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Lagrangian submanifolds at infinity and

their parametrization

SANDRO CORIASCO AND RENE SCHULZ

In this paper, we study a class of Lagrangian submanifolds which
may be viewed as intersecting at infinity. They are objects natu-
rally associated with a class of tempered oscillatory integrals. In
this context, we prove the adapted versions of the classical the-
orems, such as parametrization results, as well as equivalence of
phase functions.
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The study of Lagrangian submanifolds is an important branch in symplec-
tic geometry. One of the main motivations for their study is due to the
fundamental role they play as carriers of singularities in the global theory
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of Fourier integral operators on manifolds, see [10, 16, 19, 20]. The fun-
damental connection is that the kernels of Fourier integral operators are
Lagrangian distributions associated with a Lagrangian submanifold given
by a canonical relation.

The resulting calculus is especially well-suited for working on compact,
boundaryless manifolds, while a global theory of Fourier integral operators
on unbounded manifolds, even on R?, is far from being complete. A natural
choice of a class of pseudodifferential operators that such operators should
contain are those defined through the so-called SG-symbols, see [2, 32, 34].
There are many contributions to the long-standing problem of introducing
a suitable global calculus of SG-Fourier integral operators, see for instance
[1, 3, 4, 8]. As a key ingredient, it is desirable to understand the suitable
class of associated Lagrangian submanifolds that should be considered.

In [25, 26, 30], a geometric approach to the SG-calculus on general
asymptotically conic manifolds, the so-called scattering geometry, has been
developed. Unbounded geometries are therein viewed as manifolds with
boundary and the cotangent bundle is replaced by a rescaled and compact-
ified version, the scattering cotangent bundle. Melrose and Zworski subse-
quently introduced the so-called Legendrian distributions, see [30], which
are smoooth functions with a prescribed singularity at infinity, associated
with Legendrian submanifolds “at infinity” (see also [14, 15, 39]). On a vec-
tor space, these distributions correspond to Fourier transforms of compactly
supported Lagrangian distributions.

In [9] we discussed SG-type tempered oscillatory integrals on RY, which
are Lagrangian distributions with a suitable behaviour at infinity. It turned
out that their singularities, encoded by their SG-wave front set, may be
decomposed into two sets: one which admits an interpretation as a Lagran-
gian submanifold, and one that corresponds to a Legendrian. These sets
may thus be used as the starting point of a global theory of SG-Fourier
integral operators, and a clear understanding of their geometric properties
and local parametrization is then a necessary prerequisite.

Here we provide the details needed to start such analysis. In particular,
we introduce a class of pairs of Lagrangian-Legendrian submanifolds and
show how they can be parametrized by a class of SG-phase functions. We
then review in which sense the resulting objects are suitable to formulate
the singularities of SG-Lagrangian distributions. In future publications, we
will then establish a calculus of the associated SG-Lagrangian distributions.

The paper is organized as follows. In Section 2, we revisit some features
of the scattering geometry and outline the geometric setting in which our
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analysis takes place. Here we give our main definition of SG-Lagrangian sub-
manifold, and emphasize in which sense the components of it are Lagrangian
“at infinity” and “at co-infinity”. In Section 3 we introduce the class of phase
functions that may be used to parametrize SG-Lagrangians. We check that
such (non-degenerate) phase functions indeed give rise to SG-Lagrangian
submanifolds. In the main Parametrization Theorem 3.24 we state that the
converse is also true. That is, we may always parametrize SG-Lagrangians
by a phase function - in a suitable sense of locality. The subsequent Section 4
is devoted to the proof of the Parametrization Theorem. In Section 5 we
outline when two phase functions parametrizing the same Lagrangian may
be considered equivalent. Section 6 is devoted to reviewing some elements
of the theory of tempered oscillatory integrals from [9] and give an example
of how SG-Lagrangian submanifolds arise. Finally, for the benefit of the
reader, we collected some results on the analysis of manifolds with corners
in Appendix A.
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2. Asymptotically Euclidean manifolds and their
symplectic structure

2.1. Scattering manifolds

There are many definitions available to formulate aysmptotic flatness of
manifolds. In this subsection we give a short description of the scattering
geometry, introduced in [25, 26, 30]. Therein, an asymptotically Euclidean
manifold X is one that admits a specific compactification, in the sense that
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X may be viewed as a compact manifold with boundary X° U 0X, equipped
with a Riemannian metric g defined in the interior. In a neighbourhood of
the boundary, of the form [0, €) x X > (y,y), where 7 is a boundary defining
function, it is required that g can be written in the form

. dg®? h
1 9W,y) = — + =,
(1) (9,9) T 7

with A being a smooth symmetric 2-tensor which restricts to a metric on the
boundary. The geometry “at infinity”, identified with the boundary, is then
modelled by the scattering vector fields, that is, vector fields that are tangent
to the boundary and of bounded length w.r.t. g. These are the sections of
a vector bundle, denoted by **T'X, and are spanned by vector fields of the
form g2ag and y0y,. In fact, these vector fields, the scattering vector fields
*V, may be obtained as ¢V}, where V} are the vector fields tangent to the
boundary. Consequently, there is a natural map **T'X < TX, under which
g restricts to a well-defined tensor of **T'X | and a corresponding dual bundle
T X — °T*X.

In the next subsection we recall one way of viewing R? as a scattering
manifold.

2.2. Radial compactification

We set B = {x € R?: |z| < 1}, and denote OB¢ = S4~1, (B)° = {x € R? :
|z| < 1}, and R, = (0, 00). Pick any diffeomorphism ¢ : R — (B9)° that for

|z| > 3 is given by
1
s (-0
|| ||

Then its inverse is given, for |y| > %, by

LT +—

— ) _
Thiy e S (A=)

Y|

The map ¢ is called the radial compactification map. The associated polar
coordinates equip R? with a differential structure “at infinity”. Indeed,
introducing polar coordinates (r,¢) € R? we see that ¢ is simply given (for

!The choice of compactification is motivated by that of [12], here reformulated
in terms of scattering geometry.
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large r) by

1
(2) rb—>1—; and Y = Q.

Denote by z + [z] any smooth function RY — R, that coincides with |z| for
|z| > 3. Then, the map B? — [0, 00) given by y — m =: ¢ is a boundary
defining function, that is, a non-negative smooth function that vanishes on
and only on the boundary of B¢, and whose differential is non-vanishing
at OB?. Notice that, for |y| > 2/3, the map y + 7 is simply given by y
(1 —|y|). In a collar neighbourhood of the boundary, 0 < § < 1/3, the metric
induced by these coordinates from the standard Euclidean metric on R¢
is given by g = dg;@ + yf%, where h is the (lifted) standard metric on the
(d — 1)-sphere.

2.3. Scattering geometry at infinity

We now return to the case of a general scattering manifold. Since *°T7X is
a vector bundle, it is possible to apply radial compactification to its fibres,
resulting in an object denoted by **T*X. We denote coordinates therein by
(4,y,7,7n), where 7 is the fibre-boundary defining function. The resulting
set *°T™X carries the structure of a manifold with corners. Various elements
of the theory of manifolds with corners are recalled in Appendix A, based
on [23]. In the sequel, we will refer to its contents whenever needed.
The boundary of “T*X consists of two components,

8(SCT*X) — scS*X U SCTE%XX?

which intersect in the corner (of codimension 2) *SjxX. Here, *S™X is a
(co-)sphere bundle on X, where the (co-)sphere is interpreted as the bound-
ary of B

It is important to note that by the rescaling isomorphism % < dy, using
the boundary defining function, we have

STy X 2 Ty X.

This corresponds to the fact that the (dual) rescaling isomorphism *°V >
v — §~ v induces an isomorphism *TyxX = Tyx X. In the same way, using
7], we may identify *S*X with the usual co-sphere bundle.

Following [2], we call W := J(*T*X) the wave front space and the bound-
ary components its faces. In our model case R? the resulting space is
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WY We
“ThxX
e
XO
\
0X

Figure 1: The boundary faces and corner of *T%xX.

W = O(B? x BY). The one-dimensional case is depicted in Figure 1. Note
that it is exceptional, since OB' = SY = +1, which is not connected. We
depict the situation near the top right corner (+1,+1).

Notation. The faces of W behave in a lot of ways “symmetrically”. In
order to reflect this in a more symmetric notation, following [12], we attach to
any object defined on *°S*(X°) =: WY an index “)” and to the corresponding
one in T X =: WE an index “e”. To the corner, *SHxX =: Ww, we
attach the label “ie”. In the model case this becomes

A(B? x BY) = (S x (BY°) U ((BY)° x S47 1)U (41 x §4°1)
= W UWY UWve.

We will need to interpret conic subsets of 7*X \ {0} as subsets of WY and
viceversa. We then form

WY = WY xR, 2T X\ {0},  W®:=R, x W= T*I(dX)),

where I'(0X) is the cone with base 0X, that is Ry x 0X with metric dr +
r2h.
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2.4. Symplectic structure at infinity

In the sequel, we will view O(*T*X) from two viewpoints: as the correct
space for (scattering) microlocalization, and as the carrier of a natural sym-
plectic structure, induced from the interior bundle T*(X?). That is, the
symplectic structure on WV should be obtained from the canonical symplec-
tic 2-form w defined in the interior. However, this 2-form blows up near the
boundary 0X, see [30]. Since we aim at connecting microlocal phenomena
to the symplectic geometry of the underlying manifold, we need a suitable
extension of the symplectic structure of T*(X?°) to d(**T*X). This can be
achieved by rescaling as follows, cf. [25, 39] and [19, Sect. 21.1]. We set

av = (7%0;) Jw restricted to WY,

ac := (§%0y) 2 w restricted to we.

The 1-forms &% and & turn out to be two contact forms. Before proceeding,
we will establish a different viewpoint for these 1-forms.

Recall that T*X is a vector bundle and, as such, a conical manifold.
This yields a distinguished radial vector field p¥, corresponding to fibre-wise
dilation, given by p¥(f)(x,&) = Orf(z,t€)|4=1. In local coordinates (z,¢&),
p¥ is then given by > &j - O¢,, which, under radial compactification in the
fibre with 77 = é, becomes 705. It is well-known that insertion of p¥ into

w yields the canonical 1-form o, which restricts to the canonical contact
form on the co-sphere bundle. Thus, &% corresponds to a rescaling of the
canonical 1-form under the rescaling isomorphism *S*X = S*X. We may
obtain a® by an analogous construction. Indeed, any choice of boundary
defining function, and corresponding collar decomposition X = [0,€) x 90X,
introduces a conical structure near the boundary of X. The associated
radial vector field yields again a 1-form, of which & is the rescaling. In our
model example T*R? with standard symplectic coordinates, these 1-forms
correspond to a rescaling of the 1-forms

af = —x - d¢, ¥ =¢-da.

Lemma 2.1. The differential 1-forms &¢ and &% do not depend on the
choice of coordinates.

Proof. We check the statement for a¢, since it here represents the main new
element of the symplectic structure at infinity, and the result for &% can be
obtained in a completely similar way (cfr. also [30]). Let (7',4') be new
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coordinates inducing the same smooth structure. Then (¢/,y’) are related
to (¢,y) by a diffecomorphism. Since § and 7’ are both boundary defining
functions we have ¢ = §f(9,y) for some smooth f > 0. Moreover, the fact
that the metric has to take the form (1) for both of them implies that near
the boundary 7 = i/ = 0 we necessarily have

ol (O )
/ <f+y(ag>>—1+o(y)'
We compute

~ B ~ o » ~nN2 N o /
e (res () 2L ()

Therefore, 7205 = (§')?0y, up to contributions from §°V. As sections of
ST X, the bundle obtained by *“T'X through radial compactification of the
fibers, the latter vanish under restriction to the boundary ¢ = 0. Hence,
a® does not depend on the choice of coordinates associated with the same
scattering structure, as claimed. O

We have then obtained two well-defined 1-forms, that describe the sym-
plectic structure “at infinity” and at “co-infinity” in the wave front space,
induced by the symplectic and scattering structures in the interior. In terms
of contact geometry, this corresponds to the freedom of passing from a con-
tact manifold to the associated symplectic cone and going back by contract-
ing with the Liouville vector field p¢ or p¥.

Recall, see e.g. [10, Section 3.7], that a conic submanifold L of T*X C
{0} is called Lagrangian if a¥|; = 0. Since a® and a¥ are defined by con-
traction with radial vector fields, they vanish on that radial vector field by
antisymmetry of w. Consequently, by applying the rescaling isomorphism
for the tangential vector fields, we have also proved:

Lemma 2.2. A compact submanifold L of WY is Legendrian with respect
to &¥, that is, it satisfies &% <r.x = 0, if and only if on the associated cone
L L x (0, 00) we have a¥|p = 0. Correspondingly, a compact submanifold

L of We is Legendrian with respect to &° if and only if on the associated
cone L = (0,00) x L we have a®|;, = 0.

It follows that we may view such submanifolds either as conic and
Lagrangian or Legendrian for the corresponding contact forms. In the next
step we will generalize this notion to pairs of ¥- and e-Legendrian submani-
folds with boundary that intersect in the corner. That is, we want to have a
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Lagrangian structure across the corner, as shown schematically2 in Figure 2.

Figure 2: Intersection of AY C WY and A¢ C W€ at the corner WYe.

We are now in the position to introduce such Legendrian submanifolds.

Definition 2.3. A closed, embedded Legendrian (corner-crossing) subman-
ifold A = (A®, A?) is a pair of closed, embedded submanifolds with boundary
of d(*°T*X), such that

1. (A%)° C We, (A¥)° c W,
2. dim(A°) = dim(AY) =d — 1,

3. (A°NAY) = OA° = OAY =: A¥® C WY¢ (with dim(A¥®) = d — 2), with
the intersection being clean,

4. The contact forms ¢ and &% satisfy

=0, &Yz =0

&6
Furthermore, we make the following assumptions, which will become clear
in the later parts of the document:
5. (A9)° N (0X x {0}) =0,

6. /:\1/’6 is the conormal sphere to some submanifold S of X, namely,
AYe = 9(°N*S).

2The simplest non-trivial situation, in which this arises, is in 4 dimensions.
In Figure 2, the boundary coordinates (y,7) were combined and drawn as one-
dimensional.
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We call the associated pair (A®, A¥) of submanifolds, of W¢ and WY respec-
tively, an SG-Lagrangian submanifold.

Remark 2.4. We remark that Definition 2.3 only covers the case where
there is actually an intersection in the corner. The case where A is a compact
Legendrian submanifold (w.r.t. one of the contact forms) without boundary
in the corresponding face - or a finite collection thereof - is straightforward
to formulate. Since this case is already well-studied in [19] and [30], respec-
tively, we focus on the corner-crossing case in the remainder of the paper.

3. Phase functions and associated submanifolds

Having formulated what a Legendrian submanifold/pair of Lagrangian sub-
manifolds is in our context, we now turn towards its parametrization. In
this section, we will discuss the class of phase functions that may be used to
parametrize the previously defined objects. We start by recalling elements
from the classical theory.

3.1. Introduction and motivation

Assume for now that X is a compact manifold without boundary, and A C
T*X \ {0} is a Lagrangian submanifold conic in the fiber. Introduce local
coordinates around a given point xy € X such that (zg,&) € A. Then, it
is always possible to find a (real) phase function ¢(x,0) € €>°(RY x (R® \
{0})), that is, a smooth function, positively 1-homogeneous w.r.t. 6, that
has no critical points, i.e. dyp + dgp # 0, which locally parametrizes A.
This means that, in a suitable neighbourhood of (x¢, &), conic in &, we have

(3) A=A, = {(z, Vap(x,0)) | Vop(z,0) = 0}.

In fact, ¢ may be assumed non-degenerate, meaning that the map A, :
(x,0) = (x,Vzp) is a local diffeomorphism

{(x,0): Vgp(x,0) =0} =: Cp, — A.

In the following, we will reinterpret this analysis and establish a suitable ana-
logue in the non-compact setting. The guiding idea is that the phase func-
tion ¢, in the previous setting of compact manifolds without boundary, is
actually determined, by homogeneity, by its restriction to X x S*~!. More-
over, A is determined by its (Legendrian) intersection with the co-sphere
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bundle, AN S*X. In local coordinates, we thus have a (local) correspon-
dence of smooth, 1-homogenous, non-critical functions on R x $571 and
Legendrian submanifolds in WW¥. This motivates that a Legendrian corner-
crossing submanifold should be locally parametrized by a smooth function ¢
on a “suitable model corner” 9(B¢ x B*). Revisiting Figure 2 the situation
is schematically modelled in Figure 3.

A

Figure 3: Parametrization of /N\so from a model corner.

Smooth functions on such a model corner are given by pairs ¢ = (¢¥, ¢°)
of smooth function on the respective faces that are compatible in the corner.
Actually, such a smooth function is the restriction of a smooth function on
B¢ x B* to the boundary. This gives rise, under inverse radial compactifica-
tion, to the classical SG symbols, also called scattering symbols.

3.2. Classical SG-symbols and phase functions

Notation. In the sequel, we need to introduce some notation in order to
distinguish the different faces and the corner in the (compactified) cotangent
bundle and the space used for parametrization by a phase function. These
different faces of manifolds and corners behave somewhat symmetrically. To
avoid confusion when different spaces are involved, we make systematic use
of the following notation:

e y denotes “variable-type” elements of B, 7 denotes “co-variable-type”
elements of B¢, ~ denotes “co-variable-type” elements of B*; if we
distinguish one variable as a boundary defining function, we mark it
by adding a tilde to it;
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e the corresponding elements of R? are denoted by z and ¢ and elements
of R® are named 6.

Subsets of B and B* that correspond to subsets of R L (R?\ {0}) or R* LI
(R*\ {0}) are usually denoted by the same symbol equipped with a tilde.
We recall that the SG-wave front space is defined as W := OB x BY) =
WE L WY U WYe, where

) T =gt (80)°, T () X8, = st

In a completely similar fashion to the faces of W, substituting s in place of d
in the dimensions of the second factors in (4), we define B := OB x B*) =
B¢ LU BY LI BY¢. We also set W = W€ LIWY LU WY€, with

(5) W =R.xW°, WY:=WYxR,, W' =R, xW’xR,,

and, again with s in place of d in the dimensions of the second factors of (5),
B := B¢ U BY L BY¢. Finally, we set S = S¢ LUSY LI SY¢, with

Se=S"I xRS, SY=RIxS$ Y=g x5

Moreover, we will use the symbol x for any excision function, that is, a
smooth function x : R? — [0, 1] (or defined on R?) that equals 0 in a neigh-
bourhood of the origin and is identically equal to 1 outside some compact

(1982

set. When appropriate, we attach a label “e” or “y” to it, to emphasize the
variables on which x acts.

SG-symbol classes. The class of SG-symbols on R? x R® of order (me, m.)
€ R? consists of those a € € (R? x R*) such that, for all a, 8 € N&, there
exist Cpp > 0 such that, for all (z,0) € R? x R*,

0505 a(z,0)] < Coary™ 1ol (g 171,

Such symbol classes will be denoted by SG™«™(R? x R®). On a general
(SG-admissible) manifold X, these are introduced by covering X with local
coordinate patches that make X look like R, see [25].

There is an important subclass of SG-symbols, denoted by SGZf“m“’ (RY x
R*), which consists of those elements of SG™< ™ (R? x R*) that admit poly-
homogeneous expansions (in both z and 0 separately), see [12, 31, 41]. The

important feature for our analysis is that these are precisely given, by radial
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compactification, as weighted smooth functions on the corresponding com-
pactifications, see [12, 25, 41]. From here on, we will denote coordinates
on B*, viewed as the radial compactification of R*, by (7,7). We use the
symbol ¢ for both the radial compactification map in R as well as R*.

Theorem 3.1 (Realization as smooth functions). For (me,my) € R x
R, consider the map 1o on SGI“"" (R? x R?®) given by

(6) a(@,0) = by, v) =g ™ [ x 7 al(G,,9,7)
=" 3™ a(G,y,9,7).

Then, (6) extends to an isomorphism
G SG (RY X R®) — (B x BY).

Remark 3.2. This means that @ = (:7! x .7 1)*a € §74 ™G> (B? x
B%), and that under radial compactification we have a filtration-preserving
isomorphism®. Namely,

SGa(R! xR*) = | ] SG™®R!xR*) = | ] §7™5 ™€ (B x B).

Me, My Me, My

Under this isomorphism, the polyhomogeneous expansions correspond to
Taylor series in polar coordinates. In particular we may recover the principal
symbols.

Definition 3.3. Let a € SGmE’m” (RY x R®). The principal symbol of a is
the triple of smooth functions o(a) = (6¥(a),0%(a),oc%¢(a)) on BY, B¢ and
on BY¢, respectively, obtained by

o¥(a)(z,0) = lim \"™a(z, \),

A—00

o%(a)(=,0) = lim p~"a(pz,6),
o¥®(a)(z,0) = lim lim A7 "™ a(px, A9).

H—>00 A—00

Lemma 3.4 (Properties of the principal symbol). Let a € SGme’mw (R% x
R®). Then

3We remark that this isomorphism may be used to equip SG. with a Fréchet
topology, see [12, 41].
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a) for any two excision functions X° and x¥ we have
(7) alz,0) — xVo¥(a) — x°0%(a) + x“x¥o¥*(a) € SGI= M "1 (R x R?);
b) for all (o, B) € N& x N§, o € {e, 1, e} we have
o (a;;aga) (,0) = 020 (0°a) (=, 0);
c) the symbol a is said to be e-elliptic at a given point (x,0) in the respec-

tive domain of 0®(a), e € {1, e, e}, if we have o®(a)(x,0) # 0;

d) under the isomorphism in Theorem 3.1, the principal symbol may be
computed as the restriction of a to the respective boundary face, homo-
geneously continued into the interior, that is, we have o®(a)|ss(x,0) =
alg.(y,v); explicity, using polar coordinates,

() 0) = ™ (1200, ).
7@)w.0) = o™ (0. 26)).

T 0
o™ (0, =0, ) .
[z|” 10

Remark 3.5. Notice that, in view of point d) in Lemma 3.4, equation
(7) is nothing else than the fact that < 5™ a, subtracted by (any smooth
continuation to the interior of) its restriction to the boundary, vanishes
there. Similarly, ellipticity at a point in R¢ X R® is simply the non-vanishing
of g™ 4™+ q at the corresponding point on B.

0% (a)(,0) = |«|™

SG-Phase functions. We will now introduce the class of SG-symbols that
may be used to parametrize Lagrangian submanifolds, that is, SG-phase
functions. Such phase functions were introduced in [9], see also Section 6
below. We restrict our attention to phase functions of order (1,1).%

Definition 3.6. An element of SGM(R? x R?) is called an (admissible,
classical) SG-phase function near (x,6y) € B if it is real-valued and the

4In view of Theorem 3.1, this is no real restriction, since any space SGETC’m”’)

is isomorphic to the smooth functions, and this isomorphism actually contains the
geometric information.
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associated function

(8) D(x,6) == ()2 [Voip(a,0) + (6)° Voo (,0)P

is elliptic at (zg,0y). We associate with a phase function the critical set
Cy = {(20,60) € B : |Vyg| is not elliptic at (z0,60)}.

More precisely, we write p* = 0°*(¢) and split C,, into

Ce = {($0790) €B°: VQQOG(.f(),Q(]) = 0}7
Cw = {(x0790) € Bl/’ VQQO (1‘0,90) = 0}7
Cffe = {(w0,00) € B : V¥ (20,00) = 0}.

Remark 3.7. The principal symbol of a SG!-symbol ¢ is a triple of func-
tions °(z,0), ©¥(x,0) and p¥¢(x,0), each 1-homogeneous in x, # and both
separately, respectively. It follows that ¢¥ is then a phase function in the
ordinary sense, and the Cg—component coincides with the standard notion
of critical set C, for a homogenous phase function Y.

We will now characterize C, in the boundary components on the com-
pactified space B by the compactification map .

Lemma 3.8. The condition that the associated function ® = |71 - Vayp|? +
70,1 - Vggp\Q is SG-elliptic of order (2,2) is equivalent to the condition that

vvxga, ngcp s not vanishing on the corresponding point B. We can write
Co = {(¥0,7%) € B: §Vop(yo,v0) = 0},
for which we have

Ct=(txid)(CoNST), CL=(idx)(CinsY), CLe=clens’e.

Proof. By Lemma 3.4, @ is elliptic if and only if L%’é(‘l’) is not vanishing at
the corresponding point in B. We can also write,

(@)1 = 75 (@2 Vap(@,0)2 + O V00w, D) | o))
= (6820 - 5 (Va)? + 16250 - 1§ (Vo) ] (9,)
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Since () and (f) are elliptic, their images under Lég and L(S)’é are nowhere
vanishing, which proves the first assertion. The characterization of 5@ fol-
lows by repeating the same argument for |(#) - Vgp(x,0)|?, in view of Defi-
nition 3.6. 0

Lemma 3.8 allows for us to write the image of C, as the null set of a smooth
function. We will now show that C, may be regarded as a pair of smooth
manifolds in the boundary faces which intersect cleanly in the corner.

Definition 3.9 (Non-degenerate classical SG-phase functions). Let
pE SGi{l(Rd x R?) be a classical SG-phase function. Then ¢ is called non-

degenerate if the differentials {d (gj@fg:d X) }

form, for every (yo,7) €

7j=1,....s
C,, a set of linearly independent vectors in 77

(yoﬁu)(g.)a for any choice of
®C {6, 1/}7 1/16} .

Each of the boundary faces B¢ and BY are submanifolds (with boundary)
of the manifold with corners B¢ x B*, that intersect cleanly at their joint
boundary BY¢. That is, for every (yo,70) € S*' x S*~! we have

T(yonO)Bd)e = T(yoﬂo)Be N T(yoﬁo)Bw'

We recall that, by Lemma 3.8, é; is the set of boundary elements (yg,Y0)
jointly annihilated by yVgp, j =1,...,s. From that we are able to obtain
a similar set-up for the different components of C,, detailed in the next
Proposition 3.10.

Proposition 3.10. Let ¢ € SGil’l(Rd x R®) be a non-degenerate SG-phase
function. Then, the following properties hold true.

1) The different components of ap are totally neat submanifolds of the
corresponding boundary component in B¢ x BS. That is, we have

Cpo=CoUCY C B°UBY,
and their possible boundaries form a subset (Z%e of BYe.

2) The codimension of the respective component is (if non-empty) always

s, meaning dim(C?%) = dim(CY) = d — 1 and dim(C5°) = d — 2.

3) The tangent space to each face of C~; in B may be calculated as

{v € Tiyo.n0)(B*) ) (dyﬂ <37‘§9JV‘P

g.))v:()vje{l,...,s}}.
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4) The intersection a% N 5{; = a%e is clean.

Proof. Statements (1)-(3) are consequences of the regular value theorem for
manifolds with corners, see Theorem A.17. Then, also the cleanness of the
intersection follows. 0

We now show how a non-degenerate SG-phase functions ¢ parametrizes
a pair of associated submanifolds Af, over its critical set C3. We seek to
generalize (3). To that end, we set

Definition 3.11. Let ¢ € SGil’l(]Rd x R?) be a classical SG-phase function.
We define

Ae:{ (x, V°(x,0)) ’EIxQ € B°: Vyp(z,0) =0},
Aw {(xchp >‘E|x9 )eBY: V9<p¢(x,0):0},
A:ﬁe = {((m VooV (x, ) ‘EI x,0) € BY®: Vgp¥(x, 9)—0}

The problem of Definition 3.11 is that it is hard to extract geometric
insight “at infinity”. In this “limit”, Ag = A$ = AZﬁe, but this is hard to
define for manifolds that are not even submanifolds of the same space. In
order to overcome this difficulty, we pass again to the compactified space.

We may first look at the map A, : R? x R® — R? x R? given by (x, ) —
(z,Vzp(z,0)). This is a map whose components are SGH* and SG%!-
symbols, respectively. We want to find an analogue to this function on
(BT)° x (B)° — (B?)° x (B?)° that extends it to (parts of) the boundary
that becomes an isomorphism suitably close to C,. We start by considering
the map

w:7) = (7' W) Ve, )) (o, Vap(a, 0)),

defined on (B%)° x (B*)°. We may compactify the image space to B¢ x B?,
by means of the map ¢ X ¢, to look at the extension of

(9) Nelgoroqany: = (X Do (71 x7)*A)

to the subset

(10) ~§: ((B)° x (B°)°) u~i§e U Bay,

Ban = {(y0,70) € BY UBY : |V,|? is elliptic at (yo,70)}-

Remark 3.12. This construction may be visualized through the following
commuting diagram:
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A
g ? B? x B
o - X‘P o - o
(BY)” x (B*)” ———— (BY)" x (BY)
T x L X1
/\90
RY x RS RY x RS

Indeed, we know by Theorem 3.1 that the map (Lé’g X L(S)’é))\w : BY x

B* — B? x R? given by
(11) (y,7) — (yﬁvxsﬁ(y,v))

is smooth up to the boundary. We will show that, close to the boundary
components of &, this property yields the desired extension of A.

Proposition 3.13. )\, defined on (BY)° x (B*)° by (9), can be extended as
a smooth map to the subset & C BY x B* defined in (10).

Proof. Since ¢ is a diffeomorphism, it is clear that Xp is smooth in the
interior, i.e. on (B?)° x (B*)°. So, it is enough that we look at (9) for
lyl, |v| > 2/3. It is also clear that we have to prove the existence of the
extension only for the second component of 5‘@7 since the first one coincides
with pry, the projection on the first set of variables, which is of course
smoothly extendable from the interior to the whole of B¢ x B*.

By Theorem 3.1 and Lemma 3.4, we have, for a vector-valued symbol
pE SG—ht,

12) (Toply.y)) = (we (,z‘a - M)‘l> +z3(yﬁ)>

—, (Vmcpe (f’y‘ ﬁu - M)‘l> +ﬁ(y,v>) :

Then, 5\@ can be extended smoothly to

Alz{yelﬁ%d: 2/3 < |yl <1} x {y e B*: || < '},
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with arbitrary 7/, 1 > 7’ > 2/3. In fact, this is clearly true for the first term
appearing in the argument of ¢ in the right hand side of (12). For the second
term, it is enough to observe that, by Theorem 3.1, for any p € SG~b!,
P € g7 L€ (B x B?), that is, also § is smooth on A;. Moreover, the values
of both such extensions to A; remain bounded, and ¢ is Smooth on R%. This
implies that )\ can be smoothly extended to any point in Be.

We now con81der the subset of B? x B* given by

Ay ={yeB:2/3< |yl <1} x {yeB*: |y| >r},

r’ >r > 2/3, so that, of course, By C As. Observe that, by Lemma 3.4 (in
fact by its analogue for vector-valued symbols),

13) Tt ) = (Vo (L= L= 1))+t
= (Tt (b ) 0= B ).

|y "l

d can be extended smoothly to B? x B*, since, by T heorem 3.1, for any
q e SGgY? ZSG(q) =G e €>°(B? x B*). At points (yo,70) € Ben, we have

cl >

either  (yo,70) € BY and ngow(ﬁl(yo),fyo) #0,
or  (yo,v) € BY¢ and anpwe(yo,fm) #0.

In the former case, the norm of the first term in the argument of ¢ in the
right hand side of (13) tends to +o0o when |y| /1. Then, sufficiently close
o (y0,70) we have

— v 1 YV oy 3
(14)  (Vop) = =¥ (1— _ ): 1Vep (1— - )
V¢l |Vl |7V 2| YV 2|

where 'Nym = Lg’é(vch) is smooth up to the boundary. Moreover,

AVao(y,7) = 77 x T Vap(y, )

— _ -1 7 5
= Vap¥ <| ,( lyl) ,M)Jr’y q(y,7),

so such an expression cannot vanish close to (10, 70), since |V.©% (: ™1 (v0),70)|
=k >0 and |5-q(y,v)| < k/2 for (y,7) € V, suitably small neighborhood
of (¥0,70), by |fy('yo) G(yo,70)] = 0. Then the smooth extendability of (14)
to points in Bey N BY follows.
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The remaining case, that is, the result for (yo,70) € gen N gwe, follows
in a similar way, writing

UVap(y, ) = (™ % ) Vap(y, 7))

= (1 i o —1 l o —1 ~ ~
_ (w (,y‘u = >+p(y,v)+q(y,v)>

= (Tt (L) = b i) + ).

with p € SG™H1, ¢ € SG%Y and V.9 (y0,70) # 0, so that
T _ we (Y o o
¥(Vao(y,v) = Vap PR +5-0(y,7) +7 -4y, 7),

with the last two terms smoothly extendable to (yo, o) and vanishing there.
The proof is complete. O

Remark 3.14. Observe that, in view of the assumption (8) on P, 5@ is
well defined in a neighborhood of 530' In fact, at points (yo,v0) € CL we
necessarily have ¥V,3(yo, v0) # 0 < |V,p|? is elliptic at (yo,70). Since this
is equivalent to the fact that Lg’é(vxgo) does not vanish at (yo,70), the same
holds, by continuity, in a neighborhood of (yg,y0) in B.

Finally, we can state in which sense a non-degenerate phase function may
parametrize a pair of Lagrangian submanifolds.

Definition 3.15. Let p € SGil’l(Rd x R*) be a classical SG-phase function.
Then we set KSO = 5‘@@(590)-

For a given Legendrian submanifold A we say that ¢ parametrizes A
near some p € A if we have, in a neighbourhood U of p in W, that A= /~\¢
or, equivalently, if A = (A, A¥) is the corresponding pair of Lagrangian
submanifolds, we have A*NU®* =A3 NU®, o€ {e, 9}, in the associated®
neighbourhoods U¢ and UY.

Remark 3.16. Notice that if p is a corner point, U¢ and U will necessarily
be unbounded (asymptotically conic) in both variables, that is we have a
local parametrization “up to infinity”.

_ From the smoothness of 5\0 up to the boundary in a neighborhood of
C,, we now obtain a statement similar to Lemma 3.8 for A,.

5 Associated under inverse radial compactification.
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Proposition 3.17. Let p € SG1 1(]Rd x R*) be a non-degenerate SG-phase
function. Then, the following propertzes hold true.

1) The different components of /~\<p are each totally neat, immersed sub-
manifolds of the corresponding boundary component B x B. That is,

we have
< e <
A, = A@ U Ag; ,
b e
CcWe CWv

and their possible boundaries form a subset Kwe of Wwe,

2) The codimension of the respective component is always s, meaning

dlm(Ae) dlm(Aw) =d—1 and (if non-empty) dlm(Awe) d—2.

3) The tangent space to each face of A‘ in W may be calculated by means
of the differential of >‘§07 that is, via

TAY = (d (x%)) TC:, o€ {e,}.
4) The intersection KZﬁ N Ka = ng 15 clean.

Proof. By the non-degeneracy of ¢, Xp is an immersion near é;, and we may
use Theorem A.14. O

Again, Figure 2 provides a schematic visualization of the geometric situ-
ation. We now check that AY is truly the analogue of A, under radial
compactification.

Lemma 3.18. Let ¢ € SGi{l(Rd x R®) be a classical SG-phase function.
We have

AL =(id x 1) (ASNSY), AL =(xid)(ALNSY), AL =A% NSYe
Proof. We start with the proof for A o, which coincides with the classical
definition of the manifold of statlonary points for a classical homogeneous
phase function. We have Ag, =\ (C ). By Lemma 3.8 we have yVega(y v) =

0 on C Thus, in view of the same Lemma, ’nygo(y v) # 0. Recalling (14)
from the proof of Proposition 3.13 and using the fact that 4 vanishes on C
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and Lemma 3.4, we can write

(7t x id)(AY) = {((N(y), W) '(m) € 5$},
AV (Y, 7)

and the cone over it as

(U xid)(RY) x Ry = {(w

(z,8) GC}ﬁ,,u>0}.

Making use of the homogeneity of »¥, we may write this simply as
(7t x I)(AY)
- {((x V¥ (z, e)) (2,0) € RY x (R®\ 0)andVop¥ (z, 0) = o} ,

which is the definition of Afﬁ, as claimed. In the same way we can write

Ry x (id x . T)(AS) = Ry x [(id x ¢ ™)A] (CE)

= { (1, Voo, ) + (7)€ G}
= {(@, Vo (,0)) : (x,0) € C3},

where we have again made use of Lemma 3.4. The characterization of the
pe :
corner component Ay~ follows in exactly the same way. O

Remark 3.19. Note that in the classical theory, also clean phase functions
are permitted to parametrize Lagrangian submanifolds, see [19], in which
case A, is locally a fibration of a fixed dimension, called the excess e. In
our case, this would give rise to complicated geometric structures, such as
(compactified) fibrations over manifolds with corners. While there are tools
available to also treat these, see [24, 28|, we omit such complications here,
and will address the question of excess phase parameters and the elimination
thereof in future works on the calculus of Lagrangian distributions.

3.3. Lagrangian properties of the components and their
parametrization

So far, we have only stated how phase function parametrize a submanifold,
but have not actually discussed its Lagrangian properties. We will now
prove:
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Theorem 3.20. Let ¢ € SGiil(Rd x R*) be a non-degenerate SG-phase
function. Then A, = (Ag,Ag) 1s an SG-Legendrian submanifold of W in
the sense of Definition 2.3.

We start by checking the symplectic properties. For a classical phase
function, A¥ is well-known to be Lagrangian. We will now obtain an analo-
gous statement for A°.

Lemma 3.21. Let ¢ be a non-degenerate classical SG-phase function. Then
a® vanishes on A{,. As a consequence, a° vanishes on Ave.

Remark 3.22. We remark that, to our best knowledge, Lemma 3.21 indeed
requires its own proof, and cannot be simply “deduced by symmetry” from
the classical theory, due to the “asymmetrical definition” of A, with respect
to z and 6.

Proof. We adopt here the notation in [10], and denote the induced coordi-
nates on T, M by dz. We first notice that A, is, by definition, the image
of

C; = {(Io,eo) € Rd \ {0} x R%: V£g06($0, (90) = 0},
which, by the non-degeneracy of ¢, is a smooth manifold, under the map
AG = (pry, Vz¢©). We can thus calculate its tangent space in terms of that
of the preimage.” T(2,0)Cg s given by
(15) (0x - V)V + (00 - Vo) Ve = 0,

and we thus have

T(:c,Vmcpﬁ(x,G))Az - J(prh vm(pe) ’ T(x,@)cgepa

where J(pry, V;z¢°) denotes the Jacobian matrix of the map (pr;, Vo¢°).
Furthermore,

(16)  Ja0)(pry, Vap©) (6, 60) = (6, (62 - Vi) Vap® + (66 - Vo) Vip©).

6As in Lemma 2.3.2 of [10], we can conclude from (15) and (16) that (pry, V,¢°) is
an immersion, and thus its image is an immersed d-dimensional conic submanifold.
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Computing a® = x - d§ on such a vector, we see that

(17) - (02 - V) Ve +2- (60 - Vo)V
= ZIJ 51‘kaxk) ;P +Z 00 - V.g :c]c‘)xjgo
J.k J
= Z 02,0y, )70z, 0° Zé:ﬂkaxkgp + Z (00 - Vg)x;0y, .
J.k J

Since ¢° is 1-homogeneous in the first set of variables, by Euler’s theorem
for homogeneous functions (17) is equal to

> (k000" = Y Sarda, ¢ + (50 Vo),

k k
,0)ece
50 (Vo) VLS g
This proves the assertion. O

Finally, we observe the additional properties that these kind of submani-
folds, arising from SG-classical phase functions, possess, which limit their
behaviour at infinity.

Lemma 3.23. Let ¢ € SGil’l(Rd x R*) be a non-degenerate classical SG-
phase function. Then,

1) the pairing (z,§) vanishes on AZﬁe, meaning that K@ is contained in
the conormal to its base pry(AY);

2) A does not intersect (R%\ {0}) x {0}.

Proof. On A¥¢ we have, by Euler’s theorem for homogeneous functions
applied twice,

(,6) = (&, Vop?(2.0)) = ¥(2,0) = 0 - V" (2,6) = 0.

The second assertion follows from the characterization of AZ, in Lemma 3.18,
since the assumption on ® in Definition 3.6 implies that if Vge©(x,0) =0
we have V,¢¢(x,0) # 0. O

We have then proved Theorem 3.20, meaning that every non-degenerate
classical SG-phase function gives rise to an associated SG-Lagrangian sub-
manifold. We are now ready to prove our main result, namely, that it is
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always possible to find a SG-classical phase function to locally” parametrize
a given SG-Lagrangian.

Theorem 3.24 (Parametrization Theorem). Let A = (A, AY) be an
SG-Lagrangian submanifold. Then, A is locally parametrizable by a non-
degenerate SG-classical phase function. That is, ¥(yo,mo) € A there exist

1) a neighbourhood U of (yo,m0) in B¢ x B,
2) an open set V C B x BS,

3) a function p € 3~ LE€®(V) such that the corresponding (locally de-
fined) phase function ¢ = (v X 1)*@ is non-degenerate,

such that

ANU =X, ({(yoﬁo) eVnB: (yo,%) ECN@})-

Remark 3.25. We will say, for short, that both the functions ¢ and ¢ =
(¢ X 1)*, satisfying the properties stated in Theorem 3.24, are (local) non-
degenerate SG-phase functions, associated with the Legendrian A and/or
the corresponding SG-Lagrangian A.

4. Proof of the Parametrization Theorem

We will only consider the case where (yo,n0) € Ki/)e’ since the other possible
situations are far simpler and will be covered by the same argument. The
outline of the proof is classical, cf. [15] and [19], but here some tools from the
theory of manifolds with corners are essential to achieve the result, as well
as the extension of 5‘<p and the symplectic structure “at infinity” discussed
in Section 2. L

Let (yo,7m0) € A¥¢. A¥¢is a (d — 2)-dimensional embedded submanifold
of %71 x §?1 and we may assume, possibly after a rearrangement of vari-
ables in a neighbourhood U of (yg,79), that A¥¢ is parametrized as

e N e ) L VO EAVA R CO LR CO R R

"Notice that “locally” near the corner component means “up to infinity”, which
is where the difficulty of the theory lies.
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where, for some s < d — 1, we have that ' = (n2,...,7s) and " = (ys+1,---,
yq—1) are independent variables and the remaining variables,

y =Y ), 0 =HY"W ),

are smoothly dependent on (y”,7). We may further assume that yg and m
do not vanish in the chosen coordinate neighbourhood, that is we have, for
some 1 > ¢ >0, yq >candn >c. B o B B

Due to the clean mtersecti(in at the corner A¥¢ = A° N AY = OA¢ = OAY,
that is Z:MGA NTx, LAY =TAY we may find, accordingly, parametriza-
tions of A® and Ad’ near the corner point (yo,70), namely

UNA® = {y’,y”, V1= = "% m., 77”}
00K = {vy" v VI = 007 = (P}

Here we have the independent coordinates (y”,71,7’) on A€ and v ya,m")
on AY. The remaining variables on U N AV may be written as functions
smooth up to the boundary,

/1

=YW o), " =HY  m,n),
and on U N AY as
v =YY" ya), 0" =HY(" yan).
By AN AY = §A° = 9AY = A¥® we conclude that, if

(nn', Ho Q" mun')) € 71 and (Y(y", ya, '),y ya) € S,

we have
(18) Yo" m,n) =YYW yan) =YV ),
(19) He(y" m,n') = HY(y",ya,n) = H*(y" 7).

This choice of coogdinates induCNes coordinates on the associated conic man-
ifolds A® = R, x A® and AY = AY x R,. That is, we may take, as indepen-
dent variables on A€,

=y, uv1— )2 — "2, &= mn).
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In particular, z” may be defined implicitly in terms of the map

') > (G T €T = (G T2 = ()

We obtain that o/ = p(id x 0)*Y¢(y", &) =: X¢(2",¢') is a smooth function
of 2" and ¢’ and polyhomogeneous in ¢, of maximal degree 0. By |(z/,2")| =
it is further 1-homogeneous in z”. Similarly we have that

¢ = ((d x ) A", ) = (")

is 0-homogeneous in 2” and polyhomogeneous in &. We can thus write,
locally near (zo,&) = (id x t=")(yo0,70),

Ae:{( (//’5) : 7—‘(//76)}

In the same way we may write, in coordinates

"

=0y ya), € = (),

that
A#’:{(Xw(x",f/)’ (¢ EY (a ”,f)}

We now define phase functions parametrizing these conic submanifolds in
the given neighbourhoods. We set

(20) ¢°(2,€) = (2, &) + (", E°(a", £)),
(21) ¢w(x7§) = (.%'/,f/> - < ( ”7‘5 )7 ,>
By the above definitions of Z¢ and X% we observe that ¢¢ is 1-homogeneous
in z and 1-polyhomogeneous in &, whereas ¢¥ is 1-homogeneous in ¢ and

polyhomogeneous in z. In fact these functions, restricted to (suitable neigh-
bourhoods in) S¥~! x R? and R? x S~ respectively, may be written as

(22) ¢°(x, &) |sa-1xRa
= (id x 1)* (<(y’7y",yd), ! (m,n/,ﬁe(y”,m,n'))»),

56¢ |

@2
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(23) 8 (2, &)l
= (xid)” (( ) = (VO ) )))

=7¢% 5w

Using 1~ (y) = Gk ly)~t = Q*I% for large arguments and Theorem 3.1,
we obtain the desired symbol properties.

We now show that ¢¢ and ¢¥ may be obtained as the respective principal
symbol components of a single SG-phase function. To this aim, we calculate
the principal symbols of ¢¢ and ¢¥ by means of the proof of Lemma 3.4.
Using limy, o0 ¥ t "1 (yn) = % in case y, — y with y, € (B%)° and y € S!
as well as (18) and (19) in (22) and (23) we obtain in the corner component

Uw((pe)’Sd_lXSd_l = (ld X ld)*<(y/7 ylla yd)7 <771,77/7ﬁwe(y”777/)> >7
Ue(¢¢)|sd71><gd—l = (ld X ld)* <y, — Y¢e(y,/, 77/)7 (7717 77/)> )
and thus we have

0y (6% |sa-1xsi-1 — Oe(¢?)|ga-1 xga1
= (id x id)* (<W6(y”ﬂ7’), (771,77’)> + <(y”,yd), ﬁwe(y”,n’)» :

which is nothing else than (z, &) restricted to S¥~! x S~1 in A¥¢ and thus
vanishes by the conormality assumption. We are then able, using (18) and
(19), Lemma 3.4 and Remark 3.5, to continue (¢¢, ¢¥) to a single SG-symbol
with principal symbol (¢¢, ¥, ¢¥°).

To have a chance of non-degeneracy, we first reduce the number of phase
variables since, so far, the resulting phase function is constant in the £’-
variables. Getting rid of these redundant variables, we may define ¢ : R% x
R®* — R by ((2,2");0) — ¢((2',2"); (0,&()) for some arbitrary ;. We then
obtain the components of the principal symbol ¢®* = o°(p) for e € {e, ¥, e}
and may define ¢ € 371§~ 1€°(U) via (171 x 171 .

We now have to see that the functions ¢® indeed parametrize A,. For
that we gather, by a®|xe = 0, the identities

X", &)+ Ve (2" E°(2",¢)) =0
m”‘axé/ae(:r",fl) 0’ ] € {S+1,...,d},
0-0g XV(2",¢)=0, ke{l,... s}
Var (9 ' Xl"(w’ﬁ&’)) +EY(",€)=0
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We may then use these to compute, using (20) and (21),

Voot (z,0) = 2" + 2" - Vy=°(2",0),
:—X:r(z”ﬂ)
Do, " (2,0) = (a — X (2", 0)) — (00, X(",0)) -0

=0

We therefore have Vyp® =0 if and only if 2/ = X*(2”,0), and we have
obtained

Co = {(X°(2",0),2":0)}, o€ {e v}
In a similar fashion, using the remaining two identities,
—{( (2",0),2";0,2%(a",0))} =A%, o€ {ev}.

We can thus (locally) parametrize A® by ¢°®, e € {e,1}. Finally, we have to
check that the symbol ¢ actually defines a phase function in the sense of
Definition 3.6, which means o®(®) # 0 on B®, e € {e,7}. By assumption,
Vop® vanishes only on C;, o c {e,10}. There, however, we always have
Vap® # 0, @ € {e, 1}, since, by assumption, none of the faces of A, contains
a point of the form (z,0).

This concludes the proof of Theorem 3.24. U

5. Equivalence of phase functions

Having established that we can always find a (local) non-degenerate SG-
phase function parametrizing any SG-Lagrangian, we now investigate when
two such phase functions may be considered equivalent. Here we rely again
on the identification provided in Theorem 3.1

Theorem 5.1. Let $1, o € 71 16 (BY x B*) be two non-degenerate
SG-phase functions that parametrize the same SG-Legendrian A CW in a
neighbourhood of (yo,n0) € A such that

1) there exists (yo,70,1) € (1,1 and (yo,70,2) € C:OQ such that®

(40, 70) = Ag; (Y0, Y0,i) and $1(Yo,70,1) = P2(¥0,70,2),

8We note that this is always fulfilled in the classical case since, by homogeneity,
; vanishes on Cy,, © = 1,2.
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2) The matrices
(ﬁlgagjek@ﬂX) and (ﬁlgagjekﬁpﬂX)
gk=1,..., Ji:k=1,...,

have the same signature at (yo, 7o) € 5%, where ; := (1 X 1)*@; are
the (locally defined) phase functions associated with ¢;, i = 1,2.

Then, there exists a local diffeomorphism® & of the boundary B — B that is
defined in a neighbourhood of (yo,70,2) in the corresponding faces, which is
smooth on each face and such that g3 0 & = p1|z. In this case, $1 and @o
are called equivalent phase-functions.

Remark 5.2. Note that the statement only ensures that the principal sym-
bols of the correspondlng phase functions ¢; may be arranged to agree, that
is, the triples (gol,cpZ ,apz ), i = 1,2. This is, however, not a drawback, since
only the principal symbols of ¢;, ¢ = 1,2, are used in the definition of A
and C

Proof of Theorem 5.1. We assume (yo, o) € A¥¢ since again thls case (with
slight adaptations) includes the others. Indeed, the case of A¢ is known
from the classical theory and our proof follows the classical outline of [16]
and [10]. We begin by arranging ¢; and @o such that they agree “up to
second order” on C,,. Consider the maps P, Py given by

(,7) = i(,7) 1 = N, (1,7), TVapi(y, 7)) € BT x BY x RY.

By Theorem 3.1 and Proposition 3.13, these maps are well-defined and
smooth up to the boundary in a neighbourhood of Cy,. By Lemma 3.8
and Lemma 3.15 we have, for (y,~) € B,

(pr3 0 ;) (y,7) = 0 <= (v, )GC — &;(y,7) € A x {0}, i =1,2.

By the implicit function theorem on manifolds with corners, that is, Theo-
rem A.10, and the non-degeneracy assumption of goz, = 1,2, we may thus
locally invert, in each closed face BYUBYe =B x S5~! and B¢ U BY¢ =
S 1 x B® separately, to obtain two maps deﬁned in neighbourhoods of

9In the sense of manifolds with boundary, meaning it is the restriction of a
diffeomorphism of surrounding extensions, see [24].
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(Y0, M0, 0), namely,
B 79 U w RY B 5
e (W UWPe) x RE — s91 x BY,
such that

CI;? (e] (éz

(2

g.) :idg., 0€{€,¢},i:1,2.

That is, we have the diagrams, for e € {e, ¢}, 1 = 1,2,

(Y0,704) € Co UCS C B uBYe

e o

(y0,m0,0) € A® x {0} C(W' Uﬁwe) « R4

el e

e s

Notice that the last column is only meant locally, since, in general, we cannot
achieve a global definition of ®7 and V¢, e € {¢,?}, i = 1,2. However, in a

neighbourhood of (yo,70,4,0) in W¥¢ x R?, we have

\Il;j)‘WWEde = \Ijg‘f\;’wcxﬂgd? i=1,2.
We also note that pr; o 5\% =1id, 7 = 1, 2. Therefore, the compositions {IVII o

(<f>2| g,) induce a diffeomorphism &, which on each face is given by

RS W CCo —Co (yo72) = (y:m(y,72)),
where W* is a neighbourhood of (yp,7) in 5;72, e € {e,9}. We then define
the new (local) phase function

- f@aoRe (y,7) e B
F=95 0 R
G20kY  (y,7) € BY.

This yields a continuous function on the boundary B that is smooth in the
interior of each boundary face up to the corner. Since f and o are related
by the diffeomorphism &, we may continue our analysis by replacing @2 with
f. If we thus look at the principal symbol of this phase function, by means
of Lemma 3.4, we see that f agrees (at the boundary) up to second order
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with @1 on C~<p1. In fact, their differentials vanish there, and both functions
agree at the point (v0,70,1)-

We may now essentially argue as in [16] on each of the two faces. Indeed,
since all the involved objects are smooth up to the boundary of each face,
Seeley’s Extension Theorem allows us to extend them smoothly to a mirror
copy of B*, ec {e, ¥}, across S¥e. It is then possible to consider Taylor
expansions around points in BYe.

Let now ¢ and x be two non-degenerate SG-phase functions parametriz-
ing the same Legendrian and agreeing up to second order on C, = Cy, up to
the boundary, in the sense above. Using the non-degeneracy of ¢, setting
h = 40y, cp(y, v), 3 =1,...,s, we can write, at any given point in Cy,

G Y) = 538w Y) + D binly, V)bl
k=1

for a symmetric matrix B = (Bjk(y,fy)). The non-degeneracy of x is then
equivalent to

det([+ BA) ?é 0 at (y0770)7

where we have set A = ('?_lg] 892_ 0,2, 7) . When B is sufficiently

Jok=1,...;s
small, we can show the equivalence between ¥ and ¢. In fact, by Taylor

expansion,

TP, 8) = APy, v) + Z —71)700,(y,7)

S

+ Cin(y,7,0)(05 —v5) Ok — ),
G k=1

with a symmetric matrix C = (Ejk)j,k:17,_,7s. Setting

S
6=+ Y Wk, 7) b
k=1

we prove the assertion if we show that there exist a matrix W= (Wjk)jke=1,...s
such that

W4+'WCOW = B.
It is well known that, under the condition that the signatures of A and C
agree, this equation has a solution for small B, which holds true in our cases,
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in view of the hypothesis (2) and the fact that the two phase functions agree
on C,. The statement then follows, by determining a continuous family of
non-degenerate phase functions xy, ¢ € [0, 1], such that xo = ¢ and 1 = X.
In fact, two elements X and x; of such a family will be equivalent for |s — |
sufficiently small. Since the procedure can be performed separately on the
two faces, and y and @ agree to second order up to the boundary including
the corner, they are equivalent also there. The remaining details of this
analysis, with reference to [16], are left to the reader. O

6. Tempered oscillatory integrals

In this section we give a brief summary of the results we obtained in [9], to
provide an example of how the previously introduced geometric structures
arise in the study of tempered distributions. In [9] we associated with a given
(inhomogeneous) SG-phase function ¢ a family of tempered distributions,
denoted by I,(a), parametrized by amplitudes that are SG-symbols.

Theorem 6.1. With any fized admissible SG-phase function ¢ of order
(1,1) we may associate a map

I, : SG(R? x R*) — 7' (R%),

uniquely determined by the the following properties:

1) a— I,(a) is a linear map,

2) If a € (R x R?), then I,(a) coincides with the (absolutely conver-
gent) integral

(24) I,(a) —/ @9 q(x,0) do,
3) the restriction of I, to SG™™ (R x R®) is a continuous map
SG™ ™ (RT x R®) — #/(RY).
We call the resulting distribution I,(a) a SG-oscillatory integral.
For these families of tempered oscillatory integrals we proved an inclu-

sion for their so-called SG-wave front set, which generalizes the correspond-
ing statement valid for Hérmander’s wave front set WF(u) and the usual
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class of oscillatory integrals, see [16].1° In order to state our result in the
SG setting, we first recall the definition of the SG-wave front set.

Definition 6.2. Let u € .’ (Rd). Then WFgq(u) C W is defined in terms
of its complement as follows: (xg,&y) ¢ WFsq(u) if and only if there exists
a pseudo-differential operator with symbol in SGS{O(RUZ x R?) elliptic at
(20,&) such that Au € .7 (R?).

For a broader exposition and description of the properties of this notion
of wave front set, we refer to [2, 7, 9, 25, 26]. In [9] we proved the follow-
ing bounds for the singularities of the temperate oscillatory integral I,(a)
defined in Theorem 6.1.

Theorem 6.3. Let ¢ be an admissible SG-phase function. Then, for any
amplitude a € SG™=™* (R x R*) we have the inclusions

pri(WFsq(I,(a))) C pri(Cy) and WFsq(Iy(a)) C Ay, .

This theorem establishes a connection between the singularities of oscil-
latory integrals and the geometric structures established above.

Remark 6.4. Recalling the existence of a canonical principal part for clas-
sical SG-symbols, we can write

p(x,0) = x“(2) 9°(2,0) + X7 (0) 0” (2,0) — x“(2) X" () (2, 0) + 7, (2, 6).

Since ¢+ € SG%°, we may absorb the r, part of the phase function in an
oscillatory integral into the amplitude. We are thus reduced to the case of
studying phase functions of the form

o(x,0) = x°(x) (2, 0) + xV(0) ¢ (x,0) — x“(2) X" (0) ¥ (,0).

and thus we have found that only the behaviour at infinity, i.e. the principal
symbol of ¢, enters in the study of the SG-singularities of such oscillatory
integrals. It is by this logic that only the boundary components A, play a
role in the study of Lagrangian distributions, and this is why we do not ask
for SG-Lagrangians A to arise as the boundary of a manifold in the interior,
which would be simpler.

0Tn the present paper we follow a notation close to the one used in [19], dif-
ferent from the one we adopted in [9]. In particular, in the original statement of
Theorem 6.3 proved there, C, was denoted by M, and A, by SP,,, respectively.
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6.1. An example

In this subsection, we revisit the example of [9], see also [35, 42], and study a
distribution associated with an SG-Lagrangian that has a non-trivial (ye)-
component, and hence it is neither Legendrian, nor a Lagrangian in the
classical sense.

We consider the two-point function of a free, scalar, bosonic quantum
field theory on a flat space-time, that is, Minkowski space R x R?, wherein
we denote points by (zg,z) for 2o € R and x € R Let m > 0, wy,(z) =

m?2 + |z|2. The two-point function'! is the distribution given by the formal
oscillatory integral (see [33, Sect. IX.8])

95 A 17 ei(_mOWM(e)“’xe) de
( ) +(.’IJO,$) T 2(27[_)d/ wm(e)

It also arises in the study of the fundamental solutions of the Klein-Gordon
equation, and therein its microlocal properties play a significant role, see
[21].

We observe that (25) is expressed as a formal oscillatory integral like the
one in (24). In fact, we have'? w,, () € SGgl’l(Rd+1 x R%), and we conclude

o(xo,x;0) == —xowm(0) + 20 € SGr1 1(]1%‘1+1 x R%).

We may then compute the principal symbols and their gradients at an arbi-
trary point (x,x;#) on their respective domains of definition:

gﬂp = —1‘0’9| + 20, Vggow xo‘e‘ + x, Vx90¢ = (—’9| O)ti
Spe = _xowm(a) + 1’(9, VGQO - (9) +z, VxSDE = (_ (9)7 0) )
PV = —wolb| +ab, Vo' = —zop +x, Vi = (—6],0)".

Since V,¢* does not vanish on W*, e € {1, e, ¢e}, the function ® associated
with ¢ is SG-elliptic, hence ¢ is a classical SG-phase function in the sense

HRecall that the two-point function takes this form in difference variables z =
y—y.
2Tndeed,

wm(8) = \/m2 + [0 = |6]\/T+ (18] /m) 2 = Z ?’émwvm) ,

where the series converges for |#| > m, and therefore we have a polyhomogeneous
expansion.
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of Definition 3.6. Theorem 6.1 then defines (25) as a tempered oscillatory
SG-integral. From the principal symbols of ¢, we may now reproduce the
bounds on the singularities of Ay in terms of the associated geometric sets
C, and A, given in [9, 35]. We find

Cy ={(0,0;0): 0 € R\ {0})} U {(&|z|,z; £ z) : = € R\ {0}, A > 0},

+
Co = {(:l:xo,:r;m> c 20 € Ry, z € RY, |z|? <x%},

Ve

Cfﬁe = {(£lz|,z;£Az) : z € R%\ {0}, A > 0},
and A, is, by Definition 3.11, the union of

A = {(0,0; -]l €) - € € R}
U {(£[z], z; Az, £Az) : 2 € R4\ {0}, A > 0},

—ml|xg +max
A = {(ixo,x; N | |JC’2, NG |x]2> cxp Ry, zeRY, zf? < x%},
0~ 0~

Aze = {(£]z],z; —A|z|, £\z) : z € R*\ {0}, A > 0}.

As in [9], we may parametrize the e-component of A, also as follows:

(26) AG = {(j:)\wm(ﬁ), EA0; —win(0),0) : 0 € RE, A > o} .

Thus, Theorem 6.3 yields WFgq(A4) C Ay, and, in fact, equality holds true
(see [9, 35]).

We now turn to a discussion of these sets. prl(A:g) yields the light-cone,
that is {(zo, ) : |zo| = |z|}, and prl(ng) is simply the boundary of the
light-cone “at infinity”. Then, Ag and Aﬁe are formed by attaching those
tangential co-vectors to the light-cones that have a negative £y-component.
On the other hand, pry(Ag) is formed by all the time-like directions that
satisfy |z? < 2. A¢, can also be understood by considering (26) as a bun-
dle over the second set of variables, the (negative) mass shell {—w,(0),0},
reversing the role of fibre and base space. This information — (schematically,
in 1+ 1 dimensions) — is visualized in Figure 4, consider also [9, 33, 35].
Obviously, A and A® are manifolds. The remaining A% has a (bi-)conical
singularity at (xzg,x) = 0. This stems from the fact that ¢ is everywhere
non-degenerate, except at all point of C, of the form (0,0, ).

Therefore, the singular sets associated with the two-point function (in
fact, with any of the distinguished fundamental solutions to the Klein-
Gordon equation) provide an example of a SG-Lagrangian submanifold,
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Figure 4: The sets A$ U Age and A associated with .

apart from a singularity at the origin. This singularity, however, is expected,
since the it lies in the classical i-part of the Lagrangian. To allow also such
kind of singularity, which arises, for instance, in the construction of paramet-
rices to hyperbolic Cauchy problems, one could pass to an extended version
of the calculus of paired Lagrangian distributions, see [29].

The previous example shows how SG-Lagrangian submanifolds, which
can be decomposed into two suitable submanifolds, one of which is Legen-
drian, while the other one is Lagrangian, arise.

Appendix A. Manifolds with corners

In this appendix we will present some results from the analysis on mani-
folds with corners that are employed in the study of SG-Lagrangians. There
are different definitions of manifold with corners, see [28], and, e.g. [22, 23].
Since in the main part of this document we only deal with finite-dimensional
manifolds with corners, here we shortly recall the approach of [23] in such
a case, while in its original formulation it is based on quadrants in gen-
eral Banach spaces. Therein, the results needed for our purposes (notably,
Theorem A.17 below) are explained in full detail, within the complete pre-
sentation of this theory.

Definition A.1. With d € N, let A C {1,...,d}. The set

B R?, if A=0,
Ad {z eR%: 2; > 0,7 € A}, otherwise,
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is called (A-)quadrant of R?. The notation E;fd is used when A = {j}.
Obviously,

+ +
Exq.= () Efs
jeA

The notion of differentiability on open subsets of a quadrant of R? can
be introduced exactly as on open subsets of R?.

Definition A.2. Let U be an open subset of Ede f:U — R% amap, and
x € U. Then, if there exists an element u € E(R‘{, R?) such that

o 17@) = F(2) — uy = 2)]

o ly — x|

=0,

||| denoting the standard Euclidean norms on RY, R¥, f is said to be
differentiable at x. In such a case, u is called differential of f at z and
is denoted by Jf(z). If f is differentiable at every = € U, f is said to be
differentiable on U.

The notion of differentiability and of differential in Definition A.2 is
well-defined and coincides with the ordinary one when A = (). The basic
properties and notions of differentiability, such as continuous differentiability
and higher order differentiability, carry over to this notion of differentiation
on quadrants. In particular, we call f of class oo, or smooth (up to the
boundary) in a (relatively) open subset U C R? denoted f € €>°(U), if for
every p € Ny the maps JPf : (R)®P — R? are continuous and differentiable
at every x € U.

Equivalent alternative definitions of smooth maps on EX 4 can be given
in terms of existence of extensions on open sets of R? including U, or on
neighbourhoods in R of points & € U, which are continuously differentiable
of any order with respect to the standard notion, see [23]|, Sections 1.1
and 2.1, for details.

Definition A.3. Let X be a set. The triple (U, v, EXd) is a chart on X if:
1) UCX;
2) v: U — EY , is an injective map and v(U) is an open set of E} ,.

Let (U,v, E} ), (U',V,E}, ;) be charts on X. They are smoothly compati-
bleif UNU' =0 or, it UNU" # 0,
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3) v(UNU’') and /(U NU’) are open subsets of E} ;, and EY, ,, respec-
tively;

4) Vorliv(UNU) -/ (UNU') and vor' L: v/ (UNU') - v(UN
U’) are smooth maps.

A collection A of smoothly compatible charts that cover X is called a smooth
atlas. As usual, two atlases A, A" are called equivalent if AU A’ is an atlas,
which yields an equivalence relation. An equivalence class [A]. is called
smooth differentiable structure on X and the pair (X, [A4].) is called smooth
manifold or a %°°-manifold, denoted simply by X. If A cannot be chosen
as empty, X is called a smooth manifold with corners.

Given a €°°-manifold X, the set
{U C X: U is the domain of a chart on X'}

is a basis for a topology on X. The space of smooth maps among %°°-
manifolds X and Y, denoted by €°°(X,Y), is defined in a completely similar
fashion to the usual way. In particular the tangent bundle may be defined
in a neighbourhood U given by a chart as U x R?, and consequently over
the full manifold by imposing contravariant transformation behaviour. The
differential of a smooth map f: X — Y in local coordinates then induces a
map df : TX —TY.

Definition A.4. Let U be an open set of E/td.
1) For x € EX’d, ind(x) :=indp(z) = #{j € A: x; = 0};

2) The set {z € U: ind(z) > 1} is called boundary of U, and denoted
o\U = 0U;

3) The set {z € U: ind(x) =0} is called interior of U, and denoted
intA\U =intU = U°.

It can be proved that the value ind(z) is invariant under smooth diffeo-
morphisms'3, that is, it has an invariant meaning on a manifold X. This
implies that also the notions of boundary and interior are invariantly defined
on X. More generally, for any k € Ny, it is possible to define 9*X, the k-
boundary of X, as the set of all points € X such that ind(xz) > k. We

13 A smooth diffeomorphism is a smooth bijective map X — X whose inverse is
also smooth.
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set X := 0'X. Moreover, for any k € Ny, the set {z € X: ind(x) = k} is
denoted by BrX. The set BpX is called the interior of X.

Example A.5. Consider d € N, B¢ = {y € R%: ||y|| < 1}, and, for all j €
{1,..., d}, (VJr * E+) (V.~ Ef,d)’ where

’]’ ]7]7

o VI ={yeBy; >0}, V7 ={yeBy; <0}

i V+(y):(7y]—17\/1_(+y]2_1+yj2+1+)_yj,y]+1,),

e i) =(..,y- 1,\/1— -—i—yf-_l+yj2~+1+...)+yj,yj+1,...).
Then, it turns out that

A=AV v B )Y it UV 07 B ) Yy, U (B, id, RY)

is a smooth atlas on B"”. Furthermore, the topology of of the manifold
(B?, [A]) is the usual (subset) topology of B C R, dBY = S"~1, 92B9 = ().

Proposition A.6. Let X, X' be €>°-manifolds, f: X — X' a diffeomor-
phism. Then, for any k € N, f(0*X) = 0*X'. In particular, if X =0, f
is a diffeomorphism of X onto 0X'.

It is well known that the finite Cartesian product of manifolds with-
out boundary is a natural, well-defined construction, which yields another
manifold without boundary. However, in the category of manifolds with
boundary (i.e., 9?X = (), there is no such a natural finite product construc-
tion. It turns out that the category of manifolds with corners is the suitable
one in which to define finite Cartesian products.

Proposition A.7. Let X, X' be €°°-manifolds. Then, there exists a unique
€ -structure [A] on X xY such that, for every chart (U,v, Ex7d) on X
and every chart (U',V, EY, a)on X' (UxU,vxv CEdy Aara) NIA =
AU{d+j:j €N}, is a chart of (X x X',[A]). The pazr (X x X',[A]) is
called the product manifold of X and X'.

Proposition A.8. Let X, X’ be €°°-manifolds. Then, the following state-
ments hold true.

1) The topology of the product manifold X x X' is the product topology
of those on X and X'.

2) For every (x,2') € X x X', ind(z,2’) = ind(z) + ind(z').
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8) For all leN, 94X x X') = U FXx*X'. Moreover, (X xX')°=

Jtk=1
J,k=>0

X x (X7')e.

Example A.9. This proposition allows us to construct a differential struc-
ture on B¢ x B, s € N, in terms of that in Example A.5, that turns this set
into a manifold with corners of codimension 2 such that

(B4)° x (B)° k=0
BY)° x S*1) U (S x (B)°) k=1

B ]Bd BS _ ((
WBT BT = 0 a1y go k=2
0 k> 2.

It is a remarkable aspect of this theory that the implicit function theorem
extends to manifolds with corners, under a rather mild (and natural) addi-
tional condition on boundaries. In the next statement, given a map f: X x
Y — Z, for any (a,b) € X x Y, we write d, ) f = (d )éb f, dy f) with the

linear morphisms d( b)f ToX = Ttap) 4 and d f TbY —> Tf(a N2

Theorem A.10. Let X,Y,Z be €°°-manifolds, f: X xY — Z a smooth
map and (a,b) € X x Y. Suppose that d f LY — TiapZ is a linear
homeomorphism, and suppose that there are open neighbourhoods V, of a
and Vi of b such that f(V, x (VN 9Y)) C 0Z.

Then there exist an open neighborhood W, of a, an open neighbourhood
Wy of b and a unique map g: Wy — Wy such that f(x,g(x)) = f(a,b) for
x € W,. Furthermore:

1) g(a) = b, and g is smooth on Wy;

2) for every x € W, d( )f 1 a linear homeomorphism and

z,9(x)
dog = ({3 (o) )™ © A gian f

We now state the definition of a submanifold (with corners) in this set-
ting.

Definition A.11. Let X be a ¢*°-manifold and X’ € X. Then, X' is a
¢ *°-submanifold of X if, for every 2’ € X', there exist:

1) a chart (U, v, Ej{’d) of X such that 2/ € U and v(z’) = 0;
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2) an integer d' € N, d’ < d, and A’ C {1,...,d'}, such that v(U N X') =
v(U)NEY, ;. and v(U) N EY, , is an open subset of E}, .

In particular, X° is an open submanifold of X and if 92X = ), 90X is a
submanifold of X. In general, there is no relation between the boundary of
X and that of a submanifold of X. This leads to the definition of special
submanifolds, whose boundaries have “good positions” within the boundary
of the ambient manifold.

Definition A.12. Let X’ be a submanifold of X. Then:

1) X’ is a neat submanifold of X if 0X' = (0X) N X’;

2) X' is a totally neat submanifold of X if, for all 2’ € X', indx/(2') =
indx (2), that is, ByX' = X' N By X for any k € Ny.

An equivalent condition for X’ to be a totally neat submanifold of X is
that, for all 2’ € X’ N BpX,

0X' = (0X)N X' and T X = (dp i) (T X') + (dpj)(Tw Bp X),

where j': X' < X and j: BpX < X are the canonical inclusions. The prop-
erties of being a neat or totally neat submanifold are invariant under diffeo-
morphisms.

Definition A.13. Let f: X — X’ be a ¥*°-map and x € X. f is called
(smooth) immersion at x if there is a chart (U,v, EIJ{ 4) on X such that
v(x) =0, and a chart (U’,u’,EX,,d,) on X' with v/(f(z)) =0, such that
fWU)CU, v(U) v/ (U) and v/ o fiyovt: v(U) = v(U’) is the inclusion

map. If fis an immersion Va € X, it is called immersion on X.

Theorem A.14. Let f: X — X' be a smooth map and v € X such that
f(z) € (X')°. Then, the following statements are equivalent:

1) f is an immersion at x;

2) d.f is an injective map.

We now recall the definition of embeddings in this context, and describe
how they can be characterized.

Definition A.15. Let f: X — X’ be a map of class p. Then, f is called
embedding if it is an immersion and f: X — f(X) is a homeomorphism.
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We may now give a characterization of embedded submanifolds.

Proposition A.16. Let X, X' be €°°-manifolds and f: X — X' a map.
Then, the following statements are equivalent:

1) f is a smooth embedding;

2) f(X) is a €°-submanifold of X' and f: X — f(X) is a diffeomor-
phism.

The next result, [23, Prop. 4.2.10], with which we conclude this appendix,
shows that also on manifolds with corners the solutions to systems of equa-
tions give rise to submanifolds, provided that the corresponding differentials
are linearly independent.

Theorem A.17. Let X be a smooth manifold and fl,...,f X >R be
¢ (X)-maps. Consider the setY = {zx € X: fl( ) = fs(x) =0}, and
suppose that, for every x €Y, (dz(filB,x),- (fs|BkX)) is a linearly

independent system of elements of (T. (BkX)) , where k =ind(z). Then
we have

1) Y s a closed totally neat €°°-submanifold of X ;
2) T,()T,Y)={veT,X: T, f1i(v) = =T, fn(v) =0}, wherej: Y —

X is the inclusion map and x € Y;

3) For all z € Y, codim,Y = s.
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