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Abelianization of Fuchsian systems on a
4—punctured sphere and applications

LyNN HELLER AND SEBASTIAN HELLER

In this paper we consider special linear Fuchsian systems of rank
2 on a 4-punctured sphere and the corresponding parabolic struc-
tures. Through an explicit abelianization procedure we construct
a 2-to—1 correspondence between flat line bundle connections on a
torus and these Fuchsian systems. This naturally equips the moduli
space of flat SL(2,C) connections on a 4-punctured sphere with a
new set of Darboux coordinates. Furthermore, we apply our the-
ory to give a complex analytic proof of Witten’s formula for the
symplectic volume of the moduli space of unitary flat connections
on the 4—punctured sphere.

1. Introduction

Moduli spaces M of flat G—connections on a compact Riemann surface ¥ are
equipped with interesting geometric structures. Prominent examples beyond
the (abelian) line bundle case are provided by the special unitary group and
the special linear group: For G = SU(n) the moduli space M inherits a
natural Kéhler metric and for G = SL(2,C) the moduli space is even hyper-
Kahler (see for example [3, 14]). This correspondence can be generalized
to the case of punctured Riemann surfaces by prescribing the conjugacy
classes of the local monodromies, i.e., for suitable boundary conditions on
the objects of interest [9)].

In the general case where neither G' nor the fundamental group (%)
are abelian, it is hard to find a unified and explicit description of the moduli
space M with all its geometric structures. For example, it is not known
how to explicitly represent unitary connections on a Riemann surface in a
way which makes its Kahler structure visible. Further, it is not possible to
to see all Kéhler structures at once in a computable way for G = SL(2,C).
The main reason for this lack of understanding is due to the fact that it
is generally not possible to compute the monodromy representation of an
irreducible connection. Recent progress towards the understanding of the
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hyper-Kéhler geometry of the moduli space of flat SL(2,C) connections was
made in [11] by an abelianization procedure based on the WKB analysis
along so-called spectral networks. However, this work does not take the
underlying holomorphic structures (respectively parabolic structures in the
presence of punctures) into full account. But this seems to be necessary for
a complete understanding of these moduli spaces and for some applications
such as the integrable systems approach to harmonic maps (see [13]).

In this paper we carry out an abelianization procedure for flat SL(2,C)
connections on a 4—punctured sphere which does not only make the underly-
ing parabolic structures as transparent as possible but also sheds new light
on the Kéhler structure of the moduli space of flat SU(2) connections on
the 4—punctured sphere. The starting point of our theory is the following
well-known fact which is a special instance of the Riemann Hilbert corre-
spondence (see for example [10] for the general treatment of the rank 2 case
on a n-punctured sphere): All representations 71 (CP'\ {20, ..., 23},%) —
SL(2,C) can be realized as the monodromy representation of a Fuchsian
system, i.e., of a meromorphic connection V on the trivial rank two bundle
C2? — CP' with first order poles at the singular points z, ..., z3 € CP'. We
are interested in the case where the monodromy representation is unitary
up to conjugation. Since the conjugacy classes of the monodromies around
a puncture (local monodromies) are generally determined by the residues
of the connections, we restrict ourselves to the case of trace-free residues
with real eigenvalues +p; such that p; €]0, %[ (excluding singular cases). The
eigenlines with respect to the positive eigenvalues p; of the residues of a Fuch-
sian system determine flags of C? at the singular points together with weight
filtrations induced by the eigenvalues. This gives rise to a parabolic struc-
ture associated to a Fuchsian system. The notion of stability of parabolic
structures can be defined and it turns out that this notion is naturally con-
nected to the question of unitarizable monodromy ([17]): For every stable
parabolic structure there exists a unique compatible Fuchsian system whose
(irreducible) monodromy representation is unitary up to conjugation. In Sec-
tion 2 we give more details on the relationship between Fuchsian systems
and parabolic structures. In particular, we recall a useful parametrization of
Fuchsian systems from [16] and discuss stability issues of the corresponding
parabolic structures.

In Section 3 we shift our attention to the moduli spaces of parabolic
structures and flat connections and study them via abelianization. The space
of special linear Fuchsian systems on a 4—punctured sphere with prescribed
residue eigenvalues 4p; is a complex two dimensional variety, while the mod-
uli space of (semi-)stable parabolic structures is a projective line equipped
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with its natural complex structure [2, 16]. The forgetful map from Fuch-
sian systems to parabolic structures gives rise to an affine line bundle whose
underlying vector bundle consists of parabolic Higgs fields, i.e., meromor-
phic sl(2, C)-valued 1-forms with first order poles fixing a given parabolic
structure when added to a compatible Fuchsian system. Generically, the
eigenlines of parabolic Higgs fields are only well-defined on a torus given by
the double cover of the Riemann sphere branched over the singular points.
The eigenlines determine the parabolic structure and vice versa. This gives
rise to a 2-to—1 correspondence between the Jacobian of the torus and the
moduli space of parabolic structures. This correspondence extends to flat
line bundle connections on the one side and flat SL(2, C) connections on the
other in the following way (Theorem 3.4): The eigenlines of the parabolic
Higgs field span the rank 2 bundle away from the branch divisor and the con-
nection gives rise to meromorphic line bundle connections on the eigenlines
with first order poles (and fixed residues 1) at the branch divisor. Factoriz-
ing out the poles, i.e., tensoring with a special flat meromorphic line bundle
of degree 2, yields (ordinary) flat line bundles on the torus. Moreover, the
second fundamental forms of the flat SL(2,C) connections with respect to
the line subbundles are uniquely determined by the underlying holomor-
phic structure of the line bundle (Proposition 3.2). By choosing Darboux
coordinates on the moduli space of flat line bundles over the torus we also
obtain a new set of Darboux coordinates for the natural holomorphic sym-
plectic structure on the moduli space of flat SL(2,C) connections on the
4—punctured sphere with prescribed local monodromies, see Theorem 3.9.
In the last section, Section 4, we apply the results and methods from
Section 3 to compute the symplectic volume of the moduli space M of
special unitary connections on the 4-punctured sphere with prescribed local
monodromies. This is a special case of Witten’s formula [25]. We give an
alternative complex analytic proof of this formula: Applying Theorem 3.9
we can write down an explicit representative of the cohomology class of the
symplectic form on the Jacobian which double covers M. This 2—form can be
easily integrated over the Jacobian and yields the symplectic volume of M.

Acknowledgement. Both authors were supported by the DFG through
the SFB TR 71.

2. Fuchsian Systems

Let M = CP'\ {2, ..., 23} be a 4 punctured Riemann sphere. By applying
a Moebius transformation we can always assume that zop = [1: 0], 2 = [1:
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1], z2 =1[0:1], and z3 = [m : 1] for a suitable m € C\ {0,1}. We consider
Fuchsian systems on M which are systems of differential equations describing
parallel sections of the trivial rank 2 vector bundle V' = C? over M given by
a meromorphic connection of the form

dz +A2%+A3 dz
z—1 z

(2.1) V=d+ A .
z—m

Note that V also has a first order pole at z = co with residue —A; — 4y —
Az = Ag.

The Riemann-Hilbert Problem is solved for the SL(2,C) case and gives
a correspondence between an open dense subset of the space of SL(2,C) rep-
resentations of the first fundamental group m (M, *) and trace-free Fuchsian
systems. Unitarizable representations are those representations lying in the
SL(2,C) conjugacy classes of SU(2) representations. A natural question is
which Fuchsian systems correspond to unitarizable representations. There
are necessary conditions (the Biswas conditions [8]) on the eigenvalues of
the A; for a Fuchsian system to have unitarizable monodromy, but these
conditions are far from being sufficient. Nevertheless, it is natural to study
Fuchsian systems on the 4-punctured sphere CP!\ {zo,..., 23} with pre-
scribed conjugacy classes of the local monodromies. In view of the Biswas
conditions we assume that the eigenvalues +p; of A; are real and lie the

interval | — %, %[ In order to exclude the degenerated cases, we restrict to
the case that

—pi <0< p;
fori=0,...,3. Clearly, the local monodromies around the singularity z; lies

in the conjugacy class of

exp(2mip;) 0
0 exp(—2mip;) )’

and the choice of the conjugacy class of the local monodromies is equivalent
to the choice of the eigenvalues of the residues A;.

2.1. Parabolic structures

A Fuchsian system as in (2.1) gives rise to a parabolic structure as follows
(for more details see [2, 8, 17] or [20]): The underlying holomorphic vector
bundle V of a Fuchsian system is the trivial holomorphic bundle C? — CP!.
The residue A; of the connection V at the singularity z; give rise to a complex
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line
Ei = ker(Ai — Ps Id)

(where p; > 0 is the positive eigenvalue) together with a filtration
OCE;, CV,,

of the fiber of V' at z;. Then the parabolic structure is given by these filtra-
tions over the singularities together with the corresponding weight filtration
(pi, —pi), i.e., the line E; is equipped with the weight p; while V), \ E; is
equipped with the weight —p;. Note that the parabolic degree of V'

par-degV = deg V' + Z Z eigenvalues of A; = Z(pz —pi)=0

automatically vanishes in our situation. A holomorphic line subbundle L C
V' is equipped with the induced parabolic degree

par-deg L = deg L + Z Yis

where (for i =0,...,3) ~; is defined to be p; if L, = E; and —p; other-
wise. The parabolic structure is called stable (respectively semi-stable) if the
parabolic degree is negative (respectively non-positive) for all holomorphic
line subbundles L: par-deg L < 0, (< 0). By Mehta-Seshadri [4, 17], every
stable parabolic structure on C2 — CP! admits a Fuchsian system with uni-
tarizable monodromy representation. Moreover, up to isomorphisms respec-
tively conjugations, this correspondence between stable parabolic structures
and irreducible unitary monodromy representations on a punctured sphere
is 1-to—1. Additionally, reducible unitary monodromy representations give
rise to strictly semi-stable parabolic structures.

In this paper we are interested in the moduli space of Fuchsian systems
on the 4-punctured sphere with prescribed conjugacy classes of the local
monodromies. Parabolic stability is an open condition. Hence, a generic
Fuchsian system with prescribed eigenvalues of the residues induces a stable
parabolic structure if there exists one Fuchsian system with these eigenvalues
whose parabolic structure is stable. In our case a criterion for the stability
follows from [8]: For given p;, there exists a Fuchsian system inducing a



1064 L. Heller and S. Heller
stable parabolic structure if and only if

(2.2) L+ po(3) > Po(0) + Po(1) T Po2) > Po3)

for all permutations o € &({0,1,2,3}). We will give a short proof of this (in
the 4-puncture case) in Section 2.4.

2.2. Parabolic Higgs fields

Consider a Fuchsian system V and its induced parabolic structure as above.
If we add to V a meromorphic 1-form

U e H(CP'\ {2,...,23},8(2,C))

with first order poles, the induced parabolic structure will change in general.
The condition that V + ¥ has the same parabolic structure as V is that
the eigenlines F; of the positive eigenvalues p; > 0 are in the kernel of the
residues of W at the singularities z;. If this condition is satisfied, W is called
a parabolic Higgs field.

Then we observe:

Proposition 2.1. For a generic special linear Fuchsian system on the 4-

punctured sphere, the space of parabolic Higgs fields is complex 1-dimensional.

In general, the determinant of a parabolic Higgs field is a mon-zero mero-

morphic quadr&ti)g differential with first order poles on CP!, i.e., a constant
z

2.3. Concrete formulas

Throughout this paper, we make use of the following explicit parametriza-
tion of trace-free Fuchsian systems on a 4—punctured sphere [16]. Let p; > 0
and let p = pg — p1 — p2 — p3. By introducing a complex parameter u (rep-
resenting the parabolic structure) we can set

AY — <—P1 —p 2/)1 + p) Au — <—,02 O) AU — (—p3 2p3u)
23) ! —p  pitp) P p p2) P 0 p3 )
A= —AY — AY — AY = (P(;) —Po—p1 +fi)o+ps—2p3u)
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Then the connection

dz LAz y az
1 +A27+A3

V¢ :=d+ A}

z — zZ—m

is a Fuchsian system with poles at zp = o0, 21 = 1, 20 = 0 and 23 = m whose
local monodromies are determined by +pg , +p1, £p2 and +p3, respectively.
Moreover, for

(2.4) Wl:(z :Z> \112:<1Eu 8>

the 1-form

(2.5) o= v vy
Z J—

is a Higgs field with respect to the induced parabolic structure of V¥. Thus,
a generic monodromy representation of the fundamental group of the 4—
punctured sphere with given local monodromies can be realized by a unique

VA=V 40T, AeC

up to conjugation. The eigenlines of the positive eigenvalues p; > 0 of the
residues are

Eig(res., V%, po) = C<[1)) Eig(res,, V%, p1) = CG)
(2.6)

Eig(r6822 VU’A? p2) - C <?> Eig(T6323 vu,)\’ p3) — (C (2;[6> I

and the parabolic structure with prescribed parabolic weights (pg, —po), - - .,
(p3, —p3) is determined by the cross-ratio of these four lines considered as
points in CP!, i.e., by

Xratio([1:0],[1:1];]0: 1], [u: 1]) = u.
2.4. Stability

Next, we determine which parabolic structures induced by V* are stable. For
u ¢ {0, 1,00} every holomorphic line subbundle I C C? of degree 0 meets at
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most one eigenline and we obtain

par-deg(L) < —py(0) = Po(1) — Po(2) T Po(3)

for all permutations o € &({0, 1, 2,3}). Moreover, equality holds for the triv-
ial line subbundle L = Eig(res., ., V", py(3)). Similarly, for u # m every line
subbundle I € C? of degree —1 meets at most three eigenlines, and we ob-
tain

par-deg(L) < —1 — pg(3) + Po(0) + Po(1) T Po(2)

for all permutations o € 6({0,1,2,3}) with equality for a suitable chosen
bundle L. For example, for o = Id € &({0, 1,2,3}) L is the tautological line
bundle, i.e., its fiber at [z : 1] € CP! is given by

z

From our assumption p; €]0; %[ we automatically have that par-deg L < 0
for all line subbundles L C C? of degree less or equal to —2. Therefore,
for u ¢ {0,1,m, 00}, stability of the parabolic structure induced by V** is
equivalent to the Biswas conditions (2.2).

For u € {0, 1,00}, there is a unique (trivial) line subbundle L € C? such
that L meets two eigenlines, and we obtain

par-deg(L) = —py(0) = Po(1) T Po(2) + Po(3)

for a suitable o € &({0,1,2,3}). Thus we obtain (under the extra condition
L+ po(3) 2 Po(0) + Po(1) + Po(2)) that:
e the parabolic structure induced by V* for v = 0 is (semi-)stable if and
only if p2 + p3 < (<) po + p1;
e the parabolic structure induced by V* for v = 1 is (semi-)stable if and
only if p1 + p3 < (<) po + p2;
e the parabolic structure induced by V* for u = oo is (semi-)stable if

and only if po + p3 < (<) p1 + po.

For uw = m the tautological line bundle L meets all four eigenlines. Hence,
we obtain that the parabolic structure induced by u = m is (semi-)stable if
and only if

po+ p1+ p2+ps < ()L
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3. Abelianization of Fuchsian systems

Let V be a Fuchsian system as in (2.1) such that the induced parabolic
structure is (semi-)stable. Assume there is a parabolic Higgs field ¥ with
respect to the given parabolic structure such that

(dz)”
2(z—=1)(z —m)’

det ¥ =

where 0, 1,00, m € CP! are the singularities of V. The eigenlines of U are
well-defined on a double covering of CP! branched at 0,1,00,m, i.e., on
a complex torus 72 = C/T' of dimension 1. Without loss of generality we
can assume I' = span(1,7) and we can choose the elliptic involution o with
respect to 7: C/T +— CP! to be [w] — [~w]. We can also fix our notations
such that the preimage of zg is wg := [0] € C/I', the preimage of z; is wy :=
[1/2], the preimage of zo is wg :=[1/24 7/2], and the preimage of z3 is
ws := [7/2]. The eigenlines LT of 7*¥ have degree —2 as they intersect each

other with order 1 at wy, ..., ws, and because ¢*L* = L. Note that
L"®c*LT =LT® L™ = L(—wy — - — w3).

Let S := L(—2wg) = - -+ = L(—2w3). Then we have 0*S = S and 6*S ® S =

L(—wp — - -+ —ws). The latter equation holds because there exists a mero-

morphic function (the derivative of the p—function) with a pole of order 3 at
wq and simple zeros at w1, wo, ws. Altogether, we see that for any parabolic
Higgs field ¥ with det ¥ # 0 the eigenlines L* of ¥ are given by

LItT=S®E, L =S®FE*

for a suitable E € Jac(C/I'). Moreover, F is unique up to E — E*.

Note that there is a unique meromorphic connection V¥ on S* such that
the meromorphic connection V¥ ® V¢ on (S*)? = L(wg + - - + w3) annihi-
lates the holomorphic section s,+..4w, With simple zeros at wy,...,ws.
After pulling back a Fuchsian system V to C2 — C/I', V induces a unique
meromorphic connection on the direct sum LT @& L~ of the eigenlines of ¥
which makes the inclusion LT @ L~ — C? parallel. Tensoring the meromor-
phic connection on Lt & L~ with the flat line bundle (S*, V*) yields a flat
meromorphic connection V on

(3.1) E®E*— C/T.

The precise form of V will be determined in the Subsects. 3.1, 3.2 and 3.3.
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3.1. Concrete formulas II

We first investigate the relationship between parabolic structures (in terms
of the parameter u) and the holomorphic eigenline bundles on the torus:
For a parabolic structure induced by V" the Higgs field U" in (2.5) has
determinant

(dz)®

det\IJ“:u(u—1)(m—u)(z(z_1)(2_m).

Its eigenlines are defined on the elliptic curve 72 = C/I" given by the equa-
tion
v =z2(z —1)(z —m).

The eigenvalues of U* are

dz
Fvu(u—1)(u— m)?,

i.e., constant multiples of the non-vanishing holomorphic differential %. The
eigenline bundles L* of ¥* are given by

(=1 +m)uz F /u(u—1)(u—m)z(z — 1)(z —m)
C( —uz+m(—1+u+2) >’

and their degree is —2. Moreover, the divisors representing these line bundles
are

D* = —3w + PT,
where wy € T? is the point lying over z = oo, and Pt = (2%,yT) and P~ =
(z*,y7) are given with respect to the equation 3? = z(z — 1)(z — m) by

m— mu m(m — 1)
2 f — togp
(3 ) z m_UJ y (u_m)QU)

where
v* =u(u —1)(u —m)

is the algebraic equation for the Jacobian Jac(7?).
3.2. Residues of V on C/T

The following computation determines the residues of the connection V at
the points w; on the bundle F @ E* in (3.1): There exists a local coordinate
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w on T? — CP! such that w? = (z — 2;) together with a basis of C? such
that the pull-back of the Higgs field (as a 1-form) expands as

u= (L )

Consider the (locally defined) gauge transformation
n=(y y)
22

with singularity at w = 0. Then,

dw

-1 _ 0 .
HUH = ( 0 —dw + higher order terms

and
1 _1INg

H'dH = < 2, 12)“’.
2 2w

By definition the eigenline of the residue of V with respect to the pos-

itive eigenvalue p; > 0 lies in the kernel of residue of ¥, i.e., in the above

mentioned frame, the pull-back of V is given by

; d
TV =d+ 2pi 0 dw + higher order terms.
0 —2p;) w

Applying the gauge transformation H, we obtain

™V.H=H 'on*VoH

1 1N ¢

2 2p; 2> a + higher order terms.
w

:d+<
20-% 3

This computation together with the definition of V* shows that the
induced connection V on E @& E* (as defined in (3.1)) is given by

. vE -
V= <5+ V5E>7

where V¥ is a smooth and holomorphic connection on E, VE" is its dual on
E*, and f* are meromorphic 1-forms with values in ET2 such that 4+ ® 8~
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has quadratic residues given by

(3.3) resy, (BTB87) = (2p;i — %)2

Altogether, we obtain via this abelianization procedure a connection on
C? — C/T which is (gauge equivalent to)

2 Saf adw — &dw 6~
(3.4) V=V —d+< g+ —adw + &din )’

where w is the global coordinate on C, «, & € C are suitable complex num-
bers, and g+ = Bgi are meromorphic sections of the holomorphic line bundle
given by the holomorphic structure

¢ + 2¢dw

with simple poles at wy, ..., ws. Using 9—functions, we can write down the
second fundamental forms ﬁi of V with respect to the decomposition £ &
E* explicitly as long as L(0 — &dw) is not a spin bundle of C/I:

3.3. The second fundamental forms

Let ¥ denote the (shifted) ¥—function of C/T" for I' = Z + Z7. This means
that ¢ is the unique (up to a multiple constant) entire function satisfying
¥(0) = 0 and

w4 1) = d(w), Hw+7) = = (w)e ",

Then the function

I(w—2) 2aqw-a)
Hw)
is doubly periodic on C\ I" with respect to I" and satisfies

ty(w) =

_ 211
0+ " zdw)t, = 0.

T—T

Thus t, is a meromorphic section of the bundle C — C/T" with respect to
the holomorphic structure 9 + %mdﬂ) and has a simple zero in w = x and
a first order pole in w =0 for = ¢ I

Remark 3.1. Note that the function ¢, gives an explicit realization of the
two classical points of view on the moduli space of holomorphic line bundles:
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first, line bundles given by divisors, and second, line bundles given by 0—
operators 0 + ffixdw on C — C/I" such that the Chern connection (with
respect to the trivial metric ) is flat. In other words, by fixing [0] € C/T’
we have an identification of the torus C/T" and its Jacobian HO(C/I', K')/A

with

A= {(D € HY(C/T,K) ‘ /((D — w) € 2miZ for all closed curves 7}
gl

via

I, Y
[z] € C/T v L(z] — [0]) = L <a+ o xd@) .
T—T
Using the functions ¢, we are able to write down the second fundamental
forms B* explicitly:

T—T
27

Proposition 3.2. Letx = ¢ and assume that L(0 — &dw) is not a spin

bundle. For 1 =20,...,3 set

e 2mi g () V(wi £ ) 9'(0) ( 1>7

+
L= - = T—T 2 T =
ap =ai(z)=e D(w; F o) 9(£2z) \ 7 2

where ¥ is the derivative of 9 with respect to w and wy = 0, wy = %, Wy =
147
2

and w3 = 5. Then the second fundamental forms Bgﬁ in (3.4) are given
by the meromorphic 1—forms

4

Bgt([w]) = Z i (2)tpae (w — wy)dw

i=1

with values in the holomorphic bundle L([F2z] —[0]) = L(0 +2¢) of de-
gree 0.

Proof. The space H of meromorphic sections § in L*? ® K with first order
poles at wy, . . ., w3 is 4—dimensional. If L = L(0 — £dw) is not a spin bundle,
the residue map

H = €55 (resu, 6. resu, )

is an isomorphism. Therefore, the second fundamental forms 8% are uniquely
determined by their residues and &. In order to determine the residues we
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are using the setup of Section 3.1 and consider the meromorphic sections

§£:C—l+mﬂz$V@W—iﬂu—mﬁ@—lﬂ%—mv

—uz +m(—14+u+2)

of the eigenline bundles LT of the parabolic Higgs field U*. Recall that the
divisors are given by

(s) = D* = —3wy + P*,

where wg € T? is the point lying over z = oo and P* = [£x] € T? = C/T for
a suitable x € C. Computing the gl(2, C)-valued connection 1-form of the
Fuchsian system V* (or more generally V%) with respect to the meromor-
phic frame (s, s7) and enables us to determine its residues at the preimages
[w;] of the branch points z; :

1 2p; — 1
(3.5) Resp,,7°V = < 2 ! 2).
. 25 3

The connection 1-form in (3.4) is then obtained by tensoring with the flat
meromorphic line bundle connection V° and by using the smooth frame

T 1 1
(87.87) = | 52w, ® 8 3wo+[z]) T S2wo @ S—3wo+[-a] | »

tl‘ —T

where the function ¢, is as in Section 3.3, instead of the frame

(S+7 S_) = (3—3w0+[x]7 S—3wg+[—az]>'

This implies that the lower left entry of the residue matrix at w; of the
connection 1-form with respect to (51,57) is obtained from the lower left
entry of the residue matrix (3.5) at w; of the connection 1-form with respect
Lo (w;)

to (s*,s7) by multiplying it with = ) - This observation together with a
straight forward computation imply the assertion. O

Remark 3.3. Note that this formula is in accordance with the formula for
% in §4 of [13] for the symmetric case where all local conjugacy classes are
the same, i.e., pg = -+ = p3. Furthermore, in the case of pg = --- = p3 = %
one obtains abelian SL(2, C) connections (without singularities) on the torus

C/I'. This observation fits nicely with §6 of [12].



Abelianization of Fuchsian systems 1073

3.4. Flat SL(2,C) connections on the 4—punctured sphere in
terms of flat line bundle connections on a torus

We have seen in the previous section that flat line bundle connections on a
torus uniquely determine (gauge equivalence classes of) flat SL(2,C) con-
nections on the 4—punctured sphere. This implies the following theorem:

Theorem 3.4. Let T? — CP! be the elliptic curve which is given by a dou-
ble cover of the projective line branched over 0,1,00,m € CP'. Then (3.4)
gives rise to a 2—to—1 correspondence between an open dense subset of the
moduli space of flat line bundles on T? and an open dense subset of the
moduli space of flat SL(2,C) connections on CP'\ {0, 1,00, m} whose local
monodromies lie in the conjugacy classes prescribed by p; > 0.

This correspondence fails to exist exactly for the holomorphic spin bun-
dles on T? respectively for those flat SL(2,C) connections whose induced
parabolic structure does not admit a parabolic Higgs field with non-zero de-
terminant.

Assume that the positive numbers po, ..., ps satisfy the Biswas condi-
tions. Then a generic parabolic structure on the 4—punctured sphere with
parabolic weights determined by po, ..., p2 and p3 is stable.

We are going to extend Theorem 3.4 to the remaining stable parabolic
structures. From Section 3.1 we see that there are at most four stable
parabolic structures which do not admit a parabolic Higgs field with non-zero
determinant. In terms of the parameter u of Section 2.3 these parabolic struc-
tures are given by u € {0,1,m, co}. Further, (3.2) implies that the parabolic
structures determined by u € {0, 1, m, 00} correspond to the four spin bun-
dles on T? by choosing S = L(—2wy) as a base point in Pic_o(T?).

Before stating and proving the extension of the 2—to—1 correspondence of
Theorem 3.4 to the spin bundles we first give a vague explanation of how to
deal with the exceptional cases in Theorem 3.4: If one takes a careful look
at Proposition 3.2, one sees that the second fundamental forms Bgi have
a first order pole (in €) at the spin bundles L(0 — &dw). Hence, classical
asymptotic analysis of ordinary differential equations (see for example [24])
indicate that the complex linear part 9 + adw of the line bundle connection
d + adw — &dw needs also to have a first order pole (in &) at the spin bundles
L(0 — &dw) : If a(€) is a (meromorphic) family such that the corresponding
SL(2,C) connections on the 4-punctured CP' extend through the spin bun-
dles, then o must have first order poles and its residues can be computed to
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be
. ) R L T
:|:(p0+p1+p2+,03)7__7__ at £ =0 mod A(< u=m),
. . . L Tl T
+(po+p1—p2—p3)——= at &= mod A(& u = o0,)
(3.6) T—T Tz17+ )
. T i T
E(po—pr1+p2—p3)——= at{=——-- mod A(&u=1),
T—T T—T
R R R L\ T )
+ (po — p1 — p2 + p3) — at = — mod A(& u=0),
T—T T—T

where p; = 2p; — % The following theorem rigorously proves (3.6). Moreover,
it also determines which of the signs in (3.6) does induce a stable parabolic
structure and which does not.

Theorem 3.5. The 2-to-1 correspondence in Theorem 3.4 extends to the
spin bundles L(0 — vdw) (where v € $A) and to the remaining flat SL(2,C)
connections as follows: Consider a meromorphic family of flat line bundle
connections

V¢ = d+ a(f)dw — Edw

on an open neighborhood of v € %A and its induced family of flat SL(2,C)
connections on CP'\ {0,1,00,m}. Then, the gauge orbits of the SL(2,C)
connections on the 4- punctured sphere converge for & — v € %A against
the gauge orbit of a flat SL(2,C) connection with (semi)-stable parabolic
structure if and only if o expands around & =~y as

o
T Hy + 7 + higher order terms in &,

BT el ~ g

where

L —po—p1—p2—p3| ifyeA

= Lot pr=p2 = psl fyeZz+A
! lpo + p2 — p1 — p3| if7€w+/\
lpo — p1 — p2 + p3] if vy € ZEA

Proof. As in the proof of Proposition 3.2 we consider the meromorphic sec-
tions

o ( (FlrmuzFoy
C\—uzt+m(—1+u+2)
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of the eigenline bundles L* of the Higgs field U* with respect to the parabolic
structure induced by V*. Recall that

y? = 2(z —1)(z —m)

and

v? = u(u —1)(u —m)
are the algebraic equations for the torus 7?2 — CP! and its Jacobian, respec-
tively. The divisors of the sections s are given by

D* = —3w, + P*,

where wo € T? is the point lying over z = co and P* = [+x] € T? = C/T
for a suitable x € C. The (z,y)-coordinates of P* satisfy

g_momu e mm 1)
m—u (u—m)

With respect to the meromorphic frame (s, s~) we can compute the
gl(2, C)-valued connection 1-form of the Fuchsian system V* (or more gen-
erally V**). The upper left entry of the connection 1-form has the following
asymptotic behavior around v = 0, 1, m, as a straight forward computation
shows:

—pn — d
m(—po p1+p2+p3)—z+higherordersinv at u =0,

2v
~(po — ~ps)d
(3.8) (m = 1)(po 2'01 Fra=ps)dz + higher orders in v at u =1,
v
(m —1)m(=14 po + p1 + p2 + p3) dz

5 — + higher orders in v at u =m.
v

We now identify the torus 72 with its Jacobian via
x€T? v L(z —wp) € Jac(T?),
and expand (3.8) in terms of z. To do so, we make use of the Weierstrass p—
function p: C/T" — CP! of the torus 72 = C/I'. The p-function is the only

doubly periodic meromorphic function on C (with respect to I') with double
poles at the lattice points and holomorphic elsewhere and whose expansion at
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x=01s p(z) = x% + -+ . The p—function satisfies the differential equation

(9)? = 49 — g2 — g,

where the two complex numbers go, g3 € C are the lattice invariants of I'.
In terms of the p-function, the meromorphic functions y, z: T? — CP! are
given by

P D2
Z fr—
pP1 — P2
(3.9) B o
2(p1 — p2)2

where p; = p(w;) and for a suitable choice of the square root of p; — pa.
Clearly, we have

_ D3 —Dp2
P1—Pp2
Using w as the affine coordinate of C, we obtain

dz
; = 2/p1 — p2dw

m = z(ws)

on T? = C/T. Moreover, (3.2) yields that the complex parameters (u,v) of
the space of line bundles can be expressed in terms of the (y, z)—parameters
of the zero p in the divisor D = p — 3w representing the line bundle L, ) :

m(l— z)

u=-———>" and v=
m—z (z—m)

m(m — 12) y

Thus, we can expand (3.8) in terms of x as follows:

(3.10)

ml—po — p1 + po + dz 1
(=po —prtpatps)dz _ (po + p1 = p2 = p3)dw—
2v(z) Yy !

+ higher orders in x
at u = 0, or equivalently, x = wy;

—1)(po — p1 + p2 — p3) d 1
(m )(p02 prtpa=pa)ds (po + p2 — p1 — p3)dw— + O(x)
v(x) Y x

at u =1, or equivalently, x = ws;

m — 1)m(—1+ po + p1 + p2 + p3) dz 1
( )m( pot+p1+prtps)dz (1— po — p1 — p2 — p3)dw— + O(z)
2vu(x) Yy v

at u = m, or equivalently, x = wy.
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We prefer to parametrize the Jacobian Jac(T?) in terms of ¢ via the 0
operator

Qi

— &dw.
From Section 3.3 we obtain that

L(z —wp) = L(0 — £&dw)

if and only if
T—T

r=""T¢

21

up to adding lattices points of I' and A, respectively . This already yields
the formula (3.6).

It remains to show for which choice of the sign in (3.6) the correspond-
ing parabolic structure is (semi)-stable: The parabolic structure for u =0
is (semi)-stable if and only if ps + p3 < po + p1. If this inequality holds, the
first formula in (3.8) determines the sign at u = 0. If this inequality is not
satisfied for the parabolic weights po, ..., ps, we have used wrong coordi-
nates (u, \) to parametrize the Fuchsian system (as the Fuchsian system is
not semi-stable at u = 0). Using more appropriate coordinates (i, \) we ob-

tain that the equation (3.7) for u = 0 (or equivalently at v € ™= + A) also
holds in the case of ps 4+ p3 > po + p1. Similarly, one obtains the respective
equations (3.7) at u =1 and u = oc.

The parabolic structure for u = m is (semi-)stable if and only if pg + p1 +
p2 + p3 < 1. If this inequality holds, the third formula in (3.8) determines
the sign at uw =m (or equivalently at v € I'). If the inequality does not
hold, we can argue as in the case of u =0,1,00 to obtain the respective
expansion (3.7) at u = m.

In order to determine the Oth order term % in (3.7) we first note that
the (non-zero) parabolic Higgs field ®“ is diagonal with respect to the frame

(s*,s7) and its eigenvalues are iv%z. Thus, adding a (non-zero) parabolic

Higgs field to a Fuchsian system V% for u € {0,1,m, 00} effects only the
higher order terms in (3.7) and not the constant order term. The constant
order term can be computed similarly as the residue terms by using the
frame (51, 57) in the proof of Proposition 3.2. O

Remark 3.6. Note that Theorem 3.4 also induces a 2-to—1 correspondence
between the Jacobian of C/T" and the moduli space MP" of (semi-)stable
parabolic structures with prescribed parabolic weights (satisfying the Biswas
conditions) on the 4-punctured sphere.
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Further, it is worth to mention that the 2-to—1 correspondence from The-
orem 3.4 extends to flat SL(2,C) connections whose underlying parabolic
structures are not semi-stable. In fact, the only difference to the case of
Theorem 3.5 is that the residue terms in (3.7) change their signs.

Remark 3.7. At least for rational weights, there is another way to prove
Theorem 3.5: As in [6] we can think of the moduli space of parabolic bundles
as orbifold bundles, parabolic stability reduces to the stability of a vector
bundle on a suitable compact covering and we can adapt the proofs of §5 in
[13] to this situation.

3.5. Darboux coordinates

We briefly recall the construction of the holomorphic symplectic structure
on the moduli space of flat SL(2,C) connections on a punctured Riemann
surface, for details see [1, 3] or alternatively [5, 7].

Via trace we identify g := sl(2,C) and g*. Hence, the adjoint orbit of a
diagonal s[(2, C)-matrix with eigenvalues +p; inherits as a coadjoint orbit
the Kirillov symplectic structure. We denote our adjoint orbits with respect
to given eigenvalues +p; by Oy,...,Os, and consider the space A4 which
consists of connections V on a 4-punctured Riemann surface ¥ of the form

dz

1

(3.11) V= A + Vi,

where V7 extends smoothly to z;, z is a local holomorphic coordinate around

zi, and A; € O; C sl(2,C). On

A=Ay xOyx - x O3
we consider the symplectic form
(3.12) Q=wy +wo+- - +ws,

where w; is the Kirillov form on O; and

(3.13) wx(A,B) = —/ tr(A N B)

b
for tangent vectors A, B on Ay considered as A, B € Ql(Xi\ {z0,...,23},
5[(2,C)). The natural gauge action of G = I'(X2, SL(2,C)) on A has a moment
map g which is (in an appropriate sense) the sum of the curvature of V, of
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the residues of V and of the moment maps of the coadjoint orbits. Then,
the symplectic space u~'{0} is the moduli space A = A%”\’";f ° 25} of flat
connections on the 4-punctured Riemann surface whose locai monodromies
are determined by the +p;.

We are mainly interested in the case of the 4-punctured sphere, and
we pull back connections to the torus by the double covering 7% — CP!

branched over the singular points zg, ..., 23.

Lemma 3.8. The symplectic structure Q of the moduli space of flat SL(2,C)
connections on the 4-punctured torus A% 0\ {ff) s s restricted to the subspace
of connections obtained by pull-back 7*, is twice the symplectic structure §Q
of the moduli space A@{\"f;mw%} of flat SL(2,C) connections on the 4-
punctured sphere, i.e.,

Q[ﬂ-*v} (F*X, TI'*Y) = 2Q[V] (X, Y)

for all X,Y € Tig) AZElE Ly

Proof. Consider V in the gauge orbit [V] € Ag]’};'l\’{pjo Y and let Ay, ..., A3
be its residue terms at zo, ..., z3. It is well-known (and easy to prove) that
in every gauge equivalence class [V ] € Agﬁ;l ’{p;o s} there is a represen-
tant V whose residue terms are also Agp,..., As. Hence, we can restrict
to connections with fixed residue terms Ag,..., A3. This implies that tan-

gent vectors X, Y € T[V]Aé‘]}ii\f;w’ZS_} can be represented by smooth sections

A, B € QY(CP!,sl(2,C)), and for computing the symplectic form we do not
need to take the boundary terms wg + - - - 4+ w3 into account, i.e., we get

Q[V](X,Y) = / tr(A A B).
cp*

On the other hand, the tangent vectors 7* X, 7*Y € T.- V]AT/;O\7{1;0 3 g} AT€
represented by the smooth pull-backs 7* A, 7*B € Q(T?,51(2,C)), and in-

tegration yields

ey (T X, 7Y) = —/ tr(r*AAT*B) = —2/ tr(A A B)
T2 CP!

as m: T? — CP! is a double covering. O

Note that tensoring with the flat line bundle (S*, V¥) provides a sym-
plectomorphism between the corresponding moduli spaces of flat SL(2,C)
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connections with prescribed conjugacy classes of the local monodromies.
Hence our discussion together with Theorem 3.4 show that the moduli space
of flat line bundle connections on T2 provides a concrete realization of the
space Agﬁ;;\"{’)’;’_ﬂzg} (as a double covering) and the symplectic form  can
be easily computed in terms of the coordinates («, &) on the moduli space
of flat line bundle connections (provided by Theorem 3.4 and (3.4)). In fact,

the Kirillov residual terms wi(%, 8%) vanish and the surface term computes

as
o 9 / o AVAG A VAT / _
w —, =) =- tr{ —— A =2 dw N dw,
(C/F(aOZ 85) (C/F ( 804 85 ) (C/F

where V¢ are the connections given by (3.4). Thus we obtain the following
theorem:

Theorem 3.9. In terms of the coordinates o, & (provided by Theorem 3.4
and (3.4)) the holomorphic symplectic form 2 on the moduli space A of
flat SL(2,C) connections on the j-punctured sphere with prescribed local
monodromies (determined by +p; € R) is given by

Q= (/ dw/\dzﬂ) da N dE.
c/T

4. On Witten’s formula for the symplectic volume of the
moduli space of flat connections

The moduli space of unitary connections on the 4-punctured sphere with
prescribed local monodromy conjugacy classes M can be naturally consid-
ered (away from its singularities) as a symplectic manifold, see for example
[5, 7, 27]. As before, we identify it with the moduli space M of unitarizable
Fuchsian systems with prescribed local monodromy conjugacy classes (de-
termined by p; €]0; £[). Moreover, by [4, 17], we can identify M with the
moduli space of parabolic structures with prescribed parabolic weights. The
latter space is a complex analytic space and the symplectic structure is a
Kahler form [7].

The Kéhler structure on the moduli space M of parabolic bundles is the
restriction of the holomorphic symplectic form on the moduli space A of flat
SL(2,C) connections on the 4-punctured sphere to the (real analytic) sub-
variety consisting of flat connections with unitarizable monodromy [5, 7, 27].
Because of the Riemann-Hilbert correspondence we can identify A with the
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space of Fuchsian systems considered in §2. The map from the moduli space
A of flat SL(2, C) connections to the moduli space M of parabolic structures
is a holomorphic fibration [2, 7, 27]. A fiber over a stable parabolic structure
is an affine space whose underlying vector space is the space of parabolic
Higgs fields, or, by Serre duality, the cotangent space to the moduli space
of parabolic structures.

By the Mehta-Seshadri Theorem [17] (or [4] in the general case of ir-
rational weights p;) there is a unique compatible flat irreducible connec-
tion with unitarizable monodromy representation for every stable parabolic
structure on the 4-punctured CP! with parabolic weights p;. This corre-
spondence can be interpreted as a section

(pMszM—>.A

of the affine bundle A — M, see for example [7, 27] or for the particular case
of compact surfaces without punctures Chapter 3 in [23]. As the elements
of the Jacobian of 72 = C/I' parametrize the moduli space of parabolic
structures on the 4-punctured sphere (see Remark 3.6), there exists for ev-
ery £ € C\ 53=A a unique a™%(¢) € C such that the connection Voo
in (3.4) corresponds to a unitarizable connection on the 4-punctured sphere.
We consider the moduli space Af, 1. of flat line bundles over C/I" as a holo-
morphic fibration over the Jacobian and obtain a real analytic section

oM Jac(C/T) — .A(lc/r.

By definition, oS is a lift of the section ¢urg to the double covering
Jac(C/T) — CP* = M. Since A — M is a holomorphic affine bundle,

5<PMS

is a well defined section in Q0D (M, TAOM*) = QLD (M, C). In fact, it
is the Kéahler form up to a constant multiple, see [7, 27]. In our setup we
obtain this property of Opars as a corollary of Theorem 3.9:

Corollary 4.1. In terms of the coordinate & for the Jacobian of C/T' (and
hence for M, see Remark 3.6) the Kdhler form on the moduli space of
parabolic structures M with given parabolic weights is

w = (/ dw/\dw) DM A de,
c/T
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where
gors _ 00M5()
03

is the natural derivative in the affine holomorphic bundle ‘A<1C/F — Jac(C/T).

d¢ € QY (Jae(CT/T))

We want to compute the symplectic volume [ aw of the moduli space
in terms of the free parameters p;. The formula (in its general form for
n—punctured surfaces of genus g) is known as Witten’s formula stated and
rigorously proven in [25]. Alternative proofs were for example given in [15,
22]. Our proof uses the herein developed abelianization method and seems
to shed new light on the Kahler geometry of M.

Theorem 4.2 (Witten’s formula). Let M be the moduli space of parabolic
structures on CPY\ {zo, ..., z3} with parabolic weights p; €]0; %[, 1=0,...,3
satisfying the Biswas conditions (2.2) for stability and let w be its natural
Kahler form. Then its symplectic volume is given by

(4.1) vol(M) = 2m2(1 — po — pu1 — p2 — p13),
where

po = |1 —=po—p1—p2—psl, p1=lpo+p1—p2—psl,
p2 = |po = p1 + p2 — p3l
and
w3 = |po — p1 — p2 + p3l.
Proof. We make use of the global coordinate § on the universal covering
HO(C/T, K) of the Jacobian of C/T" via the parametrization of holomorphic

structures 0¢ = 0 — &dw. Recall, that we assume without loss of generality,
that I' = Z 4 Zr. Thus the flat line bundle connections

V =d+ adw — &dw,
2mi 2mi
V.glzd+<a+ m_T) dw—<§—|— m_T) dw
T—T

T—T

and

V.g2:d+<a+ 2m >dw—<§+ 2m>dw

T—T T—T
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are gauge equivalent on C/I'; where

21

g1 = exp < —(Tw — TU_)))

T—T

and

g2 = exp < o (w— w)) :

T—T

MS

Therefore, the section o, considered as a function in terms of &, satisfies

the functional equations

(4.2) M8 (5 n T27_m'T> — aMS(g) + 727_m%f
and
(4.3) oMS (5 n TQiri%> — oM () T2irz'%

forall £ € C\ ﬁA. Note also, that &% is an odd function by construction.
Identifying the torus C/I' and its Jacobian C/ %A once again via

211

[z] e C/T — & = —

T —

we then may use the ¥-function of C/T" as a 9—function on C/ %A as follows:

o) =0 (3¢

211

Clearly, 0(¢ + 22L) = 6(¢) and 6(¢ + 257) = —(¢) exp((7 — T)€).
Then, we obtain from (3.7) in Theorem 3.5 and from the functional
equations (4.2), (4.3) that the section o™ considered as a function on the

universal covering of the Jacobian of C/I" can be written as

3 3
(4.4) aM5(€) = (Zu%>§+ (1 - Eu»ﬁ-)@r £(©)
=0 1=0

3 .
2mi iy, 06— i) O(
2 G

%’))

_5_
=)
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where f is a doubly periodic (with respect to %A) function,

T s T
=0, n=——=, 2= ~(1+7), 3= -,
T—T T—T T—T

and the p, are as in Theorem 3.5. From Corollary 4.1 we obtain that

(4.5) w= (/C/F dw A dw) DaMS A de

= </C/Fdw/\dw> <<1—§;u%>d§+df> A dg

and integration yields

(4.6)  vol(M) = 1/ w
2 Jac(C/T")

as claimed. O

Remark 4.3. It is worth noting that our formula (4.1) for the symplectic
volume coincides with Witten’s formula up to a normalization constant of
472, Since we restrict to the weights po, .. ., p3 satisfying the Biswas condi-
tions (2.2), the moduli space M is non-empty. We can assume without loss
of generality that py < p1 < p2 < p3. Witten’s formula gives:

(4.7) Vol(M) =8 Z L) sin(2mnp;).
n=1

The dilogarithm Liy is defined to be the analytic continuation to C\
[1, 00[ of the function

[e.o]

Liy(z) = ZZ—Z for |z] <1,

n=1

continuous on the whole unit circle and satisfying the functional equation

(4.8) Lig(2) + Lig(2) = =% — §log*(—2),
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see [26, Page 8 & 11 |. For z = re! with 2kr < 0 <2(k+ 1)m we need
to choose log(—1) = —im(2k + 1) in (4.8). Since sin(2mnp;) = Li(e~2™ —
e'2™i) we obtain from (4.7)

Vol(M) = Lig(ei2r(potprtpatps)y Li2(ei2w(_po_pl_p2_p3))
— Lig(e2m(—potprtpatpa)) _ o (ei2n(po=pr=p2—pa)
— Lis
— Lis

(e )
(ei%(p pl+l)2+p3)) Lis(e 27 (—po+p1— ))
(et )
_LiQ(eiQW(p0+pl+p2 Ps)) Lis(e 27 (—po—p1— pz—&-pa))
(e P2))
(e Ps))
(e )

eiQW potp1— P2+.03)) ( 127 (—po—p1+p2—p3)

+ Liy et2m(=po— p1+p2+ps) )—|—Lz (e’% Po+p1—p2—ps3)

+ Lis 12 (=potp1—patps) )+ LZQ(e’% —p1+p2—ps)

+ Lig(e2m(=potpitpa— ) + le(ez% —patps)y.

Then there are four cases to consider:

1) (po+pi+p2+p3) <1 and (—po+p1+p2—p3) <0
2) (po+p1+p2+p3) <1 and (—po+p1+p2—p3) >0
3) (po+p1+p2+p3)>1 and (—po+p1+p2—p3) <0
) (po+p1+p2+p3)>1 and (—po+p1+p2—p3) >0
In the first case we obtain from (4.8) and by the Biswas conditions (2.2):

ZVol(M)

= (=14 2(po + p1 + p2 + p3))* + (=1 + 2(=po — p1 + p2 + p3))°
+ (=14 2(=po + p1 = p2+ p3))* + (=1 = 2(=po + p1 + p2 — p3))?
— (=14 2(=po + p1+ p2 + p3))* = (=14 2(po — p1 + p2 + p3))?
— (=142(po + p1 — p2 + p3))* = (=1 +2(po + p1 + p2 — p3))”

= 8(po + p1 + p2 — p3),

which coincides with (4.1). The other cases can be computed analogously.
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