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Symplectic capacities from Hamiltonian

circle actions

Taekgyu Hwang and Dong Youp Suh

LetM be a closed Fano symplectic manifold with a semifree Hamil-
tonian circle action with isolated maximum. We compute the Gro-
mov width and the Hofer-Zehnder capacity of M using a moment
map.

1. Introduction

The celebrated Gromov’s nonsqueezing theorem [Gr] says that there is a
symplectic embedding of a ball B2n(r) of radius r into B2(R)× R2n−2 if
and only if r ≤ R. This motivates the notion of the Gromov width of a
symplectic manifold (M,ω), defined by

wG(M) := sup
{
πr2 | B2n(r) can be symplectically embedded into M2n

}
.

Karshon and Tolman [KT], and Lu [Lu1] independently, computed the Gro-
mov width of the complex Grassmannian Gr(k,m) of k-planes in Cm. It is
equal to m if the cohomology class [ω] of the symplectic form is normalized
to be the first Chern class. The idea of the proof by Karshon and Tolman is
the following.

Consider the S1 action on Cm given by

t · (z1, . . . , zm) = (e2πitz1, . . . , e
2πitzk, zk+1, . . . , zm).

Here we are using a different action from that of [KT] to induce the opposite
action on Gr(k,m). Also, we consider S1 as R/Z instead of the unit circle
in C. This induces a semifree, Hamiltonian S1 action on Gr(k,m). The
moment map H : Gr(k,m) → R attains its maximum exactly at the point
Fmax := Ck × 0 ⊂ Cm. Choose a fixed component Fsmax of the action so that

Dong Youp Suh is supported in part by Basic Science Research Program through
the National Research Foundation of Korea(NRF) funded by the Ministry of Edu-
cation(2013R1A1A2007780).

785



786 T. Hwang and D. Y. Suh

there is no critical value between Hsmax := H(Fsmax) and Hmax := H(Fmax).
Karshon and Tolman showed that the preimage of the interval (Hsmax, Hmax]
is symplectomorphic to the ball{

x = (xi) ∈ Ck(m−k)
∣∣∣ π∑

i

|xi|2 < Hmax −Hsmax

}
.

Since [ω] ism times the generator ofH2(Gr(k,m),Z) and all weights at Fmax

are −1, the difference Hmax −Hsmax, which is the symplectic area of a gra-
dient sphere from Fsmax to Fmax, is equal to m. See Lemma 2.1. This shows
that the Gromov width is at least m. To check this lower bound is indeed
the Gromov width, they used the fact by Gromov (Proposition 3.4) that a
nonvanishing Gromov-Witten invariant with a point insertion gives an up-
per bound. By the result on the Gromov-Witten invariants of Gr(k,m) by
Siebert and Tian [ST], they concluded that m is also an upper bound.

In this paper, we apply this idea to use Hamiltonian circle actions to
compute the Gromov width to a broder class of symplectic manifolds. More
precisely, we use Hamiltonian circle actions to find certain nonvanishing
Gromov-Witten invariants, which estimate the Gromov width from above.
Using a result by Lu (Proposition 3.5), this method can also be used to
estimate the Hofer-Zehnder capacity cHZ(Definition 3.2).

To state our main theorem we need some terminologies. An almost
complex manifold (M,J) is called Fano if any nonconstant J-holomorphic
sphere has positive Chern number. By slight abuse of terminology, we say
a Hamiltonian S1-manifold (M,ω) is Fano if there is an S1-invariant ω-
compatible almost complex structure J such that (M,J) is Fano. For ex-
ample, any monotone symplectic manifold is Fano. An S1 action is called
semifree if it is free outside the fixed point set. We let Hmax, Hsmax and
Hmin denote the largest, second largest and smallest critical values of the
moment map H, respectively.

Theorem 1.1. Let (M,ω) be a closed Fano symplectic manifold with a
semifree Hamiltonian S1 action. The Gromov width and the Hofer-Zehnder
capacity are estimated as

(a) wG(M) ≤ Hmax −Hmin ≤ cHZ(M).

(b) Further if Fmax is a point, then

wG(M) = Hmax −Hsmax,

cHZ(M) = Hmax −Hmin.
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Complex Grassmannians satisfy the assumptions of Theorem 1.1 (b).
Also, the product of manifolds satisfying these assumptions again satisfies
the assumptions. As an application, we compute the Gromov widths and
the Hofer-Zehnder capacities of products of complex Grassmannians. We
will see examples displaying the necessity of our assumptions in Section 4.

A related result was given by Lu [Lu2]. He proved that an upper bound
for the Gromov width is given by Hmax −Hmin, under the assumption that
the Hamiltonian S1 action is semifree with isolated fixed points. Since this
assumption implies Fano condition our estimate is sharper, while he also
related other (pseudo) capacities. See Theorem 6.8 in [Lu2].

The proof of Theorem 1.1 heavily uses results by McDuff and Tol-
man [McT]. They developed techniques to compute the Seidel representation
from the data of the Hamiltonian circle action. The Seidel representation is
a group homomorphism

S : π1(Ham(M,ω)) → QH0(M ; Λ)×

from the fundamental group of the Hamiltonian diffeomorphism group to
the group of units of degree zero in the small quantum cohomology ring.
Since the quantum multiplication is defined using Gromov-Witten invari-
ants, we may compute some Gromov-Witten invariants once we know this
homomorphism. Although the Seidel representation is hard to compute in
general, McDuff and Tolman obtained considerable information on it when
the Hamiltonian loop is given by a Hamiltonian circle action. As an appli-
cation, they gave a presentation of the quantum cohomology ring of a toric
manifold. Gonzalez [Go] used their techniques to compute the quantum co-
homology ring of symplectic manifolds admitting semifree circle action with
isolated fixed points.

Suppose the action is semifree near the maximum fixed component Fmax.
In this case McDuff and Tolman proved that the coefficient of the first term
of the Seidel element is [Fmax]. See Theorem 2.5. They also showed in [McT]
(as a corollary of Theorem 1.10 (iii)) that all other terms vanish when (M,ω)
is Fano and codimFmax = 2. The following theorem, which we use to prove
Theorem 1.1, states that the codimension assumption is not necessary if the
action is semifree on the whole manifold.

Theorem 1.2. Let φ be a semifree Hamiltonian S1 action on a closed Fano
symplectic manifold M . Then

S(φ) = [Fmax]⊗ qm(Fmax)t−Hmax ,
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where m(Fmax) is the sum of weights at Fmax.

In Section 2, we introduce results by McDuff and Tolman on the Seidel
representation. We prove Theorem 1.2 in Section 3 and use it to prove Theo-
rem 1.1. In Section 4, we compute the Gromov width and the Hofer-Zehnder
capacity of the product of complex Grassmannians. We also give examples
showing that we cannot remove our assumptions.
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2. Hamiltonian circle action and Seidel representation

The Seidel representation was first introduced by Seidel [S] and later defined
by McDuff [Mc] in the form described in this section. A Hamiltonian circle
action represents an element in π1(Ham(M,ω)). McDuff and Tolman [McT]
gave a method to compute the Seidel representation for such elements. Their
results are essential tools to the proof of our theorems.

2.1. Hamiltonian circle action

Let (M,ω) be a closed symplectic manifold. An S1 action on (M,ω) is called
Hamiltonian if there exists a map

H : M → R

satisfying ω(X, ·) = −dH, where X is the fundamental vector field of the
action. Here we use the convention that the vector field X generates the
flow φt of period one. Such a map H is called a moment map. The critical
point set of H is exactly the fixed point set of the action, which is a finite
disjoint union of symplectic submanifolds. The moment map H is a Morse-
Bott function with critical points of even index, so the level sets of H are
connected. We denote by Fmax the unique maximum fixed component with
respect to H.
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Choose an S1-invariant ω-compatible almost complex structure J , so
that g(·, ·) := ω(·, J ·) is an S1-invariant Riemannian metric. Then −JX is
the upward gradient vector field of H with respect to g. Since g is S1-
invariant, the flow γs of−JX commutes with φt. For any point w ∈ M \MS1

,
choose the gradient flow through w. By rotating it by the circle action, we
have a J-holomorphic curve

u : R× S1 → M : (s, t) �→ φt(γs(w))

with the product complex structure on R× S1. The closure of the image
of u is called a gradient sphere.

The action gives weights of the tangential representation at each fixed
component. Weights at Fmax are nonpositive with our conventions. A Hamil-
tonian S1 action is semifree if and only if all weights are one of −1, 0, 1. To
see this, let w ∈ M be a point with isotropy subgroup Z/k. Since γs com-
mutes with the S1 action, the isotropy subgroup of γs(w) is also Z/k for
all s. The limit point as s → −∞ is a fixed point of the S1 action having a
multiple of k as a weight.

The moment map H is determined up to constant addition. For mono-
tone symplectic manifolds, after normalization [ω] = c1(M), it is convenient
to use the following lemma to fix a choice of H so that the moment map
image of a fixed component is the negative of the sum of weights.

Lemma 2.1 ([McT] Lemma 3.9). Let S1 act on (M,ω) with moment
map H. Let B be the homology class represented by a gradient sphere joining
two fixed points x and y. Here the orientation of B is given by a gradient
flow from x to y, followed by the S1 action. Then

c1(B) = (m(x)−m(y))/k and ω(B) = (H(y)−H(x))/k,

where m(x) is the sum of weights at fixed point x, and k is the isotropy
weight of the gradient sphere.

2.2. Seidel representation

We define the Seidel representation for Hamiltonian circle actions. We refer
to [McS2, McT] for detailed explanation of the Seidel representation.

Let φ be a Hamiltonian S1 action on (M2n, ω) with moment map H. Re-
call that we are using the convention S1 = R/Z so that φ has period 1. This
action defines a Hamiltonian bundle π : Pφ → S2 with fiber M as follows.
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Let S3 be the unit sphere in C2. Consider the following S1 action

t · (z1, z2, w) =
(
e2πitz1, e

2πitz2, φt(w)
)

on the product S3 ×M . The bundle is defined to be the quotient space

Pφ := S3 ×S1 M

with π induced from the projection to the first factor. Pφ is determined
by the homotopy class of φ as an element of π1(Ham(M,ω)) and has a
symplectic structure extending the fiberwise symplectic form.

Two cohomology classes in H2(Pφ,Z) are associated to this bundle. The
first one is cvert, the first Chern class of the vertical tangent bundle of Pφ. The
second one is the coupling class uφ, the unique class satisfying uφ|M = [ω]
and un+1

φ = 0. We use

(2.1) Λ := Λuniv[q, q−1]

as the coefficient ring for quantum cohomology where q is a variable of
degree 2 and

Λuniv :=

{∑
κ∈R

rκt
κ
∣∣∣ rκ ∈ Q, #{κ < c | rκ 	= 0} < ∞, ∀c ∈ R

}

with deg t = 0.

Definition 2.2. The Seidel element is defined to be

S(φ) =
∑

σ∈Hsec
2 (Pφ)

bσ ⊗ qcvert(σ)tuφ(σ) ∈ QH0(M ; Λ)

where bσ ∈ H∗(M,Q) is a unique class satisfying

(2.2)

∫
M

bσ ∪ c = GW
Pφ

σ,1(i∗c)

for all c ∈ H∗(M,Q). Here, i∗ : H∗(M,Q) → H∗+2(Pφ,Q) is the cohomology
pushforward of inclusion i : M ↪→ Pφ defined using Poincaré duality. The
section homology Hsec

2 (Pφ) consists of σ ∈ H2(Pφ,Z) with π∗σ = [S2].
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Remark 2.3. McDuff and Tolman [McT] used quantum homology to ex-
plain their results. Using Poincaré duality

QH∗(M ; Λ̌) → QH∗(M ; Λ) : a⊗ qdtκ �→ PD(a)⊗ q−dt−κ,

we present their results in the cohomology form. Here Λ̌ is the homology
version of the Novikov ring.

McDuff [Mc] proved that S : π1(Ham(M,ω)) → QH0(M ; Λ)× is a group
homomorphism. The multiplication by S(φ) gives an automorphism of the
quantum cohomology ring.

Definition 2.4. The Seidel representation is the group homomorphism

S : π1(Ham(M,ω)) → Aut(QH∗(M ; Λ))

defined by

(2.3) S(φ)(a) = S(φ) ∗ a

for a ∈ QH∗(M ; Λ) where ∗ denotes the small quantum cup product.

It was shown in [Mc] that for a ∈ H∗(M,Q),

S(φ)(a) =
∑

σ∈Hsec
2 (Pφ)

bσ,a ⊗ qcvert(σ)tuφ(σ)

where bσ,a ∈ H∗(M,Q) is a unique class satisfying

(2.4)

∫
M

bσ,a ∪ c = GW
Pφ

σ,2(i∗a, i∗c)

for all c ∈ H∗(M,Q). Here i∗ is the cohomology pushforward as in Defini-
tion 2.2. The class bσ defined in (2.2) is equal to bσ,1.

2.3. Computation results by McDuff and Tolman

We present here some of the computation results by McDuff and Tolman
[McT].

Let F be a fixed component and choose x ∈ F . Let σx ∈ Hsec
2 (Pφ) be

the homology class represented by the sphere S3 ×S1 {x}. The homology
class σx does not depend on the choice of x and will be denoted by σF .
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McDuff and Tolman (Lemma 2.2 in [McT]) showed that cvert(σF ) = m(F )
and uφ(σF ) = −H(F ) where m(F ) is the sum of weights at F , and the
moment map H is normalized so that

∫
M2n Hωn = 0. Since we will not use

the fact that S is a group homomorphism, H need not be normalized for
our purposes. Any section class σ is written as the sum σF +B for some
B ∈ H2(M,Z). Using the notation

(2.5) aB := bσFmax+B (defined in (2.2))

the Seidel element is written as

(2.6) S(φ) =
∑

B∈H2(M,Z)

aB ⊗ qm(Fmax)+c1(B)t−Hmax+ω(B) ∈ QH0(M ; Λ).

The following theorem computes the first term of the Seidel element.

Theorem 2.5 ([McT] Theorem 1.10 (i)). Let φ be a Hamiltonian S1

action on a closed symplectic manifold (M,ω). Suppose all negative weights
at Fmax are −1. Then

S(φ) = [Fmax]⊗ qm(Fmax)t−Hmax

+
∑

B∈H2(M,Z)
ω(B)>0

aB ⊗ qm(Fmax)+c1(B)t−Hmax+ω(B),

where [Fmax] is the cohomology class represented by Fmax.

The next lemma is used to get information on the latter terms. We
will use this lemma later when we want to show aB = 0. A pseudocycle
f : V → M is called S1-invariant if f(V ) is S1-invariant.

Lemma 2.6 ([McT] Lemma 3.10). Let f : V → M be an S1-invariant
pseudocycle representing the cohomology class a. Then

∫
M aB ∪ a = 0 if B

cannot be represented by an S1-invariant J-holomorphic stable map that
intersects both Fmax and f(V ).

They also computed the first term of the Seidel representation. To ex-
plain their result, we need the notion of canonical classes.

Lemma 2.7 ([McT] Lemma 1.13). Suppose S1 acts on (M,ω) with a
moment map H. For a fixed component F of the action, choose any cohomol-
ogy class cF ∈ H i(F,Q). Let α be the index of F and e−F be the equivariant



Symplectic capacities from Hamiltonian circle actions 793

Euler class of the negative normal bundle of F . Then there exists a unique
equivariant cohomology class e(c+F ) ∈ H i+α

S1 (M,Q) satisfying

(a) e(c+F )
∣∣
F ′

= 0 for all fixed components F ′ with H(F ′) < H(F ),

(b) e(c+F )
∣∣
F
= cF ∪ e−F , and

(c) the polynomial degree of e(c+F )
∣∣
F ′

is less than the index of F ′ for all fixed
components F ′ 	= F .

Such a unique class e(c+F ) is called the canonical class. The upward ex-
tension c+F ∈ H i+α(M,Q) is defined to be the restriction of e(c+F ) to the or-
dinary cohomology. The downward extension c−F ∈ H i+2n−α−dimF (M,Q)
is defined in the same way using −H instead of H.

Remark 2.8. By choosing a basis of H∗(F,Q) over all fixed components F ,
we obtain a basis by canonical classes for H∗

S1(M,Q) as an H∗(BS1,Q)-
module. By restricting to the ordinary cohomology, the upward extensions
{c+F } and the downward extensions {c−F } form a basis for H∗(M,Q), respec-
tively.

Theorem 2.9 ([McT] Theorem 1.15). Let φ be a semifree Hamiltonian
S1 action on a closed symplectic manifold (M,ω) with moment map H.
Choose a cohomology class cF ∈ H∗(F,Q) for a given fixed component F .
Then

S(φ)(c−F ) = c+F ⊗ qm(F )t−H(F )

+
∑

B∈H2(M,Z)
ω(B)>0

aB,cF ⊗ qm(F )+c1(B)t−H(F )+ω(B).

Here for brevity we are using the notation aB,cF := bσF+B,c−F
(defined in (2.4))

so that ∫
M

aB,cF ∪ c = GW
Pφ

σF+B,2(i∗c
−
F , i∗c)

for all c ∈ H∗(M,Q).

When the action is semifree, the upward extensions and the downward
extensions have a nice geometric interpretation. Given a Riemannian met-
ric on M , denote by ψt the negative gradient flow of H. For C ⊂ M , the
unstable manifold of C is defined to be

W u(C) :=

{
x ∈ M | lim

t→−∞ψt(x) ∈ C

}
.



794 T. Hwang and D. Y. Suh

Proposition 2.10 ([McT] Proposition 4.8). Let S1 act semifreely on
(M,ω) with moment map H. Choose a Riemannian metric on M associated
to a generic S1-invariant ω-compatible almost complex structure. Then for a
generic submanifold C of a fixed component F , the unstable manifold W u(C)
is an S1-invariant pseudocycle. The cohomology class represented by W u(C)
is equal to the downward extension [C]−, where [C] denotes the cohomology
class in H∗(F ) represented by C.

3. Proof of theorems

The following is a restatement of Theorem 1.2.

Theorem 3.1. Let φ be a semifree Hamiltonian S1 action on a closed Fano
symplectic manifold (M,ω). Write the Seidel element as in Theorem 2.5.

S(φ) = [Fmax]⊗ qm(Fmax)t−Hmax

+
∑

B∈H2(M,Z)
ω(B)>0

aB ⊗ qm(Fmax)+c1(B)t−Hmax+ω(B) ∈ QH0(M ; Λ).

Then aB = 0 for all such B.

Proof. Given a fixed component F , we will show
∫
M aB ∪ c−F = 0 for all

cF ∈ H∗(F,Q). This will complete the proof by Remark 2.8.
Fix F and cF ∈ H∗(F,Q), and suppose

∫
M aB ∪ c−F 	= 0. We may assume

that cF is represented by a smooth submanifold. Let C be a generic subman-
ifold of F representing cF . By Lemma 2.6 and Proposition 2.10, there is an
S1-invariant J-holomorphic stable map in class B that intersects both Fmax

and W u(C). It is a connected union of S1-invariant J-holomorphic spheres.
As explained in [McT](Section 3.2), the image of each such sphere is either
contained in the fixed point set or a gradient sphere joining two fixed points.
Therefore, there is a chain of spheres joining two fixed points x ∈ W u(C)
and y ∈ Fmax. Write B =

∑
kiBi +

∑
ljCj , where Bi is the homology class

of a sphere in the chain, Cj is the homology class of a sphere not in the
chain, and ki, lj ≥ 1 are multiplicities.

Recall that the index of F is twice the number of negative weights at F .
Since the action is semifree,

deg c−F = dimM − dimW u(C)(3.1)

= dimM − index(F ) ≤ dimM + 2m(F ).
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On the other hand, by Lemma 2.1 and the assumption that (M,J) is Fano,

(3.2) c1(B) ≥
∑

c1(Bi) ≥ m(x)−m(y) ≥ m(F )−m(Fmax).

Since the Seidel element S(φ) has degree 0, the inequality (3.2) implies

(3.3) deg aB = −2m(Fmax)− 2c1(B) ≤ −2m(F ).

We have assumed
∫
M aB ∪ c−F 	= 0, hence, deg aB + deg c−F = dimM .

This implies that inequalities in (3.1) and (3.3) are equalities. This is possible
only if F = Fmax and c1(B) = 0, which contradicts the Fano assumption. �

Before proving Theorem 1.1, we recall the definition of the Hofer-Zehnder
capacity. See [McS1] Chapter 12 for details. We assume for simplicity that
(M,ω) is closed. Let XK denote the Hamiltonian vector field of a function
K : M → R. A function K : M → R is called admissible if

(a) there exist open sets U and V such that K|U = Kmin and K|V = Kmax,

(b) XK has no nonconstant periodic orbit of period less than 1.

Definition 3.2. The Hofer-Zehnder capacity is defined to be

cHZ(M) := sup {Kmax −Kmin | K is admissible} .

In the proof of Theorem 1.1 we use the following four propositions. The
last proposition is the key one used in our proof.

Proposition 3.3 ([KT] Proposition 2.8). Let (M,ω) be a closed sym-
plectic manifold with a Hamiltonian S1 action. If all weights at Fmax are −1,
then

wG(M) ≥ Hmax −Hsmax.

Proposition 3.4 (Gromov). Suppose GWM
A,k ([pt], α2, . . . , αk) 	= 0 for

k ≥ 1 and A 	= 0. Then wG(M) ≤ ω(A).

Proof. See Proposition 4.1 in [KT] or Section 1.3 in [McS2]. The proof ap-
plies to general A ∈ H2(M,Z) using Gromov compactness ([McS2] Theo-
rem 5.3.1). If there is a J-holomorphic stable map in class A passing through
a given point, then there is a J-holomorphic sphere in some class Ai passing
through a given point with 0 < ω(Ai) ≤ ω(A). �
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Proposition 3.5 ([Lu1] Corollary 1.19). If

GWM
A,k([pt], [pt], α3, . . . , αk) 	= 0

for k ≥ 2, then cHZ(M) ≤ ω(A).

Proposition 3.6. Under the same assumption as Theorem 1.1, given a
fixed component F 	= Fmax and nonzero cF ∈ H∗(F,Q), there exist A ∈
H2(M,Z) and α ∈ H∗(M,Q) such that

GWM
A,3([Fmax], c

−
F , α) 	= 0 and ω(A) = Hmax −H(F ).

Proof. By Theorem 2.9,

S(φ) ∗ c−F = c+F ⊗ qm(F )t−H(F )(3.4)

+
∑

B∈H2(M,Z)
ω(B)>0

aB,cF ⊗ qm(F )+c1(B)t−H(F )+ω(B).

We use Theorem 3.1 and compare the coefficients of qm(F )t−H(F ). Since only
the first term in S(φ) survives, we have

(3.5) c+F =
∑

B∈H2(M,Z)
c1(B)=m(F )−m(Fmax)
ω(B)=Hmax−H(F )

([Fmax] ∗ c−F )B,

where (a ∗ b)B denotes a unique class satisfying∫
M
(a ∗ b)B ∪ c = GWM

B,3(a, b, c)

for all c ∈ H∗(M,Q). Since c+F 	= 0, there exists A ∈ H2(M,Z) such that

(3.6) ω(A) = Hmax −H(F ) and ([Fmax] ∗ c−F )A 	= 0.

Now choose α ∈ H∗(M,Q) so that
∫
M ([Fmax] ∗ c−F )A ∪ α 	= 0. Then

(3.7) GWM
A,3([Fmax], c

−
F , α) =

∫
M
([Fmax] ∗ c−F )A ∪ α 	= 0.

�
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Proof of Theorem 1.1.

(a) To prove the first inequality, we apply Proposition 3.6 when F = Fmin

and cF = [pt]. Since c−F = [pt], we use Proposition 3.4 to obtain

wG(M) ≤ ω(A) = Hmax −Hmin.

The second inequality follows by slightly changing our moment mapH
to an admissible function K. For any small ε > 0, we find admissi-
ble K with Kmin = Hmin + πε2 and Kmax = Hmax − πε2 as follows. Take
a Darboux-Weinstein neighborhood U of Fmin. In this neighborhood
the moment map is written as H = π|z|2 +Hmin, where |z| is the dis-
tance from Fmin along the normal direction. Choose a smooth function
f : [0, 2ε] → R satisfying

0 ≤ f ′(r) ≤ (r2)′, f(r) = ε2 near 0, f(r) = r2 near 2ε.

We define K on U to be πf(|z|) +Hmin. Then nonconstant orbits of
XK have period at least 1 by the condition on the derivative of f . We
define K similarly on a neighborhood V of Fmax and extend it to the
whole manifold by assigning K = H in the complement of U and V .
This proves cHZ(M) ≥ Hmax −Hmin.

(b) Proposition 3.3 shows wG(M) ≥ Hmax −Hsmax. To prove this is an equal-
ity, we apply Proposition 3.6 when F = Fsmax and cF 	= 0. Since Fmax

is a point, we use Proposition 3.4 to have wG(M) ≤ Hmax −Hsmax.
The second equality follows if we apply Proposition 3.6 when F =

Fmin and cF = [pt]. This time [Fmax] = c−F = [pt], so we use Proposi-
tion 3.5 to get cHZ(M) ≤ Hmax −Hmin. �

4. Examples

In this section, we use Theorem 1.1 to compute the Gromov width and the
Hofer-Zehnder capacity of the product of complex Grassmannians. We give
two examples which show that our assumptions cannot be removed.

Example 4.1. Let Gr(k,m) be the Grassmannian of k-planes in Cm. We
assume k ≤ m− k for simplicity. This is a monotone symplectic manifold.
The S1 action on Cm given by

t · (z1, . . . , zm) = (e2πitz1, . . . , e
2πitzk, zk+1, . . . , zm)
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induces a Hamiltonian S1 action on Gr(k,m). To find fixed components,
decompose Cm as the sum of V1 := Ck × 0 and V2 := 0× Cm−k. If W is an
invariant subspace and v = v1 + v2 ∈ V1 ⊕ V2 is an element of W , then both
v1 and v2 are elements of W . So W is a product of subspaces of V1 and V2.
We see that fixed point components are

Gr(k1, k)×Gr(k2,m− k)

for nonnegative integers k1 + k2 = k. To compute the weights, decompose
the tangent space of Gr(k,m) as

Hom(Ck,Cm−k) = Hom(Ck ∩ V1 ⊕ Ck ∩ V2, C
m−k ∩ V1 ⊕ Cm−k ∩ V2)

= Hom(Ck1 ,Ck−k1)⊕Hom(Ck1 ,Cm−k−k2)

⊕Hom(Ck2 ,Ck−k1)⊕Hom(Ck2 ,Cm−k−k2).

Weights on V1 are 1 and weights on V2 are 0. Hence, the first and the fourth
factor give weights 0, the second factor gives weights −1, and the third factor
gives weights 1. This shows the action is semifree. The moment map image of
Gr(k1, k)×Gr(k2,m− k), the negative of the sum of weights by Lemma 2.1,
is

k1(m− k − k2)− k2(k − k1) = k1(m− k)− k2k.

The largest value is k(m− k) when k1 = k, the second largest value is
k(m− k)−m when k1 = k − 1, and the smallest value is −k2 when k1 = 0.
By Theorem 1.1, we have

(4.1) wG(Gr(k,m)) = m, cHZ(Gr(k,m)) = km.

In the following example, we see that the Gromov width of the product of
symplectic manifolds satisfying the assumptions in Theorem 1.1 (b) is given
by the minimum of the width of the factors. It can be larger in general.
For example, Lalonde [La] proved the following: Let S2(2) be the sphere of
Gromov width 2 and let T 2(1) be the torus of Gromov width 1. The product
S2(2)× T 2(1) has Gromov width 2. For the Hofer-Zehnder capacity, it is
given by the sum of capacities of the factors.

Example 4.2. For i = 1, . . . , k, let (Mi, ωi) be a symplectic manifold sat-
isfying the assumptions of Theorem 1.1 (b), so that (M,Ji) is Fano. Con-
sider the product (M,ω) := (M1, ω1)× · · · × (Mk, ωk) with the compatible
almost complex structure J := J1 × · · · × Jk. Let A ∈ H2(M,Z) represent
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a J-holomorphic curve. Projections πi : M → Mi are holomorphic, so πi∗A
represents a Ji-holomorphic curve. Then

〈c1(M), A〉 =
∑
i

〈π∗i c1(Mi), A〉 =
∑
i

〈c1(Mi), πi∗A〉 ≥ 0.

If this is zero, all πi∗A represent constant curves, which means A = 0. So
(M,J) is Fano. When given the diagonal action, it satisfies the assumptions
of Theorem 1.1 (b). The induced moment map H is given by H1 + · · ·+Hk,
where Hi is the moment map for each factor. Since the critical point set
of H coincides with the fixed point set, Theorem 1.1 implies that

(4.2) wG(M,ω) = min
i

{wG(Mi, ωi)}

and

(4.3) cHZ(M,ω) =
∑
i

cHZ(Mi, ωi).

The semifree assumption in our theorem cannot be removed.

Example 4.3. Let M be a symplectic manifold obtained by blowing up
the toric manifold P2 at a fixed point. Choose the blow up size so that the
resulting manifold is monotone. M is a toric manifold with the moment map
image of the T 2 action given in Figure 1. We denote the divisor correspond-
ing to each facet by Di and their intersection point by pij = Di ∩Dj . The
weights of T 2 action at each fixed point pij are given by outward primitive
vectors along the edges.

A pair of relatively prime integers (a, b) gives a subcircle action on M ,
induced from the inclusion S1 ↪→ S1 × S1 given by t �→ (ta, tb). The induced
weights of this circle action is given by the inner product of weights of T 2 ac-
tion with the vector (a, b). Let φ1 be the circle action given by (0, 1). This
action is semifree, Fmax = p23, Fsmax = p34, and Fmin = D1. The moment
map image is the negative of the sum of weights, so

H1(Fmax) = 2, H1(Fsmax) = 0, H1(Fmin) = −1.

By Theorem 1.1, we see that

(4.4) wG(M) = 2 and cHZ(M) = 3.
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D1

D2

D3

D4

(0, 1)

(0, 3)

(1, 0) (3, 0)

φ1 : (0, 1)

φ2 : (−1,−2)

Figure 1: Moment map image of M = P2#P2 in Example 4.3.

Now consider the circle action φ2 given by (−1,−2). Then Fmax = p14,
Fsmax = p34 and Fmin = p23. The moment map image is given by

H2(Fmax) = 2, H2(Fsmax) = 1, H2(Fmin) = −3.

In this case the action is not semifree; D3 has isotropy weight 2.

The assumption that Fmax is a point is also essential in part (b) of our
theorem.

Example 4.4. Pick a volume form σ on S2 so that
∫
S2 σ = 1. Consider the

product (S2 × S2, aσ + bσ) with a ≥ b > 0. We apply Theorem 1.1 using the
diagonal circle action to have wG(M) = b and cHZ(M) = a+ b.

On the other hand, consider the circle action rotating the first fac-
tor. There are exactly two fixed components Fmax = {N} × S2 and Fmin =
{S} × S2 where N and S denote the north and south pole, respectively. The
difference Hmax −Hmin = Hmax −Hsmax is a. We see b ≤ a ≤ a+ b, but in-
equalities are strict unless a = b.
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