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The Hofer norm of a contactomorphism

EGOR SHELUKHIN

We show that the L°°-norm of the contact Hamiltonian induces
a non-degenerate right-invariant metric on the group of contac-
tomorphisms of any closed contact manifold. This contact Hofer
metric is not left-invariant, but rather depends naturally on the
choice of a contact form «, whence its restriction to the subgroup
of a-strict contactomorphisms is bi-invariant. The non-degeneracy
of this metric follows from an analogue of the energy-capacity in-
equality. We show furthermore that this metric has infinite diam-
eter in a number of cases by investigating its relations to previ-
ously defined metrics on the group of contact diffeomorphisms. We
study its relation to Hofer’s metric on the group of Hamiltonian
diffeomorphisms, in the case of prequantization spaces. We further
consider the distance in this metric to the Reeb one-parameter
subgroup, which yields an intrinsic formulation of a small-energy
case of Sandon’s conjecture on the translated points of a contac-
tomorphism. We prove this Chekanov-type statement for contact
manifolds admitting a strong exact filling.
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1. Introduction and main results
1.1. Introduction

Since the advent of the conjugation-invariant Hofer norm [16, 18] on the
group of compactly supported Hamiltonian diffeomorphisms of any sym-
plectic manifold, there has been a certain interest in investigating possible
analogues of this norm in contact topology. The first fundamental difference
between the Hamiltonian and the contact settings is the finding of Burago-
Ivanov-Polterovich [9] that classical groups of diffeomorphisms that have
a conformal freedom, the full group of diffeomorphisms and the contacto-
morphism group, do not to admit fine conjugation-invariant norms - that
is norms whose image in R>( has 0 as an accumulation point (see [14] for
the case of the contactomorphism group). Hence, all such norms must be
discrete: there must exist a constant ¢ > 0, such that the norm of every dif-
feomorphism other that the identity transformation exceeds ¢. And indeed a
number of conjugation-invariant non-degenerate norms with values in Z on
groups of contactomorphisms of certain contact manifolds were discovered
in [12, 14, 26, 33] and certain other discrete norms are easily contructed
from homogeneous quasi-morphisms on contactomorphism groups found in
[7, 15].

In a different line of research, one notes that constructions similar to the
Hofer metric using contact Hamiltonians tend to yield fine pseudo-norms
on contactomorphism groups. In particular, a conjugation-invariant pseudo-
norm was introduced on the group of strict contactomorphisms of any closed
contact manifold equipped with a global contact form in [5] and its non-
degeneracy was shown for a certain class of contact manifolds. This non-
degeneracy result was improved in [21] to hold for all closed contact mani-
folds. By the observation of [9, 14], this norm cannot extend to a conjugation-
invariant norm on the full contactomorphism group. While that is indeed
so, the goal of this paper is to show that for all closed contact manifolds, the
norm of [5, 21] is bounded from below by another conjugation-invariant norm
on the group of strict contactomorphisms that extends to a non-degenerate
fine norm on the full group of contactomorphisms, albeit without the prop-
erty of conjugation-invariance.

The topology induced by this contact Hofer norm, and indeed the equiv-
alence class of the metric it defines, turns out to be independent of the choice
of a global contact form, and to admit a number of interesting closed sub-
sets. We show, moreover, that the contact Hofer norm is related to a natu-
ral intersection problem for contactomorphisms - that of translated points of
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S. Sandon [27, 28]. In particular we show how it gives an intrinsic Chekanov-
type statement for the existence of translated points (cf. [1, 2, 4, 11]). Along
the way we describe a geometric non-degeneracy condition for this problem.

We further show how the contact Hofer norm is related to certain pre-
viously introduced discrete bi-invariant norms on contactomorphism groups
[7, 14, 15, 26, 33] and to the Hofer norm on the group of Hamiltonian dif-
feomorphisms.

1.2. Main results

Given a connected co-oriented contact manifold! (N, ), that we will assume
to be closed unless stated otherwise, with a globally defined contact form
«a with & = kera we define a contactomorphism to be a diffeomorphism
Y € Diff (N) satisfying ¢.£ = £ and preserving the co-orientation of &. This
is equivalent to the existence of a positive function Ay, = 9%, g, € C°(N,R)
such that ¥*a = Ay - a. We consider the group

G = Conty(N,€)

of contactomorphisms isotopic to the identity contactomorphism 1.

Recall that G is naturally isomorphic to the group of Rs-equivariant
Hamiltonian diffeomorphisms of the (positive) symplectization SN of N,
which is abstractly defined as the subspace

SN = {(p,q)| pl¢ =0, p > 0,} C T*N,

of the non-zero covectors vanishing on £, that are positive with respect to
the co-orientation of &, endowed with the restriction of the canonical sym-
plectic form wegn = dAcan on T*N. A choice « of a global contact form for
(N,§) determines an Rsp-equivariant symplectomorphism from the sym-
plectization SN to N x R with the symplectic form w = d(ra), where a
denotes the lift of a by the projection to the first co-ordinate and r de-
notes the coordinate function coinciding with the inclusion Rsg < R. In
this isomorphism, the graph of «, which is a subset of SN corresponds to
the hypersurface Ny := N x {1} C N x R.(. Similarly, the natural projec-
tion 7w : SN — N corresponds to the projection N x Ryg — N to the first
coordinate. Denote by 7, : SN — R+ the pullback of the coordinate func-
tion r : N X Rygp — R+ under this symplectomorphism. Note that as the
symplectomorphism depends on «, so does r,. Given a contactomorphism

IThis is what we call a contact manifold in this paper.
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@ € G, its natural lift 1 to SN is simply the restriction to SN of its canon-
ical lift to T N. In the splitting SN = N x R given by a global contact
form «, this lift takes the form ¢ (x,r) = (¢(x), ﬁ) For later use we note

that the differential D(v)(x,1) of ¢ at (z,1) is

v pen = (—fsziﬁ% A¢<Ss>-1> -

Note that with respect to the natural R+ action on SN, for an interval
I = (a,b) C R5( we have the equality of subsets I - Ny ={r -z |rel, z €
N1} = N x I with respect to the splitting SN =2 N x R-(. For a Hamilto-
nian F' € C*°([0,1] x SN) denote its Hamiltonian flow (generated by the
vector field X; given by tx,w = —dF}) by {¢% }iejo,1)-

For an isotopy {9t }¢e[0,1), Yo = 1, in G, its time-dependent contact Hamil-
tonian H € C*°(]0,1] x N) is by definition the restriction of the correspond-
ing R<g-homogeneous Hamiltonian of degree 1 on SN to N;y. In other words,
for time ¢t € [0, 1] the contact Hamiltonian H;(—) = H(t,—) at time ¢ satis-
fies

Hy = a(V)

where Y; = %’t’:twt' oty l'is the time-dependent vector field generating
{¢r}. Tt is easy to see that the contact Hamiltonian determines the flow
uniquely (the vector field Y; is the unique solution of the system «a(Y;) =
Hy, vy,da = —dH; + dHy(Ry)a). Denote by {¢%} the flow determined by
the contact Hamiltonian H = H (¢, x).

The one-parameter subgroup R = R, of G defined by the flow of the
autonomous degree-1-homogeneous Hamiltonian H =7 on SN 2 N x Ry
is called the Reeb flow of a,, and the vector field R = R, on N generating it
is uniquely defined by the conditions a(R) = 1, tgda = 0. Hence the natural
homomorphism R — R is given by ¢ — ¢,.

Following S. Sandon [27, 28|, we call a point x € N a translated point
of a contactomorphism ¢ if 1 (z) = ¢} () for some n € R, and (¢*a)y = oy
(that is A\y(z) = e9*(*) = 1), or alternatively (see [27, 28]) = is a leaf-wise
intersection point of the lift ¢ of ¥ to SN, relative to the hypersurface
N; C SN. In this instance we call (z,7n) an algebraic translated point of
and note that for a given translated point z, there may be many algebraic
translated points covering it (i.e. with first term z) [1, 4]. We remark that
for any ¢ € R, the set of translated points consists of the whole manifold N.
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Definition 1. We call an algebraic translated point (z,7) of ¥ non-
degenerate if the differential

D(¢p")(x) : TN — T, N

of ¢ at x does not have an eigenvector with eigenvalue 1 that lies in the
kernel of dA(x). In other words

2) ker(D(¢ ") (x) — 1) Nker(dA(z)) = 0.

We say that a contactomorphism ¢ € G is non-degenerate if all its algebraic
translated points are non-degenerate.

We shall see that this condition is the restriction of the non-degeneracy
condition of Albers-Frauenfelder to the class of degree 1 homogeneous Hamil-
tonians on SN.

Lemma 2. The contactomorphism 1 is non-degenerate if and only if the
corresponding Rabinowitz-Floer functional in the symplectization SN of N
1s Morse.

Hence, whenever ¢ € G is non-degenerate, the algebraic translated points
(z,m) € N x R are isolated, and hence are countably many. By an argument
of Albers-Frauenfelder [1] that was brought to the contact setting by Albers-
Merry [4], non-degenerate contactomorphisms are generic.

Lemma 3. The set of contact Hamiltonians generating non-degenerate con-
tactomorphisms is of the second Baire category inside C*°([0,1] x N,R).

Given a global contact form « for £, we denote by p(a) the minimal
period of a periodic Reeb orbit of a.
Recall that for a function H € C*°(N,R) its L*-norm is simply
H oo — H .
| H < () = max|H]

Definition 4. Given a global contact form «, we define for a contactomor-
phism ¢ € G its Hofer energy |¢|, as

1
1nf/ |Ht|Loo(N)dt,
0

where the infimum runs over all isotopies {1/’ } with 1, = 1.
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Similarly, for an element J € G in the universal cover of G, we define its
Hofer energy [t)]o by the same formula, where the infimum now runs over
all isotopies {17} in class 1.

Clearly, if we denote by w : G — G the canonical projection homomor-
phism, we have

[Wlo = inf [Pla.
()=

The first main result of this paper is the non-degeneracy of this Hofer-
type functional. We observe certain other properties of this functional, show-
ing that it is a norm on the group G. Note that this norm is not conjugation-
invariant, but instead satisfies an equivariance property which is simply a
statement of its naturality with respect to coordinate change. We remark
that in the course of preparation of this paper it came to the attention of
the author that this functional was previously considered by Rybicki [24],
and Properties (ii), (iii), (iv), other than the non-degeneracy, were already
observed by him.

Theorem A. The Hofer energy functional |1, satisfies the following prop-
erties. Denote by ¢, € G two arbitrary elements.

(i) (non-degeneracy) If 1 # 1, then |¢|q > 0, and |1], = 0.
(i1) (triangle inequality) |dv|a < |Pla + [¥]a-
(iii) (symmetry) P~ o = [Y]a-
(iv) (naturality) [V~ |a = |¢

Pra

Remark 5. The analogous functional on G satisfies properties (ii), (iii),
(iv). Property (i) may not hold, because it is not clear how to bound | — |,
from below on non-trivial elements of 71(G) C G.

Remark 6. We remark that these properties imply that |- |, descends to
a conjugation-invariant norm on the subgroup H, = Conty(N, «) of strict
contactomorphisms of the contact form «. Moreover for ¢, 1 € G the distance
function (metric)

da(0,¥) = [~ a

is invariant with respect to the action of G on the right, and the action of
H, on the left.
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Remark 7. Following Eliashberg-Polterovich [13], it is easily seen that for
1 < p < o0, the pseudo-norm | — |, o on G given by replacing |Hy|f () with
|Ht| 1 (N,a(da)y=) in Definition 4 is degenerate. Indeed, call a pseudo-norm v
on G quasi-conjugation-invariant if for each ¢ € G there exists C(¢) > 0,
such that for all ¢ € G,

v(gpe ™) < C(¢) - v(¥).

Then for each such norm the non-degeneracy criterion of Eliashberg-
Polterovich holds still: the pseudo-norm v is non-degenerate if and only
if the v-displacement-energy

E,(U) =inf{v(¢) | ¢(U)NT =0}

of any open subset U C N is positive. The proof of this fact is identical
to the one in [13], with the sole difference that the lower estimate on the
displacement energy via commutators takes the form

1
(C(9) + D(C(¢) + 1)

E,(U) =z -v([9,9])

for all ¢, € G supported in U. One continues to show that | — |, o is indeed
quasi-conjugation-invariant, and that, by introducing an appropriate time-
dependent cutoff, the | — |, o-displacement energy of each small Darboux
ball vanishes.

Moreover, assuming the simplicity of G (see [25, 30]), one concludes
that | — |, vanishes identically. Indeed K, = {¢ € G | v(¢) = 0} is a normal
subgroup of G for every quasi-conjugation-invariant norm v, and in the case
v = | — |pa, it is non-empty by the argument above.

Remark 8. The conjugation-invariant norm (| - |o)|3,, gives a lower bound
for the conjugation-invariant norm | - |s.o on H, induced by the restriction
of the Finsler metric defining | - |, to Hq, that is - we take only paths in H,
in Definition 4. Hence | - | o is also a non-degenerate conjugation-invariant
norm on H,. The inequality

1
H oo < e — n
[Helr (N) = osen (H) vol(N, a(da)™) ‘/NHta(da)

1
- - @ n < -
et [ Hlatda)” < 3/~

< oscy(Hy) +
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where oscy (H;) = maxy (H;) — miny (Hy), shows immediately an inequality
for the corresponding norms

(3) |¢|str,a S |¢‘BD é |¢|MS S 3‘¢|str,o¢a

where |- |pp is the conjugation-invariant norm of Banyaga-Donato [5] on
Ha, that was reinterpreted and shown to be non-degenerate for all closed
contact manifolds by Miiller-Spaeth in [21]. The inequality (3) appeared in
[21], where it was also shown that |¢|pp = |¢|rms-

Remark 9. Note that |- |gpq on ﬁa is always unbounded. Indeed, the
Calabi-Weinstein invariant cw : Ho — R (cf. [32]) defined as

1
cw([{¢}1}])zm /0 dt /N H(t, 2)a(da)"

for any path {¢!;} of strict contactormorphisms in a fixed class in Ho,
satisfies

cw([{d% hep,)) = #

for all x € R, while |cw(¢)| < ];ﬂstr,a for all ¢ € H,. In fact it is casy to see
that

{5 elo,)lstra = 5.

As a metric, d, defines a topology on G. The following lemma states
that the equivalence class of the metric d,, and consequently this topology,
does not depend on the choice « of a global contact form compatible with
the co-orientation of £&. Note that any two such global contact forms a, o’
differ by a positive smooth function f € C*°(M,R~y) :

Lemma 10.

i . < d, < .
Il’]l\l[l’l(f) do < do < mj\z}x(f) do,

and therefore the metrics dqs, dy are equivalent.

The main point of Theorem A is Property (i). It follows from the fol-
lowing statement. For a compact subset A of SN, let be the Gromov radius
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of A be
c(A) = sup{u| there exists a symplectic embedding B(u) < A},

where B(u) C (R?",wyq) the standard ball of capacity u (that is radius
V%), and define the height of A to be

ha(A) :=supr,
A

where 74 : SN 2 N x Ryg — R+ is simply the projection to the second
coordinate. Put

c(4)

ha(A)

Note that for A € R-y we have ¢, (A - A) =, (A).

Co(A) =

Proposition 11. If the lift ¢ of 1 to SN displaces a compact subset A C
SN, then
1.
W]‘a > zca(A)'
Remark 12. Theorem A and Proposition 11 remain true in the non-
compact setting, where G denotes the identity component Cont,o(N,§) of

the group of compactly supported contactomorphisms of N.

Remark 13. Proposition 11 strengthens [21, Theorem 1.1] of Miiller-
Spaeth, combining the use of the energy-capacity inequality of Lalonde-
McDuff [18] in the symplectization with techniques like Proposition 41 and
Lemma 42. Consequently a few results in [21] can be strengthened. For
example [21, Proposition 7.1] can be strengthened to the following Propo-
sition 14. It is interesting to see which other applications to questions in
C-contact topology the contact Hofer metric can have. This shall be inves-
tigated elsewhere.

Proposition 14. Assume a sequence {1; € G}icz., of contactomorphisms,
a contactomorphism ¢ € G and a map ¢ : N — N satisfy

(i) da(¥i, ) — 0,
(ii) ¥; — ¢ uniformly,

as © — 0o. Then ¢ = ).
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Recall that 7w : SN — N denotes the natural projection. For a subset
D C N with non-empty interior, define its contact a-capacity as

Ca(D) =Co(r (D))= sup Cu(A) >0,
ACn—1(D)

the supremum running over all compact subsets A C 7~1(D). Moreover, we
say that ¢ € G displaces D if (D) N D = (), and define the a-displacement
energy of D to be

E,(D) = inf{ |¢|4 | ¢ displaces D}.

Then Proposition 11 immediately implies the following a-dependent energy-
capacity inequality on N.
Corollary 15.

Eo(D) > —¢o(D).

e

Remark 16. Note that in fact, at least for open D C N, ¢,(D) =
c(r~ (D) N {rq < 1}), and therefore ¥ > ¢, (¢(D)) is a C%-continuous func-
tion on G.

Remark 17. It is straightforward to show that in case when N is closed
the contact a-capacity ¢, (and hence ¢,) is universally bounded. Indeed
comparing the Gromov radius ¢ with volume we have for any compact subset
A C SN the estimate

T
/\a A < 1 N, d n 1/TL+1,
& ( ) (U2n+2)1/n+1 VO ( Oé( Oé) )

where vg,19 is the volume of the unit ball B C R?"*2_ In the non-compact
setting this universal bound disappears, being replaced by

Ca(A) < vol(m(A), a(da)™)H/ ™+

(vapg2)t/ntl

where 7 : SN — N is the natural projection.

Remark 17 brings us to the following interesting question.

Question 18. For which contact manifolds with a global contact form
(N,&, @) is the norm | - |, unbounded, that is

sup |[¢]q = 007
YeG
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An example of such a manifold is a standard prequantization space
(Pr,a1) of the two-torus (T2, wsq) [17]. For more partial results on this
question see Proposition 33. Put & = Ker o for the contact structure on P;.

Proposition 19. Let H € C*°(T?,R) be an autonomous normalized Hamil-
tonian with the non-contractible closed curve {0} x S* in T? as a component
of a regular level set. Consider the contact flow {{* = ¢!, =0 generated
by the lift 7™ H to Py of the Hamiltonian H. This flow is a canonical lift to
Py of the Hamiltonian flow of H. Then

4% 4, > const - t,
for a constant const > 0.
Remark 20. The same argument works for prequantizations of a surface 3
of higher genus and a simple closed curve v of infinite order in 71 (X) instead

of (T2,{0} x S'). Moreover, a very similar argument applies to show that
|[{¢}9ét}se[0,1]]|a > const - t, for ¢ > 0.

The contact Hofer norm and its analogue for the universal cover can be
explicitly computed for the contact manifolds N = S' = R/Z, and N = R,
endowed for example with the standard contact form a = dz.
Proposition 21. If under the natural isomorphism of (T(;rfto(Sl) with the
group of smooth Z-equivariant maps f: R — R with f' >0 everywhere, ¢
corresponds to f, then

9l = max|f(z) — 2]
Similarly, for f € Cont.o(R),
|flo = max | f(z) — 2.
Finally, for ¢ € Contg(S'),
¢la = max d(é(z), x),
zeSt

for the standard metric d on S*. In particular, the (pseudo-)norm is un-
bounded in the first two cases and bounded in the third case.
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Proof. The proofs of the three statements are essentially identical, so we
prove only the second one. The contact isotopy

{f°(x) = sf(x) + (1 = 8)2}sepo

has generating contact Hamiltonian h® with A%(f*(x)) = a(d%fs(x)) =
f(z) — x. Hence, as |h¥|~ = |h® o f¥|p= for all s € [0,1],

|fla < max |f(z) — zl.

In the other direction, let z( be such that max |f(x) —z| = |f(x0) — x0|, and
TEe

let f* be any isotopy in Cont.o(R). Then, as

1 1
fa0) ol < [ b0 @) ds < [ |1l s,
0 0
we obtain
max |f(z) — 2 < [fla
O

Similarly to the non-degeneracy of the contact Hofer metric, we deduce
from Proposition 11 the following basic topological property of H, in the
topology defined by the distance function d,.

Proposition 22. If ¢ € G\ Hq, then there exists € = ey o > 0, such that
do(V,¢) > € for all ¢ € Hy. In other words, Hq is closed in the topology
defined by dg.

This proposition establishes the lower bound
da(wﬂHOé) = ¢1€I}l’£a da(#’» ¢) 2 EJ
raising the following question.
Question 23. For which contact manifolds (NV,&) with a global contact
form « there are contactomorphisms i) € G that are arbitrarily d,-far from

He, or in other words, when

sup da(% Hoe) = o0?
PEG
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This question, for a different metric [33] on G = Contg .(T*B x S') where
B is a closed connected manifold of positive dimension, was asked by F. Za-
polsky.

Next we turn to a different functional on the group G and on its universal
cover G, coming from a different way to express the Hofer norm in the usual
Hamiltonian setting.

Definition 24. Given a global contact form «, we define for a contacto-
morphism ¢ € G and for an element ¥ € G in the universal cover of G, their
oscillation Hofer energy [1[9°¢ and ||2%¢ as

1
inf / oscy (Hy)dt,
0

where
oscy(Hy) = mNafx(Ht) — m]\ifn(Ht),

and the infimum runs over all isotopies {1} with 91 = ¢ in the first case
and all isotopies in class v in the second case.

It is curious that while this oscillation energy functional does not turn
out to be equivalent to the L*° energy functional like in the Hamiltonian
case, it does, in contrast to the Hamiltonian case, turn out to have a closed

form expression in terms of the L energy.

Proposition 25. For each ¢ € G,

1 .
§’¢’gsc =da(¢,R) = %IelIg da (9, ¢§%)
This proposition has the following corollary.

Corollary 26. For ¢ € G, [¢[o* = 0 if and only if ¢ belongs to the closure
Ra of Ra C G in the topology defined by d,.

This corollary brings forth the following question.

Question 27. For which contact forms o, Rq = Ra, that is R, is a closed
subgroup of G in the topology defined by d,?

Remark 28. It is immediate that those contact manifolds with a global
contact form for which the Reeb flow is periodic, for example prequantization
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spaces, satisfy this property. Moreover, by Proposition 22, we see that R, C
Ha, edging closer to an answer to this question. Indeed by an argument of
Miiller-Spaeth [20] and Casals-Spacil [10], whenever the Reeb flow {¢},} of
a has a dense orbit, we have H, = R, implying Ry = Ra. In the case of
irrational ellipsoid with the standard contact form, it is easy to see that
T =R, is a torus and R, C T is an irrational one-parametric subgroup. It
would be interesting to study the closure of R, in more general situations.

In [27, 28] Sandon introduced the notion of a translated point of a con-
tactomorphism 1 € G and observed that the number of translated points of
a Cl-small (i.e. C'-close to the identity transformation) contactomorphism
1 is at least the minimal number of critical points of a function on N and
for generic such v, it is at least the minimal number of critical points of a
Morse function on N. Consequently she conjectured the same conclusion to
hold for all ¥ € G. Here we study the following weak homological version of
Sandon’s conjecture.

Conjecture 29. Every contactomorphism 1) € G has a translated point,
and generic ¢ € G have at least dim H,(V,Z/(2)) translated points.

The Sandon conjecture or its homological version has been shown to
hold in a number of cases in [2, 4, 27, 28]. We remark that the genericity
assumption, similarly to the case of the Arnol’d conjecture on Hamiltonian
diffeomorphisms, should correspond to a non-degeneracy condition on the
diffeomorphism v, for which our notion from Definition 1 is a candidate.

Proposition 25 suggests that if the oscillation energy of v is small enough,
then it should have translated points. To this end we have the following
definition and theorem.

Definition 30. We say that ¢ € G has small oscillation energy if %|¢|ng <
ple).

Theorem B. Assume that (N,£) admits a strong exact symplectic filling
(M, 7 =dp), N = 0M, with a = B|n a global contact form for (N,€). Then
every contactomorphism v of small oscillation energy has at least one trans-
lated point, and if in addition v is non-degenerate, then it must have at least
dim H.(N,Z/(2)) translated points.

Theorem B is an analogue of, and indeed follows from the Chekanov-type
theorems [1, Theorem A, Theorem B] of Albers-Frauenfelder for the case
of leafwise intersection points of Hamiltonian flows in an exact symplectic
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manifold (W, df) relative to bounding hypersurfaces ¥ of restricted contact
type (o = |y is a contact form). A point z € ¥ is a leafwise intersection
for ¢ € Ham.(W, df) relative to X if ¢(z) € ¥ and moreover ¢(z) lies in the
same leaf as z of the characteristic foliation ker(df|y), that is - on the same
orbit as z of the Reeb flow of «.

Theorem C (Albers-Frauenfelder [1]). If ¢ € Ham.(W,df3) has Hofer
norm |@|Hofer < p(x), then ¢ has a leafwise intersection point relative to
Y, and generic such ¢ have at least dim H,(X,7Z/(2)) leafwise intersection
points.

The paper [1] was used by Albers-Merry in [4] to prove results on trans-
lated points of contactomorphisms of contact manifolds with a strong exact
filling. Techniques like Lemma 42 allow us to improve their estimates on the
Hofer energy and prove a sharper Chekanov-type theorem in this setting.
We also note that when p(a) = +00, namely there are no closed Reeb or-
bits, it was shown in [2] that Conjecture 29 holds without the requirement
on the existence of a symplectic filling. This result of Albers-Fuchs-Merry
and Theorem B constitute reasonable evidence towards the following conjec-
ture, removing the assumption on the existence of a strong exact symplectic

filling.

Conjecture 31. Every contactomorphism ) of small oscillation energy has
at least one translated point, and if in addition 1 is non-degenerate, then it
must have at least dim H,(N,Z/(2)) translated points.

The methods of [2] seem to give a version of this conjecture (cf. Albers-
Hein [3]) which is weaker in terms of assumptions. Additionally, following
[3], one expects a cuplength estimate instead of the estimate > 1 in the
degenerate case, strengthening the conclusion.

We proceed by studying the relationship of the contact Hofer norm with
a number of conjugation invariant norms on the group G and G. The norms
that were constructed on the group G are the norm vg of Sandon [26] on
G = Contg(R?*" x S1) and vz of Zapolsky [33] on G = Contg.(T*B x S')
for a closed connected manifold B of positive dimension (remark, we take
V7 = psup in the notations of [33]). The norms in both of these cases are
unbounded. The norms that were constructed on the group G are vos by
Colin-Sandon [12] for any contact manifold and vppg by Fraser-Polterovich-
Rosen [14] for orderable contact manifolds whose Reeb flow generates a circle
action (note: we only consider the subgroup G = G, of G, in the notation of
[14]). The norm vpppr is unbounded for example if the contact manifold
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with contact form (P, ) considered in [14] is closed. Moreover, the quasi-
morphisms jg of Givental [15] on G for G = Conto(RP?"~1 ¢q) and pupy
of Borman-Zapolsky [7] on G for certain toric contact manifolds give norms
va,vpz_on G defined by ve = |ug|+ D(ue) and vpz = |upz| + D(upz)
on G\ 1, where D(p) > 0 denotes the defect of the quasimorphism p, and
va(1) = 0,vpz(1) = 0. The two norms pg, 1z are unbounded. It turns out
that | - | provides a sort of universal upper bound for most of these metrics,
and is therefore unbounded whenever these metrics are unbounded. We list
these estimates below, the proofs of which are either straightforward com-
putations or are contained in existing work and hence are mostly omitted.
However we note the following bound which facilitates these computations.

Lemma 32. For ¢ €G and ¢ € G the numbers [|d|o] and [|pla] are

bounded from below by
1
{/ minthtJ ‘}) —€
o N

1
min <max {‘ [/ max H; dt-‘
o N

where the minimum s taken over all contact Hamiltonians H whose flow
{dY bieo,n) satisfies ¢ = ¢y in the first case, and [{¢}y}] = € G in the
second case, and ¢ € {0,1} is 1 if and only if ||a (repsectively ||a) is a
non-negative integer, and the infimum in the definition of the contact Hofer
norm is not attained.

9

Lemma 32 is a consequence of the inequality

1 1 1
{/ | He|poo () dt-‘ Zmax{”/ mathdt-‘ {/ minthtH}
0 o N o N

which follows by straightforward case-by-case analysis, and the semi-
continuity properties of the ceiling function [-].

i

Proposition 33. For all ¢ € G, 5 € 5, we have the estimates

(i) vs(®) < 2[|9|r..,], where Agq is the standard contact form on R?*™ x
St

(i) vz(¢) < [l¢
st

Nory |, Where Agq is the standard contact form on T*B x

(iii) vepr(®) < [|olx] + 1, where A is the contact form that appears in

[14],
(iv) vG(¢) < const - ([|la... 1+ D +D(ug), where const = ue([{¢% bepo1)):
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(v)

vpz(9) < const - ([|¢]a.,,] + 1) + D(upz),
where const = uBz([{qﬁﬁg}te[o,u])-

Hence | - |o is unbounded whenever any one of the norms vs, vz, Vrpr,
va, vpz is unbounded.

Item (ii) is simply the upper bound on pgup(¢) from [33, Proof of Theo-
rem 1.3], and item (i) follows by tracing the identifications of contact mani-
folds in [26] from the same upper bound and a comparison between pos. and
psup in the notations of [33]. Item (iii) follows by the identities

vi(¢) = min [/ mathdt—‘ v_(¢) = max {/ IIllIlthtJ
[k =0 Sk }=¢

VFPR = max{\”+|a ]y_\},

in the notations of [14] and Lemma 32 by straightforward case-by-case anal-
ysis. Items (iv) and (v) follow from Item (iii) and [7, Lemma 1.33], the
coefficient const being the one that appears in [7, Lemma 1.33].

Proposition 33 has the following consequence which is similar in spirit to
[14, Proposition 3.11]. We call an open subset U C N of N downscalable if
for every compact subset A C U and for every K > 0 there exists ) = i €
Cont(N), such that A\, = e satisfies gy|4 < —K. Note that the property
of U being downscalable does not depend on the choice of the contact form
a on N. A simple example of a downscalable U is the complement of a
point in S with the standard contact structure. A more general example is
any contact Darboux ball, that is - the image of a contact embedding of a
standard contact ball

(4) By = {Z(x§ +yl)+2° < 1}
J

in the standard contact R?" x R with coordinates (1, ¥1, ..., ZTn, Yn, 2)-

Corollary 34. Any element ;5 € G that lies in the image of the natural map
Contg (U) = G for a downscalable subset U has

inf [y, = 0.
éggww |

Hence quR(g) < 2, and similar statements hold for the other morms vg,
Vz, VG, VBZ-
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Proof. Let Y (t, ) be a contact vector field generating ¢ such that Y (¢,2)=0
outside a compact A C U. Choose K > 0, and let 1) be such that A\, < e K
on A. For a choice of global contact form «, set I(Y,a) = fol | Hy| oo vy dt,
where H = a(Y’) is the contact Hamiltonian of the vector field Y. Note that
by Property (iv) of the contact Hofer metric, [1)¢tp 1o = |@|yq. Moreover,
since Y*a = A\ya,

1 1
l(Y,w*a):/O ]A¢Ht]Lx(N)dt,:/0 \ApHi| ooy dt < e KUY, ).
Taking infima now shows that
inf |ply-o < e KUY,
igglcblw <e (Y, )

for all K > 0. This finishes the proof of the first statement. The second stat-
ment is now an immediate corollary of Proposition 33 and the conjugation-
invariance of the norm vppg. O

Remark 35. Recall that the Lie algebra of G is identified with C*°(NV,R)
by a choice of a contact form «, and under this identification, the adjoint
action of G on its Lie algebra takes the form Ady(H) = (Ay H) oy~ L. It is
curious to note that by the same argument as in the proof of Corollary 34,
given any norm | - | that is invariant under pull-back by elements of G on the
linear space C*°(N,R) (for example the L>°-norm), its Ad-invariantization

(cf. [8])

H|g = ,mf 1Ay, (H)lo + -+ [Ady, (Hilo,
¢17"'7¢l6g 7

yields an (Ad-invariant!) pseudo-norm that is identically zero. This confirms
the intuition that conjugation-invariant norms on G are objects of global
topological nature.

Considering conjugacy classes of elements in G leads one to the following
question.

Question 36. For which contact manifolds (IV, &) with contact form « the
value

‘¢|conj,o¢ = sup W)d)w_l‘a
PYeG

is finite for all ¢ € G?
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Note that whenever this finiteness condition holds, |- |c,mj,a gives a
conjugation-invariant non-degenerate norm on G. Clearly there is an analo-
gous definition for G. An example of ¢ with [¢|conja = +00 would have to
involve a sequence {1;} of contactomorphisms such that max Ay, — oo and
|1j|la — 00 as j — oo, and hence a partial answer to Question 18. In partic-
ular whenever |- |, is bounded, we obtain a bounded conjugation-invariant
norm on G. Moreover, according the theorem of [14], there must exist a con-
stant ¢ > 0, such that |¢|conja > ¢ for all ¢ # 1. The following is a numerical
bound on ¢ > 0.

Proposition 37. For all ¢ # 1,

1 -~
|¢‘conj,oz > ZCOa Cco = Slép Ca(B) > O,

where B runs over all contact embeddings of the standard contact ball Bg
into N.

Proof. For asubset A C N, denote ¢, (A) = sup,eg €a(¥(A4)). By the energy-
capacity inequality (Corollary 15) we have

1
|¢’conj,a Z ZEa(BO)

where By is a small contact ball displaced by ¢. We claim that
Cq (Bo) > .
Let B be the image of a contact embedding ¢ : Bs; — N. Note that there

exists a contactomorphism 1 € G mapping the center pg of By to the center
p = ¢(0) of B. Then the image of By under v, contains the image «(B(e)) of

a small ellipsoid B(e) = {3, ("’”5:2?’]2‘ ) 4 §—§ < 1} around 0. Hence

(5) Ca(Bo) = Ca(L(B(€)))-

Moreover, given a number 0 < p < 1, considering the autonomous contact
flow (z,y,2) — (e” - x,e” -y,e?” - 2) on R?” x R, with contact Hamiltonian
cut off sufficiently close to 0By, we construct a contactomorphism o ¢ , st
supported in By and mapping B(e) to B(p). Clearly this contactomorphism
extends to a contactomorphism 12, of N. This, and the C-continuity of
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the contact capacity ¢, (Remark 16) gives the equality
Ca(t(B(€))) = ca(B),

which combined with (5) finishes the proof. O

We conclude this section by studying the relation of the contact Hofer
norm in the case of prequantization spaces and the usual Hofer norm on the
group of Hamiltonian diffeomorphisms of a symplectic manifold. Given a
symplectic manifold (M, w), the group Ham(M) of Hamiltonian diffeomor-
phisms of (M, w) consists of the time-1-maps gb}{ of time-dependent Hamil-
tonian vector fields Xy obtained by the Hamiltonian construction ¢y, w =
—dH from compactly supported Hamiltonian functions H € C2°([0,1] x
M,R). In the case when M is closed it is enough to consider only H €
C§°(]0,1] x M,R) normalized by the condition that [,, H(t,—)w™ =0 for
all t € [0,1].

The Hofer norm on Ham(M) was introduced by Hofer [16] and shown
to be always non-degenerate by Lalonde-McDuff [18]. It is defined as

1
litorer = nf [ (o () = min H (1))

where the infimum runs over all H € C§°([0,1] x M, R) with ¢k = ¢. Alter-
natively, one can take the infimum

1
’qﬁ‘/Hofer :lnf/o |H(t7')|L°°(M) dt
over the same set of H, which results in an equivalent norm:

1
§| : ‘Hofer < ‘ ’ ’/Hofer < ’ ' |H0f€T'

Let (P, «) be a prequantization space of the symplectic manifold (M, w).
That is da = w, for the lift w = p*w of w to P by the fibration map p: P —
M. Such a prequantization exists if and only if the class [w] € H?(M,R) is
integral, that is lies in Image(H?(M,Z) — H?(M,R)). Then the group H, C
G of strict contactomorphisms (called quantomorphisms in this setting) and
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the group Ham = Ham (M) enter the following central group extensions:

(6) 1— 8" = H, &5 Ham — 1,
(7) 0—>R—>?—E@ﬁ£§1—>0.

Moreover the pullback map p* : C§°(M,R) - C*(P,R), H — H op on
functions induces a natural homomorphism
1 IEE\L_I; — 7/-[\;

which is a section for pr. Moreover cw o i = 0 (see Remark 9).
This allows us to define the following 8 conjugation-invariant norms on
Ham (there are analogues for Ham, which we omit) from the (pseudo-)norms

| o | 185 1+ Lstran |+ [S5r o Where the last one is the Finsler restriction from
G to H, of the Finsler pseudo-metric giving | - [2°° on G :
(8) 6l = inf [i(@)lstras |fl2= inf [i(d)la,
m(p)=¢ m(p)=¢
(9) [¢ls = inf [i(9)[5ira, [¢la= inf [i(¢)[a,
m(p)=¢ m(p)=¢
(10) |9ls = inf [@lstra, [Pl = 1inf |¢]a,
pr(¢)=¢ pr(¢)=¢
(11) [¢lz = inf [95a, [¢ls= inf |§[3
pr(¢)=¢ pr(¢)=¢

By Proposition 11 and Remark 28 it is seen that these norms are non-
degenerate. Moreover, by arguments resembling the proof of Proposition 25,
which we omit, one sees that

[ ls=1-ls=1"17=1"|Hofers
that

S Diroger < 110 < - rtoger
that

() =1la=le=1|"18 | |Hofer
and that
va(t) ==+ |2

satisfies

vi() <va(s) < |-l < |- Hofer

This leads one to the following questions.
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Question 38. Is v; equivalent to the Hofer norm? Is 15 equivalent to the
Hofer norm?

Question 39. Is v; unbounded? Is v5 unbounded?

In this direction, using Givental’s quasimorphism [15], we prove the fol-
lowing statement.

Proposition 40. If M = CP"™ with the symplectic form 2wrg, where wrg
is the Fubini-Study form normalized so that {[wrs], [CPY]) =1, and P =
RP2" 1 with the standard contact form ag is its prequantization, then va
on Ham(CP") is unbounded.

2. Proofs

We open this section with the following general result from [31, Proof of The-
orem 1.3], which we refer to as Usher’s trick. We remark that while Usher’s
trick is originally stated for compactly supported Hamiltonians on general
symplectic manifolds, it works equally well for degree 1 R<-homogeneous
Hamiltonians on the symplectization SN of N and their Rsg-equivariant
flows. Put ’H}g n for the space of degree 1 R o-homogeneous Hamiltonians in
C>(]0,1] x SN, R).

Proposition 41. Given any H € H}y, there exists K € Hiy with flow
{(Z)tK}te[oJ], such that

Ul {¢%} and {¢} have the same endpoints (and are in fact homotopic
through Rs-equivariant Hamiltonian flows with fized endpoints), and

U2 for allt €[0,1], x € M,

For the reader’s convenience, we present the proof of this statement.
Given H € HL, generating the isotopy {¢%} of Rso-equivariant Hamilto-
nian diffeomorphisms, consider the isotopy {¢};( ;Ift)_l} of R g-equivariant
Hamiltonian diffeomorphisms. We claim that the Hamiltonian K € H}S‘N
generating this isotopy is the required Hamiltonian. Indeed, Property U2
follows from the identity (gbl}{)_l = };t ) (cb}{)_l by comparing the gener-
ating Hamiltonians on both sides, and Property Ul is immediate.

We require the following cut-off technique. For an interval I = (a,b) C

R<o and k > 0, denote I = (e "a,e"b) C Rsq. Note that I* D I.
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Lemma 42. Let {1,} be a path of Rq-equivariant Hamiltonian diffeomor-
phisms of SN. Let H be its degree 1 homogeneous Hamiltonian. Given an
interval I = (a,b) C Rsq (so that supI =b) and § > 0, fix a cutoff function
)\é"s :Rsg — [0,1] that satisfies )\é’(s =1 on I?, and /\é"S =0 on Rsg\ I°.
Denote by A9 : SN 22 N x Rg — [0,1] the lift X (x) = )\576(7“a(x)) of)\é’(S
to SN by the projection 1, to the second coordinate. Then the new compactly
supported Hamiltonian

() = H(t,2) - N ((8y) ')

with flow {@t”} satisfies the following properties.

—1,5 _
C1 " [N, = Yelrnys
— 1 .
C2 [y [H, |~ (snydt < e (sup D) - [y [Hy o y| o (v, )dt.

Proof of Lemma 42. The proof of Property C1 is simply the fact that for x €
I-Nj and t € [0,1], the Hamiltonian vector fields of Fl’a(t,ac) and H(t,x)
coincide on 9, (I - N1), and hence 1, (z) is a solution of the ODE defining the
Hamiltonian flow of H ° with initial condition x € I - N;. The conclusion
follows by uniqueness of solutions to ODE.

The proof of Property C2 is that outside I° - Ny, where I’ = (e %a, €b),
the cut-off A9 vanishes. Therefore Ff ? Vanishes outside 1, (I° - Ny). Hence

1 1
—I6 7
/0 |H, L“(SN)dtS/O ] o (5, 1530 21

1 1
:/0 |Ht°7/)t|L°°(15-N1)dtSea(SUPI)‘/O |Hy o hy|poe (v, dt.

In the last inequality we used that ¢, is R-g-equivariant and H; is Rg-
homogeneous of degree 1, and noted that sup I’ = €’ - sup I. O

Proof of Proposition 11. Assume that 1 displaces a compact subset A of
SN. Let ¢ be generated by the contact Hamiltonian H (¢, z) with flow {¢,}.
Denote by H(t,z) its degree 1 homogeneous lift to SN with flow {1, } the
canonical lift of {14} to SN. Apply Usher’s trick (Propostion 41) to H(t,x)
to obtain a degree 1 homogeneous Hamiltonian K (¢, ), satisfying Proper-
ties Ul and U2. The time-one map v = 1/11? of the flow of K displaces A.
Hence, if we choose I = (ming r,, max47y), then for any 6 > 0 by Prop-
erty C1 so does the time-one map 1#1?,,5 of the cut-off K as performed in
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Lemma 42. Therefore by [18, Theorem 1.1] of Lalonde-McDuff, we have

/|Kt | Lo (s dt.

Furthermore, by Properties C2 and U2 we estimate

1
/ K| sy dt < h(A) - /0 By 0 ] vy dt

1
A)'/o |H|po(n,) dt,

recalling that h(A) = maxy r,, where r, : SN — R<q is the composition of
the symplectomorphism SN — N x Rsg determined by «, and the projec-
tion to the R~q factor. As i{ Hy; = H; for the obvious isomorphism iy : N —
Ny, we conclude that

1
ZC( < C(Sh / ’Ht|L(x)

whence by taking infima over contact Hamiltonians H(¢,x) generating 1
and over § > 0, we obtain

*/C\a(A) S ‘QMQ-

g

Proof of Theorem A. Property (i) follows from the fact that for ¢ € G, the
condition 1) # 1y is equivalent to 1) # 1gy, and the latter condition implies
that ¢ displaces a ball B C SN of positive Gromov radius ¢(B) > 0 and
height ho(B) > 0, and hence by Proposition 11 we have [1|, > 1¢(B) > 0.

For property (ii) assume that ¢ is generated by contact Hamiltonian
F; and v is generated by G;. We claim that ¢ is generated by contact
Hamiltonian H; with

1 1 1
(12) / | He|po (v dt</ | Fe|poe (v dt+/ |G|y dt
0 0 0

Then taking infima first on the left-hand side and then on the right hand
side finishes the proof. Note that the functional F +— fol | Ft|poe vy dt is in-
variant under time-reparametrizations F(t,z) — 7/(t)F(7(t),x) acting as
{bt e, = {0~ teepo,) on the flows, for 7:[0,1] — [0, 1] a smooth func-
tion with 7(0) =0,7(1) =1 and 7/ > 0. Choose such reparametrizations
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71,72 with supp(7{) C [1/2,1] and supp(74) C [0,1/2]. Then ¢ is gener-
ated by the flow ¢, (4, ). The contact Hamiltonian H; of this flow sat-
isfies H; = 75(t)G, ) for t €[0,1/2] and Hy = (1) Fy, ) for t € [1/2,1],
whence (12) follows immediately.

Property (iii) is an immediate consequence of the fact that if H(t,z)
generates 1; with endpoint ¢ then —H (1 — ¢, ) generates v;_4b~! with
endpoint ¢

Property (iv) follows from the fact that if X; generates {¢;} with ¢; = ¢,
then Y; = ,(X;) that is Y;(z) = (D) (v~ 'z) Xy (1p~12) generates {1pp 1}
with 1p11 ! = grp~!, and hence if F; = a(X;) is the contact Hamiltonian
for X; then Gy = a(1. (X)) = (¥*a)(Xy) o~ is the contact Hamiltonian
for Y;. O

Proof of Proposition 14. Since ¢ is a uniform limit of continuous maps, it
is continuous. Assume that ¢ # 1. Then ¢1p~—! displaces a small closed ball
B C N. By uniform convergence, this implies that ;)= displaces B for all
i large enough. Therefore by Corollary 15

dat1,1) > 77 (B) >0,

in contradiction to assumption (i). O

Proof of Proposition 19. Our approach is based on [22, Exercise 7.2.E] (cf.
[19]) in the Hamiltonian case. This approach requires certain knowledge
about the orbit class evaluation map

ev : m1(Conto(Py,§)) — m1(Py).

We first note that 71 (P;) = Hyz, the integer Heisenberg group of unipotent
upper triangular 3 x 3 matrices with integer coefficients. It is easy to see that
Hy = (p,q,7| [p,q] =, [r,p] =1, [r,q] = 1). Therefore the centre Z(m(Py))
of w1 (Py) satisfies Z(m1(P1)) = (r). Moreover, r is the orbit class of the Reeb
loop. Finally, as is true for all diffeomorphism groups (see e.g. [23, Section
3.7]), image(ev) C Z(mi(Py)). We conclude that

(13) image(ev) = (r).

Choosing appropriate action-angle coordinates around {0} x S in T2
we can find a small open neighbourhood U of this curve symplectomorphic
to U = (—¢,¢€) x S1, all of whose slices {a} x S!, |a| < ¢, are invariant under
the Hamiltonian flow {¢', };cr of H, and moreover, there is a positive lower
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bound const(H|y) > 0 on the Riemannian length of the Hamiltonian vector
field of H|yy with respect to an auxiliary Riemannian metric on T restricting
to the standard metric in the action-angle coordinates on U.

In the neigbourhood U the prequantization can be trivialized as U x S*
with the contact form oy = df + xdy, where = : (—€,¢) = R, y: S' — St
and 0 :S!' — S are the standard coordinates. Hence, over U the sym-
plectization of P trivializes as U x S' x Ry with the symplectic form
w = d(r(df + xzdy)) = dr A df + d(rz) A dy. Putting X = rz for a new co-
ordinate, the symplectlc form sphts as w = dr Ndf +dX A dy. Passing to
universal covers we have P1]U — U x R, where U = (—¢,¢) x Rand SPi |y =

Pl\U) = U x R x Ry with the symplectic form dr A df + d(rz) A dy =
dr ANdf + dX N dy, where now 6 : R — R, and y : R — R are the standard
coordinates. For a small 6 > 0, let B'(t') = {(r,0) e Ryg xR| d <r <1-—
9, 0<0< 1%/25} C R x R5 be a rectangle of capacity (area) ¢’ in the (r, 6)
half-plane. Note that in particular r > ¢ on B’ (t'), and hence the image of
U x B'(t) in the new coordinates (X, y, 0, r) contains the strip [—€ - d, € - §] X
R x B'(t"). Pick the rectangle B(t')={(X,y)| X € [—€-0,e-0], y €
[0, 555]} C [—€- 8, e 6] x R of capacity ¢'. Then the Gromov radius of A(t') =
B(t') x B'(t') satisfies

c(At)) > 1.

Consider A(t') as a subset of SP,.
Fixing t > 0, we claim that

’wg‘.{’al >c-t,

Lconst(H|y) - € - 0, where const(H|y) > 0 is (a lower bound on) the

for ¢ =
Riemanriian length of the Hamiltonian vector field of H|y as above.

Fix any ' <4c-t, and let F(s,x) € C*([0,1] x P;,R) be a contact
Hamiltonian generating a contact isotopy {¢F}se[0 1] with Pl = 1/1H Con-
sider its deck-invariant lift F to the universal cover of Py, generating 17.. We
first show that ¢ - displaces A(t'). Taking Fy = t7* H, it is immediate to see
that 1/1F displaces A(t') by considering the projection of ¢F (A(t")) to the
universal cover of T2. Any other isotopy {15} differs from {1/) 7,1 by a loop
¥ = {7¥s}sepo,) in Contg(F1, &), based at the identity: that is ¢f = vs1z, .
Hence 12}; = D(ev([y ]))1;}70 D(g) denoting the Deck transformation cor-
responding to an element g € m(P;). Hence by (13), the projections of
P F( (t')) and 3 F, (A(t')) to the universal cover of T? coincide, and therefore

Y1 also displaces A(t).
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We proceed by cutting F off by a function A : P — [0, 1] outside a com-
pact subset containing (J,c(o 1) ¥ (m(A(t')) in its interior, where 7 : S(P;) —
Py is the natural projection. We obtain a compactly supported contactomor-
phism of P; with compactly supported Hamiltonian F** satisfying

1 1
/O |FS>\CL°°(]3;)dSS/O |FS|L00(P1)d8-

Moreover the lift ¥, of the flow of FA« to S(Py) displaces A(#). Hence,
noting that h(A(t')) < 1, by Proposition 11 we have

1 o~
/ P
0

1 t/
/ |Eslpe(pyds 2 7
0

and hence first taking the infimum over all contact Hamiltonians Fs generat-
ing wfq and then taking supremum over all ¢’ < 4c - ¢, we finish the proof. [J

t/
Lw(ﬁ)ds Z Z

Therefore

Proof of Proposition 22. Assume ¢ € G\ Hq, and ¢ € H,. Let B =91 €
G \ Hq. Then there exists a point x € N with p := maxy )\El = )\gl(x) > 1.
There is a ball B(x) C N such that (A51)|B(1) > 13/, Consider the inter-
val I = (u= /4, u'/*). We claim that ¢ (¢)~' = ¢ 3 displaces B(z) x I, and
therefore denoting & = 1¢,(B(x) x I) we have do(¢,$) > £ > 0 by Propo-
sition 11. Indeed, for (y,7) € SN, B(y,r) = (B(y), (Ag) " *(y)r), hence while
maxpz)yx1 T’ = M1/4,

_ min  r=_ min r=p" min(\g) > pBATYA = V2 s 1A
(68)(B(x)xI) B(B(z)x1) B(z)
This finishes the proof. U

Proof of Propostion 25. Note that
da(@/% R) = %relﬂf{ ’¢7]]{w’a7

where we use Properties (iii) and (iv) of Theorem A. Now

1
%2£|¢}%¢|a = [},I{-,l(ftL/O | — b(t) +Ht’L°C(N) dt,
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where H is a contact Hamiltonian with ¢}, = 1 and b : [0,1] — R is a smooth
function. Indeed, for a given n and b with B(t) = — fg b(s)ds satisfying
B(1) =n and any path {x;} generating ¢},1), we can write x; = (bg(t) ¢
for a contact path {¢%;} with contact Hamiltonian H and time-one map
qﬁ}{ = 1. For any given time ¢,

. 1
gg@ — b+ Hi|p(n) = EOSCNHt,

and in fact the infimum is achieved for b.(t) = 1(max H; + min H;) which is
a continuous function of ¢, and hence

1 1
. . 1 . 1 OSC
I%f}’%/o |—b(t)+Ht]Lx(N)dt—21%f/O OSCNtht:§\w\a .

This finishes the proof. 0

Before we continue with the proof of Theorem B we recall some prelim-
inary notions on the Rabinowitz-Floer functional [1, 2, 4] and prove several
useful auxiliary results.

Consider the exact strong symplectic filling (M, dB), B|xy = a, N = M,
of N. Denote by

(Wyw = dB)

the completion of (M, df) with a cylindrical end along N = dM. Note that
SN embeds symplectically into W by the flow of the Liouville vector field
L defined by t,df = 3, and that N is a hypersurface of restricted contact
type in (W, dp).

Consider a compactly supported Hamiltonian G € C2°([0,1] x W,R),
and a defining function F = F** with &’ > x > 0 for N given by Flynsn =
c_,and Flgy =c_ forr < e ™, Flgy = ¢ for r > e, where ¢ < 0 < cy
are appropriately chosen constants, while Fl|gy =7 —1 on N x (e7", ¢e").

Choose reparametrization functions 71,7 : [0,1] — [0, 1] as in the proof
of Theorem A, that is for j € 1,2, 7;(t) = 0 near t =0, 7;(t) = 1 near t = 1,
7i(t) > 0 for all ¢ € [0, 1] and supp(rq) C [1/2, 1], supp(r3) C [0,1/2].

Let LW denote the loop space of W. Following [1, 2, 4] define the (per-
turbed) Rabinowitz-Floer functional?

AL LW xR =R

2The sign differences between the functional here and in [1] are explained by
differing conventions for the Hamiltonian vector field X of a Hamiltonian G and by
our using (—n) as the Lagrange multiplier. The convention we use is tx.df = —dG.
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by
1 1 1
A () = — /0 6+ /O H(t) - G (), () dt — /0 () F () dt

The compactly supported Hamiltonians we use are of the form ﬁm
extended by 0 to W\ SN, for H a contact Hamiltonian on N. Given such a
Hamiltonian we choose x so that supp(ﬁl’é) C [0,1] x N x (e~ ", e"). Then
we have the following.

Lemma 43. Let H € C*([0,1] x N,R) be a contact Hamiltonian. Given
any interval I containing 1 and any 6 > 0, the critical points of the perturbed
Rabinowitz functional A%,,a on LW x R (and consequently on LSN x R)
coincide with the critical points of A% on LSN x R. Moreover a critical
point (xo,no) is Morse for A%m if and only if it is Morse for .A%.

Proof of Lemma 43. The first statement is a direct consequence of Lemma
42 property C1, because each leafwise-intersection point lies on N;. More-
over, the Hessians of the two functionals at such a common critical point
agree, whence the second statement is immediate. O

Moreover, a computation that is by now standard (compare [4, Lemma
2.2]) shows that there is a bijection between critical points (xg,n9) of A%
and algebraic translated points (wo,n0), wg € N1 = N of the contact flow
on N generated by H, given by (zo,n0) — (wo,n0) = (20(0),n0). Moreover,
AL (20, 10) = 10-

Proof of Lemma 2. We begin by recalling useful formulas from [1]. Let
(x0,m0) be a critical point of .A%. For a Hamiltonian P € C2°([0,1] x SN, R)
put

LpSN = {w e WH((0,1], SN)|w(0) = ¢p(w(1))}

for the twisted loop space, and consider the diffeomorphism
(I)p : ,CPSN — ESN,

given by
(t) = ¢p((t)).

Use & 7 to pull back .A% to

—noF'+

AVUFO,H = ((I)—T]()F-‘rﬁ X ].R)*A% : E—noF-FFSN x R — R.
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Set wo = (I)::;OFJFF(Q:O) = const. By [1, Equation A.11] we see that the Hes-

. F . .
sian of ‘Ano,ﬁ at (wo,no) is given by

1 1
w@<mmm@@m@ﬁm=4w@@mmmééwwwmw

1
~ 7 [ TaF () (@)
0
Choosing an inner product on
T, (E_%FJFFSN) X TR = Ty, (£—n0F+ﬁSN) x R

one turns H«‘T,,F E(wo, 1o) to an operator Liuw, )  Tw,(L_, pygSN) X R —

*

105
(€ orim)w, X R, where

(€—n0F+ﬁ)wO = LQ([()? 1]? wo*T<SN)),

that is a Fredholm operator of index 0, since its extension to L? is self-

adjoint. Therefore, to show that .Af; 7 1s Morse at (wg,no), or equivalently
05

A% is Morse at (zg,70), it is necessary and sufficent that the kernel of
H zr (wo,mo) be trivial.
Tiet (@1, 71) be such that H g (w0, n0)[(@1, 1), (@, )] = 0 for all
(@2, 7). Note that o
Wy, Wy € WH2([0,1], Ty, SN)
with the condition that

(14) w1(0) = Do_,, g g (@1(1)),
w2(0) = Do_,) gy (w2(1)).
Noting that wy € Ny, we consider the splitting
T, (SN) = R(R) © R(0y) © Eu

and write
@1(t) = a1 ()R + by (t)0, + @ (t),
Wo(t) = ag(t)R + by(t)0, + W5(t)

with respect to this splitting. Plugging in different (ws,72) - of the form
(0,72), (b20;,0), (a2R,0), and (@g, 0), we obtain the identities
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From identities 1 and 3, we conclude that b; = 0, as fol 75(t) dt = 1. Iden-

tity 4 means that ﬁ)\f is a constant vector. Identity 2 implies that

(15) ai(1) —a1(0) = —n.
Now Equation 14 implies that
a1(0)R + @5(0) = D(b_, gy 7)1 ()R + @5(1))

which, noting that czﬁlgngwo = xp, is equivalent by Equation 1 to the condi-
tions

dA 50 (wo) (a1 (1R + (1))
= dAy(20) © D(¢5")(wo) (a1 (1R + @5(1)) = 0,

and

a1(0) R+ @§(0) = D(¢_, pyzp)(ar (DR + @5 (1)).
Evaluating o, on both sides of the equality, and noting that Ay(zo) =1,
we obtain

(16) 01(0) = g (D(d_y oy g7) (a1 ()R + @5(1)))
= Ay (@0) - (a1 (DR + @5 (1)) = ar (1).

Equations (15) and (16) imply that 77 = 0, and therefore @) = 0. This
means that a; and therefore w; = a1R+@§ is a constant vector, which
we denote by 6,,,. We conclude that 6, — D(¢5")(wo)(0w,) induces an
injection ¢(wo,no) of ker H z» ﬁ(wo,no) into ker(D(¢5"™ ) (wo) — 11, ) N

ker(dAy(wp)). The Lemma follows immediately. O

Remark 44. Retracing the steps in the above argument we easily see that
the injection ¢(wp,np) is in fact surjective, and hence an isomorphism of
vector spaces

kerH zr _(wo,m0) = ker(D(¢" 1) (wo) — 17n,, ) Nker(dAy (wo)).
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Proof of Theorem B. Given a contactomorphism 1 we note that for each
n € R, z is a translated point of ¢ if and only if x is a translated point of

. Moreover by the definition of non-degeneracy (Definition 1) (z, 7o) is a
non-degenerate algebraic translated point of ¢ if and only if (z,7m0 + 1) is a
non-degenerate algebraic translated point of ¢ Rw If ¢ is of small oscillation
energy there exists 7, € R such that |¢ “1)|o < p(a). Therefore there exists a
Hamiltonian H' generating {¢%;,} with ¢}, = ¢’5¢ with fo | H{| oo (ny dt <

p(c). Then by Usher’s trick there exists a cutoff " with I = (e7¢ €9

for € > 0 of the degree 1 homogeneous lift H to SN of another contact
Hamiltonian H with ¢}, = ¢’5 4 such that

1
—15
/0 | sy dt < pla).

Since M is a strong exact symplectic filling of (IV, &) we can consider " as
a function on W and apply [1, Theorem A] to see that the Hamiltonian flow
of ﬁl’é possesses a leafwise-intersection point relative to the hypersurface
N; C W. By Lemma 43 this gives us a translated point of gﬂgzp and therefore
a translated point of . If ¢ is non-degenerate, then so is d)?]g 1, and therefore
7" s non-degenerate relative to N; C W. Therefore [1, Proposition 2.20]
and Lemma 43 finish the proof (see also [1, Theorem B]). O

Proof of Proposition 40. Let c1,co,c > 0 denote generic positive constants,
and ¢g # 0 denote a generic non-zero constant. Consider the Givental quasi-
morphism [15]
pe G — R,

where G = Conto(RP?"t1 &y), for & = ker aigy. The main result of [6] by
Ben Simon applied to this setting states that for any open ball B in CP™
that is displaceable by a Hamiltonian diffeomorphism, the restriction of
the Givental qua81morphlsm to Hamc(B) by the chain of natural maps
Hamc( ) — Ham((CP”) 2 Ho — G is equal to ¢o - Calp, where Calp() is

defined as

for wp =2wpg|p and H € COO([O 1 | x B,R) any Hamiltonian normalized
to vanish near OB generating a path {¢;};_, whose class in Hamc( ) is qb
In partlcular || restricted to the image of the composition Ham((CP”) AN

’H — G is unbounded. We recall that the image of the map Ham(CPn) iR
H,, lies in the kernel of the Calabi-Weinstein homomorphism H, — R (see
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Remark 9). Moreover, by [29, Section 2.2] for all v € 71 (Ham(CP")), the
element i(y" 1) =i(y)" ! € H, in fact lies in 71(Ha). Moreover, as ug is
homogeneous, by [29, Theorem 1] we have

1

na(i(7)) = — 1#0(@'(7)”“) = 2cw(i(y)"") = 0.

Hence, for ¢ € ﬁz\u/n(CP")~and for any v € 7 (Ham(CP")), as pg is ho-
mogeneous and i(y) € Z(H,) is a central element, we have ug(i(¢y)) =
na(i(9)) + pa(i(y)) = pa(i(4)), and hence

fig(¢) := pa(i(9))

depends only on ¢ = m(¢) € Ham(CP"™). Moreover |fig| is unbounded on
Ham(CP"™). o N
Now Proposition 33 (iv) implies that for ¢ € Ham(CP™) with 7(¢) = ¢,

()] = |na(i(¢)] < crli(@)]a + c2,

and hence
1 (9)| < e1v2(9) + co,

as (@) = infﬂ@: é |i(¢)|a. This implies that 5 is unbounded, as required.
U
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