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Shrinking good coordinate systems
associated to Kuranishi structures

KENJI FUKAYA, YONG-GEUN OH, HIROSHI OHTA, AND KAORU ONO

The notion of good coordinate system was introduced by Fukaya
and Ono in [FOn] in their construction of virtual fundamental
chain via Kuranishi structure which was also introduced therein.
This notion was further clarified in [FOOOL1] in some detail. In
those papers no explicit ambient space was used and hence the
process of gluing local Kuranishi charts in the given good coordi-
nate system was not discussed there. In our more recent writing
[FOOO02, FOOO3], we use an ambient space obtained by gluing
the Kuranishi charts. In this note we prove in detail that we can
always shrink the given good coordinate system so that the result-
ing ‘ambient space’ becomes Hausdorff. This note is self-contained
and uses only standard facts in general topology.

1. Introduction

In [FOn, FOOO1] the present authors associated a virtual fundamental chain
to a space with Kuranishi structure. For the construction we used the notion
of good coordinate system. The process of constructing a good coordinate
system out of Kuranishi structure corresponds to that of choosing and fixing
an atlas consisting of a locally finite covering of coordinate charts in the
manifold theory.

In [FOn, FOOO1] the process to associate the virtual fundamental chain
to a space with good coordinate system, is described without using ‘ambient
space’, that is, the space obtained by gluing Kuranishi charts by coordinate
change. In our more recent writing, [FOO02, FOOO3|, which contains fur-
ther detail of this construction, we describe the same process using ‘ambient
space’, explicitly. For the description of the construction of virtual funda-
mental chain using ambient space, certain properties, especially Hausdorff-
ness, of the ambient space is necessary.

In [FOn, FOOOL1], the tools of Kuranishi structure and its associated
good coordinate system are applied to study moduli spaces of stable maps.
The moduli space of stable maps can be very singular in general but we can
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embed a small portion thereof at each point of the moduli space locally into
an orbifold which is called a Kuranishi neighborhood. An element of a Ku-
ranishi neighborhood appearing in such applications is a ‘map’ with domain
a nodal curve satisfying a differential equation, that is, a slightly perturbed
Cauchy-Riemann equation. To write down this perturbed Cauchy-Riemann
equation, one needs to fix various extra data locally in our moduli space.
Because of this reason, the union of Kuranishi neighborhoods cannot be
globally regarded as a subset of certain well-defined set of maps, and gluing
the given Kuranishi neighborhoods to construct an ambient space a priori
may not make sense. The main result of the present article is to show that
we can, however, always shrink the given Kuranishi neighborhoods and the
domains of coordinate change and glue the resulting shrinked neighborhoods
to obtain certain reasonable space, which one may call an ‘ambient space’ or
a ‘virtual neighborhood’. It also shows that we can always do so, after some
shrinking, by employing only elementary general topology arguments, with
the originally given definition of good coordinate system in [FOn, FOOO1].

Our purpose of writing this short note is to separate the abstract com-
binatorial general topology issue from other parts of the story of Kuranishi
structure given in [FOOO3] and its implementations, and to clarify the parts
of general topology. This note is self-contained and can be read indepen-
dently of the previous knowledge of Kuranishi structures.

2. Statement

To make it clear that the arguments of this note do not involve the proper-
ties of orbifolds, vector bundles on them, the smoothness of the coordinate
change and others, we introduce the following abstract notions that lie in
the realm of general topology and not of manifold theory.

In this note, X is always assumed to be a locally compact separable
metrizable space.

Definition 2.1. An abstract K-chart of X consists of U = (U, S, 1) where
U is a locally compact separable metrizable space, S C U is a closed subset
and 1 : S — X is a homeomorphism onto an open subset.

Definition 2.2. Let U; = (U;, Si,¢;) (i = 1,2) be abstract K-charts of X.
A coordinate change from Uy to Uy consists of @91 = (Usq, p21) such that:

1) Uy C Uy is an open set.
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2) o1 :Us1 — Uy is a topological embedding, i.e., a continuous map which
is a homeomorphism onto its image.

3) S1NUx; = @2_11(52). Moreover 19 0 w91 = 11 on S; N Uy (i.e., when-
ever both are defined).

4) ¥1(S1 N U21) = P1(S1) N1h2(S2).

Definition 2.3. Let Z C X be a compact_subset. An abstract good co-
ordinate system of Z in the weak sense is U = (P, {Up}, {Ppq}) with the
following properties.

1) B is a partially ordered set. We assume P is a finite set.
2) For p € B, U, = (Uy, Sp,1p) is an abstract K-chart.

3) If ¢ <p then a coordinate change ®yq = (Upq, Ppq) from U, to U, in
the sense of Definition 2.2 is defined. We require Uy, = U, and ¢y, to
be the identity map.

4) If t<q<p then ©pe=@pq 0 ©qe 00 Upge:=9y (Upq)NUpe (i.e., when-
ever both are defined).

5) If 1y (Sp) N1hq(Sq) # 0 then either p < q or q < p holds.
6) Utp(Sp) 2 Z.

Definition 2.4. Let I = (B, {Up},{Ppq}) be an abstract good coordinate
system of Z in the weak sense. We consider the disjoint union [], U, and
define a relation ~ on it as follows. Let « € Uy, y € Uy. We say x ~ y if one
of the following holds. We put ®,q = (Upq, ¢pq)-

(a) p=qgand z =y.

(b) p<q,x € Uy and y = pqp(x).

(¢) a<p,y € Upq and = = pyq(y).

We remark that by the requirement given in the second half of Defini-
tion 2.3 3), the case (a) is redundant in that it is a special case of either of
(b) or (c) but we state it separately for the semantic reason.

Definition 2.5. An abstract good coordinate system of Z in the weak sense
U= (B, {Up},{Ppq}) is said to be an abstract good coordinate system of Z
in the strong sense if the following holds.

7) The relation ~ is an equivalence relation.
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8) The quotient space (I, Up)/ ~ is Hausdorff with respect to the quo-
tient topology.

We denote by \LA{ | the quotient space ([, Up)/ ~ equipped with quotient
topology.

Remark 2.6. Suppose p < q<rtand z €Uy, y € Uy, z € U;. We assume
x ~y and x ~ z. Then, by definition, x € Uqp, y = @qp(x). Moreover = €
Usp, 2 = @ep(x). Therefore if y € Uyq in addition, then Definition 2.3 4) im-
plies 2 = @¢q(y), and hence z ~ y. Namely the transitivity holds in this case.
However the relation y € Uyq may not be satisfied in general. This is a
reason why Definition 2.5 7) does not follow from Definition 2.3 1) — 6).

Example 2.7. Suppose P = {1,2} with1 <2,U; = Uy =R, Uy = (— ,
w91 : (—1,1) — R is the inclusion map. We also take S =S5, =X =7
{0} and 1)1 = 1) is the identity map.

They satisfy Definition 2.3 1) — 6) and Definition 2.5 7). However the
space Uy U Uy/ ~ is not Hausdorff. In fact 1 € U; and 1 € Us do not have
separating neighborhoods.

1).

Definition 2.8. 1) Let V' be an open subset of a separable metrizable
space U. We say that V' is a shrinking of U and write V € U, if V is
relatively compact in U, i.e., the closure V in U is compact.

2) Let U = (U, S,v) be an abstract K chart and Uy C U be an open sub-
set. We put U|y, = (Up, S N Up,¢|snw,)- This is an abstract K chart.
If Uy € U, we say U|y, is a shrinking of U.

3) Let i = (B AUy}, {Ppq}) be an abstract good coordinate system of Z
in the weak sense. We say an abstract good coordinate system U =
(B ,{Z/{S},{(I)pq}) of Z in the weak sense is a shrinking of If if the
following hold:

a) Each of L[O is a shrinking of U,.
b) For p > q, the domain of <I>0 is a shrinking of the domain of ®,,
(namely U € Upq) and <I> is a restriction of .

Theorem 2.9 (Shrinking Lemma). Suppose U = (B, {Up}, {Ppq}) is an
abstract good coordinate system of Z in the weak sense. Then there exists a
shrinking u° of U that becomes an abstract good coordinate system of Z in
the strong sense.

"'We remark in a rare situation where V is both open and compact it may happen
VeUandV =U.
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Remark 2.10. Suppose (V, E,T',s,1) is a Kuranishi neighborhood in the
sense of [FOOO1, Definition Al.1] or [FOn, Definition 6.1]. Then the triple
(V/T,s71(0)/T',4) is an abstract K-chart in the sense of Definition 2.1. Tt
is easy to see that a coordinate change in the sense of [FOOO1, (A1.12)]
or [FOn, Definition 6.1] induces a coordinate change in the sense of Defini-
tion 2.2.2

Thus a good coordinate system in the sense of [FOOO1, Lemma A1.11]
or [FOn, Definition 6.1] induces an abstract good coordinate system in the
weak sense (of X) of Definition 2.3.

The two conditions 7), 8) appearing in Definition 2.5 is exactly the same
as the conditions 7), 8) in [FOOO3, Definition 3.14].

Thus Theorem 2.9 implies that we can always shrink a good coordinate
system in the sense of [FOOO1, Lemma A1.11] or [FOn, Definition 6.1] to
obtain one in the sense of [FOOO3, Definition 3.14].

Note Theorem 2.9 is used during the proof of [FOOO3, Theorem 3.30],
which claims the existence of good coordinate system.

We will also prove the following;:

Proposition 2.11. Let U = (B, {Up},{Ppq}) be an abstract good coordi-
nate system in the strong sense of Z. Let Ué € U, chosen for each p. (Here

Uy = (Up, Sp,1bp).) We consider the image U, — \LA{] and denote it by the
same symbol Ug. Then the union

U= J U, clul
peP

is separable and metrizable with respect to the induced topology.
Remark 2.12. Note U’ can also be written as [[U,/ ~ for certain equiv-

alence relation ~. However we do not equip it with the quotient topology
but with the subspace topology of the quotient topology on |U|.

3. Proof of the main theorem

Lemma 3.1. Let i = (B, {Up},{Ppq}) be an abstract good coordinate sys-
tem of Z in the weak sense and US C Uy, qu C Upq be open subsets. We

2 Note that Definition 2.2 4) is required for coordinate changes appearing in good
coordinate systems.
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assume

(3.1) Ppa (U NULNSg CUR € opa (U NUY
forq <p and

(3.2) U we(@3) 2 2.

peP

Then Uy = (B, {Uplvg}, {Ppalve, }) is an abstract good coordinate system of
Z in the weak sense.

Proof. We first show that ®pqyg is a coordinate change: Ugluo — Upluy.
Definition 2.2 1), 2) are obvious. Definition 2.2 3) follows from

‘P;ql(Ug NSy) N qu = @;ql(sp) n ‘p;ql(US) n qu
= Sq NUpqg Npa (U N U,
= 84 Nppq (Up) NUpq
= Sq NUY Npa (U NUY,
= Sq NU,.

The second equality is Definition 2.2 3) for ®,4 and the last equality follows
from the second inclusion of (3.1).
We next prove Definition 2.2 4). Let q < p. (3.1) implies

Se MUY N ppa (UY) = Sq N U,
Therefore using the fact cpgql(Sp) C 84, we have
SqNUIN@d (S NUY) = Sq N U,

Thus Definition 2.2 4) holds.
We thus checked Definition 2.3 3). Definition 2.3 1),2),4),5) follow from

the corresponding properties of U. Definition 2.3 6) is a consequence of (3.2).
O

Remark 3.2. In fact, the converse of Lemma 3.1 also holds. More precisely,
if Uy CUy, Uy, CUpq are open subsets such that Uy = (B, {4, o}, {Ppalve, })
is an abstract good coordinate system of Z in the weak sense, then (3.1)
and (3.2) hold.
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Lemma 3.3. Let i = (B, {Up}, {Ppq}) be an abstract good coordinate sys-
tem of Z in the weak sense. Then there exist compact subsets K, C X such
that

(3.3) U K, 22 Ky C by (Sy).
peEP

Proof. Since Jpeq ¥p(Sp) 2 Z is an open covering, for any x € Z there exist
its neighborhood U, and p(x) € P such that U, € ¥y (4)(Sp(a))- We cover our
compact set Z by finitely many {U,, | ¢ =1,...,L} of them. Then K, :=
Uesp(zo)=p U, has the required properties. [l

Proposition 3.4. Any abstract good coordinate system of Z in the weak
sense has a shrinking.

Proof. Let U = (B, {Up},{Pyq}) be an abstract good coordinate system of
Z in the weak sense. We take compact subsets K, satisfying (3.3). Since v,
is a topological embedding YK p) is compact. There exists US such that
wp_l(Kp) - Ug € U,, since Uy, is locally compact. Then (3.2) is satisfied. We
put

(3.4) A) = Sq N e (UHNUY.

Let Apq be its closure in Uj.
Lemma 3.5. A, C Upq and Ayq is compact.

Proof. Compactness of A,q immediately follows since Apq = T% C Uié).

We now prove Apq C Upq. Let z, € qu be a sequence. We will prove
that it has a subsequence which converges to an element of U,,. Since
Tq € Uc? € Uy we may assume that x € Uy is its limit. By definition of
qu, Ya = Ppq(Ta) € Sp N US. Since Ug is relatively compact in U,, there
is a subsequence of {y,} such that it converges to some y € U,. On the
other hand, by Definition 2.2 3), ¢y (ys) = ¥q(24). Then by continuity of
Yo Sp = X, g 1 Sq = X, Yq(x) = 9p(y). (We use the fact that X is Haus-
dorff here.) Obviously this point is contained in ,(Sy) N 1q(Sq) which is
equal to 1q(Sq N Upq) by Definition 2.2 4). By the injectivity of 14 on S,
this implies x € Upq. This finishes the proof. U
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Using Lemma 3.5 and the local compactness of Uy, we then take Vpoq
such that

(3.5) Apq C Vil € Upq

and put

Upy = Vi N e (U MUY
Since AO C cp_l(UO)ﬂUO (3.5) implies AO C U0 € Upq. Since Ug and
U satlsfy (3. 1) and (3. 2) Proposition 3.4 follows from Lemma 3.1. O

We start the proof of the main theorem. We take a shrinking 271 =
(B, {Uplvp b A Ppalug, }) of given U = (B, {Up }, {Ppq}). We put

(3.6) Ppq = Pralvy,-

We apply Lemma 3.3 to 171 to obtain K,. We take a metric d, of U, and
put:

(3.7) U ={z €Uy | dplz, ¥, (K;)) < 0}

Since ¥y 1(K,) is compact and Ug is locally compact, Ug eV, pl for sufficiently
small §.
We use the next lemma several times in this section.

Lemma 3.6. Suppose q <p, 0, — 0 and x,, € Uf;" N (golqu)_l(Ug"). Then
there exists a subsequence of ., still denoted by x,, such that:

1) x,, converges to x € Sy.

2) cppq(xn) converges to y € S.
3) a(x) = ply) € Ky N Ky,
4) x € Uy and y = pp,(2).

Proof. Let dp > 0 be a fixed sufficiently small constant and consider § >
0 with § < dp. Since U‘S c U‘s0 and U‘S c U‘SO for small §, we may take a
subsequence such that x, and gppq(zn) converge to x € U % and y € U,
respectively.

Then (3.7) implies x € @Z)q_l(Kq) and y € ¢, '(K,). We have proved 1)
and 2).

Since ., € qu € Uyyq, its limit x is in Upq. Since ¢, is defined on Upq
and is continuous, we have @pq(2) = Qpq(limp—oo n) = liMy o0 @pq(an) =
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y. Then by Definition 2.2 3) we have ¥q(x) = 1, (y). Note 94(z) € K, and
Yy (y) € K,. Therefore 3) holds.

Then x € qu follows from Definition 2.2 4) and K, C ¢, (S, N U,),
K, gzpq(squql). U

We take a decreasing sequence of positive numbers §,, with lim, ., 6, =0
and put
n — n - 671
(3.8) Uy =0, UR=Uln0(ppg) HUM).
We remark Uy, C U&Lsince Uplq is the domain of cp,qu.

By Lemma 3.1, Uy, = (B, {Up|uy }, {Ppqlug, }) is an abstract good coor-
dinate system of Z in the weak sense. Since Ug C Ug € U, and U;Lq - qu C
Upqg, Uy is a shrinking of U.

We will prove that U, is an abstract good coordinate system of Z in

the strong sense for sufficiently large n. The proof occupies the rest of this
section. We put

(3.9) Cy=0p,  ClL=Urn(ppy) (UMN).

Here UT;‘ is the closure of Uy in Uy, which coincides with the closure of Uy’
in U;}. (This is because Uy € Ug.) Moreover Cy' is compact. We consider

= qlvy. =]
peP peP

where the right hand sides are disjoint unionﬁote Un C C™. We define a
relation on U™ by applying Definition 2.4 to U,, . We denote it by ~,. We
also define a relation ~/, on C" as follows.

Definition 3.7. Let z € C}f and y € Cf. We say z ~! 1y if one of the fol-
lowing holds.

(a) p=qand z =y.
(b) p<g,z€ C;lp and y = (pép(x)
(c) a<p,y € Cpy and 2 = gy, (y).

The next lemma is immediate from our choice (3.8) of Uy,.

Lemma 3.8. Let x,y € U™ C C". Then x ~y, y if and only if x ~] y.



1304 K. Fukaya, et al.
We now prove:

Proposition 3.9. The relations ~, and ~ are equivalence relations for
sufficiently large n.

Proof. In view of Lemma 3.8 it suffices to show that ~/ is an equivalence
relation for sufficiently large n.

We assume that this is not the case. Note ~! satisfies all the prop-
erty required for the equivalence relation possibly except transitivity. There-
fore by taking a subsequence if necessary we may assume that there exist
T, Un, 2n € C™ such that z, ~ Yny Yn ~h Zn but @, ~ 2z, does not hold.

Let zp, € CF , yn € Cf, 2n € CY . Since P is a finite set we may as-
sume, by taking a subsequence if necessary, that p = p,, ¢ = qn, t = v, are
independent of n.

We first examine the consequence of z;, ~/, y,. We remark that Cy <
Ug‘s" and Cf C Uq%". Therefore, in Case (b) of Definition 3.7 we can apply
Lemma 3.6 to z,, and take a convergence subsequence, still denoted by x,.
We denote lim,, ;o 2, = 2. Then by continuity of ¢qp, yn = @qp(zn) also
converges. We denote y = lim;,,—,o ¥ Then z € Uqlp and ¥y (x) = 94(y). In
Case (c) of Definition 3.7, the same reasoning gives rise to a point y € Uplq
with © = @pq(y) and the equality 9p(x) = 14(y). (By the same reason as
that of the remark after Definition 2.4, we do not need to examine the case
(a) separately.)

Next we examine the consequence of y,, ~! z,. Starting from the sub-
sequence we took above, we can again apply Lemma 3.6 with x, or y,, p,
q replaced by y, or zy, q, t, respectively. Then by taking a subsequence if
necessary we have z = lim,,_,~ 2y, such that y € Uth or z € Uc}t and 14(y) =
Ye(2).

Thus combining the above two, we have ¥, (z) = ¥q(y) = ¥(2). There-
fore either p < vor vt < p holds. We may assume t < p without loss of general-
ity. Then since ¢, (2) = ¢(2) we have z € Uy, @pe(2) = 2 by Definition 2.2
3), 4). Therefore z, € Uplt for sufficiently large n, since Uplt is open in U,.
We use it to show:

Lemma 3.10. We have cp,ljt(zn) = x, for sufficiently large n.

Proof. Since 1y (x) = 1q(y) = ¢(2) Definition 2.3 5) and ¢ < p imply that
one of the following holds.
(@) g<v<p (b)r<qg<p ()r<p=<q.
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In Case (a) we have y € Uth N U§q N (golq)_l(Uplt). Hence for all suf-
ﬁ(_iiently largle n, Yn € Uth ﬂ .qu N (gotq)_l(Ugt) and xz, = gp,qu(yn) = golljt o
©rq(Un) = Ppe(2n), by Definition 2.3 4).

In Case (b), we have z € Uplt N U&t N (gp}u)*l(U&q). Hence, for all suffi-
ciently large n, z, € Uplt N Uc}t N (goét)*l(Uplq) and gp,ljt(zn) = (p’qu o goét(zn) =
‘P;lgq(yn) = Tn-

In Case (c) we have z € Uy, N Ug, N (¢y,) "1 (U,,). Hence, for sufficiently
large n, zp € Up NUG N (@pe) "' (Ug,). Moreover y, = g, (2,) and y, =
Pqe(2n) = @gp © Ppe(2n). Since @y, is injective, we find that z, = @ (zn).

U

Lemma 3.10 implies x,, ~!, z, for sufficiently large n. This is a contradiction.
O

We have thus proved that UAn satisfies Definition 2.5 7) for sufficiently large
n. We now turn to the proof of Definition 2.5 8). Let W,q &€ Uplc| be an open
neighborhood of wq_l(Kp NKy).

Lemma 3.11. For all sufficiently large n, we have
(3.10) (be) L UR) AU € Wi,

Proof. 1f (3.10) is false there exists a sequence x, € (go}aq)_l(U;’) NUG\
Wyq with n — co. We apply Lemma 3.6 and may assume 1), 2), 3), 4) of
Lemma 3.6. Then x € Uplq () = Yp(y) € Kq N Ky, It implies @ € Wyq.
Thus z, € Wpq for large n. This is a contradiction. U

Lemma 3.12. Cy is a compact subset of C§ for all sufficiently large n.

Proof. 1t suffices to show that Cy, is a closed subset of Cf. Let z, € Cy; be
a sequence converging to x € Cf. By definition

(3.11) Ta € U3 0 (ph) " (UR").

Now (3.11), (3.10) and Uc‘,;" C Uq%" imply that z, € Wyq € Up1 for suffi-
ciently large n. Therefore = € Uplq. Since go}oq is continuous on Uéq we have
Mg 500 Ppq(Ta) = ©pg(). Since o, (z4) € CF and C}' is compact, z € Uy,
implies cplqu(x) € Cy. Thus z € Cy,. This proves that Cy; is closed in C as
required. Il

We define C" = (" / ~,. The following is an immediate consequence of
Lemma 3.12.
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Lemma 3.13. Let n be sufficiently large so that Lemma 3.11 holds. Then
the space C" is Hausdorff with respect to the quotient topology.

Proof. We first note that C™ is Hausdorff since it is a disjoint union of
Hausdorft spaces Cf over q. On the other hand, Lemma 3.12 implies that
the relation ~/, is a closed relation defined on C™ for any such n. The lemma
then is a standard consequence in general topology. O

We remark that |L7| = U"/ ~, by definition. The inclusion U™ — C”
induces a map U™ — C". Lemma 3.8 implies that it induces an injective
map |Z/{”| — C". This map is continuous by the definition of the quotient
topology. Therefore Lemma 3.13 implies that |Z/{”| is Hausdorff. The proof
of Theorem 2.9 is now complete.

Remark 3.14. We would like to note that the domain U " of the coordinate
change of the shrinking Z/l of U is not of the form

(3.12) Cpa (U NUY

but is

Upa = (Ppq) " (UR) NUT = g (UF) N UG 0 Uy,
In fact (3.12) is not relatively compact in Uyq in general even when Uy
are relatively compact in U, for all p. We thank J. Solomon who found
an example related to this point and informed it to us. Here we present a
simpler and more directly related example.

Let U; = {i} xR, S; ={i} x {0,1} C U; (i = 1,2). We put Ug; = {1} X
(R\ {O}) and define ©o1 - U21 — U2 by 9021(1 t) (2, t). We put X = {(1, O),
(2,0),1} and ¢1(1,0) = (1,0), ¥1(1,1) =1, ¢2(2,0) = (2,0),92(2,1) = 1.
They define an abstract good coordinate system of Z = X in the weak sense.

Let U} be a small neighborhood of S; in U;. We may take U/ = {i} x
((—e,e) U (1 —€,1+¢€)), for example. We put

Uy = 0o (US) NU; N Uz = {1} x ((—€,0) U (0,€) U (1 — ¢, 1+ ¢))

The space obtained by gluing U] and Uj by 21|y, is not Hausdorff. In fact,
(1,0) and (2,0) have no separating neighborhoods.
We shrink Uj; to

Ui ={1} x (1 —¢,1+¢).

Then the space obtained by gluing Uy and Uj by ¢a1|vy, is a disjoint union
of three intervals and is Hausdorff.
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We remark that Uj; is not relatively compact in Up; but U] is relatively
compact in Usj.

4. Proof of metrizability

In this section we prove Proposition 2.11.

We recall the following well-known definition. A family of subsets {U; |
i € I} of a topological space Y containing x € Y is said to be a neighborhood
basis of z if

(nbb 1) each U; contains an open neighborhood of =,
(nbb 2) for each open set U containing x there exists ¢ such that U; C U.

A family of open subsets {U; | i € I} of a topological space X is said
to be a basis of the open sets if for each = the set {U; | x € U;} is a neigh-
borhood basis of z. A topological space is said to satisfy the second axiom
of countability if there exists a countable basis of open subsets {U; | i € I}.
A classical result of Urysohn says a topological space is metrizable if it is
regular and satisfies the second axiom of countability. (See a standard text
book such as [Ke] for these facts.)

Proof of Proposition 2.11. We put K, = U’ and consider K =[],eqp Kp/~K
in [I]. (Here ~ is the restriction of the equlvalence relation ~¢ obtained by
applying Definition 2.4 to u. (~v is an equivalence relation on [J,eq Up 2
[Tpep Kp-) Let I, : Ky — K be the the natural inclusion followed by the
projection. As a subset of |U|, we can also write K = Upep Kp € 4. Note
the induced topology of the embedding U " — K coincides with the induced
topology of the embedding U’ — |i4]. This is because the map K — ] is a
topological embedding. (K is compact and ]Z/I | is Hausdorff.) Therefore, it
suffices to show that K is metrizable with respect to the quotient topology
of Iy, K [pep K, — K. We remark that K is compact. K is Hausdorff
since || is Hausdorff and K — || is injective and continuous. Therefore
K is regular. Now it remains to show that K satisfies the second axiom of
countability. This is [FOOO2, Lemma 8.5]. We repeat its proof here for the
convenience of the reader.

For each p, we take a countable basis U, = {Uy,;, € K, | ip € Ip} of open
sets of K. We may assume () € £l,.

For each i = (ip)pesp (ip € Ip) we define U (i) to be the interior of the set

(4.1) UT(@) = | Ty (Ups,)-
peEP
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—

Then {U(7)} is a countable family of open subsets of K. We will prove that
this family is a basis of open sets of K.
Let ¢ € K, we put

(4.2) Plg) ={p P |, ¢=[z], z € Kp}.

Here and hereafter we identify K, to the image of Iy x(K,) in K. Note
since K is Hausdorff and K, is compact, the natural inclusion map K, —
[Ipegp Ky induces a topological embedding K, — K.

For p € B(q), we have z, € K, with [z,] = g. We put

Ipy(q) = {ip € Iy | w7y € Up, }-

Then {Uy;, | iy € I5(q)} is a countable neighborhood basis of z, in K. For
each 7 = (iy) € [Tpep(q) Ip(q), We set

(4.3) Ut@) = |J Hp(Upy,) € K.
pPEPB(q)

—

We claim that the collection {U*(7) | i € [Tpep(q) Ip(@)} is a neighborhood
basis of ¢ in K for any ¢. The claim follows from Lemmata 4.1, 4.2 below.

—

Lemma 4.1. The subset U (i) is a neighborhood of ¢ in K.

Proof. For p € PB(q) the set K, \ Uy, is a closed subset of K}, and so is
compact. Therefore II,(Kp \ Up;,) is a compact subset in the Hausdorff
space K and so is closed.

If p ¢ PB(q) then we consider II,(K,) which is closed.

Now we put

Ko = U I, (Kp \ Upyi, ) U U 1T, (Kp).
peRB(q) p€PB(q)

This is a finite union of closed sets and so is closed. It is easy to see that

ge K\ Ky CUT(). O

Lemma 4.2. The collection {U*(Z)} satisfies the property (nbb 2) of the
neighborhood basis above.

Proof. Let U C K be an open subset containing ¢. Since the map K, — K
is a topological embedding, U N K, is an open set of K. Therefore for each



Shrinking good coordinate systems 1309

p € P(q), the set U N K, is a neighborhood of z, in K,. By the definition
of neighborhood basis in K, there exists ¢, such that Upi, CUNK,. We
put i = (ip). Then U™ (i) C U as required. O
We remark that U (7) in (4.3) is a special case of Ut (i) in (4.1). (We take

Up,i, =0 for p ¢ P(x).) The family U(z) is a countable basis of open sets of
K. Proposition 2.11 is now proved. |
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