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Linearization of Poisson Lie group
structures

ANTON ALEKSEEV AND ECKHARD MEINRENKEN

We show that for any coboundary Poisson Lie group G, the Poisson
structure on G* is linearizable at the group unit. This strengthens a
result of Enriquez-Etingof-Marshall [22] who had established for-
mal linearizability of G* for quasi-triangular Poisson Lie groups
G. We also prove linearizability properties for the group multipli-
cation in G* and for Poisson Lie group morphisms, with similar
assumptions.

1 Introduction

2 Moser method for Poisson manifolds

3 Coboundary Poisson Lie groups

4 Linearization of Poisson Lie group structures
5 Functorial properties of linearization

6 Addition versus multiplication

References

1. Introduction

227

231

244

250

257

259

264

Let (M, m) be a Poisson manifold. If the Poisson bivector field 7 vanishes
at some given point g € M, then the tangent fiber T, M at that point ac-
quires a linear Poisson structure my. The Poisson structure on M is called
linearizable at xg if there exists a Poisson linearization, i.e., a germ of a Pois-
son diffeomorphism f: T, M — M whose differential at zero is the identity

map of T, M.
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Any linear Poisson structure on a vector space arises as the Lie—Poisson
structure for a Lie bracket on the dual space. For a Poisson structure van-
ishing at g, one calls T; M, with the Lie bracket defined by g, the isotropy
Lie algebra at xy. Weinstein [35] proved that if the isotropy Lie algebra is
semisimple, then 7 is formally linearizable at g, but need not be smoothly
linearizable. Using hard estimates of Nash-Moser type, Conn [11] proved an-
alytic linearizability in the semisimple case and smooth linearizability in the
compact semisimple case [12]. A soft proof of Conn’s linearizability theorem
was obtained more recently by Crainic and Fernandes [15]. See [21, 23, 34, 36]
for further results on the linearizability problem.

If G is a Poisson Lie group, then the group unit e is a zero of the Poisson
structure. Hence, its Lie algebra g has a linear Poisson structure, correspond-
ing to a Lie bracket on g*. Cahen-Gutt-Rawnsley [7] showed that if G is a
compact simply connected Lie group equipped with the Lu-Weinstein Pois-
son structure, then G is not linearizable at e unless it is a product of SU(2)’s.
On the other hand, by the Ginzburg-Weinstein theorem [25] the dual Poisson
Lie group G* is linearizable — in fact it is globally Poisson diffeomorphic to
g*. Further examples of linearizable and non-linearizable Poisson Lie group
structures were obtained by Chloup-Arnould [10].

In 2005, Enriques-Etingof-Marshall [22] proved that if G is a factorizable
quasi-triangular Poisson Lie group, then G* is formally linearizable. In this
paper, we will strengthen this result to smooth linearizability, for the larger
class of coboundary Poisson Lie groups. We also prove linearizability proper-
ties of the group multiplication in G* and for Poisson Lie group morphisms,
with similar assumptions.

To explain our results in more detail, let G be a Poisson Lie group.
By Drinfeld’s theory, the Lie bialgebra structure on g is equivalent to a
Manin triple (9,g,h). Here 0 is a quadratic Lie algebra, with an invariant
non-degenerate symmetric bilinear form (‘metric’) (-,-), and g and b are
transverse Lagrangian Lie subalgebras. The bilinear form on 0 identifies 9/g
with the dual space g*.

Suppose for a moment that the Lie algebra Manin triple (0, g,bh) inte-
grates to a triple of Lie groups (D, G, H) such that G, H C D are closed Lie
subgroups and the product map H x G — D is a global diffeomorphism.
Then there is a well-defined quotient map D — D/G = H = G*. The action
of G by left multiplication on D descends to the dressing action on G*. As is
well-known, the symplectic leaves of G* are the orbits of the dressing action.
Hence, any linearization map should take the dressing orbits in G* to the
coadjoint orbits in g*.



Linearization of Poisson Lie group structures 229

In the general case, we may take D,G, H to be simply connected Lie
groups integrating 0, g, h. The projection D — H = G* need not be globally
well-defined (e.g., the subgroup of D integrating h C 0 need not be simply
connected), but it is defined on a neighborhood of the group unit (hence
as a germ of a map), since the product map H x G — D, (u,g) — ug is a
diffeomorphism near the group units.

As noted by Drinfeld (see Section 3), a coboundary structure on the Lie
bialgebra g is equivalent to a g-equivariant splitting of the sequence

0—=g—0—>g —0.

We stress that the image of the splitting g* — 0 is usually different from b
(which need not be g-invariant). Define

Exp: g = G*

by the composition g* — 0 — D — G*, where exp : 0 — D is the exponential
map. Strictly speaking, since the projection D — G* is only well-defined on
some neighborhood of the group unit, the map Exp is only defined near
0 € g*, or as a germ of a smooth map. We think of Exp as a ‘modified
exponential map’. In contrast to the usual exponential map exp : g* — G*,
it intertwines the coadjoint action with the dressing action, hence it takes
symplectic leaves to symplectic leaves.

A smooth map ¢: g* — G will be called a bisection if A(¢p): g* —g*, u—
d(p).p is a diffeomorphism of g*. The name comes from an interpretation
of ¢ as a bisection of the symplectic groupoid T*G = g*. Our first result is
the following theorem:

Theorem 1.1. Let g be a coboundary Lie bialgebra, and G* the Poisson
Lie group with Lie bialgebra g*. Then G* is smoothly linearizable at e. In
fact there exists a germ of a bisection ¢: g* — G, with the property that

ExpoA(¢) !
is a Poisson linearization of G* at e.

Our next result is a functoriality property for the Poisson linearizations.
It generalizes a similar result for Ginzburg-Weinstein maps obtained in [4].

Theorem 1.2. Let g1 — g2 be a morphism of Lie bialgebras, with dual
morphism T: g5 — @] exponentiating to the Poisson Lie group morphism
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T: G5 — G7. Suppose that g1 and g2 have coboundary structures, determin-
ing equivariant maps Exp;: g7 — G, i = 1,2 as above. If ¢1: g] — G1 is a
germ of a bisection such that Exp, oA(¢1)~! is Poisson, then it is possible
to choose a bisection ¢o: g5 — Go such that Expy oA(¢a) ! is Poisson, and
such that furthermore

T o (Expy 0.A(62) ") = (Expy 0A(¢1) ) o 7.

In [4], we used the functoriality property to show that in the case of
G = U(n), the Gelfand-Zeitlin completely integrable system on g* = u(n)*
defined by Guillemin-Sternberg [26] is isomorphic to the completely inte-
grable system defined on G* = U(n)* by Flaschka-Ratiu [24].

By definition of a Poisson Lie group, the multiplication in G* is a Poisson
morphism

Multg-: G* x G* — G*

as is the addition map Addgy-: g* x g* — g*. We have

Theorem 1.3. Let g be a coboundary Lie bialgebra, and G* the Poisson
Lie group with Lie bialgebra g*. Let v: g* — G be a germ of a bisection
for which ExpoA(y))~! is Poisson. Then it is possible to choose a germ of
a bisection ¢: g* x g* — G x G such that the map (Exp x Exp) o A(¢)~! is
Poisson, and furthermore

Multg- o ((Exp x Exp) o A(¢) ') = Expo(A(y) ! o Addy-).

It is thus possible to choose the Poisson linearizations of G* and of
G* x G* in such a way that the multiplication in G* becomes the addition
in g*. In the case of a compact Lie group G with Lu-Weinstein Poisson
structure, the result holds globally, not only on the level of germs. It has
the following interesting corollary: let O, Oy C g* be coadjoint orbits and
D1 = Exp(01), Dy = Exp(O2) be the corresponding dressing orbits. Then,

EXp(Ol + 02) = D1 D,.

Acknowledgments. It is a pleasure to thank David Li-Bland and Jiang-
Hua Lu for discussions and helpful comments. A.A. was supported by the
grant MODFLAT of the European Research Council and by the grants
140985 and 141329 of the Swiss National Science Foundation. E.M. was
supported by an NSERC Discovery Grant.



Linearization of Poisson Lie group structures 231

Conventions. The flow F; of a time dependent vector field vy on a manifold
M is defined in terms of the action on functions by the equation

L(o) o (FY) = o ()
equivalently

%) S 0
(1.1) 5~ L) = (F, b o5 o F;

as operators on t-dependent functions. The same formula applies to the
action on t-dependent differential forms or other tensor fields.

Given a bivector field 7 on a manifold M, we denote by 7: T*M — TM
the bundle map g+ o(p)m = 7(p,-). For a 2-form w we denote by w” the
bundle map TM — T*M, v +— w(v,-).

An action of a Lie algebra g on a manifold M is a Lie algebra mor-
phism g — I'(T'M), &~ &y to the Lie algebra of vector fields such that
the action map M x g — T'M is smooth. An action of a Lie group G on
M is a Lie group morphism A: G — Diff(M) such that the action map
GxM— M, (g,m)— gm:= A(g)(m) is smooth. A Lie group action de-
fines an action of its Lie algebra g by &y (f) = %h:of(exp(—t&).m). The
coadjoint action of G on g* is denoted Ad*; thus Ad*(g) = (Ad(g~!))*. Sim-
ilarly we write ad*(§) = — ad(§)* for the coadjoint representation of g on g*.

2. Moser method for Poisson manifolds

It is a well-known fact that Lie algebra structures on a vector space g are
in 1-1 correspondence with linear Poisson structures on the dual space g*.
If e, is a basis of g, defining structure constants f5, with [eq,ep] = >, f5ec,
then the corresponding Lie—Poisson structure mg- on g* reads as

0
o ==y S e N

abc Mb

The vector fields {g- = —Wg* (du, &), € € g, are the generators for the coad-
joint action. In this paper, we will study Poisson Lie groups (G, wg) whose
dual (G*, mg+) is linearizable, i.e. Poisson diffeomorphic to (g*, 7g-) near the
group unit. Our main technique in proving linearizability are gauge trans-
formations [6], together with the Moser method for Poisson manifolds [3-5].
We will find it convenient to develop this theory within the frameworks of
Dirac geometry [2, 6, 14] and symplectic groupoids [13, 28, 37].
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2.1. Dirac geometry
For any manifold M, let TM =TM @ T*M with the metric

((v1, 1), (v2, a2)) = a1 (v2) + az(v1).

The space of sections I'(TM) comes equipped with the Courant bracket

(2.1) [(vi,a1), (v2,a2)] = ([v1, v2], Lo, a2 — ty,dar)

for vector fields v1,v9 and 1-forms aq,as. A maximal isotropic subbundle
E C TM whose space of sections is closed under this bracket is called a
Dirac structure on M. A Poisson structure 7 defines a Dirac structure given
by the graph of 7

Gr(m) = {(ﬂn(a),oz)| a€eT*M};

conversely, any Dirac structure with £ N T M = 0 defines a Poisson structure
in this way.

Suppose F': M — M’ is a smooth map and o € Q?(M) a closed 2-form.
Given (v,a) € TM =TM & T*M and (v',o/) e TM' =TM & T*M’', we
write

(22)  (v,a) ~Ee (V,0) & ' =TF(v) and (TF)*o/ = a+ u(v)o.

Given Dirac structures E C TM and E' C TM’', we say that (F, o) defines
a (strong) Dirac morphism if every element of E%. . is (F,0)-related to a
unique element of E,,. In the case of Poisson structures £ = Gr(w), E' =
Gr(n'") we will call (F,0) a twisted Poisson map. (It is an ordinary Poisson
map for o =0.)

The composition of two morphisms (F,o): M — M’ and (F',0’): M' —
M" is given as

(F',0")o(F,0) = (F'oF,o+ F*d).

In particular, if F is invertible, then so is (F, o) with inverse (F~1, —(F~1)*o).
2.2. Gauge transformations

Similar to (2.2) one has a notion of relation between sections of TM and
TM'. The relation of sections is compatible with the metric and with the
Courant bracket. Hence, the semi-direct product Diff (M) x Q2 (M) acts

closed
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by automorphisms of TM, preserving the Courant bracket and the metric.
In particular, it takes Dirac structures to Dirac structures.

Let (M, 7) be a Poisson manifold. A closed 2-form o on M is said to
define a gauge transformation [6] of 7 if the image of Gr(m) under the mor-
phism (ids, o) is transverse to TM, hence is again a Poisson structure 7°.
The transversality condition is equivalent to invertibility of the bundle map
I+ o”ont, and one has

(2.3) () =7t o (I 4+ 0" o m?) 71,

This Poisson structure 7% has the same symplectic leaves as 7, but with
the symplectic form on the leaves changed by the pull-back of o. Note also
that a morphism (F, o) between two Poisson manifolds M, M’ is a o-twisted
Poisson map if and only if o defines a gauge transformation of 7, and F is
an ordinary Poisson map F: (M, 7%) — (M’ 7).

2.3. Hamiltonian actions on Poisson manifolds

Let g* be the dual of a Lie algebra, equipped with the Lie-Poisson structure.
As is well-known, the cotangent Lie algebroid T*g* is canonically isomorphic
to the action Lie algebroid for the coadjoint action. The isomorphism is given
by the map eg-: g = I'(Gr(mg+)), where

eg(€) = (&g —(dp; €))

for £ € g. If ®: M — g* is a Poisson map, then there are uniquely defined
sections epr(€) of Gr(m) such that

em (&) ~(@,0) eg-(£)-

Write epr(€) = (Ear, —(dP,&)). Then & — & defines a Hamiltonian g-action
on M, with ® as its moment map. That is, ® is g-equivariant and

En = —mh (AP, €)

for all £ € g. For example, the addition map Add: g* x g* — g* satisfies
egexg-(£,€) ~Add €g-(§), hence it is the moment map for the diagonal g-
action on g* x g*.

Given Hamiltonian g-actions on M and M’, with moment maps ®: M —
g* and ®': M’ — g*, we say that (F, o) is a twisted morphism of Hamiltonian
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g-spaces if
€M(§) ~(Fo) €M’ (f)
for all £ € g. This is equivalent to the g-equivariance of ® together with

the following moment map property of o, t({y)o0 = —d(F*®" — @,¢). (In
particular, o must be invariant.)

2.4. Moser flows

Let oy be a smooth family of closed 2-forms on the Poisson manifold (M, ),
with og = 0, defining gauge transformations m; = 7 for all t. Suppose fur-
thermore that

0
(24) aO’t = —dat
for a smooth family of 1-forms a;. We call a; the Moser 1-form, and vy =
—WE (at) the corresponding Moser vector field. The flow F; of the Moser

vector field (called the Moser flow) intertwines the Poisson structures (see,
e, [4]):

(2.5) e = (Fy).

Suppose that we are also given a Hamiltonian g-action on M, with moment
map ®: M — g*. Let epr(§) € I'(Gr(n)) be the sections defined by the con-
dition ens(§) ~(a,0) €g-(§), § € g. Suppose ®;: M — g* is a family of maps
with &g = ® and

(2.6) em(§) ~@,00) €57 (§),

for all t. That is, ®; is a moment map for the same action, relative to the
gauge transformed Poisson structure ;. If the family of 1-forms a, satisfies
the two conditions

(2.7) gtat = —day, %@u@ = u(éar)a

(which in particular implies the invariance of a;), then the Moser flow of v,
intertwines not only the bivector fields but also the moment maps:

oy = (F,H* 0.

Remark 2.1. In general, the time dependent vector field v; need not be
complete, hence its flow may not exist for all ¢. Global existence of the flow
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of v, is guaranteed if the symplectic leaves of M are compact (since v, is
tangent to the leaves).

2.5. Symplectic groupoids

In this section we interpret the Moser method for Poisson manifolds in terms
of symplectic groupoids. In this context, the Moser flow will be given by an
action of bisections. Let us first recall some definitions.

Let G = M be a Lie groupoid, with source and target map s,t: G — M
and unit map i: M — G. We denote by G2 c G x G the submanifold of
composable elements, by Multg: G — G, (71,72) — 7172 the multiplica-
tion, and by Invg: G — G the inversion. An embedded submanifold of G on
which both s and t restrict to diffeomorphisms is called a bisection of G. The
set I'(G) of bisections is a group under groupoid multiplication !, with group
unit the identity bisection M C G. The Lie algebroid AG of G is defined as
follows: As a vector bundle, AG = v(M, G) is the normal bundle of M inside
G; the Lie bracket is induced from the group commutator on I'(G), and the
anchor a: AG — T'M is induced from the difference Tt —T's: TG — TM.

From now on we will regard bisections as sections ¢: M — G of the
source map (i.e., so ¢ = idys), with the additional property that

(2.8) A(¢) ==to o

is a diffeomorphism of M. Note that A: I'(G) — Diff (M) is a group action.
In addition, there are two commuting actions A", Af: T'(G) — Diff(G) on
the groupoid G:

AH @) (1) = o(t(v) 7y, AR(D)(7) =7 (s(7)

These satisfy

to A(¢) = A(¢) ot, toAf(¢)=t,
soAL(¢) =s, soAR(¢) = A(¢)os.

The groupoid inversion interchanges the actions AY and A%. We will also
consider the adjoint action

Ad()(7) = ¢t (s(7)

'If G is a bundle of Lie groups, so that the source and target map coincide, then
a bisections is just an ordinary section.
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this action is by automorphisms of the Lie groupoid G, with underlying map
A(¢). It induces an action by Lie algebroid automorphisms of AG, which is
again denoted by ¢ — Ad(¢).

A differential form w € Q(G) on the groupoid is called multiplicative if
it has the property

(2.9) Multgw = priw + praw

where pr;: G®@ — G are the two projections. A groupoid with a multiplica-
tive symplectic 2-form w € Q2(G) is called a symplectic groupoid [13, 28, 37].
For any symplectic groupoid, the inclusion i: M — G is a Lagrangian em-
bedding, and the tangent spaces to the t-fibers and to the s-fibers are w-
orthogonal:

ker(Tt)” = ker(T’s).

The manifold M inherits a Poisson structure m = my; for which the target
map t is Poisson and the source map s is anti-Poisson. That is,

TG~ T, TG ~s —T,
where 7g is the Poisson structure on G given by ﬂﬁg ow” = id. One calls the
symplectic groupoid (G,w) an integration of the Poisson manifold (M, ).
Since M C G is Lagrangian, the symplectic form on G gives a non-degenerate

pairing between T'M and v(M,G) = AG, thus identifying AG = T*M in such
a way that the following diagram commutes:

b
TG\ —— T*G|um

(2.10) l l

AG —— T™M

The anchor map for the resulting cotangent Lie algebroid is the map 7 :
"M — TM.

Proposition 2.2. Suppose (G,w) integrates (M, ), and o € Q2(M) is a
closed 2-form defining a gauge transformation of w. Then

w+tlo, w-—s'c, w+tc—so

are all symplectic. Furthermore, (G,w + t*o — s*o) integrates (M, n7).
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Proof. Since o defines a gauge transformation of 7w, and t is a Poisson map,
the pull-back t*o defines a gauge transformation of mg. Similarly, —s*o de-
fines a gauge transformation. By definition, the gauge transformed Poisson
structure on G is again non-degenerate. From mg(s*a,t*3) = 0 one obtains
that wﬁg ot = (7rg_s*‘7)ﬂ ot*, hence t*wgs*g = 7. We may hence iterate the
gauge transformations, obtaining a well-defined and non-degenerate Pois-
son structure (t.mg SOt — th*gfs*”, with corresponding symplectic form
w + t*o — s*o. Since the latter is multiplicative, the proof is complete. [J

Remark 2.3. While Poisson manifolds need not admit an integration to a
symplectic groupoid, there always exists an integration to a local symplec-
tic groupoid, unique up to isomorphism. Local Lie groupoids G = M are
defined similar to local Lie groups [33]: Roughly, instead of a globally de-
fined multiplication Multg: G ) — G, the map Multg is only defined on an
open neighborhood of (M x G)U (G x M) C G®), and the axioms are only
required for elements on which the products are defined. A nice geometric
construction of the local symplectic groupoid integrating a Poisson manifold
was obtained by Crainic and Marcut [16]. The considerations in this section
apply to the local symplectic groupoids with simple modifications.

2.6. Action of bisections on cotangent algebroid

Proposition 2.4. For any symplectic groupoid (G,w) over (M, ), the group
['(G) of bisections acts on (M, m) by twisted Poisson automorphisms, via the
group homomorphism

(2.11) ['(G) — Diff (M) x Q*(M), ¢+ (A(9),04)
where
(2.12) Op = ¢*w

Similarly, each of the following maps defines actions of I'(G) on G by twisted
Poisson automorphisms:

¢ (AH(9), t'oy), & (AR(9), —s*0y),

(2.13) ¢ = (Ad(e), t'oy —s*0y).
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Proof. The claim that (2.13) are twisted Poisson automorphisms amounts
to the following identities:

AL (@) w = w + t'oy,  AR(¢)w =w — "oy,

(2.14)
Ad(¢)'w=w+t'oy —s"o.

Since A (¢) = Multg o (¢ o't, idg), the multiplicativity property (2.9) shows
that AL (¢)*w = w + t* 0 ¢*w = w + t*o,4 proving the first identity in (2.14).
The second is obtained similarly, and the third follows by iteration

Ad(¢)*w = AR(¢)* A (¢)'w = AR (¢)*(w + t'0) =w + t'o —s*0

and since t o A®(¢) = t. Applying the map A(¢~ ') oty =t, 0 AL(¢7 1), to
mg one obtains

A((ﬁil)*ﬂ' = A((ﬁil)* otymg =ty 0 _AL((Zb*l)*ﬂ-g — t*ﬂ'tg*a"’ —

proving that (A(¢),04) is a twisted Poisson automorphism. O

The Proposition shows that the action of I'(G) on TM, given by ¢ —
(A(¢), 04), preserves the sub-bundle Gr(7) C TM. It hence defines an action
by automorphisms of the cotangent Lie algebroid T*M = Gr(w) (where the
identification is given by a ~ (7f(),@)). On the other hand, we have the
adjoint action of I'(G) on the Lie algebroid AG. The two actions agree:

Proposition 2.5. The isomorphism AG = T*M given by w intertwines the
adjoint action of I'(G) on AG with the action on the cotangent Lie algebroid.

Proof. Let us first derive a formula for the natural action on 7% M. The image
o' of an element o € T*M under the action of ¢ € I'(G) is determined by
(7f(a), a) ~A(6),04) (7f(a’),a’). Hence

A(¢)"a’ = a +u(r(a))oy = (1+ 0} o 1) (a).
This shows that the action of I'(G) on T*M is given by
¢ = (A(@) )" o (1 +ay,07f).

Recall next that the isomorphism W’ 1 TG — T*G descends to an isomor-
phism

AG = (TG|u1)/TM — (T*G|ar)/ ann(TM) = T* M.
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The adjoint action of ¢ on AG is induced by T"Ad(¢) on T'G. We first transfer
this action to T*G using w”:

W’ o T Ad(¢) o, = (Ad($) )" o (Ad(¢)"w)" o 7
= (Ad(¢) 1) o (w+to—s'0) o Wé
= (Ad(¢) ") o (1+ (to — s‘o)’ o TI'é)

To compute the induced action on T*M, we compose the equation above
with the projection i*: T*G — T* M (the kernel of this projection is exactly
ann(TM)) from the left and any right inverse to i* from the right. It is
convenient to take the latter to be t*. Using Tt o Wﬁg ot* =7t and T's o Wé o

t* = 0 we find
i*ow’o T Ad(¢) o Wﬁg oth = (.A(¢)_1)* oi*o (1 + (tYop — s*g¢)b o Wﬁg) ot*
= (A(p) H*o (1+ UZ) o(Tt—"Ts)o Wﬁg ot")
= (A(@) ) o (1+ajorf)

as desired. 0

Example 2.6. If K is a Lie group, then the cotangent bundle T*K is a
symplectic groupoid integrating £ with the Lie—Poisson structure. Using
left trivialization T* K = K x £*, the groupoid structure is that of an action
groupoid for the coadjoint action. In this case, bisections may be viewed
as maps ¢: £ — K. (We stress that in this context, ['(T*K) refers to the
bisections as a groupoid T*K = ¢*, rather than the sections as a bundle
T*K — K.) The symplectic form on T*K reads as w = d{u, 0*), where 0% €
QL (K, ) is the left-invariant Maurer-Cartan form, and u € Q0(€*, €*) is the
identity map of £*. Hence,

op = d(p, ¢*0").

Remark 2.7. A bisection ¢ of a symplectic groupoid is called Lagrangian
if the corresponding submanifold ¢(M) C G is a Lagrangian submanifold,
or equivalently o4 = 0. As an immediate consequence of the Proposition,
the Lagrangian bisections form a subgroup, and the maps A(¢) are Poisson.
More generally, A(¢) is a Poisson automorphism of (M, ) if the lifted map
Ad(¢) is an automorphism of the symplectic groupoid (G,w), that is, if
t*oy = s*0g. Bisections with this property form a subgroup, which is usually
larger than the group of Lagrangian bisections. (Consider for example the
case T = 0.)
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2.7. Moser flows and bisections

Given a symplectic groupoid G = M integrating the Poisson manifold (M, 7),
the Moser method has the following interpretation in terms of bisections.

Proposition 2.8. Suppose that (G,w) is a symplectic groupoid integrating
(M, ), and let ¢y be a family of bisections of G, with ¢o9 =id. Then there
is a family of 1-forms a; satisfying da; = _%Uqﬁu and with the following
properties:

1) a; is a Moser 1-form for the family of Poisson structures m =

(A(d¢)~Y)um on M, with Fy = A(¢y)~! as the Moser flow.

2) t*a; is a Moser 1-form for the family of Poisson structures mg; =
(AL (¢r)™1)amg on G, with Fg, = AX(¢:) ™! as the corresponding Moser
flow.

Conwversely, suppose oy is a family of closed 2-forms on M, with oo =0,
defining gauge transformations mw = w% of the Poisson structure on on M.
Suppose a; is a Moser 1-form. Then t*a; are Moser 1-forms for the family
of Poisson structures mg = 7rtg*°'t on G. If the corresponding Moser vector
field is complete, defining a flow Fg 4, then ¢ = (Fg+) ™' oi defines bisections
with

U¢t = O¢.

Proof. Given ¢, let v, be the time dependent vector field generating the
flow t — AL(¢;) !, and put

(215) Wy = AL(qSt)*w =w+ t*O'qgt.

Taking the t-derivative of the equation w = (A¥(¢;)~1)*w;, we find

0 - ~
(2.16) = de(Dy)wy = —day.
where
(217) (Tt = —L(’ljt)wt € Ql(g)

We claim that a; is t-basic, so that a; = t*a; for a family of 1-forms a; on M.
Equation (2.17) then shows that t*a; is a Moser 1-form on G for the family
of Poisson structures g, with AX(¢;)~! as the corresponding Moser flow.
Equation (2.16) and %wt = t*%a@ show that da; = —%a@.



Linearization of Poisson Lie group structures 241

To prove the claim note that @y is tangent to s-fibers, since A" preserves
the s-fibers. Recall that the tangent spaces to s-fibers and t-fibers are w-
orthogonal. Since A" acts by automorphisms of both the t-fibration and the
s-fibration, the tangent spaces to s-fibers and t-fibers are also ws-orthogonal.
It follows that a; = —¢(9;)w; vanishes on vectors tangent to t-fibers, i.e., it
is t-horizontal. On the other hand, if v is a bisection,

AR ) ar = —u(0) A" (¢0) AT () w
= —1(0) A" (¢0)" (w — s"0y)
= ar — 1(01)s"A(¢r)"w = ay.

This proves the claim, and hence completes the proof of part (b). Letting v;
be the time dependent vector field generating t +— A(¢;) !, we have ¥ ~¢ vy,
hence vy = —Wf(at), which proves part (a). Note ¢y = AL (¢y) oi = (Fg4) Lo
i.

Suppose conversely that o, and a; are given, as in the second part of
the proposition. Then t*o; defines gauge transformations mg;, with Moser
1-forms a; = t*a;. Its Moser vector field o, U is t-related to the Moser vector
field v of at; hence its flow Ft satisfiest o F} = F} o  t. Since vy is AP invariant,
the flow F, commutes with AF. It follows that F} = Al ()™t where ¢y =
F7loi. Since A(¢y)*'w =w +1t"0g,, and since t is a submersion, we have
or =0y, ]

Remark 2.9. By a similar discussion, —s a; is a Moser 1-form on G for
the family of Poisson structures .AR(gbt) ng, with Af(¢;)~! as the corre-
sponding Moser flow. The corresponding Moser vector field commutes with
that for t*a;, since the flows (given in terms of the actions A* and A®) com-
mute. This implies that t*a; — s*a; is again a Moser 1-form, for the family
of Poisson structures Ad(¢;); ‘g with Ad(¢;) as the Moser flow.

Proposition 2.8 extends to the equivariant case: Consider the setting
from the end of Section 2.4; in particular exs(§) ~(a,,,) €g(§) and the Moser
1-forms a; satisfy (2.7). Then the bisections ¢; satisfy

(2.18) (@t 0¢) © (A(¢r), 96,) " = (20,0).

Indeed, this identity is equivalent to the two conditions o; = 04, and F;®; =

(A(p) 1) @y = o,
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Remark 2.10. It is clear that this proposition, and its proof, has a local
counterpart (working with local groupoids, local flows and so on), as well as
a version for germs.

Remark 2.11. Use the symplectic form w on G to identify AG = T*M.
Informally, the group I'(G) of bisections may be viewed as the infinite-
dimensional Lie group integrating the Lie algebra I'(AG) = T'(T*M). From
this perspective, the time dependent bisection ¢; € I'(G) is the integration
of the time dependent section a; € I'(T*M).

2.8. Linearization

Given a manifold M, we denote by C°°(M), the algebra of germs at x
of smooth functions. Thus C*°(M), = colimy C*°(U), where U ranges over
open neighborhoods of x. Similarly, one defines the space C*°(M,N), of
germs at x of smooth functions to another manifold N, germs of sections of
fiber bundles, and so on. Given F' € C*(M, N),, we will write F': M, — N,
if F(z) =1y. Suppose s is a germ of Poisson structure at x € M, given
by a Poisson bracket on the algebra C°°(M),. Given another germ of a
Poisson structure my at y € N, we will say that F': M, — N, is Poisson if
the map F™*: C*°(N), — C°°(M), preserves brackets. If a Poisson structure
mys vanishes at € M, then the tangent space T, M acquires a linear Poisson
structure.

Definition 2.12. Let (M, ) be a Poisson manifold, and = € M a zero
of mpr. Then M is called linearizable at x if there exists a germ of a Poisson
diffeomorphism

(2.19) F: (T,M)o — M,,

with TpF' the identity transformation of T, M. We will refer to F' as a Poisson
linearization.

Remark 2.13. 1) There are similar definitions in the formal category,
working with infinite jets of functions rather than germs, and in the
analytic category, requiring that the given data are analytic and work-
ing with germs of analytic functions.

2) There are analogous notions of linearizations of Lie algebroids, with
the Poisson case corresponding to the cotangent Lie algebroid. See
Fernandes-Monnier [23] for a survey and some recent results.
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Suppose 7 vanishes at z, and that we have found a germ of a o-twisted
Poisson linearization

(Fyo): (TuM)og — M,.

Recall that T,, M = €* with the Lie—Poisson structure, where £ is the isotropy
Lie algebra at x. Let s;: £ — £ be scalar multiplication by ¢, and define
a family of closed 2-forms oy =t !sfo;. Let a; be a family of primitives
of —%at (e.g., given by the de Rham homotopy operator for Q(€¢*)). The
Moser method determines a family of bisections ¢; such that ¢.(0) = e and
04, = 0y. Put ¢ = ¢1, so that o4 = 0. Then

(F.0) o (A(¢),04)"" = (F o A(¢)™1,0),

so that F o A(¢)~! is the desired Poisson linearization.

2.9. Coisotropic submanifolds

Recall that a submanifold C' C M of a Poisson manifold is coisotropic if
7t (ann(T'C)) C TC. Equivalently, the conormal bundle ann(T'C') C T*M is
a Lie subalgebroid. At least locally, this Lagrangian Lie subalgebroid inte-
grates to a Lagrangian Lie subgroupoid £ C G; see Cattaneo [8] and Xu [38].
Conversely, the base of any Lagrangian Lie subgroupoid £ = C of G = M
is a coisotropic submanifold.

Proposition 2.14. Suppose that C C M is a coisotropic submanifold of
the Poisson manifold (M, ), and that the Moser 1-forms a; (hence also the
2-forms o) pull back to 0 on C. Then the Moser vector field vy is tangent
to C. Furthermore, if C C M integrates to a (local) Lagrangian subgroupoid
of the (local) symplectic groupoid G, then the bisections ¢y € I'(G) obtained
from a; restrict to bisections of the Lagrangian Lie subgroupoid L.

Proof. By assumption, a; restricts to a section of the conormal bundle
ann(T'C). Since the bundle automorphism 1+ o? 7% of T*M restricts to
identity on ann(7'C'), we see that C' is also coisotropic with respect to .
We claim that £ is also Lagrangian with respect to wy = w + t*o. Indeed,
if Y1,Ys € T, L, then their projections under T't are tangent to C', hence
(t*o¢)(Y1,Y2) = 0. Let o, be the vector field defined by ¢(v;)ws = —t*ay. For
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allY € T, L we have
wt(Vtl2,Y) = —((Tat) atle, Y) = —(atle, (Txt)(Y)) =0

since (T,t)(Y') € T, C. This shows that X; is wi-orthogonal to the tangent
spaces of L, hence it is itself tangent to £ and its flow F; preserves £. We

conclude that the bisections ¢ = Ft_1 oi restrict to bisections of £ over C.
O

This result implies the following functorial aspects of Moser flows. Recall
that a map f: My — M> between Poisson manifolds is Poisson if and only
if its graph is a coisotropic submanifold

C = Gr(f) C M = My x My,

where M signifies M7 with the opposite Poisson structure —mq. Hence, if
G; are the (local) symplectic groupoids integrating M;, we obtain a (lo-
cal) Lagrangian subgroupoid £ C Gy x G; over C. This £ is the graph of
a comorphism of Lie groupoids [27]; it integrates the Lie algebroid comor-
phism between TM; and T*Ms. (See Cattaneo-Dherin-Weinstein [9] for
a general discussion of the integration of comorphisms.) In particular we
have a pull-back map of (local) bisections, integrating the pull-back map for
1-forms. Applying Proposition 2.14 to this situation, we obtain:

Proposition 2.15. Suppose f: (M, m1) — (Ma, m2) is a Poisson map, and
let a; s be families of 1-forms on M;, defining Moser vector fields v; 4. If a1 =
fragy, then vy ~5 vay. Hence, f intertwines the Moser flows. Furthermore,
if Gi are the (local) symplectic groupoids integrating M;, then the (local)
bisections ¢;; € I'(G;) are related by pull-back.

Proof. This is a direct application of Proposition 2.14 to M = My x Mj,
with ay = (az,t, —al,t). O

3. Coboundary Poisson Lie groups

We review some aspects of the theory of Lie bialgebras and Poisson Lie
groups, due to Drinfeld [18-20].

3.1. Lie bialgebras

A Lie bialgebra is a Lie algebra g together with a linear map A\: g > g® g
such that
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(i) the map A defines a Lie coalgebra structure (i.e., it defines a Lie bracket
on g*), and

(ii) A is a Lie algebra 1-cocycle with coefficients in the g-module g ® g,
ie.,
A([E,m]) = adg A(n) — ady A(E)
for all £,n € g.

The structure of a Lie bialgebra is equivalent to that of a Manin triple
(0,9,h), given by a Lie algebra 0 with a non-degenerate invariant metric
(-,-) and a pair of transverse Lagrangian Lie subalgebras g, . The pairing
identifies g* = b, and g acquires a Lie bialgebra structure, with cobracket
dual to the Lie bracket on h. The Lie algebra 0 is called the double of the Lie
bialgebra g. In the special case A = 0, the double is the semi-direct product
0 = g X g* with respect to the coadjoint action, with h = g*.

A Lie bialgebra g is called a coboundary Lie bialgebra if X is the cobound-
ary of some element r € g ® g, that is,

A(&) =ader

for all £ € g. The choice of r for a given A will be referred to as a coboundary
structure for the Lie bialgebra g. For any r € g® g, let 7f: g* — g denote
the map r#(u) = r(p, ).

Lemma 3.1 (Drinfeld [20]). Let g be a Lie bialgebra, with double d =
g® g*. There is a 1-1 correspondence between

e coboundary structures r € g R g,
e g-equivariant splittings j: g* — 0 of the sequence
0—-g—0—>g —0.

Under this correspondence, j(p) = p — r8(u) for p € g*.

Proof. Let r € g® g and j: g* — 0 be related as above. The map j is g-
equivariant if and only if the expression

A&, ) = [€,5(1)]o — j(adg p)
=&, p—r*(w)]o — adf p + r¥(adf p)
= —ad’, & — [¢,r*()]g + r¥(adf 1)
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vanishes for all £ € g and u € g*. Note that A(¢, 1) € g. Hence its vanishing
is equivalent to the vanishing of

(v, A€, ) = (v, —ady, € — [€, 7 ()] + r (adf )
= <[,U,, V]9*7£> + T(a‘dz s V) + T(:U‘v a’dz V)
= (n®v,A&) —ader).

for all £ € g and p, v € g*. Hence, g-equivariance of j is equivalent to A(§) =
ade r, as required. O

Note that the image of the inclusion p = j(g*) C 0 is a g-invariant comple-
ment to g in 0.

Remark 3.2. The set of coboundary structures for a Lie bialgebra g is
either empty, or is an affine space with underlying vector space (g ® g)9.
In terms of the splitting j: g* — 0, this follows since any two g-equivariant
splittings differ by an element of

Homg(g*, 9) = (g ® g)°.

The affine space of coboundary structures is preserved under the involution
0:61®& — & ®E of g®g. In terms of splittings it amounts to replacing
G p—ri(p) with j:p— p+o(r)f(g). In terms of complements, the
involution takes p to p. Halfway between p and p*, one hence finds an
invariant Lagrangian complement. It corresponds to the choice of a skew-
symmetric r (that is, o(r) = —r). Note that if p is an invariant Lagrangian
complement, then

(g, 0] Cp, [p;p] C g

so that (9, g) is a symmetric pair. Let x be the Lie algebra automorphism
of 0, equal to +1 on g and to —1 on p. It exponentiates to a Lie group
automorphism k of the simply connected Lie group D integrating 0. The
identity component of its fixed point set is a closed Lie subgroup G C D
integrating g. Similarly, the identity component of the fixed point set of
the anti-involution d ~ x(d)~! of D is a closed submanifold P C D with
exp(p) C P.

Remarks 3.3. 1) Suppose g is a Lie algebra, and r € g ® g. Then r de-
fines a coboundary Lie bialgebra structure on g if and only if the sym-
metric part of r, r +r9; € g®? and the element YB(r) = [r1a,713] +
[112, 23] + [r13, 23] € g©3 are both g-invariant. (A proof, as well as an
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explanation of the notation, may be found in [31, Chapter 8].) The
coboundary structure r, or the Lie bialgebra g itself, is called quasi-
triangular if YB(r) = 0 (classical Yang-Baxter equation), and factor-
izable if furthermore the symmetric part r + ro; is non-degenerate. As
noted in [20], a quasi-triangular structure on g is equivalent to j being
a morphism of Lie algebras, i.e., to p = j(g*) being a complementary
ideal to g in 0.

2) If X defines a Lie bialgebra structure on g, then so does A\, =t for
all £ € R. Hence, any Lie bialgebra structure may be regarded as a
deformation of the trivial one. Coboundary structures may be scaled
accordingly as ry = tr.

3) Every non-abelian Lie algebra admits a non-trivial coboundary Lie
bialgebra structure [17].

3.2. Poisson Lie groups

A Poisson Lie group is a Lie group G together with a Poisson structure
such that the group multiplication is a Poisson map. The Poisson tensor
of a Poisson Lie group vanishes at the group unit, hence g = T.G acquires
a linear Poisson structure, defining a Lie bracket on g*. The compatibility
with the given Lie bracket is such that g becomes a Lie bialgebra. Drinfeld’s
theorem [18] gives a bijective correspondence between Lie bialgebras and
simply connected Poisson Lie groups. A Poisson Lie group will be called
coboundary if its tangent Lie bialgebra is of this type.

Example 3.4 (Lu-Weinstein Poisson structure). Let G be a compact
Lie group, and D = G its complexification, regarded as a real Lie group.
Choose a maximal torus T' C G and a system of positive roots, and consider
the decomposition

0=gdadn

where n C g€ is the sum of positive root spaces, and a = v/—1t. On the group
level, this is the Iwasawa decomposition D = GAN. Let B be a positive
definite invariant symmetric bilinear form on g, and let the bilinear form (-, -)
on 0 be the imaginary part of its complexification B®. Then (0, g, h) with
h = a ® nis a Manin triple, defining the Lu- Weinstein Poisson structure on
G. The subspace p = y/—1g is a g-invariant Lagrangian complement to g in
0, and D = GP by the Cartan decomposition. Hence g is a coboundary Lie
bialgebra. The corresponding coboundary structure r is given in terms of
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root vectors e, (normalized such that e_, = e}, and B(e,,e_o) = 2) by

)
r=3 Z(e,a ®eq — €q ®€_g)
a>0

where the sum is over the set of positive roots.

3.3. G*-valued moment maps

Let (9,9,h) be a Manin triple, D a Lie group integrating 9, and let G and
H be Lie subgroups (not necessarily closed), integrating g and h. We will
refer to (D, G, H) as a Manin triple of Lie groups integrating (9, g,h). The
Lie algebra d acts on H = G* by the (left) dressing action, ( — (g+ where

(e )0

h — —prg* (Adh—l C),

Here pry.: 0 — g* is the projection to the first summand in 9 =h @ g. (If
the multiplication map defines a global diffeomorphism G* x G — D, then
this infinitesimal action integrates to the natural D-action on G* regarded
as a homogeneous space G* = D/G.) One knows (see e.g., [29]) that the
symplectic leaves of G* are exactly the orbits of this dressing action of
g C 0. The cotangent Lie algebroid T*G* = Gr(mg-) has the structure of an
action Lie algebroid for this action. In fact, there is a bracket preserving
linear map eg-: 0 — I'(TG™) given by

ea+(¢) = (Ca-, —(06-,¢)) € T(TGY),

and Gr(mg-) is spanned by the sections eg-(€) for £ € g. Given a Poisson
manifold (M, 7) and a Poisson map ¥: M — G*, one obtains unique sections
em(§), & € gof Gr(m) C TM such that eps(§) ~(w,0) ea-(§). The vector field
component &y of epr(§) defines a g-action on M, with

(3.1 Ear = —h, (008, €).

This action is a Lie bialgebra action, with ¥ as its moment map, in the
sense of J.-H. Lu [29]. For example, the identity map from G* to itself is a
moment map for the dressing action, while the inclusion of dressing orbits
is a moment map for the action on these orbits.
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The Lie group D is itself a Poisson Lie group, with Manin triple
(0®0,04,h D g).

Here 0 is equal to 9 as a Lie algebra, but with the opposite metric, and
0A C 0@ is a copy of 0 embedded diagonally. One refers to D with this
Poisson structure as a Drinfeld double of G. The anti-diagonal in 9 ® 0 is a
Lagrangian 0a-invariant complement, defining a coboundary structure on D.
The inclusion g — 0 = 0 is a morphism of Lie bialgebras, defining a mor-
phism of Poisson Lie groups G < D. The dual map 0* =h &g — g* = b is
simply projection to the first factor. Let us describe the resulting morphism
of Poisson Lie groups prg.: D* — G* = H. Note first that D* is the Poisson
Lie group
D*=HxG=G"xG,

with Poisson structure defined by the Manin triple (0 £ 0,H & g,04). Con-
sider the dressing action of 9 &0 on D*. Given ((,¢’) € 0 &0 we have

prh@g(ga C/) = (prb (C - C/)a prg(cl - C))v

hence

(3.2) (¢, ) p)(0F +08) = (— pry(Adp-1 ¢ — Ady1 ('),
prg(Adhfl C — Adg—l C/))

The graph of mp- is thus spanned by the sections ep-(¢) := ep-((,() for
¢ €0, where

ep-(¢,¢") = (¢, ) p-, — (0%, ¢) + (08, "))

for (¢,(’) € 0@ 0. We see that ep-(&) ~(pre.0) €G- (§) for £ € g.

3.4. The Lu-Weinstein double groupoid

According to Lu-Weinstein [30], any Poisson Lie group is integrated by a
symplectic double groupoid G. If (D, G, G*) is a Manin triple of Lie groups
integrating (0, g, g*), one has

G={(u,g,¢9,u) € G*x G x G x G*| ug = g'u'}.

As a groupoid over G*, the source and target map take (u,g,q’,u’) to v
and u, respectively, and the groupoid multiplication of composable elements
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reads as
(uhglvgi?ull)(u%g?agé’ué) = (u1791927g/19/27u,2)'

See [30] for a description of the symplectic structure, and further details. The
map G — D*, (u,g,¢,u') — (u,(¢g’)"!) is Poisson, hence it is a moment
map for an action 0 — X(G), ¢~ {g. The map G — D, (u,g,9,u') — ug
intertwines (g with —¢%.

4. Linearization of Poisson Lie group structures

In this section, we will prove that the Poisson structure on the the dual of
a coboundary Poisson Lie group G* is linearizable at the group unit. Our
argument will depend on the existence of a germ of an equivariant map
Exp: g* — G* and a germ of a closed 2-form o on g* such that the pair
(Exp, o) gives a twisted Poisson linearization (g*,m4-) to (G*,mg+). The
construction will involve a twisted Poisson linearization of D*, the dual of
the Drinfeld double.

Throughout this section, we take (9,g,h) to be a Manin triple, and
(D, G, H) a corresponding Manin triple of Lie groups.

4.1. The Dirac Lie group structure of D

As we recalled earlier, the Drinfeld double D of a Poisson Lie group is itself
a Poisson Lie group. Using only the invariant metric on 0, it also has another
structure as a Dirac Lie group, as follows. Let (p = (¥ — (%, ¢ € 0 be the
vector fields generating the conjugaction action, denote by % and 6% ¢
QY(D,?) the left-invariant and the right-invariant Maurer-Cartan forms on
D, and let

ep(¢.¢) = (€)% = ¢ ~56%,¢) ~ 56,0} ) € T(TD)

for ¢, ¢’ € 9. The sections ep(¢) := ep((, ) span the so-called Cartan-Dirac
structure. It is a Dirac structure for a modified Courant bracket [-, -], on
I'(TD), where 7 is the Cartan 3-form

n= %wL, [0, 0%]) € Q3(D).
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For further details, see e.g., [2, 14]. The Cartan 3-form has the following
property

(4.1) (Coln = —5d(0" +6%,0), Ce.

Let Mult: D x D — D be the group multiplication, and
¢ = % (pri 0%, pr3 %) € Q*(D x D).

Then (Mult, <) is a morphism of Dirac structures. In fact,

(4.2) Mult*n = prin+ pryn — dg

and (ep(¢),ep(C)) ~@mite) €n(C)-

4.2. Poisson linearization of D*

Using the metric, we may identify 0 with 9*; hence we have the sections
eo(¢) = (Co, —(dp, ¢)), ¢ € 0 as in Section 2.3. Let @ € Q2(d) be the image
of exp*n under the standard homotopy operator 4(d) — Q9-1(2d), for the
linear retraction onto the origin. An explicit formula for @ may be found in
[32, Appendix C].

Proposition 4.1. [2] The morphism (exp,w) satisfies

€2 (C) ™~ (exp,w) eD(C)

for all ¢ € 0. Away from the critical points of exp, the morphism (exp,w) is
a Dirac morphism, for the Lie-Poisson structure on 0 = 0* and the Cartan-
Dirac structure on D.

We may think of (exp, w) as defining a twisted Dirac linearization of the
Dirac Lie group D. We will use this to obtain a twisted Poisson linearization
of the Poisson Lie group D*.

As it turns out, there is a close relation between the Cartan-Dirac struc-
ture on D and the Poisson structure on D*. Define

F:D*=HxG — D, (h,g) — hg™,

and put
1
€= 5<91L,,95> € Q*(D*).
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Note that F' has bijective differential, but is not necessarily surjective.

Proposition 4.2. The morphism (F,e): D* — D is a Dirac morphism,
relative to the Poisson structure on D* and the Dirac Lie group structure
on D. In fact

ep-(¢,¢") ~re) en(¢. ()
for all ¢, .

Proof. We have F*n = de, as a consequence of the formula for Mult*n and
the fact that n pulls back to 0 on the subgroups H and G. Let us verify that
the map F intertwines the dressing action of 0 ® 0 with the usual action on
D, (¢, ") = (¢")E — ¢f. To see this, we will verify

Fu((¢)E = ¢M0p = (¢, ¢ p ) F*0p.
At d=F(h,g) =hg™*,
Adg_l L((C/)L - CR)HB — Adg—l C, — Adh—l C

On the other hand, Ad,—(F*0%) = 0L — 6L, hence the result coincides
with (3.2). Similarly,

1 1
S (05, ) +(05,0)) = 5{Adgr ¢+ Ady ;07 = 0).

while on the other hand
! = 1 A T A 0L 1 gL
L((¢,¢")p+)e 2( dg-1 ¢ dp ¢, 06 +0g)

The sum is —(¢’, 08) + (¢, 0%) as desired. O
The map F': D* = H x G — D is a diffeomorphism on a neighborhood
of the group unit. Hence, the germ of this map is invertible, and

(4.3) (F,e) Lo (exp,w) = (F ! oexp,w—exp*(F1)%): 9* =0 — D*

is a well-defined twisted Poisson map, on a neighborhood of 0 € ?*. To sum-
marize, we have shown

Proposition 4.3. Let (0, 9,h) be a Manin triple, with corresponding Manin
triple of Lie groups (D,G,H). Then (4.3) defines a twisted Poisson lin-
earization of the dual Poisson Lie group D* = H x G.
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4.3. Twisted Poisson linearization of G*

Suppose now that g comes with a a coboundary structure, given by an 7-
matrix r € g ® g or equivalently by a g-equivariant splitting j: g* — 0. The
equivariance guarantees that eg-(§) ~(;0) €o- (&) for all £ € g C 0, hence

eg-(§) ~(j,0) €0+ (&) ~(exp,w) €D(E) ~(Fe)—1 €D (§) ~(pre.,0) €G- (§)-
Let (Exp, o) be the composition of these morphisms:
(Exp,0) = (prg-,0) o (F,e) " o (exp, @) o (5,0).

Using the multiplication map (h, g) — hg to identify D = G* x G (near e),
we have Exp(u) = prg-(exp(j(p))). Note Ty Exp = Idg-. The notation is
meant to suggest that we think of Exp as a replacement? for the exponential
map, exp: g* — G*. The relation

(44) €g~ (5) ~(Exp,0) €G* (5)
says that Exp is g-equivariant, and the closed 2-form o satisfies
(4.5) UEg-)o = (dp, &) — Exp™ (64, €).

In particular, (Exp,o): (g")o — (G*). is a twisted Poisson linearization.
As explained at the end of Section 2.8, the Moser method guarantees the
existence of a germ of a bisection ¢ € I'(T*G)g such that o, = . Then,
(Exp, o) o (A(W),04)" ! = (ExpoA()~1,0), and we have shown:

Theorem 4.4. Let G* be the dual Poisson Lie group of a coboundary Pois-
son Lie group G. Then there exists a germ of a bisection » € T(T*G)q of
T*G = g* such that

ExpoA(¥) ™' (g%)0 — (G*)e
is a Poisson linearization.

Remarks 4.5. 1) The explicit choice of 1) depends on the choice of a
family of closed 2-forms o; interpolating between 0 and o. As we shall
see in Section 4.5 below, the choice o; = t~1sfo, where s;: g* — g* is
multiplication by ¢, has a nice geometric interpretation.

2If j(g*) = p is a g-invariant Lagrangian complement, then the resulting map
g* — D/G is indeed the standard notion of exponential map for a symmetric space.
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For the special case that G is a compact Lie group with the Lu-
Weinstein Poisson structure, the Poisson diffeomorphism Exp oA (1))~}
is in fact globally defined (rather than just as a germ). Indeed, Exp :
g — G* is a global diffeomorphism, as a consequence of the Iwa-
sawa and Cartan decompositions G = GAN = GP. Furthermore, the
Moser vector field used in the construction of 1 is complete, due
to compactness of the symplectic leaves of g*. This is the explicit
Ginzburg-Weinstein diffeomorphism constructed in [1] (see [4] for the
formulation involving bisections).

As mentioned in the introduction, the formal counterpart of this result
was proved by Enriques-Etingof-Marshall in [22], for a more restrictive
class of Poisson Lie groups. Note however that the results in [22] are
stated for arbitrary fields of characteristic zero. It should be possible
to generalize our methods in that direction, using a formal version of
the Moser argument.

4.4. Linearization of the symplectic groupoid

Let Go =T*G = g* and G = G* be the symplectic groupoids of g* and of
G*, respectively. Proposition 2.2 shows that the symplectic groupoid for the
gauge transformed Poisson structure mg. is Go, with the symplectic form
modified by t*o —s*o. Since Exp: g* — G* is Poisson with respect to 7.,
it lifts to a germ of an isomorphism Gy — G. To make this explicit, let us
regard Gy as the action groupoid G x g* for the coadjoint action, and G as
the action groupoid G x G* for the dressing action. (In general, the latter
is an identification of local groupoids, since the dressing action may not be
globally defined.) Define a germ (at (e,0)) of a groupoid isomorphism

Exp: Go = G, (g,1) — (g, Exp p).

Proposition 4.6. We have the following equality of germs of 2-forms:

—— %
Exp wg = wg, +t'o —s*o,

where s,t are the source and target map of Go.

Proof. For £ € g, let &g be the vector field on G corresponding to the left
dressing action (see Section 3.4), and similarly £g,. These actions have the
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respective target maps of the groupoids Gy and G as moment maps:

Wgo)wg, = —t*(dp, &),  uég)wg = —t*(08.,€).

Since the target map t: Gg — g* is equivariant with respecti to the coadjoint
action, we have

U(€g, )"0 = t"u(Eg-)o = t*((dp, &) — Exp*(7,€)).

The source map is equivariant relative to the trivial action which implies
1(&g,)s*o = 0. This shows that

L(fgo)(E;(—I/)*wg —wg, —t'o +5%0) = 0.

The form inside the parentheses is closed and g-horizontal. Hence, it is g-
basic and it suffices to show that its pull-back to the unit bisection g* C Gy
vanishes.

Recall that the unit bisection of a symplectic groupoid is Lagrangian.
Hence, the pull-back of wg, to g* vanishes. Under Exp, the unit section of G
is mapped to the unit section of G. Hence, the same argument applies to the
form Exp wg. Finally, on the unit section s*o = t*o = ¢ which completes
the proof. O

4.5. G* as a deformation of g*

The bisection v in Theorem 4.4, as obtained from the Moser method, de-
pends on the choice of a family of closed 2-forms o, interpolating between
0 and o. While it is possible to simply take o, = to, we will show that the
choice

o =t 1sto,

where s¢: g* — g* is multiplication by ¢, has the following interesting feature:
the family of Moser 1-forms a, is given by a simple scaling law a; = t~2s}a;.

Let (0,9,h) be a Manin triple, and (D,G, H) a corresponding Manin
triple of Lie groups. Let g; be the Lie bialgebra, obtained from g by rescaling
the cobracket by a factor t € R (while keeping the Lie bracket unchanged). If
g has a coboundary structure r, then g; has a coboundary structure r, =t r.
We denote by (94, g, h¢) the resulting family of Manin pairs, and by Dy, H; =
G} the Lie groups corresponding to 0; and h = g;. In particular, for t =0
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we obtain the zero cobracket, with
Ww=gxg, Gy=g9", Dy=Gxg"
The bracket [-,-]; on 9; = g @ g* reads as

[617 g?]t = [617 62]’
(1, p2le = t{pa, pal,
(€, e = adf p +tr¥(ad] p) — tade (),

for &,&1,& € gand p, p1, o € g*. Let o, € Q%(g*)o be the counterpart of the
2-form o, and m; = 7yt the resulting gauge transformations of the Poisson
structure. Denote by a; € Q!(g*)o the family of 1-forms obtained by applying
the standard homotopy operator to —%at.

Proposition 4.7. The Poisson bivector fields my, the 2-forms oy, the Moser
1-forms a; and the bisection ¢; scale according to

* —1 * —2 % *
m=ts;m, op=1 sio1, a;=1t "s;a1, ¢ =s;¢1,

fort #£0.

Proof. The rescaling map s;: g* — g* extends to a Lie algebra morphism
St 04 — 0, §+u»—>§+tu

The inclusions j;: g* — 0; defined by j;: (1) = p + t () satisfy s; 0 j; = j o
s¢. Hence s; for t # 0 is an isomorphism of Manin triples with coboundary
structure, up to rescaling of the metric. In fact, the isomorphism s; changes
the metric by a factor of ¢:

(5¢(&1 + pa), se(§2 + p2)]) = t(§1 + p1, &2 + p2).

Thus, the metric on d; is (-, -); = t~1s;(-,-). From our construction, it is im-
mediate that multliplication of the metric on 0 by some scalar amounts to
multiplication of the form o by the same scalar. This shows o, =t~ sfo.
Let Ay=1+0)0 TI'g so that 7r2'5j = wg o A; 1. The LiePoisson structure satis-
fies mo = t (sf)mo, that is, (s¢)« 0 7rg osf = tﬂ'g. Using 02 =t~ s 003 o (5¢)«
this shows that A; o s; = s; o A;, and consequently 7 =t sfm;. The scal-

ing behavior of the 2-forms o, implies that the derivative ¢, = ;9—‘; scales as

oy =t 2s761. (Cf. [4, Section 2.1].) This then implies the scaling property
of Qag.
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In order to show that the family of bisections ¢, satisfies the property
o1 = s;¢1, we note that the map s; lifts to a groupoid automorphism (de-
noted again by s;) of the groupoid T*G = g*. This automorphism can ve
viewed as the dilation by the factor of ¢ on the fibers of the cotangent bundle
T*G — G. In the left trivialization, we have s; : (g, u) — (g, tp). The bisec-
tion ¢; is defined such that the family of maps Fg; : (g, 1) — (¢¢(1t)g, pt) in-
tegrates the Moser flow of the 1-form a, = t*a; on G. By Proposition 2.8 and
Equation (2.15), the symplectic form on G = TG is given by w; = wp + t*oy
(here wp is the canonical symplectic form on T*G). Since wy =t tsfwp
and o; = t_lsZ‘al we have w; = t_lsz‘wl. The Moser 1-form a; = t*a; ver-
ifies a; = t_252‘d1 which implies the scaling v, = t_lsﬁl of the Moser vector
field ©; on G. And this implies the desired property ¢; = s; ;. O

5. Functorial properties of linearization

Suppose f: (My,mpr, ), — (Mo, Tar,)s, 18 a germ of a Poisson map, where
myy, vanishes at x1 and myy, vanishes at x2. Then one can look for Poisson
linearizations of M7 and My in which the map f becomes the linear map
T, . In particular, one can consider this problem for morphisms of Poisson
Lie groups.

5.1. Morphisms of coboundary Poisson Lie groups

A morphism of Lie bialgebras is a Lie algebra morphism v: g1 — go preserv-
ing cobrackets. It then follows that the dual map

Tigy = 0]

is both a Poisson map and a morphism of Lie bialgebras. It exponentiates
to a morphism of the simply connected Poisson Lie groups

T:G5— Gi.

The following result shows that in the coboundary case, we may choose
Poisson linearizations of G7,G5 such the map 7: G5 — G] becomes the
linear map 7: g5 — g7.

Theorem 5.1. Suppose g1 and go are coboundary Lie algebras, and let
T: 95 — g7 be a morphism of the dual Lie bialgebras which integrates to a
Poisson Lie group morphism T : G5 — G5. Let Exp;: (g})o — (G )e be the
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germs of maps determined by the coboundary structures. Given a germ of
a bisection Y such that o1 = oy, , one can choose a germ of a bisection )2
such that o9 = oy, and the diagram

(95)0 —— (87)o
(5.1) Exp, 0A(2) ! | | o
(G3)e —— (G
commutes.

Proof. We denote by v: g1 — go the Lie bialgebra morphism dual to 7. For
all € € g1,

eg; (V(§)) ~(Bxpyo.) €G3(M(E)) ~(T0) €6i(§) ~Exp, o1 €o:(§)-
Define o/, by the composition
(5.2) (Expy,01) ! o (T,0) o (Expy,09) = (Exp; ' oT o Expy,dh).

That is, eg; (1(£)) ~(Bxpr? 0T oExp,,04) €si(§), Which means that Exp;loT o
Exp, is a moment map relative to the o)-gauge transformed Poisson struc-
ture, generating the usual coadjoint action of g; on g5. Since 7 is a moment
map for the original Poisson structure, the equivariant Moser method gives
a germ of a bisection ¥, € T'(T*G2)o relating (5.2) with (7,0):

(Expy,01) ™" 0 (T,0) o (Expy, 02) o (A(¥3),094) " = (7,0).

Let ¢ € T'(T*G2)o be the ‘pull-back’ of the given bisection 11 € I'(T*G1)o
under the groupoid morphism lifting 7. This bisection satisfies

(Tv 0) © ("4( IQI)a O-iﬁé')_l = (A(wl)a U¢1)_1 © (T> O)
Letting v = ¥41)h, we calculate:

(Expy 0 A(¥1) ™" 0 7,0)

= (Expy,01) o (A(¥1),04,) ! o (7,0)

= (Expy,01) o (,0) o (A(¥3), o) ™

= (T,0) o (Expy, 02) o (A(¥3), 0yy) " 0 (A(¥3), o)~
= (T.,0) o (Expy, 02) o (A(¢h2), 0,) ™"
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This identity is equivalent to the two equations, T o ExpyoA(1)2)~!
Exp, o A(1) "t o7 and o9 — 0y, = 0.

Ol

Remark 5.2. A similar result was obtained in [4] for morphisms of com-
pact Lie groups with the Lu-Weinstein Poisson structure. For the group G =
U(n), it was used to prove an isomorphism between the Gelfand-Zeiltin com-
pletely integrable system on g* = u(n)* defined by Guillemin-Sternberg [26]
and the completely integrable system on G* = U(n)* defined by Flaschka-
Ratiu [24].

6. Addition versus multiplication

Suppose G is a coboundary Poisson Lie group. In this section, we will show
that it is possible to choose the Poisson linearizations of G* and of G* x G* in
such a way that the multiplication map becomes the addition in g*. We will
use a technique similar to that for the functoriality property (Theorem 5.1),
by comparing two moment maps.

6.1. Twisted diagonal action

Let (9,9,h) be a Manin triple, and (D, G, H) a corresponding triple of Lie
groups. The group multiplication

Mult: G* x G* — G*

of H = G* is a moment map for the twisted diagonal action on G* x G*. This
may be computed as follows: Let el . (£) be the section of Gr(mgxg+) C
T(G* x G*) defined by the property

etGw* X G* (5) ~(Mult,0) €G* (f)-

At any given point (u1, u2), this coincides with el . (€) = (eq-(&1), e+ (£2))
for some &1,& € g (depending on uq,u9). By considering the pull-back of
(08 €) under Mult, we see that £ = € and & = Adz;l £

In the coboundary case, we can change the twisted diagonal action
into the usual diagonal action, corresponding to the generators egxg-(§) =

(ec-(§),ec-(§)):

Proposition 6.1. Suppose g has a coboundary structure. Then there is a
germ of a bisection x of the the symplectic groupoid G x G of G* x G*, with
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the property
eaxa+ (§) ~(AR)0y) € xar(€)
for all € € g.

A proof of this fact is deferred to the end of this Section.

6.2. Addition versus multiplication

We are now in position to prove:

Theorem 6.2. Let g be a Lie bialgebra with a coboundary structure, and
fix a germ at 0 of a bisection 1p € I'(T*G)o with o, = 0. Then there exists a
germ at 0 of bisection ¢ € I'(T*(G x G))o with o0y = pri o + prso, and such
that the following diagram commutes:

(8" x g )0 ——— (g%)o

Add
(Exp x Exp)oA(¢)~! l J{Exp oA()~?t
(@ x G — (@),

Note that all maps in this diagram are Poisson.

Proof. For all ¢ € g, we have

g+ xg* (&) ~(Exp x Exp, prt o+pr; o) €G=xG+(§)
~(AG)) € g ()
(Mult,0) €G- (§)
(Exp,o)-1 €g(§)-

~

Let (m,o’) be the composition of these morphisms:
(m,o’) = (Exp, o)~ o (Mult, 0) o (A(x), oy) o (Exp x Exp, pr] o + pr5 o).

The relation eg-xg-(§) ~(m,0) €g-(§) shows that m is a moment map rel-

ative to the gauge transformed Poisson structure ngx g+ for the standard
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(diagonal) coadjoint action of g. On the other hand, we have

eg-xg-(§) ~(Add,0) eg-(§)
The equivariant Moser method for the bisection ¢’ gives a germ of a bisection
¢’ with
(m,0") o (A(¢'),04)"" = (Add,0).

Let ¢” be the ‘pull-back’ of the given bisection ¢ € I'(T*G)o under the map
Add, thus

(A®), 7)o (Add, 0) = (Add, 0) o (A(¢"), 7).
Finally, let ¥ be the ‘pull-back’ of the bisection x under Exp x Exp, so that

(A(x), oy) o (Exp x Exp, pr] o + prj o)
= (Exp x Exp, prj o + pr5 o) o (A(X), 0%)-

Put ¢ = ¢" o ¢' o x~!. We obtain

(Expo A1) ! o Add, 0)

— (Exp, 0) o (A(1), 0y)"" o (Add, 0)

= (Exp, ) 0 (Add, 0) o (A(¢"), o)~
( (m, ') o (A(¢),04) 7" 0 (A(¢"), 04) "
(

(AX), 05) © (A(¢),04) " 0 (A(@"), 04) 7"
= (Mult, 0) o (Exp x Exp, pr} o + prj o) o (A(¢),04) "

= <Mult o (Exp x Exp) o A(¢)~ !, (A(¢) H)*(prio +prio — o¢)).

Hence Mult o (Exp x Exp) o A(¢)"! = ExpoA(¥)) o Add and pr}o+
pry o — o4 = 0, as required. O

Remark 6.3. If G is a compact Poisson Lie group with the Lu-Weinstein
Poisson structure, the assertions of the Theorem 6.2 are valid globally, not
only on the level of germs. As mentioned earlier, this is due to the fact
that Exp is a global diffeomorphism in this case, and since the symplectic
leaves are compact. A related result was obtained in [5]. In more detail, let
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01,04 C g* be two coadjoint orbits and let
01+ 0y = {331 4+ x9; 11 € 01,29 € 02} - g*.

Since the map Exp:g* — G* is equivariant, D; = Exp(O;) and Dy =
Exp(O2) are dressing orbits and we define

D1Dy = {ujug; uy € Di,us € Do} C G*.
Theorem 6.2 implies that
Exp(O1 + O3) = D1Ds.
In particular, since O1 + Q2 = Oy + 01, we obtain an equality DDy = Do D;.

Remark 6.4. The proof of Theorem 6.2 is similar to an argument used in
the proof from [3] of the Kashiwara-Vergne conjecture for quadratic Lie alge-
bras. In fact, one may use the Theorem to obtain a Kashiwara-Vergne type
result for G*, comparing the convolution of germs of invariant distributions
on g* to the convolution of germs of invariant distributions on G*.

6.3. Proof of Proposition 6.1

The left dressing action £ — &g+ of g on G* integrates to a local action e of
the group G. Dually, we have a local action * of G* on GG. The two actions
are related by the formula

-1

gu = (geu)(u " *g)

for u € G* and g € G sufficiently close to the group unit. Using the inclusion
j:g" — 0, define a germ of a map

A: G — G,

by the property A(u) = u~'exp(j(u)) for u = Expp. Since the map j is
equivariant with respect to the (co)adjoint action, we have

(6.1) Mg eu) = (gou)™" Adg(ul(u)) = (u™" * g)Mu)g ™,

for g € G and u € G* close to the group unit. Identify the (local) symplectic
groupoid G = G* with the (local) action groupoid for the dressing action,
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and let y be the germ of bisection of G x G = G* x G* given as

x(u1, uz) = (&, A(ur)).
Its action on G* x G* is given by A(x): (u1,u2) — (ur, A(u1) ® uz).

Lemma 6.5. The map A(x) intertwines the diagonal action with the twisted
diagonal action.

Proof. The twisted diagonal action of g on G* x G* integrates to the local
group action g e (uy,uz) := (gewui, (u;'*g)eus), for g € G and uy,ug €
G* close to the group unit. Using (6.1) we find

A(X)(gou1,geuz) = (geus, (A(geur)g)eus)
= (gour, ((ur" *g)A(u1)) o u2)
=ge (ul, )\(’U,l) [ ] UQ)

=g o A(x)(u1, u2). 0

The Lemma shows that the generating vector fields for the diagonal and
twisted diagonal action are A(x)-related: &g-xa= ~A(y) ¢ .. Proposi-
tion 6.1 strengthens this result to a relation eg-xa-(§) ~(A(x)0n) €ro x - (€)
between sections of the cotangent Lie algebroid. By Proposition 2.5, the ac-
tion of the group of bisections on the cotangent Lie algebroid Gr(mgxg+) =
T*(G* x G*) coincides with the adjoint action on the Lie algebroid A(G x
G), which in this case is an action Lie algebroid for the dressing action.
Hence, Proposition 6.1 follows from the following result:

Lemma 6.6. The action of Ad(x) on the action Lie algebroid (G* x G*) x
(g x g) takes the constant section (§,§) to the section (§,Ad}_. §).

Proof. We have x~!(u1,u2) = (e, A\(u1)~!). Hence, the adjoint action on the
action groupoid takes (u1,us2;g1,92) to

Ad(x)(u1,u2; 91, 92) = (g1 ® u1, g2 ® ug; e, A(g1 @ u1)) (u1, u2; g1, g2)
(u1, A(ur) ® ug;e, )\(ul)_l)
= (u1, Mu1) ® ug; g1, A(g1 ® u1)gaA(u1) ™)

For g1 = g2 = g, this simplifies using the equivariance property of A:
Ad(x)(u1, ug; g, 9) = (ur, Muy) ® ug; g, uy ' = g).

The infinitesimal version of this action is as stated in the Lemma. |



264

1]

[9]

[10]

[11]

[12]

[13]

A. Alekseev and E. Meinrenken

References

A. Alekseev, On Poisson actions of compact Lie groups on symplectic
manifolds, J. Differential Geom., 45 (1997), no. 2, 241-256.

A. Alekseev, H. Bursztyn, and E. Meinrenken, Pure spinors on Lie
groups, Astérisque, 327 (2009), 131-199.

A. Alekseev and E. Meinrenken, Poisson geometry and the Kashiwara—
Vergne conjecture, C. R. Math. Acad. Sci. Paris, 335 (2002), no. 9,
723-728.

A. Alekseev and E. Meinrenken, Ginzburg-Weinstein via Gelfand-
Zeitlin, J. Differential Geom., 76 (2007), no. 1, 1-34.

A. Alekseev, E. Meinrenken, and C. Woodward, Linearization of Pois-
son actions and singular values of matrixz products, Ann. Inst. Fourier

(Grenoble), 51 (2001), no. 6, 1691-1717.

H. Bursztyn, On gauge transformations of Poisson structures, Quantum
field theory and noncommutative geometry, Lecture Notes in Phys., vol.
662, Springer, Berlin, 2005, pp. 89-112.

M. Cahen, S. Gutt, and J. Rawnsley, Nonlinearizability of the Iwasawa
Poisson Lie structure, Lett. Math. Phys., 24 (1992), no. 1, 79-83.

A. Cattaneo, On the integration of Poisson manifolds, Lie algebroids,
and coisotropic submanifolds, Lett. Math. Phys., 67 (2004), no. 1, 33—
48.

A. Cattaneo, B. Dherin, and A. Weinstein, Integration of Lie algebroid
comorphisms, Port. Math., 70 (2013), 113-144.

V. Chloup-Arnould, Linearization of some Poisson-Lie tensor, J. Geom.
Phys., 24 (1997), no. 1, 46-52.

J. F. Conn, Normal forms for analytic Poisson structures, Ann. of Math.
(2), 119 (1984), no. 3, 577-601.

J. F. Conn, Normal forms for smooth Poisson structures, Ann. of Math.
(2), 121 (1985), no. 3, 565-593.

A. Coste, P. Dazord, and A. Weinstein, Groupoides symplectiques, Pub-
lications du Département de Mathématiques. Nouvelle Série. A, Vol. 2,
Publ. Dép. Math. Nouvelle Sér. A, vol. 87, Univ. Claude-Bernard, Lyon,
1987, pp. i-ii, 1-62.



14]
15)
16)
17)

[18]

[19]

[20]
[21]

[22]

[23]

[24]

Linearization of Poisson Lie group structures 265

T. Courant, Dirac manifolds, Trans. Amer. Math. Soc., 319 (1990),
no. 2, 631-661.

M. Crainic and R. L. Fernandes, A geometric approach to Conn’s lin-
earization theorem, Ann. of Math. (2), 173 (2011), no. 2, 1121-1139.

M. Crainic and I. Marcut, On the existence of symplectic realizations,
J. Symplectic Geom., 9 (2011), no. 4, 435-444.

V. de Smedt, Ezistence of a Lie bialgebra structure on every Lie algebra,
Lett. Math. Phys., 31 (1994), no. 3, 225-231.

V. G. Drinfel'd, Hamiltonian structures on Lie groups, Lie bialge-
bras and the geometric meaning of classical Yang-Baxter equations,
Dokl. Akad. Nauk SSSR, 268 (1983), no. 2, 285-287.

V. G. Drinfeld, Quantum groups, Proceedings of the International
Congress of Mathematicians, Vol. 1, 2 (Berkeley, Calif., 1986) (Provi-
dence, RI), Amer. Math. Soc., 1987, pp. 798-820.

V. G. Drinfel'd, Quasi-Hopf algebras, Algebra i Analiz, 1 (1989), no. 6,
114-148.

J.-P. Dufour, Linéarisation de certaines structures de Poisson, J. Dif-
ferential Geom., 32 (1990), no. 2, 415-428.

B. Enriquez, P. Etingof, and 1. Marshall, Comparison of Poisson struc-
tures and Poisson-Lie dynamical r-matrices, Int. Math. Res. Not.
(2005), no. 36, 2183-2198.

R. Fernandes and P. Monnier, Linearization of Poisson brackets, Lett.
Math. Phys., 69 (2004), 89-114.

H. Flaschka and T. Ratiu, A Morse-theoretic proof of Poisson Lie
convexity, Integrable systems and foliations/Feuilletages et systémes
intégrables (Montpellier, 1995), Progr. Math., vol. 145, Birkhauser
Boston, Boston, MA, 1997, pp. 49-71.

V. L. Ginzburg and A. Weinstein, Lie-Poisson structure on some Pois-
son Lie groups, J. Amer. Math. Soc., 5 (1992), no. 2, 445-453.

V. Guillemin and S. Sternberg, The Gelfand-Cetlin system and quanti-
zation of the complex flag manifolds, J. Funct. Anal., 52 (1983), 106—
128.

P. Higgins and K. Mackenzie, Duality for base-changing morphisms of
vector bundles, modules, Lie algebroids and Poisson structures, Math.
Proc. Cambridge Philos. Soc., 114 (1993), no. 3, 471-488.



266 A. Alekseev and E. Meinrenken

[28] M. V. Karasév, Analogues of objects of the theory of Lie groups for
nonlinear Poisson brackets, Izv. Akad. Nauk SSSR Ser. Mat., 50 (1986),
no. 3, 508-538, 638.

[29] J.-H. Lu, Momentum mappings and reduction of Poisson actions, Sym-
plectic geometry, groupoids, and integrable systems (Berkeley, CA,
1989), Springer, New York, 1991, pp. 209-226.

[30] J.-H. Lu and A. Weinstein, Groupoides symplectiques doubles des
groupes de Lie-Poisson, C. R. Acad. Sci. Paris Sér. I Math., 309 (1989),
no. 18, 951-954.

[31] S. Majid, Foundations of quantum group theory, Cambridge University
Press, Cambridge, 1995.

[32] E. Meinrenken, Lie groups and Clifford algebras, Ergebnisse der Math-
ematik und ihrer Grenzgebiete, vol. 58, Springer, Heidelberg, 2013.

[33] Jean Pradines, Troisiéme théoréme de Lie les groupoides différentiables,
C. R. Acad. Sci. Paris Sér. A-B, 267 (1968), A21-A23.

[34] A. Wade, Normalisation formelle de structures de Poisson, C. R. Acad.
Sci. Paris Sér. I Math., 324 (1997), no. 5, 531-536.

[35] A. Weinstein, The local structure of Poisson manifolds, J. Differential
Geom., 18 (1983), no. 3, 523-557.

[36] A. Weinstein, Poisson geometry of the principal series and nonlineariz-
able structures, J. Differential Geom., 25 (1987), no. 1, 55-73.

[37] A. Weinstein, Symplectic groupoids and Poisson manifolds, Bull. Amer.
Math. Soc. (N.S.), 16 (1987), no. 1, 101-104.

[38] Ping Xu, On Poisson groupoids, Internat. J. Math., 6 (1995), no. 1,
101-124.



Linearization of Poisson Lie group structures 267

SECTION OF MATHEMATICS, UNIVERSITY OF GENEVA
2-4 RUE DU LIEVRE, C.P. 64, 1211 GENEVE 24, SWITZERLAND
E-mail address: anton.alekseevQunige.ch

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO
40 ST GEORGE STREET, TORONTO, ONTARIO M5S 2E4, CANADA
E-mail address: mein@math.toronto.edu

RECEIVED NOVEMBER 16, 2013






