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On non-contractible periodic orbits of
symplectomorphisms

MARTA BATOREO

We prove the existence of infinitely many periodic points of sym-
plectomorphisms isotopic to the identity if they admit at least one
(non-contractible) hyperbolic periodic orbit and satisfy some con-
dition on its flux. The obtained periodic points correspond to pe-
riodic orbits whose free homotopy classes are formed by iterations
of the hyperbolic periodic orbit. Our result is proved for a certain
class of closed symplectic manifolds and the main tool we use is a
variation of Floer theory for non-contractible periodic orbits and
symplectomorphisms, the Floer—Novikov theory.

For a certain class of symplectic manifolds, the theorem gener-
alizes the main results proved for Hamiltonian diffeomorphisms in
[16] and for symplectomorphisms and contractible orbits in [2].
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1. Introduction and the main result

In this paper, we prove that given a non-contractible hyperbolic periodic
orbit of a symplectomorphism isotopic to the identity there are infinitely
many periodic points provided that the symplectomorphism satisfies some
constraints on its flux. The result holds for certain symplectic manifolds such
as products of some surfaces with complex projective spaces (see Section 1.1
for more details).

The main theorem of this paper fits into the conjecture originally (as far
as we know) stated by Hofer and Zehnder claiming (see [22, p.263])
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“(...) that every Hamiltonian map on a compact symplectic manifold
(M, w) possessing more fixed points than necessary required by the V. Arnold
conjecture possesses always infinitely many periodic points.”

For instance, the expected bound for CP" is n + 1. This conjecture was
motivated by the results of Gambaudo and Le Calvez in [12] and Franks in
[8] (see also [9, 10]) where they prove that an area preserving diffeomorphism
of S? with more than two fixed points has infinitely many periodic points;
see also [3, 6, 24] for symplectic topological proofs.

More accurately, our result fits in a variant of this conjecture described by
Giirel in [17, 18]; see also [16]. This version suggests the presence of infinitely
many periodic points provided that there is a fixed point which is unneces-
sary from a homological or geometrical perspective. In fact, Theorem 1.1
asserts that, for a certain class of symplectic manifolds, a symplectomor-
phism isotopic to the identity with a (non-contractible) hyperbolic periodic
orbit possesses infinitely many periodic points, as long as it satisfies some
condition on its flux. The theorem is a symplectic analogue of a result proved
in [16] for Hamiltonian diffeomorphisms and also generalizes the theorem in
[2] for contractible periodic orbits of symplectomorphisms. Moreover, in di-
mension greater than two, the conjecture for Hamiltonian diffeomorphisms is
proved in [17] and [18] where the fixed points are assumed to be unnecessary
from a homological perspective.

Recall that, in general, a symplectomorphism need not have periodic
points, as is the case of ¢: T?® — T?" defined by

Y(x,y) = (z+0,y) with 6 # 1,

whereas, for many symplectic manifolds, a Hamiltonian diffeomorphism has
an infinite number of periodic points. In fact, Conley conjectured (|7]) the
existence of infinitely many periodic orbits of a Hamiltonian diffeomorphism
on the 2-torus and the statement has now also been proved, e.g. for neg-
ative monotone manifolds or symplectic manifolds with ¢/, = 0; see
[13, 19, 20] and also [5, 11, 14, 15, 27, 31]. Observe that in the conjecture
mentioned above described by Giirel there is an assumption, for instance,
on the existence of a periodic orbit of a certain geometrical type. This is in
contrast with the Conley conjecture which is unconditional. Hence, owing
to the above example we expect some condition in order for a symplecto-
morphism, which is not necessarily a Hamiltonian diffeomorphism, to have
infinitely many periodic points.
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1.1. Existence of infinitely many periodic orbits

Consider a closed monotone symplectic manifold (M?" w) with minimal
Chern number ¢ and toroidal minimal Chern number c‘iﬂ%‘ (for the ex-
act definitions see (2.1) and (2.4), respectively). We denote by ¢ the gener-
ator of the Novikov ring A = Zy[g ™, ¢] normalized with degree —2c™ (see
Section 2.6).

Given a homotopy class (with fixed end points) of a symplectic isotopy,
[¢¢], connecting the identity to some symplectomorphism ¢, we denote by g

the cohomology class on LM (i.e. the space of loops in M)

0: = —[w] + ev*(Flux[¢s]) € HY(LM;R),

where [w] is the cohomology class in H'(£M;R) associated with the symplec-
tic form w (see Section 2.2), ev: LM — M is the evaluation map z +— z(0)
and Flux([¢¢]) is the image of the class [¢;] by the homomorphism (see Sec-

tion 2.3)
— 1
Flux: Sympg(M,w) — HY(M,R); [¢¢] — [/ w(Xy, ')dt] .
0

Moreover, we denote by €7 the cohomology class in H'(LM;Z) associated
with the first Chern class ¢; € H?*(M;Z) of (M,w) (see Section 2.2).

The following theorem on periodic orbits of symplectomorphisms is the
main result of this paper.

Theorem 1.1.
Let (M?",w) be a closed, connected, strictly spherically monotone sym-
plectic manifold. Assume that ar = 5+1,

(1.1) Bra=qM]  inHQ,M)=H.(M)®A

for some ordinary homology classes o, f € H,(M) with deg(a),deg(8) < 2n
and

(1.2) either Crfﬁn = Crln%l or deg(a)>3n+1-— 2crlr7‘iTrl.

Then any symplectomorphism ¢ in Sympy(M,w) with

(i) a hyperbolic (non-contractible) periodic orbit ~, with free homotopy
class C,
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(ii) o and ¢y strictly toroidally proportional and strictly ¢-toroidally pro-
portional

has infinitely many periodic points.
The corresponding periodic orbits lie in the free homotopy classes formed
by iterations of the hyperbolic periodic orbit .

The conditions in the hypotheses of this theorem involve both the man-
ifold and the symplectomorphism.

Among the manifolds meeting the requirements of Theorem 1.1 are prod-
ucts of surfaces with genus greater than or equal to two, ¥,>2, and complex
projective spaces (see Examples 1 and 2 and Remark 8). These manifolds
satisfy the first requirement in (1.2). More generally, instead of ¥,>2, we
may consider closed Kéhler manifolds with negative sectional curvature (e.g.,
complex hyperbolic spaces); see, e.g., [17] for a discussion of these manifolds.

The hyperbolicity assumption (i) on the orbit ~ is crucial (see Remark 12).
Ginzburg and Giirel (|16, Section 3|) proved that the energy required for a
(Floer—Novikov) trajectory to approach a k-th iteration of v and crossing
its fixed neighborhood is bounded from below by a strictly positive constant
independent of k. The requirement that ~ is hyperbolic is so that the orbit
has the feature just mentioned and which is described in Section 3.1. Hence,
more generally, there are infinitely many periodic points if in the hypothe-
ses of Theorem 1.1 the hyperbolicity condition is replaced by the property
described in Theorem 3.1.

Condition (ii) involves both the manifold and the symplectomorphism
¢. It gives constraints on the flux of an isotopy {¢:} (connecting id and ¢).
Here, there is a relation between the cohomology classes ¢ and ¢; on the loop
space LM . As explained in the beginning of this section, the class p depends
on the cohomology class of the symplectic form w and on the flux of the
considered isotopy {¢;} and the class ¢1 depends on the first Chen class of
the manifold. There are maps meeting these requirements. Namely, consider
on M = Y459 x CP" a symplectic isotopy ¢y = 9y x id: M — M where vy is
a symplectic isotopy of ¥4>2 and id: CP" — CP" is the identity map on CP".
Let v be a (non-contractible) periodic orbit of ¢; in M with free homotopy
class ¢. Assume also that Flux([¢;]) € H'(M;R) and [w] € H'(LM;R) are
positively proportional on 7y (£LM) and on 7y (L M), i.e.

ev* (Flux([¢e]) |, (car) = Mlw]lrcar)

and

v (Flux([¢e])) |z, (ccary = Aalw]lm, (2cnr
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for some positive constants Ai, Ao > 0. Since M is strictly spherically and
toroidally monotone, such an isotopy ¢; satisfies condition (ii). (Cf. [2, Propo-
sition 1.2 and Example 1] for the case where 7 is contractible.)

Observe that, if we drop the second part of condition (ii) (i.e. if we
just assume that ¢ and ¢; are toroidally proportional) then, when ¢ is a
hamiltonian diffeomorphism, this new condition says that M is toroidally
monotone and hence, it corresponds to the result in [16, Remark 1.2].

Moreover, if we restrict to the space of contractible loops, then, in par-
ticular, the hyperbolic orbit v is contractible and Theorem 1.1 generalizes
the main result in [2], when ci® = ci‘ji}‘. In fact, in this case, the condition
hi/ho € QT in [2, Theorem 1.1] implies condition (ii). If, in addition to ~y
being a contractible hyperbolic periodic orbit and c‘lni“ = crfjij’?, ¢ is a hamil-
tonian diffeomorphism, then condition (ii) says that M is strictly spherically
monotone (where ( is the trivial free homotopy class) and Theorem 1.1 is,

then, |16, Theorem 1.1].
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2. Preliminaries

In this section, we introduce the notation used throughout the paper and
review some facts needed to prove the results.

2.1. Symplectic manifolds

Let (M?",w) be a closed (i.e. compact and with no boundary) symplectic
manifold and consider an almost complex structure .J on T'M compatible
with w, i.e. such that g(X,Y) := w(X,JY) is a Riemannian metric on M.

Since the space of almost complex structures compatible with w is con-
nected, the first Chern class ¢; € H?(M;Z) is uniquely determined by w.
The minimal Chern number of a symplectic manifold (M,w) is the positive
integer c‘lni“ which generates the discrete group formed by the integrals of ¢y
over the spheres in M, i.e.,

(21) <cl,7r2(M)> = CrlninZ
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where " € N with the convention ¢ = oo if the image of ¢1: m2(M) — Z
is 0.

The symplectic manifold (M,w) is called spherically monotone if the
integrals of the cohomology classes ¢; and [w]| over spheres satisfy the pro-
portionality condition

(W]l r,(a1) = AsCllmy(a1)
for some non-negative constant s € R. If [w]|,(ar) and c1|r,(ar) are non-

zero, then we say that (M,w) is strictly spherically monotone. Observe that,
in this case, c]" < oo.

2.2. Loop spaces

In this section, we follow [4], [29] and references there in.
Let LM :=C>(S', M) be the space of smooth free loops in M where
St =R/Z. The first Chern class ¢; € H*(M;Z) of (M,w) defines a coho-
mology class
& € HY(LM;7Z) = Hom(H,(LM;7),7),

by interpreting a class in Hy(LM;Z) as a linear combination of tori, i.e. maps
St x S — M, and ¢ as integrating c; over it. Similarly, [w] € H?(M;R)
gives rise to a cohomology class

[w] € HY(LM;R) = Hom(H,(LM;Z),R).

The manifold (M, w) is called atoroidal if the cohomology classes ¢1 and

[w] satisfy the conditions

[Wllr,(2a) = 0 = Cilmy (car)-

1.e.

/ v*wzoz/ v for all v : St x St — M,
Stx St Stx St

where 7 is a 2-form in M that represents the first Chern class ¢; € H?(M;Z).
Moreover, (M, w) is called toroidally monotone if

[Wlry(car) = ATCilr (car)

for some non-negative constant A € R and, if [w]|x, (zar) and C1lx, (car) are
non-zero, the manifold is called strictly toroidally monotone.
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Given a cohomology class [0] € H'(M;R), we consider the following co-
homology class on the loop space LM

(2.2) 0:= —[w] +ev*[0] € H' (LM;R)

where ev: LM — M denotes the evaluation map z — x(0).
We say that o and & are toroidally proportional if

Olry(car) = NoCllm (£01)

l.e.

—/ v*w+/ vSOz)\Q/ v for all v: St x St — M,
StxSt St StxSt

for some non-negative A\, € R, where vg: S* — M is given by vy = v(-,0)
and 7 is a 2-form that represents the class c;.

If olr (cary and Cilq (car) are non-zero, we say o and ¢ are strictly
toroidally proportional.

Moreover, we say that g is rational if the group of integrals of ¢ over tori
is discrete, i.e.,

(2.3) (0, T (LM)) = hoZ

for some non-negative h, € R. Notice that if o and ¢1 are strictly toroidally
proportional then p is rational and if [0] =0 then g and 7 are toroidally
proportional if and only if (M, w) is toroidally monotone.

Define the toroidal minimal Chern number crln%l € N by

(2.4) APL = (o1, m(LM))

min

with convention ¢} = oo if the image of ¢1: m (LM ) — Z is 0, and hence,
when p and ¢y are strictly toroidally proportional, we have

) h
(2.5) A = TQ
0
Moreover define
min
(2.6) vp =
AT

Notice that c?%l # 0 and, when M is strictly spherically monotone, crlnin < 0.
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Example 1. Consider M = CP" x ¥,>2, where ¥,>9 is a surface with
genus greater than or equal to 2. The surface ¥,>9 is aspherical and atoroidal
and clfjij‘?((CIP’”) = A& (CP") = n + 1. Hence, the toroidal minimal Chern
number of M is P8 (M) = (M) = n + 1 (see, e.g., [28] for more details).
In Theorem 1.1, the assumption on the minimal Chern number

(M) > dim(M) /4 41,

in this case, is

1
n—l—lZ%%—l,

which is equivalent to n > 1.

Let ¢ be a free homotopy class of maps S — M, (i.e. let ¢ € mo(LM)),
fix a reference loop z € ¢ and a symplectic trivialization of T'M along z.
Denote by LM the component of LM with loops in the free homotopy
class ¢ (i.e. LM = p,‘rol(c ) is the preimage of ¢ under the natural projection
Dry: LM — mo(LM)). B

Consider the connected abelian principal covering p: LM — LM with
structure group

7T1(£<M)
2.7 Ilei=———>—"—
(27) ¢ kereg Nker p

where ¢; and o are considered as homomorphisms 71 (L:M) — R and we
have p*o=0=p*ct € H 1(£CM ;R). These homomorphisms induce homo-
morphisms on I'¢:

ci:'e —7Z and o:T¢—R.

Define the (-minimal Chern number c‘féﬂ € N by
(2.8) ML = (o1, Hi (LM Z)) C Z

with the convention crfjicn = oo if the image of ¢1: Hi(L:M;Z) — Zis 0. The

min

number ¢}’ depends only on (M, w, ().

Remark 1. If ¢ is trivial, the minimal Chern number c‘lniCn:O is the usual
minimal Chern number ¢ as defined in (2.1) but in general it is smaller.

Indeed the diagram
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(2.9) Hy(LM;Z) —2—>7,

o

T (LeM) <——mo(M).

commutes, where, if we denote by (M, z(0)) the space of based pointed
loops with base point z(0), the bottom mapping ma (M) = m1(Q(M, 2(0)) —
71 (L¢M) is induced from the mapping Q(M, z(0)) — LM given by concate-
nating a loop based at z(0) with z. Then crfjign < 00 if and only if ¢"" < oo

min

and, in this case, cllnicn divides ™" (see also Remark 9).

We interpret a class in H* (LeM;Z) as a linear combination of tori, i.e.,
maps v: S* x S' — M such that the homotopy class of v(s,-): ST — M is
¢, for all s € S'. The cohomology classes ¢ and ¢ are said to be strictly
(-toroidally proportional if

Olri (o) = ACCllm (Lo M)

for some A\¢ >0, and 0|, (. ar) 7 0 # Cilr, (com) (see also [30, Section 8]).
In fact, if ¢ and ¢1 are also toroidally proportional, we have A; = A, and
moreover

(0,m(LcM)) = heZ

for some non-negative h; € R. Observe that, in this case, c{“l}l % 0 divides

crf“Cn < oo and, hence, we have
b

crlnén
(2.10) he = g,
1,7

with he = "8 /ePiPhy € N,

Remark 2. If p and ¢y are strictly toroidally proportional and (-toroidally
min min min

proportional, then, when vy =1 (recall (2.6)), ci™" = i’y = '™

2.2.1. The covering space ECM. Consider the space of pairs (z,v)
where z: S' — M is a loop in M with homotopy class ¢ and v a cylin-
der (i.e. v: [0,1] x S — M is a homotopy) connecting = to z. The cylinder
v is called a capping of x.
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Remark 3. Observe that if ¢ is the trivial homotopy class and z is a con-
stant loop then v can be viewed as a disc in M.

We say that (z,v) is in relation with (a’,v’) if the following conditions
hold:

and

wrw = up 0
Sl XSl 1

where u is the two-torus obtained by attaching v and —v’ (that denotes v’
with reversed orientation) to each other, 7 is a 2-form representing the first
Chern class ¢; and ug = u|g1 {0} (see Figure 1). The equivalence class T =
[x,v] is called a lift of the loop & € LM and the space of such equivalence
classes is denoted by ECM .

Figure 1: The circle ug.

2.3. Periodic orbits and the action functional

In this section, we follow [4], [25] and references there in.
Let ¢ € Sympy(M), ¢+ be a symplectic isotopy connecting ¢ = id to
¢1 = ¢ with Flux([¢¢]) =: [#] and X; be the vector field associated with ¢,
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1.e.
d
%% = X; 0 ¢y.

Recall that Flux: S}?n?o (M,w) — H*(M,R) is the homomorphism defined
by

(2.11) (6] [/Olw(Xt, ~)dt}

and its kernel is given by ﬁ_é;I/H(M ,w), i.e. the universal covering of the group
of Hamiltonian diffeomorphisms.

Lé and Ono proved in [25, Lemma 2.1] that we can deform {¢;} through
symplectic isotopies (keeping the end points fixed) so that the cohomology
classes [w(X/,-)], for all t € [0,1], and Flux([¢;]) = [f] are the same (where
X/ is the vector field associated with the deformed symplectic isotopies &}).
Namely, each element in Sympy(M,w) admits a representative symplectic
isotopy generated by a smooth path of closed 1-forms 6; on M whose coho-
mology class is identically equal to the flux, i.e.

(212) —L{)(Xf{,) :0+dHt = Qt

for some one-periodic in time Hamiltonian H;: M — M, t € S™.
The fixed points of ¢ = ¢1 are in one-to-one correspondence with one-
periodic solutions of the differential equation

(2.13) (1) = Xo, (1, 2(1))
where Xp, is defined by w(Xy,, ) = —6;. From now on we denote the vector
field Xy, by Z;.

The set of one-periodic solutions of (2.13) is denoted by P(6;) and coin-

cides with the zero set of the closed 1-form a := ayy,) defined on the loop
space of M, LM, by

1
WMwazlw@w—zwm@ﬁ
1
—Aw@®@+mmm@a
1 1
=/w@w@w+/w+ammm@w
0 0
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where x € LM and £ € T, LM (i.e. £ is a tangent vector field along the
loop ).

From (2.7) we then see that p*a = dA for some A € COO(ZCM, R).
Then an action functional A = Ayy,) is given by

(2.14) Ay ([, 0]) = —/[O’lw v*w—l—/ol K/Ol(vt)w) +Ht(x(t))] dt

where [2,v] € LM is as in Section 2.2.1 and v;: [0,1] — M is defined by
s+ v(s,t) (see Figure 2).

Ut

=) *

Figure 2: The segment v;.

The action functional Ay, y is homogeneous with respect to iterations in
the following sense

Aggry ([, 0]F) = kA3 ([, 0]),

where [z,v]¥ is the k-th iteration of [x,v], and satisfies
Aoy [z, 0]#A4) = Ao,y ([, 0]) + 0(4),
where A € m (LM, 2).

Remark 4.

1) The action of a (lifted) periodic orbit depends on the initial choice of
2. If 2/ € ¢, there is a homotopy F': [0,1] x S — M connecting z to 2/,
ie, F(0,-)=z and F(1,)=2". Then Ay ([x,v]#F)= Ay, ([z,v])+
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A(F) where [z, v]#F denotes the class [z, w] with w the cylinder ob-
tained by concatenating v with F' and

1 1
A(F) = — / Frw+ / < / Ft*9> it
[0,1]x.S1 0 0

with Fy: [0,1] — M, Fy(s) := F(t,s),t € SL.

2) Whenever we consider the k-th iteration ¢f of ¢; we simultaneously
iterate the class ¢ and the reference curve z (i.e. we pass to k¢ and 2%,
respectively).

2.4. The mean index and augmented action

Let x be a periodic orbit of Z;. If the eigenvalues of the map
d¢x(0) : Tx(O)M — TI(O)M

are not equal to one, then the orbit x is called non-degenerate. If, in addition,
none of the eigenvalues of the linearized return map d¢, ) has absolute value
equal to one, then we say x is hyperbolic. The symplectomorphism ¢ is said to
be non-degenerate if all its one-periodic orbits are non-degenerate. Moreover,
if all periodic orbits of Z; with homotopy class ( are non-degenerate, then
the set of periodic orbits of Z; in LM, denoted by P¢, is finite.

Fix a loop z in the homotopy class ¢ and a trivialization z: S* x C"* —
TM of TM along z. They give rise to a well defined, up to homotopy, C-
vector bundle trivialization of x*T'M for every x € L;M and, for a one-
periodic orbit of ¢, the linearized flow along x

d(ﬁt: T:(:(O)M — Tx(t)M

can be viewed as a symplectic path ®: [0,1] — Sp(2n). Set P :=p~}(P¢).
Then one gets a well defined mean index Agy y: P7<—> R and, for non-
degenerate orbits, the Conley—Zehnder index pic,([z,v]) € Z. These indices
depend on the initial choice of the trivialization of TM along z (see |4, Re-
mark 3.4]). Consider, now, the “iterated” trivialization ¥ of TM along the
loop z*. In this case, the mean index is denoted by A (ot} and it is defined on
Pikg, where k¢ denotes the free homotopy class of z¥. With these choices the
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mean index and the Conley—Zehnder index satisfy the following conditions:

Aggry([2,0]F) = kA3 ([, v)),
Ay ([, v]#A) = Ay, ([, v]) — 2e1(A)

and
ter ([, V]#A) = poy([z,v]) — 261(A) (when x is non-degenerate),

for every [z,v] € Pr and A € T¢ (cf. [4] and [31]). Moreover

(2.15) 0 # Ay ([.0]) — pealfo,w])] < .

when 7 is non-degenerate. The mean index Aggy([z,v]) € R measures,
roughly speaking, the total angle swept by certain eigenvalues with abso-
lute value one of the symplectic path ® induced by the linearized flow and
a trivialization as above.

The augmented action is defined by

(216) Aoy ([0 = Ay (2.0]) — 22800 (2, 0])

and it is homogeneous with respect to iterations in the following sense

Aoy ([2,0]") = kA, ([, ).

Remark 5. Note that the augmented action is independent of the lift of a
loop, i.e.

Aoy ([, 0]) = Aggy ([2,07])

where v and v’ are cylinders connecting z to z.
2.5. The Floer—Novikov homology

In this section, we revisit the definition of the Floer-Novikov homology for
non-contractible periodic orbits following [4]. Consider a smooth almost com-
plex structure J on M compatible with w, i.e. such that

9(X,Y) = w(X,JY)

defines a Riemannian metric on M. We will denote by J the set of almost
complex structures compatible with w. Choose J € J and let ¢ denote the
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induced weak Riemannian metric on LM given by

30 Vo) = [ a(Xa(t). Ya(o)i,

where X, and Y, are vector fields along z. A gradient flow line is a mapping
u: R x S' — M satisfying

(2.17) Bgu+ J (B — Zy(u(s, 1)) = 0.

The maps u: R — LM which satisfy (2.17) with boundary conditions

(2.18) Sggloou(s, t) =x+(t) € P¢
can be seen as connecting orbits between 7_ := [z_,v_] and T := [z4,v4]

in ZCM where
(2.19) v Hu =0T,
We denote by M(Z_, T+) the space of finite energy solutions of (2.17-2.18)

that transform cappings as in (2.19). The energy of a connecting orbit in this
space is given by

B(u) = /R | Iowudsdt = Aggy(7) = Ags -,
X 1

For any Z_, T4 € P¢, the space M(Z_, T4) is a smooth manifold of
dimension fic, (T4 ) — pez(T—). It admits a natural R-action given by repa-

rametrization. For Z_, T € P such that pe,(T4) — pes(Z-) = 1, we have
that M(z_, 74)/R is finite and set

na(Z, y) := #M(Z, y)/R modulo two.

Denote by P¢y the subset of P whose elements Z satisfy fic,(T) = k.
Consider the chain complex where the k-th chain group C} consists of all

formal sums
> &7

with T € P¢ i, & € Z2 and such that, for all ¢ € R, the set

{T1&#0, Ay (@) > ¢}
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is finite. For a generator T in C%, the boundary operator 0y is defined as
follows

(@ = > Ty
poz(y)=k—1

The boundary operator 0 satisfies 9> = 0 and we have the Floer-Novikov
homology groups

ker 8k
im Ok 41 '

HEN([0],¢) =

Remark 6 ([16]). The pair-of-pants product is not defined on the “non-
contractible” Floer—Novikov homology for an individual class ¢. Such a prod-
uct between HF,([0],¢1) and HF,([0], (2) takes values in HF,([0], (1 + (2).

2.5.1. The Filtered Floer—Novikov homology. The total Floer chain
complex Cy =: C’i_oo’oo) admits a filtration by R. Let § be the set of crit-
ical values of the functional Ay, (defined in (2.14)) which is called the
action spectrum of {¢,}. For each b € (—o0, 00| outside S, the chain complex
7o) g generated by lifted loops T with action Ayg,1 (%) less than b. For
—00 < a < b< oo outside S, set

Cia,b) — Ci—oo,b)/ci—oo,a).

The boundary operator 9: Cy — C\_1 descends to Cia’b) and hence the fil-
tered Floer—Novikov homology HFN,Sa’b)(Qt, () is well defined.

This construction also extends to all symplectomorphisms in Symp (M, w)
(see |4, Sections 3 and 4|). For a path {¢;} connecting an arbitrary ¢ €
Sympg(M,w) to the identity, set

(2.20) HEN“Y(g,,¢): = HFN!"" (8}, ¢)

where 6; is the 1-form associated with the path {¢;} and 6; is the 1-form
associated with a non-degenerate perturbation {¢;} of {¢;}. Here —oo < a <
b < oo are outside the action spectrum of {¢;}.

Remark 7. When ¢ = 0, the index and action conventions result in a shift
of the standard grading and filtration in the Floer-Novikov homology (as
defined in [29]). For more details on the shifts, see [4, Remark 3.4] (for the
index) and Remark 4 (1) (for the action).
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2.6. Novikov rings and quantum homology

In this section we introduce the Novikov rings used in this paper in order
to define the quantum homology and the quantum product action. Here we
follow [16] and references therein.

2.6.1. The Novikov ring A and quantum homology with coefficients
in A. Consider the Novikov ring A := A(T', [w],F) associated with I" and
the weighting homomorphism [w]: I' — F with values in the field F = Zy (see
[21]). Here the group I is the quotient

__ m(M)
" kercy Nker|w]

where [w]: mo(M) — R and ¢;: mo(M) — Z are the maps given by the inte-
gration of the corresponding 2-forms. These maps descend to I'. When M
is strictly monotone, the Novikov ring A may simply be taken to be the
group algebra F[I'] over F. Moreover, in this case, the group I' is isomorphic
to Z and denote by Ag the generator of I' with ¢1(Ag) = —2¢". Further-
more, an element in A = F[['] is a formal finite linear combination of a4e4,
with ay € Fand A € T', and A is graded by setting deg(e?) = —2¢1(A) with
A € T. Hence, setting ¢ = e, we have deg(q) = —2¢7™ and A = Flg, ¢~ ).
The quantum homology of M is defined as

where the degree of a generator o ® e?, with o € H,(M) and A €T, is
deg(a) — 2¢1(A). The product structure is given by the quantum product:

axff= Z(a*ﬁ)AeA

Ael

where (a* )4 € Hi (M) is defined via some Gromov-Witten invariants of
M and has degree deg(a) + deg(8) — 2n + 2¢1(A). Thus

deg(a * B) = deg(a) + deg(5) — 2n.

When A =0, (a* )y = anN B, where N stands for the intersection product
of ordinary homology classes.
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It suffices to restrict the summation to the negative cone [w](A4) < 0 and

we can write
axB=anB+> (a8,
k>0

where deg((a * 3)1) = deg(a) + deg(3) — 2n + 2c%k and the sum is finite.

The unit in the algebra HQ.(M) is the fundamental class [M] and, for
a€ A and ae H,(M),

aa = (a[M]) * «

where degree of aa is deg(aa) = deg(a) 4+ deg(«). Then the ordinary homol-
ogy H,.(M) is canonically embedded in HQ.(M).
The map [w]: I' = R can be extended to HQ.(M) by

[w](a) = max{[w](A) | va # 0} = max{—hok | oy, # 0}
where @ = 3" ae? = 3 apg® and it satisfies

Wi+ 8) < max{lw](a), [W](B)}

and

WI(B* @) < [w](@) + [W](B).

Example 2. Consider M = CP", a = [CP"!] € Hy,_o(M) and 8 = [pt] €
Ho (M) (where [pt] is the class of a point in CP™). The fact that there is a
unique line through any two points is reflected in the identity (5 * a)s =
[CP"] where c;(A) = ™. Hence, in HQ.(CP"), 8 * a = q[CP"]. Similarly,
for M = CP" x 2922,

a = [CP"! x %,59] € Hoyp(M)

and
B = [pt x Xg>2] € Ho(M),

the quantum product [ * « satisfies the homological condition (1.1). (See
[28] for these and further computations.)

Remark 8. The manifold CP" x ¥,>2 admits symplectomorphisms which
need not be Hamiltonian diffeomorphisms and, as seen in Examples 1 and 2,
satisfies the conditions on the manifold of Theorem 1.1.

Observe that CIP" also satisfies these conditions. However, CP" is simply
connected and hence (see (2.11)) has no symplectomorphism which is not a
Hamiltonian diffeomorphism.
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Let us also point out that there are symplectic flows on ¥4>9 with only
(finitely many) hyperbolic fixed points and no other periodic orbits (see e.g.
[23, Exercise 14.6.1, Chapter 14]).

2.6.2. The Nowvikov ring A¢. For a given homotopy class ¢, consider
the Novikov ring A¢ := A(I'¢, 0,F) associated with I'¢ (defined in (2.7)) and
weighting homomorphism g: I'c = R (defined in (2.2)) with values in the
field F = Zy. When the homomorphisms g and ¢1: Hi(M;Z) — R are strictly
toroidally proportional, the Novikov ring A may be taken to be the group
algebra F[I'¢] over F. For all (,

A¢ = Flac, a; ')

where ¢ = e and A¢ is the element which generates I'c = Z with degree
—20‘1“?1. This isomorphism holds under the hypotheses of the main theorem,
namely, that o and ¢; are (-strictly toroidally proportional.

Remark 9. When M is strictly spherically monotone, we have crlnin < 00.
In this case, by diagram (2.9), we have

Im(my(M) <5 Z) C Im(Hy (LM Z) S5 7).
Hence c‘lnicn divides c™ and ¢ = qlg‘ with v = cpin / c’lnicn € N. Moreover, un-
der the conditions of Remark 2 we have ¢ = q¢.

2.6.3. The quantum product action. We describe an action of the quan-
tum homology HQ.(M) on the filtered Floer-Novikov homology. We follow
[16, Section 2.3| in the Floer—Novikov setting; see |26, Section 3| for more
details.

Let ¢ be a non-degenerate symplectomorphism, J be a generic almost
complex structure and [o] be a class in H.(M). Denote by M(Z,y;0) the
moduli space of solutions u of (2.17)—(2.18) that transform cappings as in
(2.19) with ,y € P¢ and such that u(0,0) € o where o is a generic cycle
representing [o].

Then the dimension of this moduli space is

dim M(Z,7;0) = pie,(T) — pes () — codim(o).

Let m(Z,y;0) € Za be #M(T,7; o) modulo 2 when this moduli space is
zero-dimensional and zero otherwise. For any ¢, ¢’ € S, there is a map

B, : () 5 1)

x—codim(o)
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induced by
O, () = > m(T,5;0)7.
Y

This map commutes with the Floer-Novikov differential 0 and descends (in-
dependently of the choice of the cycle representing the class [0]) to a map

By s HENS)(0,,¢) - HFN“S) . (6,,0).

*—codim(o)

The action of a class a = ¢*[0] is induced by the map

(2.21) D0 (T) 1= Zm(qkf, 7;0)7

Recall that, by Remark 9, ¢ = qzc with v¢ € N. Then, in (2.21), the el-
ement ¢*Z, with T = [z,v], is the lift [z,w] of 2 where w is obtained by
attaching kv A¢ to v.

The map P, can be extended to all « € H,(M) ® A by linearity over A
and then we have

o : HENL)(0;,0) — HFN'“5)M 4 (6,,¢).
Remark 10. Note that the map o: I'c — R extends to H,(M) ® A as
o(a) :== max{—kvche¢ | o, # 0} = max{—kvrh, | oy, # 0}

where o = > apd® =3 akqlg%. The above equality follows from

2.22 PO S S
(' ) V¢ C—Vﬁcmin 0= Tmin'lte = VTN
1,7 1,T

which holds by (2.10), Remark 9 and (2.6).
We have

o(a+ B) < max{o(a), o(8)}

and

(2.23) o(ax B) < o(a) + o(B).

The maps @, for all « € HQ.(M), give an action of the quantum ho-
mology on the filtered Floer-Novikov homology.
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This action has the following properties:
Py = ud
and
(2.24) Gpd, = Pg.q.

Remark 11. Observe that, in general, the maps on the two sides of the
identity (2.24) have different target spaces. We should understand the iden-
tity in (2.24) as that the following diagram commutes for any interval (d,d")
with d > ¢+ o(a) + o(B) and d > ¢ + o(a) + o(B):

(2.25)

(ec’) ®q (e:¢)+o(a) s (e:e)+o(e)+o(B)
HFN* (9t7 C) - HFN*72n+§eg(a) (0t’ C) - HFN*74n+§eg(a)ideg(B) (at’ C)

T |

(e,¢")+o(Brar) (d,d")
HFN*72n+§cg(B*o¢) (0t7 C) . HFN*72n+dcg(ﬁ*a) (et’ C)
where the vertical and the bottom horizontal arrows are the natural quotient-

inclusion maps whose existence is guaranteed by the choice of d and d
and (2.23).

3. Proof of the main theorem
3.1. The Ball-Crossing Energy Theorem

In this section, we state the theorem which corroborates the importance of
the assumption on the hyperbolicity of the orbit «. See [16] for the original
statement and proof of the theorem and a discussion on the result.

Let ¢ be a symplectomorphism (isotopic to the identity) on a symplectic
manifold (M, w) and fix a one-periodic in time almost complex structure J
compatible with w. For a closed domain ¥ C R x S} (i.e. a closed subset with
non-empty interior), where S ,i = R/kZ, the energy of a solution u : ¥ — M
of the equation (2.17) is, by definition,

E(u) ::/ |85u|§dsdt.
2

Let v be a hyperbolic one-periodic solution of Z; in M and 7 € ZCM be
a lift of ~.
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A solution u : ¥ — M of the equation (2.17) is said to be asymptotic
to 4% as s — oo if ¥ contains a cylinder [sp,00) x Si and u(s,t) — v*(¢)
C®°-uniformly in t as s — oc.

Consider a small closed neighborhood U of 4 with smooth boundary.

Theorem 3.1 (|16, Ball-Crossing Energy Theorem]).
There exists a constant c¢x > 0 (independent of k and ) such that for

any solution u of the equation (2.17), with u(0X) C U and 9% # 0, which
15 asymptotic to ’yk as s — 0o, we have

(3.1) E(u) > ¢xo-

Moreover, the constant ¢ can be chosen to make (3.1) hold for all k-periodic
almost complex structures (with varying k) C*-close to J wuniformly on

RxU.

Remark 12. The assumption that the orbit is hyperbolic is essential in
Theorem 3.1. For instance, there are “non hyperbolic” examples where the
ball-crossing energy can get arbitrary small for arbitrarily large iterations k;
see [16, Remark 3.4].

3.2. Proof of Theorem 1.1

Let ¢ be the free homotopy class of the hyperbolic periodic orbit v. By
passing, if necessary, to the second iteration assume that

do: T’y(O)M — Tﬁ/(O)M

has an even number of real eigenvalues in (—1,0). Then there exists a triv-
ialization of TM along 7 such that the mean index of v (and, since 7 is
hyperbolic, the Conley—Zehnder index) is equal to zero. Moreover, add a
constant to the associated hamiltonian H; (see (2.12)) so that the action of
some lift of 7 is

(3.2) A{@}(ﬁ) = 0.

We reason by contradiction and suppose that ¢ has finitely many periodic
points z1,...,Tm.

Consider an almost complex structure J on M. Let U be a small closed
neighborhood of v such that ¢ has no periodic orbit intersecting U except 7.
By the Ball-Crossing Energy Theorem, there exists a constant co, > 0 such
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that, for all k, the energy of any solution of (2.17) of period k£ asymptotic to

'yk as s — o0 is greater than c.

For each i =1,...,m, fix a reference loop z; in ¢; (e.g. take z; = ;)
and consider a lift T; := [x;,v;] € L, M of x; € L, M, where (; is the free
homotopy class of x; and v; is a cylinder connecting x; to z;. We have that

a; := Agg,3(Ti) (mod h,) in S}LQ and  a; = Agy 1 (T0)
are independent of the considered lift of z;.

Remark 13. Observe that, for all ¢ = 1,...,m, the difference between the
actions of two lifts of x; is a multiple of h¢, when p is rational in the sense
of (2.3). Since, for all i = 1,...,m, the constant h, divides h¢, (recall (2.10))
it follows that the difference between these action values is also a multiple of
ho and hence Ay,1(Z7) (mod h,) is independent of the considered lift of x;.
The fact that the second expression is independent of the lift of x; follows
from Remark 5.

Take €, § > 0 sufficiently small so that
(3.3) 2(e+9) < Ay and € < coo
and C' a sufficiently large constant so that
(3.4) C > vrh, + %(n +1).

Then, by Kronecker’s Theorem (see e.g. [1, Theorem 7.10]), there exists k
such that foralli=1,...,m

(35) HkaiHhQ <€
and
(3.6) either |a;| = 0 or |ka;| > C.

where we denote by ||al|;, € [0,h/2] the distance from a € S} = R/hZ to 0.
Observe that k depends on € (and ¢) and C, hence it also depends on ¢
and also on the fixed neighborhood U.

Consider a non-degenerate perturbation ¢’ of ¢* such that (2.20) holds
and such that the Hamiltonian K associated with ¢’ (in the sense of (2.12))
satisfies the following properties:
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1) K coincides with H% on the neighborhood U,
2) K is k-periodic and non-degenerate and

3) K is sufficiently C2-close to H.

Here, we consider K sufficiently C2-close to H%* in order to have the existence
of k such that for all k-periodic solution x of K

(3.7) g, @, <
and

where Ah;, (z) stands for Ay, (%) mod h,. Note that, as long as 6 < h,,
conditions t(3.7) and (3.8) follow from (3.5) and (3.6), respectively. Observe
that if ¢* is non-degenerate, then we can take ¢’ = ¢*.

For any k-periodic almost complex structure J sufficiently close to (the
k-periodic extension of) J', all non-trivial k-periodic solutions of the equa-
tion (2.17) for the pair (¢, J) asymptotic to v¥ as s — oo have energy greater
than cs.

Lemma 3.2. [16, Lemma 4.1| Let 7 := C — %(n +1). The orbit ¥* is not
connected by a solution of (2.17) to any T € Py¢ with Conley—Zehnder index
+1 and action in (—7,7), where ¢ is the free homotopy class of .

In particular, 3% is closed in ™ and 0 # 7] € HFNGTT) (07, kC).
Moreover, 7° must enter every cycle representing its homology class [7*] in
HENS(00, k).

Proof. Assume that the orbit 7* is connected, by a solution u of (2.17), to
some T € Py with index fic,(Z) = £1 with action in (—7, 7).
Consider the first case in (3.8), i.e. ‘A{dﬁ}(f)‘ < §: since

1

hy
) 455, @1, <€ Oy ).
ii) E(u) > ¢s > € (by Theorem 3.1 and (3.3)) and
i) Ay, (7) = 0 (by (3.2)),
we have
Then, by the definition of augmented action (2.16) and since
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i) ‘A{(b;}(f)‘ < ¢ and
ii) 2(e +0) < A, (by (3.3)),

we have

x 2 min 2(5 +5) mln
Ay (@] > 3 (he = €= 8) 2 260 = == > 2 1.

The second inequality follows from h¢/A, = crf‘én and cmm > cnlln Thus, by
(2.15),

| pez(@)] > 2P —1-n>n+2-1-n=1

where the second inequality follows from the requirement that cmm >n/2+
1. We obtained a contradiction since pc,(T) = £1.

Consider now the second case in (3.8), i.e. |A{¢i}(§)| > C: by the defi-
nition of augmented action (2.16), we obtain

)\

where the second inequality follows from the fact that !A{@}(E)‘ <n-+1
(which holds since pc,(T) = £1 and by (2.15)). Hence the action of 7 is
outside the interval (—7,7) and we obtained a contradiction. O

The previous lemma also holds for ¢3* (where ¢Z is as defined in Sec-
tion 2.6.3) with the shifted range of actions (—7,7) — vrh,. For an interval
(a,b) containing the interval [—vrh,,0] and contained in the intersection of
the action intervals (—7,7) and (—7,7) — vrh,, Lemma 3.2 holds for both
% and ¢7" and the interval (a, b).

Remark 14. Observe that the existence of such an interval (a,b) is guar-
anteed by —7 < —vph, < 0 <7 — vrh, that follows from (3.4).

For the sake of completeness, we state this result in the following lemma.

Lemma 3.3. The orbits 7% and ¢7* are not connected by a solution of
(2.17) to any T € Py with Conley-Zehnder index +£1 and action in (a,b)
where

[—v7he, 0] C (a,b) C (—7,7) N (=7 — vphy, T — vrhy).

In particular, ¥* and ¢¥* are closed in ™ and [¥*] # 0 # [¢7"] €
HENY (0], k).
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Moreover, the orbits ¥* and g7* must enter every cycle representing their
homology classes, respectively [7*] and [¢7*], in HFNia’b)(ﬁ,’f, k().

Recall that, by (3.7), all periodic orbits of ¢’ have action values in the
e-neighborhood of h,Z. The next lemma yields a contradiction and the main
theorem follows.

Lemma 3.4. [16, Lemma 4.2| The symplectomorphism ¢' has a periodic
orbit with action outside the e-neighborhood of hyZ.

Proof. For ordinary homology classes «, 5 € H,(M) with deg(«), deg(8) <
2n as in the statement of Theorem 1.1, consider ® 4., ([7*]) as an element of
the group HFNia’b)(Gg, ¢) with (a,b) as in Lemma 3.3. Since f * a = q[M],
it follows, by (2.24) and (2.25), that

0500 ([7*]) = Ppeal((7*]) = @ ((7*]) = ¢®pany (7)) = al7)-

Take o and 7 generic cycles representing the ordinary homology classes a and
3, respectively. The chain @nq)a(ﬁk) represents the homology class ¢[7*] and
hence the orbit ¢7* enters the chain ®,®,(7*) (by Lemma 3.3). Recall that
qlx,v] is the class [z, w] where w is the cylinder obtained by attaching v¢A¢
to v. Hence (see Figure 3), there exists an orbit 7 in ®,(5") connected to 7"
and ¢7* by trajectories which are solutions of (2.17). By the Ball-Crossing
Energy Theorem, (3.3) and

1) Aggy(7%) =0
2) Agyy (q7%) = —vrhy,

we obtain
(39) —€> .A{d)f}(y) > —I/Thg + €.

The fact in point 2 follows from o(vpcAgc) = —vichie = —vrh, where the
second equality holds by (2.22).
Let us consider the two cases in assumption (1.2) of the main theorem.

Namely, first assume that ¢i"™ = ' (i.e., vp = 1). In this case, we obtain,
by (3.9), that the action value of 7 is outside the e-neighborhood of h,Z:

—€ > A{d);}(?) > *hg + €.

Now, assume that deg(a) > 3n — 2c‘fjiz9 + 1. As above, we distinguish the
two cases in (3.8): Ay (¥) < 0 and Agyy (y) > C. Firstly, when Ay, (9) <
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Orbit Action

o 0 :} e-neighborhood of 0
P

Y
@y

" —hy, } e-neighborhood of —h,

Figure 3: The orbit y.

d, assume that Ag(7) is in the e-neighborhood of h,Z. Then (3.9) implies
that

.A{(z,;}(y) < —hg +e.

This condition and the fact that the augmented action is less than J give the
following upper bound for the mean index of

_ 2
A{¢/¢}(y) < rg(—hg + € +5)

The right hand side of the inequality is equal to —2(:111,“751 )\%(E +9) (by (2.5))
and, by the choices in (3.3), it is less than —20‘1‘711}1 + 1.

Moreover, since 7 is a hyperbolic periodic orbit and jie,(7) = pes(F*) —
2n + deg(a), we have

(3.10) tez () = —2n + deg(«)
which implies, by (2.15), that deg(a) < 3n — 20??1}1 + 1 which contradicts

our hypothesis. Before we consider the second case in (3.8), observe that the
mean index of 3 is bounded from above by n + 1:

(3.11) Ay (@) <n+1.
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This follows from (2.15), (3.10) and our assumptions on the degree of the
homology class a.. Now, when Ay, }(y) > C, we have

_ A -
Ay @)1 > C = A @)]-

Then, by (3.4),

~ A -
Ay @) > C = FHA @) > vrhy
2

which is impossible due to (3.9).
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