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Dirac spectral flow on contact three
manifolds I: Eigensection estimates
and spectral asymmetry

CHUNG-JUN TsAI

Let Y be a compact, oriented 3-manifold with a contact form a and
a metric ds?. Suppose that F — Y is a principal bundle with struc-
ture group U(2) = SU(2) x (1., S* such that F/S! is the principal
SO(3) bundle of orthonormal frames for TY. A unitary connec-
tion Ap on the Hermitian line bundle F' X,y C determines a
self-adjoint Dirac operator Dy on the C2-bundle F X (a) C2.

The contact form a can be used to perturb the connection Ag
by Ag — ira. This associates a one parameter family of Dirac op-
erators D, for r > 0. When r > 1, we establish a sharp sup-norm
estimate on the eigensections of D, with small eigenvalues. The
sup-norm estimate can be applied to study the asymptotic behav-
ior of the spectral flow from Dy to D,.. In particular, it implies that
the subleading order term of the spectral flow is strictly smaller
than O(r?). We also relate the n-invariant of D, to certain spec-
tral asymmetry function involving only the small eigenvalues of D,..
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1. Introduction

In Taubes’s proof of the Weinstein conjecture [16], a key ingredient is the
spectral flow estimate for a one parameter family of Dirac operators. The
spectral flow estimate has a natural generalization [17] to any odd dimen-
sional manifolds. Although being used to prove the Weinstein conjecture,
the spectral flow estimate is established in a general setting. When the one
parameter family of Dirac operators is constructed from a contact form, it
is interesting to see how its spectral flow function and the zero eigensections
are related to the geometry of the contact form. This paper is the first step
toward the study of this question.

1.1. Spin-c Dirac operator in three dimension

Suppose that Y is a compact, oriented 3-manifold with a Riemannian metric
ds?. Let Fr be the principal SO(3) bundle of oriented, orthonormal frames.
A spin-c structure on Y is an equivalent class of lifting of F'r to a principal
Spin®(3) = U(2) bundle. In dimension three, the spin-c structures can be
constructed explicitly. Since any compact oriented 3-manifold is paralleliz-
able, F'r can be identified with ¥ x SO(3). It suggests an obvious spin-c
structure, the trivial U(2) bundle F' =Y x U(2). Let U — Y be a principal
ST bundle. The principal bundle F' x g1 U is a different spin-c structure if U
is non-trivial, where S! acts on U(2) as its center. This construction iden-
tifies the set of spin-c structures on Y with the set of equivalent classes of
principal S bundles. Note that the equivalent classes of S! bundles is an
affine space isomorphic to H?(Y; Z).

Let S be the associated bundle of F' by the fundamental representation
of U(2) on C2. It is called the spinor bundle. The Levi-Civita connection
on Fr and a unitary connection A on det(S) = U xg: C together induce a
unitary connection on S. Denote the connection by V 4.

The tangent bundle TY admits an action on S defined as follows. Identify
R? with 2 x 2 skew Hermitian matrices. The group U(2) acts on R? by
x — gxg* for any x € R? and g € U(2). The associated bundle of F of this
representation is exactly the tangent bundle TY. The matrix action of a
2 x 2 skew Hermitian matrix on C? induces a bundle map cl: TY x S — S.
This map is called the Clifford action. The Dirac operator D 4 associated to
V 4 is the composition of the following maps

C=(Y;S) Y4 C2(Y; T*Y @ S) "™ oo (v, TY 'S) -5 (Y S).
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The Dirac operator is self-adjoint with respect to the L2-inner product. It
has discrete spectrum and each eigenvalue has finite multiplicity. Moreover,
its eigenvalues is unbounded from above and below.

There are two different conventions for the Clifford action. The conven-
tion in this paper is determined by what follows: suppose that {e;,e2,e3}
is an oriented, orthonormal basis of tangent vectors, then cl(ep)cl(es) =

— 01(63).
1.2. Dirac spectral flow

Suppose that S is a spinor bundle. Let Ay and A; be unitary connections
on det(S). Choose a path of unitary connections {A;}s¢(o,1] on det(S) which
starts at Ag and ends at A;. This path associates a path of Dirac operators
from Dy, to Dga,. The Dirac spectral flow is the algebraic count of the
zero crossings of eigenvalues: a zero crossing contributes to the count with
+1 if the eigenvalue crosses zero from a negative to a positive value as s
increases, and count with —1 if the eigenvalue crosses zero from a positive
to a negative value as s increases. For a generic choice of the path {As}c(0,1),
only these two cases occur. This algebraic count is the Dirac spectral flow.
The complete definition of the spectral flow can be found in [3, §7] and [16,
§5.1].

Atiyah, Patodi and Singer [3, p.95] observed that the spectral flow func-
tion is equal to the index of certain Dirac operator on [0,1] X Y with ap-
propriate boundary conditions. They also proved that this index [1, (4.3)]
is path independent [3, p.89]. Therefore, the spectral flow function depends
only on the ordered pair (Ao, A1), but not on the path {As}.co,1)-

Given a real-valued 1-form a, we can consider the spectral flow from Ay
to Ap —ira for any r > 1. The spectral flow can be thought as a function
of r, which we denote by f,(Ap, ). In [16, §5] and [17], Taubes studied the
asymptotic behavior of f,(Ag,r) as r — oo. He proved:

Theorem A. ([16, Proposition 5.5]) There exist a universal constant § €
(0, %) and a constant ¢ determined by ds® and Ay such that

+4

2
fa(Ao,7) — 3;rz/ya/\da <cyrz

for any real-valued 1-form a with ||allc: <1 and any r > c;.

This theorem specifies the leading order term of the spectral flow func-
tion, and gives a bound on the subleading order term.
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1.3. Spectral flow on contact three manifolds

A contact form a on an oriented three manifold is a 1-form such that a A
da > 0. An adapted metric on a contact three manifold is a Riemannian
metric so that |a| =1 and da = 2 % a, where % is the Hodge star operator.
Chern and Hamilton [7] proved that such a metric always exists.

Suppose that (Y, a) is a contact three manifold, and ds? is an adapted
metric. Suppose that D4, is a spin-c¢ Dirac operator on Y. The zero eigen-
sections of the Dirac operator D 4,_ir, have the following properties when
r> 1.

e The Reeb vector field is the unique vector field v such that da(v,-) =0
and a(v) = 1. The covariant derivative of the zero eigensection along
v is close to the multiplication by ir/2. Thus, its magnitude does not
change much along the Reeb vector field v.

e The contact hyperplane (or the contact structure) is the two dimen-
sional distribution in 7Y defined by ker(a). On the contact hyper-
planes, the zero eigensections almost satisfy a Cauchy—Riemann equa-
tion.

The precise statements will appear in §3. These properties suggest that
instead of the Riemannian geometry in three dimension, the scenery here is
more like the complex geometry in one dimension. It motivates the following
questions.

Question. Suppose that (Y, a) is a contact three manifold with an adapted
metric ds?.

(i) Is the subleading order term of f,(Ag,r) of order r instead of order
72797 If this being the case, what is the coefficient of the subleading
order term, and what is its geometric meaning?

(ii) What is the relation between the zero locus of the zero eigensection of
D 4,—irq and the behavior of the Reeb vector field as r — co?

1.4. Main results

The main result of this paper is that the subleading order term of the spectral
3

flow function is of o(r2). It sort of suggests that the answer to Question (i)

is affirmative.
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Theorem B (Theorem 5.8(ii)). Suppose that (Y,a) is a contact three
manifold with an adapted metric ds®. Suppose that D, is a spin-c Dirac
operator. Then, there exists a constant co determined by a, ds> and Ay such
that

< czr%(log r)*é for any r > co.

2
fa(Ao,r)—327r2/Ya/\da

Recently, Savale [14] proved that the subleading order term is of o(r?)
for any 1-form a, and improved Theorem A in a greater generality. In this
regards, Theorem B provides a more precise order when « is a contact form.
When a is a contact form, the subleading order term is expected to be of
O(r). In the sequel of this paper [19], we will make a further study on this
question.

There are two main ingredients in the proof of Theorem B. The following
theorem is the first ingredient. It investigates the eigensections of D, _irq
with small eigenvalues.

Theorem C (Theorem 3.1). Suppose that (Y, a) is a contact three mani-
fold with an adapted metric ds?. Suppose that D 4, is a spin-c Dirac operator.
For any positive r and A, let

V(r,\) = span {1 € C*(Y;S) ‘ Day—ira® = v, for some v with [v] < A}

Then, there exists a constant c3 determined by a, ds®> and Ao such that
sup [ < car [ 0P
Y Y

foranyr>c3, 1 <A< %r% and ¥ € V(r, \).
This theorem implies (Corollary 3.3(i)) that
(1.1) dimV(r, X) < egrA.

It provides another evidence that D 4,_;, behaves more like the complex
geometry in one dimension. This estimate (1.1) was also obtained by Brum-
melhuis, Paul and Uribe [5] in a more general setting, by using the tech-
niques of microlocal analysis. The proof of Theorem C says more about the
behavior of ¢ along the direction of the Reeb vector field and on the contact
hyperplane. The information shall be useful if one wants to understand more
about the zero locus of 1.
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With the help of the heat kernel argument, this dimension estimate (1.1)
leads to the following estimate on the spectral flow function. It is the second
ingredient in the proof of Theorem B.

Theorem D (Theorem 5.8(i)). Suppose that (Y,a) is a contact three
manifold with an adapted metric ds®. Suppose that D, is a spin-c Dirac
operator. Then, there exists a constant ¢4 determined by a, ds® and Ag such
that

2

,
3272

9
2

‘ fa(Ao,7) — / aNda—n(Ay— im)‘ < ¢yr(logr)
Y

for any r > c4. The function n(Ag — ira) is defined by

80 lOgT % % % 720 -1 g ) 2 /)\w 720( -1, 2
oY ogr)u® 1., — r ogr)ud
ONSIAPIA P e

peVt pevs T B
where VI consists of orthonormal eigensetions of D a,—irqa whose eigenvalue
belongs to (0, :137’2) V.~ consists of orthonormal eigensetions of D, —irq

=

whose eigenvalue belongs to (—%1"2 0), and Ay is the corresponding eigen-
value of . (The constants 5 and 20 are not crucial. They are just convenient
choices.)

Theorem D says that we only need to focus on the small eigenvalues of
D 4,—irq in order to study the spectral flow from Ay to Ag — ira. With the
help of (1.1), both summations of 17(Ay — ira) can be shown to be smaller
than csr2(logr)~2. That is to say,

80 2 1 1 %T% —20(r~ " log r)u?
— | r7z(logr): Z/ e 200" logmu® gy,
i +J Ay
YeV;
Ay 1 2 3 1
+ Z / ) 6—20(7"* log r)u du <2 5(logr) 3,
pevy 77T

and Theorem B follows.

If the eigenvalues of V, UV, are ‘uniformly distributed’, one can image
that 7(Ag — ira) is actually much smaller than rz(logr)"z due to cancel-
lation. In the sequel of this paper [19], the ‘uniformly distributed’ property
will be justified for certain types of contact forms in each isotopy class of
contact structures.
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1.5. Spectral asymmetry

By combining with the results of Atiyah, Patodi and Singer, Theorem D has
an interesting corollary. As a background for the corollary, consider the four
manifold X = [0, 7] x Y. The spinor bundle S — Y can naturally be regarded
as a bundle over X. Define the operator © : C*(X;S) — C>*(X;S) by

D= 688 + DAofisa
where s is the parameter for the interval [0,r]. With appropriate bound-
ary conditions ([1, (2.3)]), the operator © is a Fredholm operator from
L3(X,S) — L*(X,S). As observed by [3, p.95], the index of D is equal to
the spectral flow from Ay to Ag — ira. Meanwhile, [1, (4.3) and pp. 59-60]
gives a formula for the index of ®. Their result in the present setting says
that

= 3072 1672

+ %(h(AO —ira) +n(Ao —ira) — h(Ag) — n(Ap))

2
(12)  fu(Ag,r) = — /a/\da—l—T/a/\(iFAo)
Y Y

where h(A) is the dimension of ker(D,4) and n(A) is the spectral asymmetry
function of D 4. This spectral asymmetry function is defined as follows: it is
the value at z = 0 of the analytic continuation to C of

Zsign(/\¢)|)\w\_z defined on where Re(z) > 1.
P

The summation is indexed by an orthonormal eigenbasis of D 4 with nonzero
eigenvalue, and Ay is the eigenvalue of 1. Theorem 3.10 of [1] asserts that
the analytic continuation is finite at z = 0. One can also see [13, §1] for a
nice survey on the n-invariant and the formula (1.2).

Roughly speaking, n(A) measures the difference between the total num-
ber of positive eigenvalues and the total number of negative eigenvalues. As
pointed out by Taubes [17, Corollary 3], Theorem A and formula (1.2) imply
that the subleading order term of the spectral flow function is the same as

(h(Ao —ira) +n(Ap — ira))

N | =

up to an O(r) difference.
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Let (Y, a) be a contact three manifold with an adapted metric ds?. The
dimension estimate (1.1) implies that

h(Ag —ira) < car.

It follows from Theorem D and (1.2) that there exists an r-independent
constant cg such that

9
2

(1.3) |77(A0 —ira) — 2n(Ay — im)’ < cgr(logr)

for any r > cg. This relates the full spectral asymmetry to the spectral asym-
metry involving only small eigenvalues. It would be interesting if one can
say something about the behavior of n(Ag —ira) as r — oo without using
the spectral flow.

Remark 1.1. The constants c(y in this paper are always independent of r.
In other words, they only depend on the contact form a, the metric ds? and
the connection Agy. The subscript is simply to indicate that these constants
might increase/decrease after each step. The subscript will be returned to 1
at the beginning of each section.

1.6. Contents of this paper

This paper is divided into three parts.

62 and §3 are devoted to the proof of Theorem C. The Clifford action of
the contact form on S is skew-Hermitian. It induces the eigenbundle splitting
S = Ey @ E», where cl(a) acts as i|a] and —i|al, respectively. With respect
to this splitting, a section 1) € C*°(Y;S) can be written as («, 3). There are
three observations based on this splitting. The first observation is that £
is much smaller than a. Secondly, on a small disk transverse to the Reeb
vector field, the Fo-component of the Dirac equation reads

(02 +10y) () = smaller terms such as

where = and y are local coordinate on the disk. Lastly, the Ej-component
of the Dirac equation implies that the integral of |a|? over a transverse disk
is bounded by its integral over Y. That is to say, the integral of |a|? do not
concentrate on some particular disk. With this understood, the strategy is
to estimate the sup-norm of 8 and other smaller terms by the sup-norm of
«. Then apply the Cauchy integral formula to estimate the sup-norm of a.
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In §4 we apply the parametrix technique to study the heat kernel for
the square of the Dirac operator D4, —_irq. With an a prior: estimate on the
heat kernel, the parametrix argument generates a small time expansion of
the heat kernel. The accuracy of the output relies on the original a priori
estimate. Proposition 4.1 supplies such an a priori estimate. It uses Theorem
C to obtain a L? estimate (in space) of the heat kernel.

In §5 we discuss on the spectral flow from D4, to D4,—irq. Let &, be the
following eigenvalue configuration:

11
& = {(s,)\) | 0<s<r, Aespec(Day—isa), and |A] < 3r2}.

We assign a displacement function ¥ to &,. The displacement ¥(E,) is closely
related to the spectral flow f,(Ag, ). Its behavior for » > 1 can be computed
by the heat kernel expansion. The main purpose of §5 is to prove Theorem
B and Theorem D by this displacement W(E,).

Acknowledgement. The author would like to thank Cliff Taubes for the
support and for helpful comments on an earlier draft of this paper. He would
also like to thank the anonymous referees for providing useful references.
This research is supported in part by Taiwan MOST grant 102-2115-M-002-
014-MY2.

2. Dirac operator on contact three manifolds

Suppose that (Y, a) is a contact three manifold. A metric ds? is called confor-
mally adapted if ds?> = Q2ds? for some adapted metric d$? and some smooth
function 2 with

I gV

0= =9
The function €2 is called the conformal factor. The particular bounds chosen
here are just convenient normalizations; any other fixed bounds would do
the job. This notion is a minor generalization of an adapted metric. It is
designed to handle some technical issue in [19, §4].

2.1. Spectral flow and conformal change of the metric

Many spectral properties of a Dirac operator are invariant under conformal
changes of metric. The main purpose of this subsection is to review some
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of them. Denote by D4 the associated Dirac operator using the metric ds?,
and by D4 the associated Dirac operator using the metric ds2.

In [8, §1.4] Hitchin found the transformation formula between D4 and
D 4, which is explained as follows. The spinor bundles using ds? and ds? can
be thought as the same bundle with the same Hermitian metric. With this
understood, the Clifford actions of TY are related by

(2.1) cl(u) = Qcl(u)

for any tangent vector u. The Dirac operators are related by

n—1

(2:2) Dath = Q7% DA(Q'F ¥) = Q72D a()

for any ¢ € C>°(Y;S). The formula in the middle wors for any dimension
n. It follows that the dimension of ker(D,) is a conformal invariant (8,
Proposition 1.3]).

In [8], Hitchin did the computation for the trivial spin-c structure (or the
spin structure). Since cl(w) = Q~'cl(w) for any 1-form w, the formula (2.2)
holds for any spin-c Dirac operator as well. It can be seen from the local
expression of the Dirac operator ([12, (3.3)]).

Besides the dimension of the kernel, the spectral flow function f,(Ag, )
is also a conformal invariant. A naive reason is that the spectral flow is
constructed by counting the dimension of the kernel of associated Dirac
operators.

According to (1.2), the conformal invariance of the spectral flow function
fa(Ao,r) follows from the conformal invariance of the n-invariant. The latter
property is proved by Atiyah, Patodi and Singer [2, pp. 420-421] for cer-
tain Dirac operator, and by Rosenberg [15, Theorem 3.8] for general Dirac
operators.

2.2. Canonical spin-c structure of a contact form

As described in [16, §2.1], the spin-c structures and spin-c Dirac operators
can be seen more geometrically with the help of the contact form. Suppose
that ds? = Q2ds? is a conformally adapted metric.

Since the Reeb vector field v is nowhere vanishing, it induces the splitting
S = E1 @& E> of any spinor bundle into eigenbundles for cl(v). The conven-
tion here is that cl(v) acts as i|v| on E; and as —i|v| on F3. There is a
canonical spin-c structure determined by the contact form a, that where
the bundle Fj is the trivial bundle. The splitting of the canonical spinor



Dirac spectral flow on contact 3-manifolds I 551

bundle is written as C @ K1, where K~ is isomorphic as an SO(2) bundle
to ker(a) with the orientation given by da. To be more precise, let J be the
rotation counterclockwisely on ker(a) by 90 degree. The rotation operator J
is determined by ds? and da. The local sections of K1 consists of u — i.J (u)
for any u € ker(a).

The conformally adapted metric determines a canonical connection on
the canonical spinor bundle C @ K~!. Let 1 be the unit-normed, trivializing
section of C. The canonical connection is the unique spin-c connection such
that the associated Dirac operator annihilates the section Q~'1. The proof
for its existence and uniqueness can be found in [9, Lemma 10.1].

Remark 2.1. The Dirac operator of the canonical connection satisfies the
transformation rule (2.2). Let C @& K ! be the canonical spinor bundle us-
ing ds?. The metrics ds? and d$? define the same rotation operator J. It
follows that the isometric identification of the canonical spinors bundles is
characterized by

Cerk'! — CoK!
Lu—iJ(u)) (1,Q(u—iJ(u)))'

Since the canonical connection is uniquely determined by the annihilation
property, the canonical connections of ds?> must become the canonical con-
nection of d§? under the above identification.

Any two spin-c¢ structures differ by the tensor product with a complex
line bundle [11, Appendix D]. The specification of a canonical spin-c struc-
ture allows us to write any spinor bundle as

S=FE®EK™!

for some Hermitian line bundle £ — Y. Its determinant bundle det(S) is
E?K~!. Let Acan be the connection on K ! = det(C @ K~!) that induces
the canonical connection. Any connection on E2K ~! can be written as Ay =
Acan + 2AE for some unitary connection Ag on E. In other words, a unitary
connection Ap on E determines a unitary connection Ay on det(S), and
hence determines a spin-c connection on S = E @ EK 1.

We abbreviate D4, _irq as Dy, and the spectral flow function f,(Ag, )
as fu(r). The above settings and notations (the contact form, conformally
adapted metric and spin-c Dirac operators) will be used throughout the rest
of this paper.
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2.3. Some basic estimates

With the splitting S = F @ EK !, the following proposition provides a fun-
damental estimate on components of the eigensections of D,..

Proposition 2.2. There exists a constant ci determined by the contact
form a, the conformally adapted metric ds® and the connection Ag on det(S)
such that the following holds.

(i) For anyr > c1, suppose that 1 is a eigensection of D, such that |\y|? <

%r. Then
/ B2 4+ 7! / V.82 < err! / of?
Y Y Y

where o is the E component of ¥, and 3 is the EK™! component of 1.

(ii) Suppose that there is a continuous path of eigenvalues A(s) of Ds which
is smooth at v > ¢1 and |\(r)|*> < 3r. Then

9
20 cr < N(r) <

QO | ot

In particular, there are only positive zero crossings for the spectral flow
of Ds when s > 3cy.

Proof. (Assertion (1)) The proof is essentially the same as that of Proposi-
tion 3.1(i) in [18]. The key is the Weitzenbock formula:

(2.3) D} = VY, + Zw +cl (F;O> P —ircl <c12a> (0

where x is the scalar curvature. Since xda = 2Q 'a with respect to the
metric ds?, the Clifford action cl(da/2) is equal to —Q~!cl(a). Pair (2.3)
with 3, and integrate over Y. After integration by parts, we find that

81 1
i [z [ (S5 —ex) 17+ 319087~ calal?

for some constant cy. Assertion (i) of the proposition follows from this in-
equality.

(Assertion (ii)) According to [16, §5.1], there exists a constant €; > 0
such that the multiplicity of A(s) of Dy is a constant for any s € (r,r + €1),
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and A(s) is smooth when s € (r,7 + €1). Due to [16, (5.4)], the derivative of
A(s) is given by

20 X = [ (-ga@n) = [ 07 (el - 15P)

where ¢s = (ag, 8s) is a unit-normed eigensection of Dg with eigenvalue
A(s). Since [A(r)|? < 3r, there exists some positive constant e, < €; such
that [A(s)|> < 2r for any s € (r,r + €2). It follows from Assertion (i) and
(2.4) that

9 -1 l
—— < <
50 c3r” < N(s) <

O ot

for any s € (r,7 + €2). Since X (s) = lims_,,+ N (s), it completes the proof of
the proposition. O

As a remark, (2.4) implies that

O Ut

(2.5) IN] <
without any assumption on A.
3. Pointwise estimate on eigensections

Let V(r, \) be the vector space spanned by eigensections of D, whose eigen-
value has magnitude less than or equal to A\. Namely,

V(r,A) = span {1 € C*°(Y;S)|Dytp = v1p, for some scalar v with |v| < A}.

This main purpose of this section is to prove the following pointwise estimate

on ¢ € V(r,\).

Theorem 3.1. There exists a constant c¢1 determined by the contact form
a, the conformally adapted metric ds®> and connection Ay on det(S) such
that the following holds. Suppose that r > c1 and 1 < XA < %TE, then

(3.1) sup [ % < exrA / P
Y Y

for any ¥ € V(r, \).



554 Chung-Jun Tsai

Notice that Proposition 2.2(i) only holds for an individual eigensection.
A generic element in V(r, \) is a linear combination of eigensections. What
follows is a modified version.

Lemma 3.2. There exists a constant co determined by the contact form
a, the conformally adapted metric ds®> and the connection Aq such that: for
any r > cy andlg)\géri,

/ B2 4t / IV, B2 < car102 / o2
Y Y Y

for any ¢ = (a, B) € V(r,\) CC®(Y; E® EK™Y).
Proof. For any k € N, consider the kth power of the Dirac operator D,.. If ¥
belongs to V(r, \), D¥v) also belongs to V(r, \) for any k € N. By writing ¢

as a linear combination of L?-orthonormal eigenbases, it is not hard to see
that

(3.2) /Y DE? < A% /Y e

In particular, [y |DZ[* < A* [i [¢|* for any ¢ € V(r,A). With the same
computation as that in the proof of Proposition 2.2(i),

ﬂ 2 1 2 2
(g = o) 192 + 519,68 - cla?)
< / D215
Y
<X ( G W)) ( / IBI2)
Y Y
2 2 ]'1 2 2
< 100032 [ |02+ =A% [ |82,
y 10 y
and the lemma follows. ]

3.1. Corollaries of the sup-norm estimate

Before getting into the proof, here are some useful consequences of Theo-
rem 3.1.
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Corollary 3.3. There exists a constant ¢ determined by the contact form
a, the conformally adapted metric ds®> and the connection Ay with the fol-
lowing significance.

(i) Suppose thatr > ¢y and 1 < X\ < %T% Let {1} ey be an orthonormal
eigenbasis for V(r,\). Then,

S 15 (@)P < exrA

JjeJ
for any q € Y. Its integration over Y says that dim V(r, \) < cir.

(ii) For any r > c1, the spectral flow from r — 1 to r is less than or equal
to c1r. Namely, fqo(r) —fo(r — 1) < cqr.

Proof. (Assertion (1)) For any ¢ € Y, choose isometric identifications be-
tween E|, 2 C and EK~!|, 2 C. With this understood, write 1;(q) as
(aj(q), Bi(q)), and introduce the following linear maps on L?(Y;S)

L*(YV;S) — C

(0 = Jy (@(p). e @(@)Y(p))dp
(0 =y (W), 2 e Bi(@);(p))dp.

ev, .
ev,

RO

It is a standard fact in functional analysis that evé and evg are bounded

linear functionals, and the operator norms are equal to (3, |04j(p)|2)§

and (3¢ 18; (p)|?)z, respectively.
Let Iy : L3(Y;S) — V(r, \) be the L*-orthogonal projection. For any
1 € C*°(Y;S), the linear functionals are equal to

evg(¥) = (pryoevgoll)(¢)  and  evi(yh) = (pryoevgolly)(v)
where ev, is the evaluation map at ¢, pr; is the projection onto the E

component, and pr, is the projection onto the FK ~! component. According
to Theorem 3.1,

e ()]? + |ev(@)] < sup [Ia()] < err / NI
Y Y

< 611")\/ |2
Y

It follows that the operator norm of evé and evg are no greater than (c; 7")\)%.
This completes the proof of Assertion (i).
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(Assertion (il)) Suppose that {ry}X_ | are where the zero crossing hap-
pens between r — 1 and r (counting multiplicities). According to [16, §5.1],
one can assign for each k a continuous, piecewise smooth function \g(s) of
s € [r —1,r] such that

o \i(s) is an eigenvalue Dy for s € [r — 1, 7|, and A\g(rg) = 0;

e moreover, {\;(s)}, are disjoint eigenvalues (counting multiplicities)
of Dg for any s € [r — 1,7].

There is no canonical way to do it, but any method will suffice. It follows
from (2.5) that Ag(s) always belongs to (—1,1) for s € [r — 1, r|. Thus, K <
dim V(r, 1), which is less than ¢;r by Assertion (i). O

When the metric is adapted rather than conformally adapted, the di-
mension estimate of Corollary 3.3(i) can be refined into a density version.
For an adapted metric, the slope estimate of Proposition 2.2(ii) is refined to
be

(3.3)

1
N(r) — 2‘ < cort

provided A(r) is an eigenvalue of D, with [A(r)|? < 3r. This is proved in
[18, Proposition 3.1(ii)]. Notice that the leading order term of the slope is
exactly %

Corollary 3.4. Suppose that the metric is adapted, namely Q = 1. There
exists a constant c3 determined by the contact form a, the conformally
adapted metric ds®> and the connection Aq such that the following holds. Sup-
pose that r > ¢ and A_, A\t € [%r%, %r%] satisfying 0 < Ay — A_ < 2. Then,
the total number of eigenvalues (counting multiplicity) of D, within [A_, A\;]
1$ no greater than csr.

Proof. Consider the case when A_ > 0. Other cases can be proved by the
same argument. Suppose that A_ =X < Ao <--- < A\p = A; are all the
eigenvalues of D, within [A_, A\;]. For each [ € {1,2,..., L}, assign a con-
tinuous, piecewise smooth function A(s) for s € [r — 2, 7] such that

e \(s) is an eigenvalue of D, for s € [r — 2, 7], and N (r) = \;;

e moreover, {\(s)}-, are disjoint eigenvalues (counting multiplicities)
of D, for any s € [r — 21X, 7).

There is no canonical way to do it, but any method will suffice.
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We claim that \)\l(s)\2<%s for any s € [r—%)ur,r] and [€{1,2,...,L}.
Due to (2.4), [Ai(s) — A < 5(r — s) for any s € [r — Z-A 1, r]. It follows that
|Al(s)’ < %A+7 and

961

3
Ai(s)]* < 600" < Z(T —3\4) <

S.

Hence, (3.3) applies to A;(s). According to the intermediate value theorem,

there is some
1 1
S] € |:'f‘ — <2 + C47°1> AL, T — <2 — C4’l“1> )\l:|

such that \;(s;) = 0. It follows that

L<A, (r - <; - 647“_1> >\> —fa <r - <; + C47“_1) A+> .

Since |Ax| < %r% and Ay — A_ <2, the corollary follows from Corollary
3.3(ii). O

3.2. Pointwise estimate on 3
The rest of this section is devoted to the proof of Theorem 3.1. Suppose that
1
¥ = (o, B) is an element of V(r, A) for some A < 3rz. Proposition 2.2(i) says
that the L?-norm of 3 is small. The purpose of this subsection is to derive
a pointwise estimate on f.
The following lemma is a preliminary version of Theorem 3.1.

Lemma 3.5. There exists a constant cg determined by the contact form

a, the conformally adapted metric ds®> and the connection Ay such that the
1
following holds. Suppose that r > cg and A < %7“5, then

suplvl? < cart [ Juf’
Y Y
for any v € V(r,\). On the other hand, if A > %r%, then
supluf < cax® | Juf’
Y Y

for any ¥ € V(r, \).
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Proof. Suppose that the maximum of |¢| is achieved at py € Y. Let x be a
standard cut-off function which depends only on the distance p to pg and

x(p) =1 when p < e,
X(p) =0 when p > 2¢.

Here, €1 is a small number less than one-tenth of the injectivity radius, and
the precise value will be chosen later. Due to the Weitzenbock formula (2.3),
XY satisfies the following differential inequality:

d*dlxy|* < x*d ] + 8xldx| [l V| + [d*d ()|l
< (D(VIVe ) = 28 V) + (23| Vryf? + 8ldx P[0 f?)
+2(x|d"dx| + [dx[*) [
< ey P + er(x|d*dx| + [dx*) [0 * + 20x|[x D7 .
Let B be the geodesic ball centered at py with radius to be half of the
injectivity radius. The cut-off function x vanishes on 0B. By the maximum

principle, |(x%)(po)|? is less than the Green’s function of d*d acting on the

right-hand side. Since the three dimensional Green’s function is bounded

from above by cgp~ !,

2 —1 2 -3 2 —1 2
B(po)l? < co (r /B o + 6 /B P2 + /B ) \waxDrw\)

< o ( / p U+ / W7 + & / P2 + e / |D%w!2)
B B B B

for any ez > 0. Since sup || = [(po)|, the first term can be estimated in
terms of 1 (po):

/ oLl < (o) / ! / w2
B diSt(',po)S(El diSt(',po)Zﬁl
< e (po) + croer? / 2.
B

By the same token, the third term is less than or equal to

/B P2 < cner (o)l + crner? /B .
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The above inequalities together with (3.2) for & = 2 imply that |¢(pg)|? is
less than or equal to

cra(red + erey D|(po) > + cra(rert + e + e %6t 4 eal?) / |2
%

By taking €; = (1000121“)7% and €5 = cfzrfé, the first assertion of the lemma

follows. For the second assertion, take e; = (1000612)_%/\*1 and €5 = 0152)\*1.
O

Since DF1p still belongs to V(r, A) for any 1 € V(r, \), Lemma 3.5 applies
to DFv as well.

Corollary 3.6. There exists a constant ci3 determined by the contact form

a, the conformally adapted metric ds®> and the connection Ay with the fol-
1

lowing significance. Suppose that r > c13 and A < %ri, then

sup [ Dy f? < crgri 2 / B2 and  sup|D2[? < crpriat / e
Y Y Y Y
for any ¥ € V(r, \).

Proof. 1t follows from Lemma 3.5 and (3.2). O

The second assertion of Lemma 3.5 implies the following dimension
bound of V(r, A) for A > 1r2.

Corollary 3.7. There exists a constant cg determined by the contact form
a, the conformally adapted metric ds®> and the connection Ay with the fol-
lowing property. Suppose that r > cg and \ > %ri. Let {1j}jcs be an or-
thonormal eigenbasis for V(r,A). Then > c ; [¢; (p)|?> < cgA3 for anyp €Y.
It follows that dim V(r, \) < cgA3.

Proof. This corollary follows from the same functional analysis argument as
that for Corollary 3.3(i). O

The following proposition gives a pointwise estimate on 5 in terms of a.

Proposition 3.8. There exists a constant ci5 determined by the contact
form a, the conformally adapted metric ds?> and the connection Ag such that
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the following holds. For r > ¢15 and 1 < X\ < %r%, suppose that 1 = («, 5)
is an element in V(r,\). Then,

1
sup |B|% < e15r Fsup |af* + 0157"2)\4/ ).
% Y Y

It follows that supy |2 < (1 + c1577 1) supy |2 + crsr 2 A% [y 2.

Proof. Project the Weitzenbock formula (2.3) onto the summand of E and
EK~!, and take the inner product with o and 3, respectively. It leads to
the following inequalities:

1 100
Sdidlal + |V,af? ~ 8—1r\a\2 < cig(laf® + |Bllal + Vi Bllal + [DFv||al),

2
1., 81
~d*d|B|* + |V, B> + 100

5 rI8* < ews (181° + lal 1] + [Vrall] + D791 8])-

Due to Corollary 3.6 and the Cauchy—Schwarz inequality, they become:
d*dlaf® +2|V,af® < 7 <r|a|2+r‘1|6|2+r‘1lvrﬁl2+r3A4/ le2>,
Y

d*d|B]* + 2|V, B + 7| B* < err (T‘lla2 +rtVeal? + 7“5/\4/ |¢I2> :
Y

It follows that the combination |3]2 + c177~1|a|? obeys the following differ-
ential inequality:

(3.4) d*d(|8]* + cirr Y al?) + (|8 + crrr Hal?)
+ (V812 + crer HVal?)

< cisla + 0187“;/\4/ ).
Y
Let ¢ be the function
=8P + e al? = crsrtsup |af® — 0187'_;/\4/ ]
% Y

The equation (3.4) implies that d*d¢ + r ¢ < 0. By the maximum principle,
¢ cannot have positive maximum. This finishes the proof of the proposition.
O
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3.3. Pointwise estimate on covariant derivatives

To prove Theorem 3.1, some estimate on the covariant derivative of 1 is
needed. The following lemma provides a preliminary estimate on V..

Lemma 3.9. There exists a constant cog determined by the contact form a,

the conformally adapted metric ds®> and the connection Ay with the following
1

significance. For any r > cog and 1 < A < %7‘5, suppose that ¥ € V(r, \).

Then,

sup |V, < 0207“;/ |9
y %

and supy |V, (D2)|2 < cyors A* Jy 102

Proof. The first step is to estimate the L?-norm of V,1). Integrating the
Weitzenbock formula (2.3) against  implies that [, [V,0|? < carr [y [¢]* +
[y 1 D24|[4)|. It follows from (3.2) and the Cauchy-Schwarz inequality that

/|Vr¢’2§6227“/ [¥|*  and
% %

(3.5)
/ V(D) < caor / D2 < cayral / 2.
Y Y Y

Commuting covariant derivatives gives the following formula:
(3'6) V:VrVM/) - VrV:Vﬂ/J
. i, o,
= da(vr¢v : ) - 5((1 da) ® ¢ + Ql (VH#) + Q2(¢)

where Q1 and Q9 are operators defined from the contact form a, the metric
ds? and the connection Ag; in particular, neither depends on 7, and neither
is a differential operator. The computation for (3.6) is included in §A.1. The
significance of (3.6) is that the crucial terms of right hand side are rV,
and 7.

The term V,V}V,1 can be replaced by the covariant derivative of (2.3).
Let x be a cut-off function. After some simple manipulations, xV,1 obeys
the following differential inequality:

d*d|x VY| < eoar|X V0|2 + cod XV 0| (x| + XV (D2)])
+ eaa(x|d*dx| + |dx|*) V).
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The same Green’s function argument as that in the proof of Lemma 3.5
shows that

sup [V ]2 < cas (ri / Vo 4 / V(D)2 + v / |¢|2>.
Y Y Y Y

This estimate and (3.5) together prove the first assertion. The second asser-
tion follows from the first assertion and (3.2). This completes the proof of
the lemma. O

The following lemma provides a refined estimate on V1.

Lemma 3.10. There exists a constant cog determined by the contact form

a, the conformally adapted metric ds®> and the connection Ao such that the
1

following holds. For any r > cog and 1 < A < %ri, suppose that b € V(r, \).

Then

1
sup |V, 9l < eagr sup [ ]2 + cagri A* / 2.
Y Y Y

Proof. Take the inner product of (2.3) with ¢ and apply Corollary 3.6 to
obtain the following differential inequality:

1
(B7) AR+ Vel < 20yl + lID2Y)

< o (rw sriat [ W) |
Y

Similarly, take the inner product of (3.6) with V,¢, replace V, ViV, 4 by the
covariant derivative of (2.3), and apply Lemma 3.9 to obtain the following
differential inequality:

1
(3.8) SRR A
< easr|Voth | + cosr| V[ + [V [V (D7)

< e (ruvrw )+ riat [ W) -

It follows from (3.7) and (3.8) that

d*d(IV,* + csor|y]?) 4+ r(IVep|* + esor|v]?) < est (7"2’1/12 it /YWz) .
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By the maximum principle,

1
IV, + esor|]? — car Sup ]* — 0317“2/\4/ |9
Y

cannot admit positive maximum. This completes the proof of the lemma. [J

Lemma 3.2 says that the L?-norm of V,/3 cannot be not large. The
following proposition is a pointwise version.

Proposition 3.11. There exists a constant css determined by the contact
form a, the conformally adapted metric ds®> and the connection Ag such
that the following holds. For any v > c35 and 1 < A < %r%, suppose that
v eV(r,\). Then

1
sup |V, 8| < c3s sup |af? + 0357"2)\4/ 2.
% 1% Y

Proof. In order to derive the equation for V, 3, consider (3.6) for 3:

(3.9) ViV, V.8 = V, ViV, 8 + irda(V,8, )
— 5ir(d"4a) @ B+ Q1(Vef) + Qa(6)

The connection Laplacian on S can be formally expressed in terms of :

vivrﬂ = prz(V:Vﬂﬂ) + Q3(er) + Q4(¢)
= pro(DZ) — rQ 2B + Q3(V,) + Qs(v).

The first equality is a straightforward computation, and the second equality
follows from (2.3). Here, Q3, Q4 and Q5 are operators defined from the con-
tact form, the metric and the base connection; in particular, none depends
on 7, and none is a differential operator. The covariant derivative of the
above equation reads

(3.10) V. ViV, B8 = =1V, (Q728) + Qs(V, (D)) + Q7(D2)
+ Qs(V, V) + Qo(Vip) + Q1o(7)

where all the ); are independent of r, and they are not differential operators.
Take the inner product of (3.9) with V, 3, and substitute V,VIV,3
by (3.10). After applying the Cauchy—Schwarz inequality, it becomes the
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following differential inequality:

1., _ _
A dIVBI < s (r[ VB + 7181 + 7 Ve (DRY) [ + 7 DRy
+r VeVl + e Ve )
To proceed, apply Lemma 3.9 on |V,.(D?)|? and Corollary 3.6 on |D2|%.

Then add (3.8) multiplied by c3sr~! to cancel c3sr 1|V, V4|2 It ends up
with the following inequality:

1 3
Sd7dG 7 < car <r|W!2 + IV A+ [l et / W)
Y

where
G = VB + caer V|

The first three terms on the right hand side can be canceled by adding (3.4)
multiplied by cs7r. It leads to the following inequality:

d*dé + e3s7 G < €39 <r\a|2 + r§A4/ |¢|2>
Y

where
Co = C1 + c37r(|Ba| + crrrHal?).

The maximum principle implies that (s — cq0supy |a|? — caor2 A Iy |2
cannot have positive maximum for some constant c4g. This completes the
proof of the proposition. O

3.4. Estimate the integral over a transverse disk

The purpose of this subsection is to estimate the integral of « over a trans-
verse disk. This is a local computation. It is easier to work with the adapted
metric d$? instead of the conformally adapted metric ds? = Q2ds%. Let
12 = (&,B) be Qi = (Qa, Q5). Note that 1/) and v have uniformly equiva-

lent sup-norms and L?-norms. According to (2.2), the equation for w reads
(3.11) Dyp = Q2D

3.4.1. Adapted coordinate chart. Given an adapted metric ds?, [16,
§6.4] introduces the notion of an adapted coordinate chart. For any p € Y,
the adapted coordinate chart centered at p is defined as the follows. Denote
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by v the Reeb vector field. Choose two oriented, orthonormal vectors e; and
ey for ker(a)|,. For any ¢ > 0, let I, be the interval [—¢,¢], and Cy be the
standard disk of radius ¢ in R?. Consider

Cg X Ig — Y
wo: ((2,9),0) = expy(ver +yer),
p - ((.’L’, y)? Z) = CXPoy (z,y) (ZU)

where exp is the geodesic exponential map of ds?. The map ¢ defines a
smooth embedding for sufficiently small £. Similar to the injectivity radius,
the constant

1
b, = 5 in}f/ (sup{¢ > 0| ¢ defines a smooth embedding on C; x I (at p)})
pe

is strictly positive, and depends only on the contact form a and the adapted
metric d$?. For any p € Y, the adapted coordinate chart at p is ¢(Cy, x Iy,).
For simplicity, the subscript ¢, will be suppressed. The adapted coordinate
chart has the following properties.

(i) The Reeb vector field v is 0,, and da = 2B dxz A dy. The function B
is positive, and independent function of z. As (z,y) — 0, B(x,y) =
14+ O(x? + 4?).

(ii) The metric ds? is equal to dz? + dy? + dz? + b where b obeys:
a) h(amaz) =0;
b) as a symmetric 2-tensor measured by dz? 4 dy?, the restriction
bl:=0 = O(2° +y?) as (z,y) — 0.

(iii) Since ¢ is an embedding, the image of the disks Cy, x {z} are trans-
verse to the Reeb vector field v for any z € I;,. These disks are called
the transverse disks, and are denoted by C..

3.4.2. Dirac operator in adapted coordinate chart. In this step, we
introduce a transverse-Reeb exponential gauge to trivialize the bundle K !
and F. The exponential coordinate and exponential gauge is a standard trick
in differential geometry and gauge theory. The detail of the computation will
be presented in §A.2.

Consider the adapted metric d$2. Parallel transport e; and e along
radial geodesics on Cj. Denote the resulting vector fields by u; and ws.
They are linearly independent with the Reeb vector field v, but need not
to be orthonormal. The Gram—Schmidt process on {v,u;,u2} produces an
orthonormal frame {v, e1,e2} on Cy. Note that the Gram—Schmidt process
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does nothing at 7},Y’, and the notation is consistent. Then parallel transport
{v,e1,e2} along the integral curves of v. It ends up with a smooth, or-
thonormal frame on the adapted chart. Denote the frame by by {v, e, ea}.
The unit-normed section %(61 — ieg) trivialize the bundle K ~!. The bundle
F is trivialized in a similar way: start with any unit-normed section at p,
parallel transport along radial geodesic on Cj, and then parallel transport
along the integral curves of v. Since FE is a line bundle, the trivialization of
FE does not require the Gram—Schmidt process.

With such a unitary trivialization of E @ K ~'E, the sections ¢ and B are
identified with complex valued functions on C' x I. Remember that v = 0,.
The expression of e; and e in d,, 0, and 9, can be found by the standard
Jacobi field computation. The Dirac operator takes the following form:

(3.12) prl(]_o)ri/j) = %& +10.¢ + o + 0% B — iﬂ1az05 + ﬂ2?7 )
pry(Dpip) = O& — i1 0.6 + pad — (5 4 co) B — 108 + psf3
where 9 and 0* consist of taking derivatives in = and y, but not in z.

Besides the +7/2 terms, all the other terms are independent of r. Namely,
they depend only on the contact form a, the adapted metric ds? and the
connection Ag. The coefficients pg and ps3 are real-valued smooth functions,
and w1 and pg are complex-valued functions.

The operators 9 and 0* are first order elliptic operators on C.. In other
words, they are a smooth family of Cauchy Riemann operators. 0 and 0*
are almost adjoint to each other in the following sense. The volume form of
the adapted metric ds? is %a Ada = Bdx Ady A dz. Let w = Bdx A dy. The
self-adjointness of D, and the z-independence of B imply that

(3.13) /C (B, B) — (6, 5°))w = /C —i(Op) (G, B

for any z € I and any & and ﬁ with compact support in C..

On the zero slice Cy, the frame {e1, ex} differs from the usual exponential
frame {uy, us} by the Gram—Schmidt process, which leads to a O(y/2? + y?)
difference. By the standard expansion in the exponential gauge, the coeffi-
cients of (3.12) on Cy satisfies

(i) || < eas/a? +y? for j =0,1,2,3;
(ii) 0 = Oy + 10y + 140z + ps0, where py and 5 are complex-valued func-
tions which are also bounded by c45+/ 22 + y2.
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The constant c45 is determined by the contact form a, the adapted metric
ds? and the connection Aj.

3.4.3. Integral estimate over a transverse disk. For any p €Y, de-
fine S(p,;€) to be the 2-dimensional integral

S(p, ) = / 6% = / 0202w

where Cp ¢ is the geodesic disk {\/22? + y? < e} on Cy.

Proposition 3.12. There exists a constant cqg determined by the contact
form a, the conformally adapted metric ds®> and the connection Ag such
that the following holds. For any r > cyg and 1 < \ < %ré, suppose that
e V(r,\). Then

S(p, s €) < cas(A+ 1S A+ rEA2) / 2
Y

for any p €Y and any e < %Ea.

Proof. Let Xe be a cut-off function which depends on p = /22 + y2? with
Xe(p) =1 for p < e and xc(p) =0 for p > 2e. Apply (3.12) to compute the
rate of change of slice integrals:

d ~ . e e FRA\ |~ : A A
dz </ Xs!6¥2w> = 2/ Re ( - 1X5<O¢’8 /B> +X€M1<a7826>
z C. C.

— iXep2 (6, B) + iXe(d, Dyt)) ),
d Cea ) o o
dz </c Xl w) B 2/@ Re (= iXc(0a, B) + Xepn (061, )

- ’L.)Ze,u2<&7 B) + i>~66<10)7‘1;7 §>)w

(3.14)

Let S(z) to be the following integral

(3.15) 5= [ Rellal? = IB7 - 2Ref (6, B))e

z

Since 0 and 0* are almost adjoint (3.13) to each other, (3.14) leads to the
following gradient estimate:

< enr / (1R8] + Rl Gl Dy ) o

z

(3.16) ’ié(z)
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Its integration says that

(3.17)  [S(w) - S(0)] =

o\..E
N

—~ &=
U
N
X
N———
o,
N

S (|dXeH04|W‘+X6W||Drw\)a/\da

< eys(l +7“_;€_1))\/ |9
y

for any w € [—{,4,0,]. The last inequality follows from Lemma 3.2, (3.2)
and (3.11). )
The quantity S(0) can be written as

3(0) = 22 (- / Z(S(z) — 5(0))d= + / i S(z)dz> .

The first integral is bounded by (3.17), and the second integral is automat-
ically bounded by [ |1/[%. Hence,

15(0)] < cao(1+rHe /W

Since w1 is uniformly bounded on Cj, we apply the triangle inequality and
the Cauchy—Schwarz inequality on (3.15) to conclude that

(3.18) /Xe&|2w§050(1+7‘_;€_1))\/|¢|2+C50/ 18 w.

Co Y {p<2c}CCo

The last term is less than cs1€? supy |3]2. According to Proposition 3.8 and
Lemma 3.5,

sup |82 < c51(r2 +r—éA4)/ )2 < 2c5lréA2/ 2.
Y Y Y
Plugging it into (3.18) finishes the proof of the proposition. O

3.5. Pointwise estimate on «

The main purpose of this subsection is to prove the pointwise estimate on a.
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Proof of Theorem 3.1. Let py be the point where || achieves its maximum.
It suffices to estimate &(po) = (Qa)(po). Let z,y,z be the adapted coor-
dinate at pp, and let p be y/x2 + y2. Let Xc(p) be the (slice-wise) cut-off
function as introduced in the proof of Proposition 3.12. The precise value of
€ will be chosen later.

Multiply the first equation of (3.12) by pi, and add it to the second
equation.

J& = ip10.6& — piac — pro(DyB) + pro(Dyah)

T, R o o o o
= - (ia + poc + pry (D,B) — pry (Dﬂb))

— pa& — pro(D,3) + pro(Dya)).

According to (3.12) and the discussion in §3.4.2, the restriction of the equa-
tion on the slice Cj reads:

(3:19) (3 +i0,)(Xe) = (D +19y) (X)) & — Xe (140 + p150y) &)

N /r‘ o - o o
- Xs(Nli + pop + p2)& — Xe(pro +p1 pry) (DyB)

+ Xe pTZ(EML) + Xelt1 Pry (EML)

The value of & at py can be found by the Cauchy integral formula for smooth
functions. It is equal to the integral of the right hand side of (3.19) against

dx A dy

- the disk .
(o +iy) over the disk Cj

The area element dx A dy = %w is uniformly equivalent to w = Bdx A dy.
Due to the uniformly equivalence, the crucial term is the factor 1/(z + iy).

We divide the right hand side of (3.19) into six terms. Their Cauchy
integrals are estimated as follows.

(i) By Proposition 3.12, the Cauchy integral of the first term is no greater
than

Oy + i0,)(%e) . A%|2\ 2 A
[ (St 5 ([ )
Co T4y c 1Pl Co
<csge ()\% e AR —I-T%E)\) </ 1/1\2> B
Y
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(ii) After integration by parts, the Cauchy integral of the second term can
be estimated by the same argument. It is less than or equal to

X 2 2 ~ 12\ & 1
‘ o + dxe|?\? :
st /X~(1+Idu4l+|du5|)ya‘+</ (ial” + L) xl) </|¢|2>
colP Cy F Vv
< cs8 <esup!a] + ()\% +rTie IS +ri6)\) </ ’1/}’2)2) .
Y Y

(iii) By the Cauchy—Schwarz inequality and Proposition 3.12, the Cauchy
integral of the third term is no greater than

Xelm”) 2 AN
C59T ~12 X€’a‘
¢ 1Al Co
< cgoTe </\% + i3z —i—rie)\) (/ |w|2> .
Y

(iv) To estimate the fourth term, note that |D,3| < |V, 3|. Invoke Propo-
sition 3.11 and Lemma 3.5 to bound sup |V, 3|. The Cauchy integral
of the fourth term is less than or equal to

61 (Sup|vr/8|> / @ < ¢z € (r% +Ti>\2) (/ \1/J|2> ~
Y Co 1P| Y

(v) Since D, still belongs to V(r, ), we can apply Proposition 3.8, Corol-
lary 3.6 and (3.2) to bound sup | pry(D;1))|. The Cauchy integral of the
fifth term is no greater than

63 <suppr2(Drw)|>/ @ < cgq€ (ﬁ)ﬁ—r‘i)ﬂ) </ W”Q) .
Y Cy P Y

(vi) With the help of Corollary 3.6, the Cauchy integral of the last term is
less than or equal to

C65 <SupDr¢|>/ Xe|le’ < cgg € <7’%/\> </ ’¢’2> .
Y c |l Y

Set € to be rz. A straightforward computation on the above six estimates
shows that

(3.20) sup |a| < cg7 (7“)\/ !1/1!2> y
Y Y
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With Proposition 3.8, it completes the proof of Theorem 3.1. Il
4. The heat kernel

Denote by 77, and 7g the respective projection from (0,00) x Y x Y to the
left and right hand factor of Y. The heat kernel for D? is a smooth section
of Hom(73S, 77 S) over (0,00) X Y x Y given by

(4.) Hi(t:p.q) = Y e N "(p)w](a)
J
where {1;} constitutes a complete, orthonormal basis of eigensections for

D,, and \; is the corresponding eigenvalue. As a function of ¢ and p with ¢
fixed, the heat kernel obeys the equation

0

(4.2) =

H, = —D?H,.

Moreover, the ¢ — 0 limit of H, exists as a bundle valued measure:
4. lim H,.(t;p, - ) =10,(-

( 3) tl_l;l’(l) T(t7p7 ) 617( )

where I is the identity homomorphism in End(S) and §, is the Dirac measure
at p. In other words, ((p) = limy—¢ [, H,(t;p, ¢)¢(q)dg for any ¢ € C>®(Y;S).

For any ¢ € Y, choose unitary identifications F|; = C and EK 1|, = C.
Consider the following smooth section of 7*S over (0,00) x Y

(4.4) hrg(tip) = > e (v (p).

J

Roughly speaking, it is the ‘first column’ of H,.. In particular, it obeys that
heat equation (4.2), and

(4.5) Jm | {C(p), hrg(t;p))dp = pr1 C(q)
— Y

for any ¢ € C*°(Y;S). Here pr; is the projection onto E|, = R.
4.1. Integral estimate of the heat kernel

There are standard parametrix techniques to generate small time asymptotic
expansion of the heat kernel, see [4, chapter 2] or [17, §2]. In order to estimate
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the remainder term in the asymptotic expansion, it requires some estimate
on the heat kernel. The following proposition provides a L?-estimate on the
heat kernel. One can compare it with [17, Proposition 2.1].

Proposition 4.1. There exists a constant c1 determined by the contact
form a, the conformally adapted metric ds®> and the connection Ag such
that:

[ P dp < calr et R

Y

foranyr>ci,q€Y andt > 0.

Proof. We may assume that |\;| is non-decreasing in j. Weyl’s asymptotic

formula (see [4, Corollary 2.43]) says that |\;|* = O(j3) as j — oo. It follows
that the L2-integral of h,. ,(¢;p) can be computed term by term:

LﬁmmW®—sz%mw
J

for any ¢ > 0. Divide the summation into two parts: [\;| < 10 and |A;| > 10.
According to Corollary 3.3(i), the first part is less than or equal to caor.
For the second part, note that

00

, t 1

—2(k+i)t _ —2kt - =2kt

tze _1_6—2156 226
=0

for any £ > 0 and ¢t > 0. By the trick of summation by parts,

. okt 2 o~ [ 2teM 2
Z 2te Z i (q)] > Z 1_ o2 Z 1 (q)]
k=100 I\ [2<k+1 k=100 k<|A;|2<k+1

[ee]

> ey W)

k=100 k<A 2 <k+1

272
> e N ay(g).
[A;[>10

Hence, it suffices to estimate > ;- ;o te_%t(z‘)\j|2<k+1 1v;(¢)?). When k <

[1—107"], apply Corollary 3.3(i) on Z\Aj\2<k+1 |1/)j(q)|2; when k > [%T], apply
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Corollary 3.7 on 37|, j2cpi1 ¥ (q)|%. Tt follows that

Tlor] 1 > 3

—2)\2 —_ 1 —_ 3

E e 2N aj(q)* < eat E e Frkz | 4 cot g e M
10<|| k=100 k=[757]

<ecst|r / e 2Rtz Ak + / e 2kpsdk | .
100 %r

Note that

t_g, and

W=

/ e M Eadk = (32) 2w
0

> —2kt 1,2 T A —kt1.2 3 15 gy
e kadk <e 10 e "kadk = -2t 2e 10"

E 0 4

10

Combining these estimates gives

> e P aj(@)f < ealr 4tz 7z w0,
J

which finishes the proof of the proposition. U

4.2. Asymptotic expansion of the heat kernel

4.2.1. Local expression of DE. Consider the adapted metric ds? =
~2ds? and the adapted coordinate at ¢ € Y. With respect to the transverse-
Reeb exponential gauge (3.12), the r-dependent terms of D, appear in the
diagonal. To compute the heat kernel of D2, it is convenient to work with a
gauge in which the r-dependent terms appear in the off-diagonal.

What follows explains such a gauge and the local expression of the Dirac
operator. The detail of the computation will appear in §A.2. Consider the
gauge transform

(@5) = exp (- 57+ S0 ) @)

where S(z,y) is some r-independent quadratic polynomial in z and y. Basi-
cally, S(x,y) is constructed from the linear term of u in (3.12). The gauge
transform is defined only on the adapted chart. With respect to this gauge,



574 Chung-Jun Tsai

the Dirac operator D, takes the following form:
o . . . . - T . .
pri (D)) = i0.a — (0p — 10y) [ + i(x —1y)p

3
+ [ D 6]0;8+rbup + 628 |

J=1

pry(Drth) = (9, +i0, )& + 5 (@ + i) — 0.3

3
+ | - Z E{c‘)]a + rbycv + bga — bof3
j=1

where b(.) are smooth functions on the adapted chart. They satisfy

3
(4.6) bg| < c5, > " 1b]] + [ba| + [bs]| < cs]x], |by| < c5)x[?
j=1

where |x| = (22 4 42 + 22)=. The Dirac operator D, is self-adjoint with re-
spect to %a A da, which is Bdx A dy A dz on this adapted chart.
The local expression of D, can be derived by

Dytp = Q72D () = Q' Dy + Q2 (dQ)ep.
Rescale 1) by 1 = (QSB)éw, and consider the operator

(4.7) D, = (V*B): D, ((2*B) 2 0)).

With the local expression of lo)r, the local expression of D, on ¢ = (&, p) is

(4.8)
i0:6 — (0p — i0y) B + 5 (x — iy)

Q—l
D\ (@, +i0,)a + Lz +iy)a — id.

= 3
g + (rgo + eo)th + Z 7059

Jj=1

where eq, f(j) and gp are smooth (2 x 2) matrix-valued functions on the
adapted chart. In other words, we treat ¢ = (a, B) € C? as a column vector,
and those (2 x 2) matrices are endomorphisms of C2. These functions, e,
f) and go, are determined by the contact form a, the metric ds® and the
connection Ag; in particular, none depend on r. Moreover, there exists a
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constant cg such that
3 .
leo] < cs, Z f)] < calx], 90| < colx/?
j=1

where |x| = (22 + 32 + 22)3.

Note that ®, is self-adjoint with respect to the Euclidean measure
dz dydz and the standard Hermitian pairing on (&, 3). The factor (Q3B)§
is used to normalize the measure, and this factor is usually referred as the
half-density (4, p.65]).

The first term on the right hand side of (4.8) will be referred as the
principal part of ©,.. Let £, be the square of the principal part of ®,.. It is
equal to

pry (&) = Q7 ( —0%a + < — 40:0z0 + r0z0

— r€deG + Z\gﬁa) - rd),
(4.9)
pra(ed) = 02 ( = 8-+ ( - 1000g5 + oS

- ré0gi + §1€PA) + )

where Q, = Q(q), and ¢ is the complex coordinate = + iy. Let R, = —D2 +
£, be the remainder part of —®2. By squaring (4.8), R, has the following
expression:

(4.10) Ry = (e2+rf2+7202) + > (e +rgh)0; + > 00k
=1 k=1

J

where ¢, f, g and b’s are (2 x 2) matrix-valued functions on the adapted
chart. They do not depend on r, and have the following significance:

(4.11) le] < cr, i < erlx, o] < erlx|?, ] < erlx|®

for all subscripts and superscripts. It is not hard to see that £, is self-adjoint
with respect to dz dydz, and thus R, = —D2 + £, is also self-adjoint.
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As a second order elliptic operator for C? valued functions on R3, the
heat kernel of £, is given by the Mehler’s formula [4, §4.2]. Let

(4.12) ko (t; (&1, 21), (&2, 22))

3 1 92(21 — 22)2 T
= (A7) 2Q. ¢t 2 S
(4m)2 00172 oxp < 4t sinh (€ %rt)

X exp <—£ COth(Q;QTt)‘fl — &2 — 2(5152 — 5152)) )

The function r, is the heat kernel of (4.9) without the last term, —ra or
+rp. It follows that the heat kernel of £, is

Q- 2rt

(4.13) K, (t; (&1, 21), (&2, 22)) = Re(t; (€1, 21), (&2, 22)) [ ‘ :) e—QO;?rt ] :

4.2.2. Trace of the heat kernel. The first component of h,4(t;p) at
p = ¢ is canonically identified with a scalar, which is ) e Nt (q)|?. The
following theorem studies its asymptotic expansion.

Theorem 4.2. There exists a constant cg determined by the contact form
a, the conformally adapted metric ds® and the connection Ay such that:

—\2
> e Naja)?

J

1
— Q;%tié
4z
<co(tTz+rattH e 4 r%efi)
foranyr>co,t<1landqey.

Proof. (Step 1: the heat equation) Let xz,y,z be the adapted coordinate
centered at g. Suppress the subscript ¢ in h, 4 for brevity. Let xo and x to
be the standard cut-off functions which depends on |x| = (22 4 y® + 22)2
such that

{XO(|X|) —1 when x| < L/, {x(\XD =1 when [x| < g;fa,

xo(|x]) =0 when [x| > &lq, X(Ix]) =0 when |x| > 5.

Consider
hy = xo he(Q®B)=.
With respect to the transverse-Reeb exponential gauge twisted by

i

exp(—5r(z + S(z,y))) as in §4.2.1, regard h, as a C2 valued functions on
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(0,00) x R3. Since h, obeys the heat equation, xoh, satisfies

0 X
a(Xohr) = —xoDZ2h, = —DZ(xoh,) + (d*dx0)hr — 2Vgy, by

Multiply it by (23B)z, and use (4.7) to obtain the heat equation for &,

gtil'r - _Qgilr + (d*dXO)hT(QSB)% - 2((23B)%vv)(oh""7

(4.14) = gti” + £ohy = xR by + (A" dx0) By (2P B)E — 2(2B)2 Vg, by

With the dummy factor , the operator xR, is globally defined on R3. When
t — 0, the condition (4.5) implies that

(4.15) }g% hy =

9;250(') ]
0

where &) is the Dirac measure at the origin of R3. The measure on R3 is the
standard one, dz dy dz.

(Step 2: parametriz) For any smooth, C? valued function ¢(t;x) on
(0,00) x R3, define K * v to be the following function

(4.16) (K*)(t;x) = /0 . K, (s;x,%x1) (xR (9))(t — s;x1)dx1ds

where x = (x,7, z) and dx is the standard measure on R3. Set k,(£; x) to be
the following C? valued function

v

ky(t;x) = <Q;%/<ar(t;x, 0) exp(Q;Qrt), 0> ,
and set k,(t;x) to be

(4.17)
¢
kr(t;x) + / K, (s;x,x1)((d*dxo)he A2 — 242 Vgy, by ) (t — s5%1)dx1ds.
0/R3

Note that k,(¢; x) solves % + £, = 0, and satisfies the initial condition (4.15).
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By virtue of (4.14) and (4.15), the C? valued function h, obeys:

(4.18) hy =k 4+ K % kp + K % (K * )
= (1 + Kx) (k) + K % (K % hy) + (1 + Kx) (ky — k).

It suffices to examine the right hand side at x = 0 to prove the theorem.

(Step 3: Properties of k,) In this step, we explain four ingredients
for estimating the convolution operator [Cx. These ingredients follow from
straightforward computations, and the detail can be safely left to the reader.

Here is the first property. For any non-negative integer m, there exists
a constant ¢/, which is independent of x1,xo € R3 and r,¢ > 0 such that

° ’(OQ&T)(t;O,Xlﬂ <d (7% +r%)mr(t;0,%)| where Oy, means the
first order derivative in any component of x1;

o [ || (850, 31)] < €y t% [ (150, %)];
° |((9X2/£T)(t;x1,x2)‘ <d (tfé + 72+ T|X1|)|I€r(7f; =, %)},
e suppose that f is a function on R? with |f(x1) — f(x2)| < c10/x1 — X2
and f(0) = 0, then
|f(X2)(3)2<2 k) (t5x1,%2) + f(x1)(Ox, Ox, Fir ) (; X1, X2)|
< erocy (77 +72) (1 4 r]xi 2 + rlxa)?)
+ (r?[x1]? 4+ r?[x2]?)) |r (t; %7 g)‘ .

These inequalities are based on the facts that |s|™ exp(—s?) < ¢}, exp(—%)
and

C11

L(rt)7t < coth(€,2rt) < ey (rt)™!  when rt <1,
= < coth(Q,?rt) < e when rt > 1.

What follows is the second property: for any non-negative integers m
and n, there exists a constant ¢y, , > 0 which is independent of x € R? and
r,t > 0 such that

(4.19) /Ot (/R s“T

< c;%’nt% |k (850,

n—1

ko (s5%1,%2)| (= 5) 2

Kr(t — 830, X1)‘dX1> ds

X2

Sl



Dirac spectral flow on contact 3-manifolds I 579

The third property is an integral estimate on ke “rt over R3. There
exists a constant cjo which is independent r,¢ > 0 such that

629;27"15
sinh (20, %rt)
< 612(7“15_% + t_%).

(4.20) / |k (5 O,x)eQ(?Q”t‘de < cpgrt”:
R3

One can compare this estimate with Proposition 4.1.

The last property is about the L2-integral of s, away from the origin. For
any non-negative integer m, there exists a constant ¢/l which is independent
of r,t > 0 such that

a 1
/|> L, ‘/{r(t;O,X)qu%’t‘QdX < Cg/(l +7"2t2)e C‘/j”t’
X 556 Ca

— 256

t
A2 [ s 00 0,0 s
0Jx|>:L4,

256

__1
[ < c%(l + r2t2)e cmt,

These two inequalities are based on the fact that |r,(t;0,x)e% ™| is less
_3 2
than cj4(1 4 rt)t™ 2 exp(—‘xs—l‘t).
(Step 4: asymptotics of (1 + Kx)(k,)) The value of pry(k,) at x =0 is

-3 L L et
Qg 7 k(0,00 7 = (47) 2 Q) 2t_§m
1 -1 1 s 1 L et
M—%Qq rtTe 4+ (4m) T2 0y 2rt—gm
and hence
(4.22) pry (k) (150) — ;;Qq;ﬁ; <epp(tse s ot rema),

The value of pr, (K * k) at x = 0 is
t —2
/ / e e, (t — 3%, 0) (xR (k,)) (5%, 0) dx ds
0 Jrs

where 9{,(«1’1) is the (1, 1)-component of R,. To elaborate, note that all the
terms in (4.10) has “odd degree” leading order term except the es-term.
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For 1nstance con51der the term rfy. There exist constants ¢1,c2,¢3 and ¢
such that |f Z?zl ¢jzj| < ¢/x[? on the adapted chart. Since [g, (rr(t —

X, 0)(2?:1 C].Z'])HT(S; X, O))dx - 07

#(t—s;%, O)Xf2 kr(s;x,0)dxds

RS

< 7'// (1—x) Zéjxj] kp (£ — 5%, 0)e "9, (55 %, 0)e ™| dx ds
0 JRs

t
bor [ (e = s, 0)] (55, 0) e
0 JR3
< ci8 (rt%(l + 72t2)e” ast + 72|k, (50, 0)6952rt|) < 619(7‘25% + rgtg)

By this trick and the properties in step 3,
(423) [ ey (K« o) (8:0)]

<erg(tr 413 +rtr ot + e + st + 33

< cepo(t77 +1%3).

The last inequality is obtained by considering whether ¢ > 1 or rt < 1.

(Step 5: estimate K * (K % h,)) Since R, is a self-adjoint operator, per-
forming integration by parts leads to the following equation:

(4.24) (K % (K * h,))(t;0) // (5:%2))T hp(t — 53 %) dxads,
R3

where Q(s;x2) is equal to

/OS/R3 <§T,x2 (x(x2) Ky (s1;%1, Xz))) <§r,x1 (x(x1)Kr(s — 5150, Xl)))dxldsl.

Here, T means the transpose of the matrix, and R, is (4.10) with all the
coeflicient functions being complex conjugated.

Let ¢1(s;x2) be the first column of Q(s;x2). With the first two properties
of step 3, there exists a constant cs; which is independent of x € R? and
r,s > 0 such that

g1 (s3%2)| < ea1(s+1+7's?)

X9 -2
Ko (5;0, Z) et
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By (4.20),

(4.25) g1 (53 %2)|2dxg < coo(s + 1+ r4s4)2(7“5_% + s_%).
R3

It follows from the Cauchy-Schwarz inequality on (4.24) that

~ t ~
o020+ (€ = ) (60) < [ a5 sy ot = 530 e .
Then invoke Proposition 4.1 and (4.25) to conclude that
(4.26) [ pry (K % (€ 5 7)) (150)
t
< 623/ (s+1+ 7“454)(7“%8_i + 5_%)
0
X (12 +ra(t—s)"1 4 (t—s)"1)ds
<caa((t2 +12) + (t72 +r3th)).

(Step 6: estimate (1+ Kx)(k, —k,)) After performing integration by
parts on the last term of (4.17) and applying the Cauchy—Schwarz inequality,

v

| pry(kr — kr)(2;0)] is less than

: ;
025/ (/ | rs(r+ax)(m)(s;o,x),2dx> Ixhr (t — %) 2 (gs) ds.
0 \/supp(dx)

According to Proposition 4.1 and the properties in step 3,
(4.27) [ pry (kr — k) (50)] < easr®e” 2ot
With the similar integration by parts argument,

(4.28) | pry (K * (ke — k))(:0)] < 0267’%6_$.

(Step 7). All the terms on the right hand side of (4.18) have been esti-
mated. It follows from (4.22), (4.23), (4.26), (4.27) and (4.28) that

~ 1 _1 1
pry (hy)(t;0) — FQq tpta| < 627(75_é frattp e 4opde eatt ),
T2

_3
2

Since hy4(t;q) = Q4 h,(t;0), this completes the proof of Theorem 4.2. [
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5. The spectral flow

For any r > 2, let & be the following configuration of eigenvalues:

(5.1)
1
E = {(r, A) € R? |[1<r<r, IN? < 9" and A is an eigenvalue of DT} :

According to [16, §5.1], the set & consists of continuous, piecewise smooth
curves which have the following properties.

e These curves are mutually disjoint in the sense of counting multiplici-
ties. In particular, suppose that (r, \) € & and dimker(D, — A1) =k,
then there are exactly k curves passing through (r, \).

e The boundary of these curves satisfies A2 = 97" orr e {1,r}.

e These curves is parametrized by 7.

There is no canonical way to construct these curves, but any method will
suffice. With this understood, we write & = {(r, A;(r)) | 1 < j < Jp} where
Jr is the total number of curves, and each A; is a continues, piecewise smooth
function defined over a sub-interval of (1,r).

Let t(r) be a positive, monotone decreasing, smooth function of r. A
specific choice of ¢(r) will be made at the end of §5.1. With such a function,
define an orientation preserving diffeomorphism from R to (—(ﬁ)é, (#ﬂ))%)
as follows:

A
(5.2) B,(N) = / ) .
0

Its rescaling defines an orientation preserving diffeomorphism from

1 1
[_%T2> %7‘2] to [_%a %]

(5.3 w0 =1 2Y

12,0
20, (3r%)

We define the V-displacement of &, to be the following:

(5.4) | e Z /D " Ry

where Dom()\;) C (1,r) is the domain of \;(r).
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The W-displacement of & is closely related to the spectral flow function
fo(r). The behavior of the W-displacement will be studied in detail in §5.1. In
§5.2, we will use the W-displacement to estimate the spectral flow function.

§5.3 is a digression to discuss the effect of using different connections on
det(S).

5.1. The W-displacement

At a differentiable point of A;(r), the integrand of (5.4) is

r%)(f)‘-’ uge_“%du)

t/

where prime means taking derivative in r. After integration by parts, the
numerator of the last term is equal to

1 1 11, 1 1 a2
ﬂ<I>r()\j)(‘13r(§7”2) —grze s t) - E‘I’r( 7”2)((1)7’(/\]) Aje )
1 1 1 1

(5.5)
B I 1 1
L + % 1 =A%t
2 Z/Dom(/\ < <3T >> ()\]e )dr
1 1 -
P(r) = / <<I>,, <ré>> 71 (Aje M) dr,
4 ]; Dom(A;) 3
1 Jr 1 -1
N 1 O S YA, ,
\Il(r) - _12j21~/Dom(/\j) <(I)T <3T2>> (r Tt )e 9 (I)T(Aj)dr'

Then the U-displacement of & is equal to ¥(r) + ¥(r) + ¥(r).
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Remark 5.1. The above integrals can be rewritten as
Jr
Z/ F(\j(r))dr = > F(y)dr.
j=1 Dom(};)

5.1.1. Asymptotics of \il(r) The purpose of this subsection is to esti-
mate ¥(r). Before doing that, we have to estimate (@T(éri))_l.

Lemma 5.2. Foranyr >1 and 0 <t <1 satisfying rt > 50,

()

) <10t

[NIES

1
and 1—10752 < (@T(%r

Proof. The quantity @r(%r%) is equal to (%)%f%(l - (%)% ff?rt)% e‘“zdv).
By integration by parts, ’

o0 2 3 _1 o1,y 1 o _9 2 3 _1 1,y
/ e Vdv==(rt)" ze 9r—/ v eV de < S(rt)Trem "
L)} 2 2 )iyt 2

and the first assertion follows. The second assertion is a direct consequence
of the first one. O

The following proposition uses the heat kernel expansion to estimate the
function W(r).

Proposition 5.3. There exists a constant ¢ determined by the contact
form a, the conformally adapted metric ds®> and the connection Ag with the
following property. Suppose that t(r) satisfies 50r—! < t(r) < 1 when r > c1.
Then

2 r
U(r) — V() + ?);ﬂ/ya Nda| < ¢ /01 ((rt)z +re 2"")dr

for any r > 2¢1. (The function t(r) is abbreviated as t.)
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Proof. By (2.4), the slope of \;(r) is given by

500 =5 | 9 oy = 18,60

where Q4 = Q(q). It follows that

60 X =5 [ ¥ N a@P - 150P)
IA|<irs IA\jl<irs

where {¢; = (aj, 3j)} is a set of L*-orthonormal eigensections.
By Corollary 3.7 and with the same argument as that for Proposition 4.1,

o

(5.7) dooehi< Z TR | AL <k 1)) S oot Trem "

Ay|>1r3 =[s7]

where the summation is indexed by an orthonormal set of eigensections of
D, with eigenvalue || > %7"5. It follows from Theorem 4.2 and (5.7) that

2 1 1
5.8 / Q! e Nt 2l dg - 3rt_2/ Q3
( ) 2 v q Z |J( )| 873 v q

Note that the volume form of ds? is %QBa/\da. According to Proposi-
tion 2.2(i),

(5.9)
ot T es@r| et [o | X e o
PYISTR A l<ird

It follows from (5.6), (5.8) and (5.9) that
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This inequality and Lemma 5.2 find a constant c; such that

)\/467)‘?'15 r
j 9 1l
E - — aANda| <cs((rt)z +re 20"").
(2@( r2>> 167r2/y (9 )

for any r > ¢5 and t € (507!, 1). The upper bound has been simplified using
the condition ¢t > 50r~!. Integrating the inequality against dr completes the
proof of the proposition. O

5.1.2. Estimate W(r). If we simply consider the magnitude of the in-
tegrand of W(r), we can only conclude that \Il(r) is about of order rz. To
proceed, note that the sign of the integrand of \I/(r) depends on the sign of
. It suggests that the cancellation argument may lead to a better estimate.
In the following lemma, the ‘leading order terms’ can be integrated (step 2
below), and cancel with each other (step 4 below). However, this trick relies
on the fact that A’ = £ + O(r~1), and only works for an adapted metric.

Lemma 5.4. Suppose that ds® is an adapted metric, namely Q = 1. There
exist constants ¢y and cg determined by the contact form a, the adapted
metric ds® and the connection Ay such that the following holds. Suppose
that t(r) satisfies 50r—" < t(r) < 1 when r > ¢7. Then, |¥(r) — U(c7)] is less
than

a1+ sup [+ )
cr<r<cr+cs
LA s 172 Lo —Lirt E
+oerr osup {rz(tE |tz | |e ) et 2|t\})
cr<r<r

when v > 2c¢7. (The function t(r) is abbreviated as t.)

Proof. (Step 1: rewrite U(r)) Let cg be a constant greater than the constants
of Proposition 2.2 and Corollary 3.3. Since the metric is adapted, (3.3) says
that [N} (r) — | < cor! provided A;(r) is differentiable at r € (cg, ).
Granted what was said, consider the curves in the interior of &\&y,, for
any r > 8cg. For each curve \;(r), denote its domain by (tj,t;) C (4cg, ).
Since |\;(r) — 3| < cor~! on the smooth strata and & is constrained by
1

A2 = %7“, there exists a constant cig > 0 such that t; —t; < Cl(]t;.
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Denote #(t;) by t; and #'(r;) by t;. Rewrite the integral of 4 along \;(r)
as follows:

& 1.\\ ! .
5.10 D, | =r2 N e Nty
(5.10) J
tj

(Step 2: estimate the integrals) The first integral on the right hand side
of (5.10) can be evaluated, and is equal to

1\ ' O ()2, — (0 (7:))2
<<I>t, <3t;>> C2( M @)

With the help of Lemma 5.2, its magnitude is no greater than
(5.11) 10t; > [65 (3 ()% = (\j(x5))°)-

Since |\}(r) — l<cortandtj —v; < clot;, the magnitude of the sec-
ond integral on the right hand side of (5.10) is less than

1 1\\ ! B _1 _1
(512) C11 (q)tj (3t;>> tj 1|t;~|tj 2 SupA {|)\j(’l")’} < Cthj 2|t;|

T <r<t;

The inequality uses Lemma 5.2.
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To estimate the third integral on the right hand side of (5.10), note that

% ( (@r(;ré )) - t—lt’> ‘

12\ !
< 013< <(I’(37’2)> (t_1|t//‘ + t_2|t/’2 + rt—1’t1’2)
11\ 2 .
+ (@ (3rz>> t1|t’|ee”>,

3
|e—%2't _ e_/\?"f| < )\?|t — | < C14t; sup {1t'1}.

17 <7’<fj

and

Using these estimates and Lemma 5.2, the third integral of (5.10) is less
than

3
(5.13) cist? sup  {tTE[] TR et P [ e
v <r<t;

The term ¢~ |/|2 can be absorbed by 7t~ 2|t/|2 when rt > 50.
It follows that the magnitude of (5.10) is less than

(514) 108 216 |(A(8))2 — ()2

+c16 sup {r%(t*%\t”\ ot B[P 4 e + t*%|t’]}.
t]‘<’l"<'Atj

(Step 3: sum up the estimates) The curves in the interior of £\&y., can
be divided into three parts:

le{j‘tj:409}, JQZ{j|4CQ<tj<Ej<r}, andJ3:{j|fj:r}.

It is clear that the cardinality of J; is independent of r. Thus, the summation
of (5.14) over Jj is less than

(5.15) 17 (1 + sup{|t"| + [t 1 deg < 7 < deg + 2c10¢8 }).

(Step 4: sum over Jy) For any j € Ja, the endpoints of A;(r) satisfy

A2 = %r, and thus

671G = ()] < ety * IG5
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It follows that (5.14) is less than
crigsup {rz (E 2 [¢7) 4t ¢ 4 ra |t e o) 4 rat T ] sy < < )

It follows from 1 < Nj(r) < 3 that there exists a unique t; € (r;,t;) such
that \;(tj) = 0 for each j € Jo . Moreover, each j € J contributes to the
spectral flow count with +1 at t;. With this understood, Corollary 3.3(ii)
implies that the cardinality of {j € Jo | k <t; < k+ 1} is less than cgk. It
follows that the summation of (5.14) over {j € Jo | k <t; < k+ 1} is less
than

(cok)ers  sup  {ra(t = ||+ otz |2 4 rz|t|es™) +rat 2 |t}
|7‘7k‘§2610k‘%
and r<r

<cig sup {r3(t |4t a2 e 5 frat 3 |}
deg<r<r
The inequality is obtained by pushing k into the supremum. By chopping

[4cy, r] into sub-intervals of length about 1, the summation of (5.14) over Jo
is less than

(5.16)  coor sup {rz(t7E| + et |2 oz |5 + rat |t
deg<r<r

(Step 5: sum over J3) Forany j € J3, let A\j(r) = lim,_,r Aj(7). It is clear
that |A;(r)| < %ré. Due to the properties of A;(r) explained at the begin-
ning of §5, {A;(r) | j € J3} are exactly all the eigenvalues of D, between
(—%ré, %r%]. With this understood, Corollary 3.3(i) implies that the cardi-
nality of J3 is less than cor2. It follows that the summation of (5.14) over
J3 is less than

(5.17) cmr% sup {r%(t7%|t”\ + rt*%\t'|2 + T%|t’]e*é”) + T%t*%]t’\}.
r—cio\/r<r<r

(Step 6) Combining (5.15), (5.16) and (5.17) completes the proof of the
lemma. U

When the metric is conformally adapted, we simply leave \Il(r) as

1 (" 1\t 2
(5.18) 4/1 <I><3r2> 7! Z (Aje N | dr.

1
|Aj|<%’l”2
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In the sequel of this paper [19], we will focus on certain types of contact
form, and (5.18) will be studied by other methods.

5.1.3. Estimate W(r). The integrand of ¥(r) contains a factor of e o't
which makes it much easier to handle.

Lemma 5.5. There exists a constant coo determined by the contact form a,
the conformally adapted metric ds*> and the connection Ay with the following
significance. Suppose that t(r) satisfies 50r— < t(r) < 1 when r > coo. Then

r
U(r) — ‘1’(022)’ < 622/ ]r + r2t*1t/|675rt dr

C22

for any r > 2co9. (The function t(r) is abbreviated as t.)

Proof. According to Corollary 3.3(i),

3 (@T (;’r;>>_1 B, (\) < cor

1
INjl<gr2

W

for any r > cg, and the lemma follows. O

5.1.4. Estimate the ¥-displacement. We now choose the function ¢(r),
and specify the asymptotic behavior of the W-displacement as r — oo.

Proposition 5.6. There exists a constant co5 determined by the contact
form a, the conformally adapted metric ds® and the connection Ag with the
following significance. Let t(r) be a positive, monotone decreasing, smooth
function, which is equal to 20r—' log r when r > ca5. Then, the Y-displacement
associated with t(r) satisfies

A, (&) r2
E5rtor) g ) — Ad
‘( /1 dr r) 3072 [/a “

<o [ xllogn)f+ [ [ tosr Y (e | ar

25

Njl<irs

for any r > 2co5. Moreover, if the metric is adapted (A = 1), then

AU, (&) r?
o) ar) = 2 [ and
‘( /1 dar T) 3272 /Y“ “

for any r > 2c¢o5.

9
2

< cosr(logr)
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Proof. We first consider the case when the metric is adapted. Let cog be a
constant greater than the constant given by Proposition 5.3, Lemma 5.4 and
Lemma 5.5. According to Proposition 5.3,

v v I'2 9
U(r) — U(cog) — 3972 /Y aAda| < corr(logr)z

for any r > 2c96. By Lemma 5.4 and Lemma 5.5,

for any r > 2c96. Since the W-displacement at cog is independent of r, the
second assertion of the proposition follows.

When the metric is only conformally adapted, Proposition 5.3 and
Lemma 5.5 still holds. Instead of Lemma 5.4, we apply Lemma 5.2 and
(5.18) to estimate W(r). This completes the proof of the proposition. O

5.2. Estimate the spectral flow

The main purpose of this subsection is to analyze the difference between the
spectral flow function and the W-displacement.

Proposition 5.7. There exists a constant cs3 determined by the contact
form a, the conformally adapted metric ds®> and the connection Ag such
that the following holds. Let t(r) be a positive, monotone decreasing, smooth
function, which is equal to 20r—'logr when r > c33. Then,

fu(r) - ( / C“Pdfff)d) —ii(r)

for any r > 2c33. The function 1(r) is defined by

(2

where VI conszsts of orthonormal eigensetions of Dy whose eigenvalue be-

longs to (0, 3r2) V.~ consists of orthonormal eigensetions of Dy whose eigen-

< c33r

1
2

1,
3 —1 -1 2

§ / —20 logr)u E : / e —20(1‘ logr)u du
Ay rz

eV PEV:

N
N =

value belongs to (—%rz 0), and Ay is the corresponding eigenvalue.
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Proof. (Step 1: fo(r) and the number of curves in &) Let ¢34 be a constant
such that 1—10034 is greater than the constants given by Proposition 2.2 and
Corollary 3.3. For any r > 4¢3y, consider the curves {A;(r)} in the interior of
E:\Ee,,. For each curve \;(r), denote its domain by (t;,t;) C (c34,r). These
curves can be divided into three parts:

le{j‘tj:q),;;}, Jzz{j|634<tj<fj<r}, anngz{j|fj:r}.

Also, let Ji ={j € J3|limy—y \j(r) >0} and J3 ={j€J3| lim,_y Aj(r) <
0}. It is clear that J3 = J3 11 J; .

Proposition 2.2(ii) implies that 2—70 < XN < 3 on the smooth strata of
Er\Ee,,- In particular, there are only positive zero crossings for the spectral
flow between c34 and r. Set

Z(csq,r) ={(r,k) e RxN | ez <r <r, dimker D, =k}
to be the set of zero crossings between (cg4,r). It follows that

—c35 < fo(r) — #{Z(c34,1)} < c3ar + c35.

The c34r in the upper bound comes from the dimension of ker D,., which is
bounded by cz4r by Corollary 3.3(i).

According to the properties of A;(r) described at the beginning of §5,
there is an injective map

J : Z(csa,r) — J1 U Jo I J5 such that Az (r) =0

for any (r, k) € Z(c34,r). The map J may not be unique, but any choice will
suffice. Roughly speaking, [J(r, k) is the curve of eigenvalues contributed to
the zero crossing (r, k). Moreover, the map J is almost surjective, possibly
except Ji. It follows that

|#{Z(c3a,1)} — #{ L L L 1T J5 }| < cs6.
By the triangle inequality,
(5.19) |fa(r) = #{/L T J2 T JS }| < carr.

(Step 2: count Jo and Js via the V-displacement) For any j € Jo,
the endpoints' (rj,\j(r;)) and (t;,A;(t;)) obey A% = 2r. Due to Proposi-
tion 2.2(ii), Aj(r;) <0 and A;(t;) >0 for any j € Jo. It follows that

'To be more precise, \;(t;) =lim _, + A;(r) and X;(¢;) = lim, .~ A;(r).

—)t]
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W, (Aj(t;)) = =5 and W (A(t)) = 1, and hence

(5.20) Z/ d‘I[ ) 4 — ).

JjE€J2

For any ] S J;a ‘Ijt](Aj(t])) = _% and

a1 [ AT g 1) + -

’ dr 2
1 -1 ér%
=1— (CI)r (r;)> / e 20(r ™ logr)u® g,
3 A (x)
Similarly, for any j € J5, Uy, (\(r;)) = —1, and

22 [ 4wy 4

—1 )\j
= (@r (11‘;)) / (r) 6*20(1'_110g1')u2 du
3 —%1‘%
Since 270 <\N<2

500 J € JJr — A;(r) is a bijection between J;~ and the spec-
trum of Dy between (0, 1rz]. And j € Js +— Aj(r) is a bijection between J3

and the spectrum of D, between (—gré 0]. With this understood, summing
up (5.21) over J5 and (5.22) over J; gives:

J

(5.23) #{J3} — Z/ A5 (r) g, i(r)| < essr.

The inequality uses Lemma 5.2, Corollary 3.3(i) and the fact that
&0 1 2 1
/ 6—20(1"’ logr)u du < czorz.
0

The proposition follows from the triangle inequality on (5.19), (5.20)
and (5.23). O

Theorem 5.8. Suppose that ds? is an adapted metric, i.e. ) = 1. There
exists a constant cq1 determined by the contact form a, the adapted metric
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ds? and the connection Agy such that

9
2

< cqr(logr)e.

2
fa(r) — /Ya/\dar'](r)

3272

for any r > cq1. The function 17(r) is defined in Theorem 5.7. As a conse-
quence,

<y %(logr) 5

I'2
fa(r) — / aNda
Y

3272

Proof. The first assertion is a direct consequence of Proposition 5.7 and
Proposition 5.6. With the first assertion, it suffices to estimate 7(r) to prove
the second assertion. By Corollary 3.4,

lrz
1 3 _ —1 2
r 2(logr)z Z/ 20(r™ logrju® gy,
Ay

peVvt
L 1 l%} 1 1
ot E Hognt
=z/1 s Y ([T e
eV r 2 (logr)z A, k=0 r 2(logr)2k

1

1
ars [alosr)? o205
< cyor 1 X dsdk
r 2(logr)zk
1 1 1
(logr)Z rz(logr) 2s ) 5
= C42T \/> / e 2% dkds | < cyzr>(logr) 2.

Clearly, the same estimates holds for the summation over V. This completes
the proof of the theorem. O

-

This theorem says that the subleading order term of the spectral flow
function is strictly less than O(r%). It improves Proposition 5.5 of [16] when
a is a contact form with an adapted metric ds?. Although the improvement
is far from satisfactory, it confirms that the subleading order term is of o(r%).
This suggests that 7(r) should be smaller due to cancellation. In the sequel
of this paper [19], 7(r) will be shown to be about O(r) for certain types of
contact forms in each isotopy class of contact structures.
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5.3. The base connections

It requires a unitary connection Ag on det(S) to define a Dirac operator on
the spinor bundle S. The main purpose of this subsection is to compare the
spectral flow functions using different connections on det(S).

Proposition 5.9. Suppose that Ay and Ay are two connections on det(S).
Then, there exists a constant cqs determined by the contact form a, the
conformally adapted metric ds*> and the connections Ay and Ay such that

| fa(Ao,r) = fa(A1, )| < casr
for any r > cy5.

Proof. Since the spectral flow only depends on the endpoints of the connec-
tion, the difference f,(A1,7) — fo(Ao, ) is equal to

(spectral flow from A; to Ag) + (spectral flow from Ay — ira to A —ira).

The spectral flow from A; to Ag is clearly independent of r. Therefore, it
suffices to show that the spectral flow from Ay — ira to Ay —ira is of O(r).

Let D, be the Dirac operator associated to (1 — t)Ag 4 tA; — ira for t €
[0, 1]. Suppose that A(t) is an eigenvalue of D; for t € [0, 1], and is continuous,
piecewise smooth in ¢. By [16, (5.4)],

(.24 ¥ = [ (o gella - agr)

provided A(t) is differentiable at t, where 14 is a unit-normed eigensection
of Dy with eigenvalue A(t). It follows that

1
(5.25) ’)\/(t)| < cyp = 1+ 5 Sl;p ‘A1 — A()‘

We apply Corollary 3.3 to D, for any t € [0,1]. The constant of The-
orem 3.1 depends on the curvature of (1 —¢)Ag+tA; and the covariant
derivative of the curvature, and does not blow up for ¢ € [0, 1]. As a result,
there exists a constant cs7 determined by a, ds?, Ag and A; such that the
total number of eigenvalues (counting multiplicity) of D, within [—1,1] is
less than cq7r for any r > c47 and any t € [0, 1]. It follows that the spectral
flow from bto to bt0+(1 /(2es6)) 18 less than cq7r. Hence, the spectral flow
from Ay —ira to A1 —ira is less than 3cygcq7r. It completes the proof of
this proposition. O
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Appendix A.
A.1. The Weitzenbock formula for V.1

The purpose of this subsection is to derive the following formula: suppose
that V is a Hermitian vector bundle with a unitary connection A, then

(Al) VKVAVAw — VAVKVAw = (dKFA)’IJJ — vAw_l(QIFA + RiCCi).

for any section ¥ of V. When V is a spin-c bundle and A is a fixed connection
perturbed by —%ra, (A.1) leads to (3.6).

For simplicity, assume the Riemannian metric on the underlying mani-
fold is flat. Suppose that the connection is A = 3 ¢ Ajda:j , then the curvature
is

1 . .
Fap= 5 ZFijdxz Adxz?  where Fij = &Aj — 8JAZ + [Al, AJ’],

i,J
and dXFA = Zi,j ((%IFU + [Aj,IFZ-j])dxi. Note that

Vs = 07 + Ajip where semicolon means covariant derivative Vi,
Yoji — Yy = Fijob,
Vit — Vije = (OkFij + [Ag, Fij])Y + Fijiu,
Yijik — ik = (OxFij + [Ag, Fij)) + Fijhp + Frjo.

It follows that the dz/-component of ViVaVay =V ViVt is

- Z Yijii + Z Yaij = — > _(OF s + [As, Fig))p — 2 Z Fijtsi

7

This proves (A.1) for flat metric.

A.2. Adapted coordinate and transverse-Reeb exponential gauge

The purpose of this subsection is to derive the local expression of the Dirac
equation on the adapted coordinate chart. Suppose that a is a contact form
on Y, and ds? is an adapted metric. Denote the Reeb vector field by v, and
the Levi-Civita connection of d$? by V.

Fix a point p € Y. The construction of the adapted chart starts with two
oriented, orthonormal vectors e; and eg for ker(a)|,. The choice of e; and
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ez is not unique; there is a freedom of SO(2) = S'. We will choose e; and
es to be the eigenvectors of a symmetric map defined from Vo. This choice
makes it easier to do the local computation.

A.2.1. The choice of the frame. Consider the map A on ker(a)|, de-
fined by

N (ur),u2) = (Va, 0, J (uz))

for any uy,us € ker(a)|,. The pairing is the d$? inner product, and J is the
rotation operator on ker(a) defined by da and ds2.

Let ¢; be a unit-normed vector on ker(a)|,, and let e; = J(e1). It follows
from d * a = 0 that

<V€10’ €1> + <V92’U, 32> =0.

It implies that A is a symmetric operator. Choose e; to be one of the unit-
normed eigenvector of NV, and denote its eigenvalue by 1 + N. Namely,

(A.2) N = (N(e1) —e1,e1).

Another vector eg is taken to be J(e1). By contracting (e, e2) with da =
2 x a, we find that

(Ve,v,e2) — (Ve,v,e1) = 2.
Equivalently, the trace of N is 2. Thus,

(A.3) —N = (N(ea) — e, €2).

A.2.2. The adapted coordinate. With e; and es chosen, consider the
adapted coordinate centered at p € Y:

CxI —= Y
wo: ((2,9),0) = expy(ver +yer),
p - ((‘T7 y)? Z) = CXPoy (z,y) (ZU).

It follows from the construction that ¢(x,y, -) is a integral curve of the
Reeb vector field for any « and y. Therefore, the Reeb vector field v = 0,.
By (A.2) and (A.3), its covariant derivative at p is

(A.4) (Ve,v)|p = (14 N)ea, (Ve,0)|p = (=14 N)ey.

It follows from da = 2 % a that V,v vanishes identically.
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Since a(v) = 1 and da(v, - ) = 0, the contact form and its exterior deriva-
tive must be

(A5) a =dz + 2a1(z,y)dx + 2a2(z, y)dy,
' da = 2(0zas(x,y) — Oyar(z,y))dz A dy.
And the volume form is fa A da = B(z,y) dz A dy A dz, where B(z,y) =
amag — 6ya1.
To proceed, consider the following frame: parallel transport {e1,es, v}
along radial geodesics on C, and then parallel transport along the Reeb
chords. It ends up with an orthonormal frame on C x I, which will be de-

noted by {u1, ug, us}. We are going to find the transition between {u1, ua, us}
and {0, 0y, 0.}.

A.2.3. The Reeb vector field. To express 0, in terms of {uy,us, us},
note that both 0, = e3 and u; are parallel along the integral curves of v.
Therefore, (e3,u;) is independent of z, and it suffices to compute these coeffi-
cients on Cy. For any (z,y) € C, consider the radial geodesic yo(tz,ty). Let
€3l (tn,ty,0) = 25 Ph(E)uy, then $rhd(t) = (VFes) (..., 0p),u;). The Tay-
lor’s theorem and (A.4) imply that

(A.6) 0, =uz+y(—1+ N)ug +z(1 + N)ug + O(pg)uj
where pg = (22 + 2)=.

A.2.4. The vector fields 9, and 9, on the zero slice. Fix (z,y) € C,
and let v(t,s) = @o(t(z + s),ty). Denote the variational field %Lg:m/(t, s) by
V(t). It follows from the construction that V(1) = 0z|(.0)- Since V(¢) is
a variational field of geodesics, it obeys the Jacobi field equation. With the
initial condition V(0) = 0 and V'(0) = ey, it follows from the Jacobi equation
that

Similarly,
8y’(yc,yp) = Uz + O(P%)“J"

The Jacobi field equation can be used to find all the higher order coefficients,
see [6, chapter 1].



Dirac spectral flow on contact 3-manifolds I 599

A.2.5. The vector fields 9, and 9y on C x I. Fix ((z,y),2) € C x I,
and let Y(t,s) = ¢(x + s,y,tz). The Varlatlonal field V (t) = BQ\ —0Y(t,s) is
again a Jacobi field. It follows from the construction that V(1) = 0z|(4.y,-)-

By (A.7), the initial value is
(A.8) V(0) = 0(zy0) = w1 + O(p3)u;
By (A.4), the initial velocity is
(A.9) V'(0) = (Vo J ())li=0 = (V ji0y8) = (Vo,2€3)|(2.0)

= 2(1+ N)uz + O(pg)u;.
It follows from the Taylor’s theorem and the Jacobi field equation that
(A.10) Or = uy + 2(1 + N)ug + O(p?)u;
where p = (22 + y2 + 22)2. Similarly,

Oy = ug + 2(—1+ N)ug + O(p*)u;.

A.2.6. The contact form. The expansion of J, and J, can be used to
find out the expansion of a;(x,y) and az(x,y) in (A.5). The following vector
fields are annihilated by a:

0y — (00,02)0. = 0y — (y(—1+ N) + O(p%)) 0.,
By — (0y,0:)0. = 0y — (x(1+ N) + O(p%))-.

Thus, a = dz + (y(=14+ N) + O(p3))dz + (x(1 + N) + O(p3))dy.

The coefficient of volume element B(x,y) is the determinant of the
coefficients of {0,0y,0;} in {u1,u2,uz}. By (A.6) and (A.7), B(z,y) =
1+ O(p3)-

A.2.7. Trivialization of K—!. Note that u; and us do not necessarily
belong to ker(a). To trivialize the bundle K !, perform the Gram-Schmidt
process on {v, u1, uz }. Denote the output by {v, ey, es}. A direct computation
shows that

(A1) {61 =0, —y(~1+ N)2. + O(p2)0;,

e2 =0y — x(1+ N)9, — 2eN9, + O(p?)0;.

It is clear that the e; and ey coincide with the initial choice at p. The unitary
frame %(61 — iey) trivialize the bundle K ~! on the adapted chart.
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Let {w!,w? w? = a} be the dual coframe of {e1, ez, v}. It follows that

L= 2zN 2)da?
(A12) {w da +2zNdy + O(p*)da’,

w? =dy + O(p*)da’.

Let 913 be the Levi-Civita connection in terms of this frame, i.e. Ve; =
Zj ¢le;. By [18, (2.4)], only 67 appears in the canonical Dirac operator,
and a direct computation shows that

07 = (1 + N)w? + O(p)u.

A.2.8. The base connection. There is a standard technique to write
down the local expression of Ag in terms of the (transverse-Reeb) exponen-
tial gauge. It is a variant of the original argument of Uhlenbeck [20], and
the detail will be omitted.

In the transverse-Reeb exponential gauge, the unitary connection Ag is
equal to

(A13) AE = (—;yFlz(p) - ZFlg(p) + O(p2)> wl

+ (;wFlz(p) — zFy3(p) + O(p2)> w?

where Fa,(p) = >, Fi(p) w® A w’. Note that there is no w®-component in
this gauge.

A.2.9. The Dirac operator. With the above discussions, the two com-
ponents of the Dirac operator D, on ¢ = (&, 3) are

(A.14)
pry (D)) = g& + 0.6

— 20¢ — (€ + N&)D.B — 202N, + O(p*)0;6 + O(p) 5,
pry(Dyh) = 20g6 — i(€ + NE)D.é — 2izN0y6 + O(p*)djé + O(p)é

- (g+1—N)ﬁ°7i8z5+0(p)B

where £ is the complex coordinate = + iy. This supplies the detail for §3.4.1
and §3.4.2.
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A.2.10. Change of gauge. In (A.14), the r-factors appear in the diag-
onal. It is also useful to put the r-factor in the off-diagonal term. Consider
the following change of gauge:

= exp (;r(z + ny)) & and 6 = exp <;r(z + Nacy)) B.

With respect to this gauge, (A.14) is transformed into the equation in §4.2.1.

1]
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