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Semifree Hamiltonian circle actions on
6-dimensional symplectic manifolds with
non-isolated fixed point set

YUNHYUNG CHO, TAEKGYU HWANG AND DONG YOUP SUH

Let (M,w) be a 6-dimensional closed symplectic manifold with
a symplectic S'-action with MS # () and dim MS" < 2. Assume
that w is integral with a generalized moment map p. We first prove
that the action is Hamiltonian if and only if b3 (M,eq) = 1, where
M,eq is any reduced space with respect to p. It means that if
the action is non-Hamiltonian, then b}'(Mrcd) > 2. Secondly, we
focus on the case when the action is semifree and Hamiltonian.
We prove that if M*° " consists of surfaces, then the number &k of
fixed surfaces with positive genera is at most four. In particular,
if the extremal fixed surfaces are spheres, then k is at most one.
Finally, we prove that k # 2 and we construct some examples of
6-dimensional semifree Hamiltonian S!-manifolds such that MS’
contains k surfaces of positive genera for k = 0 and 4. Examples
with £ = 1 and 3 were given in [L2].

1. Introduction

Let (M?",w) be a 2n-dimensional closed symplectic manifold with a sym-
plectic S' action. Many mathematicians tried to find some conditions on M
which make a symplectic circle action Hamiltonian. One easy condition is
that M is simply connected. Then any closed 1-form is exact, so any sym-
plectic circle action is Hamiltonian. In 1959, Frankel discovered a condition
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Program through the National Research Foundation of Korea(NRF) grant funded
by the Ministry of Education(2013R1A1A2007780).
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in terms of the fixed point set in the Kahler category. The following theo-
rem will be referred as Frankel’s theorem throughout. Since any Hamiltonian
action on the compact space has a fixed point, the only if part is trivial.

Theorem 1.1 ([E]). Assume that w is a Kdhler form and the circle action
is holomorphic. Then the symplectic S* action is Hamiltonian if and only if
it has fixed points.

Ono extended Frankel’s theorem to the case when (M?", w) is symplectic
and satisfies the Lefschetz condition, i.e., Aw” ! induces an isomorphism
from H'(M,R) to H*~1(M,R). Kihler manifolds are well-known to satisfy
the Lefschetz condition. See [McS] p.154 or [O].

Unfortunately, Frankel’s theorem does not extend to the symplectic cat-
egory in general. In 1988, McDuff [McI] proved that Frankel’s theorem holds
for 4-dimensional symplectic manifolds. But she also found a 6-dimensional
manifold with a symplectic non-Hamiltonian S* action whose fixed point set
is not empty. In her example, all fixed components are 2-tori and all reduced
spaces are diffeomorphic to the 4-torus. Other such kind of examples are still
unknown. See also [K].

As McDuff showed, the existence of fixed points does not guarantee that
the symplectic circle action is Hamiltonian. But Frankel’s theorem can be
extended to the symplectic category under some additional conditions . For
example, Tolman and Weitsman [T'W] considered semifree circle actions on
closed symplectic manifolds with finite fixed points. They proved Frankel’s
theorem using the localization theorem for equivariant cohomology. In |Gol
and [LO], more about Frankel’s theorem is discussed under some other con-
ditions.

In this paper, we assume that the cohomology class [w] is integral so
that there exists a generalized moment map s : M — S'. The generalized
moment map was introduced in [Mcl]. We give the definition by Audin [Aul]
in Section [2| The symplectic reduction M; := p~1(t)/S! carries natural ori-
entation induced from the symplectic form. Recall that b3 of an oriented
closed 4-manifold is defined to be the maximal dimension of the subspace of
H?(M,R) on which the cup product is positive definite. The reduced space
may be an orbifold, but Poincaré duality for orbifolds is enough to define b3 .
We state our main theorems.

Theorem 1.2. Let (M,w) be a 6-dimensional closed symplectic S*-manifold
with generalized moment map p: M — S*. Assume that the fived point set
is not empty and the dimension of each component is at most 2. Then the
action is Hamiltonian if and only if b;(Mg) =1 for any reqular value £ of .
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Theoremlmphes that if the action is non-Hamiltonian, then by (M) >
2 for some, hence every, ¢ € S'. We prove Theorem [1.2] in Section I using
a result of [Lin|. In the following theorem, we assume that the action is
semifree. An S! action is called semifree if it is free outside the fixed point
set.

Theorem 1.3. Let (M,w) be a 6-dimensional closed symplectic S*-manifold
with generalized moment map. Suppose the action is semifree and the fized
components are all surfaces, so that all reduced spaces are diffeomorphic as
smooth manifolds. Then the reduced space Myeq is diffeomorphic to an S?-
bundle over a compact Riemann surface X, of genus g if and only if the
action is Hamiltonian. Moreover, if the action is Hamiltonian, the number
of fized surfaces with positive genera is at most four and cannot be equal to
two. In particular, if the extremal fixed surfaces are spheres, then this num-
ber is at most one. If the number is four, then all genera of the four fixed
surfaces are equal to g.

Note that if the action is semifree and M5’ is isolated, then M = $2 x
52 x §% and |M®'| = 8 as in [TW]. On the other hand if MS" consists of
surfaces, we will see in Section [7]that the number of fixed components can be
arbitrary. But the number of fixed surfaces with positive genera is bounded
by four by Theorem

Since any ruled surface has b;r =1, Theorem implies the first state-
ment of Theorem However, to get the second part of Theorem we
need a different approach for the proof of the first part of Theorem We
need to study the change of the reduced symplectic form w; and the Euler
class e on H?(M,eq) when w; and e pass through a critical level.

Note that if the action is semifree, Hamiltonian, and M*°" consists of
surfaces, then any reduced space M,qq with respect to the moment map is
diffeomorphic to an S?-bundle over ;. Indeed, if all fixed components in
non-extremal levels of the moment map are of codimension 4, the diffeo-
morphism type of the reduced space does not change when passing through
a critical level. Moreover, the reduced space at a critical level is a smooth
manifold. (See [McI] or [GS].) Therefore in order to find the diffeomorphism
type of M,eq, it is enough to look at the reduced space near the minimum.
The regular level near the minimum is an S3-bundle over the minimum, so
M,eq is a ruled surface.

To prove Theorem we use the fact that each fixed surface is a sym-
plectic submanifold of the reduced space at the level in which the fixed
surface lies. This will be treated in Section [5l and Section [6l
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In Section |7, we construct several examples of semifree Hamiltonian S'-
manifolds. In [[.2], Li constructed some semifree Hamiltonian S!-manifolds
such that MS" consists of surfaces. In her examples, the number of fixed
surfaces with positive genera could be one or three. In Example [7.11], we
construct a family of examples of Hamiltonian S'-manifolds whose fixed set
consists of four surfaces with nonzero equal genus and any number of spheres.
We also construct an example with N fixed spheres for any N > 4 in Exam-
ple [7.13] Therefore, the upper bound on the number of fixed surfaces with
positive genera is optimal and there is no constraint on the number of fixed
spheres. The construction follows that in [L2]. To construct such Hamil-
tonian S'-manifolds, we first construct local pieces which are obtained by
the methods of Guillemin and Sternberg [GS], namely simple cobordisms
between reduced spaces, and then glue them together. A symplectic struc-
ture on the ruled surface is said to be compatible with the ruling if all fibers
are symplectic. Since two cohomologous symplectic forms on the same ruled
surface which are compatible with the ruling are isotopic [LM], we only
need to check that two pieces have the same Euler class and cohomologous
symplectic form on the gluing region. We discuss this in Section [7] in more
detail.

In Section 2| we give a brief review about symplectic circle actions with
generalized moment maps. In Section [3] we introduce results about symplec-
tic structures on ruled surfaces due to Li and Liu [LL], and study symplecto-
morphisms on ruled surfaces. In Section 4] we give the proof of Theorem
In Section [f| and [6] we give the proof of Theorem

Remark 1.4. Here is a remark on the sign convention. In [Mc1], McDuff
regards the symplectic form w on C™ as ), dx; A dy;, moment map H as a
map satisfying ixw = dH for the fundamental vector field X of the stan-
dard diagonal action, the Euler class of each level set as —da where « is
a connection 1-form on a level set, and the gradient flow of H as JX. In
contrast, in [Aul, [L1] and [L2], they assume that the symplectic form on C"
is Y, dy; A dz; so that all information has opposite signs, i.e., they use the
symplectic form —w where w is the one that McDuff used. In this paper, we
use the sign setting of [Au| and [L1].

2. Background

In this section we give some basic materials needed to state and prove the
main theorems.
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Let M?" be a smooth closed connected manifold. A 2-form w on M is
called symplectic if it is closed and non-degenerate. Since w is non-degenerate,
(M,w) has a natural orientation given by [, w™ >0. We call such pair
(M, w) a symplectic manifold. An S'-action on (M,w) is called symplectic if
it preserves the symplectic form w. Let X be the fundamental vector field of
the S'-action. Then the condition that the action is symplectic is equivalent
to that ¢ xw is closed by Cartan’s formula. Furthermore, if i xw is exact, we
say the action is Hamiltonian. If the action is Hamiltonian, there exists a
function H : M — R satisfying ¢ xw = dH which is called a moment map of
the action. It is a well-known fact that H is a perfect Morse-Bott function.
Note that the critical point set of H is equal to the fixed point set M5".
Since M is compact, the fixed point set is not empty.

Choose an S'-invariant w-compatible almost complex structure J so that
g(+,-) =w(J-,-) defines a metric on M. Then —JX is the gradient vector
field of H with respect to the metric g. By Morse Theory, for any closed
regular interval [a, b], the gradient flow of H gives an isotopy from H~!(a)
to H~1(b). Furthermore, all critical points have even indices. In particular,
every level set of H is connected.

Now assume that the cohomology class [w] is integral in H?(M,R). Then
ixw is also integral so that we can define a map p: M — S! as follows (See
[McI] and [Aul). Choose any point zg in M and define u(x) = ffo ixw. For
any paths o1 and oy from xg to z, the difference of their path integrals
fUl IxWw — f02 ixw is an integer, so u is well-defined as an S'-valued func-
tion p: M — R/Z = S'. This map is called a generalized moment map. A
generalized moment map p satisfies many properties of the moment map.
Locally p satisfies the equation ixw = du. Note that for an w-compatible
almost complex structure J, the infinitesimal action of the vector field —JX
determines an orientation of S! = R/Z, which we call the induced orienta-
tion with respect to the S'-action. Therefore we can define the index of the
critical point. Note that if u can be lifted to an R-valued function, the lifted
map is the moment map of the given action. Hence the action is Hamiltonian.

Remark 2.1 (JR]). Given a Hamiltonian S!-action on (M, w), consider an-
other symplectic form w’ on M such that the given S'-action is symplectic
with respect to w’. Then the action is also Hamiltonian with respect to
w’. This follows from Proposition below, i.e., if we let Cy be a fixed
component which is sent to the minimum by the moment map with respect
to w, then any loop ¢ in M is homotopic to some loop in Cy. If we change an
Sl-invariant symplectic structure by w’ and j is a generalized moment map
with respect to ', then p. (o) should be zero in 71 (S') so that u can be
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lifted to an R-valued moment map. Thus, if we want to prove a symplectic
St-action on (M,w) to be Hamiltonian, it is enough to prove the claim with
the assumption that |w] is integral.

Proposition 2.2 ([R]). Let M be a compact connected Riemannian mani-
fold and f a Morse-Bott function with no critical manifold of index 1. Then,
there is only one connected critical manifold Cy of index 0 and m (M /Cp) =
0. In fact, for any loop o € (M), there is a homotopy from o to some loop
in Cy relative to the points in o (| Cy along the negative gradient flow of f.

Remark 2.3. By a Morse theoretic argument, if M is a differentiable mani-
fold of dimension n and if the Morse function f : M — R has no critical point
of index 1 or n — 1, then the number of connected components of f~1(t) is
constant for all ¢ € Imf C R. Moreover, the number of connected compo-
nents of a level set is equal to the number of connected components of M.
In particular, if M is connected, then every level set is connected. (See [Aul]
p.112)

The following proposition seems to be known to people, but it is difficult
to find proper references for the proof. We thereby provide the proof here.

Proposition 2.4. Let (M,w) be a connected closed 2n-dimensional sym-
plectic S*-manifold with integral symplectic form, i.e., [w] € H*(M,Z). Then,
there is a generalized moment map p : M — S such that u='(t) is connected
or empty for each t € S*. In particular, if the action is non-Hamiltonian,
then we have a generalized moment map p such that p='(t) is non-empty
and connected for all t € S'.

Proof. If the action is Hamiltonian, then g can be lifted to an R-valued
moment map ji. Therefore by Remark f~1(t) is connected or empty for
each t € R. Let m > max i — min g be an integer. For a covering map p :
R — St given by R — R/mZ, we get a generalized moment map y :=po i
which satisfies the condition of Proposition [2.4

Now assume that the action is non-Hamiltonian. Let p: M — S' be a
generalized moment map as defined before Remark Since all indices of
the critical points are even, there is no critical point of index 1 or 2n — 1
in M. This means that the number k of connected components of u~1(t) is
constant for all t € S'. We may assume k > 1. Note that x induces a group
homomorphism i, : 71 (M) — m(S) = Z.

We claim that Imu, = kZ C Z so that p can be lifted to the k-fold cov-
ering of S'. Fix a regular value tq € S' 2 R/Z and let L1, Lo, ..., Ly be the
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components of u~!(ty). For a sufficiently small €, consider a Hamiltonian
Stmanifold pu=1(S! — (to — €,to + €)) with boundary, regarding S — (to —
€,to + €) as a closed interval in R with moment map p. Note that p=1((to —
e, to + 6)) = ]_[LZ X (t() —€,t0+ 6). Then ,u_l(t() — 6) = ]_[LZ X (to — 6) is the
maximum level set of p and u=1(tg +¢€) =[] L; X (to + €) is the minimum
level set of p in pu=1(St — (tg — €, to +¢€)).

By Remark p~1(t) has k components for all t € ST — (tg — €, to +
€). Let M; be the connected component of u~1(S! — (tg — €,tg + €)) whose
minimum level set is L; x (t9 + €). Then M is decomposed by disjoint pieces
[T Li x (to — €,to + €) and [ M;. If the maximum level set of M; is L; x (to —
€), then it implies that there is no path in M from L; X (tg —€,tg + €) to
Lj x (ty — €,to + €) for any j # i, which contradicts to the assumption that
M is connected. So, the maximum level set is L, ;) X (to — €) for some o (i) #
i. By a similar argument, we deduce that o : [k] — [k] is a permutation cycle
of length k.

Choose any loop 7 : [0,1] = M with 7(0) = 7(1) = x such that u.([7]) #
0 in 71(S'). Without loss of generality, we may assume that x € L;. If 7 goes
around along the orientation preserving direction, then 7 passes through
each L; for all ¢ =1,...,k and the numbers of intersection points with L;
are all equal by the previous argument. So, u.([7]) =0 (mod k). We need
the following lemma to finish the proof of the claim.

Lemma 2.5. Let (M,w) be a connected closed symplectic S*-manifold.

(i) Suppose the action is Hamiltonian with moment map p: M — R. Let
r be a regular value of i in R. For any points x,y which lie in p='(r)
and for any path a connecting x and y in M, « is homotopic to a path
in w1 (r) relative to x and y.

(ii) With the same assumption, for any points x in the minimum level
set and y in the mazimum level set of p, any path from x to y is
homotopic to some path B :[0,1] — M relative to x and y such that
o B is non-decreasing.

(iii) Suppose the action is non-Hamiltonian with a generalized moment map
p: M — S'. Then any loop in M is homotopic to some loop vy : [0,1] —
M relative to the base point such that o~y is non-decreasing or non-
increasing with respect to the induced orientation on S'.

Proof. (i) For a regular value r € R with x,y € u~1(r), let a: [0,1] — M be
a path from x to y. Since [0, 1] is compact, we can find a partition 0 = a1 <
ag < -+ <ag =1 such that poaly, 4, > or <r and p(afa;)) =r for
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i=1,2,...,k— 1. Assume that p o alj, q,] > 7. Since p~1(r) is connected,
there is a path & from a(az) to a(ar) on = (r). Then 6 * a(, 4,] is a loop
at a(ay) such that p(0 * alf, 4,)) > r where * is the product of paths. By
Proposition this loop 4 * (g, q,] is homotopic to some loop in p(r)
by considering the manifold ;1 ~*([r,00)) and we can choose such homotopy
fixing 4. It gives a homotopy from the path a|,, 4, to some path on p(r)
such that a(a;) and a(az) are fixed. Similarly, we can find the homotopy on
each (a;,a;41) for all 4.

(ii) Let a be a path from x to y. Then we may choose a partition 0 =
a; < ag < - - <ag=1 such that po« is non-decreasing on (a;,a;+1), or
a(a;) = a(a;y1). In the latter case, we apply (i) to get a non-decreasing
path.

(iii) Consider the following diagram

where p is a universal cover of S 1 and M is the pull-back manifold for .
Then M is a Z-fold covering and a non-compact manifold.

For any loop « in M, there is a unique path lifting & on M for a given
starting point of a. Moreover g is a Morse function with critical points of
even indices on M. By (ii), we can get a path 7 which is non-decreasing
along the gradient flow of p. It is easy to see that v = w o~ is the loop we
want. ([

Now, back to the proof of Proposition If we choose any generalized
moment map p, we get a lifting i : M — S whose level sets are all con-
nected. If we regard the k-fold covering p of S' as a map R/kZ — R/Z,
then p is a local isometry and we have txyw = du = dp o dix = dji so that
satisfies the Hamiltonian equation locally. Hence 1 is a desired generalized
moment map. O

From now on, we assume that level sets of the generalized moment map
are connected. Assume that the symplectic S action on (M, w) is semifree,
i.e., it is free on M\Msl. Let p: M — S' be a generalized moment map.
For a regular value t € S! of u, the inverse image u~1(¢) is a (2n — 1)-
dimensional free S'-manifold so that u~1(¢t) — p~1(¢)/S?t is a principal S*-
bundle over p~1(t)/S!. Since the action is free on regular levels, u~1(¢)/S*
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is a connected smooth manifold with the induced symplectic structure. It
is called a symplectic reduction or reduced space of M at t, and denoted by
(My,w;) where wy is the reduced symplectic form on M;.

Assume that all fixed components in M are of codimension 4. Then all
reduced spaces at any level ¢ have the same diffeomorphism type (even if ¢
is a critical value, see [GS]) and we denote their representative by Meq. In
fact, all reduced spaces are isotopic to each other along the Morse flow. So
we may consider the set of all pairs (M;,w;) as an S'-parametrized family of
symplectic manifolds (Myeq, wt). Moreover, each fixed component X; is sym-
plectically embedded in the reduced space at the critical level containing X;.
When t varies in a regular interval (a,b) € S*, by the Duistermaat-Heckman
theorem, we have

(1) [we] = lwr] — e(t =) € H?(Myea, R)

where r,t € (a,b), e € H*(Myeq,Z) is the Euler class of the S'-bundle =1 (¢)
— Myeq (See [Au] or [DH]). Let s € S! be a critical value of u, and let
X1, ..., X} be the fixed components of codimension 4 contained in pu~!(s).
Then the change of the Euler class for the principal S'-bundle over M,qq is
given by

(2) esp =€+ Y D(Xy).

Xiep1(s)

Here, es_, respectively es4, denotes the Euler class at levels just below,
respectively above, the critical level s and D(X;) € H?(M,eq,Z) denotes the
Poincaré dual of [X;| € Hap—4(Mieq,Z). See |GS|] Theorem 13.2 for more
details.

Suppose that (M,w) is a non-Hamiltonian S'-manifold with a general-
ized moment map p: M — S'. Fix a regular value r. Then (M,w) can be
reconstructed as follows. Consider the pull-back manifold

(M,») 2R

b
(M, w) o st
where @ = 7*w. Let [tmin, tmax] C R be a closed interval such that p(tmin) =

P(tmax) = 7 and p([tmin, tmax]) is a generator of (S D). Let M’ be the preim-
age of [tmin, tmax] Dy @i Then (M’,&|pr) is a Hamiltonian S'-manifold with
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two boundary components M = [i ™ (tmax) and M_ = i~ (tyin). Note that
7|, , respectively m|p , is an Sl-equivariant diffeomorphism from M,
respectively M_, to p~1(r) and the induced map 7T|M+/Sl, respectively
wla/SY, is a symplectomorphism from M, /S!, respectively M_/S!, to
(u=1(r)/S*,w,) where w, is the reduced symplectic form at level r. Now,
define M’ = M'/¢ to be the quotient space where ¢ : M, — M_ is defined
by ¢ = 7|3 o7lu, -

Proposition 2.6. The above map 7|57, M’ — M induces an St -equivariant
symplectomorphism |55, /¢ M — M.

Proof. To show that |z /¢ is well-defined, we only need to check that
7|57 (z) = 7|37 (¢()) for any x € M. For x € My,

7l 5 (6(2)) = 7l 0wy o wla, ()

=T7|p_ o W\X/‘,{ o, (%) = 7|m, (x) = 7|57 ().
The rest of the proof is straightforward. O

So we can regard the closed non-Hamiltonian S!-manifold (M,w) as a
pair (M’, ¢) where M’ is a Hamiltonian S'-manifold with two boundary com-
ponents M, M_ which are the maximum and the minimum of the moment
map respectively, and ¢ is an S'-equivariant diffeomorphism which induces
a symplectomorphism on their reduced spaces.

3. Symplectic ruled surfaces

In this section, let (M, w) be a 6-dimensional closed symplectic S'-manifold
with a generalized moment map such that M,eq is a ruled surface. A ruled
surface is an S2-bundle over a compact Riemann surface ¥, of genus g.
Note that the structure group of an oriented S%-bundle over ¥, is SO(3)
whose fundamental group is Zs. So we can easily see that there are only two
diffeomorphism types in the set of oriented S2-bundles over Y40 the trivial
bundle £, x S? and the non-trivial one denoted by Es,. A ruled surface is
called rational if the base manifold is a sphere, and irrational otherwise. A
ruled surface with a symplectic structure is called a symplectic ruled surface.

A symplectic form on a ruled surface is said to be compatible with the
ruling (or with the fiber) if its restriction to the fiber is non-degenerate.
This means that the fiber of a ruled surface is a symplectic submanifold.
The following theorem is due to Li and Liu. Using this theorem, we may
assume that the fiber of a ruled surface is symplectic.
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Theorem 3.1 ([LL], [McS] p.448). Let 7: M — %, be a smooth S*-
bundle over a compact Riemann surface ¥,. For any symplectic form w
on M, (M,w) is symplectomorphic to (M,w") for some symplectic form w’'
which is compatible with the given ruling w. Moreover, we can assume that
this symplectomorphism acts trivially on homology.

Let (Myeq,wreq) be a symplectic ruled surface. We choose a basis of
H?(M,eq,7) as follows. When M,q is trivial, let u be the dual of the class
represented by a symplectic fiber pt x S2, and let v be the dual of the class
represented by a trivial section X, x pt such that [ M., U0 = 1. For the non-
trivial case, let u be the dual of the class represented by a symplectic fiber
and v be the dual of the class represented by a section with self-intersection
—1 with fM uv = 1. Note that fM u? = er v? =0 and fM wv =11in
the trivial case, and fM u? =0, fM v? = —Tand ered uv = 1 in the non-
trivial case.

We compute the first Chern class ¢1(Mieq) as follows. Let c¢1(Mieq) =
zu + yv for some x,y € Z. Let F = S? be the fiber representing the dual of
u, and B = 3, be the section of M,¢q representing the dual of v.

In the trivial case Myeq & X, X S2, the normal bundles v(F) and v(B)
in M are trivial.

/ c1(Mred)|F = / c1(Mreq) - u = / (zu+yv) -u=y.
F Mred Mred

On the other hand, ¢1 (Myed)|r = c1(TF @ v(F)) = c1(TF) = ¢1(S?%). There-
fore y = [ ¢1(Myeq)|F = 2. Similarly

/ c1(Mred)|B = / c1(Myea) - v = / (zu+yv) v =u.
B Mred Mred

On the other hand, ¢1(M,eq)|p = c1(TB @ v(B)) = c1(T'B) = ¢1(Xg4). There-
fore 2 = [ c1(Mred)|B = 2 — 2g. Hence

(3) C1 (Mrod) = (2 — QQ)U + 2v.

In the non-trivial case M,eq = Ex,, the normal bundle v(F) is trivial, but
the normal bundle v(B) is the complex line bundle whose first Chern number
is equal to —1. A similar computation shows that

2= / o1 (Myed) 1 = / e1(Mrea) - u = .
F M ea

e
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Since [5c1(Miea)|B = [ge1(TB @ v(B)) =1—2g,

1 —2g= / c1(Mrea)|B = / c1(Mreq) - v =2 —y.
B Mred
Therefore x = 3 — 2¢g and
(4) c1(Mieq) = (3 — 2g)u + 2v.

Now, assume that (M,w) is a 6-dimensional closed non-Hamiltonian
symplectic semifree S'-manifold with a generalized moment map j. Assume
M5 = ]_[f:1 X; where X;’s are connected surfaces for all 7, and assume that
the reduced space M,q is a ruled surface. By Proposition identify (M, w)
with (M’, ¢). Here, M’ is a Hamiltonian S'-manifold with two boundary
components M, and M_ with (M")S" = ]_[?:1 X, and ¢ : My — M_ is an
Sl-equivariant diffeomorphism described as in Proposition Because M,eq
is a ruled surface, M, and M_ are S'-bundles over the ruled surface M,qq.

Let e_, respectively e, be the Euler class of the S'-bundle M_, respec-
tively M. The S'-equivariant diffeomorphism ¢ : M, — M_ induces a sym-
plectomorphism M, /S' — M_ /S, still denoted by ¢. Then ¢*e_ = e, and
the Equation implies

(5) pre_ =e_+ Z D(X;)

In particular, if ¢ acts on H*(M;eq) trivially, then ), D(X;) = 0.

Proposition 3.2. Let M,oq be a ruled surface with basis {u,v} of H*(Myeq,
Z) as above. Let wy and wy be two symplectic forms on Mieq which are
both compatible with the ruling. Let v : (Myeq,w1) = (Myedq,w2) be a sym-
plectomorphism. Then 1 acts trivially on H?*(Myeq,Z) if Myeq 2 S? x S2.
If Myeg = S? x S2%, then ¢ acts on H*(Myeq,Z) either trivially, or v*u = v,
P = u.

Proof. First assume Mq = Fy, is a non-trivial S2-bundle. Then u? =0,
v?2 = —1, wv = 1. Let ¥*u = au + bv and ¢*v = cu + dv. Since v is a sym-
plectomorphism, it preserves the intersection form. Hence t*u? = (au +
b)? =0, P*v? = (cu + dv)? = —1, and Y*u - Y*v = (au + bv)(cu + dv) = 1.
The possible integral solutions are (a, b, ¢,d) = (1,0,0,1), (-1,-2,0,1), (-1,
0,0,—1), and (1,2,0,—1). Note that for any 2-dimensional submanifold
Z C Myeq, genus(Z) = genus(¢(2)).
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Assume (a,b,c,d) = (—1,—-2,0,1), i.e., ¥*u = —u — 2v and ¥*v = v. Let
Z be a symplectic 2-sphere which represents u. Apply the adjunction formula
to the 2-sphere Z so that

(6)  (Puw- P u, [Mrea]) = (c1(Mrea) - 9" u, [Mrea]) = 29(4(2)) — 2 = —2.

Here, LHS = (—u — 2v)? — ((3 — 2g)u + 2v)(—u — 2v) = 4 — 4g, which is im-
possible since g is an integer. Therefore (a, b, ¢, d) # (—1,—2,0,1). Similarly
(a,b,c,d) =(1,2,0,1) and (a,b,c,d) = (—1,0,0,—1) are not possible. This
proves the result when M;.q & By, .

Now assume Meq = X4 X S2. Then u? =0, v2 =0, and uv = 1. Hence
Y*u? = (au+bv)? = 0, v*v? = (cu+dv)? = 0, and Y*u - Y*v=(au+bv)(cu+
dv) = 1. Equivalently, ab =0, c¢d =0, and ad + bc = 1. The only possible
integral solutions are (a, b, ¢,d) = (0, £1,£1,0),(£1,0,0,+1),i.e. *u = twv,
Y*v = tu, or Y*u = tu, v v = L.

If (a,b,c,d) is (0,—1,—1,0) or (—1,0,0,—1), then the fiber cannot be
symplectic with respect to wsy. So, (a,b,c,d) # (0,—1,—1,0),(—1,0,0,—1).
Let Z be a symplectic surface of genus g which represents v. If (a,b,c,d) =
(0,1,1,0), then ¥*u = v,9¥*v = u. By applying the adjunction formula to
the surface ¥ (2),

(@ZJ*U : 711*1’» [Mred]> - <Cl (Mred) : ﬂ}*va [MredD = QQW(Z)) —2=29-2.

LHS = u? — ((2 — 2g9)u + 2v)u = —2. Therefore we get g = 0. Consequently
Y* =idif g > 1, and ¥* = id or Y*u = v and Y*v =wu if g = 0. O

If ¢ acts non-trivially on H?(M,eq), we say that M is twisted. If Myeq
is a ruled surface not diffeomorphic to S? x S?, we can parametrize the
cohomology classes of the reduced symplectic forms [w;] = c,u + dyv by ¢ €
S and ¢, d; are continuous on S*.

If Moeq = S? x 82, we can also parametrize the cohomology classes of
the reduced symplectic forms [w;] = c;u + dyv by t € S1. But in this case, ¢;
and d; may not be continuous at one point when M is twisted.

For each fixed component X, if we write D(X;) = a;u + b;v for a;,b; € Z,
then

(7) Zai:ZbiIO

(2

if Myeq 2 52 x S% or Myeq = S? x S? but M is not twisted.
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When M,eq = S? x S? and M is twisted, let e = au + bv. By and
Proposition [3.2 we have

®) butav=au+bv+d D(Xi)=(a+Y a)u+ D+ bv.

)

Hence from and , we always have the following equation

(9) > (ai+b;) =0.

(2

4. Proof of Theorem [1.2]

We start with the following theorem due to [Lin].

Theorem 4.1 ([Lin]). Assume that the action of a torus T' on a connected
closed symplectic manifold M is an effective Hamiltonian action of complex-
ity two with moment map ® : M — t*. And assume that for any reqular value
£ € t* of ®, the symplectic reduced space Mg = ®~1(€)/T has by = 1. Then
the Duistermaat-Heckman function f is log-concave.

Recall that the Duistermaat-Heckman function f : t* — R is defined to
be the symplectic volume f(§) = [ M w?lm Me/ 2, where Mg is the reduced
space at level { and we is the corresponding reduced symplectic form. Duis-
termaat and Heckman proved that f is a piecewise polynomial function and
that it is a polynomial on any open region U € t* consisting of regular values
of ®. We sketch the proof of Theorem in the case when T = S*.

Let I be an open interval consisting of regular values of ® and let e be the
Euler class of the S!-fibration over Mg for £ € 1. Note that e does not depend
on the choice of ¢ € I. Choose a fixed & € I. By (1)), [we] = [we,] — (€ — ).
By assumption, the reduced space M is of dimension 4, so the function f is
given by f(§) = fMé([w&] —e(€ — &))% The condition b = 1 implies that
there is a basis {u,v1,...,v} on H?(M¢, R) such that fMg u? =1, fM& v =
—1, and || M, Wi = / M, viv; =0 for all 4 # j. After expressing [we,] and e in
this basis, we can prove that f”f — f2 <0, so log f is concave on I. On
the other hand, an argument of Graham [Gr, Section 3] proves that log-
concavity holds near a neighborhood of the critical values. See Theorem
This proves that log f is concave on t*. For more details, see [Lin].

Let (M,w) be a 6-dimensional closed non-Hamiltonian symplectic S!-
manifold with a generalized moment map ® : M — S'. If the fixed point
set M°" is non-empty, Theorem states that the reduced space Mg =
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®~1(¢)/S! should have by > 2 for any choice of the generalized moment
map ® and the regular value £. Now we start the proof of Theorem [T.2] with
the following theorem due to Guillemin, Lerman, and Sternberg.

Theorem 4.2 (|[GLS, Theorem 5.2]). Let ¢ be a critical value of the
moment map ® : M — R and let € > 0 be such that the interval (¢ — €, ¢+ €)
contains no other critical value of ®. If fi and f_ are the Duistermaat-
Heckman functions associated with (c,c+ €) and (c — €,c), then

Fom b= Y e iy 0 (-9

i

where the sum is taken over all components Z; of MS" N ®~1(c), d; is half the
real codimension of Z; in M, and w;; are the weights of the Sl-representation
on the normal bundle of Z;. The symplectic volume vol(Z;) is defined to be
1 if Z; is a point.

Proof of Theorem[1.4. The only if part was proved in Section 5 in [Lin].
The idea is that the reduced space near the minimum is either a weighted
projective space CP? or a weighted CP!-bundle over the minimum fixed
component, and by (M) does not change when ¢ passes through a critical
level.

Conversely, assume that the action is non-Hamiltonian so that there is a
generalized moment map ® : M — S* which is surjective. Also, assume that
by (M¢) =1 for a regular value £ of ®. Since log-concavity of a real-valued
function is a local property, we may apply Theorem to @ so that the
Duistermaat-Heckman function f : S' — R with respect to ® is log-concave
on S'. Since every periodic concave function is constant, log f is constant
so that f is a constant function on S'. Hence it is enough to show that f
can never be a constant function if the fixed point set M5 is non-empty.

Let ¢ € S* be a critical value of ®. Firstly, let’s assume that @1 (¢) N M5
contains fixed surfaces Z1, ..., Z;. Since any isolated fixed point does not
contribute to the linear part of f. — f_ by Theorem the jump of the
Duistermaat-Heckman function near c¢ is given by

fom = =0+ 0 (1t =)

Since the action is assumed to be non-Hamiltonian, every index of Z; is 2 so
that the coefficient of ¢ is negative. In particular, the Duistermaat-Heckman
function f(t) is not constant on (¢ — €, ¢+ €). Hence it is a contradiction.



978 Y. Cho, T. Hwang and D. Y. Suh

Now, assume that there are only isolated fixed points 21, ...,z in ®~1(c)
N M5". Since the action is assumed to be non-Hamiltonian, the index of
each z; is 2 or 4. By Theorem the jump of the Duistermaat-Heckman
function near c is given by

k

PR < S S L
fr—f- ;mjwij(t )P+ 0 ((t=e)).

Note that Hj w;; is positive (negative, respectively) if z; is of index 4 (2,
respectively). So it seems to be possible that the coefficient of t? would
be zero if the set {z1,...,2;} contains index 2 points and index 4 points
simultaneously. To resolve this situation, set z = z; and let’s think of a new
symplectic S'-manifold (M,&), which is a sufficiently small S'-equivariant
symplectic blow up at z with exceptional divisor E. Note that the symplec-
tic blow up keeps unchanged everything away from the blown up point z.
Therefore, ® induces a generalized moment map ® : M — S', which coin-
cides with ® when restricted to the complement of E. In particular, the
Duistermaat-Heckman function f for @ is log-concave and satisfies Theo-
remm so f should be constant. The fixed point set lying on the exceptional
divisor F consists of either three points or one point and one sphere. In any
case, E contains an isolated fixed point w with ®(w) # ¢. More precisely, let
(C3, 21, 22, 23) be an equivariant Darboux coordinate chart near z with the
standard symplectic form wg; on C? so that the action is given by

t- (21, 29, 23) = (tpzl,tng,tTZ3), t e Sl

for some (p,q,r) € (Z — {0})? with a moment map
_ 1 2 2 2
O(z1,22,23) = ©(2) + 5 (plz1]” + al22l” + 7l28]7).

Now, let ((Eg, @) be the Sl-equivariant symplectic blow-up of size e, i.e.
(CE = {([wl,wg,wg], (21,22,23)) S (CP2 X (C3 | ZiWj = z2;W;, Vi,j =1, 2,3}

with the induced action given by

t- ([wl, wg,wg], (2’1,2’2, 23)) = ([tpwl,tqwg,trwg], (tpzhtqZQ,tTZg)) S @
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Note that the size € of symplectic blow up means an induced symplectic
structure w. on C3 is given by

We = MWt + € - ToWERS

where 71 : C3 — C3 is a blow-down map, 7o : C3 — CP? be the canonical
projection, and wrg is the Fubini-Study form on CP?2. Hence the correspond-
ing moment map ® on (C3,&,) is

= _ plwi|® + glwa|? + rws|?
O([wr, wa, ws), (21, 22, 23)) = ®(21, 22, 23) + € - wn Pt [0 T Jws]

In particular, there is an isolated fixed point w on the exceptional divi-
sor B = {([wy,ws,ws],0) € C3}, which is one of three points ([0,0,1],0),
([0,1,0],0), and ([1,0,0],0). In any case, we have ®(w) # ®(z). Since the
value ®(w) depends on the size € of the symplectic blow up at z, we can
choose this size small enough so that the level set $~*(®(w)) does not con-
tain any other fixed point. If we apply Theorem to the level ¢ = ®(w),
then the jump of the Duistermaat-Heckman function near ¢’ with respect to
® is given by

fr— 1= (t=d)P?+0((t- <))

1
Hj wj

where w;’s are the weights of the Sl—representation at Tw]\7 . Hence the
coefficient of ¢ is non-zero, which contradicts that f is a constant. It finishes
the proof. O

5. Proof of Theorem [1.3| : The trivial fibration cases

We first prove the following proposition which is the first statement of The-
orem [L.3] for the trivial fibration case using a different approach from The-
orem

Proposition 5.1. Let (M,w) be a 6-dimensional closed symplectic semifree
S-manifold with non-empty fized point set M5 consisting of surfaces. Let
p: M — S* be a generalized moment map. If Myeq is diffeomorphic to £y x
S2, then the action is Hamiltonian.

Proof. Recall that the orientations on M and M,.q are given by w so that w3,
respectively wfed, represents a positive volume form on M, respectively Mqq.
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Let M5 = ]_[f:l X; where X, are connected surfaces. Since the reduced
spaces are all diffeomorphic to ¥, x S2, for each t € u(M) C S, we can
identify p=1(¢)/S* with (X, x S%,w;) where w; is the reduced symplectic
form at level t. Let u and v be the basis of H?(Mq,7Z) as chosen in
Section (3| after Theorem m Then u? =0, uv =1, and v> = 0. Now the
cohomology class of w; can be written as [w;] = ciu + dyv € H?(Myeq, R) for
¢, dp € R. Note that if p is surjective, as was mentioned in Section (3] ¢;
and d; are continuous on S! if Myeq 2 S? x 52, and they may be discon-
tinuous at at most one point in St if Myeq = 5% x S2. Since fo [wi]? > 0,
we have ¢;d; > 0 for all ¢ € int(u(M)) C S*. Therefore ¢; and d; are non-
vanishing in the interior of (M), and since u(M) is connected, the signs
of ¢; and d; in int(u(M)) do not change. By Theorem [3.1} (M}, w;) is sym-
plectomorphic to some (M,eq,w’) which is compatible with the fiber and
[wi] = [w'] € H?*(Myeq), 5O pixs2 wt = di > 0. Therefore we get

(10) ¢ >0, dy>0, Vteint(u(M)).

For a fixed component X;, let D(X;) = a;u + bjv where a;,b; € Z. Let
s = u(X;) be a critical value. Then X; is a symplectically embedded surface
in (3, x 5%, w;). By Poincaré duality,

(11) / wg = / D(X;) - ws = a;jds + bics > 0.
X M:ea

In particular, at least one of a; and b; should be positive.

By (3)), the first Chern class is ¢1(Myed) = (2 — 2g)u + 2v. By the adjunc-
tion formula @, D(X;)? — ¢1(Myeq) - D(X;) = 2g; — 2 where g; is the genus
of the embedded surface X;. Hence

(aiu 4 biv)? — (a;u + bv)((2 — 29)u + 2v) + 2 = 2g;.
Therefore, we get

(12) (ai = (1—=g))(bi—1)=gi — g

CASE 1: g > 1

If g # g;, by , bi#land a; =1+ % - bv’b_ilg. If we assume b; < 0,
then a; < 1 and thus a; is non-positive, which contradicts . Therefore,
b; > 0. If g=g;, then a; =1—g or b; = 1. Since g > 1, we have a; <0 or
b; =1.By , b; > 0. In any case, b; is non-negative for each ¢. If we assume




Semifree circle actions on symplectic manifolds 981

that the given action is non-Hamiltonian, then b; = 0 for all ¢ by . Hence
by , all a; should be positive, which contradicts .

CASE 2: ¢g=0

In this case, Myeq = S x S2. As discussed in Section M can be

twisted. So, the parametrization of w; may not be continuous at one regular
value rg € S'. Define a function f on u(M) by

(13) £(6) = Slmin(ee, d)].

Even though ¢; and d; might not be continuous at r¢ for twisted M, f is
well-defined at rg. Note that from , we have

d d
14 —e = — )
(14) et dtctu+ dtdtv

We claim that f is a non-increasing step function defined on a finite com-
plement of p(M). This is divided into Lemma [5.2] to

Lemma 5.2. The function f is locally constant, and defined on pu(M)
except possibly at finitely many points. In particular if f is not defined
at a point r in a regular interval (o, ) C p(M), then f is well-defined on

(@, B) = {r}.

Proof. The functions ¢; and d; are linear on ¢ in every regular interval of
(M) C St by the Duistermaat-Heckman theorem . Hence the derivatives
¢; and dj are locally constant in a regular interval, and so is f. Therefore in
a regular interval (a, 8) C u(M), either ¢; = dy, or ¢; = d; possibly at only
one point 7 in («, ). Therefore the function min{¢;, d;} is differentiable on
(a, B) except possibly at one point r where ¢, = d,., but ¢; # d;.

On the other hand, ¢; and d; may not be differentiable at critical values
of p. Therefore there are only finitely many points of (M) where f(t) =
%[min(ct, dy)] is not defined. O

Lemma 5.3. If f(t) is not defined at a regular value r of u, then for a
sufficiently small e,

flr—e) > f(r+e.

Proof. Let r be a regular value on which f is not defined. For a small e,
choose t; € (r —e,r) and ta € (r,r +¢€). If min(c¢;, d) = ¢; on (r — €,7), then
min(c, d;) should be dy on (r,7 + €). This happens when the d} is smaller
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than ¢} on (r — €,7 + €). This means that f(t;) = ¢; > f(t2) = dj. Therefore
f decreases when it passes through the level g~!(r). Similarly, we can prove

that f decreases when it passes through the level 4 ~1(7) in the case when
min(ct, dt) = dt. O

Let s be a critical value of u, and let MS" N = (s) = H,’f:l X; where X;
is a fixed surface with genus g; fori =1,...,k. By and , we can easily
see that

k k
(15) €ste = €5 + <Z ai> U+ <Z bZ) .
i=1

=1

where ezt is the Euler class of the principal S'-bundle over M i, for a
sufficiently small e. Therefore by ,

1) = (Y] i d =i~ (3on).
i=1 =1

By equation , we have
(17) (@i = 1)(bi — 1) = g;
for all ¢. So if X; has genus g; > 0, then
(18) a; >2, b >2
since one of a; and b; is positive by . If g; =0,
(19) a;=1 or b =1

Now, assume that f is not defined at s. Then we have three possibilities;
cs < dg, cs = dg, or cs > ds. Choose a sufficiently small € > 0 so that f is
definedon s —e<t<sand s<t<s+e.
Lemma 5.4. Assume cs < ds so that f(t) = ¢} on (s —€,s+ €) — {s}. Then

f(s—¢€)> f(s+e).

The equality holds if and only if g; =0 and a; = 0,b; =1 for all . If g; > 0

for some i, then f decreases by at least 2 when it passes through the critical
value s.
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Proof. If g; > 0, then a;,b; > 2 by . If gg =0, then a; =1 or b; =1
by.Ifbizlandai<0,by,

0 < a;jds + bics = a;ds + ¢cs < a;ds + ds < dg(a; + 1) <0,

which is a contradiction. So, if b; = 1, then a; must be non-negative. There-
fore if ¢5 < dg, then a; is non-negative for all i. Note that by , f decreases
by Zle a; when it passes through the level ;1 ~!(s). Hence we are done. [J

Similarly, we have
Lemma 5.5. Assume cs > ds so that f(t) = d} on (s —€,s+¢€) — {s}. Then
fs—e) = f(s+e).
The equality holds if and only if g; =0 and a; = 1,b; =0 for all i. If g; > 0

for some i, then f decreases by at least 2 when it passes through the critical
value s.

Remark 5.6. Different from the case when g > 1, if a; = 1, then b; may
be negative in Lemma Similarly, if b; = 1, then a; may be negative in
Lemma,

Lemma 5.7. Assume cs = ds. Then

fls—e¢)> f(s+e).

In particular, a;,b; > 0 and one of a; and b; is positive for all i. If g; > 0
for some i, then f decreases by at least 2 when it passes through the critical
value s.

Proof. If g; > 0, then a;,b; > 2 by . If gg =0, then a; =1 or b; =1

by . On the other hand, 0 < a;ds + bjcs = cs(a; + b;) by . Therefore
if a; = 1, then b; > 0. Similarly, a; > 0 if b; = 1. Hence

k k
(20) d ai>0, ) b >0
=1 1=1

Hence ¢} and d; do not increase when they pass through the critical value s

by .
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Assume that ¢; < d;on (s — €,5). Then f(t) = ¢}, > dj on (s — €, s). Hence
f(t) does not increase when it passes through s. Similarly, f does not increase
in the case when ¢; > d; on (s — ¢, s).

If ¢, = d; on (s — €, 5), since ¢} and d; do not increase when they passes
through s by and , f does not increase. O

Now, back to the proof of Proposition [5.1] By the previous lemmas, f
is a non-increasing step function on the complement of a finite set in p(M).
Assume the action is non-Hamiltonian so that p is surjective. Then f is
defined on S! except at finitely many points. Since f is a non-increasing
function, f should be constant. By Lemma [5.4] Lemmal5.5] and Lemma
g; =0 and a; + b; > 0 for all ¢. This contradicts @ Hence the S'-action
should be Hamiltonian. This proves Proposition [5.1 U

Now, let (M,w) be a 6-dimensional closed Hamiltonian semifree S!-
manifold with moment map p: M — [tmin, tmax] C R. Assume that M st
consists of surfaces. Let ¥, and X,.x be two fixed components such that
1(Emin) = tmin and p(Xmax) = tmax. Note that Xpi, and Yy« are diffeomor-
phic to the Riemann surface ¥, of genus g. We give a basis of H?(Myeq, Z)
as follows. By Morse theory, the level set x~!(r) near the minimum of
is an S3-bundle over Yy, and St acts on p~!(r) fiberwise. Therefore the
S3-bundle =1 (r) — Ein induces an S2-fibration 7 : Myeq — Smin. By The-
orem [3.1] we may assume the reduced symplectic form w, to be compatible
with the ruling given by 7. Let u be dual to the class represented by a sym-
plectic fiber F. When M,eq is trivial, let v be dual to the class represented
by the base B = [¥, x pt] so that [, uv = 1. For the non-trivial case, let
v be dual to the class represented by a section with self-intersection —1 with
/ .., wo = 1. Then v and v form a basis of H?(M,eq,Z) and we can express
[wi] = cru + dyo for all t € (tmin, tmax)-

Remark 5.8 ([L1]). Consider the S3-fibration u=!(r) — Yax near the
maximum of p. It also induces an S?-fibration 7 : Mieq — Smax. Similarly,
we can choose a basis u/, v’ of H?(Meq,7) with respect to 7' as above. If
Mreq 2 S? x S?, then we can show that u = v’ and v = v in H?(Myeq,Z).
In the case when Meq = S? x S2, there are only two possibilities; v = u/,
v=2v,o0r u=2v and v=1'. If u=1' and v =1', we say that M is not
twisted. If uw=1" and v =/, we say that M is twisted. If M is twisted,
then the isotopy between the reduced spaces near the minimum and the
maximum along the Morse flow maps a fiber of M;oq — Ymin representing
the dual of u to a section of M;eq — Xmax representing the dual of v/, and a
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section of M..q — Ymin representing the dual of v to a fiber of Myoq — Zmax
representing the dual of u’. See [L1] for more details.

To prove the second statement of Theorem in the trivial fibration
cases, we need the following lemma due to Li.

Lemma 5.9 ([L1]). Let (M,w) be a 6-dimensional closed Hamiltonian
semifree S*-manifold with moment map pu: M — R.

i) If the minimum is a surface ¥, with the first Chern number of its
normal bundle equal to bumin, then the reduced space M,.q near the
minimum is diffeomorphic to Sy x S? if and only if bmin = 2k is even,
and it is diffeomorphic to Ex, if and only if byin = 2k + 1 is odd. In
either case, the Euler class of the principal S*-bundle over M,.q near
the minimum is ku — v.

ii) If the mazimum is a surface ¥, with the first Chern number of its
normal bundle equal to bm.x, then the reduced space M,.q near the
mazimum s diffeomorphic to X4 X S? if and only if byax = 2k’ is even,
and it is diffeomorphic to Es, if and only if bmax = 2K' + 1 is odd. In
either case, the Euler class of the principal S*-bundle over M,eq near
the mazimum is —k'u + v if Mg 2 S? x S? near the mazimum. In
the case when Meq =2 S? x S? near the mazimum, the Euler class of
the principal S'-bundle over M,eq near the mazimum is —k'u + v or
—K'v+ u.

Proposition 5.10. Let M be a 6-dimensional closed Hamiltonian semifree
St-manifold whose fized point set consists of surfaces, and let p: M —
[tmin, tmax] C R be the moment map. Suppose Myeq is diffeomorphic to X4 x
S2. Then the number of the fized surfaces with positive genera is at most
four. If the maximal fized surface is a sphere, then there is at most one fized
surface with positive genus. Moreover if there are four fized surfaces with
positive genera, these genera are all equal to g.

Proof. Let MS" = [, Xi be the set of fixed surfaces, and let g; be the genus
of X; for each i. Let D(X;) = a;u + b;v for each i, where {u, v} is the basis
of H%(M,eq,7) as mentioned before Remark Let ¥1iq denote the subset
of M*' consisting of non-extremal fixed surfaces, ¥, the minimal fixed
surface, and X ,.x the maximal fixed surface.

We first prove the case when g > 1. Then b; > 0 for all ¢ by the proof of
Proposition For a principal S*-bundle =1 (r) — M,eq for a regular value
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r € S1, let emin be the Euler class of principal S'-bundle near the minimum
of 1 and emax be the one near the maximum of . By ,

€max = €min T Z D(Xz)
X;C¥mia

By Lemmal[5.9] emin = ku — v and epay = —k'u + v for some k, k' € Z. Hence

(21) > obi=2

XiC¥mia

Therefore, the possible values of b; are 0, 1, or 2. If b; = 0, then implies
that a; =1 — g;. Since a; and b; cannot be both non-positive by , a;
should be positive so that g; = 0. If b; =1, then ¢g; = g by . If b; = 2,
then b; =0 for all j # i by . Therefore there are at most two fixed
surfaces X; which have b; # 0 and are neither maximal nor minimal with
respect to p. So, the number of fixed surfaces which are interior with respect
to u and have positive genera is at most two. Counting with the minimal
and the maximal fixed surfaces, there are at most four fixed surfaces with
positive genera. In particular, if there are four fixed surfaces having non-zero
genera, then these genera are all equal to g.

We now prove the case when g = 0. In this case, M;eq = S? x S? and
b; may be negative as we mentioned in Remark So we need another
approach. Remember that [w] = c;u + dyv. Let F = pt x S? be a fiber of
Myed — Smin which represents the dual of u, and let B = S? x pt be a sec-
tion of Mieq — Xmin which represents the dual of v as mentioned before
Remark [5.8 Since the volume of the fiber tends to 0 and the volume of the
section B tends to the symplectic volume of the minimal fixed surface as t
approaches tmin,

0= lim wy = lim [we] - u= lim d;
t—tmin F t—tmin Mred t—tmin
and
0 < lim wy = lim [wi] -v = lim ¢.
t—tmin t—tmin t—tmin
B M:ea

So, ¢; > d; near Y. Then, near ¥, the value of the function f defined
in is equal to the negative of the coefficient of v of ey, by . By
Lemma emin = ku — v so that f(t) =1 near Y. Near Ypax, let F/ =
pt x S? be a fiber of Myeq — Ymax Which represents the dual of v and let
B’ = 82 x pt be a section of M;eq — Smax Which represents the dual of v/
as mentioned in Remark [5.8
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If M is twisted, then v = v" and v = v/ so that B’ represents the dual of
u and F' represents the dual of v. Therefore

0= lim wy = lim [we] v = lim ¢
T e Jpp t—ma
and
0 < lim wy = lim [we] -uw= lim d.
t—tmax / t—tmax —tmax
B Mred

Hence f(t) = %ct which is equal to the negative coefficient of u of e« near
Mpax- By Lemma emax = U — k’v for some integer k' so that f(t) = —1
near My ax-

If M is not twisted, then u = v’ and v = v’ so that B’ represents the
dual of v and F’ represents the dual of u. Therefore

0= lim wy = lim W] -u= lim d;
bt [ bt 01 E o
and
0 < lim w; = lim [we] v = lim ¢.
t—tmax / t—Tmax t—tmax
B M ea

Hence f(t) = %dt which is equal to the negative of the coefficient of v of
€max NeAr Lmay. By Lemmal5.9) emax = —k'u + v for some integer £ so that
f(t) = —1 near Ypax. So if Myeq = S? x S2%, then f(t) = 1 near X, and
f(t) = —1 near X ax.

Note that f is a non-increasing function, and if the fixed surface X;
has genus g; > 0, then f decreases by at least 2 when it passes through the
critical level containing X; by Lemmas and Hence there exists
at most one fixed surface X; with g; # 0. Since Y, and Y« are spheres,
there is at most one interior fixed surface X; with g; # 0.

To sum up, if Myeq = 3y X S? with g > 1, then there are at most four
fixed surfaces having non-zero genera in M. In particular, if there are four
fixed surfaces having non-zero genera, then these genera are all equal to g.
If Myeq = S? x S2, then there is at most one fixed surface having non-zero
genus. O

In fact, the number of fixed surfaces with positive genera cannot be two.
This will be proved in the next section. See Proposition [6.4
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6. Proof of Theorem [1.3] : non-trivial fibration cases

Let B, denote a non-trivial S 2 bundle over a Riemann surface ¥, of genus g.
In this section, we assume that M,q = Ey,. Let u and v be the basis of
H?(M,eq,7Z) chosen as in Section 3| so that ered u? =0, ered uwv =1 and

Moo v2 = —1.Let M5 = [ 1, Xi be the fixed point set consisting of surfaces,
and let D(X;) = a;u + b;v for each i. By Proposition we can parametrize
the classes of reduced symplectic forms by t € S so that [wi] = cru + dyv,
where ¢; and d; are continuous for all ¢t € p(M). By Theorem (3.1, we may
assume that the fiber F = S? is symplectic. Hence I pwt=dt > 0.

Before we prove Theorem [1.3] we make some remark on symplectic 4-
manifolds. A symplectic 4-manifold (M,w) is called minimal if it has no
symplectically embedded sphere with self-intersection —1. It is well-known
that any irrational ruled surface is minimal.

The following theorem due to McDuff tells us which cohomology classes
in H 2(.7\/.I'md,Z) can be represented by a symplectic form when M4 is a
non-trivial rational ruled surface, i.e., a Hirzebruch surface.

Theorem 6.1 ([Mc2], [McS|] p.204). Let Myeq be a non-trivial rational
ruled surface. For the basis {u,v} chosen above, there is a symplectic form
w on Myeq which is compatible with the given ruling with [w] = cu + dv if
and only if ¢ > d > 0.

Now, we prove the first part of Theorem for the non-trivial cases.

Proposition 6.2. Let (M,w) be a 6-dimensional closed symplectic semifree
St -manifold with non-empty fized point set M°" consisting of surfaces. Let
p: M — S be a generalized moment map. If Myeq is diffeomorphic to Es,,
then the action is Hamiltonian.

Proof. Let MS" = [, Xi be the fixed surfaces and g; > 0 be the genus of X;
for each i. Since the reduced space for u is diffeomorphic to Ex, for each
t € p(M), we can identify p='(¢)/S* with (Ey,,w;) where w; is the reduced
symplectic form at level ¢. Remember that D(X;) = a;u + bjv denotes the
class represented by the Poincaré dual of X; in H?(Ey, ,Z).

Since w; is the reduced symplectic form for every t € u(M) C St we have
/, Bs, [wi]? > 0. For each i, X; is a symplectic submanifold of the reduced

space at critical value s = u(X;). So we have Jp,, lws] - D(X;) > 0. Since
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Jpwi =di > 0, we have

(22) / (ctu + dﬂ))2 = (26,5 — dt)dt > 0<= 2¢ >d; >0,
Ezg

(23) / (csu + dsv)(aju + biv) = a;ds + bics — bids > 0.
Ezg

Recall that ¢1(Ex,) = (3 — 2g)u + 2v by (4)). The adjunction formula for
X; implies that

(aiu + biv)? — (azu + biv)((3 — 29)u + 2v) + 2 = 2g;.

Therefore
b;
(24) ai—g—(l—g) (bi—=1)=gi—g
If we use the substitution
b
O‘z—az_gv 51,—b17

d
"Yt:Ct_Etv 0 = dy,

the above expressions , , and are written in the following famil-
iar forms. (Compare with (10, (11), and (12)).

(26) O‘ids + 51’75 > 07
(27) (i = (1 =g)Bi—1) =g —g

In particular, and imply that «; and ; cannot be both non-
positive simultaneously. Since «; € %Z and (; € Z, the situation is different
from the previous section.

CASE 1: g > 1
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If g; # g, by Bi #1 and aizl—l—%—%g. Assume G; < 0.
Then Bf’il <0 and 59_% < 0. Since «; should be positive by , the only
possible value for «; is % Therefore, the Equation is written as

_291'*1
C2g—1"

Bi

Since (; is a negative integer and g > 1, we have g; = 0 and g = 1. So the only
possible case is «; = % and 3; = —1. Therefore a; = 0 and b; = —1 so that
X; is a sphere with D(X;) = —v and is symplectically embedded in Ey,.
This means that X; is an exceptional sphere in Fy,. Since any irrational
ruled surface is minimal, it is a contradiction. Therefore, 8; > 0.

If g; = g, then a; =1 — g or 5; = 1. Since g > 1, we have o; <0 or 3; =
1. By (26), 8; > 0. Hence if g > 1, then b; = §; > 0 for all i.

Now suppose that the action is not Hamiltonian. By , b; = 0 for all
1. So o; = a; — % = a; should always be positive for all 7 by . It contra-
dicts .
CASE 2: ¢g=0

Note that Theorem allows us to assume w is compatible with the
ruling. Hence by Theorem ﬂ, we have ¢; > d; > 0 for all t € u(M) C S*.

By , we have
(28) a;ds + bi(cs — ds) > 0,
which implies that a; > 0 or b; > 0 for each i. By , we have

(29) (i = 1)(B;i = 1) = gi.

In the case when g; = 0, wehaveay; = lor 5; = 1. If ; = 1l and b; = 3; <
0, then a; = % + a; < 1. Since a; is an integer, a; < 0 which contradicts ([28)).
Therefore b; = 5; > 0.

We now consider the case when ¢g; > 0. Assume 3; = b; < 0. Then q;
should be positive by . But by , a; < 1. Hence a; = % +a; < 1.
Since a; is an integer, it cannot be positive. It contradicts (28]).

Therefore b; > 0 for all 7. Now assume the action is non-Hamiltonian.
Then b; = 0 for all 7 by @, and a; > 0 for all ¢ by . It contradicts
again. U

Proposition 6.3. Let M be a 6-dimensional closed Hamiltonian semi-free
S-manifold whose fized point set consists of surfaces. Suppose Mg is dif-
Jeomorphic to Ex,,. Then the number of fived surfaces with positive genera is
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at most four. If the maximal fixed surface is a sphere, then so is the minimal
one and there is at most one fived surface with positive genus. If there are
four fized surfaces with positive genera, then these genera are all equal to g.

Proof. Let ey be the Euler class of the principal S'-bundle p~!(r) — M;eq
for some regular value r near the minimum value of u, and let epax be the
one near the maximum value of . By Lemma the Euler class of the
principal S'-bundle over M,cq near the minimum is ku — v and the Euler
class near the maximum is —k’u + v for some integers k and k’. By the proof
of Proposition b; > 0 for all i. Moreover ), b; = 2 by . So the only
possible values of b; are 0, 1 or 2.

Consider the case when g > 1 first. If b; = 5; = 0, then implies that
a; =1 — g;. Since «; and (; cannot be both non-positive by , «; should
be positive so that g; = 0. If b, = 5; = 1, then g; = g by . If b; = 2, then
b;j = 0 for all j # i by . By the previous argument, b; = 0 implies g; = 0,
and hence all X;’s are spheres for j # .

In the case when g = 0, the minimum and the maximum are 2-spheres.
If g; > 1, then 8; = b; > 2 by . Therefore b; = 2 and the other b;’s are
zero for j # i.

So, the number of interior fixed surfaces which have positive genera is
at most two. With the minimal and the maximal fixed surfaces, there are at
most four fixed surfaces with positive genera, and these genera are all equal
to g. Moreover, if the minimal and the maximal surfaces are spheres, then
there is at most one fixed surface with non-zero genus. O

The following proposition says that the number of fixed surfaces with
positive genera cannot be two. This finishes the proof of Theorem [I.3]

Proposition 6.4. There is no 6-dimensional closed semifree Hamiltonian
S-manifold such that MS" consists of surfaces and the number of surfaces
with positive genera 1s two.

Proof. Assume that there exists a closed semifree Hamiltonian S'-manifold
such that M5 consists of surfaces and the number of surfaces with positive
genera is two. Let p : M — R be the moment map with respect to the given
action. If the maximal fixed set is a sphere, then there is at most one fixed
surface with positive genus by Proposition [5.10] and Proposition So we
assume that the genus g of the extremal fixed surfaces is positive and the
interior fixed surfaces are all spheres. By Lemma the Euler class of the
principal S'-bundle p=!(r) — M,eq near the minimum is ku — v and the
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Euler class near the maximum is —&’u + v for some integers k and k’. Since

€max = €min T g

XiCZmia

by , there is an interior fixed sphere Z whose dual class is au + bv in
H?(M,eq,7) for some integer b # 0.

Let 1 : Z < M,eq be the inclusion and let 7 : M.q — X, be the given
fibration. Then the degree of the composition map f =moi:S? — X, is
not zero. Indeed, let o be the volume form on Y,. Since 7*c is zero on
the fiber F', we have ered [m*0lu = [, 7*c = 0. Hence [1*0] = cu for some
integer c. Recall that v is represented by a section s: ¥, — M;cq. Since
s*r* = (7r o s)*:id]Ha( ) 7* is injective. Therefore ¢ # 0. Now [, f*([o])=
[y (m = [,i*(cu) = [y, (au+bv)eu =be # 0. But f is a continu-
ous map S2 — Yg and hence it has degree zero. To see this, choose x,y €
H'(X,) so that xy€H2(2 ) is a fundamental class. Then f* (:cy) (@) f*(y)
= 0 since H!(S?) = 0. So we are done. O

7. Construction of 6-dimensional examples

In this section we construct some 6-dimensional closed Hamiltonian semifree
S'-manifolds whose fixed components are all surfaces. Example is the
case when MS" contains four fixed surfaces whose genera are non-zero, and
Example is the case when MS" consists of N fixed spheres for an arbi-
trary integer N > 4. Example implies that the maximal number of fixed
surfaces with positive genera is four and it is optimal. Example shows
that there is no upper bound on the number of fixed components while there
are exactly 8 fixed points in the case when M3 consists of isolated fixed
points. See [TW].

Let M be a closed Hamiltonian semifree S'-manifold with moment
map p. Denote the critical values of u by

minimum = ¢y < -+ - < ¢; < - -+ < ¢ = maximum.

For sufficiently small ¢ > 0, we can divide M into compact submanifolds
with boundary as follows:

p Hei — €,¢; 4 €] ¢ critical piece,

,u_l[ci + €,¢i+1 — €] : regular piece.
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Each piece is a Hamiltonian semifree S'-manifold with boundary. So, we
will construct these pieces and glue them together along their boundaries.
To construct regular pieces, we need the following proposition.

Proposition 7.1 ([McS|] p.156). For a given smooth manifold B, let I C
R be an interval and {w; }er be a family of symplectic forms on B such that

[wi] = [wr] = (t =7)e

fort,r € I where e € H?(B,Z). Moreover, let m : P — B be a circle bundle
with, first Chern class e. Then there is an S*-invariant symplectic form w on
the manifold P x I with moment map p equal to the projection P x I — I
whose reduced spaces are (B,wy).

Now, we will construct a regular piece using Proposition [7.1] The con-
struction is as follows. Let B = X, x S? and let I be a closed interval
in R. Let {u,v} be a basis of H*(B,Z) as in Section [3| Then any class
cu + dv with ¢ > 0 and d > 0 can be represented by a standard split sym-
plectic form cnjoy + dmj0o where 7y @ 3y X S2 Yy and o : X4 X 52 5 52
are the canonical projections and o1, oo are the normalized area forms on
¥, and S? respectively. Hence if we have {w; = eimfoy + dimios bier with
ct,dy > 0 for t € I satisfying [wy] = [w,] — (¢t — 7)e for some e € H*(B,Z),
then we can construct a Hamiltonian semifree S'-manifold (P x I,w) with
moment map p equal to the projection P x I — I and with reduced spaces
(B,w;) where P is the principal S!-bundle over B whose first Chern class is
e € HX(B,Z).

Next we construct critical pieces. First, we construct a Hamiltonian S'-
manifold with boundary such that there is only one fixed component B as a
minimal fixed set with respect to the moment map. The following proposition
is from [L2]. We give a proof for reader’s convenience.

Proposition 7.2 ([GS), [L2]). Let B be a compact Riemann surface with
symplectic form wg, and let E — B be a C?-bundle with first Chern number
(c1(E), B) = bmin € Z. Then there is a symplectic structure wg on a neigh-
borhood Ej5 of B in E such that wg|p = wp. Moreover, there is a Hamilto-
nian S action on Es, by shrinking it if necessary, such that B is the unique
fixed component and have the minimum value of the moment map.

Proof. Choose a Hermitian metric on E and consider the unitary frame
bundle F of E. It is a principal U(2)-bundle over B. If we choose a connection
on F, then it gives a projection TF — V' F' from the tangent bundle of F' to
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the bundle of vertical tangent vectors, and this gives the dual map ¢ : V*F —
T*F. Let wr be the canonical symplectic form on the cotangent bundle T F'.
Then w := *wr + 7*wp is a symplectic form on a neighborhood V' of the
zero section of V*F', where w: V*F — B is the composition of projection
maps. The cotangent bundle (T*F, wr) has a canonically lifted Hamiltonian
U (2)-action, and we may choose V invariant so that the U(2)-action on (V,w)
is Hamiltonian. Let ® : (V x C?, —w @ wy) — u(2)* be a moment map of the
U (2)-action, where wg; denotes the standard symplectic structure on C2, and
U(2) acts on C? in the canonical way. Define a Hamiltonian S'-action on
(V x C?, —w @ wg) such that it acts on the first factor trivially and acts on
the second factor as the standard diagonal action with a weight (1,1) with
respect to the orientation on C? given by wg;.

On a local trivialization chart ${ = UU; where U; C B, V*F' is locally
isomorphic to U; x U(2) x u(2)* and the moment map for the U(2)-action
on U; x U(2) x u(2)* is just the projection onto u(2)*. Therefore 0 € u(2)*
is a regular value of ® and we can identify F with

(30) E=F xp@ C*=o"10)/U(2).

Then the reduced symplectic form wg defines a symplectic structure on Fjy.
Note that the S'-action commutes with the U(2)-action on V' x C2. Hence
the S'-action descends to Ej, and the action is Hamiltonian with moment
map (2, 21, 22) = 5(|z1|* + |22|?) near the zero section of U; x C2. Therefore
Es is a Hamiltonian semifree S'-manifold with fixed point set B, and the
moment map g has the minimum at B. ]

Remark 7.3. By Lemma the Euler class emin of the principal S'-
bundle p=t(t) — p=1(t)/S! near the minimum value is determined by the
first Chern number byi,. Moreover, the above construction is valid for arbi-
trary bpin. Therefore we can construct such a critical piece Es with any
given epiy.

Similarly, we can construct a Hamiltonian S'-manifold with boundary
such that there is only one fixed component B as a maximal fixed set with
respect to the moment map with any given epax.

To construct non-extremal critical pieces containing fixed components
of index 2, we need the following theorem due to Guillemin and Sternberg.

Theorem 7.4 ([GS), Section 12]). Let (My,w) be a symplectic manifold,
X a symplectic submanifold of My, and 7 : P — My a principal S*-bundle
over My. Then for a given small open interval I = (—e€, €), there is a unique



Semifree circle actions on symplectic manifolds 995

semifree Hamiltonian S*-manifold My with moment map ® : M; — R sat-
isfying the following.

i) @ is proper and ®(My) = 1.
ii) For —7 < 0,® 1(—7) is S'-equivariantly diffeomorphic to P.

iii) For —7 < 0, the reduction of My at —7 is the manifold My with sym-
plectic form w + Tda where « is a connection 1-form on P.

iv) X is the only fized set of index 2 with respect to .

v) For T > 0, the reduction of M at T is the blow up, My of My along
X with symplectic form p, — *tda where . is the T-blow up form
and B is the blowing down map.

Here, the T-blow up form p, is a symplectic form on blown-up space of T-
amount.

Therefore, if we have a symplectic manifold (My,w), an integral coho-
mology class e € H?(My,Z), and a symplectic submanifold X C My, then
we can construct a non-extremal critical piece M with moment map w :
M — (—¢,€) such that M;eq = My, e— = e where e_ is the Euler class of the
principal S'-bundle ,u_l(—%) over Myeq, and M5 = X of index 2. Moreover,
such critical piece is unique up to S'-equivariant symplectomorphism.

Remark 7.5. Note that M; in Theorem [7.4] is constructed from P x I
by removing a small neighborhood U of 7=}(X) x I, and by gluing some
open set along the boundary of (P x I) — U. Moreover, this surgery does
not change the symplectic structure outside of U. Hence X need not be
connected. For more details, see [GS] Section 12.

It remains to glue these “local pieces” along their boundaries. Let (M, w)
and (N,w’) be two local pieces with moment maps pps : M — [a,b] € R
and pn : N — [b,c] € R. Let (My,w), respectively (Np,wy), be a reduced
space at b with respect to pps, respectively pupn. Assume that there is a
symplectomorphism ¢ : (Mp,wy) — (Np,wy) such that ¢*en = ey where en
is the Euler class of the principal S'-bundle uy'(b) and ey is the one of
par ().

Lemma 7.6 ([L2, Lemma 13]). The symplectomorphism ¢ induces an
St -equivariant diffeomorphism ¢ : puy; (b) — px'(b).
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In the case when the reduced spaces of local pieces are diffeomorphic to
a ruled surface, we need the following theorem.

Theorem 7.7 ([LM]). Let wy and wy be two cohomologous compatible
symplectic forms on a ruled surface. Then they are isotopic.

Combining Theorem [3.1] and Theorem we have the well-known the-
orem which classifies symplectic structures on a ruled surface.

Corollary 7.8. There is a symplectomorphism between two cohomologous
symplectic forms on a ruled surface. In particular, we may choose a sym-
plectomorphism which acts on homology trivially.

Hence if M = N is a ruled surface and if [w] = [w'] and ey = ejy, then
we can glue M and N along uy; (D).

Remark 7.9. Although what we need is existence, we can also think
about uniqueness. By a result of Gonzalez [Gon], a Hamiltonian S'-manifold
(M,w) is uniquely determined by its fixed point data up to equivariant sym-
plectomorphism when (Meq, {w;}) is rigid.

Definition 7.10 ([Gon]). Let B be a manifold and {w:} be a smooth
family of symplectic forms on B. The pair (B, {w:}) is said to be rigid if

(i) Symp(B, w¢)N Diffp(B) is path connected for all .

(ii) Any deformation between any two cohomologous symplectic forms
which are deformation equivalent to w; on B may be homotoped
through deformations with fixed endpoints into an isotopy.

According to Proposition 1.6 in [Mc4], (i) holds for (B = ¥, x 52, w;)
when ¢ > [g/2], where [w;] = au + bv. By Theorem 1.2 in [Mc3], (ii) holds
for any ruled surfaces. Combining these results, we can see that the follow-
ing examples with given data are uniquely determined up to equivariant
symplectomorphism.

Example 7.11. Let (Xmin, wmin) = (X4, 0) with g > 1, where o is the nor-
malized symplectic form on ¥,. Consider a trivial C2-bundle Ep;, over Eoin.
By Proposition there is a symplectic form on a small neighborhood of
the zero section of Fn, and a Hamiltonian S'-action with moment map
p with 1(Xmin) = 0. Then for a sufficiently small €, {z € Eyin | p(z) < €}
gives a minimal critical piece, still denoted by Fpin. By Lemma 5.9 we have
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the reduced space Myeq = 3y x S? and emin = —v, where {u,v} is the basis
of H 2(29 X SQ,Z) chosen in Section (3. Therefore, the boundary of F, is
symplectomorphic to a principal S'-bundle over (X4 X S? w.) whose Euler
class is —v and [w,] = u + ev.

Now, let P be a principal S'-bundle over Xy X S? whose Euler class is
—v, and let {w; = 0 + t7}4¢[,1—¢ be a family of symplectic forms on %, x S?
where 7 is the normalized symplectic form on S2. By Proposition ﬁ we
have a regular piece £ = (P X [¢,1 — €],w) such that [w;] = u + tv and it is
well-glued to Fy,, by Corollary [7.8]

For (£, x S%,0 + 1), P, and a submanifold X = ¥, x {p1,p2} for p; #
p2, we have a critical piece Ep;q for an open interval (1 — ¢, 1 + €) by Theo-
rem [7.4] It is easy to check that this critical piece can be well-glued to the
regular piece F.

Note that D(X) = 2v. Hence, the Euler class of the principal S!'-bundle
w1+ §) is v. Let @ be a principal S1-bundle over Yy X S? whose Euler
class is v, and let {w; = 0 + (2 — )T }ie[14c2-¢ be a family of symplectic
forms on ¥, x S2. Again by Proposition we have a regular piece £’ =
(P! x [14+ €2 —¢€],0') such that [w)] =u+ (2 —t)v. Of course it is well-
glued to Ep,;q by Corollary

Finally, consider a trivial C2-bundle over (X, o). By a similar construc-
tion of a minimal critical piece, except for considering a diagonal S'-action
on C? with weight (—1,—1), we have a maximal critical piece which can be
well-glued to E’. This finishes the construction.

This construction is summarized in Table [[l This Hamiltonian semifree
S1-manifold has the fixed point set consisting of four surfaces of genus g,
and Mg = X4 X S2. We choose K > g/2 to guarantee uniqueness.

Table 1: Fixed point set consists of four X,.

Mea = Xy x S%2, K > g/2
0<t<1l [w]=Ku+tv e=—v
t=1 X:ng{pl,pg} D(X) =2
1<t<2 [w]=Ku+2—-thv e=v

Similarly, we can construct a 6-dimensional closed Hamiltonian semi-free
S'-manifold M with information given in Table[2] In this case, M has a fixed
point set consisting of N spheres for any N > 1 and four surfaces of genus g.
Here Myeq = X4 X 52 with g > 1. Fix a positive number K > N + g.

Remark 7.12. Let (M,w) be a 6-dimensional closed Hamiltonian semifree
Sl-manifold whose fixed point set consists of N surfaces. Then with the
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Table 2: Fixed point set consists of four ¥, and IV spheres.

Mea=%yxS% K>N+g

0<t<2 [w]=Ku+tv e=—v
t=2 X1 :Eg X {pl,pg} D(Xl) = 2v
2<t<3 |w]=Ku+(4—-1t) e=n.
t=3 Xo={q1,...,qn} x 5 D(X3) = Nu

3<t<4 [w]=(K—-t-3)Nu+4d—-t)hv e=Nu+v

maximal and the minimal fixed surfaces, N should be at least 2. Examples
with N =2 and N = 3 were given in [LI] and [L2].

Example 7.13. This example shows that there is a 6-dimensional closed
Hamiltonian semifree S'-manifold M whose fixed point set consists of N
spheres for arbitrary N > 4, with M,.q = S? x S2. See Table

Table 3: Fixed point set consists of N spheres.

Meg=5%>x5% N>4

0<t<2 [w]=(N-=-3)u+tv e=—v

t= X1 = SQ X {pl,pg} D(Xl) =2v
2<t<3 Jw]=(N-=-3)u+A—-th e=v

t= Xo={q,...,qn_4a} x S? D(X3) = (N —4)u

3<t<d [w]l=(A—-ON-4H)+1Du+Ad—-t)hv e=(N—-4u+v
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