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C*°-logarithmic transformations and
generalized complex structures

RyusHI GOTO AND KENTA HAYANO

We show that there are generalized complex structures on all 4-
manifolds obtained by logarithmic transformations with arbitrary
multiplicity along symplectic tori with trivial normal bundle. Ap-
plying a technique of broken Lefschetz fibrations, we obtain gen-
eralized complex structures with arbitrary large numbers of con-
nected components of type changing loci on every manifold which
is obtained from a symplectic 4-manifold by a logarithmic trans-
formation of multiplicity 0 along a symplectic torus with trivial
normal bundle. Elliptic surfaces with non-zero euler characteris-
tic and the connected sums (2m — 1)S? x S2, (2m — 1)CP?#ICP?
and S' x $? admit twisted generalized complex structures .7, with
n type changing loci for arbitrary large n.

1. Introduction

Generalized complex structures are geometric structures on a manifold in-
troduced by Hitchin which are hybrids of ordinary complex structures and
symplectic structures [11]. On a 4-manifold a generalized complex structure
of type number 2 is induced from a complex structure and the one of type
number 0 is obtained from a symplectic structure modulo the action of B-
fields. Type changing loci of a generalized complex 4-manifold (X, J) is the
set of points on which the type number of 7 changes from 0 to 2. We denote
by £(J) the number of connected components of type changing loci of J

Cavalcanti and Gualtieri [5, 6] constructed intriguing generalized com-
plex structures J with £(7) = 1 on the connected sums (2m — 1)C P?#IC P2
for m > 1,1 > 0, which admit complex or symplectic structures only if m =
1. Torres [15] constructed many examples of generalized complex structures
with multiple type changing loci. They used logarithmic transformations of
multiplicity 0 to obtain generalized complex 4-manifolds.

In this note, we generalize their construction to manifolds obtained by
arbitrary logarithmic transformations at first. A 2-torus 7" on a general-
ized complex 4-manifold (X, ) is called symplectic if J is induced from a
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symplectic structure w ' on a neighborhood of 7' on which T is symplectic

with respect to w. We start with a generalized complex manifold (X, J) with
k(J) = m which has symplectic 2-tori of self-intersection number zero. Then
it is shown that a nontrivial logarithmic transformation on the symplectic 2-
tori of X yields a new generalized complex structure J' with x(J') = m + 1.
We apply suitable logarithmic transformations of multiplicity 1 successively
which do not change the diffeomorphism type of a manifold. Thus we obtain
a family of generalized complex structures {7,} with «(J,) = n for every
n > m on a manifold.

If a generalized complex structure gives a generalized Kéhler 4-manifold,
it turns out that the number of connected components of type changing loci
are less than or equal to two. In fact, generalized Kéhler structures are
equivalent to bihermitian structures (J*,J~,h,b) and the type changing
loci are given by the set {p € X |J ==+Jp } which coincides with zeros
of a holomorphic Poisson structures [2, 9, 12]. Thus our result is a sharp
contrast to the one of generalized complex structures in generalized Kéhler
manifolds.

In Section 2, we give a brief explanation of generalized complex struc-
tures. In Section 3, we give our construction of generalized complex man-
ifolds (Theorem 3.1). Moishezon proves that logarithmic transformations
of multiplicity one do not change the diffeomorphism type of a genus 1-
Lefschetz fibration with a cusp neighborhood. Then Theorem 3.1 yields gen-
eralized complex structures 7, with x(7,) = n for every n > 0 on a genus
1-Lefschetz fibration with a cusp neighborhood. In Section 4.1, we also show
that the connected sum (2m — 1)CP?#ICP? for m > 1,1 > 0 admits gener-
alized complex structures 7, with x(7,) = n for every n > 0. In Section 4.2,
we develop a technique of broken Lefschetz fibrations? and show that a
certain logarithmic transformation of multiplicity one on a 2-torus also pre-
serves the diffeomorphism type of a manifold. This result has an independent
importance from view points of topology of 4-manifolds (see Lemma 4.5).
We apply Lemma 4.5 to a generalized complex 4-manifold X with m type
changing loci and a symplectic 2-torus 7" of self-intersection number zero.
Then it turns out that the manifold which is given by logarithmic trans-
formations of multiplicity 0 on X along T admits a (twisted) generalized

0 —w!

w 0

2Broken Lefschetz fibrations are introduced by Auroux, Donaldson and
Katzarkov from the context of degenerate symplectic structures which are stud-
ied from view points of topology of 4-manifolds [1].

LA symglectic structure w induces the generalized complex structure J, =
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complex structure 7, with n type changing loci for every n > m (Theo-
rem 4.8). We apply Theorem 4.8 to the connected sum (2m + 1)S? x S?
and S! x S3 (Corollary 4.9 and Corollary 4.10).

After the authors submitted their paper to the Arxiv, Rafael Torres
kindly sent us a message that he and Yazinski constructed several examples
of generalized complex structures with an arbitrary large type changing loci
by a different method applying only logarithmic transformations of multi-
plicity 0 [16].

2. Generalized complex structures

Let X be a manifold of dimension 2n with a closed 3-form H. The H-twisted
Courant bracket of TX @& T*X is given by

[V 4+ W i = (VW) + Ly — L€ — Sd(n(V) — EW) + iviw H,

where [V, W] denotes the ordinary bracket of vector fields V and W and Ly
is the Lie derivative of a 1-form n by V and £(W) is the coupling between a
vector filed W and a 1-form ¢ and iy H denotes the interior product. The
bundle T'X @& T™ X inherits the non-degenerate symmetric bilinear form with
signature (2n,2n) defined by

V4 &W +7) = 5 (1(V) +EOV))

Definition 2.1. An H-twisted generalized complex structure on X is an
endmorphism of J of the bundle TX & T X satisfying the following prop-
erties:

1) J? = —id;
2) J preserves the symmetric bilinear form (-, -);

3) the subbundle L of the complexified bundle (TX @ T*X)® which
consists of v/—1-eigenvectors of 7 is closed under the Courant bracket

[,]H

We call J a generalized complex structure on X if a 3-form H vanishes at
every point in X.

The symmetric bilinear form (, ) yields the Clifford algebra of the com-
plexified bundle (T'X @ T*X)C. The action of the Clifford algebra of (T'X &
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T*X)® on the space of complex differential forms A®(T*X)C =
@2 A (T*X)C is given by

(V+&-p=ivp+ENnp,

where iy denotes the interior product of p by a vector filed V' and & A p is
the wedge product of p by a 1-form & An H-twisted generalized complex
structure J yields the canonical line bundle K5 C A*TZX which consists of
differential forms annihilated by elements of L. The canonical line bundle
K 7 satisfies the following conditions:

(a) For any point p € X, p, € (Kyz), is written as exp(B + v/ —1w) A 61 A
-+ A O, where B, w are real 2-forms and 6y, ..., 0, are linearly indepen-
dent complex 1-forms.

(b) (non-degeneracy condition) the top degree part [p A 0(p)]2n) € A*"TEX
is not equal to 0 for any p € K7\{0}, where p denotes the complex
conjugate of p and o : A*(T*X)C — A®(T*X)C is the involution given by
reversal of order of forms, i.e., 0L AO>A--- A" — O AN AGL

(c) (integrability condition) a section p of K 7 satisfies the following:
dp+HNp=(V+E) p,
where V + ¢ is a section of (TX & T*X)C.

Definition 2.2. The lowest degree of a differential form in K7\{0} at a
point p € X is called the type number of J at p.

Conversely, a line bundle K C A®*(T*X)C satisfying the conditions (a),
(b) and (c) gives an H-twisted generalized complex structure J by the
following: It follows from the condition (a) that the subbundle L C Tc X @
T¢X which consists of annihilators of K is maximal isotropic with respect
to (-,-). The condition (b) is equivalent to the condition L N L = {0} which
gives rise to a direct sum decomposition (TX @ T*X)® = L & L. We define
an endmorphism J on Te X & 17X by

V=1 itpel),
T (p) = (el
—/—1lp (if p € L).
It follows that J is compatible with the bilinear form (-,-). The condition

(c) implies that L is closed under the Courant bracket [-,-]g. Thus J is an
H-twisted generalized complex structure on X.
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Remark 2.3. If a 4-manifold X admits an H-twisted generalized complex
structure 7, then X admits an H'-twisted generalized complex structure 7’
for any closed 3-form H’ which is cohomologous to H. Indeed, there exists
a 2-form 6 such that H’' is equal to H + df and then K’ :=exp(—0) - K7
is a line bundle which satisfies the conditions (a) and (b). If p satisfies
dp+HANp=(V+E)-p, then it follows that

d(exp(=0) - p) + H' A (exp(=0) - p) = (V' + &) - (exp(=0) - p),

where (V' +¢') = (exp(—0) - (V + &) -exp(h)) € (TX @ T*X)®. Thus the
line bundle K’ satisfies the condition (¢) for H'. In particular, if the co-
homology group H?3(X;R) is trivial, then any twisted generalized complex
structure can be changed into the untwisted one.

Let (X,J) be a generalized complex 4-manifold with even type num-
bers. The natural projection A®(T*X)® — AY(T*X)® = C gives rise to the
canonical section s € I'(K”). The type number of J jumps from 0 to 2
when one goes into zeros of the section s. We call the set of zeros s~1(0) the
type changing loci of J. A point p € s71(0) is said to be nondegenerate if
p is a nondegenerate zero of s. Cavalcanti and Gualtieri proved in [5] that
any compact component of the type changing loci of J which consists of
nondegenerate points is a smooth elliptic curve whose complex structure is
induced by J.

3. C°°-logarithmic transformations for generalized
complex 4-manifolds

Let T be an embedded torus in a 4-manifold X with trivial normal bun-
dle. We denote by vT a regular neighborhood of T, which is diffeomor-
phic to D? x T?. We remove vT from X and glue D? x T? by a diffeo-
morphism ¢ : 0D? x T? — OvT. The procedure as above is called a C°-
logarithmic transformation on X along T' which yields a manifold X, =
(X\ Int(vT)) Uy (D? x T?). Since vT is diffeomorphic to D? x T2, ) is ob-
tained by an orientation preserving self-diffeomorphism of 9D? x T?. Any
matrix A €SL(3;7Z) gives an orientation preserving self-diffeomorphism of
0D? x T? as follows:

OD? x T% 3 (1, 64,03) — (01, 609,03)A € OD? x T?,

where we identify the manifold 9D? x T? with R3/Z3 and (6,602, 03) de-
notes coordinates of 9D? x T? = R3/Z3 with 6; € 9D? and (62,6°) € T?. It
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is known that any orientation preserving self-diffeomorphism of 9D? x T
is isotopic to the diffeomorphism represented by a matrix in SL(3;7Z).

We can take a handle decomposition of D? x T? which consists of a 0-
handle, two 1-handles and a 2-handle using a handle decomposition of T?2. By
turning this decomposition upside down, we obtain a relative handle decom-
position of D? x T2. With this decomposition understood, we can obtain a
manifold X, = (X\ Int(vT)) Uy (D? x T?) by attaching a 2-handle Ha, two
3-handles Hi, H3 and a 4-handle Hy to the manifold X\ Int(vT'). Further-
more, the attaching circle of Hy coincides with the circle 9D? x {x} C 9D? x
T2. Since any element in A € SL(3;Z) which preserves S! x {0} ¢ S' x T?
also preserves its normal framing canonically determined by the product
structure, the circle ¥(0D? x {}) determines the attachment of Hy up to
isotopy. The manifold Hi U HZ U Hy is diffeomorphic to §2S* x D3. Tt is
known that any self-diffeomorphism of #2S* x S? can be extended to that
of 1251 x D3 [13]. Eventually, the isotopy class of the circle 1(0D? x {x})
determines the diffeomorphism type of X,. A logarithmic transformation
is said to be trivial if the circle ¢ (9D? x {*}) is null-homotopic in vT. Note
that a trivial logarithmic transformation on X along 7" does not change the
diffeomorphism type of X, that is, X, is diffeomorphic to X.

Theorem 3.1. Let J be a twisted generalized complex structure on a 4-
manifold X and an embedded T in X a symplectic torus with trivial nor-
mal bundle. For any diffeomorphism 1 : 0D* x T? — OvT, the manifold
Xy = (X \Int(vT)) Uy D? x T? obtained from X by a logarithmic trans-
formation on T admits a twisted generalized complex structure [Jy which
comncides with J on the complement Xy \ D? x T%. Moreover, if the log-
arithmic transformation is not trivial, Jy has a non-empty type changing
locus Ty, in D* x T? C Xy and £(Jy) = k(J) + 1.

Proof of Theorem 3.1. If the logarithmic transformation determined by ¢ is
trivial, the statement is obvious. We assume that the logarithmic transfor-
mation is not trivial.

Let wy be a symplectic form of vT" which induces the generalized com-
plex structure J|,r and T is symplectic with respect to wp. By Weinstein’s
neighborhood theorem [17], we can take a symplectomorphism:

O : (WT,wr) = (D* x T, 0¢),

where D? denotes the unit disk {21 € C||z1| <1} and T? is the quotient
C/7? = R?/Z? with a coordinate 29 and ¢ = /—1C(dz; A dz1 + dzg A dZo)
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for the constant C' = % fT wr. Using this identification, the attaching map
can be regarded as a matrix Ay, €SL(3;Z). Any matrix P €SL(2;Z) induces
a self-diffeomorphism P :T? — T?. Since the map idp> x P preserves the
form o¢ and the diffeomorphism type of X, is determined by the first row
of Ay, we can assume that Ay is equal to the following matrix:

m 0 p
0O 1 0
a 0 b

(see [8]), where m,p,a,b are integers which satisfy mb — pa = 1. The first
row of Ay is (m,0,p) and it follows that p # 0 since 9 is not trivial. Thus
we can take a and b satisfying the condition

(3.1) mbs —pa # 0 for all s € [0,1]

by replacing (a,b) by (a + ml, b+ pl) for a suitable integer [ if necessary. Let
Dy, be the annulus {z1 € C | k < |z| < 1} for k € [0, 1]. We define a diffeo-
morphism ¥ : D1 x T? — Dy x T? as follows:

U(r,01,02,03) = (\/log(er), mdy + abls, 2, pd1 + bOs),

where z; = rexp(yv/—101) and 2o = 0 + +/—163. The manifold X, is diffeo-
morphic to the following manifold:

Xy = (X \ Int(vT)) Uy D* x T2

Thus it suffices to construct a twisted generalized complex structure on Xy
which satisfies the conditions in Theorem 3.1.
We denote by o7 € A" D? x T? the following form:
C d dz d
21 exp (—mg(|21\2)21 A ﬁ —bCdzy Ndzy + i) dwg> ,
2 21 21 zZ1

where dwg = (C (% — p) dze — C (% —|—p) ng) and ¢ : R — [0, 1] is a mono-
tonic increasing function which satisfies o(r) = 0 if |r| < 52 and o(r) = 1 if
Ir| > L. The form 7 satisfies the condition (a) in Section 2. It follows form
the condition (3.1) that the top-degree part [pr A o(%7)](4) is not trivial.
Since z; " tpr is d-closed on Dy x T2, the form (7 satisfies the condition (c)
in Section 2. Thus 7 gives a generalized complex structure on D? x T2,
Denote by B and w the real part and the imaginary part of the degree-2
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part of the form z; ~!¢7, respectively. Then it follows from a direct calcula-
tion that the pullback ¥*o¢ is equal to w. We take a monotonic decreasing
function §: R — [0,1] which satisfies g(r) =1 for |r| < 1 and §(r) =0 for
|r| > 1 — e, where ¢ > 0 is a sufficiently small number. We define a 2-form
B e Q*X\T) by

5 [V @aB) o\ T,
o on X \ vT.

Then the manifold X \ 7" admits a twisted generalized complex structure ‘712)
such that exp(B + v/ —1lwr) € Q&(vT \ T) is a local section of the canonical
bundle K T, Since @7 gives a generalized complex structure on D? x T2,
the form exp((4(|z1]?) — 1)B)pr induces a (—d(5(|z1]?)B))-twisted gener-
alized complex structure. Since the 2-form U*(B + v/—1lo¢) is equal to
o(|z1|>)B + v/—1w, we obtain a twisted generalized complex structure on
Xy which satisifies the conditions in Theorem 3.1. This completes the proof

of Theorem 3.1. O

The referee points out that Cavalcanti and Gualtieri outlined an alter-
native surgery (the second surgery) of generalized complex structures in [6],
but little detail is provided. Working out the details of the second surgery
together with an idea by the referee, one would obtain an alternative proof
of the fact that one can perform the special class of logarithmic transfor-
mations which are given by the matrix Ay with the first row (m,0,1) and
still obtain type-changing generalized complex structures. (As in proof of
Theorem 3.1 in page 5, a logarithmic transformation is determined by the
first row (m,0,p) of the matrix A,.)

4. Numbers of components of type changing loci

Let (X,J) be a generalized complex 4-manifold and 7' C X a symplectic
torus with respect to J. According to Theorem 3.1, the 4-manifold X’ ob-
tained from X by a logarithmic transformation on 7" admits a twisted gener-
alized complex structure. Moreover, if the logarithmic transformation is not
trivial, the number of components of type changing loci is increased by 1.
Using this observation, we will prove in this section that several 4-manifolds
admit generalized complex structures with arbitrarily many components of
type changing loci.
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4.1. Elliptic surfaces

Let f: FT — D? be a genus-1 Lefschetz fibration over D? with a Lefschetz
singularity whose vanishing cycle c¢ is non-separating. The total space F'T" of
f is called a fishtail neighborhood. The manifold F'T' contains a torus T" C F'T
as a regular fiber of the fibration f. We denote by m C 9vT a circle which
bounds a section of the fibration f|,7 : vT — D?. For a non-zero integer
k € Z, we take an orientation preserving diffeomorphism ¢y of OvT which
maps the homology class [m] € Hi(vT;Z) to [m] + k[c|. Let FT}, be a mani-
fold obtained by removing vT" from F'T" and gluing it back using ¢j. Gompf
[7] proved that there exists an orientation and fiber preserving diffeomor-
phism from FT to FT) whose restriction on the boundary is the identity
map for every k. Every elliptic surface with non-zero Euler characteristic
contains a fishtail neighborhood as a submanifold (see [8, Theorem 8.3.12],
for example). Furthermore, a regular fiber 7' C F'T in an elliptic surface is
symplectic with respect to the symplectic structure of the elliptic surface.
We eventually obtain:

Theorem 4.1. For any non-negative integer n, every elliptic surface with
non-zero Fuler characteristic admits a generalized complex structure with n
components of type changing loci.

Proposition 4.2. For every k,l > 0 and m > 1, the connected sum (2k +
1)CP2#ICP? admits generalized complex structures Jy, with k(Jp) = m.

Proof. Cavalcanti and Gualtieri constructed a generalized complex struc-
ture on the connected sum (2n — 1)CP2#(10n — 1)CP? which is obtained
from the Lefschetz fibration E(n) by a multiplicity 0 logarithmic trans-
formation on a regular fiber of the fibration. They further constructed a
generalized complex structure J; on the manifold (2n — 1)CP? by blowing
down (2n — 1)CP2?#(10n — 1)CP? (see [6, Example 5.3] for details). The
Lefschetz fibration F/(n) contains a fishtail neighborhood. It is easy to verify
that we can make the support of all the above surgeries away from the fish-
tail neighborhood. Thus, we can apply multiplicity 1 logarithmic transfor-
mations on regular fibers of the fishtail neighborhood arbitrarily many times
so that the diffeomorphism type of (2n — 1)CP? is unchanged. In particular,
we can construct generalized complex structures J, of (2n — 1)CP? with
K(JIm) = m. Using J,,, we can construct a generalized complex structure of
the manifold (2n — 1)CP?#ICP? with m components of type changing loci
for arbitrarily large m (see [6, Theorem 3.3]). This completes the proof of
Proposition 4.2. Il
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4.2. Multiplicity 0 logarithmic transformations

We take a small ball B® C Int(S! x D?) and denote by M the manifold
St x D2\ Int(B3). Let h : M — I = [0, 1] be a Morse function satisfying the
following properties:

(a) h~1(0) = OB,
(b) h™H(1) = 9(S* x D?);
(¢) h has a unique critical point py in h~1(3) whose index is equal to 1.

We denote by Y the 4-manifold M x I. Define amap f:Y — I x I as fol-
lows:

f(z,t) = (h(x),t) ((z,t) € M x I).

The set of critical points of f is {p1} x I and that every critical point of f
is an indefinite fold. A regular fiber of f in the higher-genus side of the folds
is a torus.

Remark 4.3. We can take a function i : M — I with the above properties
explicitly. Define h : S* x D? — R as follows:

. 1 R
h(z,w) = iRez—i— (1— §Z> lwl|?,

where we put D? = {w € C | |w| =1} € C and S' = dD?. It is easy to see
that h is a Morse function with two singularities py = (m,0,0),p1 = (0,0,0)
and that the index of p; is i. In particular, the preimage B = ﬁ_l((—oo, 0])
is a closed 3-ball in the interior of S' x D?. The function h = iL|SlXD2\IntB :
S1 x D?\ Int B — I satisfies the desired properties. Note that we will not
need this explicit description of h in the arguments below.

Lemma 4.4. Let X be a 4-manifold which contains an embedded torus
T C X with self-intersection 0. Then, the manifold X' obtained from X by
a multiplicity O logarithmic transformation on T contains Y as a submani-
fold. Furthermore, if X admits a twisted generalized complex structure which
makes T symplectic, then a reqular fiber T> C Int(Y) of f is also symplectic
with respect to the induced twisted generalized complex structure on X'.

Proof. We take an identification vT' = D? x /T\Z. Take a small regular neigh-
borhood vT" C vT of {0} x T?. Denote by vT the manifold obtained from
vT by a multiplicity 0 logarithmic transformation on {0} x T2, that is,
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VT = (vT'\ Int(vT")) Uy, vT". We can take a handle decomposition of VT
so that vT” is decomposed into a 2-handle hs, two 3-handles hé,h% and a
4-handle hy. Using the method in [8, Subsection 6.2], we can draw a Kirby
diagram of (vT'\ Int(vT")) U hy as described in the left side of Figure 1. Ac-
cording to [3, Section 2], a Kirby diagram of Y is as in the right side of Fig-
ure 1. By these diagrams, it is clear that the manifold (vT \ Int(vT")) U ho

C C

N Nz
OO O | 6

N Nz
U3-h
S S

Figure 1: The left picture is a Kirby diagram of (vT"\ Int(vT”)) U ha, while
the right one is a Kirby diagram of Y.

contains Y as a submanifold. Furthermore, these diagrams also show that
the torus 72 C Y C X’ is contained in vT \ Int(vT") as a symplectic torus.
This completes the proof of Lemma 4.4. O

Let o C T? be a vanishing cycle of the folds of f. We denote by m C
A(vT?) a circle which bounds a section of a fibration f|, 72 : vT? — f(vT?).

Lemma 4.5. Let ¢ be an orientation preserving self-diffeomorphism of
OvT? such that the induced map @, on the first homology group maps the
homology class [m] € Hi(OvT?% Z) to the class [m] + 2nla], where n is an
integer. We denote by Y’ the manifold (Y \ Int(vT?)) U, vT?2. Then, there
exists an orientation preserving diffeomorphism ® 1Y — Y’ satisfying the
following properties:

1) the restriction ®|gy is the identity map (note that this condition makes
sense since OY is equal to IY' as a set);

2) the following diagram commutes:

where "Y' — I x I is the fibration induced by f.
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The idea of the proof of this lemma partially relies on that of [4, Lemma
3.36]. In the proof of [4, Lemma 3.36] Behrens extended a self-diffeomorphism
of the boundary OvT? to the lower-genus side. We further have to make this
extension trivial on the boundary in the lower-genus side.

Proof. For a sufficiently small positive number £ > 0, we take an open neigh-
borhood Uy C M of pg and a diffeomorphism

wo: Uy = {(z,y,2) €ER3 | 2?2+ 92 + 2% < ¢, |22 +¢y* — 2% < ¢}

such that the following diagram commutes:

U —2 - R3

| A

(_67 5)7
where ¢ : R?* — R is a quadratic form defined as q(z,y, z) = 2% + y? — 22.
We take a Riemannian metric gp; of M so that it coincides on Uy with
the pull-back ¢f(dx? + dy* + dz?). For any point p € M \ {po}, we denote
by H, C T,M the orthogonal complement of the subspace ker(dh,). Note
that H = {Hp}pen\{p,} 15 @ horizontal distribution of the fibration hyp gp,1-
Let v: I — I be a path defined as v(s) = 1 — s. For a point p € h~1(1), we
denote by 4, : I, — M the horizontal lift of v whose initial point is p, where
I, C I is the maximal subinterval. We take a subset V' C h~1(1) as follows:

. (1—¢ o (1—¢ €
| € Uo, [p3owo | Yp 5 <50

where p3 : R? — R is the projection onto the third component. We take a dif-
feomorphism ¢; : h=1(1) — R?/Z? which satisfies the following conditions:

1) 1(V) = (R x (—5,5))/7%
2) poo® oy (s1,s2) = (/5 — s3cos(2msy), /5 — s3sin(2ms1), s2 ),
(i ntsr =i, )

where ® : h=1(1) — h~ (1) is the parallel transport determined by
the distribution H.

V= {p e h (1)

We denote by D C M the descending manifold of h with respect to H,
that is, D is the union of {po} and the set of points in M which converges
to po when we take a parallel transport from h=1(0) to h~!(1) using H. We
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take a submanifold W C M as follows:
W=DU{At)e M|peV,tel,}.

We define a diffeomorphism ¢y : (R x [§,1—5])/Z* x I - M\ W as fol-
lows:
802(81’ 52, t) - ,?591_1(51,82)(75)'

We can also obtain a diffeomorphism o3 : R?/Z? x [0,4) — h71((3,1]) in
the same way as we obtain 2. In the rest of the proof of Lemma 4.5,
we identify M\ W (resp. h=1((3,1])) with (R x [5,1—5])/Z? x I (resp.
R?/Z% x [0, 3)) using ¢ (resp. ¢3).

Denote by C' the rectangle [3 —¢,2 +¢] x [L —¢,1 +¢] C I x I. We de-
fine a self-diffeomorphism v of f=1(0C) as follows:

e For a point (31,52,%+5,u) e ft ({%—5} X [% —s,%+e]), we put

1 1
¢ (817827 1 + €7u> = (Sl + ZnQ(U), 52, Z + 67“) )

where p:[0,1] — [0,1] is a monotonic increasing smooth function
whose value is 0 around % — ¢ and 1 around % + €

e 1 is the identity map on the complement of

P (b

It is sufficient to prove that 1 can be extended to an orientation and fiber
preserving self-diffeomorphism of f~(I x I\ Int(C)) which is the identity
map on JY.

We define an orientation and fiber preserving self-diffeomorphism ¥y of
S7H([A5E,1] x I\ Int(C)) as follows:

e For a point (s1,s2,t,u) € f71 ([H=5,2 —¢] x I\ Int(C)) UM \ W x
I, we put:

\1’1(817 527t7u) = (81 + QTZQ(U), SQ)ta U)
e For a point (z,y,z,u) € Uy x I, we put:

Uy (x,y,z,u) = (xcos(dmno(u)) — ysin(dmno(u)),
zsin(4mno(u)) + ycos(dmno(u)), z,u).
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e Wy is the identity map on f~1 ([3 —¢,1] x I\ Int(C)).

It is easy to verify that the map ¥, is well-defined.

For any t < § and u € [0,1], a fiber f~* (¢,u) and the manifold D inter-
sect at two points. Using the distribution #, we can identify f=! (t,u)\ D
with (R x (0,1))/Z?. In particular, we can identify a fiber f~! (¢,u) with
the 2-sphere S%. With this identification understood, we regard the restric-
tion ¥y |f,1({1%5}xl) as a loop in Diff*($2). This loop represents the trivial
element in m (Diff 7 (S5?),id) = Z/27Z (this isomorphism is due to the result
of Smale [14]). Hence, we can extend ¥; to an orientation and fiber preserv-
ing self-diffeomorphism Wy of ¥ so that the restriction of ¥y on 9Y is the
identity map. This completes the proof of Lemma 4.5. O

As a corollary of Lemma 4.5, we immediately obtain:

Corollary 4.6. Suppose that a 4-manifold X contains Y as a submanifold.
Then, we can apply a non-trivial multiplicity 1 logarithmic transformation
onT?> CY C X to X so that the diffeomorphism type of X is unchanged
under the transformation.

Remark 4.7. The proof of Lemma 4.5 also implies that the Gluck twist on a
lower-genus regular fiber S2 C Y C X of f can be realized by a multiplicity 1
logarithmic transformation on 72 € Y C X. Indeed, it is easy to see that the
manifold (X \ Int(v7?)) U, vT? is diffeomorphic to the manifold obtained
from X by the Gluck twist on S? when we take an attaching map ¢ so that
the induced map ¢, maps [m] to [m] + (2n + 1)[«].

Combining Lemmas 4.4 and 4.5 together with Theorem 3.1, we obtain:

Theorem 4.8. Let (X,J) be a 4-manifold with a twisted generalized com-
plex structure. Suppose that X has a symplectic torus T with trivial normal
bundle. Denote by m the number of the components of the type change loci of
J. For any integer n > m + 1, the manifold X' obtained from X by a mul-
tiplicity O logarithmic transformation on T and the manifold obtained from
X by the Gluck twist on S CY C X' admit a twisted generalized complex
structure with n type changing loci.

Corollary 4.9. For a sufficiently large integer n and a non-negative integer
m, the manifold #(2m + 1)S? x S? admits a generalized complex structure
with n components of type changing loci.



C*-logarithmic transformations 355

Proof. Let 3, be a closed oriented surface of genus-g. Kahler structures of o
and ¥, induce that of the product X9 x £,. The manifold #(2m + 1)5? x 52
can be obtained by successive application of logarithmic transformations on
symplectic tori to Yo X ¥, 12 and one of these transformations has multi-
plicity 0 (see [15, Section 3]). Thus, Corollary 4.9 holds by Theorem 4.8. [J

Corollary 4.10. For any positive integer n, the manifold S* x S® admits
a twisted generalized complex structure with n components of type changing
loci.

Proof. The manifold S* x S3 can be obtained from S? x T2 by a multiplic-
ity 0 logarithmic transformation on {*} x T2. Indeed, we can draw a Kirby
diagram of the manifold obtained by this transformation as shown in Fig-
ure 2 and it is easy to verify that this manifold is diffeomorphic to S x 3.
By Theorem 3.1, S x S? admits a twisted generalized complex structure

N
SIS
3-h x2
e 4-h

Figure 2: A diagram of S x S3.

J1 with one component of type changing locus. Thus, Corollary 4.10 follows
from Theorem 4.8. 0

Remark 4.11. Torres [15] constructed the twisted generalized complex
structure J; of ST x S2 in the proof of Corollary 4.10. He further constructed
twisted generalized complex structures of S% x T2, S x L(p,1), and so on,
using multiplicity 0 logarithmic transformations on symplectic tori. Using
Theorem 4.8, we can obtain twisted generalized complex structures of these
manifolds with n type changing loci for arbitrarily large n.
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