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The moduli space of maps with crosscaps:

the relative signs of the natural
automorphisms

PENKA GEORGIEVA AND ALEKSEY ZINGER

Just as a symmetric surface with separating fixed locus halves
into two oriented bordered surfaces, an arbitrary symmetric sur-
face halves into two oriented symmetric half-surfaces, i.e. surfaces
with crosscaps. Motivated in part by the string theory view of
real Gromov-Witten invariants, we previously introduced moduli
spaces of maps from surfaces with crosscaps, developed the rele-
vant Fredholm theory, and resolved the orientability problem in
this setting. In this paper, we determine the relative signs of the
automorphisms of these moduli spaces induced by interchanges of
boundary components of the domain and by the anti-symplectic
involution on the target manifold, without any global assumptions
on the latter. As immediate applications, we describe sufficient
conditions for the moduli spaces of real genus 1 maps and for real
maps with separating fixed locus to be orientable; we treat the
general genus 2+ case in a separate paper. Our sign computations
also lead to an extension of recent Floer-theoretic applications of
anti-symplectic involutions and to a related reformulation of these
results in a more natural way.
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1. Introduction

The theory of J-holomorphic maps plays a prominent role in symplec-
tic topology, algebraic geometry, and string theory. The foundational work
of [9, 17, 20, 22, 30, 37| has established the theory of (closed) Gromov-
Witten invariants, i.e. counts of J-holomorphic maps from closed Riemann
surfaces to symplectic manifolds. In contrast, the theory of open and real
Gromov-Witten invariants, i.e. counts of J-holomorphic maps from bordered
Riemann surfaces with boundary mapping to a Lagrangian submanifold and
of J-holomorphic maps from symmetric Riemann surfaces commuting with
the involutions on the domain and the target, has been under development
over the past 10-15 years and still is today.

The two main obstacles to defining the open invariants are the potential
non-orientability of the moduli space and the existence of real codimension-
one boundary strata. The orientability problem in open Gromov-Witten
theory is studied in [10, 33] and is fully addressed in [13], by specifying
a procedure for locally orienting moduli spaces of open maps and condi-
tions sufficient for the existence of a global orientation. Some approaches
[7, 21, 29] to dealing with the codimension-one boundary have raised the
issue of orientability in real Gromov-Witten theory. Symmetric Riemann
surfaces, however, have convoluted degenerations, making the orientability
of their moduli spaces difficult to study. Physical considerations [2, 32, 34]
suggest that oriented surfaces with crosscaps provide a suitable replacement
for symmetric Riemann surfaces in real Gromov-Witten theory. In [15], we
introduced moduli spaces of J-holomorphic maps from oriented surfaces with
crosscaps, developed the necessary Fredholm theory, and fully addressed the
orientability problem for these moduli spaces, by specifying a procedure for
locally orienting them and conditions sufficient for the existence of a global
orientation. The last problem is related to the orientability problem in real
Gromov-Witten theory via the automorphisms of these moduli spaces in-
duced by interchanges of boundary components of the domain and by the
anti-symplectic involution on the target manifold. The effect of the only such
automorphism on the local system of orientations of the disk moduli space
is computed in [14], without assuming the existence of any global orienting
structure on X, as a step in defining a count of disk maps in a much wider
collection of cases than in [5, 33]; these counts correspond to real invariants
of the target manifold for the standard anti-holomorphic involution on the
sphere as defined in [35, 36].

In this paper, we apply the relative sign idea of [14] to compute the
change in local orientations of the moduli space of real J-holomorphic maps
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from an oriented symmetric half-surface (¥,¢) under an interchange of
boundary components of 3 and the action of an anti-symplectic involution ¢
on the target manifold X, without any global assumptions on the latter; see
Propositions 4.1 and 4.2.! The special case of these propositions with the dif-
feomorphism of ¥ fixing the components of 0% includes orientability results
of [7, 12, 21, 33]; see Remark 4.6. Applying Propositions 4.1 and 4.2, we ob-
tain sufficient conditions for the moduli spaces of real J-holomorphic maps
from a symmetric surface (3, o) of genus 0 and 1, with any given involution
on the domain, or from a symmetric surface of arbitrary genus with an invo-
lution with a separating fixed locus to be orientable; see Theorems 1.1, 1.2,
and 1.4. In [16], we treat the orientability question for arbitrary symmetric
surfaces. In a future paper, we will study compactifications of the moduli
spaces of maps with crosscaps and use them to define real Gromov-Witten
invariants in the style of [34]. The disk case of Propositions 4.1 and 4.2 im-
mediately extends and reformulates, in a more natural way, the arguments
of [12] utilizing anti-symplectic involutions on the target for Floer-theoretic
applications; see Section 5.4. In addition to leading to orientability results
in more general settings, the relative sign approach of [14] does not involve
a global orienting structure coming from the ambient manifold and thus re-
duces the likelihood of computational mistakes of the kind that did appear
in earlier approaches to the orientability problem in real settings; see the
beginning of Section 4 for details.

An involution on a topological space (resp. smooth manifold) M is a
homeomorphism (resp. diffeomorphism) ¢ : M — M such that c o ¢ = idy;
in particular, the identity map on M is an involution. Let

M¢={zeM: c(z)=ux}

denote the fixed locus. An involution ¢ determines an action of Zs on M;
we denote by H}(M) the Za-equivariant cohomology with Zs-coefficients;
see Section 3.1. A conjugation on a complex vector bundle V — M lift-
ing an involution ¢ is a vector bundle homomorphism ¢:V — V' cover-
ing ¢ (or equivalently a vector bundle homomorphism ¢é: V — ¢*V cover-
ing idps) such that the restriction of ¢ to each fiber is anti-complex linear

!Proposition 4.2 also applies to the action of orientation-preserving diffeomor-
phisms of ¥ on moduli spaces of open maps to a pair (X, L) consisting of a sym-
plectic manifold and a Lagrangian submanifold; an anti-symplectic involution ¢
on X with L = X is needed only for the action of orientation-reversing diffeomor-
phisms of 3.
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and ¢ o ¢ = idy. We denote by
Atop(v &) = ( Atopv Atop )
the top exterior power of V' over C with the induced conjugation and by
wi(V) € Hi(M)

the i-th Zs-equivariant Stiefel-Whitney class of V.

A symmetric surface (3, o) consists of a closed connected oriented smooth
surface 3 (manifold of real dimension 2) and an orientation-reversing involu-
tion o : & —» 3. There are two equivalence classes of orientation-reversing
involutions on S? = P!,

(1.1) r:Pt—PL () = [0, a(u,]) = [0,
and three equivalence classes of such involutions on T = S! x S' ¢ C x C,

tg, t1,to ;T — T,

(1.2) to(u,v) = (u,0), ti(u,v)=(v,u), to(u,v)=(—u,v);

see [3, Section 9], for example. The fixed loci of 7 and ty are a circle sep-
arating P! into two disks interchanged by 7 and a pair of disjoint circles
separating T into two annuli interchanged by to, respectively. The fixed loci
of 7 and ty are empty, with the quotients )y /o being RP? and the Klein
bottle K, respectively, while the fixed locus of t; is one circle.

Let (X, ¢) be a smooth manifold with an involution. If (3,¢) is a sym-
metric surface, a real map

F:(20)— (X, 0)

is a map F': $ — X such that Foo = ¢ o F. We denote the space of
smooth real maps from (2, 0) to (X, ¢) by B(X)?. Since o is orientation-
reversing,

¢*(F*[ ] ) = —F, [E]Z € HQ(X Z) vV F ¢ %(X)Qﬁ,a

where [f)]z € HQ(fJ;Z) is the fundamental homology class of 3. For each
B € Hy(X;Z), let
B(X,B)*7 = {F € B(X)?" : F.[X]; = B};

~

this space is empty unless ¢.[S]z = —[%]z.
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For a symplectic manifold (X,w), we denote by 7, the space of w-
compatible almost complex structures on X. If ¢ is an anti-symplectic invo-
lution on (X,w), let

Jo={J€T0u: ¢*J=—J}.

For a genus g symmetric surface (f],a), we similarly denote by J, the
space of complex structures on Y compatible with the orientation such that
o*j=—j. For J€ Js,)€ J,, and F € B(X)?7, let

_ 1 )
d15F = i(dF—l—JodFo;).
If J € Jy and B € Hy(X;Z), let
M(X, B; J)*7 = {(F.j) € B(X,B)* x T, : 0;;F =0}/ ~

be the moduli space of equivalence classes of degree B real J-holomorphic
maps from (i), o) to (X, ¢); two J-holomorphic maps are equivalent in this
space if they differ by a diffeomorphism of 3 commuting with o. By [9, 20]
and [33, Section 7], this moduli space comes with a natural Kuranishi struc-
ture; we call the former orientable if the latter is.

Mathematical considerations, such as [19, Section 4], [31, Section 5], [21,
Sections 3,4], [29, Section 1.5], and [7, Section 3], suggest that the map
counts arising from involutions o of different topological types should be
combined to get well-defined invariants, as there is a path through one-nodal
degenerations between any two involutions of different topological types on
the same closed oriented surface 3. For this reason, for each g € ZZ° we
define

(1.3) My (X, B; J)? = | | M(X, B; J)*

where the disjoint union is taken over representatives for the equivalence

classes of orientation-reversing involutions on a genus ¢ closed connected

3g+4
2

oriented smooth surface 3. There are L J such classes; see [28, Corol-

lary 1.4]. In order to define real invariants, it is essential to study the ori-
entability of these moduli spaces. The next two theorems, which are spe-
cializations of Corollaries 5.9 and 5.10 of Propositions 4.1 and 4.2, describe
topological conditions on (X,w, ¢) insuring that the moduli spaces (1.3)
with g = 0, 1 are orientable. The § > 2 case is treated in [16].



364 P. Georgieva and A. Zinger

Theorem 1.1. Let (X,w) be a symplectic manifold with an anti-symplectic
involution ¢, J € Ty, and B € Ho(X;Z). If X? C X is orientable, there
exists w € H*(X;Zs) such that

(14)  wo(TX?) = |y and %(cl(TX),B>—|-<w,B>e2Z,

and wg\copdd)(AngX) = mi for some kg € H(})(X), then the space Mo(X,B;J)?
is ortentable.

Theorem 1.2. Suppose (X,w) is a symplectic 2n-manifold with an anti-
symplectic involution ¢, J € Jy, and B € Ho(X;Z). If n is odd, X?C X is
orientable, there exists a real bundle pair (E,¢) — (X, ¢) such that

(15)  wa(TX?) = wi(E%)?  and %<c1(TX),B>+<cl(E),B>e2z,

ALoPd
and wy © ¢

(APTX) = 0, then the moduli space My (X, B; J)? is orientable.

The first two conditions in Theorem 1.1 insure that the space
M(X, B; J )‘1’77 is orientable. A special case of this result, which is also cap-
tured by [33, Proposition 5.1], can be seen as corresponding to [12, Theo-
rem 1.3], which involves a less readily checkable condition. In fact, this part
of Theorem 1.1 immediately establishes [12, Proposition 3.14]; see Corol-
lary 5.12. The ¥ = D? case of Corollary 5.9, which implies the T-orientability
part of Theorem 1.1, relaxes the second condition beyond what the assump-
tions of [33, Proposition 5.1] allow. The last condition in Theorem 1.1 in-
sures that the moduli space (X, B; J)?" is orientable. By Corollary 3.2,
it is satisfied if either 71(X) = 0 and we(TX) = 0 or AFP(TX,d¢) admits
a real square root, i.e. there exist a rank 1 real bundle pair (L, $) — (X, @)
and an isomorphism of real bundle pairs

ASP(TX, d¢) ~ (L, $)%2.

As explained in [15, Section 1], this result on the orientability of the n-moduli
space is readily implied by [15, Theorem 1.1] and contains [7, Theorem 1.3].

The first three conditions in Theorem 1.2, which are relaxed in Corol-
lary 5.9, insure that the moduli space MM(X, B;.J)®% is orientable. The last
three conditions insure that the moduli space MM (X, B;.J)®"4 is orientable;
they are relaxed in Corollary 5.10. The first and last conditions in Theo-
rem 1.2, which are also relaxed in Corollary 5.10, imply that the moduli
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space M(X, B; J)®' is orientable. By Corollary 3.2, the condition on the
equivariant Stiefel-Whitney class in Theorem 1.2 is satisfied if AgP(T'X, do)
admits a real square root. Special cases of Theorem 1.2 have been obtained
independently in [6, 8] using different methods.

The paradigmatic example of a symplectic manifold with an anti-
symplectic involution is the complex projective space P*~! with the standard
Fubini-Study symplectic forms w, and the standard conjugation

Tyt PP Pl (Z1,..., 2] — [Z1, ..., Zy);

the fixed point locus of this involution is RP*~!. An odd-dimensional pro-
jective space also admits an involution without fixed points,

o . ]P>2m71 SN ]P;2m71
m - Y
[Zb Z27 ) Zmela ZZm] — |: - ZQ, Zla R _ZQWM Zmel} .

If k>0,a=(a1,...,a;) € (Z1)*, and Xp:a C P 1is a complete intersec-
tion of multi-degree a preserved by 7, Tn.a = Ty X,.. 18 an anti-symplectic
involution on X,,.a with respect to the symplectic form wy.a = wp|x, . Sim-
ilarly, if Xop.a C P?m=1 is preserved by 1o, N2msa = 12m] Xoma 18 an anti-
symplectic involution on Xo,,.a with respect to the symplectic form

Wom;a = Wam ‘sz;a'

Corollary 1.3. Let n€Z", k€Z>°, a = (ay,...,a;) €(ZT)F, XpaC P!
be a smooth complete intersection of multi-degree a, and B € Ha(Xp.a; 7).

(1) If the complete intersection Xp.a C P is preserved by T,

k k k
E a; =n mod 2, and g a? = g a; mod 4,
i—1 i=1 i=1

then the moduli space Mo(Xp;a, B; J) ™= is orientable for every J € T, ..
If in addition n — k is even, then the moduli space My (Xp.a, B; J) ™= is
also orientable.

(2) If n = 2m, the complete intersection Xy.a C P! is preserved by nom.,
and
a1+ ---+ar=n mod 2,
then the moduli space Mo(Xp.a, B; J)™= is orientable for every J € Ty, ..

If in addition k is even and a1 + - - - + a, =n mod 4, the moduli space
M (Xnsa, B; )= is also orientable.
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This corollary follows immediately from Theorems 1.1 and 1.2. If
a1+ ---+ar=n mod 4,

we take w0 = 0 and F to be the trivial rank 0 vector bundle for the purposes
of applying these two theorems. Otherwise, we take

w = Cl(Opn—l(l))

Xoia and (E, (g) - (O]mel (1)7 7:71—1) |)(n;a )

where Opn-1(1) — P"~! is the hyperplane line bundle with the involu-
tion 7, canonically induced by 7,. The idea of introducing an additional
bundle (E,¢) in Theorem 1.2 is directly motivated by [14] and provides a
way of bypassing the requirements that X¢ be spin and (¢ (T X), B) be di-
visible by 4, which appear in the genus 0 orientability results in [12] and
the genus 1 orientability results of [6, 8]. It can also be applied in Theo-
rem 1.1, instead of using w, but the latter is the more customary relative
spin condition on TX?. In [16], we extend Corollary 1.3 to arbitrary genus.

Theorems 1.1 and 1.2 are obtained by reducing the orientability prob-
lem for the moduli spaces M(X, B; J)®? of maps from (3, o) to orientability
questions about the moduli spaces M(X, B; J )¢’C of maps from a correspond-
ing oriented sh-surface (3, ¢), where ¥ is a bordered oriented smooth surface
and c: 0¥ — 0¥ is an orientation-preserving involution; see Section 2.1.
The former moduli space is the quotient of the latter moduli space by au-
tomorphisms, which include the involution

(1.6) b, f] — [=esi @0 focs],

where ¢y : ¥ — ¥ is an orientation-reversing involution. The remaining
automorphisms involve diffeomorphisms of ¥ that interchange its boundary
components. The second restrictions in (1.4) and in (1.5) and the dimen-
sional condition in Theorem 1.2 imply that the relevant automorphisms on
the moduli spaces 9M(X, B; J)?° are orientation-preserving; the remaining
conditions insure that these moduli spaces of maps with crosscaps are ori-
entable.

The orientability of the moduli spaces (X, B; J)®*° of maps with cross-
caps is studied in [15]. In this paper, we compute the effect of the actions of
the natural automorphisms of these spaces on local orientations; see Propo-
sitions 4.1 and 4.2. If ¥ = P!, (1.6) is the only relevant automorphism and
is equivalent to the automorphism

(17) [)07f] — [j07¢ofocD2L
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where jg is the standard complex structure on D? and cp- is the standard
anti-holomorphic involution (conjugation) on D?. By [7, Section 2.1] and
the proof of Corollary 5.10, this automorphism is orientation-preserving in
the case o = 7 if the appropriate moduli space (X, B; J)? is orientable
and has no effect on the relative sign of the automorphism (1.7) in general.
In the case o = 7, the purely cohomological condition (1.4) in Theorem 1.1
replaces the rather artificial case-by-case conditions in [12]; see Section 5.4
for more details.

Theorems 1.1 and 1.2 can be extended to the corresponding moduli
spaces My, (X, B; J)? of real maps with k boundary and [ interior marked
points, as the effect of adding marked points on the sign of the relevant
automorphisms can be easily determined. The introduction of decorated
marked points on oriented sh-surfaces in [14] in fact removes the need to
consider the effect of conjugate pairs of marked points, while making the
resulting invariants precisely agree with counts of real curves in sufficiently
positive symplectic manifolds.?

The moduli spaces My (X, B;J ) typically have codimension-one
boundary and often of more than one type. The codimension-one bound-
ary stratum consisting of maps from 3 with a bubble attached at a real
point of the domain can be eliminated by the gluing of procedure of [5, 33],
which is adapted to maps with decorated marked points in [14, Section 3]. By
[14, Theorems 1.3], the proof of [14, Corollary 6.1}, Propositions 4.1 and 4.2,
and Corollary 4.5, the glued moduli spaces M o ;(X, B; J)¢, with g = 0,1,
are still orientable under the conditions of Theorems 1.1 and 1.2. For k > 0,
My 61 (X, B; J )¢ is typically not orientable, but it may still be possible to
define invariants in some cases, as done in [14, Section 7.1].

The remaining types of codimension-one boundary strata of the moduli
space My 0,1(X, B; J )q5 correspond to one-nodal degenerations of )y passing
between involutions on 3. of different topological types, as described in detail
in [19, Section 4], [31, Section 5], and [21, Sections 3,4]. As suggested in
29, Section 1.5] and carried out in [7, Section 3] in the case ¥ = P!, the
moduli spaces My (X, B; J )% with different types of involutions o on )y
should in general be combined to get well-defined invariants by gluing along
codimension-one boundaries. However, in positive genus, it is simpler to
consider such transitions in the setting of oriented sh-surfaces. We intend to
pursue this approach to real Gromov-Witten invariants in a future paper,
making use of the preliminaries developed in [15] and of the signs of the
natural automorphisms provided by Propositions 4.1 and 4.2.

2In contrast, the invariants of [33], for example, differ by +2!=1.
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We conclude this section by describing topological conditions on (X, w, ¢)
insuring that the actions of the natural automorphisms on topological com-
ponents of the moduli space

My (X, X, B; J) = M(X, B; J)»id=

of J-holomorphic maps (X, 9%) — (X, X?) are orientation-preserving. On
one hand, these automorphisms being orientation-preserving is equivalent
to the moduli space (X, B;.J)?°, where o is the involution on 3 with
30 = 0%, being orientable. On the other hand, notable Floer-theoretic ap-
plications of this property in the ¥ = D? case are demonstrated in [12]; in
light of recent work on higher-genus generalizations of Floer homology, it is
reasonable to expect similar applications of this property in other cases as
well.
Let (0%)1,...,(0%)m be the boundary components of ¥. For each

(18) b= (Bvbla e abm) € HQ(X>X¢7Z) @ HI(X¢ﬂZ)@m7

we denote by 9(X, X?, b;.J) the space of equivalence classes of pairs (f,j),
where j is a complex structure on ¥ compatible with the orientation and

f:(2,08) — (X,X?) st
a_J,jf =0, fu [E, 82]2 =B, f*[(az)z] =b; Vi.

Every diffeomorphism of ¥, orientation-preserving or orientation-reversing,
induces an automorphism of this moduli space. For 3 as in (1.8), let

2(B) € Ha(X;Z)
denote the natural ¢-double of 3; see [14, Section 3].

Theorem 1.4. Suppose (X,w) is a symplectic 2n-manifold with an anti-
symplectic involution ¢, J € Jy, ¥ is an oriented bordered surface, and b is
as in (1.8). If b; = b; for some i # j, assume also that n is odd. If X¢ C X
is orientable and there exists w € H*(X;Zs) satisfying (1.4) with B = 3(f),
then M(X, X% b; J) can be oriented by a relative spin structure so that the
natural automorphisms of this moduli space induced by diffeomorphisms of ¥
are orientation-preserving.

This theorem is implied by Corollary 5.9 of Propositions 4.1 and 4.2,
which establishes the same conclusion under weaker assumptions. In the
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case of the natural automorphisms induced by diffeomorphisms preserving
the boundary components, Theorem 1.4 recovers the orientable case of [33,
Proposition 5.1]; the full statement of the latter is recovered in Remark 4.6.
In the case of the natural automorphisms induced by diffeomorphisms pre-
serving the orientation, Theorem 1.4 applies to arbitrary Lagrangians, as
the involution ¢ plays no role then.

This paper is organized as follows. Section 2.1 reviews the analytic setup
and Fredholm theory for oriented sh-surfaces. In Section 2.2, we determine
the signs of natural automorphisms on the Deligne-Mumford moduli spaces
of bordered Riemann surfaces, establishing one of the three key statements in
this paper. In Section 2.3, we make a number of simple, but useful, topologi-
cal observations that naturally fit with the orientability problem in Gromov-
Witten theory. Section 3 reviews basic notions in equivariant cohomology
and investigates in detail properties of the equivariant wo of real bundle
pairs over surfaces. Section 4 establishes the two remaining key statements
of this paper, Propositions 4.1 and 4.2, which determine the effects of the
conjugation and interchanges of boundary components on local orientations
of index bundles of real Cauchy-Riemann operators. We introduce a weaker
version of spin structures in Section 5.1 and show in Section 5.2 that rela-
tive spin sub-structures induce orientations on moduli spaces of open maps.
In Section 5.3, we combine Proposition 2.5 with Propositions 4.1 and 4.2
to show that relative spin sub-structures compatible with an involution ¢
induce orientations preserved by the natural automorphisms of the moduli
spaces of maps from surfaces with crosscaps and establish more general ver-
sions of Theorems 1.1, 1.2, and 1.4. In Section 5.4, we apply Propositions 4.1
and 4.2 to Floer homology, following the principles laid out in [12].

We would like to thank A. Bahri, E. Brugallé, R. Crétois, K. Fukaya,
M. Goresky, N. Hingston, M. Liu, J. Solomon, M. Tehrani, G. Tian, and
J. Welschinger for related discussions and the referee for a very thorough
reading of our paper and pointing out mistakes in some of the original argu-
ments. The second author is also grateful to the IAS School of Mathematics
for its hospitality during the period when the results in this paper were ob-
tained. The research of the second author was partially supported by the
IAS Fund for Math and NSF grants DMS 0635607 and 0846978.

2. Preliminaries

We begin with some background material. We first review the analytic setup
for maps from oriented sh-surfaces introduced in [15] and recall some of the
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related results obtained in [15]. We then determine the signs of natural au-
tomorphisms on the Deligne-Mumford moduli spaces of bordered marked
Riemann surfaces; this is one of the key ingredients in the proof of The-
orem 1.4. We conclude with a number of purely topological observations
that naturally fit with the orientability conditions discovered in [13] in open
Gromov-Witten theory and adapted in [15] to real Gromov-Witten theory.

2.1. Review of analytic setup

An oriented symmetric half-surface (or simply oriented sh-surface) is a pair
(3, ¢) consisting of an oriented bordered smooth surface ¥ and an involution
c: 0¥ — 0X preserving each component and the orientation of 9¥. The
restriction of such an involution ¢ to a boundary component (0%); is either
the identity or the antipodal map

(2.1) a:St— St z— —%,

for a suitable identification of (9%); with S' C C; the latter type of boundary
structure is called crosscap in the string theory literature. We define

¢ = c|(ax),

0, if ¢; =id;
lci| = ) \c|k:|{(82)iCE: |c,\:k}’ k=0,1.
1, otherwise;

Thus, |c|o is the number of standard boundary components of (3, 9%) and |c|;
is the number of crosscaps. We order the boundary components (93); of
so that |¢;] =0 fori=1,...,|c|o.

An oriented symmetric half-surface (X, ¢) doubles to the topological sym-
metric surface
S=(ETuUST)/~={+-IxE/~  (+2)~ (- c(2) VzeIT,
e — 3, ¢([£,2]) = [F.2] VzeX,

>

with ¥* having the same orientation as ¥ (and ¥~ having the opposite
orientation to X). By [28, Theorems 1.1, 1.2], every symmetric surface (i, o)
can be obtained in this way. If (X, ¢) is a manifold with an involution, a
real map f: (3,¢) — (X, ¢) is a map f: X — X such that foc=¢o f
on 0X. Such a map doubles to a real map 4 : (f],é) — (X, ¢) such that
’IAL‘EJr = U.
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Given an oriented sh-surface (X, ¢), let Dy be the group of diffeomor-
phisms of ¥ preserving the orientation and the boundary components and
D. C Ds, be the subgroup of diffeomorphisms that commute with the involu-
tion ¢ on 9X. Let Jx; be the space of all complex structures on X compatible
with the orientation. For each j € Jx, ¥ can be covered by coordinate charts

v (U, UNIY) — (H,R) s.t. j =%,

where H is the closed upper-half plane and jg is the standard complex struc-
ture on C, and the overlap maps between such charts are holomorphic; see
[15, Corollary A.2]. We call such charts j-holomorphic. Let 7. C Jx. denote
the subspace of complex structures j such that ¢ is real-analytic with respect
to j, i.e. for every z € 0¥ there exist j-holomorphic charts

/
c(z)?

Q[)Z U, — U; and ¢c(z) : Uc(z) —

where U, and U,(. are open subsets of ¥ containing z and ¢(z), respectively,
and U, and Ué(z) are open subsets of H, such that

Yoy 0 co; (U Ne(UyryNOX)) — R

is a real-analytic function on an open subset of R C C. By [15, Lemma 3.1],
the subspace J. of Jx is preserved by D.. By [15, Corollary 3.3], each j € 7.
doubles to a complex structure 5 on ¥ so that ﬂg =, é*i = —5, and 0% is
a real-analytic curve in ﬁ); in particular, j determines a smooth structure
on 3. If (X, ) is a manifold with an involution and w : (3, ¢) — (X, ¢) is
a real (J,j)-holomorphic map, then @ is a (J, f)—holomorphic map.

For applications to moduli problems, it is convenient to introduce sub-
spaces J and D of J. and D, so that the natural map

(2.2) J} /D — Jx/Ds,

induced by the inclusions J — Jx. and D} — Dy, is an isomorphism (as
Artin stacks) whenever (X, ¢) is not a disk with an involution different from
the identity. We take J* = {jo} if ¥ = D?, D} = PGLIR to be the group of
holomorphic automorphisms of D? if (3, ¢) = (D?,idg:), and D} = S! to be
the group of standard rotations of D? if (X, ¢) = (D?, a).

Suppose next that ¥ is a cylinder with ordered boundary components
(0%)1 and (8%)s. Let I = (0,1) and

he- : C* — C¥, z—1/z.
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For each r € ]OI, we define

A, ={z€C: (|| —r)(r|]z| - 1) <0},
(0A,)1 ={z€C: |z| =r}, (0A,) ={z€C: rlz| =1}.

Choose a smooth map
U:IxY—C*  U(rz) — U,(2),
such that each map
U, 1 (2, (09)1, (0%)2) — (Ar, (041, (04,)2), 1€l

is a diffeomorphism so that a o ¥,, = ¥,. o ¢; on (9%); if |¢;] = 1,7 = 1,2, and
the diffeomorphisms

\I'To\Il;1 A — A, r,r’eﬁ,

commute with hAc-, the standard conjugation ¢c on C, and the standard
action of S' € C* on C. The last condition implies that the diffeomorphisms

hs : ¥ — 3, hs(z) = ¥, t (he- (91 (2))), and
Cx: 2 — Y, CZ(Z) — \Ilzl(c((:(\:[/r(z)))v

and the S'-action on ¥ given by
(23) S'xTX-—3%  0.z=T10T,(2)) VzeX 0eS CC,
are independent of r € I. In this case, we take

Jr = {\I/:fjo T € ]I}

and D} C D, to be the subgroup corresponding to the action (2.3). The latter
is the group of automorphisms of each complex structure in J that preserve
each boundary component of ¥. By the classification of complex structures
on the cylinder [3, Section 9], for every j € Jx, there exist a unique r € I
and a diffeomorphism h of ¥ preserving the orientation and the boundary
components such that j = h*W¥jy. It follows that the map (2.2) is an iso-
morphism.

If 3 is not a disk or a cylinder, i.e. the genus of its double is at least 2, we
identify each boundary component (9%); of ¥ with S! in such a way that
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¢; = c|(gx), corresponds to either the identity or the antipodal map on S !
and denote by D; the subgroup of diffeomorphisms of (9%); corresponding to
the rotations of S' under this identification. For each j € J;, there exists a
unique metric g; on the double (f]’ i ) of (X,]) with respect to the involution
idpy; so that g; has constant scalar curvature -1 and is compatible with j’ .
Each boundary component (0Y); is a geodesic with respect to gj, and each
isometry of (0X); with respect to g; is real-analytic with respect to j. We
denote by J C Jx, the subspace of complex structures j so that each D; is
the group of isometries of (9%); with respect to g; and by D the subgroup of
diffeomorphisms of ¥ that preserve the orientation and the boundary com-
ponents and restrict to elements of D; on each boundary component (0%);
of 3. Since ¢; € D; for each i, JF C J. and D} C D.. By [15, Lemma 6.1],
the map (2.2) is an isomorphism in this case as well.
Let (X, ¢) be an oriented sh-surface with orderings

(82)1, ceey (82) and (az)|c|0+17 B (62)|C|0—HC|1

Ielo

of the boundary components with |¢;| = 0 and with |¢;| = 1 and (X, ¢) be a
smooth manifold with an involution. Given
(2.4)

b= (B,b1,.... by sle,) € Ho(X;Z) ® Hy(X? Z)®b @ HY (X, 2) P,

let B(X,b)?* denote the space of smooth maps u : ¥ — X such that

e yoc=¢owuon JY,

o 0,[3] = B, u,[(0%);] = b; for i = 1,...,]|c|o, and
e [u|ax),lz, = bifori=|clo+1,...,|clo + |c[1, where [u]sx),]7, is the equiv-
ariant pushforward of [(0%);]7, by u|(gs),, as in Section 3.1.

We denote by B(X)?¢ the disjoint union of the spaces B(X,b)?° over
all tuples b as in (2.4). If in addition k = (k1,...,k|c/,4|¢,) is a tuple of
nonnegative integers, let

lefo+lelr
B(X,b)" =B(X,b)* x [ (09 — Aig,),

i=1
where

Aig, = {(@in, ..., mix,) € ()] :
iy € {@ij, (i)} for some 4,5 =1,... ki, j#j'}
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is the big c-symmetrized diagonal. Let

(25 X b)*¢ = (Bw(X, b)* x J7) /D,
. Z)ﬁk(X, J, b)¢>,c = {[u, Xlyeno 7X|c|0+|c|17j] S /Hlt(X, b)¢’c : SJ,jU = 0},
where 0 7,; is the usual Cauchy-Riemann operator with respect to the com-
plex structures J on X and j on 3. If X is a point and b is the zero tuple, we
denote Hj (X, b)? by M5 1 by [15, Lemma 6.1], this is the usual Deligne-
Mumford moduli space

My x = /\/lldZ

of stable bordered Riemann surfaces with ordered boundary components
with boundary if ¥ is not a disk with k£ < 3 or a cylinder with ki,ky =0
(for stability reasons).

If M is a manifold, possibly with boundary, or a (possibly nodal) sur-
face, and ¢ is an involution on a submanifold M’ C M, a real bundle pair
(V,é) — (M, c) consists of a complex vector bundle V- — M and a conju-
gation ¢ on V| lifting ¢. A real bundle pair (V,é) — (X, ¢), where (3, ¢)
is an oriented sh-surface, doubles to a real bundle pair over (i, é),

V= (X VU xT)/~ >~(— c<v>) Vo € Vi,

V—>V ( ) ] Yvev,

where V' denotes the same real vector bundle over ¥ as V, but with the oppo-
site complex structure on the fibers. We define the Maslov index of (V, é) by

(2.6) w(V,&) = (er(V), [2]).

By [23, Theorem C.3.5 and (C.3.4)], this agrees with the usual definition
of the Maslov index of (V,V¢) if ¢ =idgx. By [4, Propositions 4.1, 4.2],
real bundle pairs (V,é) — (X, ¢) are classified by their rank, the Maslov
index, and the orientability of V¢ over each boundary component (9X);
with |CZ‘ = 0.

A real Cauchy-Riemann operator on a real bundle pair (V,¢) — (%, ¢),
where (X, ¢) is an oriented sh-surface, is a linear map of the form

D=0+A:T(E V) ={(el(%V): foc=2Cof|ps}

(2.7) .
— IV V) = 0(5(178,)) ™ @c V),
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where 0 is the holomorphic d-operator for some j € J5 and a holomorphic
structure in V' and

A € T (35 Homg (V, (T*%,j)*! @c V)

is a zeroth-order deformation term. By [15, Proposition 3.6], a real Cauchy-
Riemann operator on a real bundle pair is Fredholm in the appropriate com-
pletions if j € J.; by [15, Remark 3.7], it need not be Fredholm if j ¢ 7. A
continuous family of such Fredholm operators D; over a topological space H
determines a line bundle over H, called the determinant line bundle of {D;}
and denoted det D; see [23, Section A.2] and [38] for a construction.
Families of real Cauchy-Riemann operators often arise by pulling back
data from a target manifold by smooth maps as follows. Suppose (X, J) is
an almost complex manifold with an anti-complex involution ¢ : X — X
and (V, ¢) — (X, ¢) is a real bundle pair. Let V be a connection on V and

A € T(X;Homg (V, (T*X, )™ @c V)).

For any map u : ¥ — X and j € Jx, let V* denote the induced connection
in ©*V and

Ay = Ao dju € T(S; Homg (u*V, (T*X,§)%! @c u*V)).

If ¢ is a boundary involution on ¥ and u o ¢ = ¢ ou on d%, the homomor-
phisms

3 1 U : U oz Y * u*e s *
avzi(v +ioV¥0i), Dy =0y + Ay : D(S;uV)"? — TP (S5 0V)

u

are real Cauchy-Riemann operators on (u*V, u*¢) — (X, ¢) that form fam-
ilies of real Cauchy-Riemann operators over families of maps. We denote the
determinant line bundle of such a family by det(Dy, ;).

2.2. The signs of automorphisms of the Deligne-Mumford spaces

Let 3 be an oriented genus g surface with m > 0 boundary components so
that 2g + m > 3. For any diffeomorphism h : 3 — 3, let

0, if A is orientation-preserving;
(2.8) |h| = {

1, if h is orientation-reversing;
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and denote by sgn;, € {0,1} the sign of the permutation induced by h on
the set of boundary components of ¥. Such a diffeomorphism induces an
automorphism

(2.9) DM, : Ms = Msg — Ms,  [j] — [(=1)"n*],

with the notation as in (2.5). The Deligne-Mumford moduli space My of
bordered Riemann surfaces is orientable; see Lemma 2.1 below. Proposi-
tion 2.5 determines the sign of the automorphism DMjp; the sign of its ana-
logue on My x can then be easily obtained by proceeding as in the proof of
[13, Corollary 1.8].

Lemma 2.1. Suppose ¥ is an oriented genus g surface with m boundary
components so that 2g +m > 3. An ordering of the boundary components
of ¥ canonically determines an orientation of the Deligne-Mumford moduli
space M.

Proof. For each complex structure j on 3, there is a unique metric g; on ¥
of constant scalar curvature —1 such that each boundary component (0%);
of ¥ is a gj-geodesic. We denote by L;(j) the length of (93); with respect
to gj. The boundary length map

(2.10) Ms — RY)™, ] — (L10),-- - Lm())),
is a fibration; the fiber over a point (Lq,..., L,,) is the moduli space
ME(LL ce Lm) C Mx

of bordered Riemann surfaces with fixed lengths of the boundary compo-
nents equal to (L1, . .., Ly, ). The latter moduli space carries a Weil-Petersson
volume form; see [25, Section 2|. Thus, it is canonically oriented. By the ho-
motopy exact sequence for this fibration, the fundamental groups of the fiber
and the total space are isomorphic by the inclusion homomorphism and so
every loop homotopes to a fiber. Since each fiber and its normal bundle are
canonically oriented, the total space is also canonically oriented. ]

Lemma 2.2. Let ¥ be an oriented genus g surface with m boundary com-
ponents so that 2g +m > 3 and X be the same surface with the opposite
orientation. The sign of the diffeomorphism

Cy: My — Mg, il — [+,

with respect to the orientations of Lemma 2.1 is (—1)3973Tm,
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Proof. The diffeomorphism Cs; induces a diffeomorphism 52;1 between the
Teichmiiller spaces 7x(1) and 75(1) of bordered surfaces with unit length
boundary components. It is sufficient to determine the sign of 5;;;1 in the
Fenchel-Nielsen coordinates

(U1, 91, ... l3g—34m:V3g—34m) and (€1,91,..., 035 3 m, V3g—3+m)

on these spaces obtained from the same pair-of-pants decomposition of
Y =1X; see [1, (I.3.2)], for example. Since g_; = gj, but the orientations
of the cutting circles are reversed,

Coi1 (1,01, - lag—31m, I3g-34m) = (1, =01, .., L3g—34ms —V3g—31m) -
The claim now follows from [25, Theorem 2.1]. O

Corollary 2.3. Let X be an oriented genus g surface with m boundary
components so that 2g +m > 3. If h: X — X is an orientation-reversing
diffeomorphism preserving the boundary components of 3, the sign of DMy,
is (—1)9tm=1,

Proof. Since h preserves the boundary components and g_j-; = h*g;, DM,
acts on the fibers of (2.10). By Lemma 2.1, it is thus sufficient to show that
the diffeomorphism

T=(1) — T5(), (] — [A7);

is orientation-preserving with respect to the Weil-Petersson orientations.
This diffeomorphism takes the Fenchel-Nielsen coordinates with respect to
the pair of pants decomposition P to the Fenchel-Nielsen coordinates with
respect to the pair of pants decomposition h=1(P). The claim now follows
from [25, Theorem 2.1]. O

Lemma 2.4. Let ¥ be an oriented genus g surface with m boundary com-
ponents so that 2g +m > 3. For every pair of distinct boundary components
(0%); and (0X); of X, there exists an orientation-preserving diffeomor-
phism hi; of ¥ interchanging (0X); and (0X); and preserving the remaining
boundary components of ¥ such that DMy, is an orientation-reversing dif-
feomorphism.

Proof. Choose a pair of pants decomposition of ¥ such that (0%); and (9%);
are contained in the same pair of paints; we denote the latter by ¥;;. Let
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hij : ¥ — ¥ be an orientation-preserving diffeomorphism which restricts
to the identity on an open neighborhood of ¥ — ¥;; in ¥ and interchanges
(0%); and (0X);. We show below that the induced diffeomorphism DMy, is
orientation-reversing. -

The diffeomorphism DMy, naturally lifts to a diffeomorphism DM, on
the Teichmiiller space Tx. It is sufficient to show that the action of 5\1\71;%
on the Fenchel-Nielsen coordinates

(2.11) (fl, ?91, Ce ,63973+m, 193g73+ma Ll, ey Lm)

on Ty is orientation-reversing. Since gj-; = h*g; in the notation of the proof
of Lemma 2.1, DMy, preserves the lengths ¢ of the cutting circles for the
pair of pants decomposmon and the lengths Ly, of the boundary circles with
k # i, j; the lengths L; and L; get interchanged by DMy, . This establishes
the claim in the case X = E”, ie. g=0 and m = 3. In the other cases,
DMh also preserves the twisting parameters 19, associated with the cutting
cn“cles other than 0%;; — 0X. In the description of [1, (I1.3.2)], DMhU inter-
changes the origins of the unique shortest geodesics in ¥;; from this bound-
ary component to (03); and (93); and thus changes the associated twisting
parameter ¥ by m. Thus, the action of DMhij on the coordinates (2.11) is
orientation-reversing. U

Proposition 2.5. Let ¥ be an oriented genus g surface with m boundary
components so that 2g +m > 3.

(1) If h : ¥ — ¥ is an orientation-preserving diffeomorphism, the sign of
the automorphism DM}, on My is (—1)%8"x.

(2) If h: ¥ — X is an orientation-reversing diffeomorphism, the sign of
the automorphism DMy, on My is (—1)9tm—1tsen,,

Proof. By Lemma 2.4, there exists an orientation-preserving diffeomorphism
h:¥ — Y such that the diffeomorphism h=loh preserves the boundary
components of ¥ and

sgn DM; = (—1)%".

If h is orientation-preserving, h~! o h is then an element of Dy, and so
DMy, o DM; ! = DMy, 0 DM;,_, =DM, = idy -

This establishes the first claim.
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By Corollary 2.3 and Lemma 2.4, there exists an orientation-reversing
diffeomorphism h : ¥ — ¥ such that the diffeomorphism ="' o h preserves
the boundary components of ¥ and

sgn DME — (_1)g+m—1+sgnh )
If h is orientation-reversing, h=1 o h is then an element of Dy, and so
sgn DMy, = sgn DM

as in the previous case. This establishes the second claim. [

By [15, Lemma 6.1], the conclusion of Proposition 2.5 also applies to the
moduli space of domains with crosscaps, M, ;.

2.3. Topological observations

In light of [11, Theorem 8.1.1], [21, Theorem 6.36], and [33, Theorem 1.1],
the vanishing of wy(L) or wo(L) + wi(L)? modulo the image of H?(X;Zs)
in H%(L; Zs) plays an important role in the orientability question for moduli
spaces of J-holomorphic maps from bordered Riemann surfaces to a sym-
plectic manifold X with boundary mapping to a Lagrangian submanifold L;
see Section 5.2 for more details. However, as can be seen immediately from
[13, Theorem 1.1], it is in fact the vanishing of wy(L) modulo the image of
H?(X;Zs) in H?(L;Zs) and the elements of H?(L;Zs) vanishing on all tori
which is relevant to the orientability question. By [15, Theorem 1.1], the sit-
uation for moduli spaces of J-holomorphic maps from Riemann sh-surfaces
is similar. In this section, we study some topological aspects of classes in
H?(M; Zs), for a topological space M, vanishing on all maps from tori to M
and classes vanishing on all maps from closed oriented surfaces to M. By
Lemma 2.7, the latter are often squares of classes from H'(M;Zy).

Throughout this paper, we take I = [0, 1]. We recall that every compact
connected unorientable surface ¥ is the connected sum of m copies of RP?
and

Hi(%2) ~ 2" @ Zo
for some m € Z; see [27, Theorem 77.5]. We begin with two observations

made in [15].

Lemma 2.6 ([15, Lemma 2.2]). Let ¥ be a compact connected unori-
entable surface and [X]z, € Ha(X;Zs) be the fundamental class over Zs. If
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by € H((X;7Z) is the nontrivial torsion class and k € H'(X;Zs), then
(2.12) (K%, [E]z,) = (K, bs) .
Lemma 2.7 ([15, Corollary 2.3]). For any topological space M,

{we H*(M;Zs): w(B)=0VYB € Hy(M;Z)} D {r*: k€ H(M;Z)}.

If H(M;Z) is finitely generated, the reverse inclusion holds if and only if
Hy(M;Z) has no 4-torsion.
Definition 2.8. Let M be a topological space.

(1) A free homotopy class b € w1 (M) is a Klein boundary if there exists a
continuous map F : I x S1 — M such that

[Floxs1] =bem(M) and Flixs: = Floxs: o csn,

where cg1 : ST — S1is the restriction of the standard conjugation on C.

(2) A class w € H%(M;Zs) is atorical (resp. spin) if f*w = 0 for every con-
tinuous map f : T — M (resp. for every closed oriented surface 3 and
continuous map f : 3 — M).

If b is a Klein boundary, 2[b]=0¢€ H,(M;Z). Conversely, if [b] € H1(M;Z)
and 2[b] = 0, there exist

e a compact oriented surface ¥ with boundary components (0%); and (9%)2,

e orientation-preserving diffeomorphisms
©1: 81 — (0%); and @9 : St — (O%),

e a continuous map F : ¥ — M such that [F o] = [b] € H(M;Z) and
Fop = Fops.

Such a map F' descends to a continuous map F from the unorientable surface
ﬁ]EZ/N, z~<p1(cp2_1(z)) Vze (0%)s.

The image of each boundary component A(@Z)Z- in 3 represents the nonzero
two-torsion element by, of Hy(X;Z) and Fibg = [b].
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If b€ m (M) is a Klein boundary, a map F' as in Definition 2.8(1) de-
scends to a continuous map from the Klein bottle,

F:(Ix8Y ~— M, where
(L,2) ~(0,2) Yze St cC, F([s2]) =F(s,2),

such that the loop z — F(0, 2) represents b € m(M).

Lemma-Definition 2.9. Suppose M is a topological space.

(1) Letb € m (M) be a Klein boundary and w € H?(M;Zs) be atorical. The
number

(2.13) lw,b] = (w, Fi[Klz,) € Zs,

where F': K — M is induced by a map F as in Definition 2.8(1), is
independent of the choice of F.

(2) Let b€ Hi(M;Z) be a two-torsion class and w € H*(M;Zs) be spin.
The number

(2.14) \w,b] = (w, Fu[S]z,) € Zo,

where F': 3 —s M is a continuous map from an unorientable surface )y
such that Fibgy = b for the nontrivial torsion class bs, € H1(X;7Z), is
independent of the choice of F'.

(8) In either case,
(2.15) |k%,b] = (k,b) Ve HY(M;Z).
Proof. (1) Let F,F": 1 x S' — M be continuous maps such that

[F‘OXSI] = [F/’(]XSI] =be 7T1(M),
Flixst = Floxst o csi, F'lixst = F'loxst o ¢sn .

The class F,[K]z, + F![K]z, is represented by a continuous map f : T —s M,
obtained by connecting the images of Flpxs1 and F'|gxs: by cylinders.
Since w is atorical, it follows that

<w’F* [K]Z2> + <w7ﬁ;{ [K]Zz> = <w7 Jx [T]Z2> =0,

and so |w, b is well-defined.
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(2) The proof is similar. (3) This follows from (2.12). O

If f: RP? — M is a continuous map and a : S — RIP? represents the
nonzero element of Hp(RP?;7Z), then f o« represents a Klein boundary b
in M. A map F as in Definition 2.8(1) can be obtained by precomposing f
with a map ¢ : I x S' — RP? such that

glixst = gloxsi ocsi and  g.][0 x S'] = [a] € H{(RP?; 7).

In this case,
lw, b] = (w, f.[RP?z,) € Zs

for any w € H?(M;Zs) atorical. The map on the Zs-quotients induced by
the map fp: x in the proof of Lemma 3.4 is an example of such a map g.

The two-torsion classes in Hy(M;Z) that are not Klein boundaries play
no special role in the orientability problem in real Gromov-Witten theory,
but unfortunately there appears to be no simple algebraic characterization
of Klein boundaries. Similarly, there appears to be no simple algebraic char-
acterization of atorical classes in H?(M;Zs), which are the most relevant
to the orientability problem in open and real Gromov-Witten theory, but
Lemma 2.7 provides such a characterization for the smaller collection of
spin classes in many cases. Since every element of Ho(M;Z) can be repre-
sented by a continuous map F' : 3 — M for a closed oriented surface, a class
w € H?(M;Zs) is spin if and only if w vanishes on the image of Hy(M;Z)
in Hy(M;Zs), under the homomorphism induced by the surjective homo-
morphism Z — Zso. By the Universal Coefficient Theorem for Cohomology
[26, Theorem 53.1], there is a split exact sequence

0 — Ext(Hy(M;Z),Zs) — H*(M;Zs) — Hom (Hy(M;Z),Zs) — 0.
Thus, the spin classes w € H?(M;Z) are the elements of the group
Ext(Hy(M;Z),Zy) = Hom(B1(M), Z2) /{n|p, ) : 1 € Hom(Z1 (M), Zs)},
where B1(M) and Z;(M) are the group of boundaries of 2-chains and the
group of 1-cycles, respectively. If a one-cycle b represents a two-torsion ele-
ment of Hy(M;Z), 2b € B1(M) and

[w, [b]] = w(2b)

for any w € Hom(B1(M), Z2) representing w.
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3. Equivariant cohomology
In this section, we recall basic notions in equivariant cohomology, in the
case the group is Zs, and apply them to real bundle pairs. We classify the
real bundle pairs over the torus and the Klein bottle, with certain fixed-
point-free involutions, and compute wg) of all rank 1 real bundle pairs over
symmetric surfaces with fixed-point-free involutions; see Lemma 3.3 and

Corollary 3.5, respectively. We conclude with two examples illustrating the
intriguing nature of wg of real bundle pairs.

3.1. Basic notions
The group Zs acts freely on the contractible space EZy = S with the quo-
tient BZy = RP*°. An involution ¢ : M — M, where M is a topological
space, corresponds to a Ze-action on M. We denote by

B¢M = EZQ X 7o M

the corresponding Borel construction and by

Hi(M) = H*(ByM; Z),
HY(M) = H.(ByM;Zy),  H{(M;Z) = H.(ByM;Z)

the corresponding Zs-equivariant cohomology and homology of M. Let
(3.1) M — ByM — BZy = RP*™

be the fibration induced by the projection p; : EZo x M — EZj.
If (V,¢) — (M, ¢) is a real bundle pair,

IB%(;;V =[EZo xz, V — BgM
is a real vector bundle; this is the quotient of the vector bundle
psV — EZo x M
by the natural lift of the free Zs-action on the base. Let

Wl (V) = wi(B3V) € Hj(M)
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be the Zs-equivariant Stiefel-Whitney classes of V' — M. If M is a point and
V=C=R®IiR,

B;V = RP® x R & Opp~(—1) — RP*®,

where Ogp~(—1) is the tautological line bundle; thus, w¢(V) is the generator
of Hdl)(pt) in this case. The non-equivariant Stiefel-Whitney classes of V' are
recovered from the equivariant Stiefel-Whitney classes of V' by restricting to
the fiber of the fibration (3.1). If f : ¥ — M is a continuous map commut-
ing with involutions ¢ on ¥ and ¢ on M, the involution gE on V induces an
involution f*@ on f*V lifting ¢ and

(3.2) W (FV) = By oY wl (V) € HI(E),
where
(3.3) Byof : B.X — ByM, {Bs.of} (e, 2]) = [e, f(2)],

is the map induced by f.
If an involution ¢ : ¥ — ¥ has no fixed points, then the projection map
po : EZo x ¥ — ¥ descends to a fibration

(3.4) EZy — B.Y — /7 .

Since EZs is contractible, this fibration is a homotopy equivalence, with a
homotopy inverse provided by any section of ¢; in the case of the antipo-
dal map (2.1), such a section is explicitly described in [15, Section 2.2]. In
particular, ¢ induces isomorphisms

(35) ¢ :HYE/Z2) — HI(X),  qu: HI(ZZ) — Hi(3/ 223 Z).
Any section of ¢ embeds ¥/Zy as a homotopy retract, and every two such
sections are homotopic. Thus, if f : ¥ — M is a continuous map commuting
with the involutions ¢ on ¥ and ¢ on M, we also denote by

Bd),cf : E/ZQ — B¢M

the composition of By .f : B.X — By M with any section of ¢; this is well-
defined and unambiguous up to homotopy. If 3 is a compact manifold and
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c: Y — Y is smooth, let
(812, = [S/Za]z, € HI(E) and  [flg, = {Byof}:[S)7, € HI(M)

denote the Zo-fundamental class of ¥ and its equivariant push-forward, respec-
tively; if ¥/Zs is oriented, we similarly define

[Bf = [B/Z2)z € HI(Z:Z) and  [f]f = {Byef}<[E] € HI(M;Z).

If p: (V,é) — (X, ¢) is a real bundle pair, V//Zy — ¥ /Z3 is a real vector
bundle and

IB%(Z)V — ¢ (V/Zs) = {([e,:r], [U]) €B.X x (V/Zs) : [x] = [p(v)]},
[6,’1)] — ([G,p(’l))], [7)]),
is a vector bundle isomorphism covering the identity on B.>. Thus,

(3.6) wE(V) = wi(q*(V/Zs)) = ¢*wi(V/Zs) € HL(X;Zs).

2

We next recall two statements from [15].

Proposition 3.1 ([15, Proposition 2.1]). Let (L1, <]31), (Lo, dg) —> (M, )
be rank 1 real bundle pairs over a topological space with an involution. If M
18 paracompact,

(3.7) w§ % (L1 @c Ly) = w§" (L1) + w§*(La).

Corollary 3.2 ([15, Corollary 2.4]). Let (M,¢) be a topological space
with an involution and (L,p) — (M, @) be a rank 1 real bundle pair.

(1) If M is simply connected and wy(L) =0, wgs(L) is a square class.
(2) If M is paracompact and (L, qz) admits a real square root, wg’(L) =0.

3.2. Real bundle pairs over surfaces

The involution ax on the Klein bottle K given by

ag : K=Ix S/ ~—K, [s, 2] — [s, —2],
where (1,2) ~(0,2) Vze S' cC,

has no fixed points. The next lemma classifies real bundle pairs over (K, ak)
and (T, ar), where ar = idg: x a.
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Lemma 3.3. Suppose (X,c) = (T,ar), (K,ax) and n € Z*. A rank n real
bundle pair (V,¢) — (3, ¢) is isomorphic to the trivial real bundle pair

(ExC"exeen) — (5,¢)
if and only if

0, if (¥,¢) = (T, ar),
(5) +2Z, if (%,¢) = (K, ag).

(WV). 51 {

Proof. (1) Since the torus case is addressed by [15, Lemma 2.2] and the proof
of [15, Lemma 2.3], it is enough to consider the case (X, c) = (K, ak). Let

Vi = (HXS1 XC)/ ~, (0,z,v)~(1,%z,4v) Vze S veC,

where the involutions ¢4 are induced by the standard conjugation on C.
By [7, Lemma 2.3], every rank n real bundle pair over (S, a) is trivial and
admits precisely two homotopy classes of isomorphisms covering idg:. The
non-trivial class contains the isomorphism given by the constant function
on S' with the value equal to the diagonal matrix with one entry —1 and
the remaining entries 1. By composing isomorphisms of the trivial rank n real
bundle pair over (S!,a) covering the conjugation cs: on S with cg: X idcn,
we see that there are also precisely two homotopy classes of such isomor-
phisms. Thus, (V,¢) is isomorphic to one of the real bundle pairs

(‘/7 6) = (nV+,nE+), (V— ©® (TL - 1>V+76— D (n - l)é-l-);

note that (nV,,né;) is the trivial rank n real bundle pair. These real bundle
pairs canonically decompose into two Zs-equivariant real vector bundles,
induced by the real and imaginary axes in C. By (3.6),

(w5 (V), [K]*) = (wa(V/Zs), [K/Zo]) = (wa (Ve ® Vir), [K/Zs]),
where

Ve =n(Vi)r, (Vo)r @ (n — 1)(Vi)r,
Vie = n(Vi)ir, (Vo)ir @ (n — 1)(Vy)ir

are the Zo-quotients of the real and imaginary parts of V over the Klein
bottle

(3.8) K/Zy=1x1/~, 0,t) ~ (1,1 —1), (5,0)~(s,1) Vs, tel.
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We note that
(Vir = (]I x I x R)/ ~, (0,t,v) ~ (1,1 —t,£v), (s,0,v) ~ (s,1,v),
(Vi)ir= (IxIxR)/~, (0,t,v) ~(1,1—t%v), (s50,v)~ (s,1,-v),

over the Klein bottle (3.8).
(2) The first Zs-homology of the Klein bottle (3.8) is generated by the
loops
a,f:1—K/Zy, a(t) =[0,t], B(s)=1[s,1/2],
with the intersections a? =0, a - 3, 3? = 1; we denote the Poincaré duals
of the homology classes represented by these loops by the same symbols.

Since the restriction of (V_)r to « is trivial and to 8 is the Mobius band
line bundle,

(wi(V2)z),a) =0, (wi((Vo)e), B) = 1
= wi((Vo)r) = a € H'(K/Zy; Zs).

Since the restrictions of (V_)ig to o and § are the Mobius band line bundles,

(w((Vo)w) @) =1, (wi((Vo)), 8) = 1
= w1 ((VO)ig) = B € HY(K/Zy; Zs).

We conclude that
w(V_/Zs) =1+ (a+ )+ af =1+ (a+8) + 5.

On the other hand, the restriction of (V. )ig to a is the Mobius band line
bundle and to § is trivial. Thus,

(wi((Vi)iw), @) =1, (wi((Vi)mw),B) =0
=  wi((Vy)ir) = a+ B € HY(K/Zs; Zs).

Since (V4 )g is the trivial line bundle, we conclude that
w(Vy/Z2) =1+ (a+B).
Putting the two conclusions together, we find that
wa(n(Ve /) = () 87 = ()52,
wo (V- & (n—1)V4)/Zs) = (Z) (a+B)%+ p% = <Z>ﬂ2 + 32
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Since 32 # 0, this establishes the claim. O

Let : P! — P! be as in (1.1) and 7 be the lift of 7 to the line bundle
Op1(—2) — P! given by

(€, (u,v)%%) = (n(0), (—v,2)%%) V¥ (¢, (u,v)) € Op(—1) C P! x C*.
Lemma 3.4. With notation as above,
w](Op (—2)) # 0 € H2(P).

Proof. The real map fp: i : (K, ax) — (P!, ) given by

[s,2] — [cos%—l—izsin%,ising—i—zcosg] Vsel,zeStcC

sends 0 x S! to the circle |u| = |v] in P! and then spins S! around the points
[1,41] € P! so that 1 x S is again mapped to the circle |u| = |v|, but in the
conjugate way. Let fp1 x = fp1 x 0 q, where g : I x S — K is the quotient

map. We trivialize the bundle f, 7KOP1 (—2) by

Ix 8" x C— fixOpi(—2),

®2
S, 2, A) —> |8, 2,12\ COSE—l-iZSiHE,iSiHE-f—ZCOSE
( 2 2 2 2

The conjugation on I x S! x C induced by 7 via this trivialization is the
standard one:

IxS'xC—1IxS'x%xC, (5,2, \) — (s, —2, \).
Since
fogOp(=2) = fo g Op1 (=2)/ ~, (1,2,A) ~ (0,2,—X) ¥(z,)) € ST x C,

the real bundle pair fz: xOp:(—2) is (V_,¢-) — (K, ak), in the notation of
the proof of Lemma 3.3. Thus, by the proof of Lemma 3.3,

Fir g w] (Opi (=2)) = wh (V2) # 0.

This establishes the claim. O
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Corollary 3.5. Suppose (E o) is a symmetric surface such that 27 = (.
If (L, ¢) — (2, 0) is a rank 1 real bundle pair,

<WS§(L)7 S1g,) = %(cl(L), [3]z) + 2Z.

Proof. By Lemma 3.4 and Proposition 3.1, the claim holds for the real bundle
pairs

(02 (—2a),71) = (Op (=2),7)** — (B, )

with a € Z. By [4, Propositions 4.2], these are all the rank 1 real bundle pairs
over (P!, 7). We thus assume that 3 # P! for the remainder of the proof.

By [28, Theorem 1.2], there exists a Zy-invariant circle S € 3. Let U € 2
be a Zs-invariant tubular neighborhood of S and 3/ be the two-nodal surface
obtained from 3 by collapsing the boundary circles of U. The involution o
descends to an involution ¢’ on 3, which has no fixed points, so that the
quotient map ¢ : 3 — 3 intertwines the two involutions. The image of U
in 3/ is an irreducible component C' of 3 homeomorphlc to P! and pre-
served by o’; let ¢’ denote the remaining component of Y. Given a € Z, let
(L', @) — (3, 0") be the real bundle pair so that

<cl(L’), [C]Z> = —2a, (L', ¢ = (C" x C,0'|cr x cc).
By the previous paragraph,

(wd (L), [$18.) = (w§ (L), [C15.) + (wd (L), [C')3.)

(w§ ¥ (q" L), [2)5,) = (¢"w§ (L), [51g,) = (i (L), ¢.[2]3,)
7 A~ ’ 1 A~
= (wy (L), [¥,) = 2<c1<L’>, []z) + 22
(ei(L)),q.[S)z) +2Z = 7< 1(q* L)), [B)z) + 22.
This establishes the claim for the real bundle pairs (L, 45) =q¢*(L',¢), for

each a € Z as above. By [4, Propositions 4.2], these are all the rank 1 real
bundle pairs over (X, o). O
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Corollary 3.6. Suppose (M,¢) is a topological space with an involution
and (L,$) — (M, $) is a rank 1 real bundle pair so that wg)(L) € H;(M)
is a spin class. Let a: (S*,a) — (M, @) be a real map. If f: X — M is

a continuous map from an oriented bordered Riemann surface such that
Of = a, then

[w$(L),[al2,) = 5( (D), [B]z) + 22,

where f : (2,0)~—> (M, @) is the double of f. If ¥ is a disk, the conclusion
holds even if wg)(L) € Hq%(M) is just atorical.

Proof. The map ]Bd),of : 2/22 — By M takes the image of 9% in fJ/Zg,
which represents the nonzero two-torsion class in Hi(X/0;Z), to By qou.
Thus,

[w§ (L), [0f2, ] = [w2(B3L), By e0lz,) = (wa(B3L), {Byo f 1[5/ 2Zalz,)
= (W} (L), {By o 1[5/ Zalz) = (Frug (L), [£3,);

see Section 2.3 for the second equality. The claim now follows from Corol-
lary 3.5. U

3.3. Some examples

We now give two examples. The first describes rank 1 real bundle pairs

(V, $) over a simply connected space (M, ¢) such that wg (V) is a non-trivial
square. The second example describes a rank 1 real bundle pair (V,¢) so

that wg) (V) is atorical, but not spin. These examples imply that there is no

simple description of the condition of w (V) vanishing on the tori By g, f;
see (3.3) and the beginning of Section 3.2 for the notation.

Example 3.7. For each m € Z, define

Nom—1 : ]P)mel N P2m71 by
(Wi, Wa, .o, Wap1, W] — [ = Wa, Wi, ..., = Wom, Wam_1].
In particular, 71 = 7. Let (Opzm-1(—2),2m—1) — (P?™ 1 no;m_1) be the
real bundle pair given by

flam—1 (€, (W1, ..., Wam)®?)
= (772m71(€)> (_W27W17 ceey _W2m7W2m71)®2)-
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Fix a € Z and take

(M, ¢) = (B>, 12y 1),
(V’ gf;) = (OIP’Q’"*l( ) 2m ) (OPmel(—2)’ ﬁ2m—1)®(_a) .

By Corollary 3.2(2), wg (V) is a square class. Since the fixed locus of ¢ is
empty, the natural projection

B¢M — M / ZQ
is a homotopy equivalence and wg (V') corresponds to wy(V/Zs). We show
that the rank 2 vector bundle

(3.9) V/Zy = Opem-1(2a) /Lo — M7 = P> 17,

is non-orientable, is non-split if a # 0, and has a non-zero ws if a is odd.
Since it is sufficient to verify these statements for the restriction of this
bundle to P!/Zy = RP?, we can assume that m = 1. An orientation on
Op:(2a)/Zo would lift to an orientation on Op:(2a) preserved by 71; since 7;
is orientation-reversing, Op:(2a)/Zy is not orientable. A splitting of
Op:(2a)/Zy would induce a splitting of Op:(2a) into two real line bundles,
each of which must be trivial, since P! is simply connected. Since the euler
class of Op1(2a) is 2a, this is impossible if a # 0, and so Op1(2a)/Zy does not
split as a sum of line bundles if a # 0. By Corollary 3.5, wy' (Op:(2a)) # 0
if a is odd. We note that the bundles (3.9) are pairwise distinct, since an
isomorphism between a pair of them would lift to an isomorphism of the
bundles Op:(2a) as real vector bundles.

Example 3.8. We now describe a rank 1 real bundle pair (V, b) — (M, ¢)

so that w(; (V') vanishes on every homology class represented by a torus

(and in particular on the tori of the form By .. f), but not on the image
of Hg (M;Z) in Hg (M) and thus is not a square class or even spin. Let
m: Y3 — Yo be a double cover of a genus 2 closed oriented surface by
a genus 3 surface and ¢ : ¥3 — X3 be the deck transformation (which is
orientation-preserving). Since ¢ has no fixed points,

HZ(Xs) = H*(S2; Zs).
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The trivial rank 1 real bundle pair (23 x C, ¢g) — (3, ¢) induces a rank 2
bundle over ¥o which splits into the line bundles

LRE(EgXR)/ZQ%EQXR7 LiRE(ngiR)/ZQHEQ.

The line bundle L;g is not trivial: it restricts to the Mobius band line bundle
along any loop in Y9 not in the image of a loop from 3. Thus, there exists
a line bundle L — 35 such that

w1 (Lig)wi (L) # 0 — wg((23 X C)/ZQ QR L) # 0.
The involution ¢ naturally lifts to an involution QEL on 7L — 3. We take

(V,¢) = (X3 x C®p 7L, o ®r 61.) — (I3, 9).

Since w(zb (V') corresponds to

wg(V/ZQ) = wz((zg X (C)/Zg XRr L) € HZ(M; 22),

wg)(V) does not vanish on the image of Hg)(M, Z) in Hg)(M) However,
it vanishes on the homology classes represented by tori, since every map
T — 335 is of degree 0.

4. Relative signs

This section applies the relative sign principle introduced in [14, Section 6] in
the basic case (X, ¢) = (D?,idg1) to arbitrary oriented sh-surfaces (2, ¢). For
a real Cauchy-Riemann operator D on a real bundle pair (V, ¢) over an ori-
ented sh-surface (¥, ¢) and a point x; € (03); on each boundary component
with |¢;| = 0, it is convenient to define

(4.1) det(D) = det(D) & (X) (AFPVE)":
|C,‘:0
(w1(V?),(0%):)=0

a similar, but not identical, twisted determinant line is introduced in [33,
Section 5]. If (V, €) is induced from a real bundle pair over a smooth manifold
(X, ) with an orientable maximal totally real subbundle, the additional
factors in det(D) are systematically orientable and can be essentially ignored
(dropping them would change (4.12) by the sign of the permutation induced
by h on the set of boundary components with |c;| = 0 and (w;(V?), ;) = 0).
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We study the changes in the orientation of &gt(D) under various operations
on D.

The (twisted) orientations of the determinant line of a real Cauchy-
Riemann operator D and of the moduli space of J-holomorphic maps from
an oriented sh-surface at a point u are determined by certain collections of
trivializations, which we call orienting collections. The conjugation operation
of Section 4.1 transforms such a collection to an orienting collection for
the conjugate operator D. There is a natural isomorphism between det(D)
and det(D); we call the sign of this isomorphism with respect to an orienting
collection and its conjugate the relative sign of the conjugation. We compute it
in Proposition 4.1 below and show that in particular it is independent of the
choice of the initial orienting collection. This computation is similar to the
analogous computations in [12, Section 4] and [33, Section 2], but we do not
assume the existence of any ambient structure. This leads to more general
orientability results and fits well with studying local systems of orientations
when the index bundles are not orientable. Even in the basic case of the disk,
the approach of comparing relative orientations without imposing additional
structure is more systematic, helps avoid the sort of mistake made in [10,
Proposition 11.5], which continued on as [5, Proposition 2.1], and combines
cases that appear to be unnecessarily separated in [12].

A diffeomorphism h of ¥, possibly interchanging the boundary compo-
nents of X, likewise induces an isomorphism between det(D) and det(h*D).
If the operators D and h*D are homotopic in a natural way, the orienting
collection for D can be transferred along a path v to an orienting collection
for h*D. We compute the sign of the natural isomorphism between det(D)
and det(h*D) with respect to the corresponding orientations in Proposi-
tion 4.2. It is again independent of the initial orienting collection, but does
depend on the choice of the transferring path v unless an appropriate de-
terminant line bundle is orientable.

In Section 5.3, we determine analogous signs for the determinant line
bundles of the moduli spaces of J-holomorphic maps from the disk and
the annulus with the five possible boundary involutions. This allows us to
establish more general versions of Theorems 1.1 and 1.2.

4.1. Conjugation

Let (X, ¢) be an oriented sh-surface, j € J., and D = 0 + A be a compatible
real Cauchy-Riemann operator on a real bundle pair (V,¢) over (¥,c). We
denote by V' the complex vector bundle obtained from V' by multiplying the
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complex structure by (—1); (V,¢) is still a real bundle pair over (3, ¢). Let
D=0+A:T(SV) — T (% V).

Thus, D and D are the same operators between the same real vector spaces
with different complex structures. .
By [15, Proposition 5.4], an orientation of det D is induced by

(OC1) for each boundary component (9%); with |¢;| = 0, a choice of trivial-
ization of the canonically oriented vector bundle V¢ @ 3AItR?pV5 over

(0%)i,

(OC2) for each boundary component (93); with |¢;| = 1, a choice of trivi-
alization of the real bundle pair (V,¢) over (0%);.

We will call such a collection of trivializations an orienting collection for D.
It induces an orienting collection of trivializations for D:

(OC1,) for each boundary component (0X); with |¢;| = 0, take the same
choices of trivializations as for D;

(0C2,.) for each boundary component (9%); with |¢;| = 1, compose the cor-
responding choice for D with the standard conjugation on C*kc¢V',

We will call the latter collection of trivializations the conjugate orienting
collection.
Since D and D have the same kernel and cokernel, the identity maps

ker D — ker D and cok D — cok D
induce an isomorphism
(4.2) det(D) —» det(D).

We call the sign of this isomorphism with respect to the orientations induced
by an orienting collection for D and its conjugate for D the relative sign of the
conjugation on D. By the next proposition, which generalizes the conclusion
of the main step in the proof of [14, Lemma 5.1], it is independent of the
orienting collection for D and of D itself.

For a real vector bundle W — (9%);, we define

(43) iy (W, (0%);) = { ,
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Proposition 4.1. Let (X,¢) be a genus g oriented sh-surface, j € J., and
D be a real Cauchy-Riemann operator on a real bundle pair (V,¢) over (X, c)
compatible with j. The relative sign of the conjugation on D is (—1)°P, where

(4.4) €p = ;(MV, &+ Y @ (V5 (82)¢)>

|ei|=0
+ (1 — g+ ‘C’o + ’C|1>I‘k@V + 27, € Zo

for every orienting collection for D.

Proof. Let n = rk V. By the proof of [15, Theorem 1.1}, det(D) is oriented
by first pinching a circle near each boundary component (903); with |¢;| =1
to obtain

e a real Cauchy-Riemann operator D’ on a real bundle pair (V', &) over
an oriented sh-surface (X',j’) with the boundary components (0X); with
|ci| = 0 and an interior marked point p; € ¥’ for each boundary component
(0%); with |¢;| = 1 such that

o) =g, (V'.&)] gy, = (Vi&)| oy, i lesl =0, (V&) = (V).

e for cach boundary component (0X); with |¢;| = 1, a real Cauchy-Riemann
operator D; on a real bundle pair (V;,¢) over the disk with boundary
(0%); and boundary involution ¢; such that

(Vi,éi) = (V.0)| gy, and  u(Vi,) =0.

The lines det(D) and det(D) are then oriented via isomorphisms

i

det(D) ~ det(D') @ (X) (det(D;) @ AgP(Vy)*),

lei]=1
(45) det(D) ~ det(D') @ (X) (det(D;) ® AP (Vy)*).
lei|=1

For each ¢ with |¢;| = 1, det(D;) is oriented by homotoping D; to the stan-
dard real 9-operator on D? x C" with the antipodal boundary involution via
the chosen trivialization of V|(az)i. The latter operator is surjective and its
kernel consists of constant functions with values in R™ C C"; this determines
an orientation on det(D;). In particular, the identity map from det(D;) to
det(D;) is orientation-preserving for each i with |¢;| = 1. On the other hand,
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AItR?pV;fi and Aﬁsp‘_/p’i are oriented by the complex orientations of V'’ and V'
and so the sign of the identity isomorphism between the last factors in (4.5)
is (—1)™ for each i with |¢;| = 1. This accounts for |c[in in (4.4).

By the proof of [13, Theorem 1.1], det(D’) and det(D’) in (4.5) are
oriented via isomorphisms

det(D") ® det(D;)®* ~ det(D,3) ® det(Dy),

4.6 _ _ _ _
(4.6) det(D’) @ det(D;)®* ~ det(D,3) ® det(D;),

where Dj and D43 are real Cauchy-Riemann operators on the bundles
Vi= APV, V=V @3APV — Y

with the involutions ¢ and ¢;3 induced by ¢ and Dy and D_3 are the
conjugates of D1 and D3, respectively. The identity map between the sec-
ond factors on the left-hand sides of the two expressions in (4.6) is clearly
orientation-preserving.

By the proof of [13, Proposition 3.1], det(D43) is oriented by first pinch-
ing a circle near each boundary component (0¥'); to obtain

e a real Cauchy-Riemann operator D‘jrl3 on a bundle Vﬁl3 over a closed Rie-

mann surface £ with a marked point p; for each boundary component
(0%'); such that

g2 =g(2) =g(%) and 2deg (Vi3) = u(Vis, érs) = 4u(V,é),
e for each boundary component (9%');, the standard Cauchy-Riemann op-

erator D3.; on the trivial bundle D? x C""3 obtained by extending the
chosen trivialization of

V/E’ D SA]E)I)V/a _ V& D 3AE§pV6

over (0X); to a tubular neighborhood.

The lines det(D43) and det(D,3) are then oriented via isomorphisms

p'i)*)7
Pz)*)

det(Dy3) ~ det(D3) ® X) (det(Dys4) @ AP (Vih
|C7|:0

det(Dy3) ~ det(D3) ® Q) (det(Dys4) @ ARP(Vih
|C7|:0

(4.7)
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The line det(Di13) is oriented by deforming Dilg, to a complex Cauchy-
Riemann operator on V. Thus, the sign of the identity isomorphism be-
tween the first factors on the right-hand sides in (4.7) contributes

inde DYy = deg Vi + (1 — g(Z)) (n + 3) = 2u(V, ) + (1 — g(2)) (n + 3)

to (4.4). For each i with |¢;| = 0, D3, is a surjective operator and its kernel
consists of constant functions with values in R"™3 C C"*3; this determines
an orientation on det(D3.;). In particular, the identity map from det(D3.;)
to det(Ds3,) is orientation-preserving for each i with |¢;| = 0. On the other
hand, Angfg\pi and Aﬁgpf/jym are oriented by the complex orientations
of Vﬁlg and ng and so the sign of the identity isomorphism between the
last factors in (4.7) is (—1)""3 for each i with |c;| = 0. This contributes
lclo(n + 3) to (4.4).

By the proof of [13, Proposition 3.2], det(D;) is also oriented by first
pinching a circle near each boundary component (9%'); to obtain

e areal Cauchy-Riemann operator D$! on a line bundle V! over ¢! such that

2deg V' = p(V', &) = Y (V7 (05);)
|e:[=0

=p(V,e) = Y wn (VE(0D):)

|e:[=0

e for each boundary component (9%');, a real Cauchy-Riemann operator Dy;
on a real bundle pair (Vi,¢1,;) over the disk with boundary (0%); and
trivial boundary involution such that

(VYI;ZH él;i) - (Vla 61)}(82)7; and :u‘(‘/ln'a él;i) € {07 1}

The lines det(D;) and det(D;) are then oriented via isomorphisms

det(Dy) & det(D§) @ (X) (det(Dyy) @ (Vi
|C1|:0

det(D1) ~ det(D§") ® ® (det(Dy;) ® (V!
|61|:0

P')*)v
(4.8)

p)")-

The line det(DS!) is oriented by deforming D{' to a complex Cauchy-Riemann
operator on the line bundle V. Thus, the sign of the identity isomorphism
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between the first factors on the right-hand sides in (4.8) contributes
indeDS! = deg Vi 41 — g(2)
1 ~ - (1€
~3(nvo- X @ (. 0m9) +1-02)

|e:|=0

to (4.4). For each i with |¢;| = 0, the identity isomorphism between the last
factors in (4.8) is orientation-reversing because the lines V{!|,, and V|,
are oriented by their complex orientations. This contributes |c|p to (4.4).

For each i with |¢;| =0 and pu(Viy4,¢1,4) =0, ie. w1 (VE, (0%);) = 0, the
operator Dy, is surjective and the evaluation homomorphism

C1;i

ker Dl;z’ — Vl;i = A]%Opva

Xi xX;

is an isomorphism and induces the same orientations on the lines det(D;;)
and det(Dj;) from any orientation of the right-hand side. For each i with
leil = 0 and p(Viy,¢14) = 1, ie. w1 (VE, (88);) = 1, the operator Dy;; is sur-
jective and the evaluation homomorphism

(49)  ker Dy — V|, @ VI, = ALV @ ARPVS

T; x}

is an isomorphism for any z} € (03); — x;. This isomorphism again induces
orientations on det(D1,;) and det(Dy.;) from orientations of the right-hand
side. However, in this case, the two orientations of the second component on
the right-hand side of (4.9) are opposite, since they are obtained by trans-
porting the same orientation of the first component in the positive direction
along (0X); with respect to the orientations induced by j for det(D;.;) and —j
for det(Dl;i). Thus, in either case, the isomorphism between the first com-
ponents in the i-th factors in (4.8) contributes (V¢ (0%);) to (4.4). This
completes the proof. O

In the case |c[; = 0, (4.4) agrees with the pin™ formula of [33, Proposi-
tion 2.12]. In turn, the latter specializes to [12, Theorem 1.3] whenever ¥ is
the disk and V¢ is orientable.

4.2. Interchange of boundary components

Let (X, ¢) be an oriented sh-surface, h : ¥ — ¥ be a diffeomorphism such
that hoc = cohon 0%, and |h|,sgn;, € {0,1} be as at the beginning of Sec-
tion 2.2. We define sgn € {0,1} to be the sign of the permutation induced
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by h on the set of boundary components (0%); with |¢;| = 0. For k = 0,1,
let

Tw=Ix | | (0%)i/ ~  (L2)~ (0,d"(h(2))) Yze || (02),

where ¥ = id; this is a union of tori if |h| = 0 and of tori and Klein bottles
if |h| = 1. The boundary involutions ¢; induce an involution cp.; on Th.k,
which is trivial if £ = 0 and has no fixed points if &k = 1.

If (X,¢) and h are as above, (X, ¢) is a manifold with an involution, b
is as in (2.4), and k = (k1, ..., kj¢),4|c|,) 15 a tuple of non-negative integers,
we will call

(u0,%0,70), (u1,%1,71) € Br(X,b)?€ x T,

h-related if
up = ¢ ougoh, h(x1) =%, and ji = (—1)"n%jo.

If v = (u,%s,j;) is any path in By (X, b)?¢ x 7, such that (ug,Xo,jo) and
(u1,%1,j1) are h-related and k = 0, 1, let [Y]p, € H2(X;Z2) denote the push-
forward of the fundamental homology class of 7Tp., with Zs-coefficients by
the continuous map

ik © Thie — X, [t, 2] — w(z) V[t,2] € Th;

this map is Zo-equivariant. Let ]}, | € Hg’ (X)) denote the equivariant push-
forward of the Zs-equivariant fundamental class [’77“1]2’;1 € Hy"" (Th.1) by Yh.1-

Let (3, ¢), h, (X, ¢), and v be as above, (V, ¢) — (X, ¢) be a real bundle
pair, Dy and D; be the real Cauchy-Riemann operators on the real bundles
pairs u(V, ) and u}(V, ¢) induced from a connection V and a deformation A
on V as in the last paragraph of Section 2.1, and

(v, Dg) _ {(V7 Dy), if h is orientation-preserving;

(V,Dy), if his orientation-reversing.
If (ug,jo) and (u1,j1) are h-related, then

(4.10) A1 (2, (=1)M50) — (2,51) and i wf(VE, ¢) — ui (V. 9)
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are isomorphisms and thus induce an isomorphism

(4.11) det(Dh) = det(DP) 1o ( AtopV¢ )"
|CZ| 0
(ugw (V),(8%);)=0
D) = D) @ (V)
c7|:0
(upwi (V?9),(0%):)=0

where x; is the first marked point on the boundary component (0X);. The
path v can be used to transfer an orienting collection for Dg to an orienting
collection for Dy, which we will call the v-transferred orienting collection. The
next proposition describes the sign of the above isomorphism.

Proposition 4.2. Let (V, qg) — (X, ¢) be a real bundle pair over a man-
ifold with an involution. Suppose (3,c) is an oriented sh-surface, b is as
in (2.4), v = (u, X, 3¢) is a path in By (X, )¢ x T, h: ¥ — X is a dif-
feomorphism such that (ug,Xo,jo) and (u1,X1,j1) are h-related, and k =
(kl’ ey k|c|0+|c|1) s a tuple of non-negative integers. If the real vector bundle
V® — X? is not orientable, assume that k; > 0 for every boundary com-
ponent (0X); with |c;| =0 and (w1 (V?),b;) = 0. Denote by Dy and Dy the
real Cauchy-Riemann operators on the bundle pairs ui(V, b) and ui(V, o)
induced as in Section 2.1 and choose an orienting collection for Dy. The
sign of the isomorphism (4.11) is (—1)6%, where

€ ), = (wa(V?), (o) + <w2C "ARPY), 16
+ (tkeV)sgny, + sgnl) + 27 € Zs,

(4.12)

if dA(;t(]__)g) and ci\ejc(Dl) are oriented using the conjugate and ~y-transferred
orienting collections, respectively.

Proof. Let n = rkcV. The action of h on the set of boundary components
of X preserves the subsets

(4.13) {(0%); : |eil =0} and {(0%); : |ei| =1}

and thus breaks these subsets into cycles corresponding to topological com-
ponents of 7.0 and 7Tj.;. Since the maps h~! and uzk)q;'h‘ in (4.10) are holo-
morphic and C-linear, respectively, it is sufficient to compare the orientation
of the right-hand side of (4.11) with the orientation induced by the push-
forward of the orienting collection for D by (b=, ufo")).
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For a subset (9%);,, ..., (0X);, of boundary components of ¥ such that
lci,| = 0 and

(4.14) R((02);,) = (0%)

Tj+1

where i1 = 41, let

k k
(415) T =Ix | |(0%);,/~ (L,2)~ (0,d"(h(2))) Vze | |(0%);
j=1

=1

this is a connected component of Tp.0. The maps h~! and uz‘)qgw in (4.10)
induce trivializations of
(4.16) (u’{V‘ZS &> SAE{fpuTV";) | =h* (uSng & 3AE§puSV‘£)

%), | 0%),,

from the original orienting collection for Dy; if |h| = 1, this is the same triv-
ialization as the one induced from the conjugate trivialization for Dg = Dy.
Since m1(SO(n 4 3)) = Zs, there are two homotopy classes of such trivializa-
tions. If the y-transferred trivialization of the left-hand side in (4.16) agrees
with the original trivialization of the right-hand side up to homotopy, let
€;=0; otherwise, let €; =1. The oriented vector bundle ’y;;o(V‘z’ @ 3Af§pV¢) |7
is then isomorphic to

k
Ix | |@0), xR/~ (1,2,0) ~ (0,h(2),g(2)v),
j=1

for some g : U§:1(3E)ij — SO(n + 3) such that g\(ag)” is homotopic to
the constant map I,,;3 if and only if €; = 0. Since the oriented vector bun-
dles over T (of rank at least 3) are classified by the value of their ws in
H*(T;Z2) = Zs,

(4.17) €1+t e = (Vwa(VP @ 3APVE), [T]z,)
= (Mow2(V?), [Tlz,)-

By [15, Proposition 5.4], changing the choice (OC1) for a given boundary
component (0X); with |¢;| = 0 changes the orientation of the determinant
line bundle. Since the two choices (OC1) for Dy obtained from the trivializing
collection for ug via h and ~-transfer agree if and only if €; = 0, the possible
differences in these choices for (0X);,, ..., (0X);, contribute (4.17) to (4.12).
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Summing over all cycles of the action of h on the set {(0%); : |¢;| = 0} gives
the first term on the right-hand side of (4.12). However, h interchanges
the order of the (n + 3)-dimensional target spaces of the evaluation isomor-
phisms orienting det(Dy3.;) as below (4.7). This contributes (n + 3) times
the sign of the permutation on {(9%); : |¢;| = 0} induced by h.

For a subset (9%);,, ..., (0X);, of boundary components of ¥ such that
le;,] =1 and (4.14) holds, let T be as in (4.15). The maps h~' and uo!"!
in (4.10) induce trivializations of u}(V, QNS)‘ (%), from the orienting collection

for D¥; this is the same trivialization as the trivialization of

(118) BV o, = B (VD) . = U1 (Vi) s,
induced by the pull-back from the orienting collection for Dy. If this triv-
lalization agrees with the y-transferred trivialization up to homotopy, let
e; = 0; otherwise, let ¢; = 1. The real bundle v} ,(V,¢)|7,, is then isomor-
phic to

k
T x U(az)ij xC"/~, (1,2,0) ~ (0,c"(h(2)), g(2)v),

for some g : |_|§:1(82)i]. — GL,C with g(c(2)) = g(z) such that g’(ag)ij is
homotopic, in the space of such maps, to the constant map I,, if and only if
€j = 0. By [7, Lemma 2.3], Ag’p induces a bijection between sets of such
homotopy classes for rank n and rank 1 real bundle pairs. By Lemma 3.3,
rank 1 real bundle pairs over T are classified by the evaluation of their
Zs-equivariant wy-class on [T]°'. Thus,

(419) €1+ tep = <72;1w350p¢(Agpv)’ [7-](:;“1> )

By [15, Proposition 5.4], changing the choice (OC2) for a given boundary
component (0%); with |¢;| = 1 changes the orientation of the determinant
line bundle. Since the two choices (OC2) for D; obtained from the trivializing
collection for ug via h and v-transfer agree if and only if €; = 0, the possible
differences in these choices for (9X);,, ..., (0X);, contribute (4.19) to (4.12).
Summing over all cycles of the action of h on the set {(0X); : |¢;| = 1} gives
the second term on the right-hand side of (4.12). However, h interchanges
the order of the n-dimensional target spaces for the evaluation isomorphisms
orienting det(D;) as below (4.5). This contributes n times the sign of the
permutation on {(0%); : |¢;| = 1} induced by h. O
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4.3. Some consequences

We now combine the conclusions of Propositions 4.1 and 4.2 with some topo-
logical assumptions on (X, ¢) related to the orientability of moduli spaces of
real maps to (X, ¢). Corollaries 4.4 and 4.5 below encode the orientability
of det(D) over a loop in the moduli space of J-holomorphic maps. They are
used in Section 5.3 to establish more general versions of Theorems 1.1, 1.2,
and 1.4.

Remark 4.3. Corollaries 4.4 and 4.5 also determine the signs of the cor-
responding isomorphisms on det(D) whenever V¢ — X is orientable: the
difference with det(D) is given by sgn in the case of Corollary 4.4 and by
sgn,, in the case of Corollary 4.5.

Corollary 4.4. Let (V, (/3) — (X, ¢) be a real bundle pair over a manifold
with an involution and (3,c¢) be a genus g oriented sh-surface so that

wo(V9) € HA(X%Zy)  and  wh® °(APV) € H(X)

are spin classes in the sense of Definition 2.8 if |c|lo # 0 and |c|; # 0, respec-
tively. Suppose k = (k1,...,kjc|,4/c|,) 5 a tuple of non-negative integers, b
is as in (2.4), v = (ug, X¢,3¢) s a path in By (X, b)?¢ x T, and h : & — %
is_a diffeomorphism such that (ug,Xo,jo) and (u1,X1,j1) are h-related. If
V® — X? is not orientable, assume that k; > 0 for every boundary com-
ponent (0%); such that |c;| = 0 and (w1 (V?),b;) = 0. Denote by Dy and Dy
the real Cauchy-Riemann operators on the bundle pairs ul(V, ) and ui(V, ¢)
induced as in Section 2.1, choose an orienting collection for Dy, and take
the y-transferred orienting collection for D1.

(1) If h is orientation-preserving, the sign of the isomorphism (4.11) is
(-1) (rkeV)sgn,, +sgnj,

(2) If h is orientation-reversing, the sign of the isomorphism (4.11) com-

posed with the isomorphism (4.2) with D = Dy is (—1)5%, where

am &, =3 (@wnm e a i)

+ (L= g+ lelo + lely + sgny)rke VV + sgnj + 22 € Zo,
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where |w,b;| is as in (2.14) if b; is a two-torsion class and 0 otherwise.

Proof. (1) Suppose h is orientation-preserving. Since [y]p,o and [v]}., are

sums of classes represented by tori, while wg(V‘E’) and wé\‘C ¢(Agp V) are
spin classes

(wg(V‘b), [Y]h0) =0 and <wA "¢ AtOPV Y. 1> = 0.

The first claim now follows from (4.22).
(2) Suppose h is orientation-reversing. The class [y]p,0 is the sum of the
classes represented by

k k
mo: T=Ix | |(0%);,/ ~— X, (1,2) ~ (0,c(h(2)) Vz € | |(0%);,,

Jj=1 J=1

with 7" as in (4.15). Since h is orientation-reversing, b;,, = —b;, for every
j=1,... k; in particular, b;, = (—1)*b;,. If k is even, then 7T is a torus

and so

k
(wa(V?), Yhiou[Tlz) = Z

J=1

If k is odd, then b;, = b;, is a two-torsion class for all j =1,...,k and T is
a Klein bottle. Thus,

<”LU2(V(£), Yh;0x [7—]22> I_w2 ZI_’IUQ

the first equality holds by (2.14). Putting these two cases together, we
find that

5 Ielo B
<’U}2(V¢), [’Y]h;0> = ZLwQ(V(Ib)a sz .
i=1
By the same argument,
lelo+cl
(why (A“’Pv = > |w whe AtOpv byl .

i=|clo+1
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Combining the last two equations with (4.22), we find that

- - Iclo lelo+lely -
~ 1 A':Op
&= tep, = lwa(VO),bi] + Y [wp® “(ARPV),bi]
+ (tkcV)sgny, + sgn + ep,

where €ep, is the relative sign of the conjugation on Dy computed by (4.4).
Along with (2.6), this establishes the second claim. O

Corollary 4.5. Let (V,¢) — (X, ¢) be a real bundle pair over a manifold
with an involution such that

wg(v¢) =w +w|x¢

for some spin class w € H*(X?;Zy) and some w € H*(X;Zs). Suppose ¥
is a genus g oriented surface with m ordered boundary components, b is
as in (1.8), v = (up, X4, jt) is a path in By (X, b)»do= x Tn h:¥ — %
is a diffeomorphism such that (ug,Xo,jo) and (ui,x1,j1) are h-related, and
k= (ki1,...,kmn) is a tuple of non-negative integers. If the real vector bun-
dle V¢ — X% is not orientable, assume that k; > 0 for every boundary
component (0%); such that (wi(V?),b;) = 0. Denote by Dy and D the real
Cauchy-Riemann operators on the bundle pairs ug(V, ¢) and ui(V, b) in-
duced as in Section 2.1, choose an orienting collection for Dy, and take the
~y-transferred orienting collection for Dj.

(1) If h is orientation-preserving, the sign of the isomorphism (4.11) is
(_ 1)(rkCV)sgnh+sgnh )

(2) If h is orientation-reversing, the sign of the isomorphism (4.11) com-
posed with the isomorphism (4.2) with D = Dy is (—1)‘;‘%, where

(4.21) gfyh = ;((cl(V),O(B» + ;wl(vi’,bio + (w@,0(8))

+ th,bij + (1 —g+m+ sgnh)rkCV +sgny, + 27 € Zo,

=1

where [w, b;| is as in (2.14) if b; is a two-torsion class and 0 otherwise.
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Proof. By our assumptions on ¥, |c|o=m, |c|; =0, sgn) =sgn,,, and V51 =0
in (4.4) and (4.12). Let

Zp=1x%/~, (1,2)~(0,h(z)) Vzedx,
F,:7Z, — X, Fy([s,2]) = us(2) V(s,2) €IxX.

Thus, F, determines a three-chain in X with coefficients in Zy and boundary
8F7 = up Up u1 + Yh:0-
In particular, for any @ € H?(X;Zs),

(@, [Vno) = (@, [uo Up u1lz,) -

Since wa(V?) = w + @|x», (4.12) becomes

(4.22) €y = (w, Wm0 + (@, [uo Up w]z,) + (tkeV)sgny, + sgny, .
Below we analyze the first two terms on the right-hand side of (4.22) in the
two cases separately.

(1) Suppose h is orientation-preserving. Since [y]s,0 is a sum of classes
represented by tori and w is a spin class, (w, [Y];0) = 0. Since uy =ugoh
in this case, [ug Up u1]z, = 0. Thus, the first claim follows from (4.22).

(2) Suppose h is orientation-reversing. By the same argument as in (2)
of the proof of Corollary 4.4,

Since [ug Up u1]z = 9(pF) in this case,

(@, [ug Up utlz,) = (@,0(8)).

Combining the last two equations with (4.22), we find that

m

€f7h = ef;h +€p, = ZLw, bi] + (@,0(8)) + (rkcV)sgny, + sgny, + €p, ,
i=1

where €ep, is the relative sign of the conjugation on Dy computed by (4.4).
Along with (2.6), this establishes the second claim. O
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Remark 4.6. If h is an orientation-reversing diffeomorphism and w = &2

for some k € H'(X?;Zy), then (4.21) becomes

(423) &, = ;((cl(V),D(B» + Zm(vém)) +{w,0(8))
=1

m
+ ZU@, bi] + (1 — g+ m+sgn,V)rkcV + sgny, + 2Z € Zy;
i=1

see (2.15). The two sign formulas of [33, Proposition 5.1] are special cases of
this formula: (V, ¢) = (TX,d¢), i1 = jo, and either k = 0 or k = wy (T X?),
i.e. the Lagrangian X? is either relatively pint or relatively pin~, respec-
tively. In turn, [33, Proposition 5.1] includes the orientability results of
(12, 21].

5. Applications

Let (X,w) be a symplectic manifold, L C X be a Lagrangian submanifold,
B € Hy(X, L;Z), and J be an w-compatible almost complex structure. As
shown in [11, Section 8.1.1], the moduli space

Mp:2(X, L, B;J) = {ue C®(D* X): 955,u=0,
u(S') C L, u.[D? 5" = B}/ ~

of holomorphic maps from the disk D? with the standard complex struc-
ture jo is orientable if (L is orientable and) the pair (X, L) admits a relative
spin structure; furthermore, every such structure canonically determines an
orientation on Mp2(X, L, B;J). This fundamental observation is extended
in [33, Theorem 1.1] to arbitrary bordered Riemann surfaces (X,jo), with a
fixed complex structure on the domain, and a relative pin® structure on the
pair (X, L), if there is one. In this case, the moduli space

MG(X, L, B;J) = {ue C®,X): dy5,u=0,
u(0%) C L, u.[%,0%] = B}

need not be orientable, but its determinant line bundle is isomorphic to a
tensor product of the pull-backs of Aﬁsp (T'L) by evaluation maps at boundary
marked points. The pair (X, L) admits a relative pin* structure if and only if

(5.1) wo(L) = wlL or wy(TL) = wi(L)* + =
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for some @ € H?(X;Zs). As observed in [13, Remark 1.9], there is nothing
special about wy(L) in (5.1) for the purposes of the above isomorphism
statement.

In Sections 5.1 and 5.2, we introduce generalizations of the notions
of (relative) spin/pin structures which better capture the orientability in
open Gromov-Witten theory. For a symplectic manifold (X, w) with an anti-
symplectic involution ¢, we introduce a notion of compatibility of such struc-
tures with the involution that better captures the relevant features than a
similar notion introduced in [12]; see Sections 5.3 and 5.4 for details.

5.1. Spin sub-structures

We recall that a spin structure on a real oriented vector bundle W — M of
rkr W > 3 is a collection of homotopy classes of trivializations of a*W — S,
one class for each loop a : ST — M, such that for every bordered surface ¥
and continuous map f : 3 — M the vector bundle f*W — 3 admits a
trivialization restricting to the chosen homotopy classes of trivializations on
the boundary components of ¥ under their identification with S'. A spin
structure on a real oriented vector bundle W — M of rkgW = 2 is a spin
structure on W @& M x R — M. An oriented vector bundle W — M ad-
mits a spin structure if and only if the oriented vector bundle

(5.2) f WHEXR — X

is trivial for every closed surface ¥ and continuous map f:¥ — M, i.e.
wa(W) = 0. However, [13, Theorem 1.1] implies that the triviality of (5.2)
matters for the orientability problem only when ¥ =T is the two-torus,
and so the notion of spin structure is too restrictive from this point of
view whenever M is not simply connected. As it is generally difficult to
describe the atorical classes, we focus on the larger collection of spin classes
in H?(M;Zs); see Definition 2.8. The next lemma describes a geometric
realization of such classes.

Lemma 5.1. Let M be a paracompact topological space. For every spin
class w € H?(M;Z3), there exists a complex line bundle W — M such that
we (W) = w.
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Proof. By the proof of the Universal Coefficient Theorem for Cohomology
[26, Theorem 53.1], there is a commutative diagram of short exact sequences

0 — Ext(H(M;Z),Z) — H?*(M; Z) — Hom(H3(M; Z),Z) —= 0

| l |

0 — Ext(Hy(M; Z), Zy) — H?(M; Zy) — Hom (Hy(M; Z), Zs) — 0,

with the vertical arrows induced by the nonzero homomorphism Z — Zs.
By [26, Exercise 52.4], the first vertical arrow in the above diagram is surjec-
tive. It follows that every element of Ext(H; (M;Z), Zs) comes from H?(M;7Z)
and thus equals w2(W) for some complex line bundle W — M. O

For example, if w = k2 for some k € H'(M;Zs), then w = wy(W' & W)
for some real line bundle W’ — M, since these line bundles correspond
to elements of H'(M;Zsy). By Lemma 2.7, quite often every spin class is a
square, in which case every spin class is of the form wo (W’ @& W') = wy(W’)?
for some real line bundle W/ — M.

Every oriented real vector bundle W — S' admits a trivialization. If
the rank of W is at least 3, there are two homotopy classes of trivializa-
tions, since 71(SO(k)) = Zy for k > 3. If W — S! is the restriction of a
vector bundle over D2, there is a unique homotopy class of trivializations of
W — S! that extend to a trivialization over D?; this is used in the proof
of Lemma 5.3 below.

Definition 5.2. Let W — M be an oriented real vector bundle.

(1) If rkgW > 3, a spin sub-structure on W — M is a collection of homo-
topy classes of trivializations of o*W — S', one class for each loop
a: S' — M, such that for every
e connected oriented surface ¥ with boundary components (0X); and

(82)27
e orientation-reversing diffeomorphism ¢; : S' — (9%);,
e orientation-preserving diffeomorphism ¢ : S' — (9%)2, and
e continuous map F': X — M,
the vector bundle F*W — ¥ admits a trivialization such that its pull-
backs by @1 and @9 agree with the chosen homotopy classes of trivial-
izations for the loops F o ¢y, F oy : St — M.

(2) If tkgW = 2, a spin sub-structure on W — M is a spin sub-structure
on WO MxR— M.
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Lemma 5.3. An oriented real vector bundle W — M admits a spin sub-
structure if and only if we(W) is a spin class.

Proof. We can assume that tk W > 3 and M is connected.

(1) Suppose we have chosen a spin sub-structure W — M. Let
Fy: D> — M be a fixed continuous map (e.g. a constant map). By revers-
ing the chosen homotopy classes of trivializations for all null-homologous
loops if necessary (reversing for either all or for none of them), we can as-
sume that the restriction of a trivialization of Fy W — D? to S! agrees with
the chosen homotopy class of trivializations for the loop Fp|g: : S — M.
If F; : D> — M is another continuous map, there exists a continuous map
F:1x 8" — M such that the map

f=RUFUF :S?~ (0x D*Ulx S'U1lx D?)/~— M,
{i} x D*3 (i,2) ~ (i,2) €eIx S* Vi=0,1, z€ S' c D?

is continuous and homotopically trivial.® Thus, f*W — S? admits a trivi-
alization that restricts to the chosen homotopy class of trivializations for the
loop Fp|s:. So the chosen homotopy class of trivializations over a contractible
loop consists of trivializations that extend over a bounding disk.

If f: ¥ — M is any continuous map from a closed oriented surface, the
restriction of f*W to the complement of two disjoint disks D? and D3 admits
a trivialization that restricts to the chosen homotopy classes of trivializations
on dD? and OD3. Since both of the latter extend over the corresponding
disks, it follows that f*W — X is a trivial vector bundle and so

<'LU2(W), f*[z]22> = <1U2(f*W), [Z]ZQ> = 0.

Thus, we(W) is a spin class.

(2) A spin sub-structure on W — M can be obtained as follows. Pick
a representative « : S — M for each element [a] of Hy(M;Z) and a ho-
motopy class of trivializations of o*W. Given a loop f:S' — M with
8] = [a] in H{(M;Z), choose

e a connected oriented surface ¥ with boundary components (0%); and
(0%)2,

e an orientation-reversing diffeomorphism ¢; : S* — (0%)1,

3Project [1/4,3/4] x S onto a path [1/4,3/4] — M between Fy(0) and F;(0);
then take F on [0,1/4] x S and [3/4,1] x S! to be homotopies from Fy|s: to the
constant loop at Fy(0) and from the constant loop at Fy(0) to Fi|s:, respectively.
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e an orientation-preserving diffeomorphism ¢ : S' — (9%)2, and

e a continuous map F': X — M,

so that F'op; = a and F o o = 3. Since an oriented vector bundle over a

connected surface with at least one boundary component is trivial, there

exists a trivialization of f*W — ¥ extending the chosen trivialization over

(0%)1. We take the homotopy class of the trivializations for 3*W — S to

be the homotopy class of the restriction of this trivialization to (0%)s.
Given another collection (X, ¢}, ¢h, F') as above, let

9

L=(u )~ 2~ h(er () V€ (98,
S=3%/~, 2~ (3 1(2)) Yz € (982,

where ¥ denotes Y Wlth the opposite orientation. The maps F and F’
induce continuous maps F:Y—s Mand F:3 —s M. A trivialization of

oW in the chosen homotopy class extends to a trivialization of F*W — %
and

F*W =~ ¥ x Rk/ ~, o (z,0) ~ (goé(@;l(z)),g(z)v) V(z,0) € (%) x RF,

for some g : (0%)y — SO(k). Since oriented vector bundles over 3 with
rank at least 3 are classified by their we and 7 (SO(k)) =~ Zy for k > 3,
g is homotopically trivial if and only if wg(ﬁ’ *W) = 0. By our assumption
on wa(W),

<w2(F*W)7 [2]Z2> = <U)2(W), F* [E]Zz> =0.
Thus, g is homotopically trivial and so the trivializations of 5*W induced
via F and F’ are the same.

Suppose (X, ¢1, @2, F) is as in Definition 5.2(1), « is the chosen repre-
sentative for the homology class

[Fopilz =[F oz € H(M;Z),

and (X', ¢}, ph, F') is as in the construction of the induced trivialization for
B = F o 1, replacing (X, ¢1, p2, F'). Let

F=FUF:%=(UX)/~— M,  z~¢h(e7i(2)) Vz e (9.

The chosen trivialization of o*W extends to a trivialization of F*W. By
construction, the restrictions of the latter to (0X); and (0X)2 lie in the
chosen homotopy classes of trivializations for the loops F' o ¢ and F o p,.
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Thus, trivializations of {F o ¢1}*W and {F o p2}*W in the chosen homo-
topy classes extend to a trivialization of F*W  as required. O

A spin sub-structure can thus be viewed as a weak spin structure for
oriented vector bundles with ws lying in the subgroup Ext(Hy(M;Z),Z2) of
H?(M;Zs), instead of being 0; this extension group is non-trivial if Hy(M;Z)
has even torsion. The group of maps

ﬂHl(M,Z) —)ZQ

acts freely and transitively on the set of spin sub-structures on W — M,
if this set is non-empty; ¥ changes the chosen homotopy class of trivializa-
tions along a loop « : S' — M if and only if ¥(a) # 0. In the case of spin
structures, the same role is played by

HY(M;Zs) = Hom(H1(M; Z), Zs),
the group of homomorphisms from Hy(M;Z) to Zs.
Let cg1 : ST — S! denote the restriction of the standard conjugation
on St CcC.Ifa: 8" — M, let

ac=aocg : St — M.

For any vector bundle W — M, the diffeomorphism cg: induces the com-
mutative diagram

QW W (z,w) — (c51(2),w) Vw e Wy
(5.3) l l l l
gt gt e (2) Vze St
If [o] € Hi(M;Z) is a two-torsion class, [a.] = [a]. The next lemma de-

scribes the action of the above commutative diagram on homotopy classes
of trivializations.

Lemma 5.4. Let W — M be an oriented real vector bundle with a cho-
sen spin sub-structure and o : S — M be a representative of a two-torsion
element of Hi(M;Z). The commutative diagram (5.3) takes the chosen ho-
motopy class of trivializations of oW to the chosen homotopy class of triv-
ializations of oW if and only if |we(W),[a]z,| =0, with |w2(W),[a]z, |
defined as in (2.14). In particular, if wo(W) = k2 for some k € H'(M;Zs),
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the commutative diagram (5.3) respects a spin sub-structure on W if and
only if (k. [a]z,) = 0.

Proof. Since « represents a two-torsion element of H;(M;Z), there exist

e a connected oriented surface ¥ with boundary components (0%); and

(0%)2,
e an orientation-reversing diffeomorphism ¢; : S' — (9%);,
e an orientation-preserving diffeomorphism ¢y : St — (9%)9, and

e a continuous map F : ¥ — M,

such that F o) =a and F o oo = a.. The map F descends to a continu-
ous map

F:3=%/~— M, 2~ pa(es (o7 H(2))) V2 € (0%);.
Since the diffeomorphism
paocs oo (98)1 — (9%)2

is orientation-preserving, the closed compact surface % is not orientable. We
note that

F*W = F*W/ ~, v~ eg(v) Vo € oW

Since 71(SO(k)) = Zs for k > 3 and there is an oriented vector bundle over 32
with a nonzero ws, the oriented vector bundles over 3 of rank at least 3
are classified by their ws. Since the commutative diagram (5.3) respects
the homotopy classes of the restrictions of a trivialization of F*W — X
to (8%); and (9%)s if and only if F*IW — 3 is a trivial vector bundle, it
follows that this is the case if and only if

0= (wa(F*W), [Slz,) = (wo (W), Fu[Slz,) = [wa(W), [a]z,].
The last claim of the lemma now follows from (2.15). O
5.2. Moduli spaces of open maps
We now define a relative version of the spin sub-structure of Definition 5.2

and show that it canonically induces orientations of the determinant lines
of real Cauchy-Riemann operators in open Gromov-Witten theory.
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Definition 5.5. Let L be a submanifold of a manifold X.

(1) A relative spin sub-structure on a real oriented vector bundle F' — L
consists of

(la) a spin sub-structure on a real oriented bundle W — L,

(1b) a real oriented vector bundle F — X3, where X[ is the 3-
skeleton of X in a triangulation extending a triangulation of L,
and

(1c) a spin structure on F & W @ E — LN Xp.

(2) A relative pin sub-structure on a real vector bundle F' — L is a relative
spin sub-structure on the oriented vector bundle F' & 3AItRf) PF.

(3) A relative spin/pin sub-structure on (X, L) is a relative spin/pin sub-
structure on the real vector bundle 7L — L.

(4) The pair (X, L) is relatively subspin/subpin if (X, L) admits a relative
spin/pin structure.

A relative spin structure on F' — L in the sense of [11, Definition 3.1.1]
is a relative spin sub-structure on F' — L with W = L x {0}. The next
corollary gives a purely cohomological criterion for the existence of a spin/pin
sub-structures.

Corollary 5.6. Let L be a submanifold of a manifold X and F — L be a
real vector bundle.

(1) If F admits a relative spin or pin sub-structure, then wo(F) = w + w]|f,
for some spin class w € H?(L;Zsy) and for some w € H*(X;Zs).

(2) If wa(F) =w+ w|g for some spin class w € H*(L;Zs) and for some
w € H*(X;Zs), then F admits a pin sub-structure. If in addition F is
orientable, then F admits a relative spin sub-structure.

Proof. (1) If F' admits a relative spin sub-structure as in Definition 5.5, the
vector bundle F'® W @& E over L N X3 admits a spin structure and so

O=w(FeoWeo E)\me[g]) = w2 (F)|Lnxy + we(W)|Lnxy, + w2 ()| raxy
— wa(F) = we(W) + |,

for some w € H?(X;Zs). Since W admits a spin sub-structure, wo(W)
is a spin class by Lemma 5.3. The same reasoning, with F' replaced by
F @ 3A5PF, applies in the pin case.



The moduli space of maps with crosscaps 11 415

(2) Tt is sufficient to consider the orientable case. By Lemma 5.1,
w=wa(W) for some oriented vector bundle W — L. By Lemma 5.3, W ad-
mits a spin sub-structure. By the usual obstruction theory reasoning, there
exists an oriented rank 3 vector bundle E— X(3) such that wy(E) =w|x,, .*
Since

wQ((F eWe E)|L0X[3]) = wQ(F)|LﬂX[3] + wQ(W”LﬂX[s] + wQ(E)|LﬂX[3]

= w2 (F)|nxy + wlonxy + @loaxe =0,
the vector bundle F' & W @ E over L N X3 admits a spin structure. U

Suppose X is a smooth manifold and L C X is a smooth submanifold.
Let ¥ be a compact bordered surface with ordered boundary components
(0X)1,...,(0%)y. Given

(5.4) b= (8,b1,...,bm) € Ho(X, L; Z) & H\(L; )™,

we define
By (X, L,b) = {ue C®E,X): udX) C L, u,[%,05] = B,

If in addition k = (k1,..., k) is a tuple of nonnegative integers, let
m
%E;k(X7L7b) = %E(X7L7b) X H ((82)'}? - Ai,ki)v
i=1
where
Ai,ki, = {(fpi,la ce 7xz’,k1) S (82)51 DX = T for some

jaj/:17"'7ki7 ]7&]/}
is the big diagonal. Let

Hyx(X,L,b) = (Br (X, L,b) x Jx)/Ds,
imz;,k(X,L,b;J) — {[u,xl, ce ,Xm,j] € 'Hg,k(X,L,b) : 5J,ju = 0},

4There is a continuous map f: X — K(Zy,2) such that w = f*(Q, where
K(Z,2) is the Eilenberg-MacLane space with w9 =Zs and 2 is the genera-
tor of H?*(K(Z2,2);Zs). It can be assumed that f takes X3 to the 3-skeleton
K(Z2,2)[3 of K(Z3,2). Since K(Z3,2) and BSO(3) are simply-connected with
Ty = L, there is a continuous map F' : K (Zs,2)5 — BSO(3) inducing an isomor-
phism on 72 and thus on the second Z-homology. This implies that Q = F*wy(v3),
where 3 — BSO(3) is the tautological oriented rank 3 vector bundle and so
w|X[3] = wa(f*F*3).
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if J is an almost complex structure on X. For each ¢ =1,...,m and
j=1,...,k;, we define

evij: ’Hz’k(X, L,b) — L

to be the evaluation map at the j-th marked point of the i-th boundary
component.

Proposition 5.7. Suppose X is a smooth manifold, L C X 1is a smooth
submanifold, V. — X is a complex vector bundle, Vg C V|, is a totally real
subbundle, ¥ is a compact oriented surface with ordered boundary compo-
nents (0X)1,...,(0%)m, and x; € (0X); for each i =1,...,m.

(1) For every complex structurej on ¥ and every map u : (3,0%) — (X, L),
a relatively pin sub-structure on Vg — L canonically induces an orien-
tation on the twisted determinant line

det(D,) = det(D) © R (AL Valye)”
(ur w1 (Vk),(0%):)=0

of a real Cauchy-Riemann operator D, on the bundle pair (u*V, u|}y Vi)
over (3,0%).

(2) Let b be as in (5.4) and k = (k1,...,kn) be a tuple of non-negative
integers such that k; > 0 for each i with (wy(Vg),b;) =0. If Vg — L is
relatively subpin, the twisted determinant line bundle

det(Dy.ya) — Hsx(X, L,b)

induced by (V,Vr) as in [13, Remark 1.3], with x; = x;.1, is orientable.

(8) Let b be as in (5.4) and k = (k1,...,kn) be a tuple of non-negative

integers. If Ve — L is relatively subspin, the determinant line bundle
det(DV’VR) — /Hz’k(X, L, b)

1s orientable.

Proof. The proof of [13, Theorem 1.1] reduces the non-orientable case to the
orientable case, with the difference accounted for by twisting the determi-
nant. Thus, we can assume that Vg — L is orientable. By the proof of [11,
Proposition 8.1.4], an orientation on det(D,,) is canonically determined by a
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choice of homotopy classes of trivializations of uO‘?aE).VR for each boundary
component (93); of ¥ for a map

ug : (3,08) — (X[g},X[g] NL).

Given a relatively spin sub-structure on F' = Vg as in Definition 5.5, a ho-
motopy class of trivializations of “0|?az), VR is canonically determined by

e the homotopy class of trivializations of u0|>(k82)_W provided by the spin
sub-structure on W and

e a homotopy class of trivializations of u0|*82)_E .

We choose a collection of homotopy classes of trivializations of u0| (%), E, one
for each boundary component, so that it is the restriction of a trivialization of

u*E — Y. In the case ¥ = D? considered in [11, Proposition 8.1.4], there
is only one such collection. In general, any two such collections differ by
changing the chosen homotopy class of trivializations on an even number of
boundary components. Since changing the homotopy class of trivializations
along a single boundary component changes the orientation of det(D,,), any
two collections of trivializations of u0|2‘82)iE that come from a trivialization
of u§E — ¥ induce the same orientation on det(D,,); see the proof of [33,
Proposition 3.1] for a different presentation of this point. This establishes (1),
which immediately implies (2) and (3). O

Corollary 5.8. Let (X,w) be a symplectic manifold, L C X be a Lagrangian
submanifold, and J € [J,. Suppose ¥ is a compact oriented surface with or-
dered boundary components (0%)1,...,(0%)m, b is a tuple as in (5.4), and
k = (ki,...,kn) is a tuple of non-negative integers.

(1) If L is orientable and admits a relative spin sub-structure, the mod-
uli space My k (X, b; J) is orientable. Furthermore, a choice of such a
structure canonically determines an orientation on My 1 (X, b; J).

(2) If k; >0 for each boundary component (0X); with (u*wi(TL), (0%X);)=0
and L admits a relative pin sub-structure, the orientation line bundle of
My (X, b; J) is isomorphic to

(09 eviy (ARPTL).

(uw, (TL),(85);)=0

Furthermore, a choice of such a structure determines such an isomor-
phism up to homotopy.
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Proof. Both statements follow from Proposition 5.7; see the proof of [13,
Corollary 1.8]. 0O

5.3. Moduli spaces of real maps

Let (X,w,®) be a symplectic manifold with an anti-symplectic involution
and let J be an w-compatible almost complex structure on X such that
¢*J = —J. Every real map from a symmetric surface (3, ) to (X, ¢) can be
represented by a map from an oriented sh-surface (X, ¢), but not uniquely
in general. This gives rise to coverings of moduli spaces of the former by
moduli spaces of the latter. These coverings are regular if the genus of Sis0
orlorif¥—3is disconnected; there are 5 topological types of symmetric
surfaces of genus 0 or 1. Orientability of moduli spaces of maps from oriented
sh-surfaces is addressed in [15]. Propositions 4.1 and 4.2 determine when the
deck transformations of these coverings are orientation-preserving. We apply
them in this section to establish more general versions of Theorems 1.1, 1.2,
and 1.4.

If (X,¢) is an oriented sh-surface and b is as in (2.4), denote by P(b)
the set of tuples obtained from the tuples

l_) = (B, bl, ey b‘c‘o, b\c\ﬁ-la ce ab|c|0+|c|1) and
b = (B, —bl, ey —b|c‘0, _b\c\o—&-la ey —b‘c|0+|c|1)

by permuting the b1,...,b -entries and the by 11, -, bjc|,+|c,-entries
(within each of the two sets). If |¢|; =0, i.e. (¥,¢) is a bordered surface
without crosscaps, and b is as in (1.8), denote by P(b) the set of tuples
obtained from the tuples

b= (ﬂ,bl,...,b|c|0) and B: (—¢*ﬁ,—bl,...,—b|c|o)

by permuting the b1, ..., by -entries. We define

MU(X, b )%= ] MX,b30)7e,
b’eP(b)
ME(X, X b J) = | Mu(X, X%, b5)
b’eP(b)
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in the two cases, respectively. If i : 3 — ¥ is a diffeomorphism commuting
with ¢ on 9%, we define

My, : MY (X, by J)¢ — MY (X, b; J)9e,
fInh : m%(X, Xd)vbv J) — m%(X7 X(z)aba J)a

similarly to (2.9) by
[u,i] — [¢/" o woh, (1) A%

We will call these automorphisms the natural automorphisms of MY (X ,b;.J)?¢
and 9 (X, X?, b; J), respectively.

Corollary 5.9. Suppose (X,w) is a symplectic 2n-manifold with an anti-
symplectic involution ¢, J € Jy, 3 is a genus g oriented bordered surface
with m boundary components, and b is as in (1.8). If either 2b; = 0 for all i
and m — g € 27 or b; = £b; for some i # j, assume also that n is odd. If
X?® C X is orientable and there exist a spin class w € H*(X?;Zs) and a
class w € H*(X;Zs) such that

wy(TX®) = w+ w|xo and

m

O L mx).008) + (=.0(8) + 3 L) € 2.
i=1

then the natural automorphisms of IMY(X, X% b; J) are orientation-
preserving with respect to the orientation induced by some relative spin sub-
structure associated with w and w as in Definition 5.5. If w = 0, this is the
case for the orientation induced by every relative spin structure associated
with w.

Proof. By Corollary 5.8, the moduli space s (X, X?, b;.J) is orientable
under our assumptions, and a relative spin sub-structure determines an ori-
entation. We consider three cases separately.

(1) Suppose first that ¥ = D?. Let jo be the standard complex structure
on the disk and denote by M. (X, X? b;.J) the union

{u S %(X)‘zs’ids1 : 5J,j0u =0, u*[DQ,SI] =0, u*[Sl] = bl}
U {u € B(X)?st 1 9y5u=0, u D% S = —¢.8, u.[S'] = —b1}.

Since
MPe (X, X9, b; J) = M (X, X2, b; J) /PGLIR,
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there is a canonical isomorphism

det(Drx ag) = AP (T (X, X¢,b; J))
~ AP (TlaPGLIR) @ AP (TP (X, X, b; J)),

with det(Drx q4) as at the end of Section 2.1. In this case, (1.7) is the
only automorphism of 9. (X, X%, b; J) to consider, since all (orientation-
preserving) automorphisms of D? are isotopic to the identity. By Corol-
lary 4.5(2) and Remark 4.3, the action of this automorphism on det(Drx q4)
at u € ﬁ%2 (X, X¢,b;J) is orientation-preserving under our assumptions
(5.5) if the J-holomorphic maps u and ¢ o u o ¢p= are homotopic (as contin-
uous maps). Its action on TPGLIR is orientation-preserving as well, since
there is a canonical isomorphism

ARP(TgPCGLIR) ~ T1S' ® AP (TyD?)

and the automorphism (1.7) reverses the orientations of both factors. This
establishes both claims of Corollary 5.9 at the elements [u] of the space
MY, (X, X?, b; J) such that u and ¢ o uo cpz are homotopic.

Suppose the restrictions of w and v = ¢ o w o ¢pe to S* C D? are homol-
ogous, but the maps u and v are not necessarily homotopic. Suppose also
that the lines det(D7x q¢) at u and v are oriented by a spin sub-structure
on T'X? as in the proof of Proposition 5.7. In the terminology of the proof of
Proposition 4.2, the trivializations of TX? @ W @ E at v|s: transferred by a
cobordism and pulled back from the trivialization of this bundle at u|g: are
the trivializations given by the spin structure on this bundle. By Lemma 5.4,
the difference between the two trivializations of v, W is given by

(w2 (W), [uls]z,] = [w,b1].

The difference between the trivialization of v*FE in the second bullet in
the proof of Propositions 5.7 and the trivialization pulled back from the
corresponding trivialization of u*E' is given by

(wa(B), [ulc,, v]z,) = (w,0(8)).

Along with Proposition 4.1, this implies that the sign of the action of the
automorphism (1.7) on det(Drx q¢) at u is still given by the left-hand side
of the second expression in (5.5). Thus, the first claim of Corollary 5.9 holds
in this case as well.
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If the restrictions of v and v = ¢powuocp> to S* C D? are not homolo-
gous, we can simply choose a spin sub-structure on T'X ¢ starting with a
trivialization of TX? @ W @ E at u|g1, so that the action of the automor-
phism (1.7) on det(Drx q44) at u is orientation-preserving. So, the first claim
of Corollary 5.9 holds again. If w = 0, the W = 0 case of the discussion in
the previous paragraph (without transfers) applied to any spin structure on
TX? @ E establishes the last claim of Corollary 5.9.

(2) Suppose next that ¥ is a cylinder with ordered boundary compo-
nents. Let

M (X, X2, b; J) = {(u,r) € B(X)®4 x T: 555 u=0, u.[%,0%] = 5,
w[(O5)1] = b1, ua[(0%)2] = b2},
MH(X, X2, by )= ) Ms(X, X% b)),
b’eP(b)

with j, € Jx as in Section 2.1. Since
ML(X, X7, bs J) = ML(X, X, b J) /S,
there is a canonical isomorphism

det(Drx ap) = AP (TR (X, X9, b; )
~ ARP(T1S1) @ ARP (TME(X, X2, b; J)) .

Since every diffeomorphism of ¥ preserving the orientation and the bound-
ary components is isotopic to the identity, it is sufficient to consider the
automorphisms induced by the diffeomorphisms hy, and ¢y defined in Sec-
tion 2.1 and their composite. By Corollary 4.5 and Remark 4.3, the actions
of the first two automorphisms on det(Drx as) at u € MY (X, X%, b;.J)
are orientation-reversing under our assumptions (5.5) if v and its images
under these automorphisms are homotopic. Their actions on S' are also
orientation-reversing, since they are induced by the maps

st — st z—1/z=2%.

Thus, these automorphisms preserve an orientation on 95 (X, X ¢ b;J).
The same is the case of the composite automorphism. This establishes both
claims of Corollary 5.9 at the elements [u] of 95 (X, X%, b; .J) homotopic to
their images under each automorphism. The remaining cases are handled as
in the disk case above.
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(3) Suppose X is not a disk or a cylinder. The forgetful morphism
foomP(X, X% b;J) — My
canonically induces an isomorphism
ARP(TIME(X, X2, b3 J)) ~ det(Dry.a0) ® F'ARY (T Ms).

The sign of the action on AEJP(TMZ) induced by a diffeomorphism h:3 — 3
is described by Proposition 2.5. The corresponding sign for det(Drx q4) is
given by Corollary 4.5 without the extra sgn; term in the homotopic cases;
see Remark 4.3. Under our assumptions (5.5), the two signs are again the
same. The non-homotopic cases are treated as in (1) above. U

By [7, Lemma 2.3], every rank n real bundle pair (V,¢) — (S, a) is
trivial, i.e. there is a vector bundle isomorphism ¥ : V' — S x C" covering
the identity on S' such that

Voc={id X ¢cn} o ¥,

where ¢cn is the standard conjugation on C™. Furthermore, there are two
homotopy classes of such real trivializations and they correspond to the
two homotopy classes of real trivializations of Ag’p(V, ¢). In similarity with
Definition 5.2, we define a spin sub-structure on a real bundle pair (W, QNS)
over a real bundle pair (X,¢) to be a collection of homotopy classes of
trivializations of real bundle pairs a*(W,$) — (S*,a), one class for each
real loop a : (St a) — (X, ), such that for every real map

F:(IxShidixa) — (X,9),  (s,2) — Fi(2),

a trivialization of the real bundle pair F*(W, ¢) — (Ix S Lidy x a) restricts
to a trivialization of the real bundle pair F*(W,¢) — (S, a) in the chosen
homotopy class for each s € 1.

Corollary 5.10. Let (X,w) be a symplectic 2n-manifold with an anti-
symplectic involution ¢, (X,c) be a genus g oriented sh-surface, J € Jg,
and b be as in (2.4). We also assume that

e n is odd if either 2b; = 0 for all i and |c|o + |c|1 — g € 2Z or b; = +b; for
some i # j;

e X? is orientable and wy(TX?) € H*(X?;Zy) is a spin class if |c|o # 0;
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o wy® (APTX) € HI(X) is a spin class if |cli # 0.
If
1 lclo

(56 HeTX).B)+ D [ws(TX).b]
i=1
lelo+]ela

+ 3 lwp® CALPTX), b € 22,

1= C‘0+1

then the natural automorphisms of MY (X, b; J)?€ are orientation-preserving
with respect to the orientation induced by some spin sub-structure on TX?
and some spin sub-structure on (T X, d¢); the former is needed only if |c|o #0,
while the latter is needed only if |c|y # 0. If ¥ = D? and ¢ # ids:, the con-
dition (5.6) can be dropped.

Proof. By the same argument as in the proof of Lemma 5.3, (T'X, d¢) admits
a spin sub-structure if wQ COPCM)(A?COPTX ) is a spin class. By [15, Corollary 6.2],
MY(X,b; J )‘ﬁ’C is orientable under our assumptions. By the proofs of Propo-
sitions 5.7 and [15, Corollary 6.2], an orientation on 9Y(X,b; J)?¢ is in-
duced by a spin sub-structure on TX? and a spin sub-structure on (TX,do);
the former is needed only if |¢|g # 0, while the latter is needed only if |c|; # 0.
By Corollary 4.4, Remark 4.3, Proposition 2.5, [15, Lemma 6.1}, (1) and (2)
in the proof of Corollary 5.9, and the treatment of non-homotopic cases
in (1) of the proof of Corollary 5.9, the sign of the action on det(Drx q4)
induced by an orientation-reversing diffeomorphism h : ¥ — ¥ is the left-
hand side of (5.6) plus nsgn(DM},), where sgn(DMj,) is the correspond-
ing sign on D} if ¥ is a disk or a cylinder and on My otherwise; if h is
orientation-preserving, the sign is just nsgn(DMy,). Thus, the first claim
of Corollary 5.10 is obtained by considering three cases as in the proof of
Corollary 5.9. The last claim follows from Corollary 3.6. O

Remark 5.11. The conclusions of Corollaries 5.9 and 5.10 hold under more
general circumstances. In particular, the cases with X non-orientable can
be handled, but with additional care.

We conclude with a short proof of an observation obtained by a rather
delicate argument in [12].
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Corollary 5.12 ([12, Proposition 3.14]). Ifm € Z", the standard anti-
holomorphic involution ¢ does not preserve any relative spin structure on
the pair (PAm+1 RP4m+L),

Proof. Let w € H*(P™*1;7Zy) and 8 € H?(PY 1 RPY™ L 7) be the stan-
dard generators. Since RP4™*! is orientable,

wa (RP4m+1) = w‘R[EMm-Fl and
1

5 (P, 0(8)) + (@, 0(8)) = 2m +2 € 22,

the automorphism (1.7) on the moduli space
mDQ (P4m+1, R]P)4m+1, ,8, J)

is orientation-preserving by Corollary 5.9. Since the minimal Maslov index
of the pair (P#m+! RP*"*1) evaluated on f3, i.e. 4n + 2, is not divisible
by 4, [12, Theorem 1.1] implies that no relative spin structure on the pair
(PAm+1 RP4m+1) is preserved by ¢. O

5.4. Floer theory

A number of striking implications of anti-symplectic involutions to Floer
homology are described in [12]. In this section, we streamline some aspects
of the approach in [12], modifying one of the key notions introduced in [12].
This allows us to extend some statements in [12] and significantly simplify
some of the proofs, without altering the fundamental principles behind them.

If (X,w) is a symplectic manifold with an anti-symplectic involution ¢
and 3 € Hy(X, X?;7Z),let 9(B) € Ha(X;Z) denote the natural ¢-double of 3
as before; see [14, Section 3.

Definition 5.13. Suppose (X,w) is a symplectic manifold with an anti-
symplectic involution ¢ such that X? is orientable. A ¢-relative spin structure
on (X, X?) consists of

(1) a real oriented vector bundle E — X3}, where X3 is the 3-skeleton
of X in a ¢-invariant triangulation extending a triangulation of X,
such that

wy(TX®) = w|xe and

S (e (TX),0(8)) + (,0(8)) € 22V € Hy(X, X% 2),

(5.7)
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with @ € H?(X;Zs) defined by w@|x, = w2(E), and
(2) a spin structure on TX® & F — XN X3-

By Footnote 4, (X, X?) admits a ¢-relative spin structure if and only
if there exists @ € H%(X;Zy) satisfying (5.7). We note that our notion of
¢-relatively spin structure is different from that of [12, Definition 3.11]; see
more below. A natural equivalence on the set of relative spin structures is
described by [12, Definition 3.4]; we will view two relative spin structures as
identical if they are equivalent in this sense.

As explained in [12, Section 3.2], there are two relative spin structures on
(P2l RP27+1), They correspond to the same class o, which is 0 if n is odd
and the generator of H?(P?"*1; Z,) if n is even, and are ¢-relative spin in the
sense of Definition 5.13. If (Y,wy ) is a symplectic manifold, the interchange
of factors is an anti-symplectic involution on (Y x Y, mjwy — mjwy); the
diagonal is the fixed locus. In this case, the class @w = 7jci1(TY) provides a
¢-relative spin structure.

The significance of Definition 5.13 from the point of view of the Floer-
theoretic applications in [12] is described by the next corollary, which is
essentially a special case of Corollary 5.9.

Corollary 5.14. Let (X,w) be a symplectic manifold with an anti-symplectic
involution ¢, J € Jg, and € Hy(X, X 7). If X® C X is orientable and
there exists w € H?(X;Zs) such that (5.7) holds, then the isomorphism

Mp: (X, X, B;.J) — Mp=(X, X?, —.3; )

given by (1.7) is orientation-preserving with respect to the orientations in-
duced by any relative spin structure associated with w.

In [12, Definition 3.11], a relative spin structure on X? C X is called
¢-relative if it is preserved by the involution ¢; no simple test, like (5.7), is
provided for this property. The motivation for [12, Definition 3.11] appears
to be the mistake in [10, Proposition 11.5], which misses the possibility that
a relatively spin structure need not to be preserved when pulled back by
the involution ¢. The statement of [10, Proposition 11.5] is indeed valid for
the ¢-relative spin structures of [12, Definition 3.11], which follows imme-
diately from [33, Proposition 5.1] and [12, Theorem 1.1]; the latter corrects
the statement of [10, Proposition 11.5] by taking into account the change of
the relative spin structure under the pull-back by ¢. However, [12, Defini-
tion 3.11] does not seem ideally suited for the remarkable applications consid-
ered in [12]. The primary idea behind these applications is to study whether
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the involution (1.7) is orientation-preserving with respect to the orientation
defined by a fixed relative spin structure on the two sides; the applications
depend on this involution being orientation-preserving. This involution is
orientation-preserving if the relative spin structure is ¢-relative spin in the
sense of [12, Definition 3.11] and the Maslov index of (T X, T X?) is divisible
by 4, but not otherwise; see [12, Theorem 1.1]. For example, this is the case
for (P21 RP?"t1) with n odd, but not even, and for (Y x Y, miwy — mhwy )
with ¢1(TY) even, but not odd. The nature of [12, Definition 3.11] forces
the authors to split the consideration of P?*"~! and (Y x Y, 7wy — mhwy) in
[12, Section 6.4] and in [12, Section 6.3.1], respectively, based on the parity
of n and ¢;(TY), with a careful consideration of the cases which are not
¢-relatively spin. There is no distinction between the two cases from the
point of view of Definition 5.13 and Corollary 5.14. In the same spirit, we
obtain the following extensions of results in [12].

Proposition 5.15. Let (X,w) be a compact symplectic manifold with an
anti-symplectic involution ¢.

(1) The justification of the conclusion of [12, Theorem 1.5] applies also if
X is relative spin in X and €, is increased by (w,d(B)), with w as in
Definition 5.13.

(2) The justification of the conclusion of [12, Corollary 1.6] applies also if
(X, X?) is ¢-relative spin in the sense of Definition 5.13.

(8) The justification of the conclusion of [12, Corollary 1.8] applies also if
c1(X)|r,(x) = 0, the Lagrangian X? is orientable, and wo(X?) = w|xs
for some w € H*(X;Zs) such that (w,d(B)) = 0 for all B € T (X, X?).

Proof. (1) The sign (—1) in [12, Theorem 1.5] is determined by [12, The-
orem 4.12] applied with a ¢-relative spin structure in the sense of [12, Def-
inition 3.11]; see the beginning of [12, Section 6.2]. The restriction on the
relative spin structure in [12, Theorem 1.5] ensures that the pull-back rela-
tive spin structure used to orient the moduli space on the left-hand side of
[12, (4.10)] is the same as the relative spin structure used to orient the mod-
uli space on the right-hand side of [12, (4.10)]. For an arbitrary relative spin
structure, the difference between the orientations induced by the two rela-
tive spin structures is given by [12, Proposition 3.10] and equals (—1){=28),
which needs to be combined with the sign of (—1) in [12]. Alternatively
and more directly, the sign of the action on the unmarked moduli space of
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disks in the proof of [12, Theorem 1.5] is (—1)¢, where

€ — %(cl(TX),O(B» + (@,0(8));

see the first part of the proof of Corollary 5.9, restricting to the w =0
case. The proof of [12, Theorem 4.12] then shows that the statement of
[12, Theorem 4.12] applies to the map in [12, (4.10)] with the moduli space
on the left-hand side oriented by the same relative spin structure as on the
right-hand side, provided € in [12, (4.10)] is increased by (w, 9(3)). The proof
of [12, Theorem 1.5] in [12, Section 6.2] then applies without any changes
under our weaker assumptions.
(2) By the first part of this proposition, the crucial identity

mo,r (1) = —mg (1)

in the proof of [12, Corollary 1.6] in [12, Section 6.2] remains valid under
our weaker assumptions. The rest of the proof in [12] applies without any
changes.

(3) By the second part of this proposition, the proof of [12, Corollary 1.§]
in [12, Section 6.2] applies without any changes under our weaker assump-
tions. O

For example, [12, Theorem 1.5] does not apply to complete intersections
Xnia C P! of dimension at least 2 such that

n—la|]=2 mod4 and a?+---+al =|a] mod 4,

since these complete intersections do not admit a ¢-relative spin structure
in the sense of [12, Definition 3.11]. However, Proposition 5.15(1) applies to
these symplectic manifolds, since they admit a ¢-relative spin structure in
the sense of Definition 5.13.
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