ® ¢, where
i=1,2,3, (F—E)®q, (B—E3)®q, (F—FEy— E3)®gq, and (B — Ej —
Es3) ® q. In what follows in order to simplify notation we shall drop the sign
« for the quantum product. The multiplicative relations (B8] translated to
homology together with the additive relations give a complete description
of the II""V-algebra Q H4(X4,w,,). More precisely, we obtain

QH4(Xyq,w,) =TT [u, 0]/ J

where

1 1
{qeten V=B-B-B)®a—

UZ(F—EQ—E3)®Q
and J is the ideal generated by the two following relations:

(39) v(1 +vt) = w?th (v + 271 (1 + vt®),
(40) w(l 4 ut®) = v*t(u + ) (1 + ut).

It follows from Proposition[.3] (1) that the Landau-Ginzburg superpotential
is given in this example by

(41) W = zoth + z129tH % 4+ 21 + zlzglt_cl + z;l + zflt + zflzgt“+1_cz
+ ozttt T 4 th’H_l_cz_%.

Therefore we have

ow

5 = 2ot T 1 2y 1T — 27t — Rt T e
sl

ow

9 I I R L N L
2

Passing to homology, simplifying the expressions and setting u = z, L—n
and v = 27" we obtain relations 39), as we wish.

Similar arguments give an explicit description of the quantum homology
algebra QH4(X5,w,). Moreover, we have

QH4(X5,wy,) 2 I [u, 0]/ ]

where again u = (F — Fy — E3) ® (1 —t=te= )=l oy = (B- B — E3)®
q(1 —tete=m)~L and J is now the ideal generated by the two following
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relations:

Wt (v 4+ 2T (14 0t%) = (14 0t) (v + 471,
VPt (u + ) (1 ut®) = (14 ut®)(u+ t“7H).

In this case the Landau—Ginzburg superpotential is given by

W = 2oth + 21 29tF ™% 4 21 4 2125 't + 2y 2 ey T 4 2
+ ZfIZQtM+1_Cz + zlt,u—cl—qo, + zztu+1—02—03

+ Z;ltll+1_C2_C4 + Z;lt1_01_64

Remark 5.5. Note that these results agree with the results of Chan and
Lau. The manifolds X4 and X5 coincide with the surfaces X7 and Xig, re-
spectively, described in ﬂ, Appendix A]. We obtain the same expressions for
the potential after changes of variable: replacing zo by 2125 L1 keeping
the variable z; and letting q; = tF= 7%, gy = th™, g3 = t©, qq =t~
and g5 =t in the potential for X7 leads to (Il above. Similarly, mak-
ing the same change of variable for X1y and letting q; = tF=“ 7, g9 = £,
g3 =t gy =12, g5 =t17"% and g5 = t° we see again that the two
expressions for the potential agree.

5.3. Non-NEF examples

Particularly interesting examples which are relevant for our study are the
Hirzebruch surfaces. We use the conventions and the description adopted in
B] for these surfaces. We recall that the toric “even” Hirzebruch surfaces
(Fog,wy), 0 <k < with £ €N and £ < p <+ 1, can be identified with
the symplectic manifolds (S? x S2, wy,) where w,, is the split symplectic form
with area p > 1 for the first S?factor, and with area 1 for the second factor.
The moment polytope of Fyy, is

{($1,£L’2) E]R2|O§:L‘1 <1, xo+kr1 >0, 290 — kay §u—k:}
and its primitive outward normals are
vl = (1,0), V2 = (—k, —1), v3 = (—1,0), and Vg4 = (—k, 1).

Let A?* and AZ" represent the circle actions whose moment maps are, re-
spectively, the first and the second component of the moment map associ-
ated to the torus action Th; acting on For. We will also denote by AZk Azf

er?
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the generators in 71 (7). It follows from the classification of 4-dimensional
Hamiltonian S'-spaces given by Karshon in HE] that A2F A% satisfy the
relations A?F = kA2 + (k — 1)AY and A% = kA2 + A . Since Fy is Fano
and Fy is NEF we can obtain from our results the Seidel elements associ-
ated to A2, A? , and A?Z , and thus the ones associated to the circle actions
of Foi, even though for all k£ > 2, Fy, is non-NEF.

In particular, we can give explicit expressions for the Seidel elements
associated to Fy which admits a pseudo-holomorphic sphere with negative
first Chern number, representing the class B — 2F where B = [S? x {p}],
and F = [{p} x S?]. Since Fy is Fano it is easy to check that the Seidel
elements associated to the circle actions AY and A? are given by S(A2) =
B®qt: and S(A)=F® gtz (see ﬂﬁ, Example 5.7]). From this case we
can also obtain the following products in the quantum homology ring: F'
F=1®q¢ % " B*xB=1®q %!, Fx B=p and deduce the remaining
products from these ones.

For the toric manifold Fs the normalised moment map is given by

1 1 1 1 t1
D(21,22,23,24) = <—2’Zl\2 Ty 6 —§|Z1!2 — §|Z4’2 + M2> :

where € = &. Let A?)k denote the circle action associated to the normal
vector v; to the polytope of the surface For. Then Theorem .5 implies that,
in the case of o, the Seidel elements associated to these actions are given
by

. tate
p tlste
SA2)=S(A})=F®qt:"—(B-F)® el

Since AZ = AZ, S(A?) = S(A2) and it follows that for the non-NEF

v
toric manifold F4 the Seidel elements associated to the circle actions A?, and
A‘é2 are given by

S(A4 ) = S(A21)2 *S(Agl) = (B+2F) ®qt%—2€ +B®qt3_“_25,
S(AL) = S(AL)?  S(AL) = S(AL,) = F @t

because S(A2 )% = 1. Therefore in this case, since A} = A} , it follows that

S(AL)=qt>"* @ (B+2F + Bot'™h).
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Since vy + vz = 0 we have S(AL) = S(A )™ (S(Azl)*l)2 * S(AY)~! and

since

tate
2N—1 _ B
SA2) T = (B-F)@ay i
we obtain
. qt§+2e )
_ _ —p
S(A,) T ® [B—2F+B@t "],

Finally, since vg = 2v3 + (0,1), va = 2v3 + (0, —1), and S(A?) = S(AL)™!
it follows that

S(Ay,) = S(Ay,) = S(A,)? * S(A,)
qt2+4e

1—p\2 1— 1—

It follows that in equation (B6) we may take

_ 1 _
Yi=214 (Z3+ Za+ Zy) @M Yo = m(% — 4tt1y)
1 _
Y3 = m(z?, +(Zs+ Z2 + Za) @ 1471,
1 1
Y4 = m(ZZL_LLtu Yg)

Since the ring structure on the quantum homology is known we can check
that this choice of Y; satisfies the equations induced by the primitive rela-
tions, that is,

V1Vs —1®¢* and YoV; — (Y3)'® ¢ 2tH 2

are generators of the ideal SRy (P). In order to have a potential W such that
the isomorphism in Theorem holds we need that the homomorphism W,
inducing the isomorphism, satisfies equations ([B7). Recall that the generators
of the ideal SRy (P) should be in the kernel of ¥ and the image of the
additive relations gives the derivatives of the potential.

(42)
(Z1)
U(Ya) = qz; 22y & U(Zy) — 49710 (Y3) = g2y %2 (1—t“ 12
(Z3)
(Z4)

— 4t (Y3) = qz;%gt“*"’(l — 12
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Since the additive relations are 71 — Z3 — 275 —2Z, =0 and Z4 — Z5 =0
it follows from equations (42]) that the derivatives of the potential W are
given by the following expressions:

qzlg = W) — W(Zs) — 2U(Z) — 20(Z) =

gt — gz N1 — 9712 — 16g27 11 — 2(qe 225+ qa 2ath 2 (1 — )2
ow
Gz = W(Z0) = 0(Z) = (g2 "mt"* =z *z (L —#7)%

Therefore the potential is given by
(43) W =21t + (27 4 27225 4 2 220tP 2 (1 — t9 12 4 162 14,
up to constant terms, as we pointed out in Remark 5.4

Remark 5.6. In this non-NEF example we see that the number of terms
corresponding to the quantum corrections in the Landau—Ginzburg super-
potential is still finite. In the formalism of ﬂ] and ﬂ§] the primitive rays
of the fan (or the interior normal vectors of the polytope) are given by
v1 = (1,0), va = (0,1), v3 = (—1,—4), and vy = (0, —1) and the polytope is
defined by the following inequalities

1 >0, 20 >0, 41 +to —x1 — 4w > 0 and t1 — z9 > 0,

where the t;’s are positive numbers. Let ¢; = exp(—t;) be the Kéhler param-
eters. Then, in their formalism, the potential is given by

4
q142

W =z1(1-2q1g2 + ¢143) + 22 + 72124(1 —2q1q2 + 41 63)
1<9

+ %(1 + 14q1g2 + 3 ¢3).

In this expression z1 and 2 correspond to z; 222_ Land zt, respectively, in
equation ([@3) while ¢; =t and go = t*~2. Moreover, if ﬂé, Conjecture 6.7]
holds then we can obtain some of the open Gromov-Witten invariants of
F4 from our computation of the potential. In particular we see that there
must be some negative open Gromov—Witten invariants, phenomenon which
does never happen in the NEF case. Note that if this conjecture holds it
implies that the Seidel elements only determine the non-constant terms of
the potential (see Remark [0.4]). Indeed it is natural to expect the potential
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of this example to contain an infinite number of terms, as explained to us
by K. Chan, so these only contain the variable ¢.

We conclude that, even in this non-NEF example, although there are
infinitely many contributions to the Seidel elements associated to the Hamil-
tonian circle actions, these quantum classes can still be expressed by explicit
closed formulas. It is clear that as we increase the value of k£ the expressions
for the Seidel elements corresponding to the circle actions Azf,Agf in Fop
are going to be harder to write explicitly. However, from the work of Abreu
and McDuff in @] we know that the generators of the fundamental group
of the symplectomorphism group of (52 x Sz,wu) are given by Agl,Ag2 and
Azl, so our computations allow us to give a complete description of the Sei-
del representation for these manifolds (regardless of the value of p provided
that p > 1).

Remark 5.7. The “Odd” Hirzebruch surfaces (Foz—1,w;,), 1 <k < £ with
feN and £ < pu</l+1, can be identified with the symplectic manifolds
(CP24 CP?, W;,A) where the symplectic area of the exceptional divisor is p > 0
and the area of the projective line is 4+ 1. Its moment polytope is

{(z1,22) ER? |0 < a1 + 22 < 1, 2o(k — 1) + kay > 0,
kxg—i—(k—l)lek—u—l}.

Similar computations can be made for Foi_1, since F; is Fano and we
can show that A*~1 = A2F=1 = (2% — 1)A! | using Karshon’s classification
of Hamiltonian circle actions.

Appendix A. Additional computations of Seidel’s elements

We gather here results of computations of Seidel’s elements in the case when
the number of facets, in the vicinity of D,,, corresponding to spheres in M
with vanishing first chern number is 3 (this is complementary to Theo-
rem [L.0] see Figure[I]). In order to ease the reading, we denote the weights
w(A;) by w;.

(2¢) If ¢1(Ap) = c1(A1) = c1(Az) =0 but ¢1(A,,—1) and c¢;(As) are non-

zero, then

tq)max tq)max_wl 1
S(A): |:<An®q1_tw" _A1®q1_twl>.1_twnw1
tq)max témax_“& t_wl —Ww2 1
- (Al D4 e~ 24T t—W2> - t—w—wz} T e
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(2d) If c1(Ap) = c1(Ap—1) = c1(A1) =0 but ¢1(A2) and ¢1(A4,—2) are
non-zero, then

S = [ (4 gt 4 i !
( ) - n ® q ]_ — t_wn o n—1 ® q 1 — t_wnfl ' 1 — t_wn_wnfl
B tPmax—w 1
An@q—r — A :
+< n®4T 1®q1—t—w1> fE——

1

1 — t—Wn—Wa-1—w1

P
—-A,®q . t—ww} :

(3d) If ¢1(A1) = c1(A2) = c1(A3z) = 0 but ¢1(Ay), c1(As) and ¢;(Ap—1)

are non-zero, then

tq)max_wl
S(A) = A, ® qt%wx A1 ®q7

— e

Prnax Dinax—w2 pwri—we
P nax —W2 W1 W2 —ws
<A1 ® q — 4 -1~ w2> 1 — tfwlf‘”?*‘”-”)(l - tf“’l*w?)
t s D o —Ws t—w1—2w2—2w3
<A2 RSl ) (1 — o) (1 — o)

(36) If 1 (An—l) =1 (Al) =1 (AQ) =0 but (An), Cl(Ag) and ¢ (An_g)

are non-zero, then

® ttbmax—wn_l t(bmax w1
S(A) =An@ g™ = Ap 1 ¢ A ®aT
t(bmax tq>max_w2 t_wl w
_<A1®q1tw1_A2®q1tW2>.]_tw1w
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