JOURNAL OF
SYMPLECTIC GEOMETRY
Volume 13, Number 4, 10491073} 2015

Symplectic capacities of Hermitian
symmetric spaces of compact and
noncompact type

ANDREA LoOI, ROBERTO MOSSA AND FABIO ZUDDAS

Inspired by the work of G. Lu [35] on pseudo symplectic capacities
we obtain several results on the Gromov width and the Hofer—
Zehnder capacity of Hermitian symmetric spaces of compact type.
Our results and proofs extend those obtained by Lu for complex
Grassmannians to Hermitian symmetric spaces of compact type.
We also compute the Gromov width and the Hofer-Zehnder capac-
ity for Cartan domains and their products.

1. Introduction

Consider the open ball of radius r,

(1) B*(r) = ¢ (z,y) € R*™ | Y a% +yf <1”
j=1

in the standard symplectic space (R?",wy), where wy = Z?:l dz; A\ dy;. The
Gromov width of a 2n-dimensional symplectic manifold (M, w), introduced
in [I7], is defined as

(2)  cq(M,w) = sup{xr® | B>"(r) symplectically embeds into (M,w)}.

By Darboux’s theorem cg(M,w) is a positive number or co. Computa-
tions and estimates of the Gromov width for various examples can be found
in [3], 4], [Bl, [, 07, [22], [23], [28], [35], [36], [37], [38], [46], [51].

Gromov’s width is an example of symplectic capacity introduced in [20]
(see also [2I]). A map ¢ from the class C(2n) of all symplectic manifolds
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of dimension 2n to [0, +oc] is called a symplectic capacity if it satisfies the
following conditions:
(monotonicity) if there exists a symplectic embedding (M7, w;) — (Mo,
wg) then ¢(Mi,w;1) < ¢(Ma,ws);
(conformality) c¢(M, \w) = |A|c(M,w), for every A € R\ {0};
(nontriviality) c¢(B?"(1),wo) = m = ¢(Z?"(1),wo).
Here B?"(1) and Z?"(1) are the open unit ball and the open cylinder in the
standard (R?",wy), i.e.

(3) Z7(r) = {(z,y) e R*" | 21 + y7 < 1?}.

Note that the monotonicity property implies that ¢ is a symplectic
invariant. The existence of a capacity is not a trivial matter. It is eas-
ily seen that the Gromov width is the smallest symplectic capacity, i.e.
ca(M,w) < ¢(M,w) for any capacity c¢. Note that the nontriviality property
for cg comes from the celebrated Gromov’s nonsqueezing theorem according
to which the existence of a symplectic embedding of B?*(r) into Z?"(R)
implies 7 < R. Actually it is easily seen that the existence of any capac-
ity implies Gromov’s nonsqueezing theorem. H. Hofer and E. Zehnder [20]
prove the existence of a capacity, denoted by cpz which is important in
many respects, for example it plays an important role in the study of Hofer
geometry on the group of symplectomorphisms of a symplectic manifold and
in establishing the existence of closed characteristics on or near an energy
surface. To compute or estimate cgy is rather difficult even for closed sym-
plectic manifolds. So far the only known examples are closed surfaces where
cuz is just the area [48], and complex projective spaces and their prod-
ucts. H. Hofer and C. Viterbo [19] proved that ¢y z(CP", wrgs) = m which
has been extended by G. Lu to the product of projective spaces (see The-
orem 1.21 in [35] or below). Lu’s ingenious idea was that of defining
and introducing the concept of pseudo symplectic capacity, more flexible
than that of symplectic capacity, and studying its link with Gromov-Witten
invariants (see Section |3| below). This allows him to obtain several valuable
results, e.g. the Gromov width of Grassmannians and their products and a
lower bound for the Hofer—Zehnder capacity for the product of any closed
symplectic manifold with a Grassmannian. One of the aims of the present
paper is to extend Lu’s results to the case of Hermitian symmetric spaces of
compact type.

Notation: From now on we shall use the shortening HSSCT to denote a
Hermitian symmetric space of compact type. Further, throughout the paper
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we shall denote by wpg the canonical symplectic (Kdhler) form on an irre-
ducible HSSCT normalized so that wps(B) € {—n, 7} when B is a generator
of Hy(M,Z.), and by A the generator for which wps(A) = 7.

Moreover, we compute the Gromov width and Hofer-Zehnder capac-
ity of Cartan’s domains and their products. In the next section we give a
description of our results and the ideas of their proofs.

2. Statements of the main results

The following three theorems state our results about the Gromov width and
the Hofer-Zehnder capacity of HSSCT.

Theorem 1. Let (M,wrs) be an irreducible HSSCT. Then
(4) ca(M,wpg) = 7.

Theorem 2. Let (Mi,w%s), i=1,...,r, be irreducible HSSCT of complex
dimension n; endowed with the canonical symplectic (Kdihler) forms wi.g
normalized as above. Then

(5) cg (Myx - x My, wpg @ -+ ®whg) = .

Moreover, if ai,...,a, are nonzero constants, then

(6) cg(Mix - x My, a1wpg ® -+ ® a,whg) < minflay|,.. ., |a;|}r
and

(7)  cuz (M1 X e X Mr,alw};s &) --~EBaerFS) > (la] + -+ + |ay|)7.

Theorem 3. Let (M,wrs) be an irreducible HSSCT and (N,w) be any
closed symplectic manifold. Then, for any nonzero real number a,

(8) cg(N X M,w @ awpg) < |a|r.

Formulas and extend Theorem 1.15 and formula (22) in [35]
respectively (valid for the Grassmannians) to the case of HSSCT. The lower
bounds cg(M,wrg) > m in Theorem 1| and

cG(M1x---xMT,w}ws@---@w%S) >m

in Theorem [2| are obtained by using the results in [I1] which imply the exis-
tence of a symplectic embedding of the noncompact dual (£, wp) of (M, wrg)
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into (M, wrg) (where wy is the standard symplectic form of Q C C™, being n
the complex dimension of M) and by the existence of a symplectic embed-
ding of B?"(1) into (£2,wp) (see Sections {| and [5| below for details). The
upper bounds cg(M,wrs) < 7 and

CG(M1X"‘XMT,W%:‘S@"'@CU;:5>S’ﬂ'

are obtained by the use of Lu’s pseudo symplectic capacities and their esti-
mation in terms of Gromov-Witten invariants. The key ingredient to obtain
these upper bounds is the non vanishing of some genus-zero three-points
Gromov-Witten invariants (cfr. Lemma in Section [6] below). Inequal-
ity (6), which extends (21) in [35] to HSSCT, is a consequence of in
Theorem |3, which in turn extends [35, Corollary 1.31].

When M; = CP! forall j =1,...,r, inequality @ is indeed an equality,
ie.

(9)  ¢cg(CP! x -+ x CPY aywps @ - - - @ a,wrs) = min{|ayl, . . ., |a.|}7.
(see [40, Example 12.5] for a proof). We do not know the exact value of
ca(CP™ x -+ x CP™, ajwhg @ - ® a,whyg)

ifn;>1lora; #1forsomei=1,...,rorj=1,...,r.

When the Mj’s are projective spaces it was proved in Theorem 1.21 of
[35] that the inequality is an equality, namely

(10) cgz(CP™ x -+ x CP™, ajwhg ® - - - ® apwhg) = (Jat| + - + |a|)7.
In fact, Lu [35] was able to prove that
(11) epgz(CP™ x --- x CP™, alw};s @ Dawpg) < (lar| + -+ a7

which, combined with , yields . To the authors’ best knowledge no
upper bound of cyz(M,wrg) is known for HSSCT (M,wrs), even for the
case of the complex Grassmannians (different from the projective space).
The idea’s of Lu’s proof of the upper bound is sketched in Remark
where we also explain why his argument cannot be used to achieve a similar
upper bound for HSSCT.

We summarize our knowledge on Gromov width and Hofer—Zehnder
capacity of Cartan domains in the following two theorems.
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Theorem 4. Let (Q,wp) be a Cartan domain. Then

(12) ca(Quwo) =7

and

(13) cz(Q,wo) = .

Moreover, if Q; C C™, i=1,...,r are Cartan domains of complex dimen-

ston n; equipped with the standard symplectic form wf) of R?™ = Q™ then

(14) e (U X X Quwy® - Buwf) =
If ay,...,a, are nonzero constants, then
(15) ce (U x - X Qa1wp ® -+ @ awy) < minflaq],.. ., |as |}

Theorem 5. Let (Q,wp) be a Cartan domain and let (N,w) be any closed
symplectic manifold. Then

(16) caz(N X Q,wdwy) = 7.

The proof of Theorem [ is based (together with the inclusion B?*(1) C
(Q,wp)) on the fact that any n-dimensional Cartan domain (€, wp) sym-
plectically embeds into the cylinder (Z2"(1),wp) (see Sections [4| and |5 for
details). Our result extends to all Cartan domains, including the exceptional
ones, the results in [36].

Remark 6. Notice that the Cartan domains in this paper are linearly
equivalent to the Cartan domains in the classical terminology (see Section
below). Thus, if one compares our results with those in [36] one has to pay
attention to the multiplicative constants involved. For example, the Gromov
width of (Rrv(4),wo) (the fourth Cartan domain in the classical terminol-
ogy) as computed in [36] turns out to be equal to 5 and the corresponding
Cartan domain © (in our terminology) is given by Q = v/2Ry/(4), in accor-
dance with our Theorem [4]

The organization of the paper is as follows. In Section [3] we summarize
the above mentioned Lu’s work and some of his results needed in this paper.
In Section [ we briefly recall some tools on Hermitian positive Jordan triple
systems which will be used in Section |9| to construct the above mentioned
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embeddings a) of a Cartan domain into its compact dual, b) of the unit ball
into a Cartan domain and c) of a Cartan domain into the unitary cylinder.
Moreover, in Subsection we show how these symplectic embeddings could
be used to estimate the minimal number of Darboux charts needed to cover
a HSSCT. Finally, Section [6 is dedicated to the (conclusion of the) proofs
of our theorems.

Acknowledgments. The authors are indebted to Guy Roos for suggesting
us the idea of the construction of the symplectic embedding of a Cartan
domain into the unitary cylinder via the use of Hermitian positive Jordan
triple systems. The authors would like also to thank Dietmar Salamon for
useful remarks on Gromov—Witten invariants and Giuseppina D’Ambra for
several useful remarks which helped us to improve the exposition.

3. Lu’s pseudo symplectic capacities and
Gromov—W.itten invariants

G. Lu [35] defines the concept of pseudo symplectic capacity by weakening
the requirements for a symplectic capacity (see the Introduction) in such a
way that this new concept depends on the homology classes of the symplectic
manifold in question (for more details the reader is referred to [35]). More
precisely, if one denotes by C(2n, k) the set of all tuples (M,w;aq, ..., ax)
consisting of a 2n-dimensional connected symplectic manifold (M,w) and
k nonzero homology classes a; € Hi(M;Q), i =1,...,k, a map c®) from
C(2n, k) to [0, 400] is called a k-pseudo symplectic capacity if it satisfies the
following properties:

(pseudo monotonicity) if there exists a symplectic embedding ¢ :
(My,w1) = (Ma,ws) then, for any oy € Ho(M1;Q),i=1,...,k,

B (M, wisan, ... o) < P (Mo, was pulan), . .. pu(on));

(conformality) ¢® (M, \w;aq, ..., a1) = |Nc® (M, w;aq,...,ap), for
every A € R\ {0} and all homology classes a; € H.(M;Q) \ {0},i=1,...,k;

(nontriviality) ¢(B*"(1),wo; pt, . ..,pt) = 7 = c(Z**(1),wo; pt, - . ., pt),
where pt denotes the homology class of a point.

Note that if £ > 1 a (k — 1)-pseudo symplectic capacity is defined by

ED (M, wion, .. ageq) = B (M, wipt,an, ... 1)
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and any ¢®) induces a true symplectic capacity
(M, w) =¥ (M, w;pt, ... pt).

Observe also that (unlike symplectic capacities) pseudo symplectic capacities
do not define symplectic invariants.

In [35] G. Lu was able to construct two 2-pseudo symplectic capacities
denoted by Cg)Z(M, w;aq, o) and ng) (M, w; aq, ag) respectively (see Def-
inition 1.3 and Theorem 1.5 in [35]), where o and s are homology classe
in H,(M;Q). The C’g)z and C’g;) are called by Lu pseudo symplectic capac-
ities of Hofer—Zehnder type.

Denote by

Crz(M,w) := C\)(M,w; pt, pt)

(resp. C%,(M,w) == Cg%) (M, w;pt,pt)) the corresponding true symplectic
capacities associated to Lu’s pseudo symplectic capacities. The next lemma
summarizes some properties of the concepts involved so far.

Lemma 7. Let (M,w) be any symplectic manifold. Then, for arbitrary
homology classes a1, a0 € Ho(M;Q) and for a nonzero homology class «,
with dima < dim M — 1, the following inequalities hold true:

(17) CJ(LI)Z(M w; g, ) < C (M,w;al,ag)
(18) C2) (M, w; a1, a2) < Crz(M,w) < cpyz(M,w)
(19) Cl7 (M, w; 01, 00) < Oy (M, w) < cy7(M,w)
(20) ca(M,w) < CaL(M,w;pt, o),

where ¢4 ,(M,w) is the mi-sensitive Hofer—Zehnder capacity introduced in
[47] (and independently in [3])]), crz(M,w) is the Hofer-Zehnder capacity
and cq(M,w) is the Gromov width of (M,w). Furthermore, if M is closed
then

CHz(M,w) = CHz(M,w)
and
C}')IZ(M)W) = COHZ(M7W)‘

n the notations of [35] the generic classes o (resp. a) are called ag (resp. o).

The reason for this notation comes from the concept of hypersurface S C M
separating the homology classes ap and a«, (see Definition 1.3 and the (ag, @oo)-
Weinstein conjecture at p.6 of [35]).
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Proof. See Lemma 1.4 and (12) in [35]. O

Remark 8. The last two equalities together with imply that for a
closed symplectic manifold (M, w)

CHZ(M,W) < C?{Z(Maw)'

It follows that inequality @ in Theorem [2| holds true also when we replace
cHz with ¢ .

When the symplectic manifold M is closed the pseudo symplectic capaci-

ties C’g)z (M, w; aq, az) and Cg;)(M, w; aq, i) can be estimated by other two
pseudo symplectic capacities GW (M, w;aq,a9) and

GWy(M,w; a1, ). These GIW and GW)j are defined in terms of Liu—Tian
type Gromov- Witten invariants as follows. Let B € Ho(M,Z): the Liu-Tian
type Gromov—Witten invariant of genus ¢ and with k& marked points is a
homomorphism

Ui xt Hi( Mg Q) x Ho(M;Q)F —» Q, 29+ k>3

where ﬂgyk is the space of isomorphism classes of genus g stable curves with
k marked points. When there is no risk of confusion, we will omit the super-
script M in \Iﬂg,g,k' Roughly speaking, one can think of ‘Ilg%k(c; ALy, Q)
as counting, for suitable generic w-tame almost complex structure J on
M, the number of J-holomorphic curves of genus g representing B, with
k marked points p; which pass through cycles X; representing «;, and such
that the image of the curve belongs to a cycle representing C (for details the
reader is referred to the Appendix in [35] and references therein).

In fact, several different constructions of Gromov-Witten invariants appear
in the literature and the question whether they agree is not trivial (see [35]
and also Chapter 7 in [39]). The Gromov-Witten invariants described in the
book of D. McDuff and D. Salamon [39] are the most commonly used: these
are homomorphisms

Upgm+2 : Ho(M; Q"2 Q, m>1

which play an important role in the proofs of this paper. The conditions
under which these invariants agree with the ones considered by Lu are given
in Lemma [10] below.

Let a1, 0 € Hy (M, Q). Following [35], one defines GWy(M,w; a1, az) € (0,
+o00] as the infimum of the w-areas w(B) of the homology classes B €
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Hy(M,Z) for which the Liu-Tian Gromov-Witten invariant ¥pg 4 m42(C;
a1,a,B1,...,06m) # 0 for some homology classes fi,...,08n € H (M, Q)

and C' € H,(Mgm+2;Q) and integer m > 1 (we use the convention inf () =
+00). The positivity of GW, reflects the fact that ¥p gm0 = 0if w(B) < 0
(see, for example, Section 7.5 in [39]). Set

(21)  GW(M,w;a1, o) := inf{GWy(M,w; a1, a2) | g > 0} € [0, +00].
Lemma 9. Let (M,w) be a closed symplectic manifold. Then

0 <GW(M,w;ay,a2) < GWo(M,w; aq, az).
Moreover GW (M, w;ai, o) and GWo(M,w; oy, an) are pseudo symplectic
capacities and, if dim M > 4 then, for nonzero homology classes oy, s, we

have

Cg)z(Manél,Oéz) < GW (M, w; a1, )
Cg?(Mvw;OéhOéz) < GWo(M, w; aq, az).

In particular, for every nonzero homology class o € Hi.(M, Q),

(22) Oy (M, w; pt, ) < GW (M, w; pt, )
(23) CJ(L?;)(MaMPt,Oé) < GWO(Maw;pt7a)‘
Proof. See Theorems 1.10 and 1.13 in [35]. O

We end this section with the following lemmata fundamental for the proof
of our results. Recall that a closed symplectic manifold is monotone if there
exists a number A > 0 such that w(B) = Aci(B) for B spherical (a homology
class is called spherical if it is in the image of the Hurewicz homomorphism
mo(M) — Hy(M,Z)). Further, a homology class B € Hy(M,Z) is indecom-
posable if it cannot be decomposed as a sum B = By +---+ By, k> 2, of
classes which are spherical and satisfy w(B;) >0 fori=1,...,k.

Lemma 10. Let (M,w) be a closed monotone symplectic manifold. Let
B € Hy(M,Z) be an indecomposable spherical class, let pt denote the class
of a point in Hy(Mgmi2; Q) and let a; € H (M, Z), i =1,2,3. Then the
Liu-Tian Gromov-Witten invariant Vpo3(pt; a1, az, a3) agrees with the

Gromov-Witten invariant ¥p o 3(o1, g, 3).

Proof. See [35], Proposition 7.6]. O
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Lemma 11. Let (N1,w;) and (No,w2) be two closed symplectic manifolds.
Then for every integer k > 3 and homology classes Ay € Ho(N2; Z.) and B; €
H.(No:Z),i=1,....k,

W (ot [N1] @ Bu, ., [NV ® Be—1,pt ® Bi) = U2 L (pts B, ., B).

Proof. See [35], Proposition 7.4]. O
4. Hermitian positive Jordan triple system

We refer the reader to [43] (see also [33]) for more details on Hermitian sym-
metric spaces of noncompact type (HSSNT) and Hermitian positive Jordan
triple systems (HPJTS).

Definitions and notations. A Hermitian Jordan triple system is a pair
(M, {,,}), where M is a complex vector space and {,, } is a map

L, P MXMIXM—= M

(’U,, /U7 w) = {u7 'U, w}

which is C-bilinear and symmetric in v and w, C-antilinear in v and such
that the following Jordan identity holds:

{l’, Y, {uv v, w}} - {u7 v, {‘777 Y, w}}
= {{$, Y, u}a v, w} - {ua {Uv €L, y}> w}'

For z, y, z € M consider the operators

T (z,y)z = {z, y, 2}

Q(z, 2) y={z,y, 2}

Q(r, 2) =2Q (z)

B(z,y) =idm T (z,y) +Q(2) Q (y) .

The operator B (x, y) is called the Bergman operator. A Hermitian Jordan
triple system is called positive if the sesquilinear form

1
(24) (u|v) = 5 tr T (u, v)

is a Hermitian product, where v is a positive constant called the genus of

(M7 {7 ? })
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HSSNT associated to HPJTS. M. Koecher ([25], [26]) discovered that to
every HPJTS (M, {,, }) one can associate an Hermitian symmetric space of
noncompact type, in its realization as circledﬂ bounded symmetric domain
Q. centered at the origin 0 € M. More precisely, 2y is defined as the
connected component containing the origin of the set of all © € M such
that B (u, u) is positive definite with respect to the Hermitian product .

HPJTS associated to HSSNT. The HPJTS (M, {,, }) can be recovered
from its associated HSSNT Q¢ by defining M = TpQ¢ (the tangent space
to the origin of Q) and

1
{u, v, w} = —3 (Ro (u, v) w+ Jo Ry (u, Jov)w),

where Ry (resp. Jo) is the curvature tensor of the Bergman metric (resp. the
complex structure) of 2 evaluated at the origin. The reader is referred to
Proposition II1.2.7 in [2] for details. To learn more on the correspondence
between HPJTS and HSSNT we refer to p. 85 of Satake’s book [45].

0.3cm Spectral decomposition. Let (M, {,,}) be a HPJTS. An ele-
ment ¢ € M is called tripotent if {c, ¢, ¢} =2¢. Two tripotents ¢; and co
are called (strongly) orthogonal if T (c1, c2) = 0. Each element v € M has a
unique spectral decomposition

v=MAc1+ -+ Ascs ()\1>'-->)\s>0),

where (c1,..., ¢) is a sequence of pairwise orthogonal (with respect to (24))
tripotents and the A;’s are real numbers called eigenvalues of v. The integer
s is called the rank of v and is denoted by rk(v). The rank of M is the
positive integer r defined as r = max{rk(z) |z € M}. The elements z € M
such that rk(z) = r are called regular.

Let us denote by ||v|,,., the largest eigenvalue of v. Due to the convexity
of Qa, [|V]| pax 18 @ norm on M, called the spectral norm. The following
proposition provides a description of the domain {254 in terms of its spectral
norm.

Proposition 12. Let Qu C M be the HSSNT associated to (M,{,,}).
Then

(25) Q= {v[ vl pax < 13-

Proof. See [33, Corollary 3.15]. O

2The domain Q C M is circled if e?? - Q = Q
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5. Cartan domains, their compact duals and some
symplectic embeddings

Let (M, {,,}) be a HPJTS and Qa4 be its associated HSSNT. Let n be the
complex dimension of M. By fixing an orthonormal basis e = {e1,...,e,}
of (M, (-]-)) we get the identification

(26) M = C", véz:(zl,...,zn), v=2z1e1+ -+ 2Znen,

which induces an isometry between (M, (- | -)) and (C", hg), where hg is the
canonical Hermitian product on C". Under the identification

(Zl,...,Zn) - (xlvylv"wxn)yn)

between C" and R?" we have hg = gy + iwo, where gg = Z?Zl da:? + dyJQ- is
the standard scalar product on R?" and wy is the canonical symplectic form
wo = Z;‘:l dzj A dyj on C" = R*". From now on we assume M to be simple,
which is equivalent to the irreducibility of 2,¢. Then, under the previous
identification, the HSSN'T {25 corresponds to a bounded symmetric domain
Q =¢e(2r) C C". The complex and Riemannian geometry of these domains
is well-known (see, e.g. [24]). Indeed, each of these domains is linearly equiv-
alent to a Cartan domain (see, e.g. [26, Chapter V] for a proof).

Terminology: In the present paper, with a slight abuse of terminology, the
domain Q =€(Qaq) has been called a Cartan domain.

We describe below some symplectic-geometric properties of Cartan do-
mains and their compact duals which are needed in this paper (for the
concept of compact dual see [I§] or [11] and references therein).

Let Q C C" be a Cartan domain and let M be its compact dual. Then
M is an n-dimensional HSSCT. Denote by

(27) BW : M — CPY

the Borel-Weil (holomorphic) embedding. It is well-known (see e.g. [50])
that the pull-back BW*wpg of the Fubini-Study form wpg of CPY is a
homogeneous Kéhler-Einstein form on M (wps is the Kéhler form which,
in the homogeneous coordinates |[zp,...,2zN] on CPN, is given by wpg =
1801og(|z0|? + - -+ + |zn|?)). Here we denote (with a slight abuse of notation
and terminology) by wpg the form BW*wpg and call it the Fubini—Study
form on M. The symplectic form wrg can be equivalently described as the
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symmetric or canonical form on M normalized so that wpg(B) = £ when
B is a generator of Ho(M,Z).

The domain (2,wp) can be embedded into (M, wrs).

Let (Q,wp), 2 C C", be a Cartan domain equipped with the canonical sym-
plectic form wg of R?" and let (M,wrg) be its compact dual. In [T1] the first
author in collaboration with A. J. Di Scala, by an use of HPJTS, construct
an embedding

(28) @Qiﬂ—)M

such that ®Qwrs = wo.
Actually in [IT] much more is proved. In particular it is shown that the
embedding ® induces a global symplectomorphism

dq - (Q,wo) — (M \ Cuto(M),wFs)

where Cuto(M) is the cut locus of (M,wpg) with respect to a fixed point
0 € M (see [11, Theorem 1.1]). This diffeomorphism has been christened in
[11] as a symplectic duality due to the fact that, amongst other properties,
it also satisfies ®Gwo = wpyp, Where wy denotes the standard form on C" =
M \ Cuto(M) and wpy, is the hyperbolic metric on Q (see either [11] or [12]
for details and also [9], [13], [30], [31], [29], [32] and [41] for the construction
of explicit symplectic coordinates.

Remark 13. In [35, Lemma 4.1 in Section 4] it is shown the existence of
a symplectic embedding

(29) (I)Qz[k,n} : Q[[k,n] — G(k:,n)

from the first Cartan domain Q;[k, n] € C**=*) into its compact dual G (k, n)
(where G(k,n) denotes the complex Grassmannian of k dimensional sub-
spaces of C"). Our result extends Lu’s results to all HSSCT.

The unitary ball (B?"(1),wy) can be embedded into (£, wp).

Let v = A1 c1 + -+ 4+ Ar ¢ be the spectral decomposition of a regular point
v € Qa C M, then the distance do(0, v) from the origin 0 € M to v is given
by

(30)
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(see [43, Proposition VI.3.6] for a proof). Since the set of regular points
of M is dense ([43, Proposition 1V.3.1]) we conclude, by and by the
identification Qpq = Q2 (induced by (M, (- | -)) = (C™, ho)) that

(31) (BQn(l)vw()) - (Q7w0)' ]

Remark 14. The inclusion has been obtained in [35, Lemma 4.2,
Section 4] for the case of the first Cartan domain, namely B2*("=%)(1) ¢
Qrlk,n] (see also [36] for the case of classical Cartan domains). Combining
this with the symplectic embedding Lu was able (see [35, Theorem 1.35])
to obtain the upper bound

F(G(k,n),wrs) < [n/k],

where F'(N,w) denotes the Fefferman invariant of a closed symplectic man-
ifold (N, w), namely the largest integer p for which there exists a symplectic
packing by p open unit balls, and [n/k| is the largest integer less than or
equal to n/k. The authors believe it is an intriguing problem to give a similar
upper bound for all HSSCT by using the techniques of this paper.

The domain (£, wy) can be embedded into (Z2"(1),wy).

Let Z?"(1) = {(=,y) | 23 +y? < 1} be the unitary cylinder in R?*". Let
v=A1c1 + -+ Ar ¢ be the spectral decomposition of a regular point v €
Qnm C M. By and by the continuity of dy (the distance function from
the origin 0 € M) we see that do(0, ¢;) = 1. Set ¢ := ¢, by [33, Corollary
4.8] ¢ € 0. Since Qpq is convex (|33, Corollary 4.7]), by the supporting
hyperplane property there exists a real hyperplane m of M through ¢ not
intersecting . Denote by p =€(c) € 092 the image of the tripotent ¢ by
the isometry . Hence p € S?"~ ! where $?"~! = 9B?"(1) is the (2n — 1)-
dimensional unit sphere centered at the origin of R?". By , B(1)c Q=
€(Q) and hence e(mr) = T, S?"~ L. By applying the same argument to any
tripotent ¢y := €% - ¢, we see that  is contained in the cylinder Z bounded
by the envelope of the family of real hyperplanes {Tp(, S2n=1 pg = e(cp) }GGJR‘
Let W € U(n) such that

Wp=(z1,0,...,0)

for some z; € C, ||z1]| = 1. It follows that W - Z = Z?*(1) and the desired
symplectic embedding of (€2, wp) into (Z27(1),wp) is given by

(32) QczX 7).
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Remark 15. In [36] a similar (symplectic) embedding (€2, wp) <= (Z2"(1), wp)
has been considered for the classical Cartan domains.

5.1. Minimal symplectic atlases of HSSCT

Consider a closed symplectic manifold (M,w). In [44] Yu. B. Rudyak and
F. Schlenk have introduced the symplectic Lustermik-Schnirelmann category
S(M,w), defined as

S(M,w) =min{k | M =U; U---UlU}

where each U; is the image ®;(U;) of a symplectic embedding ®; : U; — U; C
M of a bounded subset U; of (R?",wy) diffeomorphic to an open ball in R?".
From our results one obtains the upper bound

(33) S(M,wrs) < N +1

for Lustermik-Schnirelmann category of a Hermitian symmetric space of
compact type (M,wpg), where N is the dimension of the complex projective
space CP" where the manifold can be Kihler embedded via the Borel-Weil
embedding BW : M — CPY (see ) Indeed, as in the case of the com-
plex Grassmannian G(k,n) (where the Borel-Weil embedding is given by
the Pliicker embedding P : G(k,n) — CP(:)_I), one can define a canonical
atlas on (M,wrg) using the N + 1 holomorphic charts €, ..., Qx defined
as Q= M\ {BW~YZ;=0)}, and Z; =0, j=0,...,N, is the standard
hyperplane of CPY. Each Q;cC" j=0,...,N, is biholomorphic to the
noncompact dual Q of M. It follows by that (2;,wp) can be symplecti-
cally embedded into (M,wpg) for j =1,...,N. On the other hand, each Q2
is a bounded domain diffeomorphic to the ball in R?" and so (33)) follows.
Our knowledge of the Gromov width of any HSSCT (M,wrs) can be used
to estimate and compute the minimal numbers of Darboux charts needed to
cover M. This number, introduced in [44] and denoted there by Sp(M,w),
has been computed and estimated for various symplectic manifolds including
the complex Grassmannian (see [44, Corollary 5.10]). Using the results of
this section, similar computations and related problems (which will appear
in a forthcoming paper) can be done for all HSSCT.

6. The proofs of Theorems 3], [4 and

The following lemma is the key ingredient to achieve the upper bound of
Gromov width in Theorems and
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Lemma 16. Let (M,wrg) be an irreducible HSSCT of complex dimension
n. Then there exist a(M,wrg) and B(M,wrs) in H.(M,Z) such that

dim a(M,wpg) + dim 8(M,wpg) = 4n — 2¢1(A)
and

(34) \IIA,O,3(pt;a(M7 WFS)HB(M7 wFS)vpt) 7& 0.

Proof. Since the canonical symplectic form wrg is Kéhler-Einstein, it follows
that (M,wpg) is monotone, so that Lemma applies under our assump-
tions. We need then to show the existence, for every irreducible HSSCT, of a
non-vanishing Gromov-Witten invariant W4 ¢ 3(a(M,wrs), B(M,wrs), pt).
This follows from the results about the quantum cohomology of these spaces
proved in [I], [8], [27], [42], [49]. Let us recall that the quantum cohomol-
ogy ring of M is the product H,(M) ® Z|q] endowed with the quantum cup
product, defined for any two homology classes «, f € H.(M) as

(35) axB=Y Wyapsla,B,7)7"¢",
7.d

the sum running over d € Z and v such that dim(a) + dim(8) + dim(y) =
4n — 2dci(A), where v* denotes the dual class of 7.

Looking at the formulas for the quantum product proved in the above-
mentioned references, it is not hard to find a Gromov-Witten invariant
U 4 03(c, B, pt) which does not vanish for some classes «, 8. In more details,
when M is the Grassmannian G (k,n), by [49] there exist a € Hyp(—1) (M)
and 3 € Hyp(—1)(M) such that this holds; by [42] the same is true for suit-
able a = 8 € Hy,_1)(n—2)(SO(2n)/U(n)); by Corollary 8 in [27] o and 3 can
be taken of codimension n and 1 when M is the Lagrangian Grassmannian
LG(n,2n); in [§] (see the formulas in Sections 5.1 and 5.2) it is shown that
for the Cayley plane (resp. for the Freudenthal variety) one can take for
example a and (8 of codimensions 8 and 4, (resp. of codimensions 13 and 5).
Finally, in [I] is studied the quantum cohomology of complete intersections,
which in particular gives a non-vanishing Gromov-Witten invariant for the
complex quadric. O

Remark 17. Formulas for quantum products in the homogeneous spaces,
expressed in terms of the combinatorial invariants of the Lie algebra of the
symmetry group of the space (Dynkin diagram and Weyl group), can be
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found in [16] (see also [15], [14]) and could be also used to prove the above
Lemma.

We are now in the position to prove Theorem

Proof of Theorem[1 In order to use LemmalJ] we can assume, without loss of
generality, that dim M > 4. Indeed the only irreducible HSSCT of dimension
< 4is (CP',wprg) whose Gromov width is well-known to be equal to 7. Let
A = [CP'] be the generator of Hy(M,Z) as in the Notation at page
Then the value wpg(A) = 7 is clearly the infimum of the wpg-areas wpg(B)
of the homology classes B € Hy(M,Z,) for which wpg(B) > 0.

By Lemmawe have W4 o 3(pt; pt, o, B) # 0, with & = a(M,wpg) and =
B(M,wrs), and hence, by definition of GV,

(36) GW(M,wrs;pt,v) = GWo(M,wrs; pt,y) =

with v = a(M,wpg) or v = B(M,wpg). It follows by the inequalities (L7),
7 and that
(2 (20)

(37)  ca(M,wps) < C(M,wpg; pt, ) < CL) (M, wps;pt,y) < =

withy = o(M, wpg) or v = B(M,wrg). Combining this with the lower bound
cq(M,wrs) > m coming from the inclusion B%"(1) C (Q,wp) (cfr. ), the
symplectic embedding ®¢ : (Q,wo) — (M,wrs) (cfr. (28)) and the mono-
tonicity and nontriviality of cg, one gets:

(38) cg(M,wps) = Cg)z(M7 wrs; pt,y) = Cﬁ? (M,wps;pt,y) =m

with v = a(M,wpg) or v = B(M,wrs). This concludes the proof of Theo-
rem [1 O

Remark 18. Observe that we have proven more than stated in Theorem
Indeed, we have computed the value of Lu’s pseudo symplectic capacities
evaluated at the homology class of a point and at a(M,wrg) (or S(M,wrs)),
namely

ca(M,w) = CEL (M, w; pt, (M, wrs)) = O (M, w; pt, a(M, wps))

= (M, wipt, B(M, wps)) = O (M, w; pt, (M, wrs)) = .

This extends the result obtained by G. Lu for the complex Grassmannian
(cfr. [35, Theorem 1.15] for details) to HSSCT.
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Remark 19. An alternative proof of the upper bound cg(M,wrg) < 7 in
Theoremcan be achieved by combining Lemmawith [23, Proposition 4.1
| which asserts that if (M, w) is a symplectic manifold of (real) dimension 2n,
B € Hy(M,Z) is an indecomposable spherical class and ®p o 3(pt, o, fo) #
0, for suitable ag and Sy in H.(M,Z) (which necessarily satisfy dim ag +
dim By = 4n — 2¢1(B)) then cg(M,w) < w(B).

Actually, the GW invariant ®p g 3(pt, o, fo) # 0 for some B € Hy(M,Z)
implies that there exists a rational curve of class B through a generic point
in M and hence the inequality cg(M,w) < w(B) by the Gromov’s arguments
in [I7]; see [23], [7] for details.

In order to prove Theorem [2] we need the following lemma, interesting
on its own sake, which extends Lu’s formula (20) in [35, Theorem 1.16] (for
the Grassmannian) to the case of HSSCT.

Lemma 20. Let (M,wrg) be a HSSCT and let (N,w) be any closed sym-
plectic manifold. Then

(39) CP) (N x M,w ® awpg;pt, [N] x 7) < |a|r

for any a € R\ {0} and v = a(M,wrg) or v = B(M,wrs), with «(M,wrs)
and B(M,wrg) given by Lemma .

Proof. Since by 1' we have \11%0,3(pt;a,,8,pt) # 0, with a = o(M,wrs)
and f = B(M,wrg), it follows by Lemma (11| that

TN sA (pt; [N] x oM, wps), [N] x B(M,wrs),pt) # 0

for B =0 x A, where 0 denotes the zero class in Hy(N, Z). Hence easily
follows from in Lemma [9] O

Proof of Theorem[d To see we assume r > 1 because of the result in
Theorem (1} It immediately follows from and in Lemma (7| and

by (39) that
cG(M1 X-'-xMr,w%ﬂS@'--@w%S) <.

On the other hand, we have the symplectic embeddings

Do, X xP
r 2n; r 21 Qr 7
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(induced by and respectively) and the natural inclusion

(40) Bt (1) ¢ x5 B (1).

Thus, it follows by the monotonicity and nontriviality of c¢g that
ca (M1 X o xMr,w};SG}---@w}}S) > .

Hence follows. As we have already pointed out in the Introduction,
inequality @ is a straightforward consequence of in Theorem

Inequality @ follows by , by the monotonicity of ¢z and from the
fact that for two compact symplectic manifolds (N7, w;) and (N, ws)

(41) crz(N1 X Na,wi @ wa) > cpz(Ni,wi) + caz(N2, w2)

(see [35, Lemma 4.3, p. 43] for a proof). This concludes the proof of Theo-
rem [2l d

Remark 21. The upper bound
e (My %+ x My, wpg @+ Bwhg) <7

obtained in the proof of Theorem [2] can also be achieved by using the fact
that HSSCT and their products are uniruled manifolds (see Definition 1.14,
Theorem 1.27 in [35] and the remark following this theorem).

Remark 22. Note that another interesting result shown in [35, Theo-
rem 1.16] is formula (21) in [35]. One can prove the analogous of this formula
using the techniques developed so far. That is

Ol (Xj My, & yajwrhgipt, X5y) < (lar] + -+ + las ),
for all a; € R\ {0} and a; = aj(Mj,w%S) or Bj = ﬂj(Mj,w%S).
Remark 23. We do not know if the inequality

cz (Myx -+ x M, a1whs ® - ® awpg) < (lat] + -+ + |ay|) 7.

holds true. Unfortunately, the proof given by Lu in the case of product of
projective spaces [35, Theorem 1.21] does not extend to the general case of
HSSCT. Indeed the Gromov-Witten invariant ¥ g g m12(pt, pt, B1, ..., Bm) of
M = M; x --- x M, does not vanish (for some homology classes f1, ..., mn)
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if and only if all the M;’s are projective spaces, since it is easily checked
that the dimension condition > 7", deg(8;) = 2(c1(B) — dim(M) — 1 +m),
necessary for the Gromov-Witten invariant to be nonzero ([39], p. 11), is
satisfied only in this case. For comments and conjectures related to this
problem the reader is referred to [35 Corollary 1.19 and Example 1.20]).

Proof of Theorem[3. From and in Lemma and by it follows
that

co(N x M,w ® awps) < Ciig) (N x M,w @ awps; pt, [N] x v) < |al,

where v = a(M,wrg) (or v = (M,wrs)), which yields the desired inequal-
ity . |

Proof of Theorem[]. By

(B>(1),w0) C (2w0) = (27(1),w0),
(given by and respectively) and the monotonicity and nontriviality
of cg and cyz we get cq(Q,wo) = crz(,wp) = m, namely and .

Analogously, let us denote M; the compact dual of €2;: by @ and by the
symplectic embedding

: ‘I)Ql X"'X@QT

(X519, @) _yaw)) (X My, @ _jajwpg)

induced by one obtains which, together with the symplectic embed-
ding x"_; B (1) C x’_,Q; (induced by ) and yields . O

In order to prove Theorem [5| we need the following interesting result of Lu.

Lemma 24. Let (N,w) be any closed symplectic manifold. Then, for any
r > 0 one has

crz(N x B™(r),w ® wy) = cyz(N x Z2(r),w ® wpy) = mr.
where Z*"(r) is given by (@

Proof. See [35, Theorem 1.17, p.14]. O
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Proof of Theorem[3 By (B**(1),wo) C (Q,wo) w (Z*"(1),wp) one has the
embeddings

(N x B2(1),w @ wp) C (N x Qwdwy) "3V (N x 227(1),w & wp)

and so the desired ([L6)), i.e. cyz(N x Q,w @ wy) = m, follows by Lemma [24]
and the monotonicity of cpz. I

Final remarks on Seshadri constants

Our knowledge of the Gromov width of a HSSCT allows us to obtain an
upper bound of the Seshadri constant of an ample line bundle over a HSSCT
(M,wps). Recall that given a compact complex manifold (N, J) and a holo-
morphic line bundle . — N the Seshadri constant of L at a point x € N is
defined as the nonnegative real number

. fc c1(L)
e(L,z) = Cl‘gfa: mult,C’

where the infimum is taken over all irreducible holomorphic curves C' passing
through the point z and mult,C' is the multiplicity of C' at x (see [10] for
details). The (global) Seshadri constant is defined by

€(L) = inf €(L,x).

zeN

Note that Seshadri’s criterion for ampleness says that L is ample if and only
if (L) > 0. P. Biran and K. Cieliebak [6, Prop. 6.2.1] have shown that

E(L) < Cg(N, wL),

where wy, is any Kéhler form which represents the first Chern class of L, i.e.
c1(L) = [wr]. Consider now an irreducible HSSCT (M,wpg) and the line
bundle L — M such that c;(L) = [“££] (L can be taken as the pull-back via
the Borel-Weil embedding of the universal bundle of CPY). Therefore,
by using the upper bound cg(M,wrs) < 7 and the conformality of cg we
get:

Corollary 25. Let (M,wpg) be an irreducible HSSCT and let L — M as
above. Then e(L) < 1.
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