JOURNAL OF
SYMPLECTIC GEOMETRY
Volume 14, Number 4, 1251-1293, 2016

Floer cohomologies of non-torus fibers of
the Gelfand-Cetlin system

YuicHlI NOHARA AND KAZUSHI UEDA

The Gelfand-Cetlin system has non-torus Lagrangian fibers on
some of the boundary strata of the moment polytope. We com-
pute Floer cohomologies of such non-torus Lagrangian fibers in the
cases of the 3-dimensional full flag manifold and the Grassmannian
of 2-planes in a 4-space.
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1. Introduction

Let P be a parabolic subgroup of GL(n,C) and F := GL(n,C)/P be the as-
sociated flag manifold. The Gelfand-Cetlin system, introduced by Guillemin
and Sternberg [GS83], is a completely integrable system

$: F — RUAmF)/2

i.e., a set of functionally independent and Poisson commuting functions. The
image A = ®(F) is a convex polytope called the Gelfand-Cetlin polytope, and
® gives a Lagrangian torus fibration structure over the interior Int A of A.
Unlike the case of toric manifolds where the fibers over the relative interior
of a d-dimensional face of the moment polytope are d-dimensional isotropic
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tori, the Gelfand-Cetlin system has non-torus Lagrangian fibers over the
relative interiors of some of the faces of A.

Let (X,w) be a compact toric manifold of dim¢ X = N, and ¢ : X —
RY be the toric moment map with the moment polytope A = ®(X). For
an interior point w € Int A, let L(u) denote the Lagrangian torus fiber
®~1(u). Lagrangian intersection Floer theory endows the cohomology group
H*(L(uw); Ag) over the Novikov ring

0
A(] = {Z aiTA'i

i=1

a,;e(C, /\1‘20, lim)\i:oo}

1—00

with a structure {my}x>o of a unital filtered A,-algebra [FOOO09]. Let
A and Ay be the quotient field and the maximal ideal of the local ring
A respectively. An odd-degree element b € H(L(u); Ag) is said to be a
bounding cochain if it satisfies the Maurer-Cartan equation

(1.1) > mp(b®F) = 0.
k=0
A solution b € H°d(L(u); Ag) to the weak Maurer-Cartan equation
(1.2) ka(b@)k) =0 mod A() €p
k=0

is called a weak bounding cochain, where e is the unit in H*(L(u);Ao).
The set of weak bounding cochains will be denoted by Myeax(L(w)). The
potential function is a map PO : Myeak(L(u)) — Ay defined by

(1.3) > mp(b, ..., b) = PO(b)eo.
k=0

A weak bounding cochain gives a deformed filtered A,-algebra whose A.o-
operations are given by

(1.4) wl(zy,...,z5)

o0

o0
= Z o Z Mgtttk (0570 @ 21 @ V5™ @ - -+ @ 2 @ HF™).

mo=0 my=0
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The weak Maurer-Cartan equation implies that m? squares to zero, and the
deformed Floer cohomology is defined by

(1.5) HF((L(w),b), (L(w),b); Ag) = Ker(m?) / Tm(m).
More generally, one can deform the Floer differential m; by

(1.6) 5b0,bl(x) = mk0+k1+1(b0,...,bo,:c,bl,...,bl)
km/fZlZO ko ks

for a pair (bg, b1) of weak bounding cochains with PO(by) = PO(b1). The
Floer cohomology of the pair ((L(u), bg), (L(u),b1)) is defined by

(1.7) HF((L(w), bo), (L(w),b1); Ag) = Ker(dp,5,)/ Im(dp, p, )-

If the toric manifold X is Fano, then the following hold [FOOO10]:
e H'(L(u);Ag) is contained in /Wweak(L(u)).
e The potential function PO on

(1.8) U H'(L(w); Ao/2nvV=1Z) = Int A x (Ag/2my/=1Z)N

uclnt A

can be considered as a Laurent polynomial, which can be identified
with the superpotential of the Landau-Ginzburg mirror of X.

e Fach critical point of BO corresponds to a pair (u, b) such that the de-
formed Floer cohomology HF ((L(u),b), (L(wu),b); A) over the Novikov
field A is non-trivial.

e If the deformed Floer cohomology group over the Novikov field is non-
trivial, then it is isomorphic to the classical cohomology group as a
vector space;

(1.9) HE((L(w),b), (L(w),b); A) = H*(TY; A).

e The quantum cohomology ring QH (X; A) is isomorphic to the Jacobi
ring Jac(PO) of the potential function.

In particular, the number of pairs (L(w),b) with nontrivial Floer coho-
mology coincides with rank QH (X; A) = rank H*(X; A) provided that the
potential function is Morse.
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Nishinou and the authors [NNU10] introduced the notion of a toric de-
generation of an integrable system, and used it to compute the potential
function of Lagrangian torus fibers of the Gelfand-Cetlin system. The re-
sulting potential function can be considered as a Laurent polynomial just as
in the toric Fano case, which can be identified with the superpotential of the
Landau-Ginzburg mirror of the flag manifold given in [Giv97, BCFKvS00].
In contrast to the toric case, the rank of H*(F;A) is greater in general
than the rank of the Jacobi ring Jac(BO), and hence than the number of
Lagrangian torus fibers with non-trivial Floer cohomology. In the case of
the 3-dimensional flag manifold F1(3), the potential function has six crit-
ical points, which is equal to the rank of H*(F1(3);A). Similarly, the po-
tential function for the Grassmannian Gr(2,5) of 2-planes in C° has ten
critical points, which is equal to the rank of H*(Gr(2,5);A). On the other
hand, the number of critical points of the potential function for the Grass-
mannian Gr(2,4) of 2-planes in C* is four, which is less than the rank of
H*(Gr(2,4); A), which is six.

In this paper, we study non-torus Lagrangian fibers of the Gelfand-Cetlin
system over the boundary of the Gelfand-Cetlin polytope in the cases of
F1(3), Gr(2,4), and Gr(2,5). The main results are the following:

Theorem 1.1. Let ®: F1(3) — R3 be the Gelfand-Cetlin system with the
Gelfand-Cetlin polytope A = ®(F1(3)).

1) There exists a verter ug of A such that a fiber L(u) = ®1(u) over
a boundary point u € OA is a Lagrangian submanifold if and only if
U = Uugp.

2) The Lagrangian fiber L(ug) is diffeomorphic to SU(2) = S3.
3) The Floer cohomology of L(ug) is given by

(110) HF(L(’U,()), L(UO); Ao) = Ao/T)\Ao,

where A > 0 is a constant depending on the symplectic structure of
F1(3). In particular, the Floer cohomology of L(ug) over the Novikov
field A is trivial;

(1.11) HF (L (uo), L(ug); A) = 0.

Theorem 1.2. Let ®: Gr(2,4) — R?* be the Gelfand-Cetlin system with the
Gelfand-Cetlin polytope A = ®(Gr(2,4)).
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1) There exists an edge of A such that a fiber L(u) = ®~!(u) over u € OA
is a Lagrangian submanifold if and only if w is in the relative interior
of the edge.

2) The Lagrangian fiber L(w) over any point w in the relative interior of
the edge is diffeomorphic to U(2) = S! x S3.

3) HY(L(u); Ag) is contained in ./\//Yweak(L(u)).
4) The potential function is identically zero on H'(L(u); Ag).

5) The Floer cohomology HF((L(w),b),(L(w),b);A) of a Lagrangian
U(2)-fiber L(u) over the Novikov field A is non-trivial if and only if u
is the barycenter ug of the edge and b = +n\/—1/2e1, where e; is a
generator of H'(L(u);7Z) = Z.

6) If the deformed Floer cohomology group over the Novikov field is non-
trivial, then it is isomorphic to the classical cohomology group;

(1.12) HF ((L(ug), £7v/—1/2e1), (L(ug), £mv—1/2e1); A)
~ H* (St x S3;A).

7) The Floer cohomology of the pair ((L(ug),m/—1/2e1),(L(uop),
—mv/—1/2ey)) is trivial;

(1.13) HF((L(uo), 7v/—1/2e1), (L(ug), —7mv—1/2e1); A) = 0.

More precise statements, which describe the Floer cohomology groups
over the Novikov ring Ay, are given in Theorem 4.16, and Theorem 4.20.

Theorem 1.3. Let ®: Gr(2,5) — RS be the Gelfand-Cetlin system with the
Gelfand-Cetlin polytope A = ®(Gr(2,5)).

1) There exist two 3-dimensional faces of A such that a fiber L(u) =
®~1(u) over u € OA is a Lagrangian submanifold if and only if w is
an interior point of one of these faces.

2) The Lagrangian fibers over these faces are diffeomorphic to S x T3.

3) Each Lagrangian fiber L(w) over these faces is displaceable from itself
by a Hamiltonian diffeomorphism. In particular, the Floer cohomology
over the Novikov field is trivial;

HE((L(u),b), (L(u),b); A) = 0

for any weak bounding cochain b.
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Remark 1.4. The preimages of the faces stated in Theorem 1.1, Theo-
rem 1.2, and Theorem 1.3 are the loci where the Gelfand-Cetlin systems fail
to be differentiable. Fibers over other boundary faces are lower dimensional
isotropic tori, as in the toric case.

A symplectic manifold (X, w) is monotone if the cohomology class [w] is
positively proportional to the first Chern class;

(1.14) NS0 [w] = Aer(X).

The quantum cohomology ring of a monotone symplectic manifold does not
have any convergence issue, and hence is defined over C. A Lagrangian
submanifold L is monotone if the symplectic area of a disk bounded by
L is positively proportional to the Maslov index;

(1.15) NS0 VBem(M,L) Bnw=\uB).

The As-operations on the Lagrangian intersection Floer complex of a mono-
tone Lagrangian submanifold is defined over C. The minimal Maslov num-
ber of oriented monotone Lagrangian submanifold is greater than or equal
to 2, so that the obstruction class mg(1) can be written as mgp(1) = mgy(L) ey,
where my(L) € C is the count of Maslov index 2 disks bounded by L, weighted
by their symplectic areas and holonomies of a flat U(1)-bundle on L along
the boundaries of the disks. The monotone Fukaya category is defined as the
direct sum

(1.16) F(X) =P F;N),
AeC

where F(X;\) is an As-category over C whose objects are monotone La-
grangian submanifolds, equipped with flat U(1)-bundles, satisfying mo(L) =
A. For any monotone Lagrangian submanifold L, there is a natural ring ho-
momorphism

(1.17) QH(X) — HF(L, L),
which is known by Auroux [Aur07], Kontsevich, and Seidel to send ¢;(X) €

QH(X) to my(1) € HF (L, L). It follows that F(X;A) is trivial unless A is
an eigenvalue of the quantum cup product by ¢1(X).
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Now consider the case when X = Gr(2,4), which can be written as a
quadric hypersurface

(1.18) X={leo: 2] €P’ | =2f+ - +22}.

The real locus Xg is a monotone Lagrangian sphere, which is the vanish-
ing cycle along a degeneration into a nodal quadric and split-generates the
nilpotent summand D™ F(X;0) of the monotone Fukaya category [Smil2,
Lemma 4.6]. The Floer cohomology HF (Xg, Xgr) is semisimple, and carries
a formal A.o-structure [Smil2, Lemma 4.7]. It follows that D™F(X;0) is
equivalent to the direct sum of two copies of the derived category D?(C) of
C-vector spaces. On the other hand, (L(ug), +7v/—1/2e;) are also objects of
the nilpotent summand D™ F(X;0) of the monotone Fukaya category, which
are non-zero by (1.12). Since (L(ug),++v/—1/2e;) is a pair of orthogonal
non-zero objects in a triangulated category equivalent to D°(C) @ D?(C),
they split-generate the whole category:

Corollary 1.5. The pair (L(ug), £mv/—1/2e1) split-generate D™ F(Gr(2,
4);0).

This paper is organized as follows: In Section 2, we recall the construc-
tion of the Gelfand-Cetlin system, and study non-torus Lagrangian fibers in
the cases of the full flag manifold F/(3) and the Grassmannians Gr(n,2n),
Gr(2,5). In Section 3, we discuss critical points of the potential function
and eigenvalues of the quantum cup product by the first Chern class. In
Section 4 we compute the Floer cohomologies over the Novikov ring of non-
torus fibers in F1(3) and Gr(2,4). An observation about the displacement
energy of a Lagrangian U(n)-fiber in Gr(n,2n) is also given in this section.

Acknowledgment. We thank Hiroshi Ohta, Kaoru Ono, and Yoshihiro
Ohnita for useful conversations, and the anonymous referee for valuable
suggestions. Y. N. is supported by Grant-in-Aid for Scientific Research
(No.23740055, 15K04847). K. U. is supported by Grant-in-Aid for Scien-
tific Research (No0.24740043, 15KT0105, 16K13743, 16H03930).

2. Non-torus fibers of the Gelfand-Cetlin system
2.1. Flag manifolds

For a sequence 0 =ng<n; <---<mn, <nyp1 =n of integers, let ' =
F(ny,...,n,,n) be the flag manifold consisting of flags

ocvic.---CcV,cC" dimV;=n;
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of C". We write the full flag manifold and the Grassmannian as Fl(n) =
F(1,2,...,n) and Gr(k,n) = F(k,n) respectively. The complex dimension
of F(ny,...,n,n) is given by

T
N = N(ny,...,ny,n) :=dimc F(ny,...,n,,n) = z:(nZ —ni—1)(n —n;).

i=1

Let P = P(ni,...,n.,n) C GL(n,C) be the stabilizer subgroup of the stan-
dard flag (V; = (e1,...,en,))i_,, where {e;}I" | is the standard basis of C".
The intersection of P and U(n) is U(ky) X - -+ x U(kp41) for k; = n; — ni—1,
and F' is written as

F = GL(n,C)/P = U(n)/(Ulky) x -+ x U(kpy1))-

We take a U(n)-invariant inner product (z,y) = tr xy™* on the Lie algebra
u(n) of U(n), and identify the dual vector space u(n)* of u(n) with the space
v/ —1u(n) of Hermitian matrices. For A = diag (A1,...,\,) € v—1u(n) with

21) A== A > A = = Ay > > A1 = o = Ay,

k1 ko Kyt

the flag manifold F' is identified with the adjoint orbit Oy C v/—1lu(n)
of A. Note that Oy consists of Hermitian matrices with fixed eigenvalues
)\1,...,An. Let

1
w(adg(2), ady(2)) = o —{z,[€,nl),  &n € uln)
be the (normalized) Kostant-Kirillov form on Oj.
For each i=1,...,r, we set P; ::IP)(/\T“ C”) %P("i)_l. Then the Pliicker

embedding is given by
P [P, (0cVic-cVocC) e (A", NV,
i=1

Let wp, be the Fubini-Study form on P; normalized in such a way that it
represents the first Chern class ¢1(O(1)) of the hyperplane bundle. Then the
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Kostant-Kirillov form w and the first Chern form ¢;(F') of F' are given by

r

w = z:()\nZ - )\m+1)wPi

i=1
and
-
cl(F) = (nit1 — ni1)w,
i=1
respectively.

Example 2.1. The 3-dimensional full flag manifold F1(3) is embedded into
Py x Py = P(C?) x P(\? C3) = P2 x P2
as a hypersurface. The image of F1(3) is given by the Pliicker relation
Z1Za3 + ZoZs + Z3Zia = 0,

where [Z) : Zy : Z3] and [Zag : Z31 : Z12] are the Pliicker coordinates on Py
and Py respectively.

Example 2.2. The Grassmannian Gr(2,4) of 2-planes in C* is embedded
into P(A? C*) = P as a hypersurface. The Pliicker relation is given by

L1943y — Z13Z24 + L1423 = 0,

where [Z19 1 Z13 1 Z14 1 Za3 @ Zag ¢ Z34] is the Pliicker coordinates.

2.2. The Gelfand-Cetlin system

For x € Oy and k=1,...,n—1, let %) denote the upper-left k x k sub-

matrix of z. Since z®) is also a Hermitian matrix, it has real eigenval-
ues )\gk) (z) > )\gk) (x) > > A,gk)(x). By taking the eigenvalues for all k =

1,...,n — 1, we obtain a set (/\(k

. Ni<i<k<n—1 of n(n —1)/2 functions, which
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satisfy the inequalities

A1 A2 Az A An

N RS % N T
g e

N T T

(2.2) A2 A

S %
Q %
A

(k)

It follows that the number of non-constant A\;"’ coincides with N = dim¢ F'.
Let [ = I(ni,...,n,,n) denotes the set of pairs (i, k) such that /\Z(k) is non-
constant. Then the Gelfand-Cetlin system is defined by

b = (Agk))(iyk)el :F(ny,...,np,n) — RN (,nen)
Proposition 2.3 (Guillemin and Sternberg [GS83]). The map ® is
a completely integrable system on (F(ny,...,n.,n),w). The functions )\E
are action variables, and the image A = ®(F) is a convex polytope defined

by (2.2). The fiber L(u) = ®~1(u) over each interior point u € Int A is a
Lagrangian torus.

The image A ¢ RN(mmn) s called the Gelfand-Cetlin g)olytope The
Gelfand-Cetlin system is not smooth on the locus where /\k = )\ U for
some (i, k), or equivalently, where the Gelfand-Cetlin pattern (2.2) contams
a set of equalities of the form

i+1
et
7 A
% i+1
AV AU
A 7
e

The image of such loci are faces of A of codimension greater than two where
A does not satisfy the Delzant condition. Away from such faces, each fiber
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1
ALY

2
/\g )

Figure 2.1: The Gelfand-Cetlin polytope for F1(3).

®~1(u) of @ is an isotropic torus whose dimension is that of the face of A
containing u in its relative interior.

2.3. The case of F1(3)

After a translation by a scalar matrix, we may assume that F1(3) is identi-
fied with the adjoint orbit of A = diag(A1,0,—MA2) for A1, A2 > 0. Then the
Gelfand-Cetlin polytope A consists of (u1,us,uz) € R? satisfying

A1 0 — g
Q 1 Q 1
(2.3) U1 u2
Q 1

us

as shown in Figure 2.1. The non-smooth locus of ® is the fiber Ly = ®~1(0)
over the vertex 0 = (0,0,0) € A where four edges intersect.

Definition 2.4 (Evans and Lekili [EL, Definition 1.1.1]). Let K be
a compact connected Lie group. A Lagrangian submanifold L in a Ké&hler
manifold X is said to be K-homogeneous if K acts holomorphically on X in
such a way that L is a K-orbit.
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Proposition 2.5. The fiber Lo = ®~(0) is a Lagrangian 3-sphere given
by
0 0 Z1
Ly = 0 0 Z29 (SIY *111(3) |21‘2 + |22|2 =M p,

Z1 Z2 A1— A2

which is K-homogeneous for

a; —as O
K=S|a @ 0]|lai]*+]az)* =1} =SU?2).
0 0 1

Proof. Suppose that « € L. Then )\52) (x) = )\gz) (z) = 0 implies that z(?) =
0 and thus x has the form

21
z2
Z1 Z2 X33

0 O
z=10 0
for some z1, 29 € C and x33 € R. Since

det( A — ) = A (A2 — 233\ — (|21]* + |22[%) = 0

has solutions A = A1, 0, —Aa, we have 233 = A1 — A2 and |21|? + |22]2 = Ao,
Hence the fiber Lg is the K-orbit of

0 0 Vi A 00
0 0 0 |=Ad,[0 0 0 |ecoy,
YAz 0 A=A 0 0 —X

where
\/)\2/(/\1-1-)\2) 0 — )\1/()\1+)\2)
0 1 0 € SU(3).
)\1/()\1 +)\2) 0 /\2/()\1 +)\2)

go =

Next we see that Lg is Lagrangian. Since K acts transitively on Lg, the
tangent space T Lg is spanned by infinitesimal actions ade (z) of £ € €, where

- {g _ (5;2) 8) € u(3) ‘ ¢® ¢ 5u(2)} ~ gu(2)
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is the Lie algebra of K. Since 2(2) = 0 for € Lo, we have
_ Vol (2@ o) =
w(adg(x),ady () = ¥~ tr (aP[E@, 7)) = 0
for any &,n € & O

Let ¢ : F1(3) — Py x Py = P(C?) x P(A?C?) be the Pliicker embedding
and ([Z1:Z9:7Z3),[Za3: Z31: Z12]) be the Pliicker coordinates. The Kostant-
Kirillov form is given by

w = )\100]}»1 + )\2W[p2.
Since the Lagrangian fiber Ly as a submanifold in SU(3)/T" consists of

ap  —a2

0 1
a a1 0 go = —F7/—
0 0 1 VAL + A2

Vaar =V +Xae —vVAia
X | VA2az VAL Xar —vVAaso mod T
VA 0 VA

with |a1]? + |azg|? = 1, the image ¢(Lg) is given by

O (|

Define an anti-holomorphic involution 7 on F1(3) by

\a1]2 + ‘CLQF = 1}.

(25) T ([Zl . Z2 : Z3], [Zgg : Z31 . Zlg])
_ M — [ — A2—
= (Zas: Za1: =22 700\, | Z1: Zo - =275 ).
A2 A1
Proposition 2.6. The Lagrangian Lg is the fixed point set of T.

One can easily see that 7 is an anti-symplectic involution if and only if
AL = Ao
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2.4. The case of Gr(2,4)
For k < n, let ‘7(/@ n) be the space of n x k matrices of rank k, and set
Vik,n)={Z eV(k,n)|2°Z = I},}.
Then the Grassmannian Gr(k,n) is given by
Gr(k,n) = V(k,n)/ GL(k,C) = V(k,n)/ U(k).

We first consider the Gelfand-Cetlin system on Gr(n,2n) for general n.
Fix A > 0 and identify Gr(n,2n) with the adjoint orbit Oy of

A =diag(\, ..., A =\, ...,—N).
—_——— ——

n n

The orbit Oy consists of matrices of the form 2AZZ* — \Is,, for Z € V(n,2n).
The Gelfand-Cetlin polytope A of Gr(n,2n) consists of u = (ugk))(w)e[ €
R"™ satisfying

(2n—1)
n

% Q

A -
Q T, Q T,
ugn) 0
N T
N T
e

For —\ <t < A, let Ly = ®~!(¢,...,t) be the fiber over the boundary point
uV = =Y =t of A
1= = Un = :

Proposition 2.7. The fiber L; is a Lagrangian submanifold given by

B t, VA2 =2 A —

Ae U(n)} ~ U(n),
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which is K-homogeneous for

K:{(lg £L>€U(2n)

Proof. We write x € Oy as

Pe U(n)} =~ U(n).

B . (222 -1, 22,73
r=2\27 )\Ign—)\( omze | 9mzi 1,

for n x n matrices Zy, Zo with
_ (4
Z = <Z2) € V(n,2n).

Suppose that x € Ly, or equivalently, )\( )( ) = )\(n)( ) = t. Then the
upper-left n x n block of x satisfies

") = ONZ\ ZF — NI, = t,,

which means that Z; € /(A +t)/2A\U(n). After the right U(n)-action on
V(n,2n), we may assume that Z; = /(A +t)/2AI,. Then the condition
Z*7Z = I, implies that

. A+t A—t
232y = 1o~ " In = "5 In.

Hence Z has the form

(2.6) <%{4> € V(n,2n)

for some A € U(n), which shows that

. tI, AP = 2AT
x=2\Z7" — Ny, = <\/WA \/? >

The K-homogeneity is obvious from this expression. Since the tangent space
T,.L; is spanned by the infinitesimal action of the Lie algebra £ of K, and



1266 Y. Nohara and K. Ueda

/ m

AP = —‘)\\*\‘
’ AP =0

AP = A

Figure 2.2: The Gelfand-Cetlin polytope for Gr(2,4).

2™ = tI, is a scalar matrix, we have

1
wz(ade(z), ad,(z)) = %trx(n)[g(n)’n(n)] =0

(n) (n)
(e (e

which shows that L; is Lagrangian. O

for

Corollary 2.8. Fort # 0, the fiber L; is displaceable, i.e., there erists a
Hamiltonian diffeomorphism ¢ on Gr(n,2n) such that o(Ly) N Ly = ().

Proof. One has g(L;) = L_4 for g = <0 ~In

L 0 ) € U(2n). O

In the rest of this subsection, we restrict ourselves to the case of Gr(2,4).
We write (uq,usg,us,us) = (ug’), u§2), ug),u(ll)) for simplicity. Figure 2.2

shows the projection
A— [_)‘?)\]7 u = (u1>u27u37u4) — uq.

The non-smooth locus of ® is the inverse image of the edge of A defined by
up = --- = uyg. The fiber L; over (t,t,t,t) € OA is a Lagrangian submanifold
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consists of 2A\ZZ* — A4 with

__r <V\/§Z> mod U(2)

V2X
for A € U(2). We identify U(2) with U(1) x SU(2) = S x S3 by
U(1) x SU(2) — U(2),

a; —as ag O a; —a2
(o @)= (0 DG 2

Then the image of Ly under the Pliicker embedding ¢ : Gr(2,4) —P(A\? C*) =
P5 is given by

A+t _ A—t
L(Lt) = P T —apag a1 : —apaq - —as )\—l—tao

lag|” = |a1|* + |ag]? = 1}-

This expression implies the following.

Proposition 2.9. For eacht € (—\,\), we define an anti-holomorphic in-
volution 7 on Gr(2,4) defined by

(27) Tt([Zlg : Z13 : Z14 : 223 N 224 . Z34])
A+t— — — — A=t
= Ly Loy —Log: —Liy: L3 —— 4
¢ 34 24 23 14 13 \ T+t 12

Then Ly is the fized point set of Ty.

Remark 2.10. The map 7 for t =0 is an anti-symplectic involution as
well, and satisfies 79(L;) = L_; for each t € (—A, \).
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2.5. The case of Gr(2,5)

We fix A > 0 and identify Gr(2,5) with the adjoint orbit Oy of diag(\, A,
0,0,0) € v/—1u(5). The Gelfand-Cetlin polytope A is defined by

A Uy
N 7D
U2 Uu3 0
(2.8) Q 70D T
Uy us
Q T

U6

We first consider the fiber Lj(s1, s2,t) over a boundary point given by

A 59
< -7 <
S1 t 0
< 7 A\ -7
t t
N\ 7

Proposition 2.11. The fiber Li(s1,s2,t) is a Lagrangian submanifold
diffeomorphic to U(2) x T? = 83 x T3.  Moreover, Li(s1,s2,t) is K-
homogeneous for

P

e\/j]-el
K= e\/jwz S U(5) Pe U<2), 01,05 € R

~U(2) x T2
Proof. Note that Oy consists of matrices of the form

(2.9) r=\N7" = )\(ZiZj + wi@j)1§i,jg5
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for
21 w1
zZ9 W2
Z=1z3 wg]| € V(Q, 5),
24 W4
25 Ws
i.e.,

5 5 5
(2.10) P =) lwifP =1, > zw;=0.
=1 =1 i=1

Since the upper-left 2 x 2 submatrix of x = A(2Z; + ww;) € L1(s1, 52,1)
satisfies

(2.11) 22—y (’21‘2 + |w1|2 2129 + w1w2> _ <t 0)

2921 + w1 ‘Z2|2 + ]w2]2 0 t
we have
(2.12) )
' t zZ9 W2 ’

and in particular, |z1|2 + |22|? = |w1|? + |wa|?> = t/X. Then the condition
(2.10) implies

(2.13) 232 + 242 + |25)% = (A — t) /),
(2.14) "lUg‘Q + \w4\2 + ‘w5’2 = (/\ — t)//\,
(2.15) Z3Ws + z4W4 + zsws = 0.

On the other hand, the conditions trz(®) = s; + ¢, tra® = X\ + s imply

(2.16) 23| + |ws)? = (s1 — 1)/ A,
(2.17) 242 4 |wa)® = (A = s1 + 59 — )/,
(2.18) | 25| + |ws|> = (A — s52) /.

After the right SU(2)-action on (z,w), we may assume that (z5,ws) =
(v/(A = s2)/A,0). Then (2.13), (2.14), and (2.15) become

|23 + [24]* = (52 — 1) /A,
ws]? + [wa]> = (A= 1) /A,

23W3 + 24wy = 0,
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which mean that the 2 x 2 submatrix (z;, w;)i=34 has the form

<23 w3>_< (52— D/\a _mbc>
a wi) "\ D/Ab JO—B)/Aac

for some B
@ =D csue), ceun)
b a ’ '
Combining this with (2.16) and (2.17) we have

)\—81 ||2_31—82

2 _ =

and hence
(Zg w3> . 1
24 Wy AN — s2)

V2= = s1) V710 SN = t)(s1 — s9) eV e
Vis2 =) (s1 —s2) eV /IN—t)(A—s1) eV 10¢

for some 61,05 € R. After the action of
1 0 -
0 eV-l¢ ceU@2)|lpeR}y=UQ1)
from the right, we may assume that
<23 ’LU3> . 1
Z4 W4 A(X = s2)

X <\/(52 —O0—s) e = /A= 1)(s1 = 5] e\/?l91> .

Visa =) (s1 —s2) eV /N 1)(A = s1) eV 102

Therefore Z = (z;,w;); is normalized as

z1 wq
Z1 W1 2 wy
= | V=0 =s) A0 =s2) eV — /N =8)(51 — 52) /AN = s3) V710
- Vis2 =) (51— 52) /A —s2) eV /X=X — 51) /AN — 52) eV 102

(A —s2)/A 0

with (2.12), which implies that Lq(s1,s2,t) is a K-orbit and diffeomorphic
to U(2) x T2
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The assertion that Li(si,s2,t) is Lagrangian follows from the K-
homogeneity as in the cases of F1(3) and Gr(n,2n). O

Next we consider the fiber La(sq, s2,t) over

A t
< 4 N\

52

Suppose that x = A(2Z; + wiW;)1<i j<5 € La(s1,s2,t). The condition that
23 = A(ziZj + wiwj)1<i j<3 has eigenvalues ¢,¢,0 is equivalent to

(2.19) ‘21|2—|—|2’2|2+|23|2 :t/)\,
(2.20) \w1|2 + |w2]2 + ]w3]2 = t/)\,
(221) Z1W1 + 29W2 + z3ws = 0,
and hence

\/2 <j5* Z;*) e U(2).

On the other hand, the conditions z(1) = s9, tr2(?) = ¢ 4 s1, and tr2® = 2t
imply

1% + Jwi]? = s2/A,
|2’2’2 + ‘wz‘Q = (t — 89 + 81)/)\,
| 23] + |ws|® = (t — s1) /A

Then we have the following.

Proposition 2.12. The fiber La(s1, s2,t) is a U(2) x T?-homogeneous La-
grangian submanifold diffeomorphic to U(2) x T? = S3 x T3. Moreover, the
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fibers L1(s1,s2,t) and La(s1, S2,t) satisfy
g(La(s1,892,t)) = L1(A — s1, A — s, A — 1)
for

g= e U(5).
1 0

In particular, Ly(s1, s2,t) and La(s1, s2,t) are displaceable.

The Hamiltonian isotopy invariance of the Floer cohomology over the
Novikov field [FOOO09, Theorem G| implies the following.

Corollary 2.13. Fori=1,2, we have
HF((Li(s1,52,t),0), (Li(s1,82,t),b); A) = 0
for any weak bounding cochain b.

Remark 2.14. Other boundary fibers have lower dimensions. For example,
the fiber over

A t
< 4 A
t t 0
A 4 A -7
t t
A 7
t
consists of
N
0 Vi/A
0 0 mod U(2)
Z4 w4
z5 Ws

with

(2’4 z;) € V(A —1)/AU(2),

Z5

which means that the fiber is diffeomorphic to U(2).
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3. Critical points of the potential function

Let ®: F = F(nl, ...,ny,n) — A be the Gelfand-Cetlin system on the flag
mamfold and {9( }(Z k)er be the angle variables dual to the action variables

{/\ } (i,k)er- For each u=(u i(g))(z,k)elelnt A, we identify H'(L(u); Ag) with
Ao by

S aPde e HY(L(w); Ag) +— @ = (21) i per € AT,
(1,k)el
and set
y® = ot o (i,k) el
Qj:TM, j:l,...,r+1.

Theorem 3.1 ([NNU10, Theorem 10.1]). For any interior point u €
Int A, we have an inclusion H'(L(u); Ag) C Mweak( (u)). As a function on
U H'(L(u);Ao) = Int A x AY,
uclnt A

the potential function is given by

ygk+1) y(k)
PO(w,@) = > (Zw) * (/§+1))’
(i,k)el \ Yi Yit1

(k+1)

where we put y; =Qj if \; (k1) _ An, 18 a constant function.

Example 3.2. We identify the 3-dimensional flag manifold F1(3) with the
adjoint orbit of A = diag(A1, A2, A3). The potential function is given by
mg _ €—$1T—u1+/\1 4 eﬂilT’ul—)\z 4 e—sz—uz'i‘)\z
+ eCCzTuz—)\3 + exl—x3TU1—U3 + e—x2+$3T—U2+U3
Q1 Q2 Y1, Y3

—+—+—+—+—+—
Q2 Q3 Y2

The potential function PO has six critical points given by

Y1 =y§/y2,

Y2 = £/ Q3(y3 + Q2),
= B, VGG, Y00
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It is easy to see that all critical points are nondegenerate and have the same
valuation which lies in the interior of the Gelfand-Cetlin polytope. Hence
we have as many critical points as dim H*(F1(3)) = 6 in this case. The set
of critical values coincides with the set of eigenvalues of the quantum cup
product by ¢1(F1(3)). The Floer differential m} is trivial for each critical
point (u,x) of PO, and the corresponding Floer cohomology is given by

HFE((L(w),b), (L(w),b); Ag) = H*(L(u); Ag) = H*(T3; Ag).

Example 3.3. We identify Gr(2,4) with the adjoint orbit of diag(2X, 2,
0,0). Setting @ = T2, the potential function is given by

mg — e—sz—U2+2>\ + e~ T1trap—uitus 4 T T U~ Us
+ eT3Tus + eT2—TarPUz—Us 4 6—503+1’4T—u3+u4

%

Y3

(3.1) S B TN
Y2 Y1 U3 Ya

This function has four critical points
14/ / i 4 QS / iy 74/
(y1>y2ay37y4) = ((_1) Q27 -1 \/ Ta -1 \/4Q7(_]‘) Q2

for i = 0,1,2,3, and the corresponding critical values are

(3.2) PO = 42/ —1' Q.

Since dim H*(Gr(2,4)) = 6, one has less critical point than dim H*(Gr(2,4)).
These critical points are non-degenerate and have a common valuation

ug = (N, 3X/2,A/2, ) € Int A.
Hence there exist four weak bounding cochains by, ..., bs such that
HF((L(’LL()), bz‘), (L(’u,g), bi); AO) = H*(L(’u,()); Ao) = H*(T4; Ao)

for 1 =0,1,2,3. The set eigenvalues of the quantum cup product by
¢1(Gr(2,4)) consists of the four critical values of the potential function and
the zero eigenvalue with multiplicity two.

Example 3.4. We identify Gr(2,5) with the adjoint orbit of diag(\, A,
0,0,0). Since the Gelfand-Cetlin polytope is defined by (2.8), the potential
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function is given by

Q

2 Y6
Y2

(3.3) PO = .

T T
Y1 Y3 Y4 Y3 Y5 Yo

This function has ten critical points defined by

?%5; :Q57 Qy4:y6(yg_yi)v
and

U1 = y Y2 =

Q _
- ) y3 -
Ye

Q
Ys
The set

(3.4) {5(<§. + QY| ¢ = exp(2mV/—=1/5) and 0 < i < j < 4}

of critical values of the potential function coincides with the set of eigenval-
ues of the quantum cup product by ¢;(Gr(2,5)).

4. Floer cohomologies of non-torus fibers

We briefly recall the construction of the A structure {my}y>o, omitting
various technical details. Let L be a spin, oriented, and compact Lagrangian
submanifold in a symplectic manifold (X, w). For an almost complex struc-
ture J compatible with w, let My,1(J, ) be the moduli space of stable
J-holomorphic maps v : (X,0%) — (X, L) from a bordered Riemann surface
Y in the class § € ma(X, L) of genus zero with (k + 1) boundary marked
points zg, 21, ...,z €0%. Then mk:Z,Bemz(XL) Tﬁmwmkﬂ: H*(L; Ag)®F —
H*(L; Ao) is defined by

(4.1) my, g(z1,...,25) = (evo)«(eviz1 U- - Uevy o),

where ev;: Mypi1(J,8) = L, [v,(z0,...,2k)] — v(z;) is the evaluation map
at the ¢th marked point.

4.1. Holomorphic disks in (F1(3), Lo)

We identify F1(3) with the adjoint orbit of diag(A1,0, —Ag) for A, A2 > 0 as
in Subsection 2.3. Note that the symplectic form and the first Chern class
are given by w = \jwp, + Aswp, and ¢1(F1(3)) = 2(wp, + wp, ), respectively.
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Recall that the homotopy group m(F1(3)) = Z? is generated by 1-
dimensional Schubert varieties X7 and Xy, which are rational curves of
bidegree (1,0) and (0,1) in Py x Py = P? x P2, respectively. Since Ly is dif-
feomorphic to SU(2) =2 S3, we have m1(Lg) = m2(Lg) = 0. The long exact
sequence of homotopy groups yields

m2(F1(3), Lo) 2 mo(F1(3)) = Z2.

Let B1, B2 be generators of ma(F1(3), Ly) corresponding to X; and Xy, re-
spectively. The symplectic area of 3; is given by

BiNw = [XZ] N ()\1(,0[{»1 + )\QWP2) = \.

Let 7 be the anti-holomorphic involution on F1(3) defined in (2.5). For a
holomorphic disk v : (D?,0D?) — (F1(3), L), we define a new holomorphic
disk T.v : (D?,0D?) — (F1(3), Lo) by

T0(z) = 7(v(Z)).

Since Ly is the fixed point set of 7, one can glue v and 7,v along the boundary
to obtain a holomorphic curve w = v#7,v : PL — FI(3). The induced invo-
lution on w3 (F1(3), Lo), which is also denoted by 7, is given by 7.8 = fa. If
v represents 1 or (o, then [w] = f1 + B2 = [X1] + [X2], i.e., w is a rational
curve of bidegree (1,1).

Let pr, : m2(F1(3), Lo) — Z be the Maslov index. If we assume A\; = Ay
so that 7 is an anti-symplectic involution, then we have

p, (Bi) = %(uLo (Bi) + 1Ly (1 5i)) = ([Xa] 4 [X2]) Ner(FI(3)) =4
for i = 1, 2. Since the symplectic form w and the Lagrangian submanifold L
depend continuously on Ay, A2 > 0, the Maslov index ur,(51) = pr,(82) = 4
is independent of A\, As.
To describe holomorphic disks with Lagrangian boundary condition, we
identify the unit disk D? with the upper half plane H = H, .

Proposition 4.1. Let w: P! — F1(3) be a holomorphic curve of bidegree
(1,1) such that w(R U {cc}) C Lo. After the SU(2)-action, we may assume

(4.2) w(oo) = ([1:0: A1/ A2, [1:0: =/ A2/ A1]).
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We can write
(4.3) w(0) = ([al:agz \/)\1/7)\2],[51 :62:—\/)\2/7)\1]> € Ly
for some (a1,az) € S3\ {(1,0)}. Then w is given by
w(z) = <[cz +ay:ay: /A  a(ez + 1],
[ez + @ a2 —/ Ao/ M(ez + 1)])
with ¢/¢ = —(a; — 1)/(a; — 1).
Remark 4.2. After the action of
{g € PSL(2,R) | 4(0) = 0, g(00) = 00} = Rog
on H, we may assume that |c¢| = 1.
Proof. The assumptions (4.2) and (4.3) implies that w has the form
w(z) = ([clz +ar:az VA elaz +1)],
[c2z + a1 :ay : A2/ Aoz + 1)])

for some ¢y, co € C*. The Pliicker relation

0=—(c1z+a1)(cez +a1) — |a2\2 + (c1z+1)(c2z+ 1)

= (01 —aicy + co — 6102)2:

implies ¢j(@; —1) 4+ c2(a —1) =0. On the other hand, the Lagrangian
boundary condition w(R) C Lo implies that

ar—+a Cr+a az as
= [— b = [— ) X 6 R’
cix+1 coxr + 1 cix+1 coxr + 1
which means ¢ = ¢7. O

Note that arg c is determined by a1 up to sign, and the sign corresponds
to whether v = w|y represents 31 or 2. Namely any holomorphic disk in
the class (; satisfying (4.2) and (4.3) is uniquely determined by (a1, as) for
i=1,2.



1278 Y. Nohara and K. Ueda

Example 4.3. Suppose that (a1,as) = (—1,0). Then ¢ = ++/—1, and the
corresponding holomorphic disks are given by

va(z) = ([ziﬁ:O:\/g(quﬁ)],

[z:FM:O:—\/f(ziﬁ)D.

It is easy to see that the image vy (H) (resp. v—(H)) is the inverse image of the
edge of A given by ugl) = u§2) and u22 =0 (resp. ugl) = ug) and u§2) =0),
which is the upper (resp. lower) vertical edge emanating from the vertex
0 = (0,0,0). Although the disks v+ and v_ glue to give a holomorphic sphere,
its image in the Gelfand-Cetlin polytope is bent because of the failure of the
differentiability of ®. The generators 31, 82 of mo(F1(3), Ly) are represented

by vy and v_ respectively.

4.2. Floer cohomology of the SU(2)-fiber in F1(3)

Let J be the standard complex structure on F1(3). Since the fiber Ly is
SU(2)-homogeneous, [EL, Proposition 3.2.1] implies the following.

Proposition 4.4. Any J-holomorphic disk in (F1(3), Lo) is Fredholm requ-
lar. Hence the moduli space Mzefl(J, B) of J-holomorphic disks in the class
B with k 4+ 1 boundary marked points is a smooth manifold of dimension

dim M;¥, (J, 8) = dim Lo + pr,(B) + k+1 -3
=pL,(B) +k+ 1.

In particular, we have dim My(J, ;) =6 for i = 1,2. Proposition 4.1
implies the following:

Corollary 4.5. Let U=SU(2)\ {1} = {(a1,a2) € S?| a1 # 1}. Then
Ma(J, Bi) has an open dense subset diffeomorphic to SU(2) x U on which
the evaluation map is given by

SU(2) x U — Lo x Lo 2 SU(2) x SU(2), (g1,92) — (91, 9192)-

In particular, ev : Mao(J, B;) — Lo X Lg is generically one-to-one.
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Since the minimal Maslov number is ur,(51) = pr,(52) = 4 and
degmy g(x) = degz + 1 — L, (B), « € H(Lo;Ao),
the only nontrivial parts of the Floer differential are
myg, : H*(Lo) = Ho(Lo) — H(Lo) = Hs(Lo)

for i = 1,2. Corollary 4.5 implies that for the class [p] € Ho(Lg) of a point,
we have

my g, ([p]) = evoi[M2(J, Bi)ev, x {p}] = £[Lo].
To see the sign, we use a result on the orientation of the moduli spaces of
pseudo-holomorphic disks by Fukaya, Oh, Ohta, and Ono [FOOO, Theo-

rem 1.5]. The following statement is a slightly weaker version of the result,
which is sufficient for our purpose.

Theorem 4.6. Let (X,w) be a compact symplectic manifold, and T an anti-
symplectic involution on X whose fized point set L = Fix(7) is non-empty,
compact, connected, and spin. Then my 3 and my . 5 satisfy

mk,B(Pl, ey Pk) = (—1)€mk’T*g(Pk, . ,Pl),

where

€= 220 +k+1+ Z (deg P; — 1)(deg P; — 1).

2 —
1<i<j<k

Corollary 4.7. We have my g, = my g, for general A1, A2 > 0.
Proof. If A1 = Ao, then 7 is anti-symplectic, and thus Theorem 4.6 implies
(4.4) my g, = (=1)Fe PP m = my .

Corollary 4.5 implies that May(J, 3;) depends continuously on Aj, A2, and
hence its orientation is independent of Aj, A2. Thus (4.4) holds for general
A1, Az O

Then we have
2
my([p]) = 3 my g ()T = (T + T4)[ L),
=1

which implies the following.
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Theorem 4.8. The Floer cohomology of Lo over the Novikov ring Ag is
HF (Lo, Lo; Ag) = Ag/T™ Azl Ao
Theorem 1.1 is an immediate consequence of Theorem 4.8.

4.3. Holomorphic disks in (Gr(2,4), L)

We identify Gr(2,4) with the adjoint orbit of diag(A, A, =\, —A) for A > 0.
Note that the Kostant-Kirillov form and the first Chern class are given by

w=2\wrs, 1(Gr(2,4)) = 4wrs,

respectively, where wg is the Fubini-Study form on P(A*CY).

Recall that ma(Gr(2,4)) = Z is generated by a 1-dimensional Schubert
variety X1, which is a rational curve of degree one in P(A*C%). Since
m1(Gr(2,4)) = mo(Ly) = 0 and 71 (L) = Z, the exact sequence

0 — m(Gr(2,4)) — m2(Gr(2,4), L) — m1(Ly) — 0

implies that mo(Gr(2,4), L;) = Z2. Let 1, B2 be generators of mo(Gr(2,4), Ly)
such that 81 + B2 = [Xl] S 7T2(GI‘(2,4)).

Example 4.9. Consider a holomorphic curve w : P! — Gr(2,4) of degree
one defined by

A+t(2—ﬁ):0:z—/j1:

A—t
—z—\/—ilz():\/i;i(z—i—\/—il)].

Since w maps RU {oo} to L, the restrictions

(4.5) w(z) =

Ut = w‘H+ : (H+,8H+> — (Gr(274)7Lt)>
v =wlg_ : (H-,0H_) — (Gr(2,4), L)

to the upper and lower half planes give holomorphic disks representing (;
and f2. We define 81 = [vy] and f2 = [v_]. It is easy to see that the sym-
plectic areas of vy are given by

w(,ﬁl):/Hviw:)mLt, w(ﬁg):/ viw=\—t.
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In the case where ¢t = 0, the sphere w(P') is mapped by ® to the slice
Ag=AnN {ug’) = 0} of the Gelfand-Cetlin polytope (see Figure 2.2). The
image of the disk vy (Hy) C w(P!) is the lower vertical edge emanating
from the vertex 0 = (0,0,0,0) in Ay where four edges are intersecting, and
vyi(v/=1)=[0:0:0:—1:0:1] is mapped to the vertex u; € Ay defined
by ug2) = ugl) =\ and ug) = 0. On the other hand, the remaining part
v_(H_) is mapped onto the upper vertical edge of Ay emanating from 0.
The other vertex us € Ay of this edge, which is defined by ué2) = ugl) =—-A

and u'? = 0, is the image of v_(—v/—1)=[1:0:1:0:0:0].

Let 7+ be the anti-holomorphic involution on Gr(2,4) defined in (2.7).
Note that (7¢)« is given by (7%).v(2) = 7 (v(=%2)) for v : (H, 0H) — (Gr(2,4),
L;). Since (7¢)s«v4+ = v_, the induced involution on my(Gr(2,4), L) is given
by (7¢)«51 = B2. Then the Maslov index of f3; is given by

pr,(Bi) = % (1L, (Bi) + pr, (1) 8i)) = [X1] N e1(Gr(2,4)) = 4

fori=1,2.

Since any holomorphic disk v : (H, 0H) — (Gr(2,4), L;) of Maslov index
four yields a holomorphic sphere w = v#(7¢).v of degree one, we need to
describe holomorphic curves w: P! — Gr(2,4) of degree one such that w(R U
{o0}) is contained in the Lagrangian fiber L;. Proposition 4.10 below is
taken from [Sot01, Theorem 2.1], which is well-known in control theory
(cf. e.g. [RosT70]).

Proposition 4.10. Suppose that a holomorphic curve w: P! — Gr(k,n) =
V(k,n)/ GL(k,C) of degree d is given by

w: z— (FI(’;)) mod GL(k,C)

for a rational function F(z) with values in (n — k) X k matrices. Then there
exist matriz valued polynomials P(z), Q(z) of size (n—k) x k and k x k
respectively such that

1) F(z) = P(2)Q(2)7", i.e., the curve w is given by

Wiz — <§8) mod GL(k,C),

2) P(z) and Q(z) are coprime in the sense there exist matriz valued poly-
nomials X (z), Y (2) such that X (2)Q(z2) + Y (2)P(z) = I, and
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3) deg(det Q(z)) = d.

Such P(z) and Q(z) are unique up to multiplication of elements in
GL(k, Clz]).

Note that (2.6) implies that the U(n)-fiber L; C Gr(n,2n) = V(n,2n)/
GL(n,C) consists of

I,
< ﬁ\—t)/()d—t)fl) mod GL(n,C)

for A € U(n).

Proposition 4.11. Let w: P! — Gr(n,2n) be a holomorphic curve of de-
gree one such that w(R U {oo}) C Ly, and let F(z) denote the corresponding
rational function with values in n X n matrices. By the U(n)-action, we as-
sume that

(4.6) Fo0) = ,/;;ifn c ,/;;i Un),

and set

(4.7) F(0) = ,/i:;A

for A € U(n). Then there exist

ay
a = . c 5277,—1/31 — Pn—l

Aan,

and ¢ € C\ R such that

and

=t 1 . i c—%
(48) F(Z) = m;(z_[n — CA) = ~ <In — —aa ) .
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Proof. Let F(z)=Q(z)P(z)~! be the factorization given in Proposition 4.10.
Then the assumptions (4.6), (4.7), and deg(det P(z)) = 1 imply that F(z)

has the form
A—t 1
F(z) =4/ ~————(zI, —¢cA
(2) =\ =l —e4)

for some ¢ € C. The Lagrangian boundary condition w(R U {oco}) C Ly im-

plies that
1

Tr —C

(xI, —¢A) € U(n)
for any x € R, which means ¢A 4+ cA* = (¢+¢)I,, or equivalently, ¢A —
Re(c)I,, is skew-hermitian. Hence ¢A — Re(c)I,, has pure imaginary eigen-
values v/—1lazi,...,v/—1lay,, and can be diagonalized by some g € U(n);

9" (cA — Re(c)1)g = diag(vV—1ag, ..., V—1ay).

Since

Re(c) +v—1ag .

C

U(n)

ey

“Ta,
g Ag = diag( Re(c) —i—E\/ o > .

has eigenvalues of unit norm, we have o; = £Im(c) for i = 1,...,n. After
the action of a permutation matrix, we may assume that ¢*Ag has the form

(4.9) g"Ag = diag(c/e,...,c/c,1,...,1) = C
— ka—’
k n—

for some k. Then F'(z) is given by

A—t 1 B N
F@) =\ =9l — 0
A—t z—cC zZ—c
=/ "gd 1 1)g*
>\+tg lag<z_c7 ’Z—C” 7>g

In particular, we have

A—t\"2 (2 —c\F

The condition deg(det P(z)) = 1 implies that k = 1, i.e.,

C = diag(c/c,1,...,1) = (¢/c — 1)E1 + I,
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where Eq; = diag(1,0,...,0) € gl(n,C). Let a € $?*~! c C" be the first col-
umn of g. Then we have

c? . c? .
A=gl|(|—-1)En+1L,|g =|——1)aad™ + I,
|cf? cf?

which proves the proposition. Il

Remark 4.12. 1) The equation (4.9) (with £ = 1) implies that det A =
c/ec=c?/|c|?.

2) After the R-g-action on the domain, we may assume that |¢| = 1.

We now assume that n = 2. The sign of Im(c¢) = Im v/ det A corresponds
to the homotopy class of the holomorphic disk v = w|y. The curve w cor-
responding to a = [1:0] and ¢ = —/—1 coincides with (4.5), and hence
w|g = vy represents (1. Thus v = w|y represents By (resp. f2) when Im(c) =
Im+v/det A < 0 (resp. Im(c) > 0).

4.4. Floer cohomologies of the U(2)-fibers in Gr(2,4)

Since the minimal Maslov number of the U(2)-fiber L; is ur,(8;) =4, we
have the following by degree reason.

Lemma 4.13. The potential function 8O : H'(Ly; Ao) — Ao for Ly is triv-
tal:

PO = 0.
The cohomology of L; = S' x S3 is given by
H*(L;) = H*(S') @ H*(S%).

Lete; € HY(Ly; Z) =2 HY(SY;Z) and e3 € H3(Ly; Z) = H3(S3;Z) be the gen-
erators, and write b= ze; € H'(Ls; Ag). Since degml{ﬁ =1—pr,(F) and
the minimal Maslov number is four, the only nontrivial parts of the Floer
differential m? are

md s, s HY(Le) = HY(SY) @ H3(S%) — H'(L) = H(SY),
wh 5 B3 (L) 2= HP(S®) — HO(Ly) = Ao
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Since (Gr(2,4), L;) is U(2)-homogeneous, any J-holomorphic disk is Fred-
holm regular for the standard complex structure J by [EL, Proposition 3.2.1].
Hence one has dim My(J, 3;) =7 for i = 1,2. In what follows we identify

L= \/(A—1t)/(A+1t)U(2) with U(2) by rescaling. Now Proposition 4.11
implies the following:

Corollary 4.14. Define f:(0,27)xP' =U(2) by f(0,a)=(eVY~ 0 —1)aa*+
Is. Fori = 1,2, the moduli space Ma(J, B;) has an open dense subset diffeo-
morphic to U(2) x (0,27) x P such that the evaluation map is given by

U(2)x(0,21) x P! — Ly x L; = U(2)xU(2), (g,0,a) — (9,9 f(0,a)).

Note that eV~ = det f(0, a) is related to ¢ € S! in Proposition 4.11 by
c=exp(v/=1(0/2 + 7)) or ¢ = exp(y/—10/2) corresponding to i = 1, 2.

Next we consider My ;12(J, 3;). For a rational curve w: P* — Gr(2,4)
given by (4.8), the composition detow|gy: OH =R — L; = U(2) — St is
given by

Tr —cC
T +—

T —C
Hence each boundary point z € JH is determined by the argument of
detw(z) = (x — ¢)/(x — ¢). Fixing the 0-th and (k + 1)-st boundary marked
points, we have the following.

Corollary 4.15. The moduli space My1i12(J, Bi) has an open dense subset
diffeomorphic to

{<g,e,a,<t@->,<sj>>eU<2>x<o,2w>xP1xR’“xR’ O<ti<or<te<h }

0 <s1<- <58 <2

on which the evaluation maps ev: Myii12(J, B;) — Ly = U(2) satisfy
(evo,eviy1): (9,0, a, (i), (s;)) — (9,9 - f(0,a))

and

emtidetg, 1=1,...,k,
detevi(g,0,a, (t;),(s;)) = eV=10 det g, 1=k+1,
eV Isiciidety, i=k+4+2,...  k+1+2.
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Theorem 4.16. For b= xe; € H'(Lo; Ao/2nV/—1Z) = Ao /27/—1Z, the
deformed Floer differential m} is given by

(4.10) mb(e3) = " T 7T A,
(4.11) mi(e; Aeg) = (e"TM + e *T7 ey

Hence the Floer cohomology of (Ly,b) is

HF((Ltvb)v (Ltab)QAO)
N {H*(LO;AO) ift=0 and z = £m/—1/2,
(

- Ao /TmnA—LAM N2 otherwise.
The Floer cohomology over the Novikov field is given by

H*(Lo;A) ift =0 and z = £mv/—1/2,

0 otherwise.

HFE'((Lt, b), (Lt,b); A) = {

Recall that ej,e3 € H*(U(2)) are given by

1 B
rﬁtr(g 'dg) = o F

where g~1dg is the left-invariant Maurer-Cartan form on U(2).

% tr [(g~'dg)?],

€= 247

———dlog(detg), e3=

Lemma 4.17. For f(6,a) = (V1 — 1)aa* + I, we have

.1 e O
(4.12) frer = %tr(f df) = 5
* _ 1 —1 3 _ d
(4.13) [fes = mtr(f af)’ = (1 COSQ)27r A wpr,

where wp1 is the Fubini-Study form on P' normalized in such a way that

/ wpr = 1.
Pt

Proof. The first assertion (4.12) follows from det f = ¥ ~1¢. Since f is SU(2)-
equivariant with respect to the natural action on P! and the adjoint action
on U(2), it suffices to show (4.13) at a = [1: 0] € PL. A direct calculation
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gives

1 V—1d#b —(e V=1 — 1)day
;o= ((e\/?w — 1)das 0 ’

so that
tr(fdf)? = 3(2 — eV 1 — e V19 1d0 A day A day

at a = [1 : 0]. On the other hand, the Fubini-Study form on P! is given by

v—1
wpr = ——dag N dasg
2

at a = [1 : 0], which proves (4.13). O

Proof of Theorem 4.16. Note that for m : U(2) x U(2) — U(2), (g1, 92) —
9192, we have m*e; = nje; + mye; for i = 1,3, where m1,m2: U(2) x U(2) —
U(2) are the projections to the first and the second factors. Then ev} e; are
given by

1
ev;e; = %dti—i—g*el, 1=1,...,k,
* 1 . .
evk—‘—l—‘—iel:%dti—i_g e, Z:1,...,l7

evi i1 e3 = ffes+ g ez = (1 —cos 9)% Awpr + g¥es,
where g*e; is the pull-back of e; by the projection
U(2) x (0,27) x P! — U(2), (g,6,a) —g
to the first factor. For 6 € (0,27), set

Di(0) ={(t1,....tx) eRF |0 <ty <--- <t} < 6},
DQ(G):{(Sl,...’Sl)ERZ‘0<81<"'<51<27T}.
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Taking a suitable orientation on Myii12(51,J), we have from (4.1) and
Corollary 4.15 that

4.14 m b...be‘,b,...,b
(4.14) k41,8, ( 3 )
/ / — dtl A Adty
0,27) xP1
do
( d51 ARERWA dsl> (1 —cosf)— A wp
2

k l
/ ks <9 x) l' <<1—9> x) (1—c056)ﬁ.
(0 27‘() k; 2 ! 2 2

Note that the terms g*e; in ev] e; don’t contribute to the integral for degree
reason. We also note that the factor 1/k! comes from the fact that k! copies
of the simplex D;(f) tile the k-dimensional cube [0, §]*. Hence

2m k l
1 0 do
ml B 93 / E k" <27T f) ﬁ <<1 - 27‘(‘) x) (]. — COS 9)727_‘_

k,1>0

2T
_ / 6(9/27r)x€(179/27r)m(1 — oS g)jj
0

7r
2m

:/ e"”(l—cos@)d—e
0 2T

=e”.

The same argument as the proof of Corollary 4.7 gives

418, (D, ... byes b, ... b) = (=D my 15, (b,... b es,b,....b

1,8 ( 3 ) =(-1) 1,8 ( 3 )
k [ l k

:mk_H_;,_L/gl(—b,...,—b,e3,—b,...,—b),

so that
b —
my g (e3) =e

Hence we have

m} Zml 5, ( (e3) TP = =Mt - em2 At
1=1
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Next we compute m?(e; Aes) € H'(Lg). Note that

eviii(er Aes) = (g"e1 + ffe1) A(g'es + fe3) = g'er A frez +---.

Since only the term g*e; A f*es contribute to my441,6(b,...,0,e1 Aes,
b,...,b) by degree reason, we have
mk+l+1’gi<b, ceey b, e N\ es, b, ey b) = mk+l+1’5i(b, ey b, er, b, ey b)g*el.
N—— N—— N—— N——
k l k l

Hence we obtain

2
ml{(el A 63) = ng,ﬁi (e1 VAN e3)T,B¢ﬂw
i=1
2
= _mi g (en)TH ey
=1

= (exTAH’ + efmT’\*t)el. 0

Remark 4.18. Oh [Oh95, Theorem B] computed the Floer cohomology
HF(L,L;Z/2Z) of a real form in a compact Hermitian symmetric space,
i.e., a fixed point set L = Fix(7) of an anti-holomorphic and anti-symplectic
involution 7. In particular, the Floer cohomology of the U(2)-fiber Ly =
Fix(79) with coefficients in Z/27Z is given by

HF(Lg, Lo; Z/27) = H*(Lo; Z/27) = (7./27.)".
On the other hand, (4.10) and (4.11) implies that
HF (Lo, Lo; A§) = (A} /2T 0%)?,
where

AZ = { i CLiT)\i’
1=1

is the Novikov ring over Z.

a; € Z, \; >0, lim \; = oo}
1—00



1290 Y. Nohara and K. Ueda

Remark 4.19. Here we consider a Lagrangian U(n)-fiber L; in Gr(n,2n)
for general n. The one-parameter subgroup gy = exp(6¢) of U(2n) given by

¢ = <E011 _gﬂ) € u(2n)

sends
t 71 zy
t | @} zn
xl e xn —t
n n

to Adg, (x) € Ox whose upper-left n x n block is given by

t(1 —2sin?0) — (] +7})sinfcosf —alsingd --- —zlsind
(n) —T} sin @ t
(Adg, ()™ =
Tk sinf t
If Adg,(x) is still in Ly, i.e., (gga:g;)(”):tfn, then we have zi=---=z.=0

and Rexi = —ttanf. Since |Rexi| < VA2 — 2, one has gy(L;) N Ly = () if

A2 — ¢2
|0| > arctan |/ ———
+2

Note that the moment map p: Ox — u(2n) of the U(2n)-action is given by
w(x) = (v/—1/27m)z in our setting. Hence the Hamiltonian of gy is given by

V-1

H(z) = ——(z,6).
T
Since maxp, H = A\/m and minp, H = —\/m, the norm of gy is given by
0
/ (maxH — minH)dQ = %9.
0 A Ox ™

Hence the displacement energy of L; is bounded from above by

2\ A2 — 2
h(t) = == arctan || ———
(t) arctan 2
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Note that h(t) is a concave function on [—A,A] such that h(£\) =
h(0) = A, and A(t) > min{\ — ¢, A + ¢} for t # 0, £A.

Theorem 4.20. The Floer cohomology of the pair (Lo, 7mv/—1/2e1),
(Lo, —mv/—1/2e1) is given by

HF((L(),:ET('\/—I/Qel) (Lo,:F’]T\/ /281) AO) (Ao/T/\A()) .
In particular, the Floer cohomology over the Novikov field is trivial;
HF((L(), RV —1/281), (L(), TV —1/261); A) =0.

Proof. For b= +/—1r/2e; € H'(Lo; Ag), we have from (4.1) and (4.14) that

m (b,...,b,e3,—b,...,—b
k41,8, ( k 3 l )
1 (VI N1 (v=T, m/~T\ do
= — 0] = 60— (1 —cosf)—.
(07271.) k' 4 l' 4 2 2
Hence the Floer differential is given by
5b —b 83 Z Z mk+l+1 51 b €3, b, ey —b)Tﬁ’nw
i=1,2 k,1>0 ]
2 k l
1 0 do
= o7 Z(v=1(--= 1 —cosf)—
/ Zk,(4 )“< (i-3)) a-ewory;
k,1>0
/=10 /2— db
= o7 eV10/2=m/2) (1 — cos ) —
0 2m
— ET’\.
3T

Similarly we have
32
5b’,b(el VAN 63) = 3—ﬂ_T)‘e1,
and consequently,
HF((LQ,TF\/—l/Zel) (Lg,—ﬂ\/ /281) Ao) (Ao/TAA()) .

The computation of HF((Lg, —mv/—1/2e1), (Lo, m/—1/2€1); Ag) is com-
pletely parallel. O



1292 Y. Nohara and K. Ueda

References

[Aur07] Denis Auroux, Mirror symmetry and T-duality in the com-
plement of an anticanonical divisor, J. Gokova Geom. Topol.
GGT 1 (2007), 51-91. MR2386535 (2009f :53141)

[BCFKvS00] Victor V. Batyrev, Ionut Ciocan-Fontanine, Bumsig Kim, and
Duco van Straten, Mirror symmetry and toric degenerations
of partial flag manifolds, Acta Math. 184 (2000), no. 1, 1-39.
MRMR1756568 (2001f:14077)

[EL] Jonathan David Evans and Yanki Lekili, Floer cohomology of
the Chiang Lagrangian, arXiv:1401.4073.

[FOOO] Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru
Ono, Anti-symplectic involution and Floer cohomology, arXiv:
0912.2646.

[FOOO09] Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru
Ono, Lagrangian intersection Floer theory: anomaly and
obstruction, AMS/IP Studies in Advanced Mathematics,
vol. 46, American Mathematical Society, Providence, RI, 2009.
MR2553465

[FOOO10] Kenji Fukaya, Yong-Geun Oh, Hiroshi Ohta, and Kaoru Ono,
Lagrangian Floer theory on compact toric manifolds. I, Duke
Math. J. 151 (2010), no. 1, 23-174. MR2573826

[Giv97] Alexander Givental, Stationary phase integrals, quantum Toda
lattices, flag manifolds and the mirror conjecture, Topics
in singularity theory, Amer. Math. Soc. Transl. Ser. 2,
vol. 180, Amer. Math. Soc., Providence, RI, 1997, pp. 103—
115. MR1767115 (2001d:14063)

[GS83] V. Guillemin and S. Sternberg, The Gel’fand-Cetlin system
and quantization of the complex flag manifolds, J. Funct. Anal.
52 (1983), no. 1, 106-128. MR705993 (85e:58069)

[NNU10] Takeo Nishinou, Yuichi Nohara, and Kazushi Ueda, Toric de-
generations of Gelfand-Cetlin systems and potential functions,
Adv. Math. 224 (2010), no. 2, 648-706. MR2609019

[Oh95] Y.-G. Oh, Floer cohomology of Lagrangian intersections
and pseudo-holomorphic disks. III. Arnol’d-Givental con-
jecture, The Floer memorial volume, Progr. Math.,



Floer cohomologies of non-torus fibers 1293

vol. 133, Birkhauser, Basel, 1995, pp. 555-573. MR1362841
(96k:58037)

[Ros70] H. H. Rosenbrock, State-space and multivariable theory, John
Wiley & Sons, Inc. [Wiley Interscience Division], New York,
1970. MR0325201 (48 #3550)

[Smil2] Ivan Smith, Floer cohomology and pencils of quadrics, Invent.
Math. 189 (2012), no. 1, 149-250. MR2929086

[Sot01] Frank Sottile, Rational curves on Grassmannians: systems the-
ory, reality, and transversality, Advances in algebraic geometry
motivated by physics (Lowell, MA, 2000), Contemp. Math.,
vol. 276, Amer. Math. Soc., Providence, RI, 2001, pp. 9-42.
MR1837108 (2002d:14080)

DEPARTMENT OF MATHEMATICS, SCHOOL OF SCIENCE AND TECHNOLOGY,
MEew1 UNIVERSITY

1-1-1 Hicasai-MiTA, TAMA-KU, KAWASAKI-SHI, KANAGAWA 214-8571 | JAPAN
E-mail address: nohara@meiji.ac. jp

GRADUATE SCHOOL OF MATHEMATICAL SCIENCES,

THE UNIVERSITY OF TOKYO,

3-8-1 KoMABA, MEGURO-KU, TOKYO, 153-8914, JAPAN
E-mail address: kazushi@ms.u-tokyo.ac.jp

RECEIVED NOVEMBER 15, 2014






