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Stein fillings of contact 3-manifolds
obtained as Legendrian surgeries

AMEY KALOTI AND YOULIN LI

In this paper, we classify Stein fillings of an infinite family of con-
tact 3-manifolds up to diffeomorphism. Some contact 3-manifolds
in this family can be obtained by Legendrian surgeries on (S, £54)
along certain Legendrian 2-bridge knots. We also classify Stein fill-
ings, up to symplectic deformation, of an infinite family of con-
tact 3-manifolds which can be obtained by Legendrian surgeries
on (S3,&4q) along certain Legendrian twist knots. As a corollary,
we obtain a classification of Stein fillings of an infinite family of
contact hyperbolic 3-manifolds up to symplectic deformation.

1. Introduction

A Stein manifold is a complex manifold that admits a proper holomorphic
embedding into CV for some large integer N. According to [10], a Stein
manifold W admits an exhausting plurisubharmonic function p: W — R.
For any regular value ¢ of p, the complex tangencies define a contact struc-
ture on the level set M, := {x € W|p(z) = ¢}. We call the manifold W, :=
{z € Wlp(z) < ¢} a Stein filling of the contact manifold M..

Given a contact 3-manifold (M, ¢), there are two natural questions one
can ask: Is (M, &) Stein fillable? and if yes, then is it possible to classify all
the Stein fillings of (M, ¢)?

The first question has been addressed in terms of open book decomposi-
tions. For example, in [8], Giroux gave a complete characterization of Stein
fillability in terms of open book decomposition, see also [1, 15].

The second question has been answered for some specific contact 3-
manifolds. Here we recall a few results in this direction. In [2], Eliashberg
showed that there is a unique Stein filling, up to symplectic deformation, of
S3 with the standard tight contact structure. In [23], Stipsicz showed that
there is a unique Stein filling, up to homeomorphism, of the Poincaré homol-
ogy sphere 3(2,3,5) and the 3-torus T3. In [27], Wendl showed that there
is a unique Stein filling, up to symplectomorphism, of the 3-torus 73. In
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[17], McDuff showed that, for a universally tight contact structure, there is
a unique Stein filling of a lens space L(p, 1) (p # 4), and there are two Stein
fillings of the lens space L(4,1), up to diffeomorphism. In [14], Lisca classi-
fied the Stein fillings of universally tight lens spaces up to diffeomorphism.
In [20], Plamenevskaya and Van Horn-Morris showed that there is a unique
Stein filling, up to symplectic deformation, of L(p,1) with a virtually over-
twisted tight contact structure. In [12], among other classes of manifolds,
the first author classified Stein fillings of virtually overtwisted tight contact
structures on the lens space L(pm + 1,m) for p,m > 1, up to symplectic
deformation. In [18, 19], Ohta and Ono classified the Stein fillings of some
links of simple singularities. In [21], Schonenberger showed that the Stein
fillings of some contact Seifert fibered spaces are unique up to diffeomor-
phism. In [22], Starkston gave finiteness results and some classifications, up
to diffeomorphism, of minimal strong symplectic fillings of certain contact
Seifert fibered spaces over S2.

In this paper, we classify the Stein fillings, up to diffeomorphism, or
up to symplectic deformation, for an infinite family of contact 3-manifolds
including an infinite number of contact hyperbolic 3-manifolds. This is the
first known classification result for any contact hyperbolic 3-manifolds.

These contact manifolds are supported by particular open books, which
we describe now. Let X be a compact planar surface with n+p+¢q+1
boundary components co,c1, ..., Chyptq as shown in Figure 1, where n, k,
p,q > 1 and n > k. Let ® be a diffeomorphism which is the composition of
right handed Dehn twists written as

B = g 7
where 7; is the positive Dehn twist about a simple closed curve parallel to
the boundary component c;, m; > 0, and 7p,, 7p, are positive Dehn twists
along the simple closed curves B; and Bs shown in Figure 1.

Theorem 1.1. Let (M, &) be the contact 3-manifold supported by the open
book (3, ®). Then the contact 3-manifold (M, &) admits a unique Stein filling
up to diffeomorphism.

The open book shown in Figure 1 covers a lot of interesting special cases.
We describe a few of them below. In (S3,&,;4), let L be a Legendrian twist
knot, K_,, with Thurston-Bennequin invariant —1 and rotation number 0,
where 2p denotes the number of left-handed half twists. If p = 1, then it is a
right handed trefoil. Note that the maximal Thurston-Bennequin invariant
is 1 for the Legendrian twist knot K_g, at hand [5], and one stabilizes it
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Figure 1: A compact planar surface ¥ with n + ¢ + p + 1 boundary compo-
nents.

twice to obtain the Legendrian knot L and stabilize it further as in Fig-
ure 2. Let n,k > 1 be two integers such that n > k. Let S:‘L_kSﬁ_l(L) be
the result of n — k positive stabilizations and k — 1 negative stabilizations
of L. Figure 2 depicts a Legendrian link in (53, £.4) one of whose compo-
nents is Sfﬁ*kafl(L). The other components are all Legendrian unknots
with Thurston-Bennequin invariant —1, pushed off m; times, where m; is a
non-negative integer for i =1,...,k—1,k+1,...,nif k> 1 or n > k. Let
(M',¢") denote the contact structure obtained by performing Legendrian
surgery along the link given in Figure 2.

Corollary 1.2. The contact 3-manifold (M',&") has a unique Stein filling
up to diffeomorphism.

Another application of the above observation is classifying Stein fillings
of manifolds obtained by Legendrian surgeries along some Legendrian 2-
bridge knots. Figure 4 depicts a 2-bridge knot B(p, q), where p, g are positive
integers. If ¢ = 1, then it is the twist knot K_o,.
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Figure 2: A Legendrian link one of whose components is a Legendrian twist
knot K_g,, where the box consists of 2p — 2 Legendrian tangle S’s which is
depicted below in Figure 3. There are k — 1 upward cusps of the Legendrian

K_9, each of which hooks m; — 1 Legendrian unknots for ¢ =1,...,k — 1.
There are n — k downward cusps of the Legendrian K_o, each of which
hooks m; — 1 Legendrian unknots fori =k +1,...,n.

Figure 3: A Legendrian tangle S.

Corollary 1.3. There is a Legendrian 2-bridge knot B(p, q) with Thurston-
Bennequin invariant —1 and rotation number 0, such that the Legendrian
surgery on (S2, €44q) along any of its stabilizations yields a contact 3-manifold
with unique Stein filling up to diffeomorphism.

In addition to classifying Stein fillings up to diffeomorphism, we can
classify Stein fillings of Legendrian surgeries along some Legendrian twist
knots up to symplectic deformation. Even though these manifolds admit
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Figure 4: A 2-bridge knot B(p,q) with p,q > 0. The boxes containing —2p
and —2q denote 2p and 2q negative half twists, respectively.

open books considered in Theorem 1.1, we include a separate proof here
because the notion of symplectic deformation is stronger than that of dif-
feomorphism.

Theorem 1.4. If L is a Legendrian twist knot K_o, with Thurston-
Bennequin invariant —1 and rotation number 0, then the Legendrian surgery
on (S3,&sq) along any stabilization of L yields a contact S-manifold with
unique Stein filling up to symplectic deformation equivalence.

If p > 1, then the twist knot K_o, is hyperbolic. By the hyperbolic Dehn
surgery theorem in [25], Legendrian surgery on (52, £,4) along a Legendrian
hyperbolic twist knot with sufficiently many stabilizations yields a contact
hyperbolic 3-manifold. So, immediately, we have

Corollary 1.5. There are infinitely many contact hyperbolic 3-manifolds
each of which admits a unique Stein filling up to symplectic deformation
equivalence.

Rest of the paper is organized as follows. In Section 2 we recall some
basic notions from mapping class groups and contact geometry. In Section 3
we give proofs of all our results.
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2. Background

In this section, we recall some basic notions from mapping class groups and
give an explicit presentation of the planar mapping class groups to be used
throughout. We also describe a technique used to understand surgeries along
Legendrian knots through open books.

2.1. Planar mapping class group

Let D,, denote a sphere with n + 1 open disks removed. We label the bound-
ary components of D, as c¢g,cq,...,c,. By fixing an outer boundary com-
ponent, denoted by cg, we can embed I, in R?. The mapping class group
of D, is a group of self diffeomorphisms of D,, up to isotopy such that each
diffeomorphism fixes the boundary pointwise. We will denote the mapping
class group by Map(D,,, 0D,,) and will call it planar mapping class group. It
is a well known fact that the mapping class group of any surface is finitely
presented, see [6]. We use a particular presentation of the mapping class
group of a planar surface due to Margalit and McCommand, [16]. We briefly
describe their presentation.

For this presentation, we assume that the boundary components are
arranged at vertices of a regular n-gon. We call a curve convex, if it is isotopic
to the boundary of a convex hull of a collection of boundary components. A
Dehn twist about a convex curve is called convex Dehn twist. According to
[16], mapping class group of I, is generated by convex twists. The relations
are given by

1) 7418 = 7874 if and only if A is disjoint from B. Here A and B are
simple closed curves.

2) TATBTCTAUBUC = TAUBTBUCTAUC, Where A, B, C are disjoint collections
of boundary components and Dehn twists are convex Dehn twist about
them. In addition, we require that the boundary components are or-
dered such that the cyclic clockwise ordering of boundary components
in A followed by those in B followed by those in C induces the cyclic
clockwise ordering of boundary components in AU B UC.
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Now we define homomorphisms from Map(D,,,0D,,) to Z, which de-
fine multiplicities associated to Dehn twists. Similar homomorphisms were
defined in [20]. Recall that Map(D2,dDy) is isomorphic to Z* which is
generated by Dehn twists about each of the boundary components. Let
® € Map(D,,,dD,,) be a word written as product of positive Dehn twists.
Let ¢; and ¢; be any boundary components in D, other than cy.

Definition 2.1 (Joint Multiplicity). Capping off all the boundary com-
ponents of I,, except ¢;, c;,co with disks, we obtain a map to Z which just
counts the number of Dehn twists about the curve parallel to the outer
boundary ¢o. We call this the joint multiplicity of boundary components ¢
and j and denote it by M; ;(®).

Definition 2.2 (Mutiplicity). Cap off all the holes except the bound-
ary components ¢; and ¢p. This induces a map from Map(D,,0D,,) to
Map(Dy,0D1) = Z and the map counts the Dehn twists about the boundary

parallel curve. We call this the multiplicity of the boundary component c;.
Denote it by M;(®).

2.2. Open book decompositions, Lefschetz fibrations and
Stein fillings

We recall briefly notion of open book decompositions. Given a closed oriented
3-manifold M, an embedded open book decomposition of M is a pair (B, )
where

e B is an oriented link in M called the binding of the open book decom-
position and,

e m: M\ B— S!is a fibration such that 7=1(f) is the interior of a
compact surface Sy with 9Sg = B for all § € S*.

Given an embedded open book decomposition as above, since 7 is a
locally trivial fibration over S, it is completely specified by a diffeomorphism
of the fiber surface S. To see this, think of S' as the interval [0,27], with
end points identified. Since [0, 27] is contractible any fiber bundle over it is
trivial. Hence, the original fibration 7 : M \ B — S! can now be obtained
by gluing the surfaces S x {0} and S x {27}. Hence we get an alternate
description of an open book decomposition for M called an abstract open
book decomposition which is defined as follows.
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e S is an oriented compact surface with boundary called the page of the
open book decomposition.

e ¢:S — S is a diffeomorphism of S such that ¢|sg is the identity. The
diffeomorpshim ¢ is called the monodromy of the open book decom-
position.

Given an abstract open book decomposition (5, ¢), we get a 3-manifold
My as S x [0,1]/ ~, where ~ is the equivalence relation (z,1) ~ (¢(x),0)
for x € S, and (y,t) ~ (y,t') for y € 95, t,¢' € [0,1].

Note that an abstract open book decomposition (S, ¢) determines an
oriented closed manifold My and an embedded open book decomposition
(Bg, ) up to diffeomorphism.

For an embedded open book decomposition (B, 7), a positive stabiliza-
tion is an operation of plumbing a positive Hopf band to (B, 7). For an
abstract open book decomposition, a positive stabilization changes the page
S by attaching a 1-handle to get a new surface S’. The monodromy of the
open book decomposition changes from ¢ to ¢ - 7., where c is curve which in-
tersects the co-core of the attached 1-handle exactly once and ¢ is extended
to the new surface by identity. For an abstract open book decomposition
(S, ¢), a conjugation is an operation to replace the monodromy ¢ by fof 1,
where f is a self-diffeomorphism of S which is identity on the boundary.

A contact structure £ on M is supported by an embedded open book
decomposition (B, ) of M if £ can be isotoped through contact structures
so that there is a 1-form « for £ such that:

e o> 0on B.

e da is a positive area form on each page Sy of the open book decom-
position.

A contact 3-manifold is supported by an abstract open book decomposi-
tion (S, ¢) of if £ is supported by an embedded open book decomposition
determined by (.S, ¢).

Given any abstract, or embedded open book decomposition (B, ) of M,
according to a construction of Thurston and Winkelnkemper [24], it supports
a contact structure &. Giroux proved that given a contact structure & on M,
one can find an embedded open book decomposition of M supporting &.

Theorem 2.3 (Giroux 2000, [8]). Let M be a closed oriented 3-manifold.
Then there is a one to one correspondence between the oriented contact
structures on M up to isotopy and the open book decompositions of M up to
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positive stabilization, and there is a one to one correspondence between the
oriented contact structures on M up to isomorphism and the abstract open
book decompositions of M up to positive stabilization and conjugation.

From now on, unless explicitly specified, an open book decomposition
will mean the abstract one.

Following Theorem 2.3, Giroux [8], Loi-Piergallini [15], Akbulut-Ozbagci
[1] showed that a contact manifold (M, €) is Stein fillable if and only if there
exists an open book decomposition (S, ¢) supporting (M, &) such that the
monodromy is written as a product of positive Dehn twists. The proof of
this result tells us how to construct a Stein filling from (.S, ¢) and a given a
positive factorization of ¢. We briefly recall it here. To do so we first need
to recall a few facts about Lefschetz fibrations. We refer the reader to [9] for
more details.

Suppose X is an oriented 4-manifold, and D? is an oriented 2-dimensional
disk. The smooth map f : X — D? is a Lefschetz fibration if df is onto with
finitely many exceptional points in the interior of D?, the map f is locally
trivial in the complement of these exceptional points, and around each of
the exceptional points, f can be modelled in some choice of complex co-
ordinates by f(z1,22) = 22 + 23. If # € D? is a regular value, then f~!(x)
is a compact smooth surface S. This surface S is called the reqular fiber.
At each critical value p € D2, f~1(p) is a singular surface with exactly one
positive transverse self-intersection point, we call it a singular fiber. One can
assume that all the critical values, p1,...,p, are isolated and monodromy
of the fibration around each critical value p;, is specified by an element of
Map(S,0S). This element is given by a right handed Dehn twist about a
non trivial curve a; C S. The global monodromy of the fibration is given by
the product of Dehn twists 7o, Tans - - -5 Ta,, -

For positive factorizations, a Hurwitz move is defined by

Tay ™ TouTais " Taw ™ Tay " Taua Tred | (ag)Tassa " Tans
for 1 <14 < n. Two positive factorizations are Hurwitz equivalent if one of
them can be obtained from the other by finitely many Hurwitz moves.

In addition, to remove the dependence on choice of the reference fiber,
the Dehn twists are thought of as elements of the mapping class of an ab-
stract surface S. This requires the choice of an identification diffeomorphism
and induces an equivalence relation on the set of mapping class group fac-
torizations: global conjugation. It is defined as

TaiTas """ Ta,, ™ Tf(Oé1)Tf(a2) T Tf(om)?
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where f is a diffeomorphism of ¥ which is an element of Map(S, dS).

Given an abstract open book decomposition (.5, ¢) of the manifold (M, &)
and a positive factorization of ¢ by 7, - - - 7o, , Where a1, ..., a;, are nontriv-
ial curves in S, one can construct a Lefschetz fibration X which has global
monodromy 7, - -+ Ta,, and is diffeomorphic to (S x D?)(J(U™, H;), where
H; is a 4-dimensional 2-handle attached along «; in a fiber of S x 0D? —
0D? with relative framing —1. Note that the diffeomorphism type of X is
unique up to Hurwitz equivalence and global conjugation of the positive
factorization of ¢. According to [3], X admits a Stein structure, and 0X is
diffeomorphic to M. Furthermore, the contact structure on M induced by
this Stein filling agrees with the contact structure supported by the open
book decomposition (S, ¢) through the Giroux correspondence. Hence, X
gives a Stein filling of (M, ).

Conversely, given a Stein filling, X, of (M,¢), one can construct a Lef-
schetz fibration of X (see [1, 15]) such that X = M has a natural open
book decomposition with monodromy written as a positive factorization
and supports £. Hence to get an upper bound on the number of Stein fill-
ings of (M,¢&), one will have to find all compatible open books and then
find all possible ways of factorizing a given monodromy in terms of positive
Dehn twists. But in the case of manifolds supported by planar open book
decompositions this problem is approachable due to the following theorem
of Wendl.

Theorem 2.4 (Wendl 2010, [27]). Suppose (M, §) is supported by a pla-
nar open book decomposition. Then every strong symplectic filling (X,w) of
(M, &) is symplectic deformation equivalent to a blow-up of an allowable Lef-
schetz fibration compatible with the given open book decomposition of (M, §).

So in case of contact manifolds supported by planar open book decom-
positions, this theorem tells us that we need to find all possible ways of
factorizing the given monodromy in terms of positive Dehn twists, to get an
upper bound on the number of Stein fillings. Then one can try to classify
the Stein fillings by realizing this upper bound. This approach to classifying
Stein fillings has proved to be successful in [12, 20].

2.3. Open book decompositions for manifolds obtained by
surgery along knots.

It follows from Giroux correspondence that any Legendrian knot L in (M, &)
can be embedded in a page of an open book supporting £ as an essential
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simple closed curve, see [4]. One can prove that if L is a Legendrian knot
on a page of open book (S, ¢) supporting (M, §) and (M_y)(L),&L) is the
contact structure obtained from (M, £) by Legendrian surgery along L, then
(M(—1y(L),&L) is supported by the open book decomposition (.5, ¢ - 7). Here
L is thought of as a simple closed curve embedded in the surface S.

Given a Legendrian knot L, there is a natural operation called posi-
tive/negative stabilization of L that can be used to get another Legendrian
knot in the same knot type. For a Legendrian knot in R3 with its stan-
dard contact structure, positive (resp. negative) stabilization is achieved by
adding a zigzag to the front projection of the Legendrian knot such that
rotation number of the Legendrian knot increases (resp. decreases) by 1.
Stabilization is a well-defined operation, that is, it does not depend on the
point at which zigzags are added. See [4] for details and proof of the following
lemma.

Lemma 2.5. Let (S, ¢) be an open book decomposition supporting the con-
tact structure & on M. Suppose L is a Legendrian knot in M that lies in the
page S. If we stabilize (S, ) as shown in Figure 5, then we may isotope the
page of the open book so that positive (negative) stabilization of L appears
on the page S as shown in Figure 5.

P
_/\: +
O~ = ~or

Figure 5: Stabilizing the knot on the page of an open book. Middle figure
shows a Legendrian knot on a page of open book. Left figure shows how to
stabilize the knot positively while the right figure shows how to stabilize the
knot negatively.
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3. Classification of Stein fillings

We begin by observing a purely combinatorial lemma. The purpose of this
lemma is to get restrictions on the curves which can appear in any positive
factorization of the given monodromy in terms of Dehn twists. Refer to
Figure 1 for the notation used below.

Lemma 3.1. Any positive factorization of ® must be given by the product
- my mao Mptq—1 Mp+tq+1 M +p+

of Dehn twists /", 75, ..., Totgel » Tndgil » - > Tndpiq s and the Dehn

twists Tp; and T, where Bj encloses the same holes as By, and BY, the same

holes as Bs.

Proof. Recall from Section 2 that, M; ; denotes the joint multiplicity of the
mapping class ® about the i** and j** boundary components, and M; denotes
the multiplicity of the mapping class ® about the i** boundary component.

Since My4q =2 and M;,4q =2 for i € {k,k+1,...,k+q— 1}, there
are exactly two monodromy curves, say B] and Bj, enclosing ¢y, and
ciforie{k,k+1,...,k+q—1}. Since My 44 =0for je{n+qg+1,n+
q+2,....,n+q+p}, Mypiq=1forre{l,.... k=1L k+gq,...,n+q— 1},
and Mgy =0 for se {1,...,k—1} and t € {k+¢q,...,n+ q— 1}, the two
monodromy curves Bj and Bj enclose {c, ..., Chtq—15Chtqs - - - Cntqe1, Cntq}
and {c1,...,Ch—1,Chs- -, Chpq—1,Cntq} Tespectively.

Forje{n+q+1,n+q+2,...,n+q+p}, Mj =m; and M;; =0 for
any i € {1,2,...,n4+ ¢+ p} and i # j. So ¢; is enclosed solely by m; bound-
ary parallel monodromy curves.

For i € {1,...,n 4+ q — 1}, there are no non-boundary-parallel mono-
dromy curves, other than B} and B}, enclosing ¢;. Suppose otherwise, then
for some j,h € {1,...,n 4 q — 1}, there is a monodromy curve, other than

B! and Bj, enclosing ¢; and cj,. If either j or h does not belong to {k,k +
1,...,k+q—1}, then j and h cannot belong to {1,...,k—1} and {k+
q,...,n+q— 1}, respectively. So M, , > 2. However, from the original pos-
itive decomposition of ®, we have M;; = 1. So we arrive at a contradiction.
If both j and h belong to {k,k+1,...,k+ ¢ — 1}, then M, ; > 3. However,
also from the original positive decomposition of ®, we have M;; = 2. So we
arrive at a contradiction as well.

Hence for i € {1,...,n+ ¢ — 1}, there are m; boundary parallel mon-
odromy curves enclosing c;. U

Remark 3.2. With the notation as in above lemma, any other factorization

. My — My My
of ® can be written as 777" -7, 0 S T, R TR TR, U tO



Uniqueness of Stein fillings 131

Hurwitz equivalence. To see this, recall that since boundary Dehn twists
commute with every diffeomorphism we can move them all to the left in the
factorization as written above. Now product of Dehn twists 75, and 7p; is
on the right side of this positive factorization. Hurwitz move on the product
of Dehn twists can potentially change the homotopy class of both the curves
B! and B, to say B{ and BY. But still B/ enclose the same set of holes as
B! for i = 1,2. With abuse of notation we still call these new set of curves
as By and Bj, as Lemma 3.1 only specifies the curves B] and Bj up to
the set of holes enclosed by each of these curves. So using commutativity
of boundary parallel Dehn twists and Hurwitz moves one can arrange the
factorization as above.

In our case, since we only have two non boundary parallel monodromy
curves, a Hurwitz move is also a global conjugation.

3.1. Positive factorizations.

In this subsection, we prove that 7p,7p, has at most 2 different positive
factorizations, up to a global conjugation, in Map(X,0Y) for some simple
cases of the surface . We will reduce the above factorization problem to
these simple cases later.

In proving these results, first step will be to get restrictions on intersec-
tion number of curves B} and BY. To make sense of intersection numbers of
curves, we assume for the rest of the paper that any two curves are isotoped
to intersect minimally.

Lemma 3.3. Let ¥ be the surface in Figure 1 with k =1 and n = 1. Sup-
pose p=q = 1. Then 15,7, € Map(D3,0D3) has at most two positive fac-
torizations up to a global conjugation.

Proof. Since k = n = 1, there is no hole which is enclosed by Bs but not by
Bi, and there is no hole which is enclosed by By but not by Bs.

By Lemma 3.1, any positive factorization of 7p,7p, is 75,75, up to a
global conjugation, where B and B} enclose the same set of holes as B
and Bs, respectively.

We would like to get more information about the curves B and B). To
do that, we use a theorem by Thurston [26, Theorem 7|. This was suggested
by Dan Margalit to us.

We assume that each of the boundary components is filled by a disk
with one puncture. To avoid confusion, we will call this surface D3 still.
Note that the curves B; and Bj fill the surface D3. As explained in [7,
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Exposé 13], one can construct a singular flat Euclidean structure and a
representation of the subgroup of Map(Ds, 0Ds3) generated by 7p, and 75,.
Precisely (see [26, Theorem 7|, and [6, Theorem 14.1]), suppose I(B1, B2)
denote the geometric intersection number of By and B, then there is a
representation p : (1g,,7p,) — PSL(2,R) given by

L[t 1(BiBy) . 1 0
BT g 1 » TR (B, By) 1

with the following properties:

1) An element g € (7p,,7B,) is periodic, reducible, or pseudo-Anosov ac-
cording to whether p(g) is elliptic, parabolic, or hyperbolic.

2) When p(g) is hyperbolic the pseudo-Anosov mapping class ¢ has stretch
factor equal to the larger of the absolute values of the two eigenvalues

of p(g).

The matrix p(g) is called an affine representative for g. So 75, has

. . 1 4 )
affine representative given by 0 1], and 7p, has an affine representative

[_1 4 [1) . Thus, we obtain an affine representative for 75, 75,. It is __145 ﬂ .
This matrix has trace —14, so 75,7, has a pseudo-Anosov representative
with stretch factor the larger of the absolute values of the two eigenval-
ues, that is 7+ 4v/3. Note that the stretch factor of a pseudo-Anosov rep-
resentative of a pseudo-Anosov diffeomorphism is in fact an invariant of
the pseudo-Anosov diffeomorphism. This is because two homotopic pseudo-
Anosov representatives are conjugate by a diffeomorphism isotopic to the
identity ([7, Théoreme 12.5]), and any two conjugate pseudo-Anosov repre-
sentatives have the same stretch factors ([6, Page 406]).

Since 7p:Tp;, as a conjugation of 7p 7p,, is also pseudo-Anosov, Bj
and B) have to intersect and fill the surface D3. Otherwise there is a non-
boundary-parallel simple closed curve which is invariant by 7p;7p;. This is
impossible for a pseudo-Anosov diffeomorphism.

Assume that I(B], B}) = z, where z is a non-negative integer. As above
we obtain the affine representative for 75,7p;. It is

1 z|[1 0] [1-22 2

0 1| |-z 1| | —=z 1|°
Since 7p,7p, and Tp, T, are conjugate, they have the same stretch factors
([6, Page 406]). So 2(22 — 2+ 222 —4) = 7+ 4/3, and z = 4.
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Now we conjugate 7p:7p; by a diffeomorphism which takes Bj to By,
and B to a curve BY. We know that BY and B intersect in exactly 4 points.
Since BY and Bs represent the same homology classes in Hq(D3), we know
that the algebraic intersection number of B and Bs with each nontrivial
arc in the surface is the same. In particular, for the arc « shown in the left
of Figure 6, the algebraic intersection number of Bj and 7 is 0, and the
geometric intersection number of BY and + is even.

If I(BY,~) = 0, then it is easy to see that B is isotopic to B;. This is
impossible by the above argument.

O/O\@ © ©

Figure 6: Arc v along which the surface is cut open is shown in the left
picture. The right picture shows the cut open surface.

Suppose I(BY,~) > 2. We cut the surface D3 open along the arc v, and
think of the resulted surface as a pair of pants with the outer boundary
drawn as a rectangle. See the right of Figure 6. Under this operation, B is
cut into a collection of properly embedded arcs which are pairwise disjoint.
Each of these arcs is one of the following three types.

e Type I: Both end points of the arc are on the left edge of the rectangle.

e Type II: Both end points of the arc are on the right edge of the
rectangle.

e Type III: The arcs have one end point on the left edge and the other
on the right edge of the rectangle.

Since B is parallel to the outer boundary of the rectangle, each of Type
I, IT and IIT arcs intersects the curve Bj in 2 points or is disjoint with Bj.
It is easy to see that each of Type I, II, and III arcs intersects the curve By
in exactly 2 points.

For BY to be a simple closed curve enclosing holes ¢; and ¢, there is at
least one arc of Type I and at least one arc of Type II. Since I(BY, By) = 4,
Bl is cut open into a Type I arc and a Type II arc.
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If the Type I arc encloses the hole ¢; with the left edge of the rectangle,
and the Type II arc encloses the hole ¢ with the right edge of the rectangle,
then some power of 75, will send Bj to be the one which is formed by the
two arcs shown in the right of Figure 6. Hence 7, 7y is conjugate to 7, 7p,.

0 0
3 3

Figure 7: Another choice of the arc for the curve BY shown in the left. The
right one is obtained from the left one by a diffeomorphism moving the hole
c1 to the right and the hole co to the left.

If the Type I arc encloses the hole co with the left edge of the rectangle,
and the Type II arc encloses the hole ¢; with the right edge of the rectangle,
then some power of 75, will send B to be the one which is formed by the
two arcs shown in the left of Figure 7. So there are at most two choices
for the curve BY up to conjugation. Hence, there are at most two different
factorizations of 7p, 75, up to a global conjugation. O

Lemma 3.4. Let 3 be the surface in Figure 1 with k =1 or 2, and n = 2.
Suppose p=q = 1. Then 1,75, € Map(Dy4,0Dy) has at most two positive
factorizations up to a global conjugation.

Proof. If k =1 and n = 2, then there is no hole which is enclosed by By but
not by Bjp, and there is one hole which is enclosed by B; but not by Bs. If
k = n = 2, then there is no hole which is enclosed by B; but not by Bs, and
there is one hole which is enclosed by By but not by B;. By symmetry, we
can only prove for the first case.

By Lemma 3.1, any positive factorization of 7p,7p, is 75,75, up to a
global conjugation, where B and B} enclose the same set of holes as B
and Bs, respectively.

The curves By and By fill the surface D4. Following exactly the same
argument we get that B{ and B) intersect in exactly 4 points. Now we
conjugate 7p: T, by a diffeomorphism which takes curve Bj to B;. This will
change 75/ 7p, to 7B, Ty, where B is a curve which encloses the same set
of holes as Bs.



Uniqueness of Stein fillings 135

Let v be an arc connecting holes ¢4 and c¢q, see the left of Figure 8. Then,
by the proof of Lemma 3.3, Bj intersects v in 2 points minimally. We cut
the surface D4 open along the arc -, and think of the resulted surface with
the outer boundary drawn as a rectangle. See the right of Figure 8. So BY
becomes two arcs one of which has two endpoints belong to the left edge
and encloses one hole of ¢; and ¢3, and the other of which has two endpoints
belong to the right edge and encloses the other hole of ¢; and cs3.

Exactly as in the proof of Lemma 3.3, we get that up to a diffeomor-
phism preserving orientation and commuting with 7p,, there are at most
two choices for the curve BY. Hence, there are at most two different positive
factorizations of 75,7, up to a global conjugation. Il

o/ N\ [ o0

0 4

Figure 8: Arc ~ along which the surface is cut open is shown in the left
picture. The right picture shows the cut open surface.

Lemma 3.5. Let ¥ be the surface in Figure 1 with k =2 and n = 3. Sup-
pose p=q = 1. Then 15,7, € Map(Ds,0Ds5) has at most two positive fac-
torizations up to a global conjugation.

Proof. Since k = 2 and n = 3, there is one hole which is enclosed by Bs but
not by Bj, and one hole which is enclosed by B; but not by Bs.

By Lemma 3.1, any positive factorization of 7p,7p, is 75,75, up to a
global conjugation, where B and B} enclose the same set of holes as B
and Bs, respectively.

The curves By and By fill the surface D5. Following exactly the same
argument as in the proof of Lemma 3.3, we get that B} and B} intersect in
exactly 4 points. Now we conjugate 7p;7p; by a diffeomorphism which takes
curve B] to Bi. This will change 75,7p, to 7p, 7y, where By is a curve
which encloses the same set of holes as Bs.

If we fill each hole of D5, including the outer boundary, by a disk with a
marked point, then we get a 2-sphere with 6 marked points. The two curves
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@ /6 \@ 1) (1

% 0 o 5 b

Figure 9: Arcs 1 and 79 along which the surface is cut open is shown in
the left picture. The right picture shows the cut open surface, where v} and
72 are two copies of v;, for i = 1, 2.

By and B give a cell decomposition of the 2-sphere. It has four vertices,
eight edges and six 2-cells. Each 2-cell contains a boundary component of
Ds5. There are four 2-cells which are bigons containing cg, co, ¢4, and cs,
respectively. There are two 2-cells which are squares containing ¢; and cs,
respectively. Each square has exactly one common edge with each of the
four bigons. So there is a properly embedded arc 4} in S which connects
holes ¢; and c5, has exactly one intersection point with the common edge of
the square containing c¢; and the bigon containing c5, and is disjoint with
By. There is a properly embedded arc 74 in S which connects holes ¢; and
o, has exactly one intersection point with the common edge of the square
containing c¢; and the bigon containing ¢y, and is disjoint with B;. Note that
4 and 74 correspond to two coedges of the cell decomposition. It is easy to
make sure that we can choose the arcs 7] and ~} to be disjoint.

There is a diffeomorphism of D5 which takes 4] and ~4 to 71 and 7,
respectively, where v; and v are as shown in the left of Figure 9 and keeps
By invariant. Such a diffeomorphism exists because the arcs 7] and ~4 are
chosen to be disjoint from the curve B;. We denote the image of Bj under
this diffeomorphism by B still. Then I(Bj,~;) =1 for i = 1,2.

We cut the surface D5 open along ~1 U2, and think of the resulting
surface with the outer boundary drawn as a rectangle. To avoid confusion
with other terminology used, we will denote this cut open surface by R. See
the right of Figure 9. The curve BY is cut open into two arcs. One of them
has both endpoints in the left edge of R, and the other of them has both
endpoints in the right edge of R. Since Bj is parallel to the outer boundary
of R, each of the two arcs are either disjoint with B; or has exactly two
intersection points with Bj. Since I(Bi, BY) = 4, both of the two arcs have
exactly two intersection points with By. One of them encloses one hole of ¢y
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and ¢4 with a subarc of the left edge of R. The other of them encloses the
other hole of ¢o and ¢4 with a subarc of the right edge of R.

Just as in the proofs of Lemma 3.3 and Lemma 3.4, we get that there
are at most two choices for BY. Hence, 75,75, has at most two positive
factorizations up to a global conjugation. (I

3.2. Stein fillings of certain planar open books

Now we go back to the proof of Theorem 1.1.

Figure 10: The left two figures indicate the two choices of the curve
Bj. The upper left figure is (X, 717273757, 75y). The lower left figure is
(X, T17273757R, TRy ) Which is conjugate to (3, 717273757y T, ). The right two
figures are their corresponding Kirby diagrams for the Stein filling, where
each dotted circle is a 4-dimensional 1-handle, and all other circles have
surgery coefficients —1. These two Kirby diagrams denote two diffeomor-
phic 4-manifolds.

Proof. Suppose aq,...,a;_1 are k — 1 properly embedded pairwise disjoint
arcs in X which satisfy that: 1) a; connects the boundary components ¢;
and c;q1, 2) a; is disjoint with By and Bp. Suppose byyq; ..., bntq—2 are
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n — k — 1 properly embedded pairwise disjoint arcs in ¥ which satisfy that:
1) b; connects the boundary components ¢; and ¢;y1, 2) b; is disjoint with
B1 and BQ.

If p=¢ =1, then by Lemma 3.1, any other positive factorization of ®
must be the product of 7", 72, ..., 7/, T:f:f, 7p; and Tp;, where the
curves Bj and BY, enclose the same set of holes as curves B; and Bs, respec-
tively. In particular, either 7p 7p, = 75,7, or 7B, 7B, = T,7B;. Without
loss of generality, we assume that 75,75, = 75, 75B;.

Since the curves By and By do not intersect any of the arcs a;, the dif-
feomorphism 75, 75, does not move them. It follows that the diffeomorphism
TB;TB, does not move any of the arcs a; as well. We claim that the curves
Bj and B) do not intersect any of the arcs a;. Suppose one of the curves

1, B, intersects the arc a; for some i. Without loss of generality we can
assume that curve to be Bj. In this case, since any positive Dehn twist is
right veering(see [11]), the diffeomorphism 7p, will move the arc a; strictly
to the right. Hence, 7p; should move the arc a; strictly to the left, which is
impossible. Similarly, the curves B} and B do not intersect any of the arcs
b;.

Since the arcs a; and b; are not moved by the diffeomorphism 75, 7p;, we
can cut along arcs a; and b;. If we do that we are left with the surface D3, Dy
or D5, depending on k and n. We still denote the curves by By, Ba, B, B in
this new surface. As before, there is a diffeomorphism which sends B/ to By,
and Bj to BY. Now from Lemmas 3.3, 3.4 and 3.5 it follows that there are
at most two factorizations, up to a global conjugation, of the monodromy
given by two different choices for the curve BY.

From the Kirby diagrams, see Figure 10 for an example, we know that
for both of these two choices of the curve Bj, the manifold supported by the
open book decomposition

(X, 7"yt Tﬁ””?ﬁ‘fTBlTB;)
is diffeomorphic to the original oriented 3-manifold, and their corresponding
Stein fillings are diffeomorphic. According to Theorem 2.4, Theorem 1.1
holds in this special case.

Now we are left to prove the general case. Any other factorization of ®
is

Ty T T T B TB
up to a global conjugation, where B] and B) enclose the same boundary
components as By and Ba, respectively. In particular, either 75, 75, = 787,
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or 73,7, = Tm,TR,. Without loss of generality, we assume that 7p,7p, =
TB{ TBé .

SUppose U 4g+1, - - - » Untq+p—1 are p — 1 properly embedded pairwise dis-
joint arcs in ¥ which satisfy that: 1) u; connects the boundary components
¢ and ¢iq1, 2) u; is disjoint with By and Bs. Suppose vg, ..., Ugtq—2 are
q — 1 properly embedded pairwise disjoint arcs in ¥ which satisfy that: 1)
v; connects the boundary components ¢; and ¢; 41, 2) v; is disjoint with B;
and Bs.

Note that the diffeomorphism 7p,7p, does not move any of the arcs
Untqtls- -+ Untqip—1sVks - -+, Vktq—2 and so 7p;7p; does not move these
arcs either. By the same argument as in previous paragraph, the curves Bj
and Bj do not intersect arcs Un4q+1, - -, Untgip—1,Vks - - - Ukpg—2-

Hence, to factorize ® we need to specify curves Bf and B in the com-
plement of arcs w, g1, -, Untqip—1sVks - - - » Vkq—2- S0 We cut the surface
along arcs Un4q41, - -5 Untgip—1s Vks - -+ Ukpq—2, and what left is a planar
surface with n + 3 boundary components. Also, there is a diffeomorphism
which sends Bj to By, and Bj to BY.

By Lemma 3.3, Lemma 3.4 and Lemma 3.5, there are at most two fac-
torizations, up to a global conjugation, of the monodromy given by two dif-
ferent choices for the curve BY. Considering the Kirby diagrams, we know
that the two Stein fillings are diffeomorphic. This finishes the proof by The-
orem 2.4. U

3.3. Proofs of the corollaries

Proof of Corollary 1.2. Let L' be a Legendrian twist knot K_j, with
Thurston-Bennequin invariant —n and rotation number n — 2k + 1. Accord-
ing to [13], we can embed the Legendrian link in Figure 2 into a page of an
embedded open book supporting (53, £gq). See Figure 11. In the figure, L’
denotes a Legendrian twist knot K_o, and Uy,...,Ui_1,Upy1,...,U, de-
note Legendrian unknots with tb = —1 and rot = 0 embedded in the page
of an open book decomposition supporting (5%, &,4).

Lemma 3.6. The embedded open book supporting (S3, £4q) depicted in Fig-
ure 11 can be transformed into an abstract version (X, ¢) shown in Figure 1,
with g =1 and

G =TIT2  TheIThTht1 " TnTn42 " Tntp+1TB, -
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Figure 11: An embedded open book decomposition supporting (5%, &)
with a twist knot K_5, shown in the figure by L'. Curves
Uy,...,U;—1,Uk41, ..., U, denote Legendrian unknots embedded in the page
of open book decomposition. The boundary components of the page are la-
belled by 0, 1, ..., n 4+ p+ 1. The shaded region in the figure shows the page
of the open book decomposition. This open book is obtained from the open
book in Figure 3 in [13] by plumbing some positive Hopf bands.

Proof. The embedded open book depicted in Figure 11 can be obtained
from the open book supporting (53, £yq), whose binding is an unknot, by
plumbing finitely many positive Hopf bands successively. It is easy to see that
an embedded open book with an unknot as binding can be transformed to an
abstract version whose page is a disk and monodromy is the identity. Recall
that plumbing a positive Hopf band either increases the genus of the page
by 1 or increases the number of boundary components by 1, depending on
the way in which the 1-handle is attached. See [4] for details. In this proof,
each plumbing is done so that we increase only the number of boundary
components. With this set up, one can plumb the positive Hopf bands in
the order that creates the boundary components c1, ..., cx—1, Ck, Crt1, - -
Cny Cn+2, -+ Cntpt1, and cp41 one after another.
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Suppose an embedded open book (9S7,71) with page S; supporting
(93, &q) is transformed into an abstract version (X1, ¢) through a diffeo-
morphism from S; to ¥, and an embedded open book (952, m2) with page
Sy is obtained from (9S1,71) by plumbing a positive Hopf band along a
properly embedded arc a C Si. By the definition of plumbing, the positive
Hopf band is attached at the two end points of the arc a, so that the union
of arc a and the core of the positive Hopf band is a simple closed curve which
can be pushed away from the page S7 and does not link with 957. Note that
the isotopy class of the resulted embedded open book (9S2,m2) does not
depend on the choice of the interior of a. We denote by a, still, the properly
embedded arc in the page of abstract open book (X1, ¢) which is the image
of the arc a in S;. Then we can transform the embedded open book (952, 72)
into an abstract version (g, ¢ - 7.), where Y9 is obtained from ¥; by adding
a 1-handle at the two end points of the arc a, and the simple closed curve
c C X9, called a stabilizing curve, is the union of the arc a C 31 and the core
of the attached 1-handle. The abstract open book (X2,¢ - 7.) is a positive
stabilization of (31, @).

It is easy to draw the arcs along which the positive Hopf bands are
plumbed to obtain the embedded open book in Figure 11. Following the
local transformation process in the order of plumbing mentioned above, we
obtain an abstract version of the open book decomposition in Figure 11 as
shown in Figure 12, with L’ being a Legendrian twist knot Ko, in (S, £44).
By definition, each positive Hopf band corresponds to a stabilizing curve. For
i=1,....,n,n+2,....,n+p+ 1, there is a stabilizing curve for open book
decomposition supporting (S2, £,q) which is parallel to the i-th boundary
component. Moreover, the curve « is also a stabilizing curve for open book
decomposition supporting (52, &) which corresponds to the top positive
Hopf band in Figure 11 that creates the boundary component ¢,4.

It is easy to see that there is a diffeomorphism taking the surface in
Figure 12 to the one in Figure 1 when ¢ = 1. Under this diffeomorphism the
curves L, a in Figure 12 become the curves By, By in Figure 1. U

So the contact structure (M’',¢’) is supported by the open book (3, ®)
with ¢ =1 and
MEk+1

my,__m ME—1 my,
(b e 7-1 1,7_2 2, .. Tk‘fl Tka+1 N Tn 7—7“L+2 e Tn+p+lTBl7—B2;

where m; > 1fori=1,....k—1,k+1,...,n.
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Figure 12: An abstract open book decomposition supporting (5%, &4)
with a twist knot K_5, shown in the figure by L’. Curves
Ui, ..., U;—1,Ugs1, ..., U, denote Legendrian unknots embedded in the page
of open book decomposition. The boundary components of the page are la-
belled by 0, 1, ..., n 4+ p + 1. In particular, the boundary component encir-
cled by U; is labelled by i fori=1,...,k—1,k+1,...,n.

By Theorem 1.1, (M’,¢’) admits a unique Stein filling up to diffeomor-
phism. Il

Proof of Corollary 1.3. The open book

(3, 7172+ Tt q—1Tn+q+1 " * * Tntp+qTB, )

corresponds to (53, yq). If we transform it to the embedded version which is
similar to Figure 11, then Bs can be realized as a Legendrian 2-bridge knot
B(p, q) topologically shown in Figure 4. By Lemma 2.5, it is the result of
n — k positive stabilizations and k — 1 negative stabilizations of a Legendrian
2-bridge knot B(p,q) with Thurston-Bennequin invariant —1 and rotation
number 0. So by Theorem 1.1, the contact 3-manifold which is obtained by
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Legendrian surgery on (53, &.4) along the Legendrian By admits a unique
Stein filling up to diffeomorphism. ]

3.4. Uniqueness of certain Stein fillings up to symplectic
deformation equivalence

Proof of Theorem 1.4. Since L is a Legendrian twist knot K_j, with
Thurston-Bennequin invariant —1 and rotation number 0, we can embed
S_T__kSE_l(L) into a page of an embedded open book decomposition sup-
porting (52, &gq) as in Figure 11, where the page is a compact planar sur-
face with n + p 4+ 2 boundary components. By Lemma 3.6, we can transform
this embedded open book decomposition into an abstract version (X, ¢) with
q =1 and

G =TIT2  TnTnt2 " Tnip+1TB, -

The Legendrian surgery on (S, &4) along the stabilization S7*S*~1(L)
yields a contact structure & on the 3-manifold S3,_ (K_,), which is sup-
ported by the open book decomposition (¥, ®) with ¢ = 1 and

Q=TT TuTnt2 * Tnip+1TB, TB,-

By Lemma 3.1, any positive factorization of ® has to be the product of
TLy T2, « -y Tns Tng2s - - - Tndp+1s TBL> TB,, where B} and Bj enclose the same
set of holes as By and Bs, respectively.

The open book decomposition

(X, 7172 TaTnt2 " Tntp+17B!)

also supports (93, £,4). We think of Bj as a knot in (S3, &4).

We claim that B is isotopic to the twist knot K_,. There is an element
f € Map(X,0%) which sends B to B;. We denote f(B5) by BY. According
to the proof of Theorem 1.1, the given monodromy ¢ has at most two
different positive factorizations, up to a global conjugation, depending on
the two choices for BY. Both of the two choices of BY are isotopic to the
twist knot K_9,. So B is isotopic to the twist knot K _g.

We compute the page framing of B in the open book decomposition

(X, 7172 TnTn42 - Tagpt1TB,)-
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To this end, we compute the linking number of B} and its push-off in the
page of open book decomposition

(X, 7172 TnTni2** Tnip+1TB,)

shown in Figure 11. For both of the two choices of B, it is routine to check
that the linking numbers of Bj and its push-off in the page are —n. So B
has page framing —n with respect to the Seifert framing.

Since B} is not null-homologous in ¥, we can Legendrian realize it. Ac-
cording to the definition of open book decomposition, we know that the
Thurston-Bennequin invariant of BY is the difference between the page fram-
ing and the Seifert framing, that is, —n.

Therefore, the Lefschetz fibration X over D?, with fiber ¥, correspond-
ing to the positive factorization 7172 - - - TpTyy2 - - - Tnap 178, T, of @ is diffeo-
morphic to D?, with its standard complex structure, and a 2-handle attached
along a (—1 — n)-framed twist knot K_o,. Also, X has a Stein structure
that arises from the Legendrian surgery along the Legendrian realized Bj.
By a theorem of Eliashberg [3], we can extend the Stein structure uniquely
to this new manifold. Since there is a unique Legendrian twist knot K_o,
with Thurston-Bennequin invariant —n and rotation number n — 2k + 1,
[5], we know that the only Legendrian twist knot K_o, that can produce
(83, (K_2p), &) is Sikaﬁfl(L). This implies that all Stein structures on
X are symplectic deformation equivalent. So X has a unique Stein structure
up to symplectic deformation.

According to Theorem 2.4, every Stein filling of (S%;_,,(K_2,),&) is
symplectic deformation equivalent to a Lefschetz fibration compatible with
the given planar open book decomposition (3, ®). So there is a unique Stein
filling on (S2,_,,(K_2;),&), up to symplectic deformation. O
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