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Legendrian ambient surgery and

Legendrian contact homology

Georgios Dimitroglou Rizell

Let L ⊂ Y be a Legendrian submanifold of a contact manifold,
S ⊂ L a framed embedded sphere bounding an isotropic disc DS ⊂
Y \ L, and use LS to denote the manifold obtained from L by a
surgery on S. Given some additional conditions on DS we describe
how to obtain a Legendrian embedding of LS into an arbitrar-
ily small neighbourhood of L ∪DS ⊂ Y by a construction that we
call Legendrian ambient surgery. In the case when the disc is sub-
critical, we produce an isomorphism of the Chekanov-Eliashberg
algebra of LS with a version of the Chekanov-Eliashberg algebra
of L whose differential is twisted by a count of pseudo-holomorphic
discs with boundary-point constraints on S. This isomorphism in-
duces a one-to-one correspondence between the augmentations of
the Chekanov-Eliashberg algebras of L and LS .
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1. Introduction

In the following we let L ⊂ (Y, λ) denote a Legendrian submanifold of a
(2n+ 1)-dimensional contact manifold with a fixed choice of contact form
λ ∈ Ω1(Y ). In other words, L is n-dimensional and satisfies TL ⊂ ξ, where
ξ := kerλ and λ ∧ dλ∧n is a volume-form on Y . Associated to the contact
form λ is the so-called Reeb vector-field R defined uniquely by

ιRdλ = 0, λ(R) = 1.

Periodic integral curves of R are usually called periodic Reeb orbits, while
integral curves of R having positive length and end-points on L are called
Reeb chords on L. The set of Reeb chords on L will be denoted by Q(L),
and under certain genericity assumptions they constitute a discrete set.

The Legendrian submanifolds in a given contact manifold are plentiful
due to the fact that the existence problem for Legendrian embeddings sat-
isfy an h-principle; see e.g. [22] for Legendrian knots (i.e. one-dimensional
Legendrian embeddings), while the h-principle for Lagrangian immersions
[35], [28] can be used to produce Legendrian embeddings in higher dimen-
sions. However, it is known that there is no one-parameter version of the
h-principle for Legendrian embeddings. In other words, determining whether
two Legendrian embeddings are Legendrian isotopic, that is smoothly iso-
topic through Legendrian embeddings, is in general a very subtle problem.

Legendrian contact homology is a powerful Legendrian isotopy invariant
associated to a Legendrian submanifold which is defined by algebraically
encoding counts of certain pseudo-holomorphic discs associated to the Leg-
endrian submanifold. The invariant was introduced independently in [8] by
Chekanov for Legendrian knots, and in [21] by Eliashberg, Givental, and
Hofer in the more general framework of symplectic field theory (SFT for
short).

We proceed to give a very brief outline of the construction of Legendrian
contact homology; see Section 3 for more details. The Legendrian contact ho-
mology differential graded algebra (DGA for short) of a Legendrian subman-
ifold L, also called Chekanov-Eliashberg algebra, will be denoted by (A(L), ∂)
and is defined as follows. The underlying algebra A(L) = Z2〈Q(L)〉 is the
unital graded Z2-algebra freely generated by the set of Reeb chords on L,
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each of which has an induced grading modulo the Maslov number of L. The
differential ∂ : A(L) → A(L) is a Z2-linear morphism of degree −1 satisfying
the Leibniz rule. For each generator in Q(L) the differential is defined by
counting pseudo-holomorphic discs (for a cylindrical almost complex struc-
ture) in the so-called symplectisation of (Y, λ), i.e. the symplectic manifold
(R× Y, d(etλ)) where t denotes the standard coordinate on the R-factor,
having boundary on the Lagrangian cylinder R× L. Roughly speaking, the
coefficient of the word b1 · · · bm in the expression ∂(a) is obtained by count-
ing non-trivial (i.e. not of the form R× a) such discs which are rigid up to
a translations in the R-component and which have one boundary puncture
asymptotic to a as t → +∞, and m boundary punctures asymptotic to bi,
i = 1, . . . ,m, as t → −∞.

In favourable situations it has been shown that

• ∂2 = 0, i.e. the above map defines a differential; and

• the homotopy type of (A(L), ∂) is independent of the choice of an
almost complex structure and invariant under Legendrian isotopy.

It is expected that Legendrian contact homology will be possible to define in
an arbitrary contact manifold once that appropriate abstract perturbations
techniques have been carried out in the SFT setting (e.g. using the polyfold
machinery due to Hofer, Wysocki and Zehnder [30]). We will however be
limiting ourself to contact manifolds (Y, λ) for which the theory already has
been established. See Section 3.1 for a description of some conditions as well
as examples.

The class of loose Legendrian submanifolds of dimension at least n ≥ 2
was introduced in recent work by Murphy [37] and they were shown to satisfy
the full h-principle in the same article. Loose Legendrian submanifolds can
be seen as higher-dimensional analogues of stabilised Legendrian knots and,
not surprisingly, their Legendrian contact homologies vanish.

In view of the above, in order to understand the space of Legendrian em-
beddings it is thus important to understand those embeddings which are not
loose. Here one immediately faces the following two obstacles: First, there
is a lack of explicit constructions of Legendrian submanifolds (and there is
no known h-principle which is guaranteed to produce non-loose Legendrian
submanifolds). Second, given a Legendrian submanifold of dimension at least
two, it is in general a highly non-trivial problem to compute its Legendrian
contact homology. Namely, this amounts to counting pseudo-holomorphic
discs, which typically means finding the solutions of a non-linear partial
differential equation.
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1.1. Results

Our goal is to provide operations on a given Legendrian submanifold for
constructing new Legendrian submanifolds and, more importantly, then to
describe how the Legendrian contact homology is affected.

1.1.1. The Legendrian ambient surgery construction. There is a
well-known construction called cusp-connect sum which, given a Legendrian
submanifold having two connected components, produces a Legendrian em-
bedding of their connected sum (see e.g. [17, Section 4.2] and [22]). In Sec-
tion 4 we provide a generalisation of cusp-connect sum to handle the case
of a general k-surgery by a construction that we call Legendrian ambient
surgery. A related construction has also appeared in [2].

The Legendrian ambient surgery construction works roughly as follows.
Assume that we are given a framed embedded k-sphere S ⊂ L, 0 ≤ k ≤
n− 1, inside a Legendrian submanifold L ⊂ (Y, λ), where S moreover bounds
an embedded isotropic (k + 1)-disc DS ⊂ Y having interior disjoint from L.
The latter disc is called an isotropic surgery disc. Use LS to denote the
smooth manifold obtained from L by surgery on S with the above framing.
Under certain additional assumptions on the isotropic surgery disc (see Def-
inition 4.2), we can define a Legendrian embedding of LS contained inside
an arbitrarily small neighbourhood of L ∪DS . In the case when additional
genericity assumptions are satisfied for both the contact form λ and the Leg-
endrian submanifold L, the produced Legendrian submanifold LS moreover
satisfies Q(LS) = Q(L) ∪ {cS}, where cS is a new (transverse) Reeb chord
appearing on LS which is of degree |cS | = n− k − 1. We say that LS ⊂ Y is
obtained from L by a Legendrian ambient surgery on S (see Definition 4.6).

In [23] the cusp-connect sum was shown to be a well-defined operation
on Legendrian knots. We establish a related result for Legendrian ambient
0-surgeries on a general Legendrian submanifold in Proposition 4.9, showing
that also this is a well-defined operation in a certain sense. This answers a
question posed in [17].

1.1.2. The DGA morphism induced by an elementary Lagrangian
cobordism. By an exact Lagrangian cobordism from the Legendrian man-
ifold L− ⊂ (Y, λ) to L+ ⊂ (Y, λ) we mean a properly embedded submanifold
V ⊂ R× Y of the form

V = ((−∞, A)× L−) ∪ V ∪ ((B,+∞)× L+) ,
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where V ⊂ [A,B]× Y is compact, and the pull-back of etλ to V has a
primitive which is globally constant when restricted to either of the sub-
sets V ∩ {t ≤ A} and V ∩ {t ≥ B}.

Recall that, in accordance with the SFT formalism [21], [15], an ex-
act Lagrangian cobordism together with the choice of a generic compatible
almost complex structure gives rise to a unital DGA morphism

ΦV : (A(L+), ∂+) → (A(Λ−), ∂−)

of the involved Chekanov-Eliashberg algebras.
By an explicit construction, the Legendrian ambient surgery on S in-

side L ⊂ (Y, λ) producing LS ⊂ (Y, λ) also provides an exact Lagrangian
cobordism VS ⊂ (R× Y, d(etλ)) from L to LS which is diffeomorphic to the
elementary handle-attachment of index k + 1 corresponding to the surgery.
The latter Lagrangian cobordism is called an elementary Lagrangian cobor-
dism of index k + 1. Using

ΦVS
: (A(LS), ∂LS

) → (A(L), ∂)

to denote the DGA morphism induced by the elementary Lagrangian cobor-
dism VS , we provide the following computation in Section 5.5.

Theorem 1.1. For an appropriate regular compatible almost complex struc-
ture on R× Y , the DGA morphism ΦVS

is a surjection which, moreover,
satisfies

kerΦVS
=

{
〈cS〉, k < n− 1,

〈cS − 1〉, k = n− 1.

In particular, for the above choice of almost complex structure, (A(L), ∂)
is the quotient of (A(LS), ∂LS

) by a two-sided algebra ideal generated by a
single element.

By a (0-graded) augmentation of a DGA (A, ∂) we mean a unital DGA
morphism

ε : (A, ∂) → (Z2, 0)

to the trivial DGA (which in particular thus preserves the grading). Observe
that the set of augmentations of the Chekanov-Eliashberg algebra very well
can be empty. For instance, this is the case when (A(L), ∂) is acyclic, i.e. 1 ∈
∂(A(L)). However, in the case when there is an augmentation, Chekanov’s
linearisation construction [8] provide Legendrian isotopy invariants given
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as chain complexes spanned by the set of Reeb chords (which have the
advantage of being easier to handle algebraically compared to the full DGA).

Let μ ∈ H1(VS ,Z) denote the Maslov class of VS , and assume that all
gradings are taken in Z/μ(H1(L)). In cases when the grading of the new
chord satisfies 0 
= |cS | ∈ Z/μ(H1(L)), it follows by definition that ε(cS) = 0
for all augmentations. Recall that augmentations can be pulled back by the
pre-composition with a unital DGA morphism. A purely algebraic conse-
quence of the above theorem is thus the following result.

Corollary 1.2. If k < n− 1 and, moreover

(n− k − 1) /∈ μ(H1(L)),

then the pull-back under ΦVS
induces a bijection from the set of 0-graded aug-

mentations of (A(L), ∂) to the set of 0-graded augmentations of (A(LS), ∂LS
).

1.1.3. The Chekanov-Eliashberg algebra twisted by a submanifold.
In order to explain how the Legendrian contact homology of a Legendrian
submanifold L ⊂ (Y, λ) is affected by a Legendrian ambient surgery on S ⊂
L, we must first introduce a version of the Chekanov-Eliashberg algebra
whose differential takes into account rigid pseudo-holomorphic discs with
boundary-point constraints on a submanifold S ⊂ L.

More precisely, assume that we are given the following data: we let S ⊂ L
be a closed k-dimensional submanifold, 0 ≤ k < n− 1, which is disjoint from
the endpoints of the Reeb chords on L. We also assume that S has a non-
vanishing normal vectorfield tangent to L, and we fix one such vectorfield
v ∈ Γ(TL) to be part of the data. The Chekanov-Eliashberg algebra twisted
by (S,v) is now defined to be the DGA (A(L;S), ∂S,v) defined as follows.
The underlying algebra A(L;S) = Z2〈Q(L) ∪ {s}〉 is the unital free algebra
generated by the Reeb chords (graded as before) together with a formal
generator s in degree |s| = n− k − 1.

To define the twisted differential we will first need to describe the appro-
priate moduli spaces. We fix a cylindrical almost complex structure Jcyl on
the symplectisation and lift v to a vectorfield normal to R× S ⊂ R× L
which is invariant under translation of the t-coordinate. Furher, we let
w = (w1, . . . , wm+1) ∈ (Z≥0)

m+1 be an (m+ 1)-tuple of non-negative inte-
gers, b = b1 · · · bm a word of generators in Q(L), and A ∈ H1(L) a homology
class.
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Consider the moduli space Ma;b;A(L; Jcyl) defined in Section 3.3 con-
sisting of Jcyl-holomorphic discs

u : (D2, ∂D2) → (R× Y,R× L)

having one positive boundary-puncture p0 asymptotic to a, and m negative
boundary-punctures pi asymptotic to bi, where i = 1, . . . ,m. Here we require
that the boundary-punctures satisfy p1 < · · · < pm with respect to the total
order on ∂D2 \ {p0} induced by the orientation.

Let δ > 0 and let g be a Riemannian metric on L. Similarly to the
constructions in [4, Section 8.2.D], in Section 8 we define the moduli spaces

Mg,δ
a;b,w;A(L;S,v; Jcyl) ⊂ Ma;b;A(L; Jcyl)

consisting of the solutions u satisfying the following boundary-point con-
straints at parallel copies of R× S ⊂ R× L. There are w := w1 + · · ·+ wm+1

distinct boundary points {qi} ⊂ ∂D2, satisfying q1 < · · · < qw with respect
to the order on ∂D2 \ {p0}, for which

u(qi) ∈ R× expS((i− 1)δv) ⊂ R× L, i = 1, . . . , w.

Here expp denotes the exponential map at p ∈ L induced by g. Moreover,
we require that wi+1 of the points {qi} are situated on the boundary arc
between the punctures pi and pi+1 (here we set pm+1 := p0).

Since the data used to define these moduli spaces is invariant under
translations of the t-coordinate, they carry a natural R-action induced by
such translations.

The differential is now defined as follows. For the formal generator s we
define ∂S,v(s) := 0, while for a Reeb chord generator a ∈ Q(L) we define

∂S,v(a) := ∑
|a|−|s|−|b|+μ(A)=1

|Mg,δ
a;b,w;A(L;S,v; Jcyl)/R|sw1b1s

w2 · · · swmbmswm+1 ,

where s := sw1+···+wm+1 and Jcyl is a regular cylindrical almost complex
structure. Finally, the differential is extended to the whole algebra using
the Leibniz rule.

Observe that the two-sided algebra ideal 〈s〉 generated by s is preserved
by ∂S,v. Furthermore, it follows simply by the definition of ∂ that the equality

(A(L;S), ∂S,v)/〈s〉 = (A(L), ∂)

holds under the canonical identification of generators.
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The following theorem is a consequence of Lemma 6.1 together with
Proposition 6.3.

Theorem 1.3. Let S ⊂ L be a k-dimensional submanifold with a non-
vanishing normal vectorfield v, where k < n− 1. For a generic cylindrical
almost complex structure on R× Y , the DGA (A(L;S), ∂S,v) is well-defined.
Furthermore, its tame-isomorphism class is independent of the choice of a
generic pair (g, δ), and invariant under isotopy of the pair (S,v).

Remark 1.4. 1) The invariance proof of the Chekanov-Eliashberg alge-
bra should be possible to extend to show that the homotopy type of
the twisted Chekanov-Eliashberg algebra is invariant under Legendrian
isotopy and independent of the choice of a cylindrical almost complex
structure. The proof depends on an abstract perturbation argument,
and is omitted.

2) In the case when there is an embedded null-cobordism of {1} × S inside
[0, 1]× L along which v extends as a non-vanishing normal vectorfield,
Corollary 6.4 implies that (A(L;S), ∂S,v) is tame-isomorphic to the
free product of the Chekanov-Eliashberg algebra with the trivial DGA
generated by s.

3) The homotopy type of the Chekanov-Eliashberg algebra of L twisted
by S will in general depend on the homotopy class of the non-vanishing
normal vectorfield v, as follows by the computation in Section 2.2 (see
the example in the case k = (n− 1)/2).

Remark 1.5. Taking the limit δ → 0, the solutions in the above moduli
spaces converge to Jcyl-holomorphic discs having possibly several boundary
points that are mapped to R× S. If, for a convergent sequence of such so-
lutions, a cluster of m of boundary points mapping to R× expS(iδv) (for
different i ∈ Z≥0) collide, the solution in the limit can be seen to have a tan-
gency to R× expS(Rv) of order m. We refer to [10, Part II, Sections 8 and 9]
for more details concerning the moduli spaces of discs with jet-constraints at
boundary points. Following the ideas in [13], transversality for these moduli
spaces is there shown by using an almost complex structure Jcyl that is inte-
grable in a neighbourhood of R× S. It is also shown that there is an isomor-
phism between the moduli space with appropriate jet-constraints at bound-
ary points and the above moduli space with boundary-point constraints at
parallel copies, given that δ > 0 is sufficiently small (see [4, Lemma 8.3] for
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a similar statement). Moduli spaces of pseudo-holomorphic curves with jet-
constraints at boundary points were also treated in [41] using a different
approach.

1.1.4. The Legendrian contact homology after a subcritical Legen-
drian ambient surgery (k < n− 1). Assume that 0 ≤ k < n− 1 and
that LS ⊂ (Y, λ) is obtained by a Legendrian ambient surgery on a framed
k-sphere S inside L ⊂ (Y, λ). Since the isotropic core disc is of dimension
k + 1 < n in this case, and is thus subcritical isotropic, such a Legendrian
ambient surgery will be called subcritical. For a Legendrian submanifold
LS obtained by a subcritical Legendrian ambient surgery, its Chekanov-
Eliashberg algebra can be computed as follows using data on L; see Sec-
tion 6.3 for the proof.

Theorem 1.6. Suppose that k < n− 1 and that LS is obtained from L by
a Legendrian ambient surgery on a framed embedded sphere S ⊂ L. Let v be
a non-vanishing normal vectorfield to S that is constant with respect to this
frame. There is a tame isomorphism of DGAs

Ψ: (A(LS), ∂LS
) → (A(L;S), ∂S,v),

where Ψ(cS) = s, and for which the DGA morphism

ΦVS
◦Ψ−1 : (A(L;S), ∂S,v) → (A(L), ∂) = (A(L;S), ∂S,v)/〈s〉

is the natural quotient projection.

The map Ψ is defined by counting rigid pseudo-holomorphic discs in R×
Y having boundary on VS and boundary-point constraints at parallel copies
of the core disc CS ⊂ VS ⊂ R× Y of the elementary Lagrangian cobordism
VS (see Section 4.4 for its definition). Note that the pair CS ⊂ VS coincides
with (−∞,−1]× S ⊂ (−∞,−1]× L inside the subset {t ≤ −1}.

In the case of a cusp-connected sum on Legendrian surfaces inside a one-
jet space J1M2, an alternative computation of the DGA is also provided by
the results in [29].

1.1.5. The Legendrian contact homology after a critical Legen-
drian ambient surgery (k = n− 1). In the case when S ⊂ L is a framed
(n− 1)-sphere inside a Legendrian n-dimensional submanifold L ⊂ (Y, λ) an
isotropic surgery disc is Legendrian and we say that a Legendrian ambient
surgery performed on S is critical.
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Unfortunately we are not able to prove a complete result analogous to
Theorem 1.6 in the case of a critical Legendrian surgery. However, we refer
to Proposition 7.2 for a partial result along the same lines, but where a
different algebraic set-up has been used.

In this context the main difference between the critical and the subcrit-
ical case is that the Chekanov-Eliashberg algebra twisted by a hypersurface
S ⊂ L cannot be defined by the same counts as in the case when the sub-
manifold is of codimension greater than one. The reason is that taking an
arbitrary number m > 0 of parallel copies S0 = S, S1, S2, . . . , Sm−1 ⊂ L of
S, the moduli space with boundary-point constraints at these m hypersur-
faces still has the same expected dimension as the moduli space without any
boundary-point constraints.

Remark 1.7. In the case when LS ⊂ J1M is obtained from an ambient
surgery on a Legendrian knot, the result in [14] instead enables us to compute
the DGA morphism ΦVS

, and consequently also the Chekanov-Eliashberg
algebra of L, in terms of data on LS .

Remark 1.8. Given that the Legendrian submanifold L ⊂ (J1M,λ0) ad-
mits a linear-at-infinity generating family as defined in [7], there exists a
long exact sequence due to Bourgeois, Sabloff, and Traynor [2] relating the
generating family homologies of LS and L. Here LS is obtained by a Legen-
drian ambient k-surgery on L for any 0 ≤ k ≤ n− 1, under the additional
assumption that the generating family on L can be extended over the La-
grangian elementary cobordism VS (see Remark 2.2 for an example when
this is not possible). Generating family homology is a Legendrian isotopy
invariant for Legendrian submanifolds of J1M admitting a generating fam-
ily; see [38], [40], and [25]. For such a Legendrian submanifold it is expected
that its Chekanov-Eliashberg algebra has an augmentation whose induced
linearisation moreover computes the generating family homology. By the re-
sults in [25], this correspondence is known to be true for Legendrian knots
inside J1R.

2. Examples and computations

2.1. Twisting by an even number of points

Part (2) of Remark 1.4 shows that

Proposition 2.1. Let L be connected and of dimension at least two, and
let S ⊂ L be an even number of points. It follows that, for any choice of v,
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the DGA (A(L;S), ∂S,v) is isomorphic to the free product of the Chekanov-
Eliashberg algebra with the trivial DGA having one generator in degree n− 1.

In the case when the number of points S ⊂ L is odd, the situation gets
more complicated. See the example below for the case of the Whitney sphere.

2.2. Computations for the Whitney sphere

The Whitney immersion is the exact Lagrangian immersion

Sn → L̃Wh ⊂ Cn,

(x, y) �→ (1 + iy)x, (x, y) ∈ Sn ⊂ Rn × R.

There exists a lift of this immersion to a Legendrian embedding LWh ⊂
(Cn × R, dz −∑ yidxi). This Legendrian submanifold will be referred to as
the Whitney n-sphere. We use c to denote its unique Reeb chord, which is
of degree |c| = n, and corresponds to the unique transverse double-point of
L̃Wh situated at the origin.

In the following we suppose that S ⊂ LWh is an embedded k-dimensional
submanifold, where k < n− 1.

Case n− k − 1 � n− 1: By degree reasons it follows that, for any choice
of non-vanishing normal vectorfield v to S, the twisted Chekanov-Eliashberg
algebra

(A(LWh;S), ∂S,v)

is the free product of the Chekanov-Eliashberg algebra with the trivial DGA
having one generator in degree |s| = n− k − 1.

Case k = 0: In the case when |S| is even, Proposition 2.1 implies that

(A(LWh;S), ∂S,v)

is the free product of the Chekanov-Eliashberg algebra with the trivial DGA
having one generator in degree |s| = n− 1. In the case when |S| is odd, we
must however rely on an actual count of pseudo-holomorphic discs. Using
an almost complex structure as described in Section 2.3 below, Lemma 2.3
shows that there is a unique holomorphic disc passing through a given point
for the standard almost complex structure. In particular, the differential is
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thus given by

∂S,v(c) = |S|s.
In the following we let

Sn−1
Re ⊂ Re(Cn) = Rn ⊂ Cn

denote the unit (n− 1)-sphere inside the real-part of Cn, and observe that
Sn−1
Re ⊂ L̃Wh is an embedded sphere of codimension one. We now consider

the special case when S ⊂ Sn−1
Re is the embedded k-dimensional sphere being

the boundary of the isotropic disc

DS :=

⎧⎨⎩
x21 + · · ·+ x2k+1 ≤ 1,
xk+2 = · · · = xn = 0,
y = 0

⎫⎬⎭ ⊂ Re(Cn).

This isotropic disc lifts to an isotropic disc embedded in (Cn × R, λ0) having
boundary on LWh. Furthermore, one can find a Lagrangian frame of the
symplectic normal bundle of DS that makes it into an isotropic surgery disc
compatible with some choice of frame of the normal bundle of S ⊂ LWh. In
other words, we can perform a Legendrian ambient surgery on S, producing
the Legendrian submanifold (LWh)S . Theorem 1.6 implies that

(A((LWh)S), ∂(LWh)S) � (A(LWh;S), ∂S,v),

where v may be taken to be (the restriction of) the vectorfield
∑n

i=1 xi∂yi

in TLWh along Sn−1
Re (see condition (c) in Definition 4.2).

Case 0 ≤ k < (n− 1)/2: Since πk(S
n) = 0, and since S is of codimen-

sion at least k + 2, it follows that S is null-cobordant in [0, 1]× LWh by a
null-cobordism along which v extends as a non-vanishing normal vectorfield.
Part (2) of Remark 1.4 now shows that (A(LWh;S), ∂S,v) is the free prod-
uct of the Chekanov-Eliashberg algebra with the trivial DGA having one
generator in degree |s| = n− k − 1.

Case k = n− 2: It can be explicitly checked that S is null-cobordant
in [0, 1]× Sn−1

Re ⊂ [0, 1]× LWh by a null-cobordism to which v extends as a
non-vanishing normal vectorfield. Part (2) of Remark 1.4 again shows that
(A(LWh;S), ∂S,v) is the free product of the Chekanov-Eliashberg algebra
with the trivial DGA having one generator in degree |s| = 1.

Case k = 1: Since k < n− 1 by assumption, it follows that n ≥ 3. This
case is thus covered by the case n− k − 1 � n− 1 above. Note that, when
n > 3, the Lagrangian frame of the isotropic surgery disc DS can be chosen
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to be compatible with any given frame of the normal bundle of S, as follows
from part (3) of Remark 4.3. In particular, a Legendrian ambient surgery can
be performed for which the corresponding elementary Lagrangian cobordism
VS is not spin.

Remark 2.2. A Legendrian immersion in Cn × R or, equivalently, an ex-
act Lagrangian immersion in (Cn, ω0) that is defined by a generating fam-
ily F : Re(Cn)× RN → R satisfies additional topological properties. For in-
stance, its tangent bundle is stably trivial (and hence it is spin). Recall that
the Whitney sphere admits an explicit generating family. In the case when
the above elementary Lagrangian cobordism VS is not spin, this generating
family can thus not be extended over the cobordism.

Case k = (n− 1)/2: In this case |s| = (n− k − 1) = (n− 1)/2. Since
the normal bundle of S is trivial, the choice of a non-vanishing normal
vectorfield (up to homotopy) lives in

π(n−1)/2(S
n−k−1) = π(n−1)/2(S

(n−1)/2) � Z.

One obtains an explicit identification of groups by the algebraic count of
zeros of the orthogonal projection of this vectorfield to the normal bundle
of S ⊂ Sn−1

Re (recall that Sn−1
Re ⊂ LWh is of codimension one). We use vm to

denote the non-vanishing normal vectorfield whose projection has an alge-
braic number m ∈ Z of zeros (for a fixed choice of orientation). Note that
the non-vanishing vectorfield v above is homotopic to v0.

For the almost complex structure in Section 2.3 below, the descriptions of
the holomorphic discs in Cn with boundary on L̃Wh given by Lemma 2.3 can
be used for explicitly computing the differential. For a generic perturbation
of the vectorfields vm, one readily checks that

∂S,vm
(c) = ms2.

In particular, it follows that the homotopy type of the Chekanov-Eliashberg
algebra twisted by S depends on the homotopy class of the non-vanishing
normal vectorfield.

2.3. Holomorphic discs on the Whitney sphere

As in Section 5.2.2 we will consider the unique cylindrical almost complex
structure J0 on the symplectisation R× (Cn × R) for which the canonical
projection R× (Cn × R) → Cn is holomorphic.
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By [11, Theorem 2.1] this projection induces a bijection between the
moduli space Mc;∅(R× LWh; J0) and the moduli space of holomorphic poly-

gons in Cn having boundary on L̃Wh. The following lemma can thus be used
to compute the Chekanov-Eliashberg algebra of the Whitney sphere (possi-
bly twisted by some submanifold).

For any point x ∈ Sn−1
Re ⊂ ReCn in the real unit-sphere we consider the

complex halfplane

Hx := {x+ iy; x ≥ 0}x ⊂ Cx.

Observe that Cx intersects L̃Wh in a figure-eight curve, and that each half-
plane Hx intersects L̃Wh in a closed curve.

c

L̃Wh ∩ Cx

πx(L̃
+
Wh)

πx(L̃
−
Wh)

x

y

1πx(S
n−1
Re )

Figure 1: The image of L̃Wh = L̃+
Wh ∪ L̃−

Wh under the orthogonal projection
πx : Cn → Cx � C, where x ∈ Sn−1

Re . The arrow denotes the behaviour of
the boundary of the hypothetical disc in the proof of Lemma 2.3.

Lemma 2.3. The moduli space of (non-trivial) holomorphic discs in (Cn, i)
having boundary on L̃Wh and one puncture mapping to the double-point c
is (n− 1)-dimensional and transversely cut out. Moreover, every solution is
contained in a unique one-dimensional complex halfplane Hx ⊂ Cx as above.

Proof. It is easily seen that each such one-dimensional complex halfplane
contains a unique such disc. Conversely, we now show that every non-trivial
holomorphic disc

u : (D2, ∂D2) → (Cn, L̃Wh)

having one boundary-puncture is of this form.
In the following we let πx : Cn → Cx � C denote the orthogonal projec-

tion onto the one-dimensional complex vectorspace spanned by x ∈ ReCn ⊂
Cn.
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The image of the Whitney sphere πx(L̃Wh) ⊂ C under these projections
can be seen to be a filled figure-eight curve as shown in Figure 1. The
composition πx ◦ u : D2 → C is holomorphic and maps the boundary into
πx(L̃Wh). Furthermore, the boundary-puncture is mapped to the origin. By
the open mapping theorem, it thus follows that

πx ◦ u(D2 \ ∂D2) ⊂ intπx(L̃Wh),

unless πx ◦ u ≡ 0 vanishes identically (i.e. maps constantly to the double-
point of the figure-eight curve).

The boundary of the disc u has the following behaviour at the boundary-
puncture p0 ∈ ∂D2 mapping to the double-point 0 ∈ L̃Wh. Let L̃

±
Wh ⊂ L̃Wh

denote the image of the hemisphere {±y ≥ 0} ∩ Sn under the Whitney im-
mersion. For ε > 0 sufficiently small, we have that

u(eiθp0) ∈

⎧⎪⎨⎪⎩
L̃+
Wh ⊂ Cn, 0 > θ > −ε,

{0} ∈ Cn, θ = 0,

L̃−
Wh ⊂ Cn, ε > θ > 0.

From this, it follows that the boundary of u must intersect the sphere

Sn−1
Re ⊂ L̃−

Wh ∩ L̃+
Wh ⊂ L̃Wh

of codimension one in at least one point, say x0 ∈ ReCn.
Since u is holomorphic, we may furthermore assume that the following

property holds for at least one point p ∈ ∂D2 that maps to x0. There exists
some ε > 0 for which

(2.1) u(eiθp) ∈

⎧⎪⎨⎪⎩
L̃−
Wh ⊂ Cn, 0 > θ > −ε,

{x0} ∈ Cn, θ = 0,

L̃+
Wh ⊂ Cn, ε > θ > 0.

We will now show that the projection πx1
◦ u must vanish whenever Cx1

is in the orthogonal complement of Cx0. From this it follows that u is a map
of the required form.

Too see this claim, observe that the holomorphic map πx1
◦ u vanishes

at the above boundary point p ∈ ∂D2 that maps to x0. Moreover, the be-
haviour (2.1) of u near p implies that, unless πx1

◦ u vanishes constantly,
one of ±πx1

◦ u maps the oriented boundary near p as depicted by the ar-
row in Figure 1. In the latter case, the open mapping theorem can be used
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to get a contradiction with the fact that πx1
◦ u(D2 \ ∂D2) ⊂ intπx1

(L̃Wh).
In conclusion, πx1

◦ u ≡ 0.
Finally, the transversality of this moduli space follows by an argument

similar to the proof of Lemma 5.6. �

3. Background

In this section we give an outline of the theory of Legendrian contact ho-
mology [8, 18, 21] as well as certain constructions from relative symplectic
field theory [15].

Both the construction and the invariance of Legendrian contact homol-
ogy have been worked out in the case (J1R, λ0) by Chekanov [8], and in more
general contactisations (P × R, dz + θ) by Ekholm, Etnyre and Sullivan [18],
where (P, dθ) is an exact symplectic manifold having finite geometry at in-
finity.

The above versions of Legendrian contact homology are defined by count-
ing pseudo-holomorphic discs in the symplectic manifold (P, dθ) having
boundary on the projection of Λ (which is an exact Lagrangian immersion).
We will be using the version of Legendrian contact homology obtained as
a special case of the (more general) invariant of a Legendrian submanifold
called relative symplectic field theory [15], which is defined by counting
punctured pseudo-holomorphic disc in the symplectisation R× Y having
boundary on R× Λ. In this setting (using current technology) we are able
to consider a larger, but still quite restrictive, class of contact manifolds
(Y, λ) — this includes certain closed contact manifolds.

It should also be noted that the two a priori different counts of pseudo-
holomorphic discs for a Legendrian submanifold of a contactisation (P ×
R, dz + θ) described above give rise to the same invariant, as was shown in
[11].

3.1. Technical assumptions made on the contact manifold

First, we will always make the genericity assumption that every periodic
Reeb orbit on (Y, λ) is transversely cut out in the sense that the linearised
Poincaré return map has no eigenvalue equal to one. Observe that this is
the case for a generic choice of contact form λ.

Second, we will only consider contact manifolds of one of the following
two types:
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1) (Y, λ) is closed, every periodic Reeb orbit is non-degenerate, and each
finite-energy Jcyl-holomorphic plane in (R× Y, d(etλ)) has expected
dimension at least two for a cylindrical almost complex structure Jcyl.

2) (Y, λ) = (P × R, dz + θ), where z denotes the coordinate on the R-
factor, and (P, dθ) is an exact symplectic manifold having finite geom-
etry at infinity for some compatible almost complex structure (see [18,
Definition 2.1]). This contact manifold is the so-called contactisation
of the exact non-closed symplectic manifold (P, dθ).

We refer to Remark 3.2 below and [15, Appendix B.2] for the argument
why these conditions are sufficient in order to define Legendrian contact
homology.

Remark 3.1. 1) The first condition is automatically satisfied when there
are no contractible Reeb orbits — in which case (Y, λ) is called hyper-
tight. In general the expected dimension can be expressed in terms of
the Conley-Zehnder indices of the contractible Reeb orbits of (Y, λ);
see e.g. [21, Proposition 1.7.1].

2) The Reeb vectorfield of the contactisation is given by R = ∂z for the
above choice of contact form and, in particular, there are no periodic
Reeb orbits.

Moreover, in addition to the above conditions, for simplicity we will also
make the assumption that the contact manifold (Y, ξ = kerλ) has vanishing
first Chern class.

Example. We now give important examples of contact manifolds satisfying
the above conditions.

1) The standard contact (2n+ 1)-sphere (S2n+1, λ), where S2n+1 ⊂ C2(n+1)

is the unit-sphere, is a contact manifold of the first kind given that we
choose

λ :=
1

2

n+1∑
i=1

ai(xidyi − yidxi)

for rationally independent ai > 0, i = 1, . . . , n+ 1.

2) The jet-space J1M of a smooth (possibly non-closed) manifold M can
be endowed with the contact structure

(J1M � T ∗M × R, λ0), λ0 := dz + θM ,
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where z is the coordinate on the R-factor and −θM is the Liouville form
on T ∗M . This is the contactisation of the exact symplectic manifold
(T ∗M,dθM ), which furthermore can be seen to have finite geometry
at infinity.

Specialising to the case M = Rn and θRn = −∑n
i=1 yidxi, where xi

are coordinates on Rn and yi = df(∂xi
) are the induced coordinates on

T ∗Rn, we obtain the so-called standard contact (2n+ 1)-space.

3.2. Definition of the Chekanov-Eliashberg algebra

For a closed Legendrian submanifold L ⊂ (Y, λ) we will use Q(L) to denote
the set of Reeb-chords on L. A Reeb chord c has an associated action given
by

�(c) :=

∫
c
λ > 0.

We will make the following genericity assumptions for the Reeb chords on
L. The flow φt

R : (Y, λ) → (Y, λ) induced by R (which necessarily preserves
λ), is required to satisfy the property that DφT

R(TpL) and TφT
R(p)L intersect

transversely inside ξφT
R(p) for every Reeb chord [0, T ] � t �→ φt

R(p) on L. We
will also assume that the starting point of a Reeb chord is different from its
endpoint, i.e. that no Reeb chord is the part of a periodic Reeb orbit.

A Legendrian submanifold L satisfying the above property is called chord
generic. In particular, the Reeb chords on a closed chord generic Legendrian
submanifold comprise a discrete set and consequently {c ∈ Q(L); �(c) ≤ M}
is finite for every M ≥ 0. Observe that (given that the periodic Reeb orbits
are generic) the above transversality can be achieved after an arbitrarily
C1-small Legendrian perturbation, i.e. a small isotopy through Legendrian
embeddings.

3.2.1. The algebra and the grading. The underlying unital graded
algebra of the DGA is defined as follows. We let

A(L) = Z2〈Q(L)〉

be the unital non-commutative algebra over Z2 which is freely generated by
the Reeb chords Q(L) on L.

We say that a Reeb chord c on L is pure if it has both its endpoints on
the same component. Otherwise, we say that it is mixed.

To grade a generator c corresponding to a pure Reeb chord we fix a
capping path γc for c on L, by which we mean a path on L which starts
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at the end-point of c, and ends at the starting-point of c. We grade each
Reeb-chord generator c by the formula

|c| := ν(Γc)− 1 ∈ Z/μ(H1(L)),

where ν(Γc) denotes the Conley-Zehnder index of the path of Lagrangian
tangent planes TL ⊂ ξ along γc, and where μ ∈ H1(L;Z) is theMaslov class.
We refer to [16, Section 2.2] for the definitions.

In the case when c is mixed, the grading is only well-defined after making
additional choices. We proceed by making the following modification of the
notion of a capping path. Fix two components L1, L2 ⊂ L and a path γ ⊂ Y
connecting a point p1 ∈ L1 with a point p2 ∈ L2. We also choose a path Γ of
Lagrangian tangent planes in ξ along γ starting at Tp2

L2 ⊂ ξ and ending at
Tp1

L1 ⊂ ξ. We define a capping path of a mixed Reeb chord c starting at L1

and ending at L2 to be a path γ2 from the end-point of c to p2, followed by
γ, and ultimately followed by a path γ2 from p1 to the starting-point of c.

Finally, we define the grading by applying the above formula to the
path Γc of Lagrangian tangent planes obtained by taking the path of tan-
gent planes TL2 ⊂ ξ along γ2, followed by the path Γ chosen above, and
ultimately followed by the path of tangent planes TL1 ⊂ ξ1 along γ1.

In the case (J1M,λ0), the following description of the Conley-Zehnder
index and Maslov class is given in [17, Lemma 3.4]. The canonical projection

ΠF : J1M → M × R

is called the front projection. We may moreover assume that L is generic un-
der the front projection, which implies that the singularities of codimension
one of ΠF(L) consist of self-intersections and cusp-edges.

Suppose that c is a Reeb chord on L contained above a point p ∈ M .
Let fs and fe be the smooth real-valued functions corresponding to the z-
coordinates of the sheets of L at the starting-point and end-point of the Reeb
chord c, respectively, which are well-defined in a neighbourhood of p ∈ M .
Phrased differently, in a neighbourhood of p ∈ M the front projection of the
two sheets of L containing the endpoints of c are given as the graphs of fs
and fe, respectively.

The Conley-Zehnder index of the path Γc of Lagrangian tangent planes
along γc can now be expressed as

(3.1) ν(Γc) = D(γc)− U(γc) + indexp(fe − fs)− 1,
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where D(γc) and U(γc) denote the number of cusp-edges in the front pro-
jection traversed by (a generic perturbation of) γc in downward and upward
direction, respectively, and where indexp(fe − fs) denotes the Morse index
of the function fe − fs at p.

Similarly, the Maslov class evaluated on [γ] ∈ H1(L) can be computed
by the formula

(3.2) μ([γ]) = D(γ)− U(γ),

where γ is a generic smooth closed curve on L, and where D and U are as
above.

3.2.2. The differential. Fix a cylindrical almost complex structure Jcyl
on the symplectisation R× Y . For a Reeb-chord generator a ∈ Q(L), we
define

∂(a) :=
∑

|a|−|b|+μ(A)=1

|Ma;b;A(R× L; Jcyl)/R|b,

where Ma;b;A(R× L; Jcyl) denotes the moduli space of Jcyl-holomorphic
discs defined in Section 3.3 below, and where the sum is taken over all
possible words b = b1 · · · bm of Reeb chords (including the empty word) and
all homology classes A ∈ H1(L).

Observe that, since Jcyl is cylindrical, these spaces have a natural R-
action induced by translation of the t-coordinate.

Here we assume that Jcyl is chosen so that the above moduli spaces all
are transversely cut-out, and hence of their expected dimensions (see Sec-
tion 3.3.3 below). In general, we will call such an almost complex structure
regular, where it should be understood from the context to which moduli
spaces this refers.

That this count is well-defined follows from the Gromov-Hofer compact-
ness theorem for these moduli spaces, which is outlined in Section 3.3.2
below. Note that the compactness theorem applies for the moduli spaces
appearing in the definition of ∂(a) since, for a fixed a ∈ Q(L), the total en-
ergy of a solution in a moduli space Ma;b;A(R× L; Jcyl) is bounded from
above by 2�(a) according to Proposition 3.11.

Finally, we extend the differential to all of A(L) via the Leibniz rule

∂(ab) = ∂(a)b+ a∂(b).

The dimension formula below shows that

dimMa;b;A(R× L; Jcyl) = |a| − |b|+ μ(A)

and that ∂ hence is of degree −1.
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The following standard argument shows that ∂2 = 0. The compactness
result together with pseudo-holomorphic gluing shows that the coefficient
in front of the word b in the expression ∂2(a) is given by the number of
boundary points of the compact one-dimensional moduli space⋃

dimMa;b;A(R×L;Jcyl)=2

Ma;b;A(R× L; Jcyl)/R.

In particular this coefficient is even, and hence vanishing.

Remark 3.2. Recall that we assume that our contact manifolds satisfy the
property that every Jcyl-holomorphic plane in R× Y is of expected dimen-
sion at least two. The reason is to prevent the following potential scenario.
A priori, a one-dimensional moduli space as above could have a bound-
ary point corresponding to a broken configuration consisting of a (possibly
broken) Jcyl-holomorphic disc together with one or more (possibly broken)
Jcyl-holomorphic planes (i.e. one punctured Jcyl-holomorphic spheres). By
the additivity of the formula for expected dimension, together with the as-
sumptions on (Y, λ) made in Section 3.1, the configuration must contain a
Jcyl-holomorphic disc of negative expected dimension. However, the exis-
tence of such a disc would contradict the above transversality assumption,
and hence this kind of breaking does not occur. This is important, since our
boundary operator does not take any Jcyl-holomorphic planes into account.

One finally defines the Legendrian contact homology of L to be the ho-
mology

HC•(L) := H•(A(L), ∂)

of the Chekanov-Eliashberg algebra.

3.2.3. The DGA morphism induced by an exact Lagrangian cobor-
dism and invariance. Let V ⊂ R× Y be an exact Lagrangian cobordism
from L− to L+ which is cylindrical outside of the subset [A,B]× Y . We will
describe the associated unital DGA morphism

ΦV : (A(L+), ∂+) → (A(L−), ∂+).

Suppose that ∂± is defined using a cylindrical almost complex structure
J±. Choose a compatible almost complex structure J on V which coin-
cides with the cylindrical almost complex structure J+ and J− in the sets
[B,+∞)× Y and (−∞, A]× Y , respectively.
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The map Φ is defined on the Reeb-chord generator a ∈ Q(L+) by the
formula

ΦV (a) =
∑

|a|−|b|+μ(A)=0

|Ma;b;A(V ; J)|b,

where the sum is taken over all words b = b1 · · · bm of Reeb chords in Q(L−)
(including the empty word) and homology classes A ∈ H1(V ). Here we as-
sume that J is chosen so that the above moduli spaces are transversely cut
out (see Section 3.3.3 below), i.e. that J is regular.

The Gromov-Hofer compactness implies that the above sum is well-
defined. Note that the compactness result applies for the moduli spaces
appearing in the definition of ΦV (a) since the total energy of a solution in
Ma;b;A(V ; J) is bounded from above by 2eB−A�(a) according to Proposi-
tion 3.11.

We extend ΦV to a unital algebra map. The dimension formula

dimMa;b;A(V ; J) = |a| − |b|+ μ(A)

shows that Φ is of degree zero. Observe that we are required to use a grading
in the group

Z/μ(H1(V ))

for the Chekanov-Eliashberg algebras of both L+ and L− in order for ΦV to
respect the grading. Moreover, the gradings of the mixed chords have to be
chosen with some care.

The fact that ΦV is a chain-map now follows similarly to the proof that
∂2 = 0. Namely, the coefficient in front of the word b ∈ A(L−) in the ex-
pression (∂− ◦ ΦV − ΦV ◦ ∂+)(a) is given by the number of boundary points
of the compact one-dimensional moduli space⋃

dimMa;b;A(V ;J)=1

Ma;b;A(V ; J).

In particular these coefficients are even, and thus vanishing.

Example. A direct consequence of Example 3.3.3 below is that ΦR×L =
IdA(L) in the case when a cylindrical almost complex structure has been
used to define the DGA morphism.
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Theorem 3.3 ([15]). Let V ⊂ Y be an exact Lagrangian cobordism from
the Legendrian submanifold L− to L+. For a regular almost complex struc-
ture as above, the induced map

ΦV : (A(L+), ∂+) → (A(L−), ∂−)

is a DGA morphism whose homotopy-class is invariant under compactly sup-
ported deformations of the almost complex structure and compactly supported
Hamiltonian isotopies of V .

This result follows from the more general invariance for relative sym-
plectic field theory proven in [15, Section 4]. Also, see [14, Lemma 3.13] for
a description that carries over to our setting.

Remark 3.4. The proof of this invariance theorem contains one substantial
difficulty. One must take into account pseudo-holomorphic discs of formal di-
mension −1, which arise in generic one-parameter families of moduli spaces.
The abstract perturbation scheme outlined in [15, Section 4] is crucial for
getting control of the situation. Again, for the same reason as in Remark 3.2,
our assumptions on (Y, λ) make it possible to disregard pseudo-holomorphic
planes from the analysis.

The above invariance theorem is also the main ingredient in the proof
of the following invariance result for Legendrian contact homology.

Theorem 3.5 ([15]). Let L ⊂ Y be a Legendrian submanifold. The ho-
motopy type of its Chekanov-Eliashberg algebra (A(L), ∂) is independent of
the choice of a regular cylindrical almost complex structure, and invariant
under Legendrian isotopy. In particular, HC•(L) is a Legendrian isotopy
invariant.

Sketch of proof. Let V1 be an exact Lagrangian cobordism from L− to L,
and V2 be an exact Lagrangian cobordism form L to L+. After a suitable
translation, one can form their concatenation

V1 � V2 := (V1 ∩ {t ≤ 0}) ∪ (V2 ∩ {t ≥ 0})

which is an exact Lagrangian cobordism from L− to L+. Observe that V1 �
V2 is diffeomorphic to the cobordism obtained by gluing V1 to V2 along their
common end.

Suppose that L1 is Legendrian isotopic to L2 and fix such an isotopy.
Arguing as in [6, Theorem 1.1] or [15, Lemma A.2], the isotopy induces
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Lagrangian cobordisms U, V,W ⊂ R× Y , each diffeomorphic to cylinders,
satisfying

• V is an exact Lagrangian cobordism from L1 to L2 which, moreover,
is smoothly isotopic to the trace of the isotopy from L1 to L2.

• U,W are exact Lagrangian cobordisms from L2 to L1 which, moreover,
are smoothly isotopic to the trace of the above isotopy in inverse time.

• The concatenations U � V and V �W are exact Lagrangian cobor-
disms isotopic to R× L2 and R× L1, respectively, by compactly sup-
ported Hamiltonian isotopies.

Using the splitting construction [3, Section 3.4] together with the com-
pactness result one can show the following, given that we use suitable almost
complex structures. First, we have the identities

ΦU�V = ΦU ◦ ΦV ,

ΦV�W = ΦV ◦ ΦW ,

while, using Theorem 3.3 together with Example 3.2.3, we get that

ΦU�V ∼ ΦR×L2
∼ IdA(L2),

ΦV�W ∼ ΦR×L1
∼ IdA(L1) .

In other words, ΦU and ΦW are left and right homotopy inverses, respec-
tively, of

ΦV : (A(L1), ∂1) → (A(L2), ∂2). �

3.2.4. Tame isomorphisms. Let A and A′ be unital algebras over Z2

which are freely generated by the sets of generators {ai}i∈I and {a′i}i∈I ,
respectively. A unital isomorphism Φ: A → A′ of DGAs is called tame if,
after some identification of the generators of A and A′, it can be written as
a composition of elementary automorphisms, i.e. automorphisms which are
of the form

Ψ(ai) =

{
ai, i 
= j,

aj +B, i = j,

for some fixed j, where B is an element of the unital subalgebra generated
by {ai; i 
= j}.
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3.3. Definitions of the moduli spaces

In this section we give an overview of the moduli spaces appearing in the
above constructions. We also recall some important properties.

In the following we let V ⊂ R× Y be an exact Lagrangian cobordism
from the Legendrian submanifold L− to L+ which is cylindrical outside of
the subset I × Y , where I = [A,B]. We allow the case when L− = ∅, as
well as the case when I = ∅ and V = R× L. For each Reeb chord in Q(L±)
we will fix a capping path on L± as in Section 3.2.2 above. In case when
V = R× L we will moreover use the same capping paths on both ends of V .

Observe that a Reeb chord c has a natural parametrisation

ηc(t) : [0, �(c)] → c ⊂ Y,

η̇c(t) = Rηc(t),

by the Reeb flow.
Let Ḋ2 = D2 \ P , be the closed unit disc with m+ 1 fixed boundary

points P ⊂ ∂D2 removed and let

u = (a, v) : (Ḋ2, ∂Ḋ2) → (R× Y, V )

be a continuous map. For a conformal structure on Ḋ2, there is an induced
conformal identification of

[0,+∞)× [0, 1] ⊂ C = {s+ it}

with a set of the form U \ {p} ⊂ Ḋ2, where U ⊂ D2 is a compact neighbour-
hood of p ∈ P .

Definition 3.6. 1) We say that p ∈ P is a positive puncture asymptotic
to the Reeb chord c ∈ Q(L+) if there exists a S0 ∈ R for which

lim
s→+∞(a(s, t)− s/�(c), v(s, t)) = (S0, ηc(t/�(c)))

uniformly in the above coordinates (given some choice of metric on Y ).

2) We say that p ∈ P is a negative puncture asymptotic to the Reeb chord
c ∈ Q(L−) if there exists a S0 ∈ R for which

lim
s→+∞(a(s, t) + s/�(c), v(s, t)) = (S0, ηc((1− t)/�(c)))

uniformly in the above coordinates (given some choice of metric on Y ).
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Consider the compactification V of V obtained by first making the topo-
logical identification V � V ∩ ((A− 1, B + 1)× Y ) and then taking

V := cl(V ∩ ((A− 1, B + 1)× Y )) ⊂ [A− 1, B + 1]× Y.

Let u be a map with the asymptotic properties as above. By abuse of no-
tation, we say that the boundary of u is in homology class A ∈ H1(V ) if
closing up the boundary in V using the capping paths produces a cycle in
class A′ ∈ H1(V ), such that A is identified with A′ under the isomorphism
H1(V ) → H1(V ) induced by the inclusion.

Consider a compatible almost complex structure J on (R× Y, d(etλ))
which is cylindrical outside of I × Y . Let a be a Reeb chord on L+, b =
b1 · · · bm a word of Reeb chords on L− (we allow the empty word), A ∈ H1(V )
a homology class, and Ḋ2 = D2 \ {p0, . . . , pm} the closed unit disc with m+
1 boundary points removed. We require the punctures to be ordered by
p1 < · · · < pm relative the order on ∂D2 \ {p0} induced by the orientation.

Definition 3.7. We use Ma;b;A(V ; J) to denote the moduli space of J-
holomorphic maps

u = (a, v) : (Ḋ2, ∂Ḋ2) → (R× Y, V ),

i.e. solutions to the non-linear Cauchy-Riemann equation

du+ Jdu ◦ i = 0

for some conformal structure (Ḋ2, i), for which

• p0 is a positive boundary puncture asymptotic to a ∈ Q(L+),

• pi is a negative boundary puncture asymptotic to bi ∈ Q(L−) for i =
1, . . . ,m, and

• the boundary of u is in homology class A ∈ H1(V ).

Moreover, we identify two such solutions which are related by a (conformal)
reparametrisation of the domain.

Example. For any cylindrical almost complex structure Jcyl and V = R×
L, each trivial strip R× c being the cylinder over a Reeb chord c ∈ Q(L) is
an element of Mc;c;0(R× L; Jcyl).
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Remark 3.8. In the case when V = R× L and when the almost complex
structure is cylindrical, translations of the t-coordinate induces an action by
R on the above moduli spaces.

Remark 3.9. An elementary application of Stoke’s theorem shows the
following. Since V ⊂ (R× Y, d(etλ)) is exact there are no non-constant J-
holomorphic curves in R× Y , either closed or with boundary on V , having
compact image. Moreover, any J-holomorphic disc as above must have at
least one positive puncture. The latter fact can be seen to follow from either
part (2) or (3) of Proposition 3.11 below.

3.3.1. Energies of pseudo-holomorphic curves. Let ϕI(t) : R → R≥0

be the continuous and piecewise smooth function satisfying ϕI(t) = et for
t ∈ I and ϕ′(t) = 0 for t /∈ I. We let C−

I consist of the smooth functions
ρ : R → R≥0 supported in {t ≤ A} and satisfying

∫
R
ρ(t) = 1. Similarly, we

let C+
I consist of the smooth functions ρ : R → R≥0 supported in {t ≥ B}

and satisfying
∫
R
ρ(t) = eB−A ≥ 1. Finally, we define CI := C+

I ∪ C−
I .

Definition 3.10. For a smooth map

u : (Ḋ2, ∂Ḋ2) → (R× Y, V ),

satisfying the above asymptotic properties near its punctures, we define the
quantities

Edλ(u) :=

∫
u
dλ,

Ed(ϕIλ)(u) := e−A

∫
u
d(ϕ(t)λ),

Eλ,I(u) := sup
ρ∈CI

∫
u
ρ(t)dt ∧ λ,

EI(u) := Ed(ϕIλ)(u) + Eλ,I(u),

which will be called the dλ-energy, d(ϕIλ)-energy, λ-energy, and total en-
ergy, respectively.

Observe that in the case when V = R× L is cylindrical and I = ∅, we
have ϕI(t) ≡ 1 and the dλ-energy thus coincides with the d(ϕIλ)-energy.
The following properties of the above energies are standard, see e.g. [15,
Lemma B.3].
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Proposition 3.11. Let u : (Ḋ2, ∂Ḋ2) → (R× Y, V ) be a smooth map as
above with positive punctures asymptotic to

a1, . . . , am+
∈ Q(L+)

and negative punctures asymptotic to

b1, . . . , bm− ∈ Q(L−).

Here we allow either of m+ and m− to vanish. We assume that V is an
exact Lagrangian cobordism which is cylindrical outside of the subset I × Y ,
where I = [A,B].

1) In the case when V = R× L we have

Edλ(u) =

m+∑
i=1

�(ai)−
m−∑
i=1

�(bi).

If u is J-holomorphic for a cylindrical J , it moreover follows that
Edλ(u) ≥ 0 where equality holds if and only if the image of u is con-
tained in R× c for a Reeb chord c.

2) We have

Ed(ϕIλ)(u) = eB−A

m+∑
i=1

�(ai)−
m−∑
i=1

�(bi).

Given that u is J-holomorphic, where J is cylindrical outside of I × Y ,
it moreover follows that

Ed(ϕIλ)(u) ≥ 0.

Again, equality holds if and only if the image of u is contained in R× c
for a Reeb chord c.

3) If u is J-holomorphic for a compatible almost complex structure J
which is cylindrical outside of I × Y , it follows that

0 < Eλ,I(u) = eB−A

m+∑
i=1

�(ai).

Proof. (1): This follows by an elementary application of Stoke’s theorem.
Observe that λ vanishes on V = R× L.
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(2): By the assumptions on V it follows that that ϕI(t)λ pulls-back to
an exact one-form on V which moreover has a primitive that is constant
when restricted to either of the subsets V ∩ {t ≤ A} and V ∩ {t ≥ B}. The
equality then follows by Stoke’s theorem.

(3): Since V is exact u must have at least one boundary puncture. Using
its asymptotic behaviour, one easily computes Eλ,I(u) > 0. We proceed to
calculate the expression of Eλ,I(u) in terms of the action of the asymptotic
Reeb chords.

Consider a compactly supported bump-function ρ(t) ∈ C+
I . Using the

fact that
∫
R
ρ(t)dt = eB−A, together with the asymptotic properties of u,

one computes

lim
N→+∞

∫
u
ρ(t−N)dt ∧ λ = eB−A

m+∑
i=1

�(ai).

In other words, we have the inequality

Eλ,I(u) ≥ eB−A

m+∑
i=1

�(ai).

It remains to show the opposite inequality. We start by taking ρ(t) ∈ C−
I ,

which we use to define the continuous function

P (t) :=

∫ t

−∞
(ρ(s) + χI(s)e

−Aes)ds,

χI(s) :=

{
1, s ∈ I = [A,B],

0, s /∈ I = [A,B].

Observe that P (t) = e−Aet for t ∈ [A,B], while P (t) = eB−A for t ≥ B.
It follows that∫
u
ρ(t)dt ∧ λ =

∫
u
d(P (t)λ)−

∫
u
(χI(t)e

tdt ∧ λ+ P (t)dλ) ≤
∫
u
d(P (t)λ),

where the latter inequality holds since the two-form

χI(t)e
−Aetdt ∧ λ+ P (t)dλ



840 G. Dimitroglou Rizell

is positive on J-complex lines (here we must use the assumption that J is
cylindrical outside of I × Y ). We thus get∫

u
ρ(t)dt ∧ λ ≤

∫
u
d(P (t)λ) =

∫
∂u

P (t)λ+ eB−A

m+∑
i=1

�(ai),

where the last equality follows from the fact that limt→−∞ P (t)λ = 0, while
limt→+∞ P (t)λ = eB−Aλ.

By the assumptions on V it follows that P (t)λ pulls back to an exact
one-form on V which has a primitive that is constant when restricted to
either of the subsets V ∩ {t ≤ A} and V ∩ {t ≥ B}. From this it follows
that ∫

u
ρ(t)dt ∧ λ ≤

∫
∂u

P (t)λ+ eB−A

m+∑
i=1

�(ai) = eB−A

m+∑
i=1

�(ai).

For ρ(t) ∈ C+
I , if we instead take P (t) :=

∫ t
−∞ ρ(s)ds, the above calcula-

tion gives the same upper bound. In conclusion, we have the inequality

Eλ,I(u) ≤ eB−A

m+∑
i=1

�(ai)

which, together with the opposite inequality proven above, finally gives

Eλ,I(u) = eB−A

m+∑
i=1

�(ai).
�

3.3.2. Gromov-Hofer compactness. Gromov’s famous compactness
theorem was the starting-point for pseudo-holomorphic curve techniques in
symplectic geometry. In its original form [27, Section 1.5.B] it establishes
compactness for the moduli spaces of closed pseudo-holomorphic curves in-
side a compact symplectic manifold. This was later generalised to the setting
in which symplectic field theory is formulated [3], where the symplectic man-
ifold is non-compact and the closed pseudo-holomorphic curves are allowed
to have interior punctures asymptotic to periodic Reeb orbits. This ver-
sion of the compactness theorem is sometimes referred to as Gromov-Hofer
compactness.

We will need a version of the latter compactness theorem for pseudo-
holomorphic curves with boundary and boundary-punctures asymptotic to
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Reeb chords. An outline of this result is given in [3, Section 11.3], and it is
treated thoroughly in [1].

In order to formulate the compactness theorem we need the concept of
a pseudo-holomorphic building, which was introduced in [3, Section 7]. In
our situation, the following less general definition will suit our needs. Again,
assume that J is a compatible almost complex structure on R× Y which
coincides with the cylindrical almost complex structures J− and J+ in the
sets {t ≤ A} and {t ≥ B}, respectively.

Definition 3.12. A pseudo-holomorphic building consists of a finite collec-
tion of pseudo-holomorphic discs in R× Y , where each disc has an associated
level i ∈ {i0, i0 + 1, . . . , i0 + j}, i0 ≤ 0, and a disc in level i is contained in
the moduli space

• Ma;b;A(V ; J) for i = 0,

• Ma;b;A(R× L+; J+) for i > 0; and

• Ma;b;A(R× L−; J−) for i < 0.

A choice of a bijection between the positive punctures of the discs in the i:th
level and the negative punctures of the discs in the (i+ 1):th level for each
i < i0 + j is also part of the data. Moreover, if two punctures correspond
under this bijection, we require them to be asymptotic to the same Reeb
chord. We call a level trivial if it consists only of trivial strips, and we assume
that there is at most one trivial level.

By [3], [1], any sequence un of J-holomorphic curves in moduli spaces
Ma;b;A(V ; J) having a uniform bound on the total energy E(un) ≤ E, has a
subsequence converging (in the appropriate sense) to a pseudo-holomorphic
building as above.

3.3.3. Transversality. One says that a compatible almost complex struc-
ture J on R× Y is regular if the moduli spaces Ma;b;A(V ; J) all are trans-
versely cut out smooth manifolds. Their dimension is then given by

dimMa;b;A(V ; J) = |a| − |b1| − · · · − |bm|+ μ(A),

as follows from the computation of the Fredholm index in [16, Section 6]
(also see [18, Proposition 2.3]). We say that a solution is rigid if it lives
inside a zero-dimensional transversely cut-out moduli space.
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Example. For a regular cylindrical almost complex structure Jcyl, it follows
that a rigid solution in Ma;b;A(R× L; Jcyl) must be translation-invariant,
and hence equal to a trivial strip R× c.

Since the above moduli spaces consist of discs with exactly one positive
puncture, each solution can be seen to be embedded inside some subset of
the form [N,+∞)× Y (here we have used the fact that no Reeb chord is
contained inside a periodic Reeb orbit). Standard techniques can now be
applied to show that these pseudo-holomorphic discs are simple and, hence,
that the set of regular almost complex structures J form a Baire subset
inside the set of all compatible almost complex structures coinciding with a
given cylindrical almost complex structure outside of a compact set; see for
example [5, Theorem 2.14] together with [36, Theorem 3.1.6].

However, if one wishes to find a regular cylindrical almost complex struc-
ture, the argument needs to be refined. This was done in [12] for curves
without boundary. This result can be generalised to the moduli spaces un-
der consideration here.

Proposition 3.13. 1) There is a Baire set of cylindrical almost complex
structures which are regular for the moduli spaces Ma;b;A(R× L; Jcyl)
as above.

2) The moduli spaces of the form Ma;b;A(R× L; Jcyl) may be supposed to
be transversely cut out after a cylindrical perturbation of Jcyl supported
in an arbitrarily small neighbourhood of R× a.

Proof. First, observe that the moduli spaces Ma;a;A(R× L; Jcyl) always are
transversely out, as follows by an explicit calculation. We thus need to apply
a transversality argument for the moduli spaces consisting of non-trivial
discs, i.e. discs that are not contained in a trivial strip.

The proof of [12, Theorem 4.1], which shows the first statement in the
case when the domain is a Riemann surface without boundary, can be gen-
eralised to the current setting. To that end, it is crucial that a solution
u = (α, v) satisfies the property that v is somewhere injective in the follow-
ing sense; there should exist a point z0 ∈ Ḋ2 \ ∂Ḋ2 for which{

πξ ◦Dz0v 
= 0,

v−1(v(z0)) = {z0},

is satisfied, where πξ : TY → ξ ⊂ TY denotes the linear projection to the
contact-planes along the Reeb vectorfield. To show the second statement of
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the proposition, it will be enough to infer that v(z0) may be taken to be
arbitrarily close to the Reeb chord a.

To find a point z0 satisfying the above, we argue as follows. Let a ⊂ Y
denote the asymptotic Reeb chord of the positive puncture of u. Observe
that this is the only puncture asymptotic to a, as follows by the formula for
the dλ-area given in Proposition 3.11 together with the assumption that u
is not a trivial strip.

Let Q ⊂ Ḋ2 denote the set of points for which πξ ◦Dv = 0. Observe
that u has positive dλ-energy by assumption, from which it follows that
Q � Ḋ. The generalised similarity principle [31, Theorem 12 in A.6] can be
applied to any locally defined section πξ ◦Dv(X), where X ∈ TD is a locally
defined holomorphic vectorfield (see the proof of the second statement of [32,
Theorem 5.2]). It follows that the set of limit-points Q′ of Q satisfies the
property that

Q′ ∩ (Ḋ2 \ ∂Ḋ2) ⊂ Ḋ2 \ ∂Ḋ2

is open. Since this set is closed as well, the non-triviality of u implies that
there are no limit-points of Q inside Ḋ2 \ ∂Ḋ2.

Take a neighbourhood U ⊂ Ḋ2 of the positive puncture, where U can be
conformally identified with

{s+ it; s ≥ 0, 0 ≤ t ≤ 1} ⊂ C,

and where s+ it denotes the standard holomorphic coordinate.
By the asymptotic properties of u, after possibly shrinking the neigh-

bourhood U , we may moreover assume that u|U is an embedding. In par-
ticular, each pseudo-holomorphic disc u|{0≤s≤A} satisfies the assumptions of
[33, Theorem 1.14]. Applying this result we conclude that, for any A > 0,
the subset ⎧⎨⎩

0 ≤ s ≤ A,
πξ ◦Ds+itv 
= 0,
(v|{0≤s≤A})−1(v(s+ it)) = {s+ it}

⎫⎬⎭ ⊂ U

is open and dense. From this it now follows that{
πξ ◦Ds+itv 
= 0,
(v|U )−1(v(s+ it)) = {s+ it}

}
⊂ U

is dense as well.
We will now show the existence of the required point z0 ∈ Ḋ2 \ ∂Ḋ2

assuming the existence of a point y0 ∈ a \ v(Ḋ2 \ U), which is a fact that
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we will establish below. The asymptotic properties of v together with the
above property of v|U shows that there exists some z0 ∈ U \ ∂Ḋ2 satisfying
πξ ◦Dz0v 
= 0 and (v|U )−1(v(z0)) = {z0}, and for which v(z0) is arbitrarily
close to y0 ∈ a \ v(Ḋ2 \ U). It now follows that this choice of z0 may be
supposed to satisfy v−1(v(z0)) = {z0} as well, and hence z0 ∈ Ḋ2 \ ∂Ḋ2 is
the sought point.

It remains show to the existence of a point y0 ∈ a \ v(Ḋ2 \ U). To that
end, let z′ ∈ Ḋ2 be a limit point of v−1(a) ⊂ Ḋ2. Since R× a is pseudo-
holomorphic for any cylindrical almost complex structure, an application of
the similarity principle in [34, Lemma 4.2] shows the following. The limit
point must satisfy z′ ∈ Q ∪ ∂Ḋ2. If not, u would map a non-empty open set
into R× a, thus contradicting the fact that

Q \ ∂Ḋ2 ⊂ Ḋ2 \ ∂Ḋ2

is a discrete subset.
Consequently, the points in Ḋ2 \ ∂Ḋ2 that are mapped to a by v form

a discrete subset of Ḋ2 \ ∂Ḋ2. Use å to denote the Reeb chord a with both
end-points removed. Since the boundary condition of u implies that

v(∂Ḋ2) ∩ a ⊂ a \ å,

the existence of a point y0 ∈ å \ v(Ḋ2 \ U) now follows. �

Another approach to attain a regular cylindrical almost complex struc-
ture is to generalise the method used in [18, Lemma 4.5] to the symplecti-
sation, using the techniques in [11]. The idea is to consider almost complex
structures that are integrable in some neighbourhood of the Reeb chords,
for which L moreover satisfies a real-analyticity condition.

Pseudo-holomorphic buildings consisting of transversely cut-out levels
can be glued to form transversely cut-out solution [18, Proposition 4.6]. To
that end, the following properties of a glued pseudo-holomorphic buildings
is elementary, but important.

Lemma 3.14. Let u be a pseudo-holomorphic map obtained by gluing the
levels in a pseudo-holomorphic building. It follows that

1) The expected dimension of u is equal to the sum of the expected dimen-
sions of the solutions in each level.

2) Ed(ϕIλ)(u) is the sum of the Ed(ϕIλ)-energies of the solutions in level
0 and the Edλ-energies of the solutions in the other levels.
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Together with Gromov-Hofer compactness it thus follows that, for a
regular almost complex structure, the moduli spaces in Section 3.3 can be
compactified to smooth manifolds with boundary (with corners), such that
the boundary points are in bijection with pseudo-holomorphic buildings of
the appropriate type.

4. Legendrian ambient surgery

Let (Y, λ) be a contact manifold of dimension 2n+ 1 with contact distri-
bution ξ := kerλ, and let L ⊂ Y be a Legendrian submanifold, which thus
satisfies dimL = n.

Here we describe the following construction. Suppose that we are given a
Legendrian embedding L ⊂ Y containing a framed embedded sphere S ⊂ L,
together with a so-called isotropic surgery disc DS ⊂ Y compatible with the
frame of the normal bundle of S (see Definition 4.2). Using LS to denote
the manifold obtained from L by surgery on the framed sphere S, the above
data will be used to construct a Legendrian embedding LS ⊂ Y contained in
an arbitrarily small neighbourhood of L ∪DS . We say that LS is obtained
from L by a Legendrian ambient surgery on S (see Definition 4.6).

Finally, the construction also produces an exact Lagrangian cobordism
VS ⊂ R× Y from L to LS which is diffeomorphic to the elementary cobor-
dism induced by the surgery.

4.1. The isotropic surgery disc

For a linear subspace A ⊂ (W,ω) of a symplectic vectorspace, recall the
definition of the symplectic complement of A, which is the subspace

Aω := {w ∈ W ; ω(A,w) = {0}}.

An isotropic submanifold D ⊂ (Y, dλ) has an associated symplectic normal
bundle identified with (TD)dλ/TD ⊂ ξ. In case when dimD = k + 1, this is
naturally a symplectic 2(n− k − 1)-dimensional bundle over D whose sym-
plectic form is given by the restriction of dλ. We will say that a (n− k − 1)-
dimensional subframe of this vector-bundle is Lagrangian if it spans La-
grangian subbundle. The following result is standard.
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Lemma 4.1. A symplectic trivialisation of an 2l-dimensional symplectic
bundle, i.e. a trivialisation which identifies each fibre with the standard sym-
plectic vectorspace (

Rl ⊕ iRl = Cl, ω0 =

l∑
i=1

dxi ∧ dyi

)
,

induces a Lagrangian frame by taking the first l-vectors of the trivialising
frame (i.e. the subframe that spans the real-part of Cl). Conversely, any
Lagrangian frame can be extended to such a symplectic trivialisation.

The Legendrian ambient surgery will depend on the following data.

Definition 4.2. Let S ⊂ L be an embedded k-sphere with a choice of frame
F of its normal-bundle NS ⊂ TL|S . An isotropic surgery disc compatible
with the framed sphere S ⊂ L is an embedded isotropic closed (k + 1)-disc
DS ⊂ Y , together with the choice of a Lagrangian frame of its symplectic
normal bundle, satisfying

(a) ∂DS = S and intDS ⊂ Y \ L.
(b) Any outward normal vectorfield to DS is nowhere tangent to L, or

equivalently, (TDS)
dλ|S ∩NS is (n− k − 1)-dimensional.

(c) Let H denote a vectorfield in NS satisfying dλ(G,H) > 0 for any
outward normal G to DS (these vector fields form a convex and non-
empty set). We require that the frame obtained by adjoining H to
the Lagrangian frame of ((TDS)

dλ/TDS)|S is a frame of NS which is
homotopic to F .

In particular, the last condition implies that the Lagrangian frame of the
symplectic normal bundle (TDS)

dλ/TDS of DS is required to be tangent to
L along ∂DS = S. Moreover, assuming that DS satisfies (a) and (b), the
following can be said about condition (c).

Remark 4.3. 1) In the case when k = n− 1 the disc DS is Lagrangian
and hence its symplectic normal bundle is zero-dimensional. The last
condition is thus equivalent to the requirement that H = efn, where
{n} denotes the chosen frame of the one-dimensional normal bundle
NS and where f : S → R.

2) In the case when k = 0 and n > 1, there is always a Lagrangian frame
that makes DS into an isotropic surgery disc compatible with the
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framed sphere S. To that end, observe that U(n− 1) is connected.
Furthermore, up to homotopy relative the boundary, the choice of such
a Lagrangian frame lives in π1U(n− 1) � Z.

3) In the case when k = 1 and n > 3, the fact that π1SO(n− 1) � Z2

implies that there are exactly two oriented frames of NS up to homo-
topy, say F0 and F1. Suppose there exists an isotropic surgery disc DS

compatible with the frame F0 of NS. In this case, there exists a dif-
ferent Lagrangian frame of the symplectic normal bundle of DS which
is compatible with the frame F1 of NS. To see this, observe that the
inclusion SO(n− 2) ⊂ U(n− 2) induces the trivial map on πi, i ≤ 1,
and that the inclusion SO(n− 2) ⊂ SO(n− 1) is 1-connected.

The case when k < n− 1 will be called the subcritical case. Observe
that in this case the isotropic surgery (k + 1)-disc DS is subcritical. As
follows by work of Gromov and Lees, see for example [20, Section 14.1],
there is an h-principle for subcritical isotropic embeddings. In particular,
the existence and deformations of such submanifolds can be formulated in
purely homotopy-theoretic terms.

Remark 4.4. It follows that the existence of a subcritical surgery disc, and
its deformations up to isotopies fixing L, are governed by an h-principle.

4.2. The standard model of a Lagrangian handle

Recall that the jet-space (J1M,λ0), λ0 := dz + θM , has the natural projec-
tions

ΠF : J1M → M × R,

ΠLag : J1M → T ∗M,

called the front projection and the Lagrangian projection, respectively. A
Legendrian submanifold of J1M is determined by its image under ΠF and,
up to a translation of the z-coordinate, it is determined by its image under
ΠLag as well.

The image ΠLag(L) ⊂ (T ∗M,dθ) of a Legendrian submanifold L ⊂ J1M
is an exact immersed Lagrangian submanifold, and the Reeb chords on L
are in bijective correspondence with the self-intersections of ΠLag(L). In the
front projection, Reeb chords correspond to two sheets of ΠF(L) having a
common tangency above a given point in the base M .
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We will use the above projections to construct a Legendrian standard
model L0,k ⊂ J1Rn of a neighbourhood of a framed k-sphere S0,k ⊂ L0,k,
together with a Legendrian submanifold Lε,k ⊂ J1Rn that is obtained from
L0,k by surgery on S0,k. This will be the standard model of a Legendrian
ambient surgery.

The construction will also provide an exact Lagrangian cobordismWε,k ⊂
R× J1Rn from L0,k to Lε,k which is diffeomorphic to the manifold obtained
by a (k + 1)-handle attachment on (−∞,−1]× L0,k along

S0,k ⊂ L0,k = ∂((−∞,−1]× L0,k).

4.2.1. Identifying the symplectisation with a cotangent bundle.
Let (q,p, z) be canonical coordinates on

(
J1Rn, dz −∑n

i=1 pidqi
)
, and recall

that t is the coordinate of the R-factor of the symplectisation R× J1(Rn).
Also, we endow T ∗(Rn × R>0) with the canonical coordinates

((x, xn+1), (y, yn+1)) = (((x1, . . . , xn), xn+1), ((y1, . . . , yn), yn+1)),

where (x, xn+1) form standard coordinates on the base Rn × R>0 and where
(y, yn+1) form coordinates induced by the coframe {dxi}. The symplecto-
morphism

(T ∗(Rn × R>0), dθRn×R>0
) → (R× J1Rn, d(etλ0)),

((x, xn+1), (y, yn+1)) �→ (log xn+1, (x,y/xn+1, yn+1)),

is exact, given that we take the primitive of the symplectic form dθRn×R>0

on T ∗(Rn × R>0) to be

−y1dx1 − · · · − yndxn + xn+1dyn+1 = θRn×R>0
+ d(xn+1yn+1).

Since −y1dx1 − · · · − yndxn + xn+1dyn+1 and θRn×R>0
differ by an ex-

act one-form, it follows that the above map also identifies Lagrangian sub-
manifolds of T ∗(Rn × R>0) which are exact with respect to the primitive
θRn×R>0

with Lagrangian submanifolds of the symplectisation R× J1Rn

which are exact with respect to the primitive etλ0. In other words, an exact
Lagrangian submanifold of the symplectisation R× J1Rn has a Legendrian
lift to J1(Rn × R>0), and can thus be represented by the corresponding
image in (Rn × R>0)× R under the front projection.

Assume that a part of the front projection is given as the graph of a
smooth function f(x, xn+1) above some region in Rn × R>0. It thus follows
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that the corresponding sheet of the Lagrangian submanifold is determined
by

{yi = ∂xi
f(x, xn+1)} ⊂ T ∗(Rn × R>0),

on which the pull-back of etλ0 has a primitive given by

−f(x, xn+1) + xn+1yn+1 + C, C ∈ R.

Finally, under above the identification of T ∗(Rn × R>0) with R× J1Rn, this
sheet corresponds to a subset of a cylinder over a Legendrian submanifold
in J1Rn if and only if the above function is of the form

f(x, xn+1) = g(x)xn+1 + C, C ∈ R.

4.2.2. The model for an exact Lagrangian handle Wε,k. Here we
construct the standard model Wε,k of an elementary Lagrangian cobordism,
where k ∈ {0, . . . , n− 1}.

1− ε1/3
1

xn+1

1−1
x1

CS

ΠF(Wε,k)

Figure 2: A part of the front projection of the standard model Wε,k of an
elementary Lagrangian cobordism of index k + 1 in the case when k = 0 and
n = 1. The cusp-edge corresponds to the core disc CS .

For each 0 < ε < 1, we let ρε : R → [0, 1] be a smooth symmetric function
satisfying

• ρε(0) = 1,

• ρ′ε(x) ≥ 0 for x ≥ 0,

• ρε(x
2) = 0 for x2 ≥ 1 + (2/3)ε, and

• d2

dx2

(
x2 + ρε

(
x2
)
(1 + ε/2)

)
> 0 for all x ∈ R.
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In particular, for each 0 ≤ C ≤ 1 + ε/2, the function x2 + Cρε(x
2) is strictly

convex, coincides with x2 for x2 ≥ 1 + (2/3)ε, and takes the value C at x = 0.
For each 0 < ε < 1 we also consider a smooth non-decreasing function

σε : R>0 → R≥0 satisfying

• 0 ≤ σ′
ε(x) ≤ (1 + ε)ε−1/3,

• σε(x) = 0 for x ≤ 1− ε1/3,

• σε(x) = 1 + ε/2 for x ≥ 1 + ε1/3, and

• σε(1) = 1, σ′
ε(1) > 0, σ′′

ε (1) ≥ 0.

Finally, we define

ϕε : Rn × R → R,

ϕε(x, xn+1) = ρε
(
x21 + · · ·+ x2k+1

)
σε(xn+1).

We now consider the front in (Rn × R>0)× R that above the domain{(
x21 + · · ·+ x2k+1

)− (x2k+2 + · · ·+ x2n
)
+ ϕε(x, xn+1) ≥ 1

} ⊂ Rn × R>0,

is given by the graphs of the two functions ±Fε(x)xn+1, where

Fε(x, xn+1) :=
((
x21 + · · ·+ x2k+1

)
− (x2k+2 + · · ·+ x2n

)
+ ϕε(x, xn+1)− 1

)3/2
,

and which has a cusp-edge along the boundary of the same domain. We
use Wε,k ⊂ T ∗(Rn × R>0) to denote the corresponding (non-compact!) exact
Lagrangian submanifold.

Observe that Wε,k can be identified with an exact Lagrangian submani-
fold of R× J1Rn which is cylindrical over a Legendrian submanifold above
the complement of{

x21 + · · ·+ x2k+1 ≤ 1 + ε,

1− ε1/3 ≤ xn+1 ≤ 1 + ε1/3

}
⊂ Rn × R>0.

Consequently, the primitive of the pull-back of the one-form

−y1dx1 − · · · − yndxn + xn+1dyn+1

may be taken to vanish in the same set.
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We also consider the exact Lagrangian submanifold W0,k corresponding
to the following front in (Rn × R>0)× R. Above the domain{(

x21 + · · ·+ x2k+1

)− (x2k+2 + · · ·+ x2n
) ≥ 1

} ⊂ Rn × R>0,

we require it to correspond to the graphs of the two functions

± ((x21 + · · ·+ x2k+1

)− (x2k+2 + · · ·+ x2n
)− 1

)3/2
xn+1,

while it has a cusp-edge along the boundary of the same domain. Obviously,
W0,k is cylindrical over a Legendrian submanifold, and the primitive of the
pull-back of the one-form

−y1dx1 − · · · − yndxn + xn+1dyn+1

may be taken to vanish. We use L0,k to denote this Legendrian submanifold.
It follows that Wε,k is an exact Lagrangian cobordism from L0,k ⊂ J1Rn to
a Legendrian submanifold that will be denoted by Lε,k ⊂ J1Rn.

Observe that Lε,k is diffeomorphic to the manifold obtained from L0,k

by a surgery on the k-sphere

S0,k :=

⎧⎪⎪⎨⎪⎪⎩
q21 + · · ·+ q2k+1 = 1,
qk+2 = · · · = qn = 0,
p = 0,
z = 0

⎫⎪⎪⎬⎪⎪⎭ ⊂ L0,k ⊂ J1Rn

with the choice of frame

N0,k := 〈q1∂p1
+ · · ·+ qk+1∂pk+1

, ∂qk+2
, . . . , ∂qn〉

of its normal bundle. The cobordism Wε,k is diffeomorphic to the manifold
obtained by a handle-attachment on (−∞,−1]× L0,k along

S0,k ⊂ L0,k = ∂((−∞,−1]× L0,k).

By applying Formula 3.2, one sees that the Maslov class vanishes for
Wε,k, and hence the same is true for both L0,k and Lε,k.

4.2.3. The Reeb chords on L0,k and Lε,k. Note that L0,k has no
Reeb-chords, and that Lε,k has exactly one Reeb chord c0 above q = 0. One
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z

1−1

S0,kS0,k

ΠF(L0,k)

D0,k
q1

Figure 3: The front projection of the standard model L0,k before the surgery
in the case when k = 0 and n = 1.

z

c0

−1− ε/2 1 + ε/2

ΠF(Lε,k)

q1

Figure 4: The front projection of the standard model Lε,k after the surgery
in the case when k = 0 and n = 1.

computes

�(c0) = ε3/2/
√
2.

Furthermore, this Reeb chord satisfies

|c0| = n− k − 1,

which can be seen by applying Formula 3.1. To that end, we observe that
the front projection ΠF(Lε,k) consists of two sheets being the graphs of
the functions fs < 0 < fe, and that the critical point of fs − fe has Morse
index n− (k + 1) (see Figure 4). Furthermore, in the case n > 1, the obvious
capping path of c0 traverses exactly one cusp-edge in downward direction.

4.2.4. The standard model of the isotropic surgery disc. Consider
the embedded isotropic disc

D0,k :=

⎧⎪⎪⎨⎪⎪⎩
q21 + · · ·+ q2k+1 ≤ 1,
qk+2 = · · · = qn = 0,
p = 0,
z = 0

⎫⎪⎪⎬⎪⎪⎭ ⊂ J1Rn

with boundary ∂D0,k = S0,k. If we endow the symplectic normal bundle
(TD0,k)

dλ0/TD0,k with the Lagrangian frame

{∂qk+2
, . . . , ∂qn},
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it is easily seen that D0,k becomes an isotropic surgery disc compatible with
the above frame of the normal bundle of S0,k ⊂ L0,k.

4.3. Controlling the size of the standard handle

This subsection deals with controlling the “size” of the non-cylindrical part
of the standard model of the handle Wε,k ⊂ T ∗(Rn × R>0), which obviously
depends on the parameter ε > 0. First, this will be necessary when defin-
ing the Legendrian ambient surgery construction, which is performed by
importing this standard model into the given contact manifold. In later sec-
tions this will also turn out to be important when providing estimates the
of symplectic areas of pseudo-holomorphic discs having boundary on the
handle.

Consider the neighbourhood

Ũε :=

⎧⎪⎪⎨⎪⎪⎩
x21 + · · ·+ x2k+1 < 1 + ε,
x2k+2 + · · ·+ x2n < 2ε,

|yi| < 3
√

ε(1 + ε)xn+1, i ≤ n,

|yn+1| < 10ε1/6

⎫⎪⎪⎬⎪⎪⎭ ⊂ T ∗(Rn × R>0)

which is invariant under translation of the t-coordinate of R× J1Rn (using
the above identification). The following lemma in particular shows that this
neighbourhood contains the non-cylindrical part of the handle Wε,k.

Lemma 4.5. For each 0 < ε < 1, Wε,k and W0,k coincide outside of the

open set Ũε′ given that ε′ ≥ (2/3)ε.

Proof. We show that Wε,k and W0,k coincide outside of the set Ũ(2/3)ε, from
which the general statement obviously follows. We thus fix 0 < ε < 1 and
set ε′ := (2/3)ε.

Consider the function

fy(x) := x2 + yρε(x
2),

where ρε is as defined in Section 4.2. Recall that fy(x) is symmetric in
x, satisfies fy(x) = x2 for x2 ≥ 1 + ε′, and that f ′′

y (x) > 0 holds for each
0 ≤ y ≤ 1 + ε/2. From this we conclude that the inequality

y = fy(0) ≤ fy(x) < 1 + ε′
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holds for all x2 < 1 + ε′, 0 ≤ y ≤ η + ε/2 or, in other words, that

0 ≤ y = fy(0) ≤ x2 + yρε
(
x2
)− 1 < ε′

holds in the same set.
This inequality implies that we have the inclusion

(4.1) Wε,k ∩
{
x21 + · · ·+ x2k+1 < 1 + ε′

} ⊂ {x2k+2 + · · ·+ x2n < ε′
}

and hence that the inequality

(4.2) Fε(x, xn+1) < (ε′)3/2

holds on the same set.
Furthermore, since ρε(x

2) vanishes for x2 ≥ 1 + ε′, it follows that Wε,k

and W0,k coincide outside of the set{
x21 + · · ·+ x2k+1 < 1 + ε′

}
,

and by (4.1), outside of

O :=

{
x21 + · · ·+ x2k+1 < 1 + ε′,
x2k+2 + · · ·+ x2n < ε′

}
.

Since fy(x) is symmetric in x and has increasing derivative by assump-
tion, and since f ′

y(±
√
1 + ε′) = ±2

√
1 + ε′, the inequality

(4.3) |f ′
y(x)| < 2

√
1 + ε′

holds for all x2 < 1 + ε′.
Using (4.2) and (4.3) one computes that

(4.4)

∣∣∣∣ ∂

∂xi
Fε(x, xn+1)

∣∣∣∣ ≤ (3/2)Fε(x, xn+1)
1−2/32

√
1 + ε′ < 3

√
ε′
√

(1 + ε′),

holds inside O for each i = 1, . . . , k + 1, and that

(4.5)

∣∣∣∣ ∂

∂xi
Fε(x, xn+1)

∣∣∣∣ ≤ (3/2)Fε(x, xn+1)
1−2/32

√
ε′ < 3

√
ε′
√

(1 + ε′)

holds inside O for each i = k + 2, . . . , n. In conclusion, Wε,k ∩O is contained
in the set {

|yi| < 3
√

ε′(1 + ε′)xn+1, 1 ≤ i ≤ n
}
.
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Finally, from the inequality

0 ≤ σ′
ε(xn+1) ≤ (1 + ε)ε−1/3,

together with the fact that σ′
ε(xn+1) = 0 holds for xn+1 ≥ 1 + ε1/3, we get

the bound∣∣∣∣ ∂

∂xn+1
(Fε(x, xn+1)xn+1)

∣∣∣∣ ≤ Fε(x, xn+1) +
3

2
Fε(x, xn+1)

1−2/3σ′
ε(xn+1)xn+1

< (ε′)3/2 +
3

2
(ε′)1/2((1 + ε)ε−1/3)(1 + ε1/3)

< (ε′)1/6 + 6(ε′)1/2ε−1/3

= (ε′)1/6 + 6(ε′)1/2((3/2)ε′)−1/3

< (ε′)1/6 + 6(ε′)1/6

onO, where we again have used the inequality (4.2). In other words,Wε,k ∩O
is contained inside {

|yn+1| < 7(ε′)1/6
}
.

In conclusion, we have shown that Wε,k and W0,k coincide outside of the

set Ũε′ . �

4.4. The definition of a Legendrian ambient surgery

Suppose that we are given a Legendrian submanifold L ⊂ Y containing a
framed embedded k-sphere S ⊂ L, together with a compatible isotropic
surgery (k + 1)-disc DS ⊂ Y . We use NS ⊂ TL|S to denote the normal bun-
dle of S.

We will construct an exact Lagrangian cobordism VS,ε ⊂ R× Y from L
to a Legendrian submanifold which will be denoted by LS , and which is
diffeomorphic to a manifold obtained from L by k-surgery on S with the
above frame of NS. Furthermore, the cobordism VS,ε will be diffeomorphic
to the elementary cobordism of index k + 1 induced by the surgery. We will
say that LS is obtained from L by a Legendrian ambient surgery on S.

4.4.1. Identifying the isotropic surgery disc with the standard
model. There is a neighbourhood U ⊂ J1Rn of D0,k for which there is
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a contact-form preserving diffeomorphism

φ : (U, λ0) → (φ(U), λ)

identifying U with a neighbourhood φ(U) ⊂ Y of DS . We can moreover
require that

1) φ(D0,k) = DS , and φ(S0,k) = S,

2) Dφ maps the Lagrangian frame of (TD0,k)
dλ0/TD0,k in the standard

model (as given in Section 4.2.4) to the choice of Lagrangian frame of
(TDS)

dλ/TDS for the isotropic surgery disc, and

3) φ(L0,k ∩ U) = L ∩ φ(U).

The neighbourhood theorem [26, Theorem 6.2.2] for isotropic submanifolds
gives neighbourhoods and a map φ as above satisfying (1) and (2). We may
furthermore assume that (3) holds infinitesimally, i.e. that

Dφ(TL0,k|S0,k
) = TL|S .

After a perturbation of L by a Legendrian isotopy, and after possibly shrink-
ing the above neighbourhoods, we may hence assume that (3) is satisfied as
well.

4.4.2. The constructions. The identification of a neighbourhood of DS

with a neighbourhood of D0,k via the contact-form preserving map φ con-
structed above induces an exact symplectomorphism of the form

(IdR, φ) : (R× U, d(etλ0)) → (R× φ(U), d(etλ))

from the neighbourhood

R× U ⊃ R×D0,k

in R× J1Rn to the neighbourhood

R× φ(U) ⊃ R×DS

in R× Y . Observe that, by construction, this symplectomorphism identifies
W0,k with R× L.

Recall the identification of R× J1Rn with T ∗(Rn × R>0) described in
Section 4.2. After choosing a small enough ε > 0, we may assume that the
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cylindrical neighbourhood

Ũε ⊂ T ∗(Rn × R>0)

of R×D0,k described in Section 4.3 is identified with a neighbourhood R×
Uε ⊂ R× U under this identification.

The two exact Lagrangian cobordismsW0,k,Wε,k⊂R×J1Rn constructed

in Section 4.2.2 coincide outside of the set Ũε as follows by Lemma 4.5.
Replacing the set (R× L) ∩ (R× φ(Uε)) with (IdR, φ)(Wε,k ∩ (R× Uε)) thus
produces an exact Lagrangian cobordism that will be denoted by

VS,ε ⊂ R× Y.

This is an exact Lagrangian cobordism from L ⊂ Y to a Legendrian sub-
manifold that we will denote by

LS,ε ⊂ Y.

Observe that LS,ε is diffeomorphic to the manifold obtained by performing
a k-surgery on S with the specified frame of its normal bundle, and that VS,ε

is diffeomorphic to the corresponding elementary cobordism of index k + 1.
Moreover, we will fix a choice of an embedding of the core disc

CS,ε := (IdR, φ)(Wε,k ∩ {p = 0, t ≤ 0}) ⊂ VS,ε

of the handle-attachment. It is easily checked that CS,ε ⊂ R× VS,ε is a
smoothly embedded (k + 1)-disc that coincides with (−∞,−1)× S outside
of a compact set (also, see Figure 2).

Definition 4.6. Given an isotropic surgery (k + 1)-disc DS ⊂ Y compati-
ble with a framed embedded k-sphere S ⊂ L ⊂ Y inside a Legendrian man-
ifold, we will say that the Legendrian submanifold LS,ε ⊂ Y constructed
above is obtained from L by a Legendrian ambient surgery on S. Fur-
thermore, the construction provides the exact Lagrangian cobordism VS,ε ⊂
R× Y from L to LS,ε, which will be called an elementary Lagrangian cobor-
dism of index k + 1.

The above construction can be seen to satisfy the following properties.

Remark 4.7. 1) The new Reeb chord on LS that corresponds to the
unique Reeb chord on the local model L0,k will be denoted by cS and
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satisfies

|�(cS)| = n− k − 1,

�(cS) = ε3/2/
√
2,

as follows from the description in Section 4.2.3.

2) Changing the parameter ε > 0 above does not change the Hamiltonian
isotopy class of VS,ε, nor the Legendrian isotopy class of LS,ε. We will
sometimes omit ε from the notation.

3) Assume that we are given two embedded spheres Si ⊂ Li ⊂ Y , i = 1, 2,
with compatible isotropic surgery discs DSi

. If there exists a contact
isotopy taking L1 ∪DS1

to L2 ∪DS2
, whose tangent-map moreover

takes the Lagrangian frame of the symplectic normal bundle of DS1
to

that of DS2
, it follows that (L1)S1

is Legendrian isotopic to (L2)S2
.

4) In the case k < n− 1, the isotropic surgery disc DS is subcritical.
This means that, for generic data, there are no Reeb chords on L ∪
DS starting or ending on DS (here we use the assumption that the
periodic Reeb orbits of (Y, λ) are non-degenerate). Given any E > 0,
after shrinking ε > 0, we may thus assume that there is a natural
identification

{c ∈ Q(LS); �(c) ≤ E} = {c ∈ Q(L); �(c) ≤ E} ∪ {cS}
of Reeb chords. In Section 4.6 we show that this also can be achieved in
the case when k = n− 1, given that we first deform L by a Legendrian
isotopy.

5) It can be seen that the symplectisation-coordinate t restricted to VS,ε

is a Morse function with a unique critical point of index k + 1. Our
choice of core disc CS moreover passes through this critical point.

4.5. The effect of a Legendrian ambient surgery on
the Maslov class

The Maslov class of a Lagrangian cobordism pulls back to the Maslov classes
of its respective Legendrian ends under the inclusion maps. It follows that

μ(H1(L)), μ(H1(LS)) ⊂ μ(H1(VS)) ⊂ Z.

4.5.1. The case of a 0-surgery. Suppose we are given an embedded
isotropic 1-disk DS ⊂ Y that bounds S ⊂ L and satisfies (a) and (b) in
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Definition 4.2. We fix an arbitrary frame of the normal bundle of S ⊂ L.
When n > 1 we can always find a Lagrangian frame of the symplectic normal
bundle of DS which makes it into an isotropic surgery disc compatible with
S, as explained in part (2) of Remark 4.3. Furthermore, the choice of such
a Lagrangian frame lives in

π1(U(n− 1)) � Z.

Under the additional assumption that the 1-handle attachment adds
a generator γ ∈ H1(VS), the following can be said. Consider two choices
m1,m2 ∈ Z � π1(U(n− 1)) of Lagrangian frames of DS . The two corre-
sponding Legendrian ambient surgeries give rise to two diffeomorphic cobor-
disms, and the evaluation of the Maslov class on γ for these two choices can
be seen to differ by 2(m1 −m2).

4.5.2. The case of a k-surgery with 0 < k < n− 1. LetX ∪ (Dk+1 ×
Dn−k) be a (k + 1)-handle attachment on the manifold X with non-empty
boundary. From the associated long exact sequence in singular homology

· · · → H2(D
k+1 ×Dn−k, Sk ×Dn−k) → H1(X)

→ H1(X ∪ (Dk+1 ×Dn−k)) → H1(D
k+1 ×Dn−k, Sk ×Dn−k)

→ H0(X) → · · · ,

together with the fact that

H1(D
k+1 ×Dn−k, Sk ×Dn−k) � H1(S

k+1)

we conclude that the above map

H1(X) → H1(X ∪ (Dk+1 ×Dn−k))

is surjective, since k > 0.
SettingX = (−∞,−1]× L and identifyingX ∪ (Dk+1 ×Dn−k) with VS ,

we conclude that

μ(H1(L)) = μ(H1(VS)) ⊂ Z

whenever LS is obtained from L by an ambient k-surgery with k > 0.
Since VS equivalently can be viewed as a smooth manifold obtained by

a (n− k)-handle attachment on (−∞,−1]× LS , the analogous long exact
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sequence now shows that

μ(H1(LS)) = μ(H1(L)) = μ(H1(VS)) ⊂ Z,

whenever LS is obtained from L by a Legendrian ambient k-surgery with
0 < k < n− 1.

4.6. A radial contraction of the isotropic surgery disc

Assume that we are given an isotropic surgery disc DS of dimension k + 1
which is compatible with a framed embedded sphere S ⊂ L inside a Leg-
endrian submanifold. Let DS′ ⊂ DS be a smooth embedding of a closed
(k + 1)-disc. Assume that there is an isotopy of DS taking S to the bound-
ary ∂DS′ .

This isotopy can be extended to a contact isotopy of the ambient contact
manifold Y (see e.g. Lemma 8.3) having support in some arbitrarily small
neighbourhood of DS . We use (L′, S′) to denote the image of (L, S) induced
by this isotopy, where L′ thus is Legendrian isotopic to L and for which
S′ = ∂DS′ . Moreover, choosing this extension with some care, a Legendrian
ambient surgery on S′ ⊂ L′ determined by the isotropic surgery discDS′ may
in fact be assumed to reproduce our original Legendrian ambient surgery,
that is:

(L′)S′ = LS .

Take any E > 0. After choosing DS′ ⊂ DS to be sufficiently small, we
may assume that all Reeb chords on L′ ∪DS′ that start or end on DS′ have
action at least E. We conclude that

Lemma 4.8. For 0 ≤ k ≤ n− 1 we may assume that LS = (L′)S′ is ob-
tained from L′ by a Legendrian ambient k-surgery on S′, where (L′, S′) is
isotopic to (L, S) by a contact isotopy, and for which

{c ∈ Q(LS); �(c) ≤ E} = {c ∈ Q(L′); �(c) ≤ E} ∪ {cS}.
Observe that when k < n− 1 this result also follows by a general position

argument; see part (4) of Remark 4.7.

4.7. Well-definedness of the Legendrian ambient 0-surgery

It was proven in [23, Lemma 3.2] that cusp connected sum is a well-defined
operation on Legendrian knots. Since Legendrian ambient 0-surgery is a gen-
eralisation of cusp connected sum, the below proposition provides a positive
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answer to a question posed in [17] concerning the well-definedness of cusp
connected sums in higher dimensions.

For simplicity we here only consider the case when the contact manifold
is the standard contact (2n+ 1)-space (Cn × R, dz −∑i yidxi). We also re-
strict ourselves to the case n > 1. Recall that, given an framed embedded
0-sphere S ⊂ L, we can always find a compatible isotropic surgery disc DS

(see part (2) of Remark 4.3).

Proposition 4.9. Let L ⊂ Cn × R be a Legendrian submanifold, where n >
1, and let S ⊂ L a framed embedded 0-sphere.

1) Suppose that L ∩ {x1 = 0} = ∅ and that the two points S ⊂ L are sep-
arated by the hyperplane {x1 = 0} ⊂ Cn × R. It follows that the Leg-
endrian isotopy class of LS is invariant under isotopy of the framed
0-sphere S and independent of the choice of a compatible isotropic
surgery disc DS.

2) If L is connected, then the Legendrian isotopy class of LS depends
only on the Lagrangian frame of the symplectic normal bundle of the
isotropic surgery disc DS.

Proof. Consider the following set-up. Let S, S′ ⊂ L be isotopic framed em-
beddings of a 0-sphere, and let DS and DS′ be isotropic surgery 1-discs
compatible with S and S′, respectively.

Since contact isotopies can be seen to act transitively on points in a
Legendrian submanifold (see Lemma 8.3), after a contact isotopy we may
assume that S = S′ and that the frames of NS = NS′ agree. This also shows
that the outward-normal vector fields of the two isotropic surgery discs DS

andDS′ may be assumed to coincide. Moreover, after performing the contact
isotopy with some additional care, we may assume that the isotropic surgery
discs themselves agree in some neighbourhood of S ⊂ Y .

Here the ambient contact manifold is of dimension 2n+ 1 ≥ 5, and it
thus follows by the h-principle for subcritical isotropic embeddings that the
isotropic surgery discs are isotopic by a contact isotopy supported outside
of some small neighbourhood of L (also, see Remark 4.4).

In view of the above, what remains is to investigate how the construction
depends on the choice of a Lagrangian frame of the symplectic normal bun-
dle of the isotropic surgery disc DS . Recall that two Lagrangian frames of
DS that are homotopic relative the boundary of DS determine Legendrian
ambient surgeries whose resulting Legendrian submanifolds are Legendrian
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isotopic (see part (3) of Remark 4.7). Also, these homotopy classes are in
bijection with π1(U(n− 1)) � Z.

(1): By assumption we have L ∩ {−ε < x1 < ε} = ∅ for some ε > 0, where
the two components of L containing the respective component of S are
separated by the hyperplane {x1 = 0}. Without loss of generality, we may
thus assume that

DS ∩ {−ε < x1 < ε} =

⎧⎪⎪⎨⎪⎪⎩
|x1| < ε,
x2 = · · · = xn = 0,
y1 = · · · = yn = 0,
z = 0

⎫⎪⎪⎬⎪⎪⎭ .

Consider the autonomous Hamiltonian

H : Cn → R,

H(x,y) := ψ(x1)(x
2
2 + y22)/2,

where ψ(x1) ≥ 0 is a smooth function satisfying ψ(x1) = 1 for x1 < 0 and
ψ(x1) = 0 for x1 ≥ ε. The corresponding Hamiltonian isotopy

φt
H :

(
Cn,
∑
i

dxi ∧ dyi

)
→
(
Cn,
∑
i

dxi ∧ dyi

)

has a unique lift to a contact-form preserving isotopy

ϕt : (Cn × R, λ0) → (Cn × R, λ0),

ϕt(x,y, z) = (φt
H(x,y), z + gt(x,y)),

satisfying ϕ0 = Id and ġt = −θRn(φ̇t
H)−H ◦ φt

H . We also compute that

ϕ2πl|{x1≤0} = Id |{x1≤0}, l ∈ Z,

ϕt|{x1≥ε} = Id |{x1≥ε}, t ∈ R,

while ϕt can be seen to preserve DS ∩ {−ε < x1 < ε} for all t ∈ R (clearly
dH vanishes along the latter arc, and (φ2πl

H )|{x1≤0} = Id). The subgroup

{ϕ2πl}l∈Z � Z of contactomorphisms (all of which are contact isotopic to
the identity by construction) hence fix L ∪DS , and can moreover be seen to
act transitively on the Lagrangian frames of the symplectic normal bundle
of DS (relative its boundary).

(2): The computations in Section 4.5 show that different choices of homo-
topy classes of Lagrangian frames induce Legendrian embeddings of LS ⊂ Y
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that have different Maslov classes with respect to a fixed parametrisation
of LS . It follows that the parametrised Legendrian isotopy class of LS ⊂ Y
indeed depends on the homotopy class of this Lagrangian frame. �

5. Pseudo-holomorphic discs with boundary on the
elementary cobordism

The goal in this section is computing the DGA morphism induced by an
elementary Lagrangian cobordisms VS from L to LS , and thereby proving
Theorem 1.1. This is done by analysing the behaviour of pseudo-holomorphic
discs in R× Y having boundary on VS . To that end it will be crucial to
control the “size” of the non-cylindrical part of the handle, which we do
by considering the family VS,ε depending on the parameter ε > 0. We start
by recalling the construction of VS , from which the existence of this one-
parameter family is immediate.

5.1. A one-parameter family of elementary Lagrangian
cobordisms

Assume that we are given the Legendrian ambient surgery data consisting
of the isotropic surgery disc DS with boundary on S ⊂ L, where S is a
framed embedded k-sphere inside the n-dimensional Legendrian submanifold
L ⊂ (Y, λ).

The corresponding elementary Lagrangian cobordism is constructed in
Section 4.4.2 by, starting from the trivial cobordism R× L, excising a cylin-
drical neighbourhood of R×DS ⊂ R× Y and replacing it with the standard
model of the handle. In order to construct the one-parameter family of ele-
mentary Lagrangian cobordisms, it will be necessary to recall some details
of this construction.

First, as in Section 4.3, we consider the neighbourhood

R× UεS :=

⎧⎪⎪⎨⎪⎪⎩
q21 + · · ·+ q2k+1 < 1 + εS ,
q2k+2 + · · ·+ q2n < 2εS ,

|pi| < 3
√

εS(1 + εS), i ≤ n,

|z| < 10ε
1/6
S

⎫⎪⎪⎬⎪⎪⎭ ⊂ R× J1Rn

for any εS > 0. The main feature of R× UεS is that it contains the non-
cylindrical part of the standard model Wε,k ⊂ R× J1Rn of the handle for
each 0 < ε ≤ εS (see Lemma 4.5).
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For εS > 0 sufficiently small, the Legendrian ambient surgery data de-
termines an exact symplectomorphism

(IdR, φ) : R× UεS → R× φ(UεS),

where φ(UεS) ⊂ Y is a neighbourhood of DS (see Section 4.4.2). Using this
identification, the sought one-parameter family of elementary Lagrangian
cobordisms

VS,ε ⊂ (R× Y, d(etλ)), 0 < ε ≤ εS ,

from L to LS,ε is now defined as follows:

• We have an equality

VS,ε \ (IdR, φ)(R× UεS) = (R× L) \ (IdR, φ)(R× UεS)

of cylindrical subsets, while,

• VS,ε ∩ (IdR, φ)(R× UεS) = (IdR, φ)(Wε,k) is the image of the standard
model of the handle.

Here Lemma 4.5 is crucial. Finally, we write VS := VS,εS .
We will later need to produce estimates of the symplectic areas of the

pseudo-holomorphic discs entering the handle. In order to do this, we want
to fix an embedding of the normal sphere-bundle of S ⊂ L (i.e. an embedding
of the unit normal-bundle induced by some choice of metric) that moreover
is contained in a subset over which the cobordisms VS,ε, 0 < ε ≤ εS , all are
cylindrical. More precisely, we fix an open embedding

Σ ↪→ L \ φ(UεS) ⊂ Y,

Σ � S × Sn−k−1 × (−1, 1),

for which the induced embedding of Σ0 := S × Sn−k−1 × {0} can be identi-
fied with an embedding of the normal sphere-bundle of S ⊂ L.

5.1.1. Assumptions on the Reeb dynamics near the surgery region.
We will in the following only consider Reeb chords on L below some fixed
action E > 0. We furthermore assume that all Reeb chords on L ∪DS that
start or end on DS have action at least 3E. When k < n− 1 this can be
arranged by a general position argument, while for k = n− 1 one may have
to first perform a Legendrian isotopy as described in Section 4.8. Given this



Legendrian ambient surgery 865

assumption, it is now possible to choose εS > 0 sufficiently small, so that

{c ∈ Q(LS,ε); �(c) ≤ E} = {c ∈ Q(L); �(c) ≤ E} ∪ {cS}

holds for each 0 < ε ≤ εS .
Also, the above assumption has the following important consequence.

Recall the above choice of neighbourhood Σ ⊂ L of the normal sphere-bundle
of S ⊂ L. After shrinking εS > 0 further (and choosing Σ even closer to S),
the Reeb flow φt

R on (Y, λ) can be assumed to have the property that

φ
[−2E,2E]\{0}
R (Σ) ∩ (L ∪ φ(UεS)) = ∅

holds for the above constant E > 0.

5.2. Preliminaries

We start by recalling the formulas for the different forms of energies of
pseudo-holomorphic discs in R× Y having boundary on VS,ε, 0 < ε ≤ εS .
While some of the results will be valid for an arbitrary cylindrical almost
complex structure Jcyl, for others we will need to use a cylindrical almost
complex structure JS of R× Y which has been constructed with some special
care. This is also done below.

5.2.1. The energies of pseudo-holomorphic discs with boundary
on VS. By construction, VS,ε is cylindrical outside of the set Iε × Y with

Iε = [log (1− ε1/3), log (1 + ε1/3)].

Furthermore, the primitive of etλ pulled back to VS,ε may be supposed to
vanish outside of a compact set. Let Jcyl denote a cylindrical almost complex
structure on R× Y . Proposition 3.11 can be applied, giving us

0 ≤ Ed(ϕIελ)
(u) =

1 + ε1/3

1− ε1/3
�(a)− (�(b1) + · · ·+ �(bm)),(5.1)

0 < Eλ,Iε(u) =
1 + ε1/3

1− ε1/3
�(a),(5.2)

0 < EIε(u) = 2
1 + ε1/3

1− ε1/3
�(a)− (�(b1) + · · ·+ �(bm)),(5.3)

for any Jcyl-holomorphic disc u ∈ Ma;b;A(VS,ε; Jcyl) having boundary on
VS,ε, a positive puncture at a, and negative punctures at b = b1 · · · bm.
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5.2.2. A cylindrical almost complex structure that is integrable
near the core disc. There is a unique cylindrical almost complex struc-
ture J0 on R× J1Rn having the property that the canonical projection

π : R× J1Rn → T ∗Rn = Cn

is (J0, i)-holomorphic. Furthermore, it can be checked that the identification

(R× J1Rn, J0) → (Cn × C, i),

(t, ((q,p), z)) �→ (q+ ip, t− ‖p‖2/2 + iz),

is a biholomorphism. In particular, the function

πC : R× (J1Rn, J0) → (C, i),

(t, ((q,p), z)) �→ (t− ‖p‖2/2 + iz),

is holomorphic.
We use the exact symplectomorphism

(IdR, φ) : R× UεS → R× φ(UεS)

used in the construction of VS,ε (see Section 5.1), where UεS ⊂ J1Rn is a
neighbourhood, to push forward J0 to an almost complex structure on R×
φ(UεS) ⊂ R× Y .

5.2.3. A cylindrical almost complex structure JS admitting a local
anti-holomorphic involution fixing Σ. We will construct the sought
cylindrical almost complex structure JS by requiring it to coincide with the
push-forward of the above integrable almost complex structure J0 in the
neighbourhood R× φ(UεS), while we will prescribe it to have the following
behaviour in a neighbourhood of

R× Σ ⊂ R× (L \ φ(UεS)).

Recall the neighbourhood Σ ⊂ L \ φ(UεS) of Σ0 ⊂ L chosen in Section 5.1,
where Σ0 can be identified with the normal sphere-bundle of S ⊂ L.

A standard result implies that there exists an integrable almost complex
structure JΣ on T ∗Σ for which the zero-section 0Σ ⊂ T ∗Σ is real-analytic.
After shrinking the neighbourhood of the zero-section further, we may more-
over assume that there exists an anti-holomorphic involution ι defined on
this neighbourhood that fixes the zero-section pointwise.
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It follows by Proposition [9, Proposition 2.15] that, on some sufficiently
small neighbourhood D∗Σ ⊃ 0Σ, the squared distance ρ : D∗Σ → R≥0 to the
zero-section induced by some choice of Hermitian metric on T ∗Σ is a smooth
plurisubharmonic function. In other words, writing

θρ := −(dρ) ◦ JΣ,

it follows that dθρ is an exact symplectic form defined onD∗Σ for which JΣ is
a compatible almost complex structure. The restriction of θρ to 0Σ vanishes,
which implies that the zero-section is an exact Lagrangian submanifold.
Clearly the primitive of the pull-back of θρ to 0Σ can moreover be taken to
vanish.

The neighbourhood theorem [26, Theorem 6.2.2] for isotropic submani-
folds can now be used to identify a neighbourhood of Σ ⊂ L ⊂ Y with the
contact manifold

(D∗Σ× [−2E, 2E], dz + θρ)

by a contact-form preserving diffeomorphism that moreover identifies

0Σ × {0} ⊂ D∗Σ× [−2E, 2E]

with Σ ⊂ L. Here have used the assumption in Section 5.1.1 regarding the
behaviour of the Reeb flow of (Y, λ) restricted to Σ ⊂ Y to conclude that the
neighbourhood may be taken on this very form, where E > 0 is the number
fixed above.

Again, there is a unique cylindrical almost complex structure J1 on the
symplectisation R× (D∗Σ× [−2E, 2E]) defined by the requirement that the
canonical projection

(R× (D∗Σ× [−2E, 2E]), J1) → (D∗Σ, JΣ)

is holomorphic. We will require the cylindrical almost complex structure JS
to coincide with the push-forward of J1 under the above identification. It
thus follows that there exists a neighbourhood R×OΣ ⊂ R× Y of Σ× R
for which

• φ
[−2E,2E]
R (Σ) ⊂ OΣ;

• OΣ ∩ L = Σ; and such that

• there exists an anti-holomorphic involution of (R×OΣ, JS) that fixes
R× Σ pointwise.
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To see the last property, we argue as follows. It is readily checked that
there is a holomorphic open embedding

(R× (D∗Σ× [−2E, 2E]), J1) → (D∗Σ⊕ C, JΣ ⊕ i),

(t, ((q,p), z)) �→ ((q,p), t− ρ(q,p) + iz).

Using this embedding, the anti-holomorphic involution ι of (D∗Σ, JΣ) can
be seen to lift to the required anti-holomorphic involution of (R× (D∗Σ×
[−2E, 2E]), J1).

5.3. Properties of pseudo-holomorphic discs with
boundary on VS

Recall that, by the construction in Section 5.1, the exact Lagrangian cobor-
disms VS,ε, 0 < ε ≤ εS , are all cylindrical outside of the subset R× φ(UεS).

Lemma 5.1. There is a constant E0 > 0 that only depends on the cylindri-
cal almost complex structure Jcyl such that, for each 0 < ε ≤ εS, any solution
u ∈ Ma;b;A(VS,ε; Jcyl) passing through R× ∂φ(UεS) satisfies

EIε(u) ≥ E0 > 0.

Proof. For each t0 ∈ R we consider the symplectic form

ωt0 = e−(t0+1/2)d(etλ) = et−(t0+1/2)dt ∧ λ+ et−(t0+1/2)dλ

on R× Y and observe that Jcyl is compatible with ωt0 .
The subset ∂φ(U(3/4)εS) ⊂ Y is compact and, moreover, has a compact

neighbourhood O ⊂ Y satisfying

VS,ε ∩ (R×O) = VS,εS ∩ (R×O) = R× (L ∩O)

for each 0 < ε ≤ εS (see Section 5.1).
The monotonicity property for the ωt0-area of Jcyl-holomorphic curves

with and without boundary [39, Propositions 4.3.1 and 4.7.2] applies to
pseudo-holomorphic curves u as above passing through a point in {t0} ×
∂φ(U(3/4)εS).

More precisely, there is a constant C > 0 only depending on Jcyl for
which the following holds. Any non-trivial Jcyl-holomorphic curve u inside
the compact set

[
t0 − 1

2 , t0 +
1
2

]×O that passes through {t0} × ∂φ(U(3/4)εS)
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and whose boundary is contained inside the compact set set

([t0 − 1/2, t0 + 1/2]× (L ∩O)) ∪ ∂([t0 − 1/2, t0 + 1/2]×O)

has ωt0-area satisfying the lower bound

Eu :=

∫
u∩([t0− 1

2
,t0+

1

2 ]×O)
ωt0 ≥ C > 0.

Now, let u be a Jcyl-holomorphic curve as in the assumption of the
lemma. It follows that the above inequality holds for its ωt0-area contained
in the set

[
t0 − 1

2 , t0 +
1
2

]×O.
By the construction of the total energy, it follows that the inequality

2EIε(u) ≥
∫
u
ρ−(t)dt ∧ λ+

∫
u
ρ+(t)dt ∧ λ+

2

1− ε1/3

∫
u
d(ϕIε(t)λ)

holds for any choice of non-negative functions ρ−(t) and ρ+(t) supported in
the sets {t ≤ log (1− ε1/3)} and {t ≥ log (1 + ε1/3)}, respectively, and satis-
fying

∫
R
ρ±(t)dt = 1. Together with the inequalities 2

1−ε1/3ϕIε(t) ≥ 2 and

2

1− ε1/3
ϕ′
Iε(t) ≥

{
2, t ∈ Iε = [log (1− ε1/3), log (1 + ε1/3)],

0, t /∈ Iε = [log (1− ε1/3), log (1 + ε1/3)],

together with appropriate choices of functions ρ±, the inequality

2EIε(u) ≥ Eu

can now readily be seen to follow. The statement thus holds for the choice
of constant E0 := C/2 > 0. �

Using (5.3) and Remark 4.7 we conclude that u ∈ McS ;b;A(VS,ε; Jcyl)
satisfies

0 < EIε(u) = 2
1 + ε1/3

1− ε1/3
�(cS)− (�(b1) + · · ·+ �(bm)) ≤ 2

1 + ε1/3

1− ε1/3
ε3/2/

√
2

for any u ∈ McS ;b;A(VS,ε; Jcyl). Together with Lemma 5.1, it immediately
follows that such a disc must be disjoint from R× ∂φ(U(3/4)εS) given that
0 < ε ≤ εS is sufficiently small. In other words

Corollary 5.2. For sufficiently small 0 < ε ≤ εS, every Jcyl-holomorphic
disc u ∈ McS ;b;A(VS,ε; Jcyl) is contained inside R× φ(U(3/4)εS). In particu-
lar, it must satisfy b = ∅.
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Loosely speaking, the above corollary tells us that the small discs that
have a positive puncture inside of the handle never exit to the cylindrical
part. We proceed to show that certain small discs having a positive puncture
in the cylindrical part never enter the non-trivial part of the handle (and
hence are trivial strips). As it turns out, this will require a somewhat deeper
analysis.

Lemma 5.3. Let JS be a cylindrical almost complex structure as con-
structed in Section 5.2.2. For 0 < ε ≤ εS sufficiently small and a ∈ Q(L),
the only solution in ∪A∈H1(VS,ε)Ma;a;A(VS,ε; JS) is the trivial strip R× a.

Proof. We will show that any sequence ui ∈ Ma;a;A(VS,εi ; JS) of strips with
limi→+∞ εi = 0 consists of the trivial strips ui = R× a for all i � 0 suffi-
ciently large.

First, the above formulas for the energy here yield

Ed(ϕIεi
λ)(ui) =

1 + ε
1/3
i

1− ε
1/3
i

�(a)− �(a) =
2ε

1/3
i

1− ε
1/3
i

�(a),

Eλ,Iεi
(ui) =

1 + ε
1/3
i

1− ε
1/3
i

�(a),

and, thus, in particular

lim
i→+∞

Ed(ϕIεi
λ)(ui) = 0,(5.4)

lim
i→+∞

Eλ,Iεi
(ui) = �(a).(5.5)

We argue by contradiction. Assume that there is an infinite subsequence
of {ui} satisfying the property that the boundary of the strip ui passes
through

{ti} × Σ0 ⊂ {ti} × Σ ⊂ {ti} × L.

Recall that Σ0 ⊂ Σ ⊂ L is a smooth embedding of S × Sn−k−1 that can
be identified with the normal sphere-bundle of S, and that R× Σ ⊂ R× Y
is fixed by an anti-holomorphic involution defined in the neighbourhood
R×OΣ.

The target-local version of Gromov’s compactness theorem [24, Theorem
A] can be applied to the induced subsequence

ui(Ḋ
2) ∩ ([ti − 1, ti + 1]×OΣ) ⊂ [ti − 1, ti + 1]×OΣ
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of JS-holomorphic curves to extract a convergent subsequence (we give
a justification of this at the end of this proof). After a translation of
the t-coordinate, the limit ũ∞ may be considered to be a non-trivial JS-
holomorphic curve in [−2, 2]×OΣ having boundary on

([−2, 2]× Σ) ∪ ∂([−2, 2]×OΣ)

passing through R× Σ0 ⊂ R× Σ.
By Formula (5.4), the limit ũ∞ must be contained inside a trivial strip

R× c, where c is some (possibly disconnected) integral curve of the Reeb vec-
torfield. By the construction of the neighbourhood OΣ ⊂ Y in Section 5.2.3

we have φ
[−2E,2E]
R (Σ) ⊂ OΣ, which now can be seen to imply the estimate∫

ũ∞∩{t∈I}
dt ∧ λ ≥ 2E > 2�(a)

for any sub-interval I ⊂ [−2, 2] being of length one. Observe that the latter
inequality holds by definition, since we only consider Reeb chords of action
less than E. This shows that {ui} has an infinite subsequence for which∫

ui∩{t∈Ii}
dt ∧ λ > 2�(a)

is satisfied as well, where Ii ⊂ [ti − 2, ti + 2] again denotes any interval of
length one. However, the latter inequality clearly contradicts the limit (5.5)
of the λ-energy of the solutions ui.

This contradiction shows that the strips ui have boundary disjoint from
R× Σ0 for each i � 0 sufficiently large. Since each such solution ui thus has
boundary contained inside the cylindrical part

VS,ε \ (R× φ(U(3/4)εS)) ⊂ R× L

of the cobordism (see Section 5.1) as follows from topological considerations,
such a solution must satisfy Edλ(ui) = 0. In conclusion, we must in fact have
ui = R× a for all i � 0 sufficiently large.

We end by arguing that the target-local version of Gromov’s compact-
ness theorem indeed can be applied in this situation. First, by the assump-
tions on JS in Section 5.2.3, there exists an anti-holomorphic involution of
(R×OΣ, JS) fixing (R×OΣ) ∩ VS,ε pointwise. This involution can be used
to perform a Schwarz-reflection of each curve ui(Ḋ

2) ∩ (R×OΣ), thus pro-
ducing a curve Ci ⊂ [ti − 2, ti + 2]×OΣ which is JS-holomorphic and whose
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boundary is contained in ∂([ti − 2, ti + 2]×OΣ). The sequence Ci can more-
over be seen to satisfy the following properties:

• After translating the t-coordinate, each Ci may be identified with a JS-
holomorphic curve inside [−2, 2]×OΣ having boundary on ∂([−2, 2]×
OΣ);

• Each Ci is of genus zero; and

• Since there is a uniform bound on the total energy EIεi
(ui) of a solution

ui, there hence is a uniform bound on the d(etλ)-area of a curve Ci.

�

5.4. Pseudo-holomorphic discs in the non-cylindrical part
of the handle

We proceed to investigate more closely the behaviour of pseudo-holomorphic
discs in R× Y having boundary on VS,ε and a positive puncture asymptotic
to the new Reeb chord cS . Here the results will rely on the particular choice
of almost complex structure JS made above. In particular, it is important
that JS was constructed to be integrable inside the non-cylindrical part of
VS,ε (see Section 5.2.2).

Lemma 5.4. For sufficiently small 0 < ε ≤ εS, every u ∈ McS ;∅;A(VS,ε; JS)
is contained in the set

R× φ

⎛⎝Uε ∩
⎧⎨⎩

q1 = · · · = qk+1 = 0,
p1 = · · · = pk+1 = 0,
t ≥ 0

⎫⎬⎭
⎞⎠ .

Proof. By Corollary 5.2 we may assume that the image of u is contained
in IdR×φ(U(3/4)εS). We can thus use (IdR, φ)

−1 to identify u with a J0-
holomorphic disc in R× UεS ⊂ R× J1Rn having boundary on the exact La-
grangian cobordism Wε,k as defined in Section 4.2.2. We will again use u to
denote this J0-holomorphic disc.

Consider the holomorphic projections

πi := (qi, pi) : R× UεS → C

for i = 1, . . . , n. Observe that, by the construction of JS in the neighbour-
hood R× UεS , the composition πi ◦ u is a holomorphic map from the closed
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unit disc Ḋ2 with one boundary point removed. The image

πi(Wε,k) ⊂ C, i = 1, . . . , k + 1,

is shown in Figure 5. Since πi ◦ u maps the boundary to a compact subset
of πi(Wε,k), the open mapping theorem implies that

(5.6) πi ◦ u(Ḋ2) ⊂ πi(Wε,k), i = 1, . . . , k + 1.

By contradiction, we assume that πi ◦ u does not vanishing identically
for some i = 1, . . . , k + 1. Using the asymptotic properties of u, and the fact
that the boundary-condition has a discontinuity near the puncture, it can
be seen that πi ◦ u fills some part of the corner either above or below cS
shown in Figure 5. This however contradicts the above inclusion (5.6). In
other words, u is contained in the set{

q1 = · · · = qk+1 = 0,
p1 = · · · = pk+1 = 0

}
and, by examining the construction of Wε,k in Section 4.2.2, its boundary is
thus contained in

Wε,k ∩
{

q1 = · · · = qk+1 = 0,
p1 = · · · = pk+1 = 0

}
⊂ {t ≥ 0}.

Recall that there is a holomorphic projection

πC : (J1Rn, J0) → (C, i),

(t, ((p,q), z)) �→ t− ‖p‖2/2 + iz,

and that the real-part Re(πC ◦ u) thus is harmonic. Using the fact that

(5.7) Re(πC ◦ u) ≥ 0

holds along the boundary, as well as in some neighbourhood of the boundary
puncture, we conclude that (5.7) holds on all of the domain Ḋ2. In particular,
t ◦ u ≥ 0 holds everywhere, from which the statement of the lemma follows.

It remains to establish the inequality (5.7) along the boundary ∂Ḋ2.
We will do this via certain estimates in terms of the functions used in the
construction of Wε,k, and we refer to Section 4.2.2 for their definitions.



874 G. Dimitroglou Rizell

The inequality in Formula (4.5) implies that

|pi| =
∣∣∣∣ ∂

∂xi
Fε(x, xn+1)

∣∣∣∣ ≤ (3/2)Fε(x, xn+1)
1−2/32

√
(2/3)ε

holds along the boundary of u for each i = k + 2, . . . , n, which can be trans-
lated into the inequality

|pi|2 ≤ 9
((
x21 + · · ·+ x2k+1

)− (x2k+2 + · · ·+ x2n
)
+ ϕε(x, xn+1)− 1

)
(2/3)ε

along the boundary. Since the boundary of u is contained in the set{
q1 = · · · = qk+1 = 0,
t ≥ 0

}
=

{
x1 = · · · = xk+1 = 0,
xn+1 ≥ 1

}
,

as was shown above, this estimate becomes

|pi|2 ≤ 6ε
(− (x2k+2 + · · ·+ x2n

)
+ σε(xn+1)− 1

) ≤ 6ε(σε(xn+1)− 1).

Observe that the right-hand side vanishes for xn+1 = et when t = 0. Using
the inequality 0 ≤ σ′

ε(xn+1) ≤ (1 + ε)ε−1/3 and setting xn+1 = et, for any
A > 0 we now obtain the inequality

(t/n− |pi|2/2) ◦ u ≥ 0

along ∂Ḋ2 ∩ u−1{t ∈ [0, A]} given that 0 < ε ≤ εS is chosen sufficiently small.
This immediately gives the sought inequality Re(πC ◦ u) ≥ 0 along all of the
boundary ∂Ḋ2. �

Recall the construction of the core disc CS,ε ⊂ VS,ε of the handle de-
scribed in Section 4.4.2.

Lemma 5.5. For sufficiently small 0 < ε ≤ εS, each JJ -holomorphic disc
u ∈ McS ;∅;A(VS,ε; JS) whose boundary intersects CS,ε is contained in the
holomorphic strip R≥0 × cS ⊂ R× Y . In particular, there is a unique such
disc u0.

Proof. Let u be such a disc. Using Corollary 5.2 we may identify u with
a J0-holomorphic disc in R× UεS having boundary on Wε,k. Furthermore,
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cS

πi(UεS)

πi(Wε,k)
qi

pi

√
1 + εS

3
√

εS(1 + εS)

Figure 5: The image of Wε,k under the holomorphic projection πi for i =
1, . . . , k + 1.

cS

πi(UεS)

πi(W
+)

πi(W
−)

qi

pi

3ε

3
√

εS(1 + εS)

√
ε

√
2εS

Figure 6: The image of W = W+ ∪W− under the holomorphic projection
πi for i = k + 2, . . . , n.

Lemma 5.4 implies that u necessarily intersects CS,ε in the set

CS,ε ∩ {q1 = · · · = qk+1 = 0} = {q = p = z = t = 0}.

Recall that, by the construction of JS , there are holomorphic projections

πi := (qi, pi) : R× UεS → C.
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We define

W := W+ ∪W−,

W± := Wε,k ∩
⎧⎨⎩

q1 = · · · = qk+1 = 0,
±z ≥ 0,
t ≥ 0

⎫⎬⎭ .

The image

πi(W ) ⊂ C, i = k + 2, . . . , n,

is a filled figure-eight curves as shown in Figure 6. Since πi ◦ u is holomorphic
and maps the boundary into πi(W ), the open mapping theorem implies that

(5.8) πi ◦ u(Ḋ2) ⊂ πi(W ), i = k + 2, . . . , n.

We have seen that a boundary point p mapped into CS,ε by u neces-
sarily is mapped to the origin by πi ◦ u, and that the same is true for the
holomorphic map

πC ◦ u = (t− ‖p‖2/2 + iz) ◦ u : Ḋ2 → C.

Also, recall that Re(πC ◦ u) ≥ 0 holds by (5.7) established in the proof of
Lemma 5.4. From this it follows that Im(πC ◦ u) has the following behaviour
at the boundary arc θ �→ eiθp ∈ ∂D2 near θ = 0. There is some sufficiently
small δ > 0 for which

z ◦ u(eiθp) = Im(πC ◦ u)(eiθp) ∈

⎧⎪⎨⎪⎩
R>0, 0 > θ > −δ,

{0}, θ = 0,

R<0, δ > θ > 0.

By contradiction, we assume that πi ◦ u does not vanish identically for
i = k + 2, . . . , n. It readily follows that one of ±πi ◦ u must map the oriented
boundary near p as schematically depicted by the arrow in Figure 6 (also,
see the proof of Lemma 2.3). However, in this case, we can use the open
mapping theorem to get a contradiction with the inclusion (5.8) established
above. This contradiction thus shows that u is contained inside the trivial
strip R≥0 × cS as claimed. �

Using the asymptotic properties, the above lemma shows that a solution
u0 ∈ McS ;∅;A(VS,ε; JS) having boundary intersecting CS,ε must be the unique
embedded disc contained inside R≥0 × cS and having boundary on VS,ε.
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Lemma 5.6. For sufficiently small 0 < ε ≤ εS, the JS-holomorphic disc
u0 ∈ McS ;∅;A(VS,ε; JS) contained in R≥0 × cS is transversely cut out. Fur-
thermore, the evaluation-map

ev : McS ;∅;A(VS,ε; JS)× ∂Ḋ2 → VS,ε

from the boundary is transverse to CS,ε in some neighbourhood of {u0} ×
∂Ḋ2.

Proof. Again, we will identify u0 with the corresponding J0-holomorphic
disc in R× UεS ⊂ R× J1Rn. Since u0 is an embedding, we will identify the
domain of u0 with its image.

Use ⎛⎝ q = (q1,q2) = ((q1, . . . , qk+1), (qk+2, . . . , qn)),
p = (p1,p2) = ((p1, . . . , pk+1), (pk+2, . . . , pn)),
z

⎞⎠
to denote the standard coordinates on J1(Rk+1 × Rn−k−1). Similarly to the
map considered in Section 5.2.2, there is a biholomorphism

ψ = (ψ1, ψ2, ψ3) : (R× J1Rn, J0) → (Ck+1 × Cn−(k−1) × C, i),

(t, ((q,p), z)) �→ (q1 + ip1,q2 + ip2, t− ‖p‖2/2 + iz).

Since the almost complex structure is integrable in a neighbourhood of
u0, it follows that the linearisation of the Cauchy-Riemann operator at u0 is
the standard Cauchy-Riemann operator ∂ acting on the trivial holomorphic
vectorbundle (u0)

∗(TCn+1).
We parametrise the punctured boundary of the domain of u0 by

(0, 2π) → ∂Ḋ2,

θ �→ eiθ,

for some choice of holomorphic coordinate that moreover satisfies the prop-
erty that eiπ ∈ ∂Ḋ2 is the unique point evaluating to u0(e

iπ) ∈ CS,ε. Using
the above biholomorphism, the linearised boundary condition

A(θ) := Tu0(θ)Wε,k ⊂ Tu0(θ)(C
k+1 × Cn−k−1 × C) = Ck+1 ⊕ Cn−k−1 ⊕ C

can be seen to split into the direct sum

A(θ) = A1(θ)⊕A2(θ)⊕A3(θ) ⊂ Ck+1 ⊕ Cn−k−1 ⊕ C
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respecting the above decomposition of Cn+1. Furthermore, Ai are families
of Lagrangian subspaces of the form

A1(θ) = R〈eiϕ1(θ)ej ; 1 ≤ j ≤ k + 1〉 ⊂ Ck+1,

A2(θ) = R〈eiϕ2(θ)ej ; k + 2 ≤ j ≤ n〉 ⊂ Cn−k−1,

A3(θ) = Reiϕ3(θ)en+1 ⊂ C,

where {ei}i=1,...,n+1 denotes the standard basis of Cn+1. It can be checked
that that ϕ1 is non-increasing, while ϕ2 is non-decreasing. These facts will
be important in the argument below.

Since the above linearised boundary condition splits, the kernel of the
linearised problem has an induced splitting K = K1 ⊕K2 ⊕K3. Moreover,
by elliptic regularity, this is a finite-dimensional space consisting of holo-
morphic functions

ζ : D2 → Cn+1,

ζ(eiθ) ∈ A(θ),

that moreover are continuous up to the boundary. Let

πi : Ck+1 ⊕ Cn−k−1 ⊕ C → C

be the orthogonal projection onto the i:th component. By the argument
principle, together with the fact that ϕ1 above is non-increasing, we imme-
diately see that πi ◦ ζ ≡ 0 vanishes identically for each i = 1, . . . , k + 1. In
other words, K1 = 0. Furthermore, the solutions πn+1 ◦ ζ ∈ K3 correspond
to infinitesimal reparametrisations of the domain, and hence dimK3 = 2.

Investigating the Fredholm index of the linearised boundary-value prob-
lem we get

dimK2 + 2 = dimK ≥ (n− k − 1) + 2,

where equality holds if and only if the cokernel vanishes, i.e. if the solu-
tion u0 is transversely cut out. To show transversality it therefore suffices
to show that dimK2 = n− k − 1. We will simultaneously show that the
evaluation map is transverse to CS,ε in a neighbourhood of {u0} × ∂Ḋ2 ⊂
McS ;∅;A(VS,ε; JS)× ∂Ḋ2.

Recall that

(u0, e
iπ) ∈ McS ;∅;A(VS,ε; JS)× ∂Ḋ2

is the unique point evaluating to CS,ε. Consider the linear map

Dev = (Dev)1 + (Dev)2 : K × R → A(π) ⊂ Ck+1 × Cn−k−1 × C,
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where

Dev1(ζ, θ) = ζ(π),

Dev2(ζ, θ) = θ∂su(e
is)|s=π.

Note that the map Dev is indeed the differential of the evaluation-map ev
at the point (u0, e

iπ) ∈ McS ;∅;A(VS,ε; JS)× ∂Ḋ2, given that the latter space
is smooth near u0.

Under the above biholomorphism, the tangent plane

Tev(u0,eiπ)CS,ε ⊂ Tev(u0,eiπ)VS,ε

is identified with

ReCk+1 ⊕ 0⊕ 0 ⊂ Ck+1 ⊕ Cn−k−1 ⊕ C,

while the tangent plane Tev(u0,eiπ)VS,ε is identified with

A(π) = ReCk+1 ⊕Re(Cn−k−1)⊕ Im(C) ⊂ Ck+1 ⊕ Cn−k−1 ⊕ C.

Consider the linear subspace

V := im(Dev) ⊂ A(π) = ReCk+1 ⊕Re(Cn−k−1)⊕ Im(C).

First, observe that 0⊕ 0⊕ Im(C) ⊂ V since the boundary of u0 is embedded
and tangent to this subspace at the boundary point eiπ ∈ ∂Ḋ2. Since K1 = 0
we moreover conclude that

V ⊂ 0⊕Re(Cn−k−1)⊕ Im(C).

Both the property that dimK2 = n− k − 1 and the transversality of the
evaluation map will thus follow if we manage to show that the linear map

(Dev)1|K2
: K2 → 0⊕Re(Cn−k−1)⊕ 0,

ζ �→ ζ(π),

is injective. To see this, recall that we have the inequality dimK2 = dimK ≥
n− k − 1 by the above considerations of the Fredholm index and, therefore,



880 G. Dimitroglou Rizell

if (Dev)1|K2
is injective it is necessarily also an isomorphism. The transver-

sality of the evaluation map would thus also follow from this, since

V = 0⊕Re(Cn−k−1)⊕ Im(C) ⊂ ReCk+1 ⊕Re(Cn−k−1)⊕ Im(C)

is transverse to

ReCk+1 ⊕ 0⊕ 0 ⊂ ReCk+1 ⊕Re(Cn−k−1)⊕ Im(C)

in this case.
To establish the injectivity of (Dev)1|K2

we proceed as follows. Consider
the holomorphic projections

πi := (xi, yi) : Ck+1 × Cn−k−1 × C → C, i = k + 2, . . . , n.

Take any solution ζ ∈ K2 to the linearised problem. Because of the boundary
condition, the holomorphic map πi ◦ ζ has boundary values inside the cone
πi(A2(0, 2π)) shown in Figure 7. By the open-mapping theorem, it thus
follows that

πi ◦ ζ(D2 \ ∂D2) ⊂ intπi(A2(0, 2π)).

Observe that πi ◦ ζ(eiθ) ∈ πi(A2(θ)), and that arg(πi ◦ ζ(eiθ)) = ϕ2(θ)
thus is non-decreasing. Since

πi ◦ ζ(eiπ) ∈ πi(A2(π)) = ReC,

similarly as in the proof of Lemma 5.5, the open-mapping theorem can
again be used to show that πi ◦ ζ(eiπ) = 0 if and only if πi ◦ ζ ≡ 0 vanishes
identically. In other words, the above map (Dev)1|K2

into ReCn−k−1 has no
kernel. �

Lemma 5.7. The moduli space McS ;∅;A(R× LS,ε; JS)/R satisfies the fol-
lowing properties when 0 < ε ≤ εS is sufficiently small.

• k < n− 2: There is a unique A ∈ H1(LS,ε) for which this moduli space
is non-empty. In this case, it has expected dimension at least one.

• k = n− 2: There is a unique A ∈ H1(LS,ε) for which this moduli space
is non-empty. In this case, it consists of precisely two transversely cut
out solutions.

• k = n− 1: In this case the moduli space is empty.
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xi
πi(A2(0, π])

πi(A2[π, 2π))

yi

Figure 7: The i:th component of the linearised boundary condition
πi(A2(0, 2π)) for i = k + 2, . . . , n.

Proof. After a translation of the t-coordinate, we may assume that u ∈
McS ;∅;A(R× LS,ε; JS) also is contained inMcS ;∅;A(VS,ε; JS). Since Lemma 5.4
thus applies, it follows that u has image contained in the subset

R× φ

(
UεS ∩

{
q1 = · · · = qk+1 = 0,
p1 = · · · = pk+1 = 0

})
⊂ R× Y.

Again, we will identify u with the corresponding J0-holomorphic disc in
R× UεS ⊂ R× J1Rn having boundary on R× Lε,k. From this fact we obtain
the result in the cases k 
= n− 2, and it thus remains to consider the case
k = n− 2.

Since the projection

πn := (qn, pn) : R× UεS → C

is holomorphic, and since πn(R× (Lε,k ∩ UεS)) is a figure-eight curve (see
Figure 6), it follows that πn ◦ u is a holomorphic disc having boundary on
this figure-eight curve and precisely one corner at the double-point.

Up to parametrisation, there are exactly two such holomorphic polygons
in C, which moreover are embedded, as follows by the assumption that there
is a unique positive puncture. As in the proof of Lemma 5.6 it can be checked
that the two corresponding holomorphic polygons in{

q1 = · · · = qk+1 = 0,
p1 = · · · = pk+1 = 0

}
⊂ T ∗Rn = Cn

having boundary on ΠLag(Lε,k) ⊂ T ∗Rn = Cn are transversely cut out.
Using [11, Theorem 1.2] it follows the above holomorphic polygons inside

(T ∗Rn = Cn,ΠLag(Lε,k)) can be lifted to the symplectisation, where this lift
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moreover induces a bijective correspondence between such polygons and
J0-holomorphic discs in R× UεS ⊂ R× J1Rn having boundary on R× Lε,k

(up to translation), and where the lifted discs are transversely cut out as
well. Finally, under the map (IdR, φ), these two J0-holomorphic discs are in
bijective correspondence with the solutions in McS ;∅;A(R× LS,ε; JS)/R. �

5.5. Proof of Theorem 1.1

Let JS be the cylindrical almost complex structure on R× Y constructed
in Section 5.2.3. Part (2) of Proposition 3.13 implies that we may assume
JS to be regular for the moduli spaces Ma;b;A(R× L; JS) and Ma;b;A(R×
LS,ε; JS) whenever a 
= cS . Moreover, the moduli spaces being of the form
McS ;∅;A(R× LS,ε; JS) and of expected dimension one are transversely cut
out by Lemma 5.7. In conclusion, JS may be assumed to be regular simulta-
neously for the moduli spaces in the definition of the Chekanov-Eliashberg
algebras of L and LS,ε.

We begin with the proof of surjectivity. Consider an element a ∈ Q(LS,ε).
The inequality (5.1) implies that, for ε > 0 small enough, a moduli space
of the form Ma;b;A(VS,ε; JS) is empty whenever b is a word containing a
generator b ∈ Q(L) satisfying �(b) > �(a).

For sufficiently small ε > 0 and a 
= cS , Lemma 5.3 implies that the triv-
ial strip is the only solution in Ma;a;A(VS,ε; JS). By an explicit calculation
of the cokernel of the linearised ∂JS

-operator along a trivial strip R× a, the
fact that JS is cylindrical implies that such a solution is transversely cut
out.

In order to achieve transversality for the moduli spaces Ma;b;A(VS,ε; JS)
in the case when b 
= a, we might have to perturb JS by a compactly sup-
ported (and thus non-cylindrical) perturbation. However, after a sufficiently
small such perturbation, the above counts |Ma;a;A(VS,ε; JS)| = 1 still remain
true. For such a choice of JS , we have thus concluded that

ΦVS,ε
(a) = a+B(a), a 
= cS ,

ΦVS,ε
(cS) ∈ Z2,

where B(a) is spanned by words of generators having action strictly less
than �(a). In particular the surjectivity of ΦVS,ε

follows.
It remains to investigate kerΦVS,ε

. Since the induced map

ΦVS,ε
: (A(LS,ε), ∂S)/〈cS − ΦVS,ε

(cS)〉 → (A(L), ∂S)
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can be seen to be an isomorphism of DGAs, we get that

kerΦVS,ε
= 〈cS − ΦVS,ε

(cS)〉,

where the latter denotes the two-sided ideal generated by cS − ΦVS,ε
(cS).

Take a disc u ∈ McS ;∅;A(VS,ε; JS) contributing to ΦVS,ε
(cS). Lemma 5.4 im-

plies that the image of u is contained in the set

R× φ

⎛⎝Uε ∩
⎧⎨⎩

q1 = · · · = qk+1 = 0,
p1 = · · · = pk+1 = 0,
t ≥ 0

⎫⎬⎭
⎞⎠ .

Case k < n− 1: By the above property of u, we compute that the mod-
uli space McS ;∅;A(VS,ε; JS) has expected dimension at least one (whenever
it is non-empty). In particular, we have

ΦVS,ε
(cS) = 0.

Case k = n− 1: In this case there is a unique such disc u which more-
over is contained inside R≥0 × cS . Furthermore, Lemma 5.6 shows that
McS ;∅;A(VS,ε; JS) = {u} is transversely cut out. In other words, we have
shown that

ΦVS,ε
(cS) = 1.

6. The Chekanov-Eliashberg algebra twisted by a
submanifold

Let L ⊂ (Y, λ) be a chord-generic Legendrian submanifold of a contact man-
ifold of dimension 2n+ 1. In the following we assume that S ⊂ L is an em-
bedded submanifold of dimension k that admits a non-vanishing normal
vectorfield v ⊂ NS ⊂ TL. We here require that k < n− 1, so that the codi-
mension of S ⊂ L is at least two. Furthermore, we assume that there are
no Reeb chords on L having endpoints on S. This property can be achieved
after a generic smooth perturbation of S ⊂ L.

6.1. Definitions

In this section we construct the Chekanov-Eliashberg algebra of L twisted by
S, which is a differential graded algebra that will be denoted by (A(L;S),∂S,v).
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6.1.1. The graded algebra. Consider the unital non-commutative alge-
bra

A(L;S) := Z2〈Q(L) ∪ {s}〉,
freely generated over Z2 by the Reeb chords on L together with a formal
generator s. We give the Reeb-chord generators the usual grading induced
by the Conley-Zehnder index (see Section 3.2.1), while we grade the formal
variable by

|s| = n− k − 1.

6.1.2. The boundary map. For a number δ > 0 and a Riemannian met-
ric g on L, consider the moduli spaces Mg,δ

a;b,w;A(L;S,v; Jcyl) constructed in
Section 8, for a regular cylindrical almost complex structure Jcyl. We define
the boundary operator by

∂S,v(a) := ∑
|a|−|b|−w|s|+μ(A)=1

|Mg,δ
a;b,w;A(L;S,v; Jcyl)/R|sw1b1s

w2 · · · swmbmswm+1 ,

∂S,v(s) := 0,

where a ∈ Q(L), b = b1 · · · bm is a (possibly empty) word of Reeb chords on
L, A ∈ H1(L), w ∈ (Z≥0)

m+1, and w := w1 + · · ·+ wm+1. We extend ∂S,v to
A(L;S) using the Leibniz rule. It immediately follows that ∂S,v has degree
−1.

Lemma 6.1. For a generic Jcyl the boundary map ∂S,v is a well-defined
differential. Moreover, there is a canonical identification

(A(L;S), ∂S,v)/〈s〉 = (A(L), ∂)

of DGAs.

Proof. For a generic Jcyl the union of moduli spaces in the definition of
∂S,v(a) is a compact zero-dimensional manifold, as follows by Proposition 8.2
together with Theorem 8.5. It follows that the above count makes sense.

By Theorem 8.5, the coefficient in front of the word

sw1b1s
w2 · · · swmbmswm+1

in the expression ∂2
S,v(a) is given by the count of boundary points of the

one-dimensional compact moduli space Mg,δ
a;b,w;A(L;S,v; Jcyl), from which

∂2
S,v(a) = 0 now follows.
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The last statement is immediate from the definition of the Chekanov-
Eliashberg algebra of L. �

6.2. Maps induced by cobordisms

We suppose that V is an exact Lagrangian cobordism from L− to L+ and
that M ⊂ V is a (k + 1)-dimensional submanifold coinciding with

((−∞,−A)× S−) ∪ ((B,+∞)× S+)

outside of a compact set. Moreover, we assume that v is a non-vanishing
normal vectorfield to M in TV that moreover coincides with translation
invariant vectorfields v− ⊂ TL− and v+ ⊂ TL+ in the sets {t ≤ −A} and
{t ≥ B}, respectively.

We use s± to denote the formal generators of A(L±;S±). For a choice
of regular compatible almost complex structure J which, moreover, is cylin-
drical in the subsets (−∞, A]× Y and [B,+∞)× Y , we define

ΦV ;M,v(a) :=∑
|a|−|b|−w|s−|+μ(A)=0

|Mg,δ
a;b,w;A(V ;M,v; J)|sw1− b1s

w2− · · · swm− bms
wm+1

− ,

ΦV ;M,v(s+) := s−,

where a ∈ Q(L+), b = b1 · · · bm is a (possibly empty) word of Reeb chords
on L−, A ∈ H1(V ), w ∈ (Z≥0)

m+1, and w := w1 + · · ·+ wm+1. We extend
ΦV ;M,v to a unital algebra map

ΦV ;M,v : A(L+;S+) → A(L−;S−).

Proposition 6.2. For a generic compatible almost complex structure J the
above map

ΦV ;M,v : (A(L+;S+), ∂S+,v+
) → (A(L−;S−), ∂S−,v−)

is well defined unital DGA morphism. Furthermore, it descends to the DGA
morphism

ΦV : (A(L+), ∂+) → (A(L−), ∂−)

under the natural projections to the respective Chekanov-Eliashberg algebras.

Proof. As in the proof of Lemma 6.1, the fact that this map is well-defined
again follows from Proposition 8.2 together with Theorem 8.5.
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Furthermore, by Theorem 8.5 the coefficient in front of the word

sw1b1s
w2 · · · swmbmswm+1

in the expression

(ΦV ;M,v ◦ ∂S+,v+
− ∂S−,v− ◦ ΦV ;M,v)(a)

is given by the count of boundary points of the one-dimensional compact
moduli space Mg,δ

a;b,w;A(V ;M,v; J). The chain-map property now follows.
Finally, the statement concerning the induced maps on the (non-twisted)

Chekanov-Eliashberg algebras follows immediately from the definition of ΦV

together with Lemma 6.1 �

Proposition 6.3. The map

ΦR×L;M,v : (A(L;S+), ∂S+,v+
) → (A(L;S−), ∂S−,v−)

is a tame isomorphism of DGAs for any regular almost complex structure
which is a sufficiently small compactly supported perturbation of a cylindrical
almost complex structure.

Proof. Recall that trivial strips R× a are rigid pseudo-holomorphic discs in
the case when the almost complex structure is cylindrical. By the formula
for the dλ-area in Proposition 3.11, it thus follows that

ΦR×L;M,v(a) = a+B(a),

where B(a) is a linear combination of words of generators having action
strictly less than �(a) (here we have prescribed �(s±) := 0). Finally, we have

ΦR×L;M,v(s+) = s−

by definition. �

Observe that the required regular almost complex structure exists by
Theorem 8.5. Alternatively, one can perturb the cobordism M ⊂ R× L to-
gether with the Riemannian metric g to achieve transversality for a cylindri-
cal almost complex structure, using a standard finite-dimensional transver-
sality argument applied to the evaluation maps from the involved moduli
spaces.
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Corollary 6.4. Let S ⊂ L be a submanifold with non-vanishing normal
vectorfield v. If S admits an embedded null-cobordism (M,∂M) ⊂ ([0, 1]×
L, {1} × S) along which v moreover extends as a non-vanishing normal vec-
torfield, then there is a tame isomorphism

ΦV ;M,v : (A(L;S), ∂S,v) → (A(L; ∅), ∂∅,∅)

of DGAs.

6.3. Proof of Theorem 1.6

We assume that LS,ε ⊂ Y is obtained from L ⊂ Y by a Legendrian ambient
surgery on the framed sphere S ⊂ L and let VS,ε denote the induced exact
Lagrangian cobordism from L to LS,ε. Recall the definition of the core disc
CS,ε ⊂ VS,ε in Section 4.4.2. In particular, CS,ε coincides with

(−∞,−1)× S ⊂ (−∞,−1)× L ⊂ VS,ε

outside of a compact set. We also fix a non-vanishing normal vectorfield v
to CS,ε ⊂ VS,ε which, outside of a compact set, has the property that it is

• invariant under translations of the t-coordinate, and

• coincides with a non-vanishing normal vectorfield of S ⊂ LS,ε.

In particular, it follows that v is homotopic to a constant vectorfield with
respect to the frame of the normal bundle of S used for the surgery.

By construction, we have an inclusion

(A(LS,ε), ∂LS,ε
) ⊂ (A(LS,ε; ∅, ∅), ∂∅,∅)

of DGAs. We show that the DGA morphism

Ψ := ΦVS,ε;CS,ε,v : (A(LS,ε), ∂LS,ε
) → (A(L;S), ∂S,v),

obtained as the restriction of the above DGA morphism satisfies the required
properties, given that we choose the almost complex structure with some
care. To that end, we will use the cylindrical almost complex structure JS
constructed in Section 5.2.3; this is also the almost complex structure used
in the proof of Theorem 1.1.
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First, for 0 < ε ≤ εS sufficiently small, the proof of Theorem 1.1 imme-
diately generalises to give the following. For each a 
= cS we have

Ψ(a) = a+B(a),

whereB(a) is a linear-combination of words consisting of generators of action
strictly less than �(a) (here we have defined �(s) := 0).

Second, the disc count in Lemma 5.5 together with the transversality
result in 5.6 shows that

Ψ(cS) = s,

given that 0 < ε ≤ εS is sufficiently small.
In particular, it follows that Ψ is the required tame isomorphism of DGAs

for (a suitable perturbation of) the above almost complex structure JS .

7. The Chekanov-Eliashberg algebra twisted by a
hypersurface

We now consider the case when S ⊂ L is a closed co-oriented hypersur-
face, and where L ⊂ (Y, λ) is an oriented Legendrian submanifold. The re-
quirement that the boundary of a pseudo-holomorphic disc u : (Ḋ2, ∂Ḋ2) →
(R× Y,R× L) intersects R× S transversely is in this case an open condition
on the space of maps. Hence, introducing such a boundary-point constraint
does not cut down the dimension of a moduli space and, consequently, the al-
gebraic formalism in Section 6 cannot be expected to work. Here we present
an alternative construction that, unfortunately, does not recover the full
statement analogous to Theorem 1.6 in general.

There is a version of the Chekanov-Eliashberg algebra of L whose coef-
ficients are taken in the group-ring Z2[H1(L)] (see e.g. [16]). In [19, Section
2.3.3] this construction was refined to a version where the underlying alge-
bra is the free product A(L) ∗ Z2[H1(L)], i.e. where the group-ring elements
do not commute with the Reeb chord generators. The Chekanov-Eliashberg
algebra twisted by a hypersurface, as defined below, can in fact be obtained
from this latter version of the Chekanov-Eliashberg algebra with Novikov
coefficients.

For simplicity we will here only consider the case when there are finitely
many Reeb chords, and we assume that S is disjoint from the Reeb chords
on L. Consider the algebra A(L;S) as defined in Section 6. Recall that the
generator s is graded by |s| = n− k − 1 = 0 in this case. We extend this
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algebra to

Ã(L;S) := A(L;S) ∗ 〈s−1〉 ⊃ A(L;S),

by adding multiplicative inverses s−l to sl; in particular, this algebra is no
longer free.

Consider the decomposition

Ma;b;A(L; Jcyl) =
⊔

w∈Zm+1

Ma;b,w;A(L;S; Jcyl)

into different components, where Ma;b,w;A(L;S; Jcyl) consists of those Jcyl-
holomorphic discs whose boundary arc between the i:th and (i+ 1):th punc-
ture, starting the count at the positive puncture, has algebraic intersection-
number wi ∈ Z with R× S. One can define a differential on Ã(L;S) by the
formulas

∂S(a) :=
∑

|a|−|b|+μ(A)=1

w∈Zm+1

|Ma;b,w;A(L;S; Jcyl)/R|sw1b1s
w2 · · · swmbmswm+1 ,

∂S(s
±1) := 0,

and extend the definition to all of Ã(L;S) using the Leibniz rule. The below
proposition can be seen to follow from the invariance result for the Chekanov-
Eliashberg algebra with Novikov coefficients.

Proposition 7.1. The homotopy type of the DGA (Ã(L;S), ∂S) is invari-
ant under Legendrian isotopy and the choice of cylindrical almost complex
structure Jcyl. In fact, this DGA can be obtained as a quotient of the DGA
as defined in [19, Section 2.3.3]. Furthermore

(Ã(L;S), ∂S)/〈s− 1〉 � (A(L), ∂).

We now assume that S ⊂ L is a co-oriented sphere for which there is
an isotropic surgery disc DS ⊂ Y compatible with S ⊂ L. We moreover as-
sume that there are no Reeb chords on L ∪DS starting or ending on DS .
According to Lemma 4.8, this can be achieved after a Legendrian isotopy
of L.

Consider the decomposition

Ma;b;A(VS ; J) =
⊔

w∈Zm+1

Ma;b,w;A(VS ;CS ; J)
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into different components, where Ma;b,w;A(L;CS ; J) consists of those Jcyl-
holomorphic discs whose boundary arc between the i:th and (i+ 1):th punc-
ture, starting the count at the positive puncture, has algebraic intersection-
number wi ∈ Z with the core disc CS ⊂ VS .

Fix a generic almost complex structure JS as in Section 5.2.2, which is
used in the proof of Theorem 1.6. We use this almost complex structure
together with the above decomposition of the moduli space to define a DGA
morphism

Ψ: (A(LS), ∂LS
) → (Ã(L;S), ∂S)

by prescribing it to take the value

Ψ(a) =
∑

|a|−|b|+μ(A)=0

w∈Zm+1

|Ma;b,w;A(VS ;CS ; J)|sw1b1s
w2 · · · swmbmswm+1

on generators, and then extending it to a unital algebra map. The proof of
Theorem 1.6 given in Section 6.3 generalises to show that

Proposition 7.2. The map

Ψ: (A(LS), ∂LS
) → (Ã(L;S), ∂S)

is a well-defined and unital DGA morphism that, moreover, is injective and
satisfies

Ψ(cS) = s.

Remark 7.3. 1) After adding formal inverses c−l
S to clS in the Chekanov-

Eliashberg algera A(LS) of LS , the above map Ψ becomes an isomor-
phism.

2) There are circumstances when the above map Ψ has its image in the
free sub-algebra

A(L;S) ⊂ Ã(L;S).

In this case, it follows that

Ψ : (A(LS), ∂) → (A(L;S), ∂S)

is an isomorphism and, in particular, A(L;S) ⊂ Ã(L;S) is a sub-DGA.

3) There are certain geometric constraints on the isotropic surgery disc
DS for which the assumptions in (2) above can be seen to hold. In
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particular, this is true in situations when the boundary of a pseudo-
holomorphic disc in the above moduli spaces always has positive local
intersection number with CS (appropriately oriented) at each intersec-
tion point.

8. The moduli spaces with boundary-point constraints

We here define the moduli spaces of pseudo-holomorphic discs in a sym-
plectisation (R× Y, d(etλ)) with boundary in an exact Lagrangian cobor-
dism V ⊂ R× Y satisfying boundary-point constraints on parallel copies
of a submanifold M ⊂ V of codimension at least two. We also establish a
transversality result for these moduli spaces.

8.1. The definitions of the moduli space

Similarly to the moduli spaces in [4, Section 8.2.D], we make the following
definition. Again, we assume that (Y, λ) is a (2n+ 1)-dimensional contact
manifold. Let V ⊂ (R× Y, d(etλ)) be an exact Lagrangian cobordism from
L− to L+ and let M ⊂ V a (k + 1)-dimensional submanifold of codimension
at least two. We fix a non-vanishing normal vectorfield v ⊂ TV |M to M , a
Riemannian metric g on V , and a compatible almost complex structure J
on R× Y . We moreover require there to exist numbers A < B for which:

• The compatible almost complex structure J is cylindrical outside of
the set [A,B]× Y ;

• V ∩ {t /∈ [A,B]} coincides with the cylinders

((−∞, A)× L−) ∪ ((B,+∞)× L+);

• M ∩ {t /∈ [A,B]} ⊂ V coincides with

((−∞, A)× S−) ∪ ((B,+∞)× S+)

where S± ⊂ L± and we, moreover, require S± to be disjoint from the
end-points of the Reeb chords on L±;

• v restricted to the sets {t ≤ A} and {t ≥ B} is given by v− ∈ TL−
and v+ ∈ TL+, respectively, where v± moreover is invariant under
translations of the t-coordinate; and

• g is the product metric dt2 + g± outside outside of V ∩ {t ∈ [A,B]},
where g± is a Riemannian metric on L±.
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Let a be a Reeb chord on L+, b = b1 · · · bm a word of Reeb chords on
L−, and A ∈ H1(V ). We also fix a tuple

w = (w1, . . . , wm+1) ∈ (Z≥0)
m+1

and write

w = w1 + · · ·+ wm+1.

Definition 8.1. For any δ > 0 the moduli space

Mg,δ
a;b,w;A(V ;M,v; J) ⊂ Ma;b;A(V ; J)

consists of the solutions

u : (Ḋ2, ∂Ḋ2) → (R× Y, V )

satisfying the following boundary-point constraints. Recall that Ḋ = D \
{p0, . . . , pm} denotes the unit disc with m+ 1 fixed boundary points re-
moved.

We require there to be w boundary points on ∂Ḋ2 that are mapped to
the submanifolds

Mi,δ := expM ((i− 1)δv), i = 1, . . . , w.

Moreover, the i:th point with respect to the order on ∂D2 \ {p0} induced by
the orientation, is here required to be mapped to Mi,δ and we require there
to be wi+1 such points on the boundary arc in ∂Ḋ2 starting at pi ∈ ∂D2 and
ending at pi+1 ∈ ∂D2 (here we set pm+1 := p0).

The case when V = R× L, v, and

Mj,δ = R× expS((j − 1)δv) ⊂ R× L, j = 1, . . . , w,

all are invariant under translations of the t-coordinate will be referred to as
the cylindrical setting. When the almost complex structure J = Jcyl also is
cylindrical, it follows that there is a natural action by R on the above moduli
spaces induced by translation of the t-coordinate. In this case we will write

Mg,δ
a;b,w;A(L;S,v; Jcyl) := Mg,δ

a;b,w;A(R× L;R× S,v; Jcyl).
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8.1.1. Definition in terms of the evaluation map. In the case when
m+ 1 ≥ 3 there are no conformal orientation-preserving reparametrisations
of Ḋ2 that fix the puncture p0. In other words, there is a unique map
u : Ḋ2 → R× Y representing a solution u ∈ Ma;b;A(V ; J).

In the case when m+ 1 < 3, there is a (2−m)-dimensional family of
conformal automorphisms of Ḋ2. In order to construct an evaluation-map on
these moduli-spaces, we can either choose a representative u : Ḋ2 → R× Y
for each u ∈ Ma;b;A(V ; J) (this has to be done in a way that continuously
depends on the point in the moduli space), or one can choose to work on
the level of moduli spaces of parametrised maps. We will choose the latter
approach, and we will use M̃a;b;A(V ; J) to denote the moduli spaces of
parametrised solutions.

There is a well-defined smooth evaluation-map

evw : M̃a;b;A(V ; J)× ∂Ḋw → V w,

(u, (eiθ1 , . . . , eiθw)) �→ (u(eiθ1), . . . , u(eiθw)).

In other words, the above moduli spaces Mg,δ
a;b,w;A(V ;M,v; J) can be iden-

tified with an appropriate connected component of a quotient of

ev−1
w (M1,δ × · · · ×Mw,δ),

where the quotient identifies two maps u and u′ that differ by a holomorphic
reparametrisation of the domain.

An important feature of M1,δ × · · · ×Mw,δ ⊂ V w is that this submani-
fold is disjoint from the generalised diagonal

{(v1, . . . , vw) ∈ V w; vi = vj , i 
= j} ⊂ V w.

This property simplifies the transversality argument considerably.

8.2. Transversality results

The property of being transversely cut out for the moduli-space

Mg,δ
a;b,w;A(V ;M,v; J) ⊂ Ma;b;A(V ; J)

can be reformulated into the requirements that

• Ma;b;A(V ; J) is transversely cut out, and
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• the evaluation map

evw : M̃a;b;A(V ; J)× ∂Ḋw → V w

is transverse to M1,δ × · · · ×Mw,δ ⊂ V w.

Recall that the first property holds for a generic choice of J by the results
in Section 3.3.3.

Proposition 8.2. In the case when

evw : M̃a;b;A(V ; J)× ∂Ḋw → V w

is transverse to M1,δ × · · · ×Mw,δ ⊂ V w, it follows that

dimMg,δ
a;b,w;A(V ;M,v; J) = |a| − |b|+ μ(A)− (n− k − 1)w.

Proof. Recall that, for regular J , we have

dimMa;b;A(V ; J) = |a| − |b|+ μ(A).

The domain of evw thus has dimension

dim(M̃a;b;A(V ; J)× ∂Ḋw) = |a| − |b|+ μ(A) + w + ηm(2−m),

ηm :=

{
0, m ≥ 2,

1, m < 2,

while the codimension of M1,δ × · · · ×Mw,δ ⊂ V w is given by

w(n+ 1)− w(k + 1) = w(n− k).

The statement now follows. �

We will need the following standard result.

Lemma 8.3. Any compactly supported smooth isotopy φs : V → V , where
V ⊂ (X,ω) is a Lagrangian submanifold, extends to a Hamiltonian isotopy
φs
Ht

of X. Similarly, any compactly supported smooth isotopy φs : L → L,
where L ⊂ (Y, ξ) is a Legendrian submanifold, extends to a contact isotopy
of Y .
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Proof. We begin with the first case. Take a Weinstein neighbourhood of
V symplectomorphic to a neighbourhood of the zero-section of the cotan-
gent bundle (T ∗V, dθV ), under which V moreover is identified with the zero-
section. Let Γs ⊂ TV be the one-parameter family of vectorfields generating
the isotopy φs. Consider the time-dependent Hamiltonian

Hs : T ∗V → R,

η �→ η(Γs).

It is easily checked, e.g. in a choice of Darboux coordinates, that the Hamil-
tonian flow φs

Hs
ofHs is given by φs along the zero-section. This Hamiltonian

can then be suitably cut off to generate a Hamiltonian flow on X with the
required properties.

The statement about the contact isotopy follow similarly. Since L has a
neighbourhood that is contactomorphic to (J1L, dz + θL), one can lift the
above Hamiltonian isotopy on T ∗L to a (suitably cut off) contact isotopy
of J1L. It can moreover be checked that this contact isotopy preserves the
zero-section of J1L. We again obtain the sought contact isotopy by cutting
off the induced contact Hamiltonian. �

Let J denote a Banach manifold of compatible almost complex struc-
tures on (R× Y, d(etλ)) that are cylindrical outside of some compact set.
The transversality results in Section 3.3.3 are established via the intermedi-
ate result that the so-called universal moduli space

M̃a;b;A(V ; J)×J J → J

is a Banach manifold, where the projection onto J is a Fredholm map. Here
we have to use a suitable functional analytic set-up, which we omit from
the discussion. It then follows from the Sard-Smale theorem that there is a
Baire subset of regular almost complex structures in J .

This result also holds in the case when V = R× L and J = Jcyl con-
sists of cylindrical almost complex structures, as follows from the proof of
Proposition 3.13. This result is a generalisation of [12, Theorem 1.8], which
considers the case of moduli-spaces of pseudo-holomorphic maps from a
closed Riemann surface into R× Y .

Proposition 8.4. The evaluation map

evw : M̃a;b;A(V ; J)×J J × ∂Ḋw → V w
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from the universal moduli space is transverse to the submanifold M1,δ × · · · ×
Mw,δ ⊂ V w. In the cylindrical setting, the same is true when J = Jcyl is a
suitable space of cylindrical almost complex structures.

Proof. We write u = (a, v). Assume that

evw(u, J, (e
iθ1 , . . . , eiθw)) ∈ M1,δ × · · · ×Mw,δ.

We will show that the differential D(u,J,(eiθ1 ,...,eiθw ))evw is a surjection onto
the space

W1 × · · · ×Ww ⊂ Tevw(u,J,(eiθ1 ,...,eiθw ))V
w,

defined by

Tu(eiθj )V ⊃ Wj =

⎧⎪⎨⎪⎩
Tu(eiθj )L−, a(eiθj ) < A,

Tu(eiθj )V, A ≤ a(eiθj ) ≤ B,

Tu(eiθj )L+, a(eiθj ) > B.

Since each Mj,δ ⊂ R× Y is invariant under translations of the t-coordinate
outside of the set [A,B]× Y , this will imply the claim.

Recall that evw(u, J, (e
iθ1 , . . . , eiθw)) is disjoint from the generalised di-

agonal

{(v1, . . . , vw) ∈ V w; vi = vj , i 
= j} ⊂ V w

by the construction of Mj,δ. The result can now be established by the fol-
lowing standard argument (see e.g. [36, Section 3.4]).

Take any vector

(ζ1, . . . , ζw) ∈ W1 × · · · ×Ww,

and write (x1, . . . , xw) := evw(u, J, (e
iθ1 , . . . , eiθw)). Using Lemma 8.3 it fol-

lows that there is a Hamiltonian isotopy φs of R× Y satisfying φs(V ) = V
as well as

d

ds
(φs(x1), . . . , φ

s(xw)) = (ζ1, . . . , ζw).

Furthermore, outside of the set [A,B]× Y , this Hamiltonian may be taken
to be of the form φs = (IdR, φ̃

s), where φ̃s is a contact isotopy.
Observe that φs induces a one-parameter family

s �→ (φs ◦ u, (Dφs) ◦ J ◦ (Dφs)−1) ∈ M̃a;b;A(V ; J)×J J

of solutions in the universal moduli space. Finally, differentiating evw along
this curve can be seen to give the vector (ζ1, . . . , ζw) as required. �
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Using the Sard-Smale theorem for Banach manifolds, it follows that
there is a Baire subset of compatible almost complex structures J ∈ J for
which the moduli space Mg,δ

a;b;w;A(V ;M,v; J) is transversely cut-out. To-
gether with the Gromov-Hofer compactness in [3] (also see Section 3.3.2) for
the moduli spaces Ma;b;A(V ; J), we conclude that

Theorem 8.5. There is a Baire subset of J ∈ J for which the moduli space
Mg,δ

a;b;w;A(V ;M,v; J) is transversely cut-out, and for which the compactifi-
cation of

Mg,δ
a;b;w;A(V ;M,v; J) ⊂ Mg,δ

a;b;A(V ; J)

is transverse to the boundary. In the cylindrical setting, the same is true
when J = Jcyl consists of cylindrical almost complex structures.
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