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On the symplectic structure over a moduli

space of orbifold projective structures

Pablo Arés-Gastesi and Indranil Biswas

Let S be a compact connected oriented smooth orbifold surface.
We show that using Bers simultaneous uniformization, the moduli
space of projective structures on S can be mapped biholomorphi-
cally onto the total space of the holomorphic cotangent bundle
of the Teichmüller space for S. The total space of the holomor-
phic cotangent bundle of the Teichmüller space is equipped with
the Liouville holomorphic symplectic form, and the moduli space
of projective structures also has a natural holomorphic symplectic
form. The above identification between the moduli space of pro-
jective structures on S and the holomorphic cotangent bundle of
the Teichmüller space for S is proved to be compatible with these
symplectic structures. Similar results are obtained for biholomor-
phisms constructed using uniformizations provided by Schottky
groups and Earle’s version of simultaneous uniformization.

1. Introduction

The holomorphic automorphisms of the complex projective line CP1 are
of the form z �−→ (az + b)/(cz + d), where a, b, c, d are complex numbers
with ad− bc = 1; these are known as Möbius transformations. A projective
structure on a C∞ compact oriented surface R is defined by a covering of R
by coordinate charts, compatible with the orientation, so that all the transi-
tion functions are Möbius transformations. Two projective structures on R
are considered isomorphic if they differ by a diffeomorphism of R homotopic
to the identity map of R. Let P(R) denote the space of all isomorphism
classes of projective structures on R.

Consider the space of all complex structures on R compatible with the
orientation. Two of them are called isomorphic if they differ by a diffeo-
morphism of R homotopic to the identity map of R. Let T (R) denote the
Teichmüller space of R that parametrizes the isomorphism classes of com-
plex structures on R. Clearly, a projective structure on R induces a complex
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structure on R compatible with the orientation. So there is a natural map

ϕ : P(R) −→ T (R) .

Both P(R) and T (R) are equipped with complex structures, and the map
ϕ is holomorphic.

It is well-known that the space of all projective structures on a fixed
Riemann surface can be identified with the space of quadratic differentials
on that surface (see [12, p. 292]). This means that any C∞ section

f : T (R) −→ P(R)

of the above projection ϕ produces a diffeomorphism

Tf : T ∗T (R) −→ P(R) ,

where T ∗T (R) is the holomorphic cotangent bundle of the Teichmüller space
(its fibers are identified with the space of quadratic differentials). The above
diffeomorphism Tf is holomorphic if and only if f is holomorphic.

Both T ∗T (R) and P(R) have natural holomorphic symplectic structures.
Since T ∗T (R) is a cotangent bundle, it has the Liouville symplectic form

ΩT := dσ ,

where σ is the tautological holomorphic one-form on T ∗T (R). On the other
hand, any projective structure on R produces a flat principal PSL(2,C)–
bundle on R (recall that the transition functions for a projective structure
lie in PSL(2,C)). Now taking monodromy of flat connections, the space
P(R) is mapped to an open subset of the smooth part of the representation
space

Hom(π1(R) ,PSL(2,C))/PSL(2,C) .

This map is a local biholomorphism. The smooth part of

Hom(π1(R) ,PSL(2,C))/PSL(2,C)

is equipped with a holomorphic symplectic form [2], [8]. Pulling back this
P(R) we get a holomorphic symplectic form ΩP on P(R). In [10], Kawai
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showed that if f is Bers’ section B, then one has

T ∗
BΩP = π · ΩT .

This result was extended to the Schottky’s and Earle’s sections in [4] and
[1] respectively.

An orbifold surface is a surfaces with weighted marked points. Our aim
here is to address the question whether the above set-up generalizes to orb-
ifolds, and whether similar results hold for orbifolds. We answer these ques-
tions affirmatively. More concretely, we begin by recalling the definition of
an orbifold surface S, and explaining what a projective structure on an orb-
ifold means. This leads us to the definitions of Teichmüller space T (S) and
the space of projective structures P(S) for S. As in the surface case, there
is a natural holomorphic projection

f̃S : P(S) −→ T (S)

that sends a projective structure to its underlying complex structure. There
is a natural holomorphic symplectic structure on P(S), which we will denote
by ΩS

P .
By a Galois covering of a surface we will mean a covering map of it

which is possibly ramified (locally isomorphic to z �−→ zn for some positive
integer n) such that the group of deck transformations acts transitively on
every fiber of the covering map.

To define a section of the above projection f̃S , we consider Bers’ section
B of an appropriate finite Galois cover of S. Then we average B over the
Galois group Γ. This construction gives us a biholomorphism

TS,B : T ∗T (S) −→ P(S) .

Let ΩS
T denote the Liouville symplectic form on T ∗T (S). In Theorem 4.2

we show that this mapping TS,B preserves the symplectic structures of the
spaces, up to a constant:

T ∗
S,BΩ

S
P = π · ΩS

T .

Finally, we generalize this result to the biholomorphisms T ∗T (S) −→ P(S)
corresponding to Schottky’s and Earle’s sections.
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2. Orbifold Riemann surface and projective structure

2.1. Definition of orbifold projective structure

Let N>1 be the set of integers bigger than one. An orbifold surface is a triple
(X ,D , �), where X is a compact connected oriented C∞ surface,

D := {x1 , . . . , xn} ⊂ X

is a finite collection of distinct ordered points, and

(2.1) � : D −→ N
>1

is a function. Since the elements of D are ordered, � can be considered as a
function on {1 , . . . , n}.

A coordinate function on (X ,D , �) is a pair of the form (V , φ), where
V ⊂ CP1 is a connected open subset, and

(2.2) φ : V −→ X

is an orientation preserving C∞ open map, such that #φ(V )
⋂
D ≤ 1, and

1) if φ(V )
⋂
D = ∅, then φ is an embedding, and

2) if φ(V )
⋂
D = xi, then φ is a ramified Galois covering of φ(V ) with

Galois group Z/�(xi)Z, and it is totally ramified over xi but unrami-
fied over the complement φ(V ) \ {xi}.

The second condition implies that φ(V ) can contain at most one point of D.
The group SL(2,C) acts on CP1; the action of any(

a b
c d

)
∈ SL(2,C)

sends any z ∈ CP1 = C ∪ {∞} to (az + b)/(cz + d) ∈ CP1. This action of
SL(2,C) factors through the quotient group PGL(2,C) = SL(2,C)/± I.
This way, PGL(2,C) gets identified with the group of all holomorphic auto-
morphisms of CP1. The holomorphic automorphisms of CP1 are also called
Möbius transformations.

A projective atlas on (X ,D , �) is a collection of coordinate functions
{(Vj , φj)}j∈J such that

1)
⋃

j∈J φj(Vj) = X,
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2) for every j ∈ J , each deck transformation of the Galois covering

φj : Vj −→ φj(Vj)

is the restriction of some Möbius transformation (if φj is an embedding,
then this condition is automatically satisfied because the Galois group
is trivial), and

3) for every j , k ∈ J , and for every connected and simply connected open
subset

V ⊂ φ−1
k

(
(Uj

⋂
Uk) \ D

)
,

each branch of the function φ−1
j ◦ φk over V is the restriction of some

Möbius transformation.

By a branch of φ−1
j ◦ φk over V we mean a holomorphic map

f : V −→ CP
1

such that φk = φj ◦ f . Note that if f : V −→ CP1 is continuous and

φk = φj ◦ f ,

then f is holomorphic.
In view of the second condition in the above definition of projective

structure, if some branch of the function φ−1
j ◦ φk over V is the restriction

of some Möbius transformation, then each branch of the function φ−1
j ◦ φk

over V is the restriction of some Möbius transformation.
Two projective atlases {(Vj , φj)}j∈J and {(Vi , φi)}i∈I will be called

equivalent if their union {(Vj , φj)}j∈J∪I is also a projective atlas.

Definition 2.1. A projective structure on (X ,D , �) is an equivalence class
of projective atlases.

Given a projective structure P on (X ,D , �), a coordinate function
(V , φ) is called compatible with P if (V , φ) lies in some projective atlas
in the equivalence class defined by P .

When the orbifold structure (D , �) on X is clear from the context, a
projective structure on (X ,D , �) will also be called an orbifold projective
structure on X.
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A projective structure on (X ,D , �) produces a complex structure on
X. Indeed, this is an immediate consequence of the following fact: if

CP
1 ⊃ V

φ−→ X

is a coordinate map (as in (2.2)) such that each deck transformation of φ
is the restriction of some Möbius transformation, then there is a unique
complex structure on φ(V ) such that φ is a holomorphic map.

An orbifold Riemann surface is an orbifold surface (X ,D , �) such that
X is equipped with a complex structure compatible with the orientation
of X.

From the above observation that a projective structure produces a com-
plex structure it follows that a projective structure on an orbifold surface
produces an orbifold Riemann surface.

Given an orbifold Riemann surface (X ,D , �), a projective structure P
on the orbifold surface (X ,D , �) will be called compatible with the complex
structure if the complex structure on X given by P coincides with the given
complex structure on X. A compatible projective structure on the orbifold
Riemann surface (X ,D , �) will also be called a projective structure on the
orbifold Riemann surface (X ,D , �).

When the orbifold structure (D , �) on the Riemann surface X is clear
from the context, a projective structure on the orbifold Riemann surface
(X ,D , �) will also be called an orbifold projective structure on the Riemann
surface X.

We now recall Lemma 3.2 of [5] on the existence of orbifold projective
structures.

Lemma 2.2 ([5]). An orbifold Riemann surface (X ,D , �) admits a com-
patible projective structure if and only if at least one of the following three
conditions are satisfied:

1) genus(X) ≥ 1,

2) #D /∈ {1 , 2},
3) if #D = 2, then �(x1) = �(x2).

Therefore, (X ,D , �) does not admit a compatible projective structure if
and only if either genus(X) = 0 = n− 1 or genus(X) = 0 = n− 2 with
�(x1) 
= �(x2).

Assumption A: Henceforth, for all orbifold surfaces considered, we assume
that at least one of the three conditions in Lemma 2.2 is satisfied.
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In view of Assumption A and Lemma 2.2, all orbifold Riemann surfaces
considered henceforth admit a projective structure.

2.2. Parameter space for orbifold projective structures

Let S be a compact connected oriented surface of genus g. Fix n ordered
points D := {x1 , . . . , xn} on S. Let T (S) be the Teichmüller space corre-
sponding to this n-pointed surface S. We recall a construction of T (S). The
space of all complex structures on the smooth surface S compatible with
its orientation will be denoted by Com(S). Let DiffD(S) be the group of all
orientation preserving diffeomorphisms of S that fix the subset {x1 , . . . , xn}
pointwise. Let

Diff0
D(S) ⊂ DiffD(S)

be the subgroup consisting of all diffeomorphisms homotopic, fixing D point-
wise, to the identity map of S. This group Diff0

D(S) acts on Com(S); the
action of any f ∈ Diff0(S) sends a complex structure to its pullback using
f−1. The above Teichmüller space T (S) is the quotient

T (S) = Com(S)/Diff0
D(S) .

The space Com(S) has a natural complex structure which induces a complex
structure on T (S).

Let Proj(S) denote the space of all projective structures on (S ,D , �).
Consider the group of diffeomorphisms Diff0

D(S) defined above. This group
has a natural action on Proj(S). The action of any τ ∈ Diff0

D(S) on Proj(S)
takes a projective structure P to the one uniquely determined by the follow-
ing property: a coordinate function (V , φ) is compatible with this projective
structure if and only if the coordinate function (V , τ−1 ◦ φ) is compatible
with P . Let

(2.3) P(S) := Proj(S)/Diff0
D(S)

be the quotient. There is a natural projection

(2.4) f̃S : P(S) −→ T (S)

that sends a projective structure to the complex structure underlying it.
There is a natural complex structure on Proj(S) that induces a com-

plex structure on the quotient space P(S). An alternative way of describing
this complex structure on Proj(S) is the following. A projective structure
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on the orbifold S defines a flat principal PSL(2,C)–bundle on the comple-
ment S \ D. Sending a flat connection to its monodromy representation, the
space P(S) gets identified with a submanifold of the smooth locus of the
representation space

Hom(π1(S \ D), PSL(2,C))/PSL(2,C) .

The smooth locus of Hom(π1(S \ D), PSL(2,C))/PSL(2,C) has a complex
structure given by the complex structure on PSL(2,C), and the submanifold
P(S) is preserved by the underlying almost complex structure. Therefore,
P(S) gets an induced complex structure. The projection f̃S in (2.4) is holo-
morphic.

Proposition 2.3. As before, let g denote the genus of S. The dimension
of this complex manifold P(S) is

• 6g − 6 + 2n if genus(S) ≥ 2,

• 2n (respectively, 2) if genus(S) = 1 with n > 0 (respectively, n = 0),
and

• 2(n− 3) (respectively, 0) if genus(S) = 0 with n ≥ 4 (respectively,
n ≤ 3).

Proof. Since the two cases genus(S) = 0 = n− 1 and genus(X) = 0 =
n− 2 with �(x1) 
= �(x2) are omitted (see Assumption A), a theorem due
to Bundgaard–Nielsen and Fox says that there is a finite Galois covering

(2.5) ψ : Y −→ S

such that ψ is unramified over S \ D, and for each xi ∈ D, the order of
ramification at every point of ψ−1(xi) is�(xi) [13, p. 26, Proposition 1.2.12],
where � is the function in (2.1). We call the order of ramification at 0 of
the map z �−→ zm to be m. Let g̃ denote the genus of Y .

Let Proj0(Y ) denote the space of all projective structures on the com-
pact oriented surface Y (for Y , the subset of orbifold points is empty); the
subscript “0” is to emphasize that the orbifold structure on Y is trivial. The
space of all complex structures on the smooth surface Y compatible with its
orientation will be denoted by C(Y ). There is a natural map

(2.6) f ′
Y : Proj0(Y ) −→ C(Y )
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that sends a projective structure on Y to the complex structure on Y defined
by it.

Let Diff0(Y ) denote the group of all diffeomorphisms of Y homotopic to
the identity map of Y . The group Diff0(Y ) acts on both Proj(Y ) and C(Y ).
Define

P(Y ) := Proj0(Y )/Diff0(Y ) and T (Y ) := C(Y )/Diff0(Y ) .

The quotient T (Y ) is called the Teichmüller space for Y . It is a complex
manifold of dimension 3g̃ − 3 or 1 or 0 depending on whether g̃ ≥ 2 or g̃ = 1
or g̃ = 0. Also, T (Y ) is contractible (diffeomorphic to the unit ball). The
quotient P(Y ) is a complex manifold of dimension 2 · dimC T (Y ), and it is
also contractible. The map f ′

Y in (2.6) descends to a projection

(2.7) fY : P(Y ) −→ T (Y ) .

This map fY is a holomorphic submersion. More precisely, fY makes P(Y )
a holomorphic fiber bundle over T (Y ). In fact, P(Y ) is a torsor for the holo-
morphic cotangent bundle T ∗T (Y ), which means that for any Z ∈ T (Y ) the
vector space of T ∗

ZT (Y ) acts freely and transitively on the fiber of fY over
the point Z. That P(Y ) is a torsor for T ∗T (Y ) follows from the facts that the
space of all projective structure on a given compact Riemann surface Z is an
affine space for the space of quadratic differentials H0(Z, T ∗Z ⊗ T ∗Z), while
the fiber of T ∗T (Y ) at any point Z ∈ T (Y ) is also H0(Z, T ∗Z ⊗ T ∗Z).

Let

(2.8) Γ := Gal(ψ)

be the Galois group for the covering map ψ in (2.5). We will show that Γ
has a natural action on both P(Y ) and T (Y ).

Take any T ∈ Γ. Since T is an orientation preserving diffeomorphism
of Y , it produces a self–map of Proj0(Y ) that sends a projective structure
P to the one uniquely determined by the following property: a coordinate
function (V , φ) is compatible with this projective structure if and only if the
coordinate function (V , T−1 ◦ φ) is compatible with P . This way we get an
action of Γ on Proj0(Y ). Similarly, Γ acts on the space of complex structures
C(Y ): the action of any T ∈ Γ sends a complex structure to the pullback of
it by T−1. The map f ′

Y in (2.6) evidently intertwines these actions of Γ on
Proj0(Y ) and C(Y ).

Next we note that the conjugation action Γ on the group of diffeomor-
phisms of Y preserves Diff0(Y ), meaning for any T ∈ Γ and T ′ ∈ Diff0(Y ),
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we have

T−1T ′T ∈ Diff0(Y ) .

Therefore, the above actions of Γ on Proj0(Y ) and C(Y ) descend to actions
of Γ on the quotient spaces P(Y ) and T (Y ) respectively. Since f ′

Y in (2.6)
is Γ–equivariant, the descended map fY in (2.7) is also Γ–equivariant.

From the construction of the actions of Γ on P(Y ) and T (Y ) it follows
that these actions preserve the complex structures of P(Y ) and T (Y ).

The space P(S) in (2.3) is the fixed point locus

(2.9) P(S) = P(Y )Γ ⊂ P(Y )

for the action of Γ on P(Y ). Indeed, the pullback to Y of a projective struc-
ture on (S ,D , �) is a projective structure on Y . This pulled back projective
structure on Y is clearly invariant under the action of Γ. Conversely, if we
have a Γ–invariant projective structure P on Y , then P defines a projec-
tive structure P ′ on (S ,D , �). A coordinate function φ : V −→ S, with V
simply connected, is compatible with P ′ if the lift V −→ Y of φ is compat-
ible with P ; note that in view of the definition of a projective structure on
(S ,D , �), the properties of the covering map ψ imply that φ lifts to a map
to Y .

Since the action of Γ on P(Y ) preserves the complex structure of P(Y ),
the fixed point locus P(Y )Γ is a complex submanifold of P(Y ).

To compute the dimension of the fixed point locus P(S), we first note
that the map fY being Γ–equivariant restricts to a map

(2.10) FY := fY |P(Y )Γ : P(S) = P(Y )Γ −→ T (Y )Γ ,

where T (Y )Γ ⊂ T (Y ) is the fixed point locus for the action of Γ on T (Y ).
We note that T (Y )Γ is a complex submanifold because the action of Γ
preserves the complex structure of T (Y ). Any Γ–invariant complex structure
on Y produces a complex structure on S. On the other hand, any complex
structure on S defines a Γ–invariant complex structure on Y . It is known
that T (Y )Γ is identified with the earlier defined Teichmüller space T (S)
for the n-pointed surface S [9]. In particular, dim T (Y )Γ coincides with the
dimension of T (S). Therefore,

• if genus(S) ≥ 2, then dim T (Y )Γ = 3g − 3 + n,

• if genus(S) = 1 and n ≥ 1, then dim T (Y )Γ = n,

• if genus(S) = 1 and n = 0, then dim T (Y )Γ = 1,
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• if genus(S) = 0 and n ≥ 4, then dim T (Y )Γ = n− 3, and

• if genus(S) = 0 and n ≤ 3, then dim T (Y )Γ = 0.

The map FY in (2.10) is a holomorphic fiber bundle whose fiber over
any Riemann surface Z ∈ T (Y )Γ is an affine space for the complex vector
space consisting of all Γ–invariant holomorphic sections of H0(Z, K⊗2

Z ) (the
space of all Γ–invariant quadratic differentials on Z). Indeed, this follows
from the fact that the space of all Γ–invariant projective structures on Z is
an affine space for H0(Z, K⊗2

Z )Γ.
Take any point

Z ∈ T (Y )Γ .

We consider Z as Y equipped with a Γ–invariant complex structure. We
have

H0(Z, K⊗2
Z )Γ = H0(Z/Γ, K⊗2

Z/Γ ⊗OZ/Γ(D)) .

Using Serre duality, we have

H0(Z/Γ, K⊗2
Z/Γ ⊗OZ/Γ(D)) = H1(Z/Γ, T (Z/Γ)⊗OZ/Γ(−D))∗ ,

where T (Z/Γ) is the holomorphic tangent bundle of Z/Γ. But

H1(Z/Γ, T (Z/Γ)⊗OZ/Γ(−D))

is the holomorphic tangent space to T (Y )Γ at the point Z/Γ ∈ T (Y )Γ.
Hence dim T (Y )Γ = dimH0(Z, K⊗2

Z )Γ. Since

dimP(S) = dim T (Y )Γ + dimH0(Z, K⊗2
Z )Γ ,

the proposition follows. �

Remark 2.4. Take any Z/Γ ∈ T (S) as above. The fiber of the holomor-
phic cotangent bundle T ∗T (S) over Z/Γ is identified with H0(Z, K⊗2

Z )Γ.
Therefore, P(S) is a holomorphic affine bundle over T (S) for the holomor-
phic cotangent bundle T ∗T (S).

3. Bers’ Section

Let us continue with the setting of the proof of Proposition 2.3: we have a
surface Y and a finite group of diffeomorphisms Y , acting on Y . An element
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γ of Γ induces a holomorphic automorphism of T (Y ) as well as of P(Y ),
which we denote by

(3.1) γT : T (Y ) −→ T (Y ) and γP : P(Y ) −→ P(Y )

respectively. The mapping fY of (2.7) is Γ-equivariant, which means that

(3.2) fY ◦ γP = γT ◦ fY .

The above holomorphic mapping γT : T (Y ) −→ T (Y ) induces in a nat-
ural way a holomorphic self-map of the cotangent space

d∗γT : T ∗T (Y ) −→ T ∗T (Y ) .

This space T ∗T (Y ), being the total space of the holomorphic cotangent
bundle of a complex manifold, has a natural holomorphic symplectic form,
which is known as the Liouville form. The Liouville symplectic form on
T ∗T (Y ) will be denoted by ΩT . Since γT is a biholomorphism of T (Y ), it
is easy to check that the induced map d∗γT of T ∗T (Y ) preserves the form
Liouville ΩT .

On the other hand, the space P(Y ) is mapped onto an open subset of
the smooth locus of the representation space

Hom(π1(Y ) ,PSL(2,C))/PSL(2,C) .

This map is a local biholomorphism. Hence P(Y ) has a natural holomorphic
symplectic structure [2], [8], [1]. We will denote the holomorphic symplectic
form on P(Y ) by ΩP .

Lemma 3.1. The mapping γP in (3.1) preserves the symplectic form ΩP .

Proof. Let Z be a compact connected oriented surface. Fix a base point
z0 ∈ Z. Let G be a semisimple Lie group. Consider Hom(π1(Z, z0) , G)/G
equipped with the natural symplectic form Ω (see [2] and [8] for Ω). Let

α : Z −→ Z

be an orientation preserving diffeomorphism. The isomorphism

α∗ : π1(Z, z0) −→ π1(Z, α(z0))
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induced by α produces a diffeomorphism

α′ : Hom(π1(Z, z0) , G)/G −→ Hom(π1(Z, α(z0)) , G)/G .

By choosing a path from z0 to α(z0), the group π1(Z, α(z0)) is naturally
identified with π1(Z, z0) up to an inner automorphism of π1(Z, z0). There-
fore, α′ produces a diffeomorphism

α̃ : Hom(π1(Z, z0) , G)/G −→ Hom(π1(Z, z0) , G)/G .

This diffeomorphism α̃ preserves Ω. Indeed, this follows immediately from
the construction of Ω (see [2] and [8]). We mentioned earlier that ΩP coin-
cides with the above symplectic form Ω for G = PGL(2,C). Therefore, we
now conclude that γP in (3.1) preserves ΩP . �

The projection fY in (2.7) has a holomorphic section constructed by
Bers using the notion of simultaneous uniformization [3]. We will denote
that section by B:

(3.3) B : T (Y ) −→ P(Y ) .

Let

TB : T ∗T (Y ) −→ P(Y )

be the holomorphic mapping that sends any (Z , θ) ∈ T ∗T (Y ) to B(Z) + θ;
note that θ ∈ H0(Z, K⊗2

Z ) and the fiber of P(Y ) over Z ∈ T (Y ) is an affine
space for H0(Z, K⊗2

Z ), so B(Z) + θ is also an element of the fiber of P(Y )
over Z. This map TB is clearly a biholomorphism In [10], Kawai proved that
TB preserves the symplectic structures of T (Y ) and P(Y ) in the sense that

(3.4)
1

π
· T ∗

BΩP = ΩT .

For an element γ of Γ, we define a holomorphic mapping

(3.5) Bγ : T (Y ) −→ P(Y ) , Bγ := γP ◦B ◦ γ−1
T .

We note that the following diagram is commutative

P(Y )
γP−→ P(Y )⏐⏐�fY ⏐⏐�fY

T (Y )
γT−→ T (Y )

Therefore, Bγ in (3.5) is also a holomorphic section of the projection fY .
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Let

(3.6) TBγ
: T ∗T (Y ) −→ P(Y )

be the biholomorphism that sends any (Z , θ) ∈ T ∗T (Y ) to Bγ(Z) + θ.

Lemma 3.2. For the above map TBγ
the following holds:

T ∗
Bγ

ΩP = π · ΩT .

Proof. The following diagram of holomorphic maps is commutative

(3.7)

T ∗T (Y )
TB−→ P(Y )⏐⏐�d∗γT ⏐⏐�γP

T ∗T (Y )
TBγ−→ P(Y )

We noted earlier that d∗γT preserves the Liouville symplectic form ΩT be-
cause d∗γT is induced by a biholomorphism of T (Y ). From Lemma 3.1 we
know that γP preserves ΩP . Therefore, in view of the commutative diagram
in (3.7), from (3.4) we conclude that T ∗

Bγ
ΩP = π · ΩT . �

Since the fibers of fY are affine spaces for the fibers of the holomorphic
cotangent bundle of T (Y ), we have

Bγ −B ∈ H0(T (Y ), T ∗T (Y )) ,

in other words, Bγ −B is a holomorphic one-form on T (Y ).

Lemma 3.3. The above holomorphic one-form Bγ −B on T (Y ) is closed.

Proof. Let

β : T ∗T (Y ) −→ T ∗T (Y )

be the holomorphic automorphism of the fiber bundle

(3.8) p : T ∗T (Y ) −→ T (Y )

defined by v �−→ v + (Bγ −B)(p(v)). Clearly, we have

TB ◦ β = TBγ
.
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Therefore, from (3.4) and Lemma 3.2 it follows that

π · ΩT = (TBγ
)∗ΩP = (TB ◦ β)∗ΩP = β∗(TB)

∗ΩP = π · β∗ΩT .

Hence β∗ΩT − ΩT = 0. On the other hand, from the construction of ΩT it
follows immediately that

β∗ΩT − ΩT = p∗d(Bγ −B) ,

where p is the projection in (3.8). Combining these two we conclude that
the form Bγ −B is closed. �

Since the fibers of fY (see (2.7)) are affine spaces for the fibers of T ∗T (Y ),
and Bγ is a holomorphic section of fY , we conclude that

(3.9) B′ :=
1

#Γ

∑
γ∈Γ

Bγ

is a holomorphic section of fY , where #Γ is the order of the group Γ. Let

(3.10) TB′ : T ∗T (Y ) −→ P(Y )

be the holomorphic isomorphism that sends any

(Z , θ) ∈ T ∗T (Y )

to B′(Z) + θ.

Proposition 3.4. For the above map TB′, the following holds:

T ∗
B′ΩP = π · ΩT .

Proof. Let

(3.11) ω :=
1

#Γ

∑
γ∈Γ

(Bγ −B)

be the holomorphic one-form on T (Y ), where Bγ −B is the one-form in
Lemma 3.3. Let

β′ : T ∗T (Y ) −→ T ∗T (Y )
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be the holomorphic automorphism of the fiber bundle T ∗T (Y ) defined by
v �−→ v + ω(p(v)), where p is the projection in (3.8). Clearly, we have

(3.12) TB ◦ β′ = TB′ .

As noted earlier, from the construction of ΩT it follows immediately that

(3.13) (β′)∗ΩT − ΩT = p∗dω = dp∗ω .

From Lemma 3.3 we have

(3.14) dω =
1

#Γ

∑
γ∈Γ

d(Bγ −B) = 0 .

Hence p∗dω = 0. Consequently, from (3.13) we have

(β′)∗ΩT = ΩT .

Therefore, using (3.4),

(TB ◦ β′)∗ΩP = (β′)∗T ∗
BΩP = (β′)∗(π · ΩT ) = π · (β′)∗ΩT = π · ΩT .

Now from (3.12) it follows that T ∗
B′ΩP = π · ΩT . �

4. Bers’ section in the orbifold set-up

As before,

P(Y )Γ ⊂ P(Y ) and T (Y )Γ ⊂ T (Y )

are the fixed point loci for the actions of Γ on P(Y ) and T (Y ) respectively.
Consider the projection FY in (2.10). We will construct a holomorphic sec-
tion of it.

From the construction of B′ in (3.9) it follows immediately that the
action of the Galois group Γ on P(Y ) preserves the image B′(T (Y )) (the
action leaves the subset invariant, but not pointwise). The action of Γ on the
Teichmüller space T (Y ) produces an action of Γ on the cotangent bundle
T ∗T (Y ). Since the projection fY in (2.7) is Γ–equivariant, and B′(T (Y ))
is preserved by the action of Γ, it follows that the biholomorphism TB′ in
(3.10) is Γ–equivariant.
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The image B′(T (Y )) being Γ–equivariant restricts to a holomorphic sec-
tion

(4.1) B̃ : T (Y )Γ −→ P(Y )Γ

of the projection FY constructed in (2.10). As noted before, for any

Z ∈ T (Y )Γ ,

the holomorphic cotangent space T ∗
Z(T (Y )Γ) coincides with the space of

invariants

H0(Z, K⊗2
Z )Γ ⊂ H0(Z, K⊗2

Z ) .

We also recall that FY is a holomorphic fiber bundle whose fiber over
any Riemann surface Z ∈ T (Y )Γ is an affine space for the vector space
H0(Z, K⊗2

Z )Γ. Therefore, B̃ in (4.1) produces a biholomorphism

(4.2) T
˜B : T ∗(T (Y )Γ) −→ P(Y )Γ

that sends any (Z , θ) ∈ T ∗(T (Y )Γ) to B̃(Z) + θ ∈ P(Y )Γ.
The symplectic form ΩP on P(Y ) restricts to a symplectic form on

P(Y )Γ. This symplectic form on P(Y )Γ will be denoted by ΩΓ
P . On the

other hand, the cotangent bundle T ∗(T (Y )Γ) is equipped with the Liouville
symplectic form; this Liouville symplectic form will be denoted by ΩΓ

T .

Proposition 4.1. For the biholomorphism T
˜B in (4.2), the following holds:

T ∗
˜B
ΩΓ
P = π · ΩΓ

T .

Proof. Consider the action of Γ on T ∗T (Y ) induced by the action of Γ on
T (Y ). It is easy to see that the fixed-point set (T ∗T (Y ))Γ ⊂ T ∗T (Y ) is
identified with T ∗(T (Y )Γ). In particular, we have

T ∗(T (Y )Γ) ⊂ T ∗T (Y ) .

The Liouville symplectic form ΩT on T ∗T (Y ) restricts to the Liouville sym-
plectic form ΩΓ

T on T ∗(T (Y )Γ). The form ΩΓ
P , by definition, is the restriction

of ΩP . Also, The map T
˜B coincides with the restriction of TB′ (constructed

in (3.10)) to the submanifold T ∗(T (Y )Γ) of T ∗T (Y ). Therefore, the propo-
sition follows from Proposition 3.4. �
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We recall that P(Y )Γ and T (Y )Γ are identified with P(S) and T (S)
respectively. Using these identifications, the projection FY in (2.10) coincides
with the projection f̃S in (2.4).

The construction of the symplectic form on P(Y ) extends to P(S). In-
deed, the symplectic form on the representation space of a compact surface
group constructed in [8], [2] can be generalized to the representation space
of the fundamental group of a punctured surface once we fix the monodromy
around the punctures (see [6]). Let ΩS

P denote the holomorphic symplectic
form on P(S). This form ΩS

P coincides with ΩP using the above mentioned
identification of P(Y )Γ with P(S). The Liouville symplectic form on T ∗T (S)
will be denoted by ΩS

T .
The section B̃ (see (4.1)) of the projection FY produces a holomorphic

section of the projection f̃S in (2.4). As done before, this holomorphic section
produces a biholomorphism

TS,B : T ∗T (S) −→ P(S) .

This map TS,B clearly coincides with T
˜B in (4.2) after identifying P(S) and

T ∗T (S) with P(Y )Γ and T ∗(T (Y )Γ) respectively.
Therefore, Proposition 4.1 gives the following:

Theorem 4.2. For the above biholomorphism TS,B, the following holds:

T ∗
S,BΩ

S
P = π · ΩS

T .

5. Schottky and Earle uniformizations

The projection fY of (2.7) admits a couple of other natural holomorphic
sections, apart from the one described in (3.3). One of these sections is given
by Earle in [7], which is a modification of the simultaneous uniformization
theorem. The other one is given by the uniformization by Schottky groups.
It is natural to ask whether the symplectic structures are preserved by the
biholomorphisms T ∗T (S) −→ P(S) constructed using these sections, i.e.,
whether the analogue of Theorem 4.2 holds. Our aim in this final section is
to address this question.

In [7], Earle constructed a holomorphic section

e : T (Y ) −→ P(Y ) .

The construction of e, which follows closely the approach of the simulta-
neous uniformization theorem of Bers, is done using a marking on Y and
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an involution of the fundamental group of Y induced by an orientation re-
versing diffeomorphism of Y . The construction of e follows a modification
of the simultaneous uniformization theorem. In a sense this section is in-
trinsic, since it does not require fixing a base point of T (Y ), unlike in the
construction of Bers’ section. As said above, the section e is holomorphic.

For each element γ ∈ Γ, we get another section eγ defined by

eγ = γP ◦ e ◦ γ−1
T

(just as done in (3.5)). Let ργ denote the one-form on T (Y ) defined by

(5.1) ργ := eγ −Bγ

Lemma 5.1. The form ργ is closed.

Proof. Let φ be the C∞ section of the projection the projection fY (see (2.7))
given by the Fuchsian uniformization. This section is not holomorphic. We
define

αγ := eγ − φ and βγ := Bγ − φ .

Since eγ and Bγ are holomorphic sections, Theorem 9.2 of [11, p. 355] applies,
and from it we conclude that

dαγ = dβγ .

Therefore, dργ = d(eγ −Bγ) = dαγ − dβγ = 0. �

Let

T γ
E : T ∗T (Y ) −→ P(Y )

be the biholomorphism that sends any (Z , θ) ∈ T ∗T (Y ) to eγ(Z) + θ ∈
P(Y ). Let

Aργ
: T ∗T (Y ) −→ T ∗T (Y )

be the holomorphic automorphism defined by v �−→ v + ργ(p(v)), where p
is the projection in (3.8). Clearly,

(5.2) T γ
E = TBγ

◦Aργ
,

where TBγ
is constructed in (3.6). Now, using (3.4) and Lemma 5.1,

(TBγ
◦Aργ

)∗ΩP = (Aργ
)∗(TBγ

)∗ΩP
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= π · (Aργ
)∗ΩT = π · (ΩT + dργ) = π · ΩT .

Therefore, from (5.2) we have

(5.3) (T γ
E)

∗ΩP = π · ΩT .

We now average these sections, and define

(5.4) e′ :=
1

#Γ

∑
γ∈Γ

eγ ,

which is a holomorphic section of fY . Let

Te′ : T ∗T (Y ) −→ P(Y )

be the biholomorphism that sends any (Z , θ) to e′(Z) + θ (as in (3.10)).

Proposition 5.2. For the above map Te′, the following holds:

T ∗
e′ΩP = π · ΩT .

Proof. As in Proposition 3.4, we define a holomorphic one-form on T (Y ) by

μ :=
1

#Γ

∑
γ∈Γ

(eγ − e) .

In view of (5.3), it suffices to show that μ is closed (see the proof of Propo-
sition 3.4).

Consider ω constructed in (3.11). We observe that

μ− ω =
1

#Γ

∑
γ∈Γ

(eγ − e−Bγ +B)

=
1

#Γ

∑
γ∈Γ

((eγ −Bγ)− (e−B))

=
1

#Γ

∑
γ∈Γ\e0

(eγ −Bγ) ,

where e0 is the identity element of Γ. Hence from Lemma 5.1 it follows that
d(μ− ω) = 0. Now from (3.14) we conclude that dμ = 0. �
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The constructions of Section 4 can be done with the section e′ in (5.4)
instead of B′, to obtain a section

ẽ : T (Y )Γ −→ P(Y )Γ

of the projection FY in (2.10). Just as before, ẽ produces a biholomorphism

TS,e : T ∗T (S) −→ P(S) .

Now just as in Theorem 4.2, we have:

Theorem 5.3. For biholomorphic mapping TS,e,

T ∗
S,eΩ

S
P = π · ΩS

T .

We finish this section with the observation that all the above construc-
tions carry to the case of the Schottky section. This section also satisfies
McMullen’s theorem (Theorem 9.2 of [11, p. 355]) which says the follow-
ing: Let X = Ω/Γ be the quotient Riemann surface for a finitely generated
Kleinian group Γ, and let μ, ν ∈ M(X) be a pair of sufficiently smooth
Beltrami differentials. Then∫

X
φμ ν =

∫
X
φν μ ,

where φμ, φν ∈ L1(X, dz2) give the projective distortions of μ and ν.
Therefore, Theorem 5.3 remains valid for the biholomorphism

T ∗T (S) −→ P(S)

given by the Schottky section.

Acknowledgements

We thank the referee for helpful comments. The second-named author is
partially supported by a J. C. Bose Fellowship.

References

[1] P. Arés-Gastesi and I. Biswas, On the symplectic form of the moduli
space of projective structures, J. Symplectic Geom. 6 (2008), 239–246.



642 P. Arés-Gastesi and I. Biswas

[2] M. F. Atiyah and R. Bott, The Yang–Mills equations over Riemann
surfaces, Phil. Trans. Roy. Soc. Lond. 308 (1982), 523–615.

[3] L. Bers, Simultaneous uniformization, Bull. Amer. Math. Soc. 66
(1960), 94–97.

[4] I. Biswas, Schottky uniformization and the symplectic structure of the
cotangent bundle of a Teichmüller space, Jour. Geom. Phys. 35 (2000),
57–62.

[5] I. Biswas, Orbifold projective structures, differential operators, and log-
arithmic connections on a pointed Riemann surface, Jour. Geom. Phys.
36 (2006), 2345–2378.

[6] I. Biswas and K. Guruprasad, Principal bundles on open surfaces and
invariant functions on Lie groups, Internat. Jour. Math. 4 (1993), 535–
544.

[7] C. Earle, Some intrinsic coordinates on Teichmüller space, Proc. Amer.
Math. Soc. 83 (1981), 527–531.

[8] W. M. Goldman, The symplectic nature of fundamental groups of sur-
faces, Adv. Math. 54 (1984), 200–225.

[9] W. J. Harvey, On branch loci in Teichmüller space, Trans. Amer. Math.
Soc. 153 (1971), 387–399.

[10] S. Kawai, The symplectic structure of the space of projective connection
on Riemann surfaces, Math. Ann. 305 (1996), 161–182.

[11] C. T. McMullen, The moduli space of Riemann surfaces is Kähler hy-
perbolic, Ann. of Math. 151 (2000), 327–357.

[12] S. Nag, The complex analytic theory of Teichmüller spaces, Canadian
Mathematical Society Series of Monographs and Advanced Texts, John
Wiley & Sons, new York, 1988.

[13] M. Namba, Branched coverings and algebraic functions, Pitman Re-
search Notes in Mathematics Series, 161, Longman Scientific & Tech-
nical, Harlow; John Wiley & Sons, Inc., New York, 1987.

[14] P. G. Zograf and L. A. Takhtadzhyan, On the uniformization of Rie-
mann surfaces and on the Weil–Petersson metric on the Teichmüller
and Schottky spaces, Math. USSR-Sb. 60 (1988), 297–313.



Orbifold projective structures and symplectic form 643

Department of Applied Mathematics and Statistics

School of Economics and Business

Universidad CEU San Pablo, Madrid, Spain

E-mail address: pablo.aresgastesi@ceu.es

School of Mathematics, Tata Institute of Fundamental Research

Homi Bhabha Road, Mumbai 400005, India

E-mail address: indranil@math.tifr.res.in

Received December 18, 2013

Accepted July 22, 2016



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.7
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Same as "Press Quality" except that Compatibility is set to Acrobat 8.0 \(PDF 1.7\))
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


