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The positive equivariant symplectic
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some contact manifolds
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We show that positive S'-equivariant symplectic homology is a
contact invariant for a subclass of contact manifolds which are
boundaries of Liouville domains. In nice cases, when the set of
Conley-Zehnder indices of all good periodic Reeb orbits on the
boundary of the Liouville domain is lacunary, the positive S'-
equivariant symplectic homology can be computed; it is generated
by those orbits. We prove a “Viterbo functoriality” property: when
one Liouville domain is embedded into an other one, there is a
morphism (reversing arrows) between their positive S*-equivariant
symplectic homologies and morphisms compose nicely.

These properties allow us to give a proof of Ustilovsky’s result
on the number of non isomorphic contact structures on the spheres
S4m+1 They also give a new proof of a Theorem by Ekeland and
Lasry on the minimal number of periodic Reeb orbits on some
hypersurfaces in R?". We extend this result to some hypersurfaces
in some negative line bundles.
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1. Introduction

A contact structure on a manifold M of dimension 2n — 1 is a hyperplane
field ¢ which is maximally non integrable; i.e. writing locally £ = ker «, one
has a A (da)" ! # 0 everywhere. A first natural question is to determine
how many non-diffeomorphic contact structures there are on a
given manifold and in particular on the sphere S?*~!. In this paper
we consider only coorientable contact structures, i.e. such that « can be
globally defined; « is then called a contact form; this form is not unique; for
any function f : M — R, the 1-form e/« defines the same contact structure.
The Reeb vector field R, associated to a contact form « is the unique vector
field on M such that «(R,)da = 0 and (R, ) = 1. Since this vector field does
not vanish anywhere, there are no fixed points of its flow. Periodic orbits
are thus the most noticeable objects in the flow. If (M,¢£) is a compact
contact manifold, can one say something about the minimal number of
geometrically distinct periodic Reeb orbits for any contact form «
(eventually in a subclass) defining the contact structure £? A way
to tackle those two questions is to find an invariant of the contact structure
built out of the periodic Reeb orbits. To build such an invariant is the aim
of contact homology. At the time of this writing, contact homology is still in
development and encounters “transversality” problems. Instead we consider
positive S'-equivariant symplectic homology which is built from periodic
orbits of Hamiltonian vector fields in a symplectic manifold whose boundary
is the given contact manifold. In this spirit, Bourgeois and Oancea, in [5],
relate, in the case where it can be defined, the linearised contact homology
of the boundary to the positive S'-equivariant symplectic homology of the
symplectic manifold.

The goal of this paper is to prove that positive S'-equivariant symplectic
homology is a contact invariant for a subclass of contact manifolds and that
this allows to obtain results about the two questions mentioned earlier.

In Section 2, we recall the definition of positive S'-equivariant symplec-
tic homology, first describing symplectic homology S H, positive symplectic
homology SH™, and S'-equivariant symplectic homology SH®'. We show
in Section 3 that, in nice cases, generators of the positive S'-equivariant
symplectic homology SH* "+ are given by good periodic Reeb orbits. This
relies heavily on earlier results from Bourgeois and Oancea [3] and recent
results from Zhao [31]. Precisely, we prove

Theorem 1.1. Let (W, \) be a Liouville domain. Assume there exists a
contact form « on the boundary OW such that the set of Conley-Zehnder
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indices of all good periodic Reeb orbits is lacunary®. Then

SHS T (W,Q = @ Q)

YEP(Ra)

where P(Ry) denotes the set of good periodic Reeb orbits on OW .

In Section 4, we show that positive S'-equivariant symplectic homology
has good functorial properties. In the first part, we construct a “transfer
morphism” between all the above mentioned variants of symplectic homol-
ogy when one Liouville domain is embedded into an other Liouville domain.
This construction generalises a construction given by Viterbo ([30]). We
prove in Theorem 4.9 that this morphism has nice composition properties.
The second part of Section 4 is dedicated to the invariance of the variants
of symplectic homology. This is not new, but a complete and self-contained
proof is difficult to find in the literature. We prove :

Theorem 1.2. Let (Wo, \o) and (W1, A1) be two Liouville manifolds® of fi-
nite type such that there exists a symplectomorphism f : (Wp, Ag) — (W1, \1).
Then

SHT(Wo, \o) = SHT (W1, \p).

where  can be any of the following symbol: 0, +, St (S, +).

We prove that the positive S'-equivariant symplectic homology yields
an invariant of some contact manifolds in the following sense.

Theorem 1.3. Let (My,&y) and (Mi,&1) be two contact manifolds that are
exactly fillable; i.e. there exist Liouville domains (Wy, Xo) and (W1, A1) such
that OWy = My, & = ker()\0|MO), oW1 =My and & = ker()\1|Ml). Assume
there exists a contactomorphism ¢ : (Mg, &) — (Mq,&1). Assume moreover
that & admits a contact form og such that all periodic Reeb orbits are non-
degenerate and the set of Conley-Zehnder indices of all good periodic Reeb
orbits is lacunary. Then

SHS"F(Wy, \o) = SHS H(Wy, Ap).

'A set of integer numbers is lacunary if it does not contain two consecutive
numbers.
2We refer to Definition 4.20 for a precise definition of Liouville manifold.
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Note that the isomorphism in Theorem 1.3 is between the graded mod-
ules. There can be a shift in the degree of the generators (by even numbers).
This Theorem, together with Theorem 1.1, allow us to reformulate in Sec-
tion 4.5 the proof of Ustilovsky’s result on the existence of non diffeomorphic
contact structures on the spheres S¥"*!. The original proof depends on a
theory of cylindrical contact homology, which is not yet rigorously estab-
lished due to transversality problems. Another proof of this result using
Rabinowitz-Floer homology was done independently by Fauck [16].

Theorem 1.4 ([29]). For each natural number m, there exist infinitely
many pairwise non isomorphic contact structures on S*™M+1,

In Section 5 we use positive S'-equivariant symplectic homology to get
results about the minimal number of distinct periodic Reeb orbits on some
contact manifolds. We first give in Theorem 5.1 a new proof (in the non
degenerate case) of a Theorem by Ekeland and Lasry stating that the mini-
mal number of geometrically distinct periodic Reeb orbits on a contact type
hypersurfaces 3 in R?" is at least n when the hypersurface is nicely pinched
between two spheres of radius R; and Rs. We then use the techniques de-
veloped for this proof to study some hypersurfaces in some negative line
bundles. We first get a description for circle bundles.

Proposition 1.5. Let ¥ be a contact type hypersurface in a negative line
bundle over a closed symplectic manifold L — B such that the intersection
of ¥ with each fiber is a circle. The contact form is the restriction of 120V
where 0V is the transgression form on £ and r is the radial coordinate on the
fiber. Then X carries at least Z?LLO Bi geometrically distinct periodic Reeb
orbits, where the 3; are the Betti numbers of B.

We study then hypersurfaces pinched between circles bundles and get:

Theorem 1.6. Let X be a contact type hypersurface in a negative line bun-
dle L, over a symplectic manifold B. Suppose that there exists a Liouwville
domain W' (such that its first Chern class vanishes on all tori) whose bound-
ary coincides with the circle bundle of radius Ry in L, denoted Sg,. Suppose
there exists a Morse function f: B — R such that the set of indices of all
critical points of f is lacunary. Let o be the contact form on ¥ induced by
r20Y on L (Y is the transgression form on L and r is the radial coordinate
on the fiber). Assume that X is “pinched” between two circle bundles Sg,
and Sg, of radit Ry and Ry such that 0 < Ry < Rg and %’f < V2. Assume
that the minimal period of any periodic Reeb orbit on Y is bounded below
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by R2. Then X carries at least Z?ZO Bi geometrically distinct periodic Reeb
orbits, where the B; denote the Betti numbers of B.

Examples of line bundles where this theorem can be applied are given :
the tautological bundle over a complex projective space and the tautological
bundle over the Grassmannian of oriented 2-planes in R?".
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sis; I thank my thesis advisers Frédéric Bourgeois and Alexandru Oancea
for their guidance and enlightening remarks. My work also greatly benefited
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from the Communauté francaise de Belgique via an ARC and from the Bel-
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2. Background on symplectic homology

Definition 2.1 (The Setup). Let (W,w) be a compact symplectic man-
ifold with contact type boundary M := OW. This means that there exists a
Liouville vector field X (i.e. a vector field X such that £yw = w) defined on
a neighbourhood of the boundary M, and transverse to M. In the sequel,
we assume that the Liouville vector field has been chosen and we denote by
(W,w, X) such a manifold. We denote by A the 1-form defined in a neigh-
bourhood of M by A := (X )w and by « the contact 1-form on M which is
the restriction of A to M:

o= (U(X)w)

We denote by £ the contact structure defined by « (£ := ker o), and by R,
the Reeb vector field on M (1(Ry)da =0, a(Ry) = 1). The action spectrum
of (M, «) is the set of all periods of the Reeb vector field :

e

Spec(M, ) := {T € R" | 3y periodic orbit of R, of period T'}.
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The symplectic completion of (W,w,\) is the symplectic manifold defined
by

W= W [ J(M x RY) = (W L (M x [=6,+oc])) /..,
G
with the symplectic form
. w on W
W= .
d(efa) on M x [—6,+00]

The equivalence ~¢, between a neighbourhood U of M in W and M x
[—9, 0], is defined by the diffeomorphism G : M x[—§,0]—=U : (p, p) »—>g02( (p)
which is induced by the flow of the vector field X.

A Liouville domain is a compact symplectic manifold with contact type
boundary (W, w, X) for which the vector field X is globally defined. In that
case the symplectic 2-form is exact : w = d\ where A = (X )w; a Liouville
domain is also called an ezact symplectic manifold with contact type boundary
and is sometimes denoted (W, \).

Throughout this paper we assume that W is symplectically atoroidal,
i.e the symplectic form and the first Chern class vanish on all tori. This
assumption implies that the action of a loop and the Conley-Zehnder index?
of a 1-periodic orbit of a Hamiltonian are well-defined.

Symplectic homology was developed by Viterbo in [30], using works of
Cieliebak, Floer, Hofer [10, 17]; it is defined for a compact symplectic mani-
fold W with boundary of contact type, as a direct limit of Floer homologies
of the symplectic completion of W, using some special Hamiltonians.

Definition 2.2. The class Hsta of admissible Hamiltonians consists of
smooth functions H : S' x W — R satisfying the following conditions:

1- H is negative and C%-small on S x W;

2- there exists pg > 0 such that H(6,p,p) = Be” + ' for p > pp, with
0 < B ¢ Spec(M,«) and ' € R;

3- H(0,p,p) is C%close to h(e?) on St x M x [0, pg], for h a convex
increasing function.

We say furthermore that it is non degenerate if all 1-periodic orbits of
X are nondegenerate (for a time-dependent Hamiltonian H : S* x W — R,
the time dependent Hamiltonian vector field Xz is defined by the relation
&(XY,.)=dH(0,-) for each § € S1).

3For a definition of the Conley-Zehnder index, which will be denoted ¢y in the
following, we refer to [1, 13, 21]
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We denote by P(H) the set of 1-periodic orbits of Xp .

The class J of admissible J : S' — End(TW) : 0 — J/g\ consists of
smooth loops of compatible almost complex structures J? on W, such that,
at infinity (i.e. for p large enough) J is autonomous (i.e. independent of ),
invariant under translations in the p variable, and satisfies

Jle=¢  J%0,) = Ra.

Remark 2.3. Condition 1 implies that the only 1-periodic orbits of X in
W are constants; they correspond to critical points of H.

On S x M x [0, +ool, for a Hamiltonian of the form H(6,p, p) = h1(e”),
one has X%l (p, p) = —h(e”)Ra(p). Hence, for such a Hamitonian Hy, with
hi increasing, the image of a 1-periodic orbit of Xy, is the image of a peri-
odic orbit of the Reeb vector field —R,, of period T' := k) (e”) located at level
M x {p}. In particular, condition 2 implies that there is no 1-periodic orbit
of Xy in M X [pg, +oo[ for a Hamiltonian H in Hgq. Condition 3 ensures
that for any non constant 1-periodic orbit v of Xy for a Hamiltonian H in
Hstd, there exists a closed orbit of the Reeb vector field R, of period T' <
(with 8 the slope of H “at 00”), such that vy is close to this closed orbit of
(minus) the Reeb vector field located in M x {p} with T' = h/(e”).

We can consider a larger class of admissible Hamiltonians, removing
conditions 1 and 3.

Definition 2.4 (Symplectic homology). The Floer complex SC(H, J)
is the complex generated by 1-periodic orbits of the Hamiltonian vector field
Xp, graded by minus their Conley Zehnder index , with boundary 0 (well
defined for a so called regular pair (H,.J)) defined by a count with signs of
Floer trajectories, i.e maps u : R x S — W satisfying:

(2.1) gz(s, 0) + J° (u(s,9)) (g;(s,ﬂ) - XY (u(s, 9))> = 0.

The symplectic homology of (W,w, X) is defined as the direct limit

SH.(W,w,X):= lim SH.(H,J)
HeHswa

where, for each H, J : St — End((F(T/W)) is chosen so that (H, J) is a reg-
ular pair. To define the direct limit one needs a partial order < on Hgq and
morphisms SH(Hy, J;) — SH(Hs, J2) whenever Hy < Hj are non degener-
ate. The partial order on Hgq is given by Hy < Ho if H1(0,2) < Hy (0, x)
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for all (6, z) € St x W (for more general Hamiltonians, it is enough to have
Hy(0,z) < H9(0,x) for all (0, x) outside a compact domain).

The morphism SH(Hy, J1) — SH(Ha, J2) is the continuation morphism
induced by a smooth increasing homotopy of regular pairs (Hs, Js),s € R
between (Hi, J;) and (Ha, J2), with (Hs, Js) constant for |s| large, when it
is regular. By increasing, we mean d;Hs > 0 (again for more general H it is
enough to consider d;Hy > 0 outside a compact subset). The continuation
morphism is defined by a count with signs of solutions u : R x S* — W of
the equation

(2.2) g“ 700 (ge X0 ou)ZO

with finite energy E(u f+oo fsl H H dOds .

The idea of positive symplectic homology is to “remove” the data of con-
stant 1-periodic orbits from symplectic homology. We assume that (W, w, X)
is a Liouville domain, in order to identify the set of critical points of a Hamil-
tonian with its 1-periodic orbits of small action.

Let H : S' x W — R be a Hamiltonian in Hsq. The Hamiltonian action
functional Ay : (S, W) — R is defined as

An(y) = —/DZ a*@—/qu(H,fy(Q))dQ

where o : D2 — W is an extension of 7 to the disc D?. ‘When the symplectic
form is exact, w = dA, the action is Ay (y) := — [q ¥ A — Jo: H(6,7(6))d6.

The 1-periodic orbits of H € Hgq fall into two classes: critical points
in W, whose action is strictly less than some small positive constant € (in-
deed, if (0, x) is a critical point of H, the action of the constant orbit is
equal to —H (0, z)) and non-constant periodic orbits lying in W \ W whose
action is strictly greater than e ( indeed, the action of such an orbit is
close, for a given p in [0, pg] with T'= h/(e”) in Spec(M, «), to the action
of the orbit of the vector field —h/(e?)R,, located in M x {p}; this is given
by — [¢1 e’a(—=h(e’)Ra)df — [o h(e”)dd = ePh/(eP) — h(eP) = ePT — h(e’);
it is positive since h is convex)

The € above is chosen (for instance) as half the minimal value of the
periods of closed orbits of the Reeb vector field on M = OW. Functions H
are chosen so that the value of |H| in S* x W is less than €, so that h(e”) is
less than e (hence e”T — h(e”) is greater than 3¢) and the C*-closeness to
an autonomous function is such that the actlons differ at most by %e.
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Definition 2.5 (positive symplectic homology). Let (W,w,X) be a
Liouville domain and let H be in Hgq. Let SCS¢(H,J) be the complex
generated by the 1-periodic orbits of action no greater than e. It is built out
of critical points of H and it is a subcomplex of SC(H, J), since the action
decreases along Floer trajectories. The positive Floer complex is defined as
the quotient of the total complex by the subcomplex of critical points;

SCT(H,J):=SC(H,J)/ SC=¢(H, J)

The differential induces a differential on the quotient which is still denoted
0. The continuation morphisms mentioned above descend to the quotient
since the action decreases along a solution of (2.2) (when the homotopy is
increasing everywhere). The positive symplectic homology of (W, w) is defined
as a direct limit over non degenerate H € Hgiq of the homology of SCT(H, J)

SH*(W,w, X) := lim H,.(SCf(H,J),0).
HeEHa

2.1. Sl-equivariant symplectic homology

Let X be a topological space endowed with an S'-action. If the S'-action
is free, X/g! is a topological space. The aim of S!-equivariant homology
is to build on the space X a homology which coincides, when the action
is free, with the singular homology of the quotient. One considers the uni-
versal principal S'-bundle ES' — BS'. The diagonal action on X x ES*
is free and one denotes by X x g1 ES! the quotient (X x ES')/g1. Follow-
ing Borel, the S'-equivariant homology of X with Z-coefficients is defined
as HS' (X) := H.(X xg ES',7Z). For symplectic homology, one defines in a
similar way the S'-equivariant symplectic homology for any compact sym-
plectic manifold with contact type boundary (W,w, X); the S'-action one is
referring to is the reparametrization action on the loop space (not an action
on W)
@-v(0) = (0 — ).

This homology was first introduced by Viterbo in [30]; we present here a
different approach, which was sketched by Seidel in [28] and which was
studied in detail by Bourgeois and Oancea in [4-6]. It has the advantage
to use a special class of Hamiltonians and simplified equations for Floer
trajectories, so that computations are often doable. The important point is

that this S'equivariant symplectic homology coincides with the one defined
by Viterbo.
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The model of ES! is given as a limit of spheres S?V*! for N going
to oo with the Hopf S'-action. To provide S Linvariant functionals, we use
Slinvariant Hamiltonians : H : S1 x W x 82N+l 5 R such that

HO+ ¢,z,0z)=H(0,z,2) Vo, p € Stz e §2VHL

The parametrised action functional A : C .. (S, /V[7) x SN+ 5 R s de-
fined as

(2.3) Ay, z) == — /D2 oW — /S1 H(0,~(0),z)do

where o : D? — W is an extension of v to the disc D?. 1t is invariant under
the diagonal S'-action on C*°(S!, W) x §2N+1,

The critical points of the parametrised action functional are pairs (v, z)
such that

OH,
0z

(2.4) v € P(H,) and /Sl (6,7(0))do =0,

where H, is the function on S! x W defined by H.(0,x):=H(#,z,z) and
where P(H,) denote, as before, the set of l-periodic orbits of Xp_. The
set PS"(H) of critical points of A is S'-invariant. If ¢ = (v, 2) € P (H),
we denote by S, the Sl-orbit of ¢q. Such an Sy is called nondegenerate if
the Hessian d?A(7, z) has a 1-dimensional kernel for some (and hence any)
(7,2) € S

The data : We consider a compact symplectic manifold with compact type
boundary (W,w, X). We fix a sequence of C2-small perfect Morse functions
fn : CPN = R, together with a Riemannian metric gy on CPY for which
the gradient flow of fy has the Morse-Smale property. We shall take the
standard metric and

Z;‘Vzo(j +1) ‘wj‘z

N 2
> =0 [

We denote by fx : S2V+1 5 R their Sl-invariant lift, and by Cm't(f]v) the
set of critical points of fy (which is a union of circles). We choose a point 2j
on the critical circle which projects on the critical point of — fx of index 27.
In our example, z; = (w, ... ;wl) € §2NH! with w' = (5; We fix a local slice

() =C with C < 0 € R.

T, transverse in S2N+1 t6 the circle in Crit( fN) at z;; again in our example
T., = {(w°...,w") e SN+ |wi € RT}. We consider Uy a neighbourhood
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of Crit(fy) and gy : S2N+1 — R a S' invariant cut-off function on Uy which
is equal to 1 in a neighbourhood U} C Uy of Crit(fn) and 0 outside Uy.
We set

EN = min > 0.

2E€S2NFI\UL,

Vin(2)

Definition 2.6 (Class of admissible Hamiltonians). An S!-invariant
Hamiltonian H is admissible if H, is in Hgq (as in Definition 2.2) with
constant slope independent of z for all z € S?N*! and if for any critical
point ¢ € P5'(H), the S'-orbit S, is non degenerate. Let H% "V be the
family of such Hamiltonians. We look at the subfamily HS"N /(\fN) c HSN
consisting of Hamiltonians of the form H + fy with H : S' x W x §2V+1
R in H5"N such that

1. Each critical point (7, z) of the parametrized action functional Ay, ¢
defined by H + f n lies over a z which is a critical point of fN;

2. For every z € C’rit(fN), H(-,-, z) has non degenerate periodic orbits;

3. H—+ fN has nondegenerate S'-orbits;

4. H%H(e,x,z) H <e forall z € SN\ U7;

5. Forall z € U', V.H -V fn(z) = 0.

Remark 2.7. Condition 3 can be replaced by the following : near every
critical orbit of fy, we have H(f,z,z) = H'(§ — ¢, x), where ¢, € S! is
the unique element such that the action of its inverse brings z into T3,
ie ¢;t-2€T,, and H' € Hsta- We shall consider elements H which are
built from an H’ : S' x W — R in Hgq as in Definition 2.2, close to an
autonomous Hamiltonian; we shall develop this in next section.

Definition 2.8 (The chains). Given an admissible H + f, the set de-
noted P (H + fy) of critical points (7, z) of the parametrized action func-
tional Ay 7y 18 @ union of circles

{Sw,z) =5 (1,2) ={¢-(n,2) = (p-n92)lp € Sl}}.

Each of those circle gives a generator of the chain complex. The index of the
generator S, . is defined to be

11(Sy.2) == —pcz(Y) + atorse (25 — ).
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The chain complex is defined as:

SCINH fn) = D Sy
SCPSI(H-F]EN)

Definition 2.9 (The differential). A parametrized loop of almost com-
plex structures J : S* x S2N*L 5 End(TW), (0, 2) ~— J? is Sl-invariant if
Jgj‘p =J0 V0,0 € S',Vz € SN+ and is admissible if for all z in S2N+1,
the loop of almost complex structures J, is in J as defined in Definition 2.2.

Let (J?) be an S'-invariant family of almost complex structures inde-
pendent of z along each local slice. Let p~ = (y_,27) and p* = (yF,2%) be
two critical points of AH+fN' We denote by M(S,-,Sp+: H, [, J%, g) the
space of solutions (u,z), u: R x St — /W, z: R — S?NFL o the system of
equations

83u+J9 ou(Ogu — X ou) =20
(2‘5) { Z(S) ( 0 HZ(S) )

i =Vin(z) =0

such that lims_, oo (u(s, ), 2(s)) € Sp- and lims_,o0 (u(s, -), 2(s)) € Spr-

If S,- # Sp+, we denote by M(S,-,Sp+; H, fn,J?,g) the quotient of
the space M\(S’p— ,Spi H, f, J?, g) by the reparametrization R-action. This
quotient M(Sy,-,Sp+; H, fn,J?, g) carries a free S'-action and we denote
by MSI(Sp—,Sp+;H, fn,JY, g) the quotient of M(S,-, Sp+; H, fn, ¢, g) by
this S'-action. For generically chosen Jf and g, it is proven in [5] that the
spaces M5’ (Sp-,Sps H, fn, Jf , g) are smooth manifolds of dimension equal
to —p(Sp-) + pu(Sp+) — 1.

The differential 95" Séfl’N(H, fn) — Sé’fiiN(H, fn) is defined by

09 (S )= > H#MT(S, Sy H [, L 9) S,
SFcPSt (H+fv)
(S, )=n(S,)=1

where # is a count with signs defined in [5]. Continuation maps are defined
as usual, using the space of solutions (u, s) of

dsu+J o ou(dpu — Xg. .. ou) =0
(2.6) { o © 0 = Xty o)

¢—Vin(z)=0

with H, + fN an increasing homotopy between Hy + fN and Hy + fN.
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Definition 2.10 (S'-equivariant symplectic homology).
The S'-equivariant Floer homology groups are

SHYN(H, fx,J.9) = H(SCIN(H, fn),0%).
The S'-equivariant symplectic homology groups of W are

SHY (W,w,X):=lim  lim  SHIN(H, f,J,g).
N HGHSI’N(fN)

The direct limit over N is taken with respect to the S'-equivariant embed-
dings S?N+1 < §2N+3 which induce maps

SHfl’N(VV, w, X) — SHflvN'*‘l(W?w,X) for each N.

We show here below that the action decreases along these continuation
maps. This allows to define SHS'»+ in the context of Liouville domains.

Proposition 2.11. Let Hy + fy and Hy + fy be Hamiltonians in H3"N (f)
and let Hy := Hy+ fn be an increasing homotopy between Ho + fy and
Hi+ fn. If (u,2), u: Rx ST = W and z : R — S2N*1 s a solution of equa-
tions (2.6) satisfying the conditions limy_, oo (u(s, ), 2(s)) = (v (:),27) and
limg 00 (u(s,+), 2(s)) = (vF(-), 2T), then

A(y7,27) 2 A(vF, 2 ).

Proof. The parametrized action for the Hamiltonian H, + f on the pair
(u(s,-), z(s)) is given by

—/ a;a—/ (H, + ) (0, u(s, 0), =(s)) dO
D2 St

where oy : D> — W is an extension of Vs = u(s,-) to the disc D?. By the

asphericity condition, sz o = sz aSOw + fSlx[so,s] u*w so that

& Az, (15, ), 2(5))

/ (Osu, Opu)d / %HS(H,U(S,H),Z(S))g u(s,0)do
Sl
u(s,0),2(s)) - 2(s)df

Sl

/51 2 (Hs+ fn)) (0, u(s,0), 2(s))do

vz H +fN)(
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(Ds, D)) — / 0H, () (Ouu)d6
Sl
ﬁ (Hs + fn) (.0, u(s,0),2(s)) - V v (2)d0

D(Ho+ ) (0, u(s,0), 2(s)) db.

1

\m\m\

The last term is < 0 since the homotopy is increasing. The first line can be
rewritten as

—/ w(@su,ﬁgu)dH—/ w(XHS,z(S),ﬁsu)dH:—/ w(0su, Ogu — Xq, _.,)do
1 Sl Sl

= /Sl (3 u, JZ(S)aSU/)dQ
=—Jowul? , <o.
I2(s)

The first term in the second line is < 0 by conditions 4 and 5 in Definition 2.6
and by the definition of e. (|

Remark 2.12. With the assumptions of Proposition 2.11, it appears in
the proof above that [ H@SUH;IG dsdfd < A(y~,27) — A(yT, 21).
2(s)

Definition 2.13 (Positive S'-equivariant symplectic homology). Let
He ’HSI’N(fN) be a Hamiltonian. The positive S'-equivariant complez is
defined as

SCHNH(H, f) = SC¥N(H, fn)] gGs' Nze(r, fy)

where SC5": "S€(H, fn) is the set of critical points of A, of action less

than e. The differential passes to the quotient where we still denote it a5
and the positive S'-equivariant Floer groups are defined as

SHYNH(H, ) = H(SCT N (H, fx),0%).
The positive S'-equivariant symplectic homology is defined by

SHYF(Wow, X) i=lim  lim  SHZ Y (H, fy).
N Hens N (fy)

We assume (W, w, X) to be exact and we assume the function fy to be small
in order to identify 1-periodic orbits of small action with a pair (p, z), p a
critical points of H.
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3. SHS"* and periodic Reeb orbits

The goal of this section is prove Theorem 1.1 which relates the positive S!-
equivariant homology of a Liouville domain (W, \) to the Reeb orbits on
(M =0W,a=A,,).

3.1. The multicomplex defining positive S'-equivariant homology

We use the nice subclass of Hamiltonians introduced in [5]; they are con-
structed using elements in Hgiq which are small perturbations of autonomous
Hamiltonians.

Definition 3.1 (Construction of admissible Hamiltonians from el-
ements in/\?-[std). For H' € Hq, we define an Sl-invari/a\nt Hamiltonian
Hy : S' x W x S2N+1 5 R as follows. Define Hy : S' x W x Uy — R by
Hy(0,7,2) .= H'(6 — ¢,,x) where ¢, € S! is the unique element such that
p;t-z € T, when z is close to the critical circle including z;, and extend
Hy to Hy : S X/WXSQNH—)R, by

(3.1) Hy(0,2,2) = pn(2)Hy (0,2, 2) + (1—pn(2))B(z)H' (0, z)

using the cutoff function py on S*N*! and a function f: W — R which
is 0 where H' is time-dependent and equal to 1 outside a compact set.
The element Hy is automatically in H°"N(fy), when H' € Hgq is a small
perturbation of some autonomous functions as developed further in this
section.

The complex for a subclass of special Hamiltonians.
Let H' : S' x W — R in Hq be fixed, with non degenerate 1-periodic orbits,
and consider a sequence Hy € H5 "N, N > 1 such that

Hy(0,2,2) = H' (0 — ¢, x) for every z e Crit(fy)

(for instance by the construction above) and a sequence Jy € J°'V such
that Jy is regular for Hy.

Letig : CPN «— CPN* [0« -t N1 w0 : -+ w711 0] and let
i1 : CPN — CPN*L [0 oo s oV s [0 w - -+ - w1 and denote by
ig s S2NHL 5 §2NH3 - 5y (2,0) and 4y : SN — §2N43 . 25 (0, 2) their
lifts. Observe that Im(ig) and Im(i;) are invariant under the gradient flow
of fn41, fN = fNt10d0 = fn41041 + cst and ifgn41 = igN+1 = gn- We
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assume furthermore that Hpyi1 (~, ~,51(z)) = Hn11 (-, -,go(z)) =Hn(-,2),
and also that JN+1 W) T Ini1 o(z) = JN 2. The critical points of AHN+fN
are pairs (7z,2) where z is a critical point _of fny and where 7, is a ¢.-
translation of a 1-periodic orbit v of H in W (i.e v,(0) = v(0 — ¢.) which
writes 7, = ¢, - ). There is thus a natural identification (with gradings)
SCEN(Hy, fy) = Zlul/ N1 @z SC.(H', )
S (s, 2j) = ud @y =1 uly
where z; is the chosen critical point of — fn of index 2j and u is a formal

variable of degree 2.
The differential, under this identification of complexes, writes

l
(32) 0% (' @) =) u ® (7).
pr

for maps ¢; : SCi(H') = SCyy2j—1(H') defined by counting with signs the
elements of the space ./\/151(5(7;72]_),S(W%vzo);HN,fN,JN,gN) which is the
quotient by the R and the S'-action of the space of solutions of

Osu + Jf(s) ou(Opu — Xpy .., ou) =0
£ —=Vin(z) =0
going from S* - (77, zj) to S* - (v, 20).
It follows from the assumptions that for a fixed j, the maps ¢; obtained

for VarNyilng values of N > j coincide. Therefore the limit as N — oo of all
the SCY N(Hy, fx) is encoded into a complex denoted

SCS"(H') := Z[u] @z SC.(H')
with differential induced by (3.2) that we can formally write as
9% = o +utor Fu2py 4

As before, there are well-defined continuation maps induced by increasing
homotopies of Hamiltonians.

Proposition 3.2. [5] The S' equivariant homology of W is given by:

SHS' (W) := lim H(S@fl(H’)ﬁSl).
HeH qa
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Definition 3.3 (Perturbation of Morse-Bott Hamiltonians). [3] Let
(W,A) be a Liouville domain. The set of Morse-Bott Hamiltonians Hp
consists of Hamiltonians H : W — R so that

1. H|,, is a negative C?-small Morse function;

2. H(p,p) = h(p) outside W, where h is a strictly increasing function,
and h(p) = Be? 4+ 3’ for p > po, where 8,3 € R and § ¢ Spec(M, «), and
we assume that b’/ — h' > 0 on [0, po).

The 1-periodic orbit of X are either critical points of H in W or non
constant 1-periodic orbits, located on levels M x {p}, p € (0, pg), which are
in correspondence with periodic —R,-orbits of period e”’h’(p). Since H is
autonomous, every 1-periodic orbit, vz of X7, corresponding to the periodic
Reeb orbit v, gives birth to a S! family of 1-periodic orbits of Xz, denoted
by S,.

An element H € Hyp is deformed, as in [11], into a time-dependent
Hamiltonian Hs with only non degenerate 1-periodic orbits in the follow-
ing way. We choose a perfect Morse function on the circle, f : S* — R. For
each 1-periodic orbit vy of Xy, we consider the integer [, so that vy is a
l,,-fold cover of a simple periodic orbit; I, is constant on S, and we set
lLy=1y, = % where T is the period of 7. We choose a symplectic trivializa-
tion 1 1= (Y1,99) : Uy = V C ST x R*"! from U, C OW x Rt C /W,open
neighborhood of the image of vy, to V,open neighborhood of S* x {0},
such that ¢ (v (6)) = 1,0. Here ST x R*"~! is endowed with the standard
symplectic form. Let §:S' x R?"~1 —[0,1] be a smooth cutoff function
supported in a small neighborhood of S! x {0} such that Jsr iy = 1 We
denote by f7 the function defined on S, by fo o oy

For § > 0 and (0,p, p) € S* x U,, we define

(3.3) H;(0,p,p) = h(p) + 63((p. p)) f (11(p, p) — 1,0).

The Hamiltonian Hj coincides with H outside the open sets S' x U,.

Lemma 3.4 ([3, 11]). The 1-periodic obits of Hg, for § small enough,
are either constant orbits (the same as those of H) or nonconstant orbits
which are non degenerate and form pairs (Ymin, YMax) Which coincide with
the orbits in S, starting at the minimum and the maximum of fy respec-
twely, for each Reeb orbit vy such that S, appears in the 1-periodic orbits
of H. Their Conley-Zehnder index is given by pcz(Ymin) = poz(y) — 1 and

pez(Max) = poz(Y)-
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3.2. Computing SHS"+

We consider now the symplectic homologies with coefficients in Q, denoted
SHY(W,Q) on a Liouville domain (W, \). We consider a Hamiltonian de-
noted Hsy which is a S Lequivariant lift, as given by formula 3.1, of a
Hamiltonian Hs which is a perturbation, as in fomula 3.3, of a Hamiltonian
H in Hyp such that the slope a is big and pg is small. The non constant crit-
ical points of AH&,N"’fN are pairs (7, z) where z is a critical point of fn and

where v, is a ¢,-translation of a non constant 1-periodic orbit 4" of Hg in w.
Such a «/ is of the form iy Or YMax, located on a level M x {p}, p € (0, po)
corresponding to a periodic orbit of —R,, of period T' = e”h/(p).

Remark 3.5. The action of this critical point (v, z) is given by — |, g1 *y;/):
Jo: (Hn + fN)(0,72(0), 2) df. With our assumptions (f small, po Small) the
second term is close to zero. The first term is equal to — [, ( gy *)\ =efT.
Hence the action of this critical point is close to T'.

We now prove Theorem 1.1; (W, \) is a Liouville domain and « a contact
form on OW such that the set of Conley-Zehnder indices of the set P(R,)
of all good periodic Reeb orbits is lacunary. We shall show that

SHS T (W,Q = @ Q).

YEP(Ra)

Proof. Let H be a Hamiltonian in Hyp such that the action is distinct for
S'-families of orbits corresponding to Reeb orbits of different period. This is
possible by Remark 3.5. We consider, as mentioned above, the S'-equivariant
functions Hs y which are lifts of a perturbation H; of H. We use the natural
identification, described in Section 3.1:

SCSNH(Hsn, fv) ~ Zlul [ N+1 ® SCT(Hs)
and the description of SC*(Hs) given by Lemma 3.4.

Remark 3.6. The energy E(u) = [ ||0s uH dsdf of all Floer trajecto-

ries involved in the definition of the boundargf operator which are linking
elements (7,, z) corresponding to distinct 4’s, say v_ and 7, is bounded be-
low by some positive constant £ depending only on H. Indeed?, the result
follows from the two following facts:

“this argument is borrowed from [20]
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First, H@SUHEW is bounded above (]26]) since, otherwise, there would

be some “bubblinzgs oft” which is prevented by exactness of the symplectic

Opu(s,0) — Xy, (u(s,)) z 9 df is bounded below
T2(s)

by an e valid for any smooth loop u(s,-) : St — W6 u(s,0) with some

values outside a neighborhood of the critical orbits [27, Exercice 1.22]. This
is proven by contradiction, using Arzela-Ascoli Theorem to prove that ev-
ery sequence uy, : St — W with |4, (¢) — X¢(un)|| ;> = 0 has a subsequence

which converges uniformly to a 1-periodic orbit of the Hamiltonian vector

field.

form. Secondly |, g1

The complex SGSI’N’JF(H(;’N,fN) is filtered by the action thanks to
Proposition 2.11. We take the filtration by the action, i.e. by the period;
we define F,SCS"NF(Hj n, fn),p € Z such that for every p € Z, the quo-
tient

Fp18CS N (Hy v, IN)/E,SC5 N (Hs v, f)

is a union of sets

{1 @ YMax; - - - 7uN & YMax, 1® Yminy - - - UN & 'Ymin}

corresponding to underlying Reeb orbits + of the same period T'.
We consider the zero page of the associated spectral sequence.

O»N Pp— ~517N7+ ~Ql
Byg = For1SCpyy ™ (Han: N/, SG5 N (Hy v, fi)
We have “twin towers of generators”, one tower corresponding to each peri-
odic Reeb orbit of period T on W,

N o N
U Q) YMax < U & Ymin

1

U TP

2 ¥o 2
U” Q) YMax < U” @ Ymin

-1

U %251
©®
U & YMax ° U & Ymin
u ey,
$o
1 ® YMax 1 ® Ymin
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with induced differential as in the above diagram with the notation of Sec-
tion 3.1. The differential between two elements in distinct towers of the same
period vanishes, since for any Floer trajectory involved in the differential and
linking the two towers, by Remarks 2.12 and 3.6,

B< / ol dsdd < AG7.2) = A=)

and the last can be chosen to be less than F (choosing small § and fy).

To study any given tower, we use the explicit description of ¢g and ;. It
was first described by Bourgeois and Oancea but in their computation, they
assumed transversality of contact homology. It was then computed without
this assumption by Zhao.

1) [31, Proposition 6.2], [3, Lemma 4.28] Let Ymin, "Max and Hs be as
above. For 0 small enough, the moduli space M (Vmin, YMax; Hs, J)/R
consists of two elements; they have opposite signs, due to the choice of
a system of coherent orientations, if and only if the underlying Reeb
orbit v is good. This implies that,

0 if v is good,

©0(Ymin) {

+29Max  if 7y is bad.

Recall that a Reeb orbit is called bad if its Conley-Zehnder index is
not of the same parity as the Conley-Zehnder index of the simple Reeb
orbit with same image, and an orbit ~ is bad if the underlying Reeb
orbit is bad.

2) [31, Proposition 6.2], [5, Lemma 3.3] With the same notations, the
map ¢1 : SC(Hs) — SC}, | (H;) acts by

( ) _ k’yfymin if 7 is g00d7
P M) = 0 if v is bad

where k., is the multiplicity of the underlying Reeb orbit « i.e. 7y is a
k-fold cover of a simple periodic Reeb orbit.

The complex in ngév defined by the twin tower corresponding to a good
orbit yields

(xky)  (xky) (xks)

Q—2-Q Q—2-Q Q—2-0Q
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and thus, in the homology E},fév , it gives one copy of Q in degree —ucz(7)
and one copy of Q in degree —ucz(7y) + 2N. The first page is given by

BN = @D Qe © QY @ nin)-

~YEP(Hs)

There are no bad orbits in the generators of the S'-equivariant symplectic
homology. Indeed the complex in ngév defined by the twin tower over a bad
orbit is :

x (£2) x (£2) x (£2)

Q Q... %@ Q—2-Q Q

and the corresponding homology gives 0 in E;év .

The differential on the first page of the spectral sequence vanishes be-
cause of the lacunarity of the set of Conley-Zehnder indices; therefore, for
N large enough, it gives the homology :

SHYNH(Hn) = @B Qlyvax) © Q™ ® Yiuin)-
YEP(Hs)

The morphism induced by a regular homotopy between two such Hamilto-
nians (built from standard Hamiltonians close to Morse Bott Hamiltonians)
respects the filtration, thanks to Proposition 2.11. We can therefore take
the direct limit on the pages over those Hamiltonians which form a cofinal
family. The inclusion S?V+1 < §2N+3 induces a map

EI;N = @ Q<7Max> ©® Q<UN ® '7min> — EI;N_H-
YEP(Ra)

which is the identity on the first factor and zero on the second factor. Taking
the direct limit over the inclusion S?N+1 < §2N+3 we have

SH51’+(W;@) _ lii)llEl;N _ @ Q<'Y>
N YEP(R.)
]

Remark 3.7. Stricto sensu, in the proof of the above Theorem, we have
assumed that the orbits are contractible. Nonetheless Theorem 1.1 is true
after extending the definition of SHS"»*(H) to all 1-periodic orbits of H. To
deal with non contractible orbits, one chooses for any free homotopy class
of loops a, a representative [, and one chooses a trivialisation of the tangent
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space along that curve. For the free homotopy class of a contractible loop, g
is chosen to be constant loop with constant trivialisation. One ask moreover
that [,-1 is [, in the reverse order and with the corresponding trivialisation.
The action functional induced by a Hamiltonian H becomes

A(y) = — / wo— [ HO,4(0)d0
[0,1]x S* st

where u : [0,1] x S — W is a homotopy from I, to 7. For any loop ~y belong-
ing to the free homotopy class a, one chooses a homotopy u : [0,1] x St — W
from [, to v and one considers the trivialisation of TW on ~ induced by u
and by the choice of the trivialisation along [,. Let us observe that any
Floer trajectory can only link two orbits in the same free homotopy class
and as before, the action decreases along Floer trajectories. As before, the
Floer complex is generated by the 1-periodic orbits of H graded by minus
their Conley-Zehnder index. The differential “counts” Floer trajectories be-
tween two orbits whose difference of grading is 1. The positive version of
symplectic homology is defined as before since the set of critical points of
H is still a subcomplex : Floer trajectories can only link a critical point to
a contractible orbit. All the results stated above extend to this framework.

Corollary 3.8. The only generators that may appear in the positive S'-
equivariant homology are of the form u® ® Y\iax with Yax a good orbit.

Corollary 3.9. The number of good periodic Reeb orbits of periods < T is
bounded below by the rank of the positive S*-equivariant symplectic homology
of action <T.

4. Structural properties of symplectic homology
4.1. Transfer morphism for symplectic homology

In this section, we prove that symplectic homology, positive symplectic
homology, S'-equivariant symplectic homology and positive S'-equivariant
symplectic homology are functors (reversing the arrows) defined on the cat-
egory where objects are Liouville domains, and morphisms are embeddings.
Precisely, we construct a morphism between the (S'- equivariant positive)
symplectic homologies when one Liouville domain is embedded in another
one, and we show that those morphisms compose nicely. Such a morphism,
called a transfer morphism, has been studied by Viterbo [30] in the case of
the symplectic homology. We adapt his construction to extend it to all the
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variants of the symplectic homology considered above. We consider a Liou-
ville domain (W, A) and its completion W = W U (W x R¥) built from the
flow of the Liouville vector field X as in Definition 2.1. We denote by A the
1-form on W defined by A on W and by e’a on OW x RT with a := Aoy -
We denote by SHT(W, \) its symplectic homology SHT(W,d\, X).

Definition 4.1. Let (V,\y) and (W, Ay) be two Liouville domains. A Li-
ouville embedding j : (V,A\y) — (W, Adw ) is a symplectic embedding j : V' —
W with V and W of codimension 0 such that j*Ay = Ay. (One can con-
sider, more generally, a symplectic embedding j of codimension 0 such that
Aw coincides in a neighbourhood of j(0V) in W with A+ df.)

To construct transfer morphisms, we introduce a special class of Hamil-
tomans /Hstaw(V W) and we use, as in [30], increasing homotopies between
SIx W s Re Hsta(W) and an Hy : St x W —Rin Hstair(V, W).

Definition 4.2. We fix a neighbourhood U of 8V in W \ V so that (U, wyy)
is symplectomorphic to (OV x [O 8], d(efay)).
A Hamiltonian Hs : S x W — Ris in Hstair (V, W) if and only if

e on S' x V, Hy is negative and C?-small;

e on St x U =St x 9V x [0,6], with p the last coordinate, Hj is of the

following form

— there exists 0 < pp < ¢ such that Hy(0,p, p) = Be? + [ for pg <
p <06 — po, with 0 < 8 ¢ Spec(dV, a) U Spec(0W, ) and 8’ € R;

— Hs(0,p, p) is C%-close on S x OV x [0, pg] to a convex increasing
function of e” which is independent of 6 and p;

— Hs(0, p, p) is C?-close on St x OV x [§ — po, §] to a concave increas-
ing function of e” which is independent of 6 and p;

e on S' x W\ (VUU), Hy is C%-close to a constant;

e on S x OW x [0, +oo], with p’ the R coordinate on OW x R* Hj is
of the following form
— there exists pj > 0 such that Hy(0,p,p’) = pe” + p' for p' > ph,
with 0 < p ¢ Spec(9V, o) U Spec(OW, o), pu < ’8( = Blezb) ) e R;
— Hs(0,p, p') is C%-close on St x 9W x]0, p/] to a concave increasing
function of e which is independent of 6 and p;

e all 1-periodic orbits of X%z are non-degenerate, i.e the Poincaré return
map has no eigenvalue equal to 1.
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Hy
S II1 ’V
[
A S —
-_—

Figure 1: Example of Hy on w.

A representation of Hs is given in Figure 1.

The 1-periodic orbits of Hy lie either in the interior V (which we call
region I), either in OV x [0, po] (region II), either in OV x [§ — po,d] (re-
gion III), either in W\ (V UU) (region IV) or in 0W x [0, p1] (region V).
We consider their action (using the obvious fact that if H and H are two
C?%-close Hamiltonians and if v € P(H) and 5 € P(H) are C%-close, then
A(7) is close to A(%).)

I. In region I, there are only critical points so the action of the critical
point ¢ is non negative and small (< ¢).

I1. In region II, Hy is C?-close to a convex function H = h(r) (with r =
ef); since wy = d(ray), we have Xy = —h/(r)R,, where Ry, is the
Reeb vector field on 9V associated to the contact form ay = Ay, .
An orbit of Xy lies on a constant level for r and its action is given by:

Ay == [ )= [ 1608 =~ [ rav(H0)Re,) <)
=N(r)r — h(r).

Since pg is small we have e” ~ 1 and h(e”) ~ 0, so the actions of 1-
periodic orbits of Hs in this region are close to the periods of closed
orbits of the Reeb vector field on the boundary of V' of periods T' <
and they are greater than e.

ITI. Inregion III, the computation is similar to the case of region IT: A(vy,)
is equal to h/(r)r — h(r) which is less than €’8 — (e° — ) = /3°.

5The author is grateful to Oleg Lazarev who pointed out a mistake in an earlier
computation
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IV. In region 1V, there are only critical points so the action of the critical
point ¢ is given by —Hy(g) which is close to —(e?f — f3).

V. In region V, the computation of the action is similar to the case of
region II: A(y) is close to h/(r)r — h(r) with r = e”’. Observe that
here the 1-periodic orbits are close to 1-periodic orbits of —h/(1)Ra,,
where now R, is the Reeb vector field on OW. The action of any
1-periodic orbit of Hs in this region is close to e” T’ — h(e”") where T’
is the period of a closed orbit of the Reeb vector field on the boundary
of W with 7" < p and thus the action is < pe® — B(e® — 1) < 0.

So, for nice parameters (for instance pj < ), we have
AIV) < AV) <0< A(D) < e < A(I1).

There are no Floer trajectories from III to I or II by [12, Lemma 2.3].
We denote by CIV-IILVI(H, J) the subcomplex of the Floer complex for
Hs generated by critical orbits lying in regions IV, III, V, and I and by
CIVIILV (F,. J) the subcomplex of the Floer complex for Ho generated by
critical orbits lying in regions IV, IIT and V. We have the identifications:

CI,II(HQ,J) _ CIV,III,V,I,H(HQ,J)/CIV,HI,V(H2 J)
CH(Hy,J) = CIVHILV-LIL J)/CIV,HI,V,I(H2 J)

We have subcomplexes using the fact that the action decreases along Floer
trajectories, and using [12, Lemma 2.3]. The Floer differential passes to
the quotient where we still denote it 0. Remark that the function Hs is
not in Hsa(V). We want to relate the homology of (C1-//(Ha, J),d) to the
homology of a function in Hgq (V).

Definition 4.3. Let Hy € Hgpair(V, W); we denote by  the slope of the
linear part close to 9V, as in Definition 4.2. We associate to Hy the function
denoted H = 1y (Hs) € Hgq(V), defined on S x V', which coincides with
Hy on VU (OV x [0,0 — po]) and which is linear with slope § “further” in
the completion: H(6,e?) = Bp+ (' for all p > & — po.

Proposition 4.4. Let Hy be an function in Hgpir and let H = vy Hy be
the associated function in Hq(V') as defined above. We assume furthermore
that the Hamiltonians are generic in the sense that the homologies are well-

defined for a good choice of J’s. Then

H(CM (Hy, J),0) = H(SC(H,J)) and H(C' (Hy, J),0) = H(SCT(H, J)).
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Proof. We need to check that there is no Floer trajectory u: R x St — 1%
going from an orbit in CH (vesp. 1) to an orbit in CH!! (resp. C11) with
points in W\ (U U V). We prove it by contradiction, as a direct application
of Abouzaid maximum principle which we prove below as Theorem 4.5.
Assume that u: R x S — W is a Floer trajectory whose image intersects
W\ (U U V). We consider the intersection of the image with a slice OV x {p}
for any po < p <9 — po and we choose a regular value py + € of powu. The
manifold W’ := W\ (V U (9V x [0, po + €[)) is symplectic with contact type
with boundary 0V x {pg + €} and Liouville vector field pointing inwards.
Let S be the inverse image of W’ under the map u; it is a compact Riemann
surface with boundary; the complex structure j is the restriction to S of
the complex structure j on the cylinder defined by j(9s) = 0p. We define
B to be the restriction of df to S. The fact that u is a Floer trajectory is
equivalent to (du — Xy ® 8)*! := L ((du — Xg ® B) + J(du — Xy ® B)j) =
0, where du is the differential of the map u viewed as a section of T*S ®
w*TW'. Then part a of Theorem 4.5, which is slight generalisation of a
theorem of Abouzaid, concludes. O

Theorem 4.5 (Abouzaid, [25]). Let (W',w’ = dX') be an exact symplec-
tic manifold with contact type boundary OW', such that the Liouville vector
field points inwards. Let p be the coordinate near OW' defined by the flow
of the Liouville vector field starting from the boundary and let r := e”; near
the boundary the symplectic form writes w' = d(ra) with « the contact form
on OW' given by the restriction of X'. Let J be a compatible almost complex
structure such that J*\' = dr on the boundary.

a) Let H : W' — R be non negative, and such that H = h(r) where h is a
convex increasing function near the boundary. Let S be a compact Riemann
surface with boundary and let B be a 1-form such that dS > 0. Then any
solution u: S — W' of (du — Xy ® 8)% = 0 with u(dS) C OW' is entirely
contained in OW'.

b) Let H:RxS'x W' =R be an increasing homotopy, such that
H(s,0,p,p) = Hl(p,p) = hs(r) where hy are convex increasing functions
near the boundary. Let S be a compact Riemann surface with boundary em-
bedded in the cylinder (R x S* with the standard structure). Then any so-
lution u: S — W' of (du — Xy, ® d9)*! =0 with u(0S) C OW' is entirely
contained in OW'.

Proof. Proof of part a. The energy of a map u : S — W' is defined as E(u) :=
: Js lldu — X @ B|[*vols where du is viewed as a section of T*S @ uw*TW'.
If s+t is a local holomorphic coordinate on S, so that j(ds) = d; and
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volg = ds N dt we have

1
Slldu—Xn @ B||*vols
=W (Osu — Xy B(0s),0u — Xy B(0y))ds A dt
= (W' (Osu, Opu) — dH (0pu) B(0s) + dH (0su)B(0y)) ds A dt
=u*w' +u(dH) A B.
It is obviously non negative for any path. Since d(u*HfS) = u*(dH) A f +
uw*Hdf, we have
——

>0
E(u) = / w*dN +u*(dH) A 3
S

< /S A X) + W HY) < [ N =N (X

since H = h(r) < rh/(r) = raa(shl(r)Ra) = —X(Xp) on u(dS) C oV

- / N(du — X5 @ 8)
as

= / ~NJ(du— Xy ®pB)j  since (du— Xy @ B)™ =0
as

= / —dr(du — Xy ® B)j since J*N = dr along u(dS) C oW’
as

= / —drduj since dr vanishes on Xy on u(9S) C OW'.
as

Let v be the outward normal direction along 9S. Then (v, jv) is an oriented
frame, so 0S5 is oriented by jv. Now dr(du)j(jv) = d(r o u)(—v) > 0 since
in the inward direction, —v, r o u can only increase because 7 is minimum
on OW'. So E(u) < 0 hence F(u) = 0. This implies that du — Xy ® 8 =0
which shows that the image of du is in the span of X which is the span of
R, € TOW' on OW'. Hence the image of u is entirely in contained in OW’.

Proof of part b. The proof starts as above. The energy of u is non negative
and given by

1
E(u) := 2/ |du — Xp, ® db||*vols = / w*w' + u*(dH?) A db.
S S
We have w*(dH?) A df = d(u*H) A df — u*dsH ds A df, for v/ : S — R x
—_——

>0
S1 x W' which maps an element (6,s) € S to the element (s,0,u(6,s)).
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Hence
EXu):L/1ﬁdA“+u*QU¥)Ad0
S
g/dwuﬂ+advmm
S

g/'mx—xuﬂme
oS

using Stokes’s theorem and
H = hy(r) < ra(h,(r)Rs) = =N (Xu,) on u(dS) C 9V

= [ N(du- Xy, ®df)
oS

and the proof proceeds as in part a. O

For any element H; € Hgq(WW), one can consider an element in Hy €
Hstair (V, W) such tth H; and Hj coincide “far in the completion”, i.e.
on OW x [ph, +oo[C W. Let H = 1y (Ha2) € Hsta(V). We want to build a
morphism from the homology defined by H; to the homology defined by
H. We shall first construct a morphism in the homology defined by Hs.
With H; € Hgtq(W) and Hy € Hgpair (V, W) as above, we can consider an
increasing homotopy Hy, s € R, between H; and Ho, i.e d%Hs > 0, with the
property that there exists sg such that Hy = Hy for s < —sg and Hy = Ho
for s > s9p. We define a morphism SC(Hy,J;) — SC(Hs,J2) by counting
Floer trajectories for the homotopy. Denote by M (71,72 , H, Js) the space
of Floer trajectories from 71 to 2 i.e maps u : R x S' — W such that:

(4.1) Asu+ J¢ o u(Opu — X ou) =0

with limgs oo u(s, ) = 71(+) and lims_,o0 u(s, ) = y2(-). It is proven in [18,
24] that for a generic choice of the pair (Hy, J5), the spaces M(y1, 72, Hs, Js)
are manifolds of dimension pcz(v2) — peoz(71) for any 1 in P(Hy) and o
in P(Hs). Let us observe that there is no general R-action on this space.
The homotopy H, gives rise to a morphism

¢, : SC(Hy, J1) = SC(Ha, o) tyi > Y #M(y,v2, He, Jo)r

Y2 €P(H>2)
peoz(y2)=poz(11)

where the count involves, as always, signs. The study of the boundary
of a space of Floer trajectories M(y1,72, Hs, Js) for v1 € P(Hy) and ~, €
P(Hs) such that ucz(v1) = poz(y2) + 1 shows that the morphism ¢g, is
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a chain map, hence induces a morphism in homology, still denoted ¢g. :
SH(Hy,J) — SH(Hgz,J). The homotopy of homotopies theorem shows that
¢n. is independent of the choice of the homotopy; hence we denote it by
QH, H, -

Definition 4.6. Given an element H; in Hgq(W), consider an element
Hy € Hspair(V, W) such that H; and Hs coincide “far in the completion”,
and let H = 1y (Ha) € Hsia(V'). We define the transfer morphism

SH(Hy, J) — SH(H,J') = SH(H, J)/ g r<-n( . )
= H(C"'(Hy, J),0)

which is the composition of ¢y, y, followed by the natural projection.
The action decreases along Floer trajectories, so this maps SH=¢(Hy, J)
to

+ AN <e _ 17
SH™(H,J') = SH>(H2,J),0)/ gg<-n(H,, 1),0) = H(C (Hs, J),0)
and induces a transfer morphism for the positive homology
SH*(Hy,J) — SHY(H,J') = H(C'" (H>, J),0).

With our identification, the map is obtained by counting solutions of equa-
tion (4.1) going from a 1-periodic orbit of Xy, to a 1-periodic orbit of X,
lying in region I or I1.

The homotopy of homotopies theorem shows that the map does not
depend on the choice of stair function Hs such that ¢y Hy = H and such
that Hy and Hs coincide far in the completion; we shall denote it qbgl.
It also shows that the map ¢p, g, commutes with continuation, i.e if p; :
SH(H,) — SH(H}) is a continuation for H; and ps : SH(Hy) — SH(HY)
is a continuation for Hy then ¢y g 0 p1 = p2 0 ¢u, . H,.

Proposition 4.7. The transfer map d)ﬁl : SH(H,,J) — SH(H,J") com-
mutes with continuations.

Proof. To show this, we still have to show that a continuation map built in
W from SH(Hs,J) to SH(HY,J'), defined by an increasing homotopy Hj :
SUx W — R, induces a continuation map in V' from SH(H = vy (H2),J) to
SH(H' = vy (H)),J'). For this, it is enough to check that there is no Floer
trajectory corresponding to the homotopy, i.e. u: R x St — W solution of
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(4.1) going from an orbit in C-/1(Hy,.J) (resp. qI(HQ, J)) to an orbit in
CHI(HY, J") (vesp. CT(HS, J")) with points in W\ (U U V). We prove it
by contradiction, proceeding as in the proof of Proposition 4.4, using the
generalized Abouzaid maximum principle proven in part b of Theorem 4.5.
Assume that u: R x S — W is a Floer trajectory whose image intersects
W\ (U U V). We consider the intersection of the image with a slice 9V x {p}
for any po < p < — po and we choose a regular value pg + € of powu. The
manifold W' := W\ (V U (V x [0, po + €[)) is symplectic with contact type
with boundary 9V x {pg + €} and the Liouville vector field pointing inwards.
Let S be the inverse image of W’ under the map u; it is a compact Riemann
surface embedded in the cylinder with boundary; the complex structure j
is the restriction to S of the complex structure j on the cylinder defined
by 7(0s) = 0p. The fact that u is a Floer trajectory is equivalent to (du —
Xpg, ®df)™ =1 ((du— Xp, ®df) + J(du — X, ® df)j) = 0, where du is
the differential of the map u viewed as a section of T*S ® u*TW'. Then part
b of Theorem 4.5 concludes. O

Corollary 4.8. The maps { ¢35 } induce a transfer map: pw,yv : SH(W, Aw)
— SH(V,\v) and, on the quotient, the morphism ¢+ = ¢‘J,“V’V : SHT(W, A\w)
— SH+ (V, Av).

Theorem 4.9 (Composition). Let (Vi, A\y;) C (Va, Av,) C (Vs, Ay, ) be Li-
ouville domains with Liouville embeddings. Then the following diagram com-
mutes:

o7 oF

(4.2) SH*(Vs, Ay,) —=2 P SH+(VQ,AV2) oy SH*(Vi,\v,)

Proof. The proof results from the comparison of a count of Floer trajecto-
ries. On one hand, one counts Floer trajectories corresponding to an increas-
ing homotopy Hi3, going from a 1-periodic orbit of Xy, for an admissible
Hamiltonian H; on S! x V3 to the C'11 part of a stair Hamiltonian Hj
with two “steps”. On the other hand, one counts trajectories relative to the
composition of two increasing homotopies, His going from H; to Hs (a stair
Hamiltonian with one step) and Hss going from Hjy to Hs. The property is
a consequence of the composition of homotopies. O



SHS"F as an invariant for some contact manifolds 1049

4.2. Transfer morphism for S'-equivariant symplectic homology

We extend the definition of the transfer morphisms of the previous section
to Sl-equivariant and positive S'-equivariant symplectic homology. We con-
sider two embedded Liouville domains (V, Ay) C (W, A\w) and we want to de-
fine a morphism SHS (W, \y) — SH®' (V, \y). We start with autonomous
Hamiltonians H in Hgq, we do small Morse Bott type deformations Hjg
and then lift those to S'-equivariant functions H év . In this setting, the S'-
equivariant symplectic homology can be computed by the simplified complex
as described in Sections 3.1 and 3.2 :

SCY' (Hy) := Zlu] ®z SC.(Hs)

with differential 95" = 0o+ u"tpr +u"2py + - - - where the maps pj counts
Floer trajectories for parametrized Hamiltonians going from S - (y~, z;) to
St (yF, z) with z; the critical point of f of index —2j.

The action of the element represented by uf ® v is very close to the
action of 7. To define transfer morphisms, we start with an autonomous
Hamiltonian H; in Hgq(W) and an autonomous Hy in Hgair (W), and we
do small Morse Bott type deformations His et Hos5. We define as in the
previous section the subcomplex Z[u] @z (CT1HIV-V (Hys)) corresponding to
points with negative action and elements in region 171, and we identify the
quotient Z[u] @z SCx(Has)/Z[u] @7 (CTILIVV (Hyg)) to Zlu] @z O ( Hys).
We consider the Hamiltonian vy Has in Hgpq(

Proposition 4.10. For § small enough, the S' equivariant homology of the
quotients coincide with the S' equivariant homology of the small domain.:

H(Zu] ®z CTM (Hys),0) = H(SC(Z[u] @z SC(1v Has)))
H(Zu) ®z CM (Has),0) = H(SCT(Z[u] @7 SC(1y Has)))

Proof. What remains to be checked is again there is no parametrized Floer
trajectory u: R x S — W going from an orbit in CT1(Hys) to an orbit
in g]’II(Hg(;) with points in W\ (U U V); this is due to the decomposition
of &' mentioned above. This is proven by contradiction. If there was a
parametrized trajectory going from an orbit in CT 1 (Hys) to an orbit in
CT1(Hys) with points in W\ (U U V) for all §’s, then, by a theorem of
Bourgeois and Oancea [3, Proposition 4.7], there would be such a broken
trajectory for the autonomous Hamiltonian and we have proven in Proposi-
tion 4.4 that this can not exist. U
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To get a transfer map, we use an autonomous increasing homotopy between
Hy and H> and we deform it into an increasing homotopy between His and
Hys; this induces a map

Z[u] X7z SC*(HM) — Z[u] X7z SC*(HQ(;)

This map decreases the action (which is defined on the second factor) and
commutes with the differential so it induces a map on the quotient

H((Z[u] ®z SC4(H15,0)) — H(Z[u] ®z C'(Has),0).
This commutes with continuation maps.

Proposition 4.11. For § small enough, a continuation map in the homol-
ogy defined from an Hss induces a continuation continuation map in the
homology defined from vy Hog.

Proof. One checks again that there is no parametrized Floer trajectory, cor-
responding to a homotopy, going from an orbit in CT1(Hys) to an orbit
in CH(HLs) with points in W\ (U UV). This is done as in the former
proposition, using the fact that the existence of such a trajectory for all §’s
would imply the existence of such a broken trajectory for the autonomous
Hamiltonian and we have proven in Proposition 4.7 that this can not exist.

O
We thus get a transfer morphism
Oy o SHY (W, \w) — SHY (V, Av).
and, on the quotient, the morphism
o5 = oyt L SHYT (W, ) — SH (V. ).
By the same arguments as before, those morphisms compose nicely.

Theorem 4.12 (Composition). Let (Vi,Ay;) C (Va, Ay,) C (Va, Ay,) be
Liouville domains with Liouville embeddings. Then the following diagram
commautes:

s+ st 4+
¢V3,v2 ¢V2:V1

(4.3) SHS (Vs \y,) —= SHS " (Va, \y,) —= SHS (Vi \y,).

st +
¢V3wV1
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4.3. Invariance of symplectic homology

In this section, we study the invariance of the (S!-equivariant) positive sym-
plectic homology with respect to the choice of the Liouville vector field in
a neighbourhood of the boundary. This has been studied by Viterbo [30],
Cieliebak [8] and Seidel [28] in the case of the symplectic homology.

Lemma 4.13. Let (W,w, X) be a compact symplectic manifold with contact
type boundary and let k be a positive real number. Then SHT(W,w, X) =
SHT(VV, kw, X), where 1 denotes any of the variants that we have considered
0,4, S or (S, +).

Proof. The symplectic completions are (W, w) and (W, k@w); the chain com-
plexes for a pair (H,J) on (W,%) and the pair (kH,J) on (W, kW) are
the same, since the 1 periodic orbits are the same, and the Floer trajecto-
ries satisfy the same equations; indeed X% = X ,’jﬁ Similarly, continuation
maps are equivalent taking as homotopies Hs; and kH,. The result follows,
observing that kH form a cofinal family. O

For positive or S!-equivariant positive homology, we assume that (W,w, X)
is a Liouville domain.

Lemma 4.14. Let (W w,X) and (W' W', X’") be two compact symplec-
tic manifolds with contact type boundary. If there exists a symplectomor-
phism ¢ : W — W' such that o(OW) = OW’, and such that p.(X) = X' on
a neighbourhood of OW then SHT(W,w, X) = SHT(W',w', X').

Proof. We can extend ¢ to a symplectomorphism Q: W — W of the com-
pletions. For J’ an almost complex structure on W', we take the correspond-

ing almost complex structure J on W defined by J, := @;1 o ngﬁ(z) © @y, and

if H' is a Hamiltonian on W' , we take the Hamiltonian H on W defined by
H := p*H'. Then the 1 periodic orbirs are in bijection and so are the Floer
trajectories. The subfamily {$* H'} of Hamiltonians is cofinal hence the con-
clusion. O

Lemma 4.15. Let (W, \) be a Liouville domain. Then for all R € R™, we
have

SHY(W,\) = SHT(W U (oW x [0, R]), X)

where the 1-form X' on OW x [0, R] is the restriction of the 1-form X, thus
(ePa) with o := X, -
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Proof. Denote by ;X the flow of X; since LxA = A we have cth*)\ = el
This gives a symplectomorphism

o+ (Wefw) = (WU (OW x [0, R]),w’)

mapping the boundary W to the boundary {R} x W and such that
cpg *\ = e\, One concludes by the two lemmas above.

Explicitly, the diffeomorphism gog W =W maps Hamiltonian vector
fields as follows : (%)« (Xg) = Xy when H' = e~ (% )" H; hence o3 gives
a bijection between 1-periodic orbits of Xz and 1-periodic orbits of Xy,
and, with suitable choices of J’s, a bijection between Floer trajectories be-
tween 1-periodic orbits of Xg and Floer trajectories between 1-periodic
orbits of Xg. Hence it yields an isomorphism

SHY (W, e (pp) H) =2 SHY (W U (OW x [0, R]), H).

Furthermore, the diffeomorphism cpg intertwines a continuation morphism
defined by a homotopy H. to the corresponding continuation morphism
defined by H, when again H. = e~ %(p%)*H,. This yields the isomorphism
mentioned above. O

Lemma 4.16. The transfer morphism
SHT(W U (W x [0, R]),\) = SHT(W, \)

s an isomorphism; it coincides with the natural identification of Lemma

4.15.

Proof. Let H be an admissible Hamiltonian for W U (9W x [0, R]). Consider
the homotopy H} := e*f(s)goif(s)*f-[ with f : R — [0, R] a smooth function so
that H} = H for large negative s and H! = H := e (o )* H for large posi-
tive s. The set of 1 periodic orbits for H} is constant (since, as in the Lemma
above, the diffeomorphism cpif(s) of the completion is a bijection between 1-
periodic orbits of Xz and 1-periodic orbits of X ). This homotopy defines
the “transfer morphism”

¢: SH(W U (AW x [0,R]),H) — SH(W, H).

Let {H{},c[01] be a family of homotopies (with non fixed endpoint) such
that H? is the constant homotopy H? = H for all s, and such that all HY

are of the form e_f,(sm)(pjf,(s n)*H with f'(.,n) : R — [0,nR] and f'(.,1) = f.
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We have H = e‘”Rgoé(R*H = H}*l(nR)‘ The set of 1-periodic orbits of H
is in bijection with the set of orbits of H. We consider, for a given 7, the
space of Floer trajectories

M(H], JY) = U M AL HY, D)
(Y1 ADEP(HT )XP(H] L)
pez(Y!)=pcz(v})

and the parametrized moduli space M({H{,J{}) := Une[o’u./\/l(Hg,Jg),
which could have boundaries for some 7 # 0, 1. It defines a cobordism be-
tween M(H?,J?) and M(H}, J!). Now M(H?, J?) = M(H,J) is the space
of constant trajectories { u(s,-) =v0(-) |70 € P(H)}. Thus for small n’s, say
n < no, the cobordism is a bijection, M(H¢, J¢) consists of exactly one Floer
trajectory starting from each orbit in P(H) and arriving at the correspond-
ing orbit in P(H.,). The morphism induced by H{ is thus the natural

identification of periodic orbits. Hence the transfer
¢ SH(W U (@OW x [0,R]), H) — SH(W U (dW x [0, R — €]), e“pX " H)

is the natural identification for € = ng R. Now we use the flow of the Liouville
vector field, X, to carry all this construction further and we get the natural
identification as the transfer morphism

¢: SH(W U (W x [0,R — €]),ep*H)
— SH(W U (0W x [0, R — 2¢]), > %" H).

By induction and functoriality, we get the result. O

Lemma 4.17. Let W be a compact symplectic manifold with contact type
boundary. Let M, t € [0,1] be an isotopy of Liowville forms on W such
that in a neighbourhood U of the boundary, A\; = No. Then SHT(W, \g) =
SHT(W,\1).

Proof. Remark that we do not require the d)\; to be equal. We define the

time dependent vector field X; by ¢(Xs)(dAs) = —(%)\(t)h) and we denote

by ¢ its flow. In the neighbourhood U, the vector field vanishes, Xs = 0,

and so p7A1 = A1 = Ag on U . Furthermore ¢7d\; = d\g because %gof)\t
@2(% ) +iLx A = d(gp;f ()\S(Xs))>. This implies that the completions

for \g and %)\ are the same, therefore, by Lemma 4.14, SHT(W,\;) =
SHT(W,@tAy) = SHE (W, ). 0
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oW x {p}

fH oW x {p1}) FHOW x {p})

Figure 2: The choice of py, p1, py and pf.

Theorem 4.18. Let W be a compact symplectic manifold with contact type
boundary. Let A, t € [0,1] be a homotopy of Liouville forms on W. Then

SHT(W, o) = SHT(W, \y).

To prove this Proposition, we use the following Proposition from
Cieliebak and Eliashberg:

Proposition 4.19 ([9], Proposition 11.8). Let W be a compact symplec-
tic manifold with contact type boundary. Let A, t € [0, 1] be a homotopy of
Liouville forms on W. Then there exists a diffeomorphism of the completions
f: Wo — W1 such that f*/\1 /\0 = dg where g is a compactly supported
function.

Proof of Theorem 4.18. There exists a real pg > 0 such that supp(g) C W U
(OW % [0, po]). We choose positive real numbers pi, p; and p} such that
YW U (OW x [0, p1]) contains W U (OW x [0, po)),

WU (W x [0,p1])) € WU (OW x [0,p0]) and
WU (OW x [0, pg]) € f~H(W U (OW x [0, pi])).-

The situation is represented in Figure 2. The diffeomorphism f and the flow
of X7 on W7 give

(f7HW U OW x [0, p1))), f*A7) 2= (W U (OW x [0, p1), A1) = (W, e” M),
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The completion of (f~1(W U (OW x [0, p1])), f*ﬁ) coincides with (WO,XE)
since close to the boundary f, Xy = X;1. We have

SH(W,\) = SH(W U (OW x [0 pl]),)\l) y Lemma 4.15
=SH (f (WU (OW x [0,0])), f* >\1) by Lemma 4.14
~SH (f (WU (OW x [0, p1])), o+ dg) by Proposition 4.19
=~ SH(f~Y (WU (W x [0,p1])) =: Wi, Ag) by Lemma 4.17.

Denoting by gpf(" the flow of Xy and by Wy the manifold W U (OW x
0, pol), we have X0 (W) = f~1(W U (OW [0, i) and X0 (W) =
W U (OW x [0, p]). Using the functoriality of the transfer morphism, we get

~

— —_ /m —_
SH(gp , (W), Ao) —= SH(py, (Wo), Ao) ——= SH (W1, Ag) — SH(Wo, Xo);
1 ¥/

~

therefore SH (W, A1) = SH(Wy, \o) = SH(Wy, o) = SH(W, \o). O

Seidel in [28] has extended the definition of symplectic homology (and
all its variants) to Liouville manifolds.

Definition 4.20 (see for instance [9]). A Liouwville manifold is an exact
symplectic manifold (W, w, X), where the vector field X is an expanding
Liouville vector field, i.e £yw = w and ¢; w = efw such that the vector field
X is complete and the manifold is convex in the sense that there exists
an exhaustion W = Uz‘;ka by compact domains Wy C W with smooth
boundaries along which X is outward pointing.

In the following we will denote a Liouville manifold either by (W, w, X) or
by (W, \ == t(X)w). The set Skel(V,w, X) := s>, Niwo ¢ (WF) is called
the skeleton of the Liouville manifold (W,w, X). It is independent of the
choice of the exhausting sequence of compact sets W*. A Liouville manifold
(W,w, X) is said to be of finite type if its skeleton is compact. Every finite

type Liouville manifold is the completion of a Liouville domain®.

Definition 4.21 ([28]). Let (W,w, X) be a Liouville manifold non nec-
essarily of finite type and let W* be an exhaustion by compact domains
Wi € W with smooth boundaries along which X is outward pointing such

6We refer to the book by Cieliebak and Eliashberg for more details, [9, Chapter 11]
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that W* c W**1, The symplectic homology (and its variants) of (W, \) is
defined as the inverse limit of the symplectic homologies of (W*, )\|Wk)

SHY(W,A) :=lim SH(WF X\ ).
«— w

The morphisms appearing in this inverse limit are the transfer morphisms.
This definition is independent of the chosen exhaustion. Remark that in
the case of finite type Liouville manifolds, this definition coincides with the
previous one.

Proposition 4.22. Let (Wp, \g) and (W1, A1) be two Liouville manifolds
not necessarily of finite type. Assume there exists an exact symplectomor-
phism f: Wy — W1 i.e. such that f* 1 — Ao = dg with g a function on Wy.
Then SHT(W(),)\()) = SHT(Wl,)\l).

Proof. Let W} be an exhaustion for Wy and WF be an exhaustion for W,
such that for all &,

Wy C foH W) cwgtt

where the inclusion at each level means the inclusion in the interior of the
next compact space. Let n be a smooth function n : Wy — [0, 1] such that
n =1 in a neighbourhood of u,gglf—l(awlk) and 17 = 0 in a neighbourhood
of U2 OWE. We define the 1-form A := Ao + d(ng) on Wy. We have

SH(WE,No) =2 SHWE, ) and  SH(WF,\) = SH(fH(WF),\).

The functoriality of the transfer morphism implies that the following dia-
gram is commutative:

G Lkt A —_— T
== SH(f (W) —— SHWET N) — SH(f (W), \) —= SH(WE,\) —= - -
R G \—/

Therefore,
o~ k o1 k
SH(Wo, Ao) = lmSH (Wy', Ao) = TimSH (Wy', A)
~ T —1 ik ~ T k
= limSH(f~' (W), ) = hmSH (WY, i)
= @SH(W{“, A1) = SH(Wp, \p).

The above result may be extended thanks to the following Lemma:
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Lemma 4.23 ([2], see also [9], Lemma 11.2). Any symplectomorphism
between finite type Liouville manifolds f : (Wo, Ao) — (W1, A1) is diffeotopic
to an exact symplectomorphism.

We have thus proven the invariance Theorem 1.2 stated in the introduc-
tion.

4.4. Invariance of the homology of contact fillings

In this section we shall prove Theorem 1.3 giving an invariant of the contact
structure.

Lemma 4.24 ([8]). Let (at)icpo,1) be a smooth family of contact forms on
a closed manifold M of dimension 2n — 1. Then there exists R > 0 and a
non-decreasing function f : [0, R] — [0, 1] such that f =0 close to p =0 and
f =1 close to p=R and d(epaf(p)) is symplectic on M x [0, R].

Proof. The proof is a computation:

d(efay)) = e’dp Nag) + e day) + ¢ f(p)dp Ay and
n " . n—1
(d(erasi))” =ne™(dp A (g + £ (P)agip) A (dagy)" ™)

thus d(epaf(p)) is symplectic if and only if (af(p) + f’(p)o'zf(p)) (Raf(p)) > 0.
This is true if f’ is small.

Lemma 4.25. If (M,§) is a compact contact manifold which is exactly
fillable by a Liouville domain (W, \g) (i.e. OW = M and & = ker ag where
oy = )\o’M) then, for any contact form oy such that & =keray (and oy
defines the same orientation on M ), there exists a homotopy of Liouville

form As,s € [0,1] on W such that A\

M:al.

Proof. Since a1 = e9ay, for a smooth function g on M, we consider the
smooth family of contact forms a; = /ejg ap,t € [0, 1].

We define on W UM x [0,R] € W the 1-form X such that A = g on
M and \ = ePagy on M x [0, R] with f as in Lemma 4.24, so that dX
is symplectic. The flow go)fﬁ of the vector field Xo, where ¢(Xo)d g = \o,
induces a diffeomorphism from W U M x [0, 7] to W. The pull-back by this

flow of e~ "\ gives the desired X £lr)- O
Combining with Theorem 4.18 and Theorem 1.1, this yields
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Lemma 4.26. Let (M, &) be a contact manifold that is exactly fillable
by the Liouville domains (Wy, Ng). Assume that there exists a (oriented)
contact form &g on My such that all periodic Reeb orbits are nondegenerate
and their Conley-Zehnder index have all the same parity. Then

SHS*(Wo,x) = P Q)

’}'G'P(Rao)
where P(Rs,) denotes the set of periodic Reeb orbits on (Mo, &p).

Proof of Theorem 1.3. Given the contactomorphism ¢ : (Mo, &) — (M1,&1)
and the contact form &g, we define the form a; := (= 1)*ay; it is a contact
form on M; and its periodic orbits are non degenerate, in bijection with those
of ag. The isomorphism preserves the Conley-Zehnder index if the orbit is
null-homologous in the boundary but, in general, the isomorphism sends the
framing (trivialisation) chosen for the orbit of Rs, on a framing for the orbit
of Rgs,. There is a Z-action on the framings (corresponding to the number
of twists). For any integer number, the Conley-Zehnder index will change
by an even number (see [13, 21, 23]). We apply twice Lemma 4.26; once for
(Wo, Ao, &p) and for (W7, A\, @1). We have therefore an isomorphism between
the two graded modules with eventually shifts of degree of the generators
given by the choice of framings. O

4.5. Application : Non isomorphic contact structures on §4m+1-

A first application of our results is to give a proof of Ustilovsky’s Theorem.

Definition 4.27 (The Brieskorn spheres). The Brieskorn manifold, de-
noted X(ap,...,a,), with all a; > 2 positive integers, is defined as the in-
tersection of the umit sphere S?"*! ¢ C"*! with the singular hypersurface
{(20, -+, 2n) € CVL| 200 + - 4 28 =0} in C"HL

It is a smooth 2n — 1-dimensional manifold which admits a contact form
o= %Z?:o a;(zjdz; — Zjdz;) with corresponding Reeb vector field R, =

?

the Brieskorn manifold X(p, 2, .. ., 2) is diffeomorphic to the standard sphere
S§4m+L (7], One defines the contact structures &, on S4™*+! defined as the
kernel of the contact form «, with

(3—220, e, zn> . For any odd number n = 2m + 1 and any p = &1 mod 8,

ap = %(zod% — Zodzp) + (zjdz; — Zjdzj).

1

n

J
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The fact that the Brieskorn spheres are exactly fillable can be found, for
instance, in the book of Geiges [19].

Proposition 4.28. For p; # pa, the positive S' equivariant homologies of
symplectic fillings of the Brieskorn spheres are different.

Proof. We consider the description of the chain complex for those homologies
in terms of good periodic orbits of the Reeb vector field, graded by minus
their Conley indices. We shall show that all Conley-Zehnder indices are even.
To compute them, the first thing to do is to build an explicit perturbation
of the contact form so that all periodic Reeb orbits are non degenerate. We
proceed as in [29]. We make the change of coordinates

wa; 1 1 4 Z2;4 . .
wy = 29, W1 = 2 =— . , forj > 1;
e 1<w2j+1> \/§<1 —Z><sz+1> ’

then

m
2 2
wg +wi + ZngngjH =0, |w[ =1
Jj=1

»(p,2,...2) = we !

Consider the real positive function f : X(p,2,...2) — R given by

m

f(w) = |w\2 + ZEJ‘("U)QJ"Z — \w2j+1]2), where 0 < €; < 1.

j=1
The contact form fa defines the same contact structure on X(p,2,...2) as
« and its associated Reeb vector field is given by

Ryo(w) = (%wo, 2iw, 2i(1 4 €1)wa, 2i(1 — €1)ws,
0 2i(1F em)wn, 2i(1 — em)wn>.

If all the ¢; are irrational and linearly independent over Q, the only
periodic orbits are

Yo(t) = <re%,ir§e2it707...,0>, for r>0, P +r2=1, 0<t<pr,

+py 2it(14¢;) m _ .

7; (t)-(O,...,O,e . 7O,...,O)7 for O§t§1+6j,j— RN 15
j

— 2it(1—¢;) m _

; (t)-(O,...,O,e ,O,...,O), for OStSl ,j=1,....m

iy
241 J
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and all their iterates, 'yév , VJJTN, 'y;N, for all N > 1. Their Conley-Zehnder
index is given by

ez (W) = 2Np(n — 2) + 4N;

ver(o) =2 i oy | 22

(Pl P e

k#]

All indices have the same parity, thus applying Theorem 1.1, the S'-
equivariant positive symplectic homologies are generated by the periodic
orbits of the Reeb vector field graded by their Conley indices. If p; # po,
those positive S'-equivariant symplectic homologies are different as proven
in [29]. OJ

A more complete description of Brieskorn manifolds and computations of the
symplectic homologies can be found in the paper by Kwon and van Koert
[22].

Corollary 4.29 (Ustilovsky, [29]). For each natural number m, there
exist infinitely many pairwise non isomorphic contact structures on S*™TL,

Proof. We see that one can build contact structures on S*™*+! which are
exactly fillable, but which do not yield isomorphic SHS"* homologies of the
filling. The result then follows from Theorem 1.3. The contact structures in
question are those defined by the Brieskorn spheres as above. The fact that
the homologies are different follows from Proposition 4.28. g

5. On the minimal number of periodic Reeb orbits
We now use the properties of positive S'-equivariant symplectic homology
to get results on the minimal number of geometrically distinct periodic Reeb

orbits on some contact manifolds.

5.1. Minimal number of periodic Reeb orbits on
a hypersurface in R?"

We use the transfer morphism to give an alternative proof of a result by
Ekeland and Lasry concerning the number of simple periodic Reeb orbits
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on a hypersurface in R?", pinched between two spheres, endowed with the
restriction of the standard contact form on R?".

Theorem 5.1 (Ekeland, Lasry, [14, 15]). Let X be a contact type hyper-
surface in R?". Let & = ker av be the contact structure induced by the standard
contact form on R?™. Assume there existsnumbers 0 < Ry < Ry such that:

VeeX, Ri<|z|<Ry  with %<\/§
1

Assume also thatVx € 3, T, XN Bg, (0) = 0. Assume moreover that all peri-
odic Reeb orbits are non degenerate. Then ¥ carries at least n geometrically
distinct periodic Reeb orbits.

Remark 5.2. The assumption Vz € X, T, N B, (0) = () (which is weaker
than convexity) can be stated as

(5.1) (vs(2),2) > Ry, VzeX

where v5(z) is the exterior normal vector of ¥ at point z and (-, -) denotes
the Euclidean scalar product on R?".

Proof. We consider ellipsoids, very close to the spheres,
S, = {Zaﬁ((wi)? +(')?) = R%} and
S, = {Za;l(w +(y')*) = R%} :

with a; <--- < a, real numbers arbitrarily close to 1 and rationally in-
dependent, and we denote by S , ¥ and ST, the compact regions in R2n
bounded respectively by S% , ¥ and S, , endowed with the restriction of the
standard symplectic form w on R?". We take the parameters a; sufficiently
close to 1 so that we have the inclusion

S CEC Sy

of Liouville domains. The contact form on the boundaries is the one induced
by t(Xyaq)w, where X,..q is the radial vector field X,,q = % S 20y + y"é?yi.
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The completion of those Liouville domain is (R??,w). By Theorem 4.12, the
transfer morphisms yields the following commutative diagram:

(5.2)  SHSH(Sh, ,w) —2= SHY'+ (5, w) —= SHS + (S, ,w).
\i/

We can consider the positive S'-equivariant symplectic homology truncated

by the action at level < T, SHS" T Since all Floer trajectories inducing

the morphisms lower the action, we still have the commutative diagram for
the truncated positive invariant symplectic homology:

(5.3)  SHSHT(S] w) L SHS (S, 0) —= SHHT (S, w).
e

where we have chosen a number 7" such that
(5.4) ra,R3 < T < 2ma R3.

This is possible thanks to the “pinching” hypothesis % <2
By Theorem 1.1, SHSI’+’T(S}%2,w) is generated by n elements

0 1 0 n
U ®’7Maxv"'u ®7Max

corresponding to n simple periodic Reeb orbits on 5 ) L, ..., 4™, of action

. 1 ar . .
ma1R3, ..., ma, R3. The analogous is true for SH? ’+’T(S}%1,w) with actions
ra1 R}, ... ma, R

By (5.3), SH"T(, w) is thus of rank at least n. All applications in the
above diagrams decrease the action thus the action of each of those n gen-
erators in SHS""7T(3, w) NIm(¢) is pinched between ma; R2 and wa, R2 <
2 al R%

By Corollary 3.8, the only generators that may appear in SH517+’T(§], w)
are elements of the form u® ® YMax With v a good Reeb orbit on .

It remains to prove that the n elements in the image of ¢ are geometri-
cally distinct. By the pinching condition on their action, we know that they
are not iterate one from another but we still need to prove that two of them
can not be the iterates of a same orbit of smaller action. This we do by
proving that the smallest possible action for any periodic Reeb orbit on X
is greater than majR?. Let v :[0,7] — ¥ be a simple periodic Reeb orbit.
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We have:
T
(5.5) 2T:2/ ) ((1)) dt
7
:/0 (3(t), Jy(t))dt  since oy (Xy) = $(X,, Jx)

T ) - ] - 1 T
=A<mewmm mmww:v@—T[;wmn

< ¥l 171l
<|4l7-4 via the Wirtinger’s inequality

—/nuwﬁ—TfﬁR>wﬁ
_27'(' 0 ’7 _27T 0 Cl’y(t)

For any point z in X, the norm of the Reeb vector field is bounded by
I(Ra)z| < R%. Indeed, R, is proportional to Juvs since «(Jvy)da =0 be-
cause ((Jvs)da(Y) = w(Jvs,Y) = —(vs, Y) =0forallY € TZ Thus R, =
cJvs, with |¢| = [|Ra||. But az(Ra,) = 1 = HepJvs (), Jz) = S (vs(2), 2).
Therefore, by assumption (5.1), ¢, = W < 2 . And thus (5. 5) < 42T L.
Then 27 < 2T ﬂgff and we reach the conclusmn

T > nR3.

Hence the conclusion of the Theorem. O

We have to assume here that all periodic Reeb orbits are non degenerate;
this hypothesis is not needed in the original proof. The original proof of
Theorem 5.1 uses variational methods that work only in R?".

5.2. Reeb orbits on hypersurfaces in negative line bundles

Our framework here is a complex line bundle £ = B?" over a closed sym-
plectic manifold (B*",wg), endowed with a Hermitian structure h and a
connection V. We assume £ to be negative i.e. ¢1(L) = —k[wp] for a real
number & > 0. The transgression 1-form, ¥ € QF (L’ \ O, R) is defined by

(5.6) Oy (u) =0, 6 (iu) =5 ue L\O¢
' OV|ge =0 where HV is the horizontal distribution.

We have
doV = kr*wp.
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N =

We denote by 7 : £ — R : u > hy,)(u,u)> =: |u| the radial function on the
fiber. Observe that d(r20V) is symplectic except on the zero section Oy. We
want to have information about the minimal number of periodic orbits of
the Reeb vector field on a hypersurface in £\ O, endowed with the contact
form defined by the restriction of (r26V) to X.

Proof of Proposition 1.5. We start by determining Reeb orbits on the circle
bundle with varying radius. Let f : B — R be a smooth function. Define the
contact hypersurface

(gef ={ue L] =Y .= (r*0Y),, f).

The Reeb vector field on S,s is given by:
57 _ —2f(r(w) 25
(5.7) Ry=e 27r69—|—;Xf

where Jy is the infinitesimal rotation in the fiber (Jy at the point u identifies
with iu), where Xy is the Hamiltonian vector field on B corresponding to
the function f (i.e. «(Xf)wp = df) and where X denotes the horizontal lift
of a vector X € T B. Periodic Reeb orbits correspond to the critical points of
f. Thus, using Morse’s inequalities, we have: if 3 is a contact type hypersur-
face in £ such that the intersection of ¥ with each fiber is a circle, and if the
contact form is the restriction of 26V, then ¥ carries at least E?ZO Bi geo-
metrically distinct periodic Reeb orbits, where 3; denote the Betti numbers
of B. 0

We are now ready to prove Theorem 1.6 for a contact type hypersurface
3l in a negative line bundle £ over a symplectic manifold B, when it is
“pinched” between two circle bundles Sg, and Sg, of radii R; and Rp such
that 0 < Ry < R and % < \@, and when there exists a Liouville domain
W’ (such that its first Chern class vanishes on all tori) whose boundary
coincides with the circle bundle Sg,. We endow ¥ with the contact form «
induced by 726V on £. We assume that the minimal action of any periodic
Reeb orbit on ¥ is bounded below by R?. We also assume that there exists a
Morse function f : B — R such that the set of indices of all critical points of
f is lacunary. We want to prove that X carries at least Z?Zo B; geometrically
distinct periodic Reeb orbits.

Proof of Theorem 1.6. The proof is the same as for Theorem 5.1 using trans-
fer morphisms for Liouville domains. We see the hypersurfaces as lying in
the completion of the Liouville domain W’ which we assumed to exist. We
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find a small € so that the convex domain ¥ bounded by the hypersurface 3
is such that

Shies C X C Spyeer C W

where :9\; is the domain bounded by S;. We can compute the positive Sl
equivariant symplectic homology, which is spanned by periodic orbits of the
Reeb vector field by Theorem 1.1. This is possible by the pinching condition.
One uses then the transfer morphisms with truncated action. We have seen
that there are Zfﬁo B; simple periodic orbits on Sg, s whose actions are very
close to R? and the same number of simple periodic orbits on Sg,..r whose
actions are very close to R3. The transfer morphism imply the existence of
at least Z?Zo 3; periodic orbits on ¥ with action between R? et R%. Since
we have assumed here that the minimal action of any periodic Reeb orbit
on ¥ is bounded below by R3, those orbits are geometrically distinct. U

In this Theorem, the assumption on the existence of a Morse function all of
whose critical points have Morse indices of the same parity is of a technical
nature. Its purpose is to bring the situation within the scope of Theorem 1.1,
which is our tool for computing the positive S'-equivariant symplectic ho-
mology. The lower bound on the period of any periodic Reeb orbit is semi-
technical; it is now the only way we have to distinguish the images of the
orbits. The “pinching” assumption is more conceptual, its main implication
is that the “n first generators” of the positive S'-equivariant symplectic
homology are simple orbits.

Example 5.3 (Tautological complex line bundle over CP"!). We
consider the tautological complex (negative) line bundle over CP"~1, O(—1)
— CP" L. The corresponding disk bundle, which is the canonical disk bun-
dle over CP""!, is canonically isomorphic to the ball blown up at the ori-
gin, B2 = {(z, [t]) eC" xCP" |z €e[t] |2 < 1}. Its boundary is the
sphere, which is the boundary of the ball in C"® ~ R?" which is a Liouville
domain. The basis B = CP"~! admits the Morse function f,,_; defined ear-
lier, whose critical points have even Morse indices.

Example 5.4 (Tautological complex line bundle over the Grass-
mannian G;n) We consider the tautological complex negative line bun-
dle over the Grassmannian of oriented 2-planes in R™ (an oriented real 2-
plane being considered as a complex 1-dimensional space). The circle bundle,
which is the boundary of the corresponding disk bundle, is canonically iso-
morphic to the unit sphere bundle in the cotangent bundle 7*S™~! to the
sphere S !; indeed any element z above an oriented 2-plane 7 in this circle
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bundle represents two oriented orthonormal vectors w,v in R™ spanning 7;
this can be viewed as an element u in S"~! and an element v in T}(S"1).
This unit bundle in the cotangent bundle 7%S™~! is also the boundary of
the Liouville domain defined by all cotangent vectors of length at most 1 in
T*S"~1. The basis of our tautological complex line bundle is the Grassman-
nian G;n; when n is even, it admits the Morse function [32]

f(m) = er(utv? — u?ol) + ep(udv? — utod) 4+ - + e, (WP — WP? Y
with ¢; > ca > --- > ¢, > 0, where the oriented 2-plane 7 is generated by
the oriented orthonormal vectors u = 32" u’e; and v 2321 vle; in R?", The
critical points of f are the planes spanned by the oriented basis { e1,es },
{es,ea},....{em—1,e2n} and {esn,ean_1},...,{€a,e3},{€2,e1}; they
have Morse indices 0,2,...,2n —2,2n — 2,...,4n — 6,4n — 4 respectively.
These are all even integers.
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