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Pseudoholomorphic quilts

KATRIN WEHRHEIM AND CHRIS T. WOODWARD

We define relative Floer theoretic invariants arising from “quilted
pseudoholomorphic surfaces”: Collections of pseudoholomorphic
maps to various target spaces with “seam conditions” in Lagrangian
correspondences.
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Lagrangian Floer cohomology associates to a pair of Lagrangian manifolds
a chain complex whose differential counts pseudoholomorphic strips with
boundary values in the given Lagrangians. These form a receptacle for rel-
ative invariants defined from surfaces with strip-like ends, see e.g. [17]. The
simplest instance of this invariant proves the independence of Floer coho-
mology from the choices of almost complex structure and perturbation data.
More complicated cases of these invariants construct the product on Floer

cohomology, and the structure maps of the Fukaya category.
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This paper is one of a sequence in which we generalize these invariants
to include Lagrangian correspondences. The first papers in the sequence
were [21], [19]; however, we have tried to make the paper as self-contained
as possible. Recall that if (Mp,wp) and (M7, w;) are symplectic manifolds,
then a Lagrangian correspondence from My to M is a Lagrangian submani-
fold of M x My, where M := (My, —wp). Whereas Lagrangian manifolds
form elliptic boundary conditions for pseudoholomorphic curves, Lagrangian
correspondences form elliptic seam conditions. For a pair of curves with
boundary in My and M;, a seam condition Lg; roughly speaking requires
corresponding boundary values to pair to a point on Loy C M, x M. (Dif-
ferently put, a neighbourhood of the seam can be “folded up” to a pseu-
doholomorphic curve in M, x M; with boundary values on Lg;.) Using
such seam conditions between pseudoholomorphic strips, we defined in [21]
a quilted Floer cohomology HF (Lo1, L1, .. ., L(k_l)k) for a cyclic sequence of
Lagrangian correspondences L(,_1), C M, ; x My between symplectic man-
ifolds Mgy, M1, ..., M = My. In this paper we construct new Floer type
invariants arising from quilted pseudoholomorphic surfaces. These quilts
consist of pseudoholomorphic surfaces (with boundary and strip-like ends
in various target spaces) which satisfy seam conditions (mapping certain
pairs of boundary components to Lagrangian correspondences) and bound-
ary conditions (mapping other boundary components to simple Lagrangian
submanifolds). Similar moduli spaces appeared in the work of Perutz [10]
and have been considered by Khovanov and Rozansky [6] under the name of
pseudoholomorphic foams. The present paper provides a general language,
invariance and gluing theorems for pseudoholomorphic quilts and the invari-
ants arising from them. To simplify the algebraic statements, we concentrate
on the case of Zy coefficients. More general coefficient rings require coherent
orientations of the moduli spaces of pseudoholomorphic quilts, which are
constructed in [23]. We indicate the necessary choices of orderings, orienta-
tions, and relative spin structures in a series of remarks. In an independent
second series of remarks we establish the interaction between the quilt invari-
ants and Maslov gradings on the Floer cohomologies.

Moreover, we establish an invariance of relative quilt invariants under
strip shrinking and geometric composition of Lagrangian correspondences.
The geometric composition of two Lagrangian correspondences Loy C M, x
My, Lo C Mf X My is

Lop o Lyg := {($0,$2) € My x My | dzq : (xQ,SUl) € Lo, (:Ul,xg) € ng}.
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In general, this will be a singular subset of M~ x My, with isotropic tangent
spaces where smooth. However, if we assume transversality of the intersec-
tion Loy Xaz, L1z := (Lot x L12) N (Mg X Ay, X M), then the restriction
of the projection T2 - M(; X M1 X Mf X M2 — M(; X M2 to L01 XM, L12
is automatically an immersion. If in addition mgs is injective, then Ly o Lo
is a smooth Lagrangian correspondence and we will call it an embedded
geometric composition. If the composition Ly_1)s © Lyg41) is embedded for
some £, then under suitable monotonicity assumptions there is a canonical
isomorphism

(1) HF( cey L(f*l)fa Lg(g+1), .. ) = HF( Cey L(f*l)f o L[(ZJFI), .. )

For the precise monotonicity and admissibility conditions see [2I] or Sec-
tion 4l The proof in [19] 21] proceeds by shrinking the strip in M, to width
zero and replacing the two seams labeled L,_1), and Ly 1) with a single
seam labeled L(y_1)s © Ly41). In complete analogy, Theorem shows that
the same can be done in a more general quilted surface: The two relative
invariants arising from the quilted surfaces with or without extra strip are
intertwined by the above isomorphism of Floer cohomologies.

A first application of pseudoholomorphic quilts is the proof of inde-
pendence of quilted Floer cohomology from the choices of strip widths in
[21]. As a second example we construct in Section |§| a morphism on quan-
tum homologies @1, : HF (A, ) — HF(Ayy,) associated to a Lagrangian
correspondence Lg; C My x M;j. This is in general not a ring morphism,
simply for degree reasons, and even on the classical level. However, using
the invariance and gluing theorems for quilts, we show that it factors ¢, =
©r,, © Vr,, into aring morphism ¥ : HF (A ) — HF(Lo1, Lo1) and a mor-
phism © : HF (Lo, Lo1) — HF (A, ) satisfying

O(zoy) —O(r)oO(y) =x0TL, oy,

where the right hand side is a composition on quilted Floer cohomology with
an element Ty, € HF(L,, Lo1, LY, Lo1) that only depends on L.

In the sequel [20] we construct a symplectic 2-category with a categorifi-
cation functor via pseudoholomorphic quilts. In particular, any Lagrangian
correspondence Loy C M, x M; gives rise to a functor ®(Lg1) : Don? (M)
— Don? (M) between (somewhat extended) Donaldson-Fukaya categories.
Given another Lagrangian correspondence Lip C M| x My, the algebraic
composition ®(Lgy) o ®(L1s) : Don” (My) — Don? (My) is always defined,
and if the geometric composition Lg; o L1g is embedded then ®(Lg;) o ®(L12)
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= ®(Lg; o L12). In other words, embedded geometric composition is isomor-
phic to the algebraic composition in the symplectic category, and “categori-
fication commutes with composition”.

Acknowledgements. We thank Paul Seidel and Ivan Smith for encourage-
ment and helpful discussions, and the referee for most valuable feedback.

1.1. Notation and monotonicity assumptions

One notational warning: When dealing with functors we will use functorial
notation for compositions, that is ®y o ®; maps an object x to ®1(Pg(z)).
When dealing with simple maps like symplectomorphisms, we will however
stick to the traditional notation (¢ o ¢g)(z) = ¢1(do(z)).

For Lagrangian correspondences and (quilted) Floer cohomology we will
use the notation developed in [2I]. Moreover, we will frequently refer to
assumptions on monotonicity, Maslov indices, and grading of symplectic
manifolds M and Lagrangian submanifolds L C M. We briefly summarize
these here from [21].

(M1): (M,w) is monotone, that is [w] = 7¢1(T'M) for some 7 > 0.
(M2): If 7 > 0 then M is compact. If 7 = 0 then M is (necessarily) noncompact
but satisfies “bounded geometry” assumptions as in [I7, Chapter 7][|

(L1): L is monotone, that is 2 [ w*w = 7I(u) for all [u] € mo(M, L). Here I :
mo(M, L) — Z is the Maslov index and 7 > 0 is (necessarily) as in (M1).

(L2): L is compact and oriented.

(L3): L has (effective) minimal Maslov number N, > 3. Here N, is the gener-
ator of I({[u] € ma(M,L)| [ u*w > 0}) C N, for L connected; in general,
Np, is the minima of the minimal Maslov numbers for the connected
components.

When working with Maslov coverings and gradings we will restrict our
considerations to those that are compatible with orientations as follows.

1 More precisely, we consider symplectic manifolds that are the interior of Seidel’s
compact symplectic manifolds with boundary and corners. We can in fact deal with
more general noncompact exact manifolds, such as cotangent bundles or symplectic
manifolds with convex ends. For that purpose note that we do not consider cylin-
drical ends mapping to noncompact symplectic manifolds, so the only technical
requirement on exact manifolds is that the compactness in Theorem holds, see
the footnote in the proof there.
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(G1): M is equipped with a Maslov covering Lag™¥ (M) for N even, and
the induced 2-fold Maslov covering Lag?(M) is the space of oriented
Lagrangian subspaces of T'M.

(G2): L is equipped with a grading o : L — Lag™ (M), and the induced 2-
grading L — Lag?(M) is the one induced by the orientation of L.

Finally, note that our conventions differ from Seidel’s definition of graded
Floer cohomology in [I5] in two points which cancel each other: The roles of
x_ and x4 are interchanged and we switched the sign of the Maslov index
in the definition of the degree.

2. Invariants for surfaces with strip-like ends

We begin with a formal definition of surfaces with strip-like ends analogous
to [16} Section 2.4] (in the exact case) and [14] (in the case of surfaces without
boundary). To reduce notation somewhat we restrict to strip-like ends, i.e.
punctures on the boundary. One could in addition allow cylindrical ends by
adding punctures in the interior of the surface, see Remark

Definition 2.1. A surface with strip-like ends consists of the following
data:

a) S is a compact Riemann surface with boundary 0S5 = Cy LI ---UCy,
and d, > 0 distinct points 2, 1,..., 25,4, € Cpn in cyclic order on each
boundary circle C,, = S'. We will use the indices on C,, modulo d,,,
index all marked points by

E=ES)={e=nD|ne{l,...om}1le{l,....dn}},

and use the notation e £ 1 := (n,l £ 1) for the cyclically adjacent index
to e = (n,1). We denote by I, = I,,; C C,, the component of 0.5 between
Ze = Zp and Zeq1 = 2Zp+1. However, 0S may also have compact com-
ponents I = C,, = S,

b) js is a complex structure on S := S\ {z.|e € £}.

c) (€e)ece is a set of strip-like ends for S, that is a set of embeddings with
disjoint images
€ : RE x[0,6] — S

for all e € £ such that e.(RT x {0,5.}) C 05, lim, s400(ec(s,1)) = 2e,
and €’j5 = jo is the canonical complex structure on the half-strip R* x
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[0, 6] of widtlﬂ de > 0. We denote the set of incoming ends €, : R™ x
[0,8.] = S by E- = E_(S) and the set of outgoing ends €. : RT x [0, d,]
- S by g+ = 5+(S)

Elliptic boundary value problems are associated to surfaces with strip-
like ends as follows. Let E be a complex vector bundle over S and F =
(FI)remy(0s) @ tuple of totally real subbundles Fy C E|; over the boundary
components I C 9S. Suppose that the sub-bundles F_,, F; are constant
and intersect transversally in a trivialization of E near z, for each e € £
Let

Dp.r:Q%S, E; F) — Q% (S, E)

be a real Cauchy-Riemann operator acting on sections with boundary values
in F7 over each component I C 0S. Transversality on the ends implies that
the operator Dg 7 is Fredholm. If S = S has no strip-like ends, and Sy C S
denotes the union of components without boundary, we denote by I(E,F)
the topological index

I(E,F) =deg(E|So) + »_ I(F),
1671'0(85)

where I(Fy) is the Maslov index of the boundary data determined from a
trivialization of E|(S\Sp) = (S\Sp) x C". The index theorem for surfaces
with boundary [8, Appendix C| implies

(2) Ind(Dg, r) = ranke(E)x(S) + I(E, F).

Here the topological index I(E, F) is automatically even if the fibers of F
are oriented, since loops of oriented totally real subspaces have even Maslov
index and complex bundles have even degree.

A special case of these oriented totally real boundary conditions will
arise from oriented Lagrangian submanifolds. We fix a compact, monotone
(or noncompact, exact) symplectic manifold (M,w) satisfying (M1-2). For
every boundary component I C 7(9S) let L C M be a compact, monotone,
Lagrangian submanifold satisfying (L1-2). We will also write L. := L, for

2 Note that here, by a conformal change of coordinates, we can always assume
the width to be §. = 1. The freedom of widths will only become relevant in the
definition of quilted surfaces with strip-like ends.

3As pointed out to us by the referee, one can avoid the use of trivializations
here by assuming that the bundles F; are defined over the closure I C S (which is
diffeomorphic to a closed interval) and intersect transversely at the points of S — .
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the Lagrangian associated to the noncompact boundary component I, =2
R between z.—; and z.. In order for the Floer cohomologies HF (L., L)
for e,¢’ € £ to be well defined, we have to assume in addition that the
Lagrangians L., L. satisfy (L3). The underlying Floer chain groups

CF(Le,Ler) = Y Zo(z),  I(Le, Le) = ¢1(Le) th Le
2€Z(L.,L,.)

depend on a choice of regular Hamiltonian H € C*°(M) whose time-1-flow
¢1 yields the above transverse intersection. They carry a Zs-grading |(x)| €
{#£1} induced by the orientations of (Le)ccg(s), and the Floer differential is
defined from counts #2M(x,y)g € Zs of the 0-dimensional moduli spaces of
nonconstant Floer trajectories from x to y. This involves choices of regular
almost complex structures so that moduli spaces are cut out transversely.
In particular, they can only be nonempty if x and y have different grad-
ing, hence Floer cohomology splits into graded summands HFV"(L,, L)
and HF°Y(L,, L.) generated by intersection points = with |{z)| = 1 resp.
)] = —1.

With these preparations we can construct moduli spaces of pseudoholo-
morphic maps from the surface S. For each pair (L._1, L) for e € €1 resp.
(Le, Le—1) for e € £_ choose a regular pair (He,J.) of Hamiltonian and
almost complex structure (as in [21]) such that the graded Floer cohomol-
ogy HF(Le¢—1,Le) resp. HF(Le, L.—1) is well defined. Here Je : [0, d¢] —
J(M,w) is a smooth family in the space of w-compatible almost complex
structures on M. Let Ham(.S; (He)ecg) denote the set of C*°(M)-valued one-
forms Kg € Q(S,C>°(M)) such that Kg|ss = 0 and €5.Ks = Hedt on each
strip-like end. Let Yg € Q(S, Vect(M)) denote the corresponding Hamil-
tonian vector field valued one-form, then €5 Ys equals to Xy dt on each
strip-like end, where Xy, € Vect(M) is the Hamiltonian vector field for H,.
We denote by J(S; (Je)eee) the subset of Jg € C*(S, J(M,w)) that equals
to the given perturbation datum J, on each strip-like end. We denote by Z_
the set of tuples X~ = (2, )ece. with x7 € Z(L., Le—1) and by Z the set
of tuples X = (2})cee, with 2} € Z(L._1, L.). For each of these tuples we
denote by

Mg(X™,XT)={u:S = M]|(a)— (d)}

the space of (Jg, Kg)-holomorphic maps with Lagrangian boundary condi-
tions, finite energy, and fixed limits, that is

a) Oyku:= Js(u)o (du — Ys(u)) — (du — Ys(u)) o js = 0,
b) u(I) C Ly for all I € m(99),
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¢) Erg(u) = [ %’du - Yg(u)‘2dvolg < 00, where dvolg is the area form
associated to a metric on S of standard form on the strip-like ends;

d) limg 400 u(ese(s, t) = 2 (t) for all e € Ex.

Remark 2.2. 1) For any map u: S — M that satisfies the Lagrangian
boundary conditions (b) and exponential convergence to the limits in
(d) (and hence automatically also satisfies (c)) one constructs a lin-
earized operator D, as in [8] with a minor modification to handle
the boundary conditions: For any section £ of FE, = u*TM satisfy-

ing the linearized boundary conditions in F,, = ((u’I)*TLI)IewO(as) set

ou(€) = ©,(£) 710 Kk (exp, (€)). For the moduli space to be locally home-
omorphic to the zero set of g,, we need to define the exponential map
exp such that exp(T'L;) C Ly, and ®,(§) has to be parallel transport
of (0,1)-forms from base point u to base point exp, (§). To satisfy the
first requirement we choose metrics g; on M that make the Lagrangians
Ly totally geodesic and define the exponential map exp : S x TM — M
by using metrics varying along 5, equal to g; near the boundary com-
ponents I C 3S. Restricting to a sufficiently small neighbourhood U C
TM of the zero section, we can rephrase this as exp(z, &) = exp?(€ +
Q(z,€)) in terms of a standard exponential map exp’ : TM — M using
a fixed metric and a quadratic correction @ : S x U — T'M satisfying
Q(-,0) =0 and dQ(-,0) = 0. In fact, the quadratic correction is explic-
itly given by Q(z,£ € T,M NU) := (expg)_l(exp(z,g)) — &. To satisfy
the second requirement we define the parallel transport ®,(£) by the
usual complex linear connection constructed from Levi-Civita connec-
tions of fixed metrics, but we do parallel transport along the paths
5 > €xPy(») (2, 56(2)) = exp) (s€ + Q(s£)). Note that the derivative at
s = 0 of these paths still is &, independent of the quadratic correction.

The operator o, is well-defined for any p > 2 as a map from the
WhP_closure of Q0(S,u*TM) to the LP-closure of Q¥1(S,u*TM). We
denote by D, := do,(0) its derivative at zero. The linearized operator
constructed in this way takes the same form as in [8] — it is in fact
independent of the choice of quadratic correction. So it takes the form
D, = Dg, 7, of a real Cauchy-Riemann operator as discussed in the
linear theory above. When w is holomorphic, the operator D, is the
linearized operator of (a) — defined independently from the choice of
connection and metric.

2) If the tuple of Lagrangians (L) er,(as) is monotone in the sense of [21,
then elements u € Mg(X~, X") (and more generally maps u as in 1))
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satisfy the area-index relation
2 qu'w =7 -Ind(Dy) + (X, X7T).

To prove this identity we fix one element vg € Mg(X ~, X ) but view it
asmap vg : S~ — M on the surface S~ = (S, —j) with reversed orienta-
tion. Now given any u € Mg(X~, X) we glue it with vy (by reparam-
etrization that makes them constant near the ends) to a map w = u#uvy
on the compact doubled surface S#57, in which each end of S is glued
to the corresponding end of S~. Then a linear gluing theorem as in [14],
Section 3.2] together with provide

Ind(Dy,) + Ind(Dy,) = Ind(Dy) = I (w*TM, (w*TL1) jery0(545-)))
+ My (S#57).

On the other hand, the monotonicity assumption yields

2fgutw +2[ g viw =2 gug w'w
=TI (W'TM, (WTLi) 1ery(a(5#5-))) -

Combining these relations proves (3) with ¢(X—, X™) =7 -Ind(Dy,) —
2 [vgw — Tdm%Mx(S#S_).

3) Elements u € Mg(X~, X™) (unlike general maps u : S — M) satisfy

the energy identity
Ek,(u) = [qu'w+ [¢(Rgk ou)dvolg

with curvature term Ridvolg=—dKgs + 3{Kg A Ks}€Q*(S,C>®(M))
given in local coordinates (s,t) on S with K¢ = Fds + Gdt and dvolg =
ds Adt by Rg = O F — 905G + w(Xr, X¢); see e.g. [8, Lemma 8.1.6]@
Combining this with the monotonicity relation (3| we obtain the energy-
index relation

Egs(u) — [ 4(Ri ou)dvolg = 37 - Ind(Dy) + 5¢(X—, XT),

which gives an upper bound on the energy of solutions u for fixed limits
X* and index. Indeed, our assumptions on the Hamiltonian term Kg
guarantee that the curvature Ry vanishes on the strip-like ends, hence

4 The uncommon sign in the curvature arises from the fact that du — Yg corre-
sponds to du + X in []].
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is compactly supported on S. Moreover, S x M — R, (z,p) — Rx(z,p)
is uniformly bounded by ||Rk|loc < [|[dKslco(sxar) + ”YSHgO(SxMy SO
that [, (R o u)dvols < || Rk ||« Vol(supp R ) is bounded independently
of the map wu.

4) If the Lagrangians (L) er,(as) are all oriented, then the index Ind(D,,)
of a map u as in (1) is determined mod 2 by the surface S and limit
conditions X, X . This is since in the above index formula a change
of u with fixed ends is only reflected in a change of the topological index
I(w*T M, (w*T'Ly) rexy(a5#5-))- This index however is always even since
by (L2) the totally real subbundles w*T'L; are oriented.

jf

Figure 1: A holomorphic curve u € Mg((x,y), (p, ¢, 7)) for a surface S with
ends £- = {2,0} and &4 = {4,1,3}.

24

Theorem 2.3. Suppose that (L1)rer,(as) is @ monotone tuple of Lagrangian
submanifolds satisfying (L1-2) and (M1-2), and that regular perturbation
data (He, J.) are chosen for each end e € £. Then for any Jg € J(S; (Je)ece)
there exists a comeagre (in particular denseﬂsubset Ham™8(S; (He)ees, Js)
C Ham(S; (H.)ece) such that for any Hg € Ham™8(S; (He)eee, Js) the fol-
lowing holds for all tuples (X, X 1) e Z_ xT,.

a) Mg(X—,X™") is a smooth manifold.

b) The zero dimensional component Mg(X~, X1)qg is finite.

5 A subset of a topological space is comeagre if it is the intersection of countably
many open dense subsets. In a Baire space, this intersection is still dense, and the
space of Hamiltonian perturbations fixed on the complement of a compact set is
naturally a Baire space.
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c) The one-dimensional component Mg(X~, XT)1 has a compactification
as a one-manifold with boundary

OMg(X—, XH) = U Mz, y)o X Ms(X ™[, X o
e€E_,y€ZL(Le,Le—1)
U U Ms(X7, X0 x My, zd)o,

e€€4,y€L(Le—1,L.)

where the tuple X |,y is X with the intersection point x. replaced by y.

The proof is similar to the regularity and compactness theorems [9] in
monotone Floer theory; see [I7] for the exact case. In the moduli spaces
of dimension 0 and 1 the bubbling of spheres and disks is ruled out by
monotonicity and (L2). We can thus define

Cs: Q) CF(Le, Le-1) & R) CF(Le-1, Le)

ecf_ 6€g+

with Zs coefficients by

C(I)S<®<Qj‘e_>> = Z #QMS(X_7X+)0 ®<$2_>

ecE_ X+tel, ecEy

By item (c), the maps C®g are chain maps and so descend to a map of Floer
cohomologies

(5) Og: Q) HF (Le, Le—1) & R) HF (Le-1, Le).
ecf_ 865+

Floer’s argument using parametrized moduli spaces carries over to this case
to show that ®g is independent of the choice of perturbation data, com-
plex structure j on S, and the strip-like ends. We sketch this argument in
Section 4| for the more general quilted case.

Remark 2.4. To work over other coefficient rings such as Z, we need to
assume that the tuple (LI)Ierro(é)S) is relatively spin. This means that all
Lagrangians L; are relatively spin with respect to one fixed background
class b € H*(M,Zs), see [23] for more details. A choice of such relative
spin structures induces orientations € : M(x,y)o — {£1} which allow to
define the Floer cohomology groups over Z by replacing #oM (z,y)o with

Zue/\/l(m,y)o e(u)
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To define the relative invariant ®g with Z-coeflicients we also need to
choose an ordering of the set of (compact) boundary components of S and
orderings E_ = (ey,...,ey ),E+ = (e],.. 6N+) of the sets of incoming and
outgoing ends. Then in Theorem by | 17 | or [23], there exists a coherent
set of orientations € on the zero and one-dimensional moduli spaces so that
the inclusion of the boundary in (c) has the signs (—1)2s<¢ %! (for incom-
ing trajectories) and —(—1)Zf<ﬁ 5| (for outgoing trajectories). This implies
that C®g : @Q.ce CF(Le,Le—1) — ®e€8+ CF(Le-1, L.), defined by replac-
ing #oMg(X ™, XF)o with -, cvro(x- x+), €(u), is a chain map with Z-
coefficients between the tensor products of Floer complexes.

If we are working with field coefficients such as Zo, then the Kiinneth the-
orem identifies the homology of these tensor products with the tensor prod-
ucts of the Floer cohomologies, so that C®g descends to the latter. For gen-
eral ring coefficients such as Z, we obtain amap ®5 : @.ce HF(Le,Le—1) —
H, ((866‘ng CF(Le-1,Le)) that factors through .. ce, HF (Le-1, L¢) only
up to some torsion terms. However, note that in the special cases of no out-
going ends £; = () or a single outgoing end &, = {e, }, we always obtain a
well defined map ®g to Z resp. HF(Le, —1, Le, ).

Remark 2.5. To obtain a graded theory let M be equipped with an V-
fold Maslov covering satisfying (G1), and suppose that each Ly C M is a
graded Lagrangian submanifold satisfying (G2). A choice of such Maslov
covers induces a grading |x| € Zy on the Floer cohomology groups such that
|(x)] = (=), by [15]. To study the interaction of ®g with the gradings,
suppose that S is connected. Then we claim that the effect of the relative
invariant ®g on the grading is by a shift in degree of

@] = %dimM(#&r ~x(3)) mod N.

That is, the coefficient of C®g(®).ce (#7)) in front of ece, (xd) is zero
unless the degrees |z7| =d(o] (27),07 (x7)) and |af|=d(o ]LV (zh),
U]LV (z)) satisfy

Z |zl | — Z lzg | =42 dim M (#&+ — x(S)) mod N.

€€8+ ecE_

Here #& is the number of outgoing ends of .S. So, for example, g preserves
the degree if S is a disk with one outgoing end and any number of incoming
ends.
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To check the degree identity fix paths A, : [0,1] — Lag™ (T, M) from
o (xe) to of (z¢) for each end e € £(S), and denote their projections
by A : [0,1] — Lag(Ty. M). Let Dr,_ara, be the Cauchy-Riemann operator
in T, M on the disk with one incoming strip-like end and with boundary
conditions A.. Then (see [2I]) we have

0] = nd(Dy_yp). ©€ Ex

with the reversed path AZ! from of (z7) to o (x7) in case e € £_. In
this case we have

Ind(Dy, pra-t) +Ind(Dr, ara,) = 3dim M mod N

since gluing the two disks gives rise to a Cauchy-Riemann operator on the
disk with boundary conditions given by the loop A_!#A., which lifts to
a loop in Lag¥ (T, M) and hence has Maslov index 0 mod N. Now con-
sider an isolated solution u € Mg(X ™, XT)g. For each end e € £(S) we can
glue the operator Dy, j, -1 on the disk to the linearized Cauchy-Riemann
operator DU*TM,(U*T[:;)IGW(]‘(GS) on the surface S. This gives rise to a Cauchy-
Riemann operator on the compact surface S with boundary conditions given
by Lagrangian subbundles (given by u*T'L; for compact boundary compo-
nents I C S and composed of u*T L. and A ! for noncompact components
I.) that lift to loops in Lag™ (M) (given by o, ou|; resp. composed of
or, oulr. and (A.)™1). In a trivialization of w*T'M their Maslov indices are
hence divisible by N, and so the index of the glued Cauchy-Riemann oper-
ator is

2 dim M - x(S) = Ind(Dy- s, (- TLo)senyos) + 9, Id(Dpypa-1) mod N

ec&(S)
=0+ Y (GdimM—|zf))+ Y || modN.
ec&, (S) e€_(S)

In the following we assume that gradings are given as in the preceding
remark and will work through some examples to prepare for the gluing result,
which will serve as template for the quilted gluing result.

Example 2.6 (Strip Example). If S} is the strip R x [0,1] (i.e. the disk
with one incoming and one outgoing puncture) then we can choose pertur-
bation data that preserve the R-invariance of the holomorphic curves. Then
any nonconstant solution comes in a 1-dimensional family and hence ®g, is
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generated by the constant solutions. The same holds for the disks Sn and
Su with two incoming resp. two outgoing ends. From the strip we obtain the
identity map of degree 0

(I)H = (I)SH =1Id: HF(Lo,Ll) — HF(Lo,Ll)

(This continues to hold with Z coefficients by our choice of coherent orien-
tations in [23].) The disks Sn and Sy give rise to maps of degree —1 dim M
and % dim M respectively,

(6) P = (I)Sm : HF(L(),Ll) & HF(Ll,LO) — Za,
(7) O, = B, : Zo — HF(Lo, L) ® HF(Ly, Lo).

Let us write (x;)01 € CF (Lo, L1) resp. (z;)10 € CF (L1, Ly) for the gen-
erators corresponding to the intersection points Z(Lg, L1) = Z(Ly, Lo) =
{21, 2,...}. Their degrees are related by |[(z;)o1| + |(zi)10| = 3 dim M as in
Remark Then on the chain level the maps are given by C® : (z;)o1 —
<33i>01, Cdn : <l‘i>01 X <$j>10 — (57;]', and CP,: 1+~ Zi(xi>01 X <aj‘i>10. (FOI”
7Z coefficients as in Remark the maps C®n and C'Py will pick up signs
that are discussed in [23].)

The relative invariants evidently satisfy a tensor product law for disjoint
union of two surfaces S, So with strip like ends,

(8) Pgus, = Ps, ® Dg,.

(This continues to hold with Z coefficients by an appropriate definition of
the graded tensor product, see [23].)

After these preparations we can see that the relative invariants satisfy a
composition law for gluing along ends. Suppose that e, € £,(S) and e_ €
E_(S) are outgoing resp. incoming ends of S such that the Lagrangians
agree, Lo, 1 = Le_ and L., = L.__1. Then we can algebraically define the
trace of ®g at (e_,e4)

Tre_ e, (®s): () HF(Le,Ler) — Q) HF(Le 1, Le)
e€€-()\fe-} e€€(9)\{e+}
by
(9)  Tre . (®g) := (I @ @5 o (T, @ Id) o (g @ Id*)
o (Ve ®1d) o (18- M) @ @),
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where

e superscripts indicate the ends (and associated Floer cohomology groups)
that the maps act on,

e ¢y is an additional end associated to the Floer cohomology group
HF(Le —1,Le )=HF(Le,,Le, 1),

€1
o U, are the permutations of the factors in the graded tensor product

needed to make the compositions well-defined (and for Z coefficients
involve appropriate signs).

On the other hand, let #¢; (S) denote the surface obtained by gluing
together the ends ey. The glued surface #¢, (S) can be written as the “geo-
metric trace”

(ST LS ) g (Sw,, LS #(SUSP)

#(Sw, USE)H(ST s,
where Syp#.S51 denotes the gluing of all incoming ends of Sy to the outgoing
ends of S; (which must be identical and in the same order). Here super-
scripts indicate the indexing of the ends of the surfaces, so e.g geMert g o
product of strips R x [0, 1] with both incoming and outgoing ends indexed by
&+ \ {e+}. The surfaces Sy, are the products of strips with incoming ends
indexed by (€ \ {e_},e_) resp. £4 and outgoing ends indexed by £_ resp.
(€4 \ {e+},eq) (in the order indicated). The relative invariants associated
to the surfaces in this geometric trace are exactly the ones that we compose
in the definition @ of the algebraic trace. In fact, the standard Floer gluing
construction implies the following analogue of the gluing formula [16], 2.30]
in the exact case.

Theorem 2.7 (Gluing Theorem). Let S be a surface with strip-like ends
and (Le)eeg(s) Lagrangians as in Theorem satisfying in addition (L3).
Suppose that e+ € E+(S) such that Lo, .1 = L. and Lo, = L.__1. Then

¢#21 (S) — Trei’e+ (@S).

Sketch of Proof. By Theorem the relative invariant for the geometric
trace can be computed using a surface with long necks between the glued
surfaces. Solutions (of both the linear and non-linear equation) on this sur-
face are in one-to-one correspondence with pairs of solutions on the two
separate surfaces; counting the latter exactly corresponds to composition.
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Id ®®n

U, ®Id

Ps®Id

v, ®Id

Id @

Figure 2: Gluing example for a connected surface S.

The one-to-one correspondence is proven by an implicit function theorem
(using the fact that the linearized operator as well as its adjoint are sur-
jective in the index 0 case) and a compactness result (using monotonicity
to exclude bubbling). Details for the analogous closed case can be found in
[14, Chapter 5.4]. By definition, our algebraic trace is the composition of

the relative invariants of Sﬁ+\{e+} L SEHee, Sq/e+ L Sﬁo, S Sﬁ“, Sy, U Sﬁ”,
and Sﬁ_\{e_} .S, see 0

The main applications of this theorem are the following special cases:
Gluing a surface with one outgoing end to the first incoming end of another
surface, and gluing the ends of a surface with single incoming and outgoing
ends. (For Z coefficients, all these gluing formulas carry additional signs
determined by the ordering conventions for ends and boundary components,
see [23].)

Corollary 2.8. Let S be a disjoint union S = So U St with z._ € So, ze, €
S1, and if S1 has a single outgoing end E4(S1) = {e+}. Then we have

b = (I)SO o (15—(50)\{6—} ® (PSI)'

(So)#e . (S1)

Corollary 2.9. Let S be connected with exactly one incoming and one
outgoing end € = {ey,e_} lying on the same boundary component. Then we
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have

(10) e (g 1 Tr(Dg) = D (CRs({ai)), (i),

(2

the sum over the (xz;) coefficients of C®g((x;)).

Example 2.10. The gluing formulas allow to compute the invariants for
closed surfaces as follows:

a) (Disk) If S is the disk with boundary condition L, then ®g is the number
of isolated perturbed J-holomorphic disks with boundary in L. Because
of the monotonicity assumption, and since we do not quotient out by
automorphisms of the disk, each component of the moduli space of such
disks has at least the dimension of L, hence &g = 0.

b) (Annulus) Let A = #.5S) denote the annulus, obtained by gluing along
the two ends of the infinite strip S| = R x [0, 1] with boundary con-
ditions Ly and Lj. Then the gluing formula produces the identity in
Lo

® 4 = Tr(Id) = rank HF®**(Lg, L) — rank HF°4(Ly, L;) mod 2.

The same result can be obtained by decomposing the annulus into cup
and cap, P4 = P o P.

c¢) (Sphere with holes) Let S denote the sphere with g + 1 disks removed
and boundary condition L over each component. S can be obtained
by gluing together g — 1 copies of the surface Sy, which is obtained by
removing a disk from the strip R x [0, 1]; see Figure[3| The latter defines
an automorphism ®g, on HF (L, L), and the gluing formulas give

s = Tr(@% 1) = S (0% (@), (21)).

Remark 2.11. If M is compact, then one can also allow surfaces to have
incoming or outgoing cylindrical ends, equipped with a periodic Hamiltonian
perturbation. In this case the relative invariant acts on the product of Floer
cohomology groups with a number of copies of the cylindrical Floer coho-
mology H F'(Id), isomorphic to the quantum cohomology QH (M) of M. For
instance, a disk with one puncture in the interior gives rise to a canonical
element ¢, € HF(Id). Splitting the annulus into two half-cylinders glued at
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Figure 3: Gluing copies of Sy.

a cylindrical end gives rise to the identity in Zo
(bLo» OL.) mraa) = rank HF"(Lg, Ly) — rank HF°Y(Lo, Ly) mod 2.

By considering a disk with one interior and one boundary puncture one
obtains the open-closed map HF(L,L) — HF(Id), which is discussed by
Albers [2, Theorem 3.1].

3. Invariants for quilted surfaces

Quilted surfaces are obtained from a collection of surfaces with strip-like
ends by “sewing together” certain pairs of boundary components. We give
a formal definition below, again restricting to strip-like ends, i.e. punctures
on the boundary. One could in addition allow cylindrical ends by adding
punctures in the interior of the surface, see Remark

Definition 3.1. A quilted surface S with strip-like ends consists of the
following data:

a) A collection S = (Sk)k=1,..m of patches, that is surfaces with strip-like
ends as in Definition[2.1] (a)-(c). In particular, each Sy carries a complex
structure ji, and has strip-like ends (ex.¢)ecg(s,) of widths oy . > 0 near
marked points limg_, 40 €x.¢(5,t) = 25 € 0S;. We denote by Iy, . C 0Sk
the noncompact boundary component between zj, .1 and zj .
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b) A collection § = ({(ko, I,), (K, I[,)})GGS of seams, that is pairwise dis-
joint 2-element subsets

o C | J{k} x 70(0Sk),
k=1

and for each o € §, a diffeomorphism of boundary components
Yo - 85}% o1, = I{T C 85’92

that is

i) real analytic: Every z € I, has an open neighbourhood U C Sj, such
that ¢, |ynr, extends to an embedding v, : U — Sy with g =
—Jjk,- In particular, this forces ¢, to reverse the orientation on the
boundary components.

ii) compatible with strip-like ends : If I, (and hence I') is noncompact,
i.e. lie between marked points, Iy = Iy, ., and I, = I} ., then we
require that ¢, matches up the end e, with €/, — 1 and theend e, — 1
with e/ . That is e];;% 0 Py O € e,—1 Maps (s,0k, ¢, —1) > (s,0) if
both ends are incoming, or it maps (s,0) > (s, 0z ¢ ) if both ends
are outgoing. We disallow matching of an incoming with an outgoing
end, and the condition on the other pair of ends is analogous, see

Figure [4

c¢) As a consequence of (a) and (b) we obtain a set of remaining boundary
components I, C Sk, that are not identified with another boundary
component of S. These true boundary components of S are indexed by

m

B = (ks 1)) s = | J k) x m0(0Sk) \ [ o

k=1 o€ES

6 In order to drop the real analyticity condition, one would have to extend
each part of the analysis for pseudoholomorphic curves with Lagrangian bound-
ary conditions (e.g. linear theory, nonlinear regularity, and removal of singularities)
to the case of maps (ug,uy) : (H2, 0H?) — (Mg x My, Lo1) on the half space with
Lagrangian boundary conditions such that each component u; is pseudoholomorphic
with respect to a different complex structure j; on H?, that is, J; o du; = du; o j;
for ¢ = 0,1. This requires a lot of technical work, parts of which are completed in
[4]. However, none of this work is necessary if one restricts to real analytic seams.
In that case, the only fundamental difficulty is resolved by Lemma [3.4] establishing
homotopies between quilted surfaces of the same combinatorial type.
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Moreover, we can read off the quilted ends e € £(S) = E_(S) UEL(S)
consisting of a maximal sequence e = (k;, €;)i=1,... n, of ends of patches
with boundaries €, ¢, (-, Og,.e,) = €kipyrenrq (5 0) identified via some seam
¢s,. This end sequence could be cyclic, i.e. with an additional identi-
fication €, ¢, (s 0k, e,) = €k e, (+,0) via some seam ¢, . Otherwise the
end sequence is noncyclic, i.e. €4, ¢, (-,0) € I, and €, ¢, (-, 0k, ¢.) € Ip,
take value in some true boundary components by, b,, € 3. In both cases,
the ends €, ., of patches in one quilted end e are either all incoming,
e; € E_(Sk,), in which case we call the quilted end incoming, e € £_(.5),
or they are all outgoing, e; € £, (Sk,), in which case we call the quilted
end incoming, e € £4(95).

Sk,

Figure 4: Totally real seam compatible with strip-like ends.

A picture of a quilt is shown in Figure [5l Ends at the top resp. bottom
of a picture will always indicate outgoing resp. incoming ends. The alterna-
tive picture is that in which the ends are neighbourhoods of punctures and
we indicate by arrows whether the ends are outgoing or incoming. Here we
draw the quilted surface as a disc, but in general this could be a more gen-
eral surface. Also, the complex structures on the patches are not necessarily
induced by the embedding into the plane, as drawn. Ignoring complex struc-
tures, the two views of the quilted surface in Figure [5| are diffeomorphic. In
this example the end sequences are (2,0),(1,0) and (2,1) for the incoming
ends (at the bottom), and (2,2), (3,0), (2,3), (1,1) for the outgoing end (at
the top).

Remark 3.2. a) Every compact boundary component S' = I C 9}, of a
surface with strip-like ends has a uniformizing neighbourhood Uy C 95}
such that (Uy, ji) = (S* x [0,€),4), where S 2 R/Z and i denotes the
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Figure 5: Two views of a quilted surface.

standard complex structure on R x R = C. Due to the strip-like ends,

the same holds for noncompact boundary components R = I C 05},
where (U, ji) = (R x [0,¢€),1).

b) Seams that are compatible with the strip-like ends are automatically

real analytic on these ends since ¢, extends to (s, 0y —t) — (s, 1) resp.
(5,t) = (8,00 e — t).

¢) In the uniformizing neighbourhoods of (a), the condition that a seam
o : I, — I/ be real analytic is equivalent to ¢, : R = R (resp. ¢, :
S1 — S'in the compact case) being real analytic. As a consequence, the
extensions ¢, match up to an embedding ¢, : Uy, — Sk, with ¢ jp =

—Jk, for some possibly smaller uniformizing neighbourhood Uy, = R X
[0,¢€).

Remark 3.3. Equivalently, we can define a quilted surface S by specifying
a single surface with strip-like ends S and a finite number of connected, non-
intersecting, real analytic submanifolds I, C S. (The real analytic condition
means that every point z € I, has a uniformizing neighbourhood S > U — C
that maps I, to R C C.) We only need to impose a compatibility condition
between the seams I, and the strip-like ends of S: On every end é : R¥ x
[0,0c] < S, the seams are given by straight lines, i.e. €e_1(I~g) consists of
none, one, or two lines R* x {t} for pairwise disjoint ¢ € [0, d,].

The patches Sy of the corresponding quilted surface S are then deter-
mined by the closures of the connected components of S\ |J veS I,. The
seams and seam maps are given by the submanifolds I, and their embed-
ding into the two (not necessarily different) adjacent connected components.
The true boundary components of S are exactly the boundary components
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of S, and the incoming and outgoing quilted ends £_(S5) U &4 (S) are exactly
the incoming and outgoing ends of S.

Eventually, we will see that the relative quilt invariants only depend on
the combinatorial structure of a quilted surface, and the specific choice of
complex structure, strip-like ends, and seam maps is immaterial. (So it will
suffice to define quilted surfaces by pictures as in Figure ) The following
lemma provides the homotopies for the proof in Section [

Lemma 3.4. Let S and S' be two quilted surfaces of same combinato-
rial type, i.e. with the same patches (Sk)k=1,..m (as oriented 2-dimensional
manifolds with boundary), in- and outgoing marked points (zy.), and seams
o €8, but possibly different complex structures jli, strip-like ends €Z,e> and
seam maps @' for i = 0,1. Then there exists a smooth homotopy (S7)refo.]
of quilted surfaces connecting the two. It is smooth in the sense that j;, € _,
and @l depend smoothly on 7. 7

Proof. Since the orientations and combinatorial compatibility with the ends
are fixed, we can choose homotopies of diffeomorphisms ¢! connecting the
given seam maps. (This is since Diff { (R) = {f € C*(R,R) | f(x) > 0Vz €
R, limg 10 f(2) = £oo} is convex.) We can moreover choose homotopies of
embeddings €k, 6|Ri><{0} on one boundary component and homotopies 5;6 >
0 of widths for each marked point. Then the compatibility condition for
seams fixes embeddings €L, o|RE x{o7 .} on all other boundary components near
marked points, except for those that are true boundary components of S
for which we can choose the homotopy freely. Now, with fixed limits and
boundary values, we can find a homotopy of embeddings eg? . for each marked
point. This fixes the complex structures j; in neighbourhoods of each marked
point. By construction, the seams are automatically real analytic in these
neighbourhoods.

Next, recall that we have (anti-holomorphic) embeddings ¢, : UL — Sj,
extending the seam maps ¢% : I, — Sy . We can pick the neighbourhoods
to be the same U’ = U, and sufficiently small such that no two neighbour-
hoods or images thereof intersect each other. Then we choose homotopies of
embeddings ¢7 : U, — Sy, extending the seam maps ¢, of standard form
((s,t) — (5,0 —t) resp. (s,0 —t) — (s,t)) on the strip-like ends, connect-
ing the given ! and preserving the empty intersections. Now we can find
homotopies of the complex structures ji |y, on each of the fixed seam neigh-
bourhoods. This choice induces complex structures jf, |y (v,) = —(¥7)«JF,
on each image of a seam neighbourhood. This construction ensures that the



Pseudoholomorphic quilts 871

homotopy of seam maps becomes a homotopy of real analytic seams, compat-
ible with the strip-like ends. Finally, we can extend the complex structures
to the complement of the strip-like ends and neighbourhoods of seams to
find the full homotopy of complex structures j/ on each patch Sj. 0

Elliptic boundary value problems are associated to quilted surfaces with
strip-like ends as follows. Suppose that £ = (Ej)k=1,..m is a collection of
complex vector bundles over the patches Sy, and F is a collection of totally
real sub-bundles

F = (Fs)oes U (Fy)ves; Fy CE |1, X ¢5(Ex,

1), Iy CEy,

I~

Here we write £~ as short hand for the complex vector bundle with reversed
complex structure, (E,J)” = (E,—J). Let

QO(§’E§ "r) - @?:190(51671216)

denote the subspace of collections of sections &, € I'(Ey) such that (&, , &k ©
o) maps I, to F, for every seam o = {(k,, I,), (kL,I.)} € S and &, maps

g)r-o

Iy to Fy for every boundary component b = (ky, I,) € B.

Lemma 3.5. Suppose that, in a suitable trivialization of the bundles Ej
near each end zy . the subbundles F, and F, are constant and transverse in
the sense that for each quilted end e = (ki, €;)i=1,..n € E(S) we have

(11) Fyy X Foy X -+ X Fy X By hAp, X Ap, x - xApg, .

1
(Here o; € S are the seams between the ends and by, b, € B are the remaining
boundary components of the quilted end, resp. o, is the additional seam in
the case of a cyclic end, in which case we replace Fy,, X Fy, above with F,, .)
Then the direct sum of Cauchy-Riemann operators

Dpr =" ,Dg : Q°(S,E; F) = Q% (S, E) := @, Q% (Sk, Ey)

is Fredholm as a map between the WP and LP Sobolev completions for any
1<p<oo.

Proof. The Fredholm property follows from local estimates for Dg r and
its formal adjoint. For sections & € I'(Ex) compactly supported in the inte-
rior of Sy we have [|€llws(s,) < C DSkl Le(se) + ISkl Le(s,)) as in the
standard theory, e.g. [§]. To obtain local estimates near a seam point z € I,
we use the embedding ¢, : S, DU — Sp; and consider the section 7 :=
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(&, V2&ky) of By |u x YL Ey, . It satisfies Lagrangian boundary conditions
nUN1;) C Iy, and, due to the reversal of complex structures in both Ej
and by 7, the operators Dpg, &, and Dg,, & combine to a Cauchy-
Riemann operator on n with respect to the C(;mplex structure —j;, on U.
Hence, if &, is supported in U and &, is supported in ¢, (i), then we obtain
an estimate

€k, W + 1€k, Iwre < C(||DE,, &k, llLe + |1 Dy, &k |20
+ 1k, e + 11€k, Nl 2r)-

Finally, given sections (§ € I'(Ek))k=1,....m supported sufficiently close to the
marked points in a quilted end e = (k;, ei)izljwn, we can trivialize the bun-

dles Bk, lime,, ., = R* x [0, 0%, ¢,] X (Vi, J;) and boundary conditions F,, C
V.© x Vigq resp. Iy C Vi, Fp, C V,,. Then we view the sections as a tuple
£ = (& limey, ., R X [0,05,¢,] = V})i:1 _,, of maps on strips, extended triv-

ially to the complement of im e, ., C R X [0, Ok, e;)- The (trivialized) Cauchy-
Riemann operator on these sections can now be rewritten Dg 7(&k)k=1,...m =
(0s+D)&, where D=7, J;0, is a self-adjoint operator on &I, L2([0, 6, ¢, ],
Vi) whose domain is given by W'2-maps 7 = (Vi)i=1,...n that satisfy the
matching conditions (7v;(0k, e, ), Vi+1(0)) € F, resp. (Yn(0k,, e, ), 70(0)) € Fp, x
Fy,. The transversality assumption implies that D is invertible and
hence, as in [12], 0s + D is a Banach space isomorphism, i.e. for (&) sup-
ported near e as above

(&) llwr2(s) == Z €kllwr2(s0) = [I€llwre
i
< Cl(@s + D)l = C > IDp, &kl (s,
!

=: C||De,7 (&)l 12(s)-

This estimate generalizes to WP and LP by the same construction as in
[13, Lemma 2.4]. Putting the estimates together we obtain [|(&)[lw1r(s) <
C(|1DeF (&)l Lo(s) + 1K (&)l o(sy for all (&) € Q°(S,E; F). Here K :
WP(S) — LP(S) is the restriction operator to some compact subsets of the
patches S, followed by the standard Sobolev inclusion, hence it is a compact
operator. This estimate shows that Dg 7 has finite dimensional kernel and
closed image. The analogous estimate for the adjoint operator shows that
Dp 7 has finite dimensional cokernel and hence is Fredholm. g
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In the case that S has no strip-like ends, we define a topological index
I(E, F) as follows. For each patch S; with boundary we choose a com-
plex trivialization of the bundle Ej, = Sj x C™. Each bundle Fj, C Ey, |1, =
Iy x C™» has a Maslov index I(F}) depending on the trivialization of Ej,.
Similarly,

Fy CE |1, X 95 (Egr 1) 2 I x (C™)7 x C"*

has a Maslov index I(F;) depending on the trivializations of Ej, and Ej; .
Let Sy C S be the union of components without boundary and define

I(E, F) = deg(E|So) + Y _I(F,) + > _I(F).
cES beB

We leave it to the reader to check that the sum is independent of the choice of
trivializations. Both the topological and analytic index are invariant under
deformation, and by deforming the seam conditions F, to those of split
form (E, x F! with F, C E, |1, and E! C ¢%(Ey,|1;) one obtains from
an index formula

Ind(Dpg,r) = Y _ranke(Ei)x(S;) + I(E, F).

i

We now construct moduli spaces of pseudoholomorphic quilted surfaces.
Let

M = (M, wy))

k=1,....m
be a collection of symplectic manifolds. A Lagrangian boundary condition
for (S, M) is a collection

L= (Ls)ses U (Ly C My, )beB, Lo C M, x My, Ly C My,

of Lagrangian correspondences and Lagrangian submanifolds associated to
the seams and boundary components of the quilted surface. We will indicate
the domains My, the seam conditions L., and the true boundary conditions
Ly by marking the surfaces, seams and boundaries of the quilted surfaces as
in figure [6]

To each quilted end ey = (ki,€i)i=1,..n € E+(S) we associate the se-
quence of Lagrangian correspondences of length n = n. that label the seams
and boundary components which run into the end. For an incoming quilted
end e_ the seams between the ends of the patches are ¢,, : I, = I, ¢, —1 =
I =1Ip, e, fori=1,...,n—1, whereas for an outgoing quilted end e,
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Figure 6: Lagrangian boundary conditions for a quilt

~ -1

the seams are ¢, : Iy, = Iy, e, — I, = Ij,,, e,,,—1. In both cases Chrsrrerin
G, © €k, e, 15 the map (s, 5, ¢,) — (s,0) for s € RE. The end could be cyclic,
i.e. with an additional seam ¢, : Iy, ¢ —1 — Ik, T€SP. b0 L1, e —+ iy er—1-
In that case the generalized Lagrangian correspondence associated to the end
e is the cyclic correspondence

LU 1 o
(12) Lo i= (Lo, s Loy o L) = (M, =2 My, 25 M, 223).

€

If the end is noncyclic then the boundary components I, ., = I, and
Iy, e,—1 = Ip, in the incoming case, resp. Iy, o,—1 = I, and I}, =1, in
the outgoing case, are true boundary components of the quilted surface S.
In that case the generalized Lagrangian correspondence associated to the
end e is the correspondence

n,€n

(13) L,:= Loy, Loyy-oy Lo,y L)

€

L, Lo, b
= ({pt} = My, = My, - 25 My, = {pt}).

Equivalently, for a noncyclic end, the correspondence L, in is replaced
by the split type Lagrangian correspondence Ly, X Ly, C M, x My,.

Definition 3.6. We say that the tuple of Lagrangian boundary and seam
conditions £ for S is monotone if the sequences L, in resp. for
each end e € £(S) are monotone for Floer theory (in the sense of [21]) with
a fixed constant 7 > 0, and the following holds: Let S#S~ denote the quilted
surface obtained by gluing a copy S~ of S with reversed complex structure
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(and hence reversed ends) to S at all corresponding ends. This quilted sur-
face has components (Sp#5S, )k=1,...,m, compact seams ¢, : I, 510 = St for
ce8 (where S is the set of seams, one for each noncompact and two for
each compact seam of S), compact boundary components I, = S! for b € B
(where B is the set of boundary components, one for each noncompact and
two for each compact boundary component of S), but no strip-like ends.
Then for each tuple of maps u: S#S~ — M (that is wug : S, #Sp — My)
that takes values in £ over the seams and boundary components (that is
(g, X up, © ¢s)(ls) C Lo and ug(Ily) C Ly) we have the action-index rela-
tion

22/“2‘% =7-1(E,,Fu)
k=1

for

E, = (uTM)p=1,.m and
Fu= ((uk(7 X Ugr O ¢a)*TLg)geg U (quTLb)beB'

Remark 3.7. Note the following analogue of the monotonicity Lemma in
[21]: If each M} is monotone in the sense of (M1) and each L, and L is
monotone in the sense of (L1), all with the same constant 7 > 0, and each
m1(Lo) = m(M,_ x My, ) and m1(Ly) — m1(My,) has torsion image]’| then
L is monotone. This is because any tuple u in Definition [3.6] is homotopic
to the union of a disc (D,0D) — (M, x My, ,L,) at each seam, a disc
(D,0D) — (My,, Ly) at each true boundary component of the quilt, and a
closed curve ¥ — M, for each patch (where Xy is obtained from Sp#S,,
by collapsing each boundary circle to a point).

Associated to each quilted end e € £(S) we moreover have the widths
0, = (Okye;)i=1,...n, of the strip-like ends that constitute e. Given ¢, and
assuming monotonicity as above, we can now as in [21}, 22] fix regular Hamil-
tonian perturbations H, = (H, ki,ei)i:17,_,7n£ and almost complex structures
Jo = (Jrie)i=1,...n. such that the quilted Floer cohomology HF(L,) is well

Ye e

" In the case of disconnected symplectic or Lagrangian manifolds, this is to be
interpreted as separate assumption for each connected component of L; and the
corresponding component of My, .
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defined. In particular, the generalized intersection points of the correspon-
dence are a finite set for each end e € £(S),

I(L,) = Ly, X, Loy X, -+~ Lo, _, X, Ly, C [ M,
=1

resp.
n
I(Lg) = X¢1 (LUl X¢2 te ‘LUnf1 x¢n LUn) C HMkz
=1

Here ¢; denotes the time d, ., flow of the Hamiltonian Hy, ., on My, . Next,
let Ham(S, (H,)cce) denote the set of tuples

K = (Kj, € Q'(Sk, C®(My))), _,

=1,....m

such that Kj|ps, = 0 and on each end EZ,eKk = Hj, .dt. We denote the corre-
sponding Hamiltonian vector field valued one-forms by Y € Q!(S, Vect(M)).
These satisfy €; Yi = Xp, .dt on each strip-like end. Finally, let J(S,
(J,)ece) denote the set of collections

J = (Jk € Map(Sk, j(Mkawk)))k:I,...,m

agreeing with the chosen almost complex structures on the ends. Now we
denote by Z_(S, £) resp. Z, (S, £) the set of tuples X+ = (gg)gegi@) con-
sisting of one intersection tuple z = (azf ¢ )i=1,..n. € Z(L,) for each incom-
ing resp. outgoing end e. For each pair (X"*, Xt)eZ (S,L) x Z,.(S,L) we
introduce a moduli space of pseudoholomorphic quilts:

Mg(X™, X)) i={u= (up: Sk — Mk)k—l m ’ (a) = (d)}

=1,...

is the space of collections of (J, K)-holomorphic maps with Lagrangian
boundary and seam conditions, finite energy, and fixed limits, that is

a) D k. uk = Jr(ug) o (duy, — Yi(ug)) — (dug — Yi(ug)) 0 jx = 0 for k=
1,...,m,

b) (ug,,ur: ©ps)(ls) C Lo for all o € S and ug(I,) C Ly, for all b € B.
c) Ex(u) =37kl Bk, (uk) < oo,
d) thHiOO uki(ekiyei(87 t)) = :E;gti’ei (t) fOI‘ all e = (kla ei)i:l,...,ng S gi(ﬁ)
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Remark 3.8. 1) To show that (a)—(d) defines a Fredholm problem we

proceed as usual (see e.g. [§]): Construct a Banach manifold B of tuples
of maps satisfying (b)—(d) and show that the tuples satisfying (a) are
the zeros of a Fredholm section 9, x of the bundle & — B of tuples
of (0,1)-forms. As in Remark we also define the linearized opera-
tor D, = do,(0) at a not necessarily holomorphic u € B from a map
ou: TyB — &, given by 0,(&) = ©4(&) 1 (d,k (exp,(§))) and suitable
quadratic corrections. To be more precise, the tangent space T,,B is a
Sobolev completion of the space of tuples of sections £ of the complex
bundles E, = (u;TMy)g=1,..m satisfying boundary and seam condi-
tions in the totally real subbundles F,, = ((uka X Ugs © gbg)*TLU)UEs U
(ug, TLp)pes- The component of 0,(§) on the patch S is the (0,1)-
form @, ()1 (9,,k, (expl, (& + Qr(£))), where Qi(§) € ujT My, is a
quadratic correction, exp? is the standard exponential map using a fixed
metric on My, and ®,, (£) is parallel transport with the usual complex
linear connection on T*Mj, along the paths s — exp(s& + Qi (s€)).
The quadratic correction Qx(£) vanishes on the complement of uni-
formizing neighbourhoods of 8S;. Near a true boundary component
I, C 39S}, the correction actually only depends on &, and is given exactly
as in Remark by interpolating between the fixed metric on My and
a metric in which Ly C M} is totally geodesic. Near a seam I, C 35
that connects the patches S and S we use the extended seam map
Ve : U, — Sy of Remarkto pair (ug, up ) and (&g, Epr) to ug : Us, —
M, x My, and &, € uiT (M, x My). Now the quadratic corrections
(Qr(§), Qi (£)), viewed as one section Qg (&, &) € uiT (M, x My) are
given by interpolating the fixed product of metrics on My, and Mj, to
a metric on M, X M}, in which L, is totally geodesic.

Thus the Sg-component of 0,,(§) in a neighbourhood of the seam I,
actually also depends on the section & via the quadratic correction.
However, since Q(0) =0 and dQ(0) =0 as in Remark the lin-
earized operator constructed in this way is independent of the choice of
quadratic correction and takes the same form as in [8] on each patch. So
it takes the form Dy = Dg  r, of a direct sum of real Cauchy-Riemann
operators as discussed in the linear theory above.

If £ is monotone, then elements u € Mg(X ~, XT) (and more generally
tuples of maps as in (1) above) satisfy an area-index relation as in
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Remark 2),

(14) Z /S ujwy = 37 - Ind(Dy) + (X, X 7).

k=1,...m

This is proven as before, by gluing a fixed element vy, € Mg(X~, X™)
to u to obtain a quilt map w = u#uv, defined on S#:S’, which satisfies
the monotonicity relation in Definition

3) As in Remark 3) we have an energy identity for elements
u€ Mg(X™,XT),

Z / upwy + (Ry o ug) dvolg,
Sk

with curvature terms devolsk =—dK + §{Kk, K3} €Q%(Sy,C®(My))
that are compactly supported on each Sj; and uniformly bounded as
maps Ry : S X My — R. Combining this with the monotonicity rela-
tion we obtain the energy-index relation

(15) Z /S (Rk o ug) dvolg, = 27 -Ind(Dy) + 5¢(X—, X ),

which gives an upper bound on the energy of solutions u for fixed limits
X* and index.

4) If all Lagrangians in £ are oriented, then for any tuple u as in (1)
the index Ind(D,) is determined mod 2 by S and the limit conditions
X, X ™. This also follows as in Remark - from the index identity
Ind(Dy) + Ind(Dy,) = Ind(Dy) = I(Ey, Fu) + ey EMey (Sp#5,),
where the topologwal index I(E,,, F) is even since each of the totally
real subbundles in F,, has an orientation induced from the orientations
of the seam and boundary conditions L, and L.

Theorem 3.9. Suppose that each My, satisfies (M1-2), each Lagrangian in

L satisfies (L1-2), and L is monotone in the sense of Definition[3.6, More-
over, for any end e € £(S) fix regular perturbation data (H,,J.). Then for
any J € J(S,(J,)ece) there exists a comeagre (in particular dense) subset
Ham"™2(S, (H )ece,J) C Ham(S, (H,)ece) such that for any H € Ham™#(S,
(H,)eee, J) the following holds for all X* € Z..(S, L).

a) Mg(X~,X™T) is a smooth manifold whose dimension near a solution u
is given by the formal dimension Ind(D,,).
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b) The zero dimensional component Mg(X~, X )g is finite.

c¢) The one-dimensional component Mg(X~, X 1)1 has a compactification
as a one-manifold with boundary

OMg(X—, X+), = U Mz, ,y)o X M@(X‘\QE%Q,XJF)O
e€f_yeZ(L,)

U U Mﬁ(X7>X+’£;—>g)O X M(Q,Q;)o‘
§65+ QEI(LE)

Here the multi-tuple X‘ze—g is X with the tuple x, replaced by y, and
M(z~,z") for x* € I(L,) are the moduli spaces of quilted Floer tra-
jectories defined in [21] with the perturbation data §,,H,,J,.

Proof. The proof requires no new or nonstandard techniques except for
the observation that a pseudoholomorphic quilt with seam condition in a
Lagrangian correspondence is locally equivalent to a pseudoholomorphic
curve with boundary condition in a Lagrangian. Formally, consider any
point z € I, on a seam o € S. Since the seam is assumed to be real analytic
we have an embedding ¢ : U — Sy, of a neighbourhood U C Sk, of z that
restricts to the seam map ¥ |ynas, = @oluns, : U N1, — I’. Given any tuple
of maps u = (uy : Sk = My)k=1,..,m consider the map w := (up, |¢/, up, 0 ¥) :
U — M x My, . The perturbed holomorphic equation in (a) for k, on
U and for k. on 1(U) is equivalent to the perturbed holomorphic equa-
tion Jy(w) o (dw — Y, (w)) = (dw — Y,(w)) o (—jk,) on U. Here the almost
complex structure J, 1= (—Ji,) & Jy, 0™t € CO°U, T (M, X My, ,w,)) is
compatible with the symplectic form wy := (—w, ) @ w, , and the perturba-
tion Yy := Yy, |y ® *Yy € QY U, Vect(My, x My, )), which corresponds to
the Hamiltonian-valued one-form K, := Ky, |y + v* Ky, € QY(U,C® (M, x
M} )). The seam condition in (b) for o on U N1, is equivalent to w(U N
I,) C Ly, and the contribution to the energy in (c) on U and ¥ (U) is

2
dvolg,,

2
/ %‘duka — Yskg (uk(,) dVOlSko -l-/ %‘duké - Ysk, (uk;)
u YU) 7

:/u%‘d’w - Yg(w)ldeOLS‘ka

On the quilted ends we have exponential decay by the same arguments as in
[21]: The quilted end can be seen as one simple strip-like end with values in
a product of manifolds and a deformed almost complex structure (where the
deformation only stems from the different widths of strips). Here we require
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just the finiteness of energy. For the compactness of moduli spaces we will
need the energy actually bounded, which follows from the energy-index rela-
tion when fixing the index and taking into account the uniform bounds
on the curvature terms. The proof of compactness follows the strategy in
Lemma We have local energy bounds in the interior of patches, in a
neighbourhood of any boundary point, and in the above “folded neighbour-
hoods” around seams. The standard estimates (e.g. as in [§]) for holomorphic
curves in these neighbourhoods combine to prove compactness if we can
exclude bubbling, i.e. prove uniform gradient bounds. In the case of non-
compact symplectic manifolds we moreover need to establish a C’-bound on
the curves. The latter follows from uniform gradient bounds together with
the compactness of the Lagrangian boundary and seam conditions, since we
do not allow patches without boundary. Bubbling effects can be analyzed
locally, either in the interior of a single patch or in a seam neighbourhood
as above. Local rescaling near points in a seam neighbourhood where the
gradient in a sequence u” blows up leads to spheres in M~ x My, , or to
discs with boundary on Loﬁ These are ruled out, for the zero and one-
dimensional moduli spaces, by the monotonicity of £ and the observation
that symplectic area of bubbles is positive, as follows: Additivity of symplec-
tic area implies a strict inequality A(u>) < A(u") between the sequence and
its Cpy, limit «°°, which by the area-index relation is translated into a
strict index inequality Ind(Dy~) < Ind(Dy~). This implies Ind(Dye) < —1
since we assumed Ind(D,~) <1, and orientation (L2) of the Lagrangians
ensures that quilts with the same limits X* have Fredholm, resp. Maslov
indices of the same parity. So the limit solution ©*°, after removal of singular-
ities at the bubbling points, would have negative index. However, assuming
transversality, this moduli space is empty.

To achieve transversality we have to work with Hamiltonian perturba-
tions rather than variations of the almost complex structure on each patch
of the quilt, since we cannot a priori exclude constant patches. The Hamil-
tonian perturbations are fixed (and only ¢t-dependent) on the strip-like ends,
but can vary freely on the rest of each patch. By unique continuation on
the ends, each element in the cokernel must be nonzero somewhere in the

8 In the case of noncompact symplectic manifolds, this is the one point that
requires additional attention. If the manifold has convex ends, then the maximum
principle guarantees that all relevant holomorphic curves are contained in a fixed
compact set, hence we obtain convergence to a sphere or disk. More generally,
one could argue with monotonicity and an energy quantization argument as in [I§],
which only requires uniform bounds on the second derivatives of the almost complex
structures.
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complement of the strip-like ends. This can be excluded by an appropriate
variation of the Hamiltonian perturbation on this complement, given by the
Sard-Smale theorem from a transverse universal moduli space.

The gluing construction, which shows the reverse inclusion in (c), is local
near each quilted end in the sense that it uses only the non-degeneracy of
operator on the neck and the regularity of the linearized operators for the
Floer trajectories, which hold by the choice of the perturbation data. O

Associated to the data (S, M, L) as in Theorem we construct a rel-
ative invariant ®g as follows. Define

Cos: (K CF(L)— X CF(L,)

ecE_(9) ec&(S)
by

c¢s(®<xe>) = Y BMX XY Q).

S X+€Z+ (§7£) §€g+

where #oMg(X ™, X 1)y € Zy is the number, modulo 2, of points in the 0-
dimensional component of the moduli space Mg(X~, X*). By Theorem
(c), the maps C®g are chain maps and so descend to a map of Floer coho-
mologies

(16) s: (K HF(L)—~ X HF(L).

C ece (8) )

Here we assume in addition that all Lagrangians in £ satisfy (L3) and hence
the Floer cohomologies are well defined. In Section [] below we will see
that the relative invariants ®g are indeed invariants of the symplectic data
(M, L) and the combinatorial data of the quilted surface S, i.e. they are
independent of the choices of perturbation data (X, .J), complex structures
J = (Jk)k=1,....m, strip-like ends on each Sj, and seam maps ¢ = (¢¢)ses-

Remark 3.10. Asin Remark[2.11] one can also allow those component sur-
faces labeled by compact symplectic manifolds to have incoming and outgo-
ing cylindrical ends. In this case, the relative invariants have additional
factors of cylindrical Floer cohomologies H F'(Idyy, ) on either side.

Remark 3.11. We say that L is relatively spin if all Lagrangians in the
tuple are relatively spin with respect to one fixed set of background classes
by € H3(My,, Zs), see [23]. In order to be able to associate Floer cohomol-
ogy groups with Z-coefficients to the ends of S, we moreover require that
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the cyclic generalized Lagrangian correspondences L, for each end e € £(S)
in ((12) are either of even length or contain at least one symplectic manifold
M}, with wa(My) = 0. (The ends of type satisfy this condition auto-
matically since wy(pt) = 0.) This condition ensures that the relative spin
structure on £ induces a relative spin structure on L, for each end in the
sense of [21]ﬂ -

To define the relative invariant ®g with Z-coefficients we also need to
choose orderings of the patches and of the boundary components of each
S) as in Definition (d). There is no ordering of ends of single patches
but orderings £_(S) = (e7, . .. ’ﬁj_\f,(ﬁ)) and £4(S) = (e, ... &E,(g)) of the
quilted ends. Moreover, we fix an ordering e¢ = ((k:l,el), ooy (kngs eng)) of
strip-like ends for each quilted end e. For noncyclic ends, this ordering is
determined by the order of seams as in (c). For cyclic ends, we need to fix a
first strip-like end (kq,e1) to fix this orderingH

Given such orderings and a relative spin structure on £, we construct in
[23] a coherent set of orientations € on the zero and one-dimensional moduli

spaces so that the inclusion of the boundary in (c) has the signs (—1)Zi<g 2|

(for incoming trajectories) and —(—1)Zi<E 2] (for outgoing trajectories),
and thus C®g As in Remark @, this implies that C®g, defined by replac-
ing #oMg(X ", XT)g with ZueMs(Xf e €(u), is a chain map with Z-
coefficients between the tensor products of the quilted Floer complexes. It
thus induces a map g : Q.ce () HF (L) = H (®ge&(§) CF(L,)) that
factors through @, ¢, s H F(L, ) only up to some torsion terms.

However, in most applications (e.g. [20]) we use quilted surfaces with no
outgoing ends or a single outgoing end £ = {e, }, and in these special cases
we always obtain a well defined map ®g to Z resp. HF (L, ).

Remark 3.12. We say that the tuples M and L are graded if each My
is equipped with an N-fold Maslov covering for a fixed N € N and each
Lagrangian L, C My, x My, and Ly C My, is graded with respect to the
respective Maslov covering. Moreover, we assume that the gradings are com-
patible with orientations in the sense of (G1-2). Then the effect of the relative

9 The published version of [21] requires a shift in background class at a specific
point, but this can be relaxed to a single shift at any point, see the updated preprint
versions.

10 Tf we describe a quilted surface S as in Remark [3 - 13.3] by putting seams on a
single surface S, then orderings of boundary components and ends of S induce the
necessary orderings for S, with the exception that we need to specify an ordering
of the patches.
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invariant ®g on the grading is by a shift in degree of

(17) |Bs| = §dim My (#E4.(S) — x(Sk)) mod N.
k=1

To check this we consider an isolated solution u € Mg(X~, XT)g. At each
end e € £(S) we can deform the linearized seam conditions
(18) (T, Loys Tiay, ..

"Ekl‘ﬂwkav"«z) e x’c:ivﬂs)LU?’ T ’T(xknyen’mklvﬁ)LU")

(and similar in the noncyclic case) to split type,

(19) (AIQ’I X AQQ, A,QQ X Agg, e A/ X Ag,l)

€,n
for Lagrangian subspaces A, ;, A’ CcT Thj e, My, without changing the index.
This is possible since the space of Lagrangian subspaces transverse to a
given one is always connected. To be more precise, we can first homotope
the Hamiltonian perturbations Hy, ., on the end to zero while moving the
Lagrangians by a Hamiltonian isotopy. This deforms the linearized operator
D, through Fredholm operators to another direct sum of Cauchy-Riemann
operators. Next, homotoping the boundary conditions in does not affect
the Fredholm property (and hence preserves the index) as long as the prod-
uct of correspondences remains transverse to the diagonal (A My, X A, X

A, )T, where (-)7 shifts the first M}, factor to the end to obtain
a Lagranglan submanifold of M~ x My, x M - X M~ X My, . Transver-
sality of the split boundary condltlons “then means that each pair
A ; M AL - is transverse.

Now [21 Lemma 3.1.5] expresses the degree of each end as a sum [z,| =
E d(A ,J,A ;), and summing this over all incoming resp. outgoing ends
e of 5’ is the same as summing d(Ag & A,lC 6) over all incoming resp. outgoing
ends e of all patches Si. Here the transverse pair Ag .M Ak e C T, .My, of
boundary conditions at e € £(S},) corresponds to a unique pair A ; A ;
Ty, . M, for some quilted end e € £(S5) and j =1,...,n, with k; = =k

]Next we deform the linearized boundary Conditlons with ﬁxed ends to
split type over each seam. Again, this does not affect the index since it
is a homotopy of Fredholm operators. We thus obtain a splitting of the
index 0 = > ;" ; Ind(Dg, r,) into the indices of Cauchy-Riemann operators
on Ky = u;T'M), with boundary conditions in totally real subbundles F C
Ek|ss, - From Remark we have a mod NN degree index identity for each
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surface,

1x(Sk) dim My = Ind(Dg, 7,) + (2 dim My, — d(A2,A}))
ec&4(Sk)

+ ) dAYAY).
ec€_(Sk)

So, summing over all surfaces S we obtain as claimed

> 4 dim My (x(Sk) — #E+(Sk)) == Y lafl+ > |z;| mod N.

k=1 e (S) e€€_(9)

N[ =

The gluing theorem generalizes to the quilted case as follows.

Theorem 3.13 (Quilted Gluing Theorem). Suppose that e, = (k:zi,
e;t)izlw_,N € £4(8) are ends with ne = ne, = N and such that the data
M- - =M+ + and L, = Lg coincide. Then we have

(20) o =Tre e, (®s),

#e, (9)
where #é; (8) is the quilted surface obtained by gluing the ends in e_ to the
corresponding ends in e . The algebraic trace Tre ., is defined by the for-
mula @ but using the quilted cup and cap (a union of strips with Lagrangian
boundary and seam conditions given by Lﬁi as for quilted Floer theory, but

with two outgoing resp. incoming ends as in Figure@) to define @, Pn.

L.,
M, L1
. Li(r—T)r 777777; 777777777 fgg
: : L1 o
M . —~——— . —~———
2 15 Lir(r41) It
L G—2)(r—1)
Y(r—Dr
L1 """"""""""""""""

Figure 7: The quilted cup and cap for a noncyclic and a cyclic sequence of
Lagrangian correspondences.
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4. Independence of quilt invariants

The purpose of this section is to prove the independence of the relative
invariants arising from quilted surfaces.

Theorem 4.1. Let S, and S, be two quilted surfaces of the same com-
binatorial type as in Lemma and with fived widths §, at each quilted
end. (We can view this as two different choices of complex structures j.
for i=0,1, and seam maps [ for i=0,1 on the same quilted surface S
with fized strip-like ends.) Fm one tuple of symplectic manifolds M and
Lagrangian boundary and seam conditions L as in Theorem for both
quilted surfaces, and let (K;,J;) for i = 0,1 be regular choices of perturba-
tion data on each S; with the same regular values on each strip-like end.
Then the chain maps C®g and C®g induced by these choices descend to
the same map ®g = Pg on Floer cohomology.

Proof. The key fact is that any two choices (K, JiJ, e, ) for i = 0,1, that
are of fixed form over the strip-like ends, can be connected by a homotopy
(K, Jy, d Y4 ) xefo,1)- The homotopies of quilt data j, and ¢, are provided
by Lemma (3.4l For the Hamiltonians K, we can use convex interpolation,
and for the almost complex structures J; we employ the fact that the space of
compatible almost complex structures is contractible. Given this homotopy,
we can use the standard Floer homotopy argument:

Consider the universal moduli spaces consisting of pairs (\,u) of A €
[0,1] and a solution u with respect to the data (K/\’JA’Z)JEA)' For a given
homotopy J, there exists a comeagre set of homotopies K, for which the
universal moduli space is a smooth manifold. The 0-dimensional compo-
nent can be oriented and counted to define a map CV : ®.c¢ (5)CF(L,.) —
®ece, (5)CF (Le). The 1-dimensional component has boundaries correspond-
ing to the solutions contributing to C®g and C®g and ends corresponding
to pairs of solutions contributing to C'¥ and the boundary operators 0+ =
> cce, Oc in the Floer complexes for the ends. (Sphere and disk bubbling is
excluded by monotonicity in 0- and 1-dimensional moduli spaces.) Counting
these with orientations proves C®g — C®g =04 0 C¥ +(CVod_,ie CV
defines a chain homotopy between C®g and C®g , and hence g = Pg
on cohomology. See [I4, Chapter 5.2] for the detailed construction.

When working with Z coefficients, the orientations are given by the
orientation of the determinant line bundles constructed in [23] plus a (first)
R-factor for the [0, 1]-variable. The gluing of orientations is the same as in
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[23], and the signs for C®g arise from the boundary orientation of 9[0, 1] =

{0}~ u{1}. O
The maps ®g are in fact relative invariants, depending only on the com-

binatorial structure of the quilted surface S, in the following sense.

Theorem 4.2. Let S, and S, be two quilted surfaces of the same combi-
natorial type as in Lemma . (Here we allow for different choices of strip-
like ends, complex structures, and seam maps.) Fix one tuple of symplectic
manifolds M and Lagrangian boundary and seam conditions L as in Theo-
remfor both, and let (K;,J;) be reqular choices of perturbation data on
each S;. Then we have ¥, o Qg oV_ =Pg . Here Vi = Rcee, Ve, where
v, HF(L )* — HF(L,)" for cegt resp. v, :HF(L,)" — HF(L,)® for
e € £~ are the isomorphisms from [21] between the Floer cohomologies for

the different widths and perturbation data on the end e induced by (K, J;).

Proof. Each W, is the relative invariant given by a quilted cylinder Z5; resp.
Z5, interpolating between the widths and perturbation data (0, H,,J )
given from the quilted surfaces and perturbation data for ¢ = 0, 1. The com-
position W o®Pg oW_ = g is the relative invariant for the glued sur-
face S| = ( ecet 201)#50#( eeg—Z%O) by Theorem applied to gluing
one quilted cylinder at a time (with the order being immaterial by Theo-
rem E Now the widths and perturbations induced on the ends are the
same for the quilted surfaces S; and S, hence Theorem proves the
identity &g = Pgr. g

5. Geometric composition and quilt invariants

Consider a quilted surface S containing a patch Sy, that is diffeomorphic to
R x [0,1] and attached via seams oo = {({o, lo), (¢1,R x {0})} and 012 =
{(¢1,R x {1}), (€2, I2) } to other surfaces Sy,, S¢,. (The latter are necessarily
different from Sy, , but we might have ¢y = ¢2.) We can allow one but not both
of these seams to be replaced by a boundary component, (¢/1,R x {0}) € B
or ({1,R x {1}) € B. In that case we set My, = {pt} resp. My, = {pt}.

Let £ be Lagrangian boundary and seam conditions for S and suppose
that the Lagrangian correspondences Ly, C M, x My, Ly, C M, x My,

001 012

11 'When working with orientations, the gluing sign is +1 if we use the same
order of patches and boundary components for S, S, and all intermediate quilted
surfaces. This follows from applying the oriented, quilted version of Corollary
in [23] to each gluing of a quilted cylinder, since each (compactified) patch of the
cylinder has a single boundary component.



Pseudoholomorphic quilts 887

associated to the boundary components of S, are such that L, o Ls,,
is smooth and embedded by projection into M, x Mj,. Let 5" denote the
quilted surface obtained by removing the patch Sy, and corresponding seams
and replacing it by a new seam o2 := {(¢o, ly), ({2, [2)} with seam map
Povs = Po1y © Poy,  Io — Iz. We define Lagrangian boundary conditions £’
for S’ by Ly, :== Lg,, © Ly,, - In this setting we have a canonical identifica-
tion of Floer chain groups attached to the ends

(21) CF(L,) = CF(Ly)

(b

as in [21] for every e € £(S) = £(S’). Now consider the relative invariants
Pg and g defined in Section

Theorem 5.1. Suppose that all symplectic manifolds in M satisfy (M1-2)
with the same monotonicity constant, all Lagrangians in L satisfy (L1-3),
and L is monotone and relatively spin. Assume moreover that Ly, o Ly,
is embedded (in the sense defined in the introduction). Then induces
isomorphisms in Floer cohomology

V. : HF(L,) — HF(L’Q)

and furthermore these maps intertwine with the relative invariants:

dg o (@ \I:> = <® m) 0 g [ng, d].

QEE/L §€5+

Here [ng,d] denotes a degree shift with 2ny, = dim My, and d =1,0, or — 1
according to whether the removed strip Sg, has two outgoing ends, one in-
and one outgoing, or two incoming ends.

Sketch of Proof: We showed in [19]E that intertwines the Floer differ-
entials, and hence induces an isomorphism of Floer homology groups, if the
strip R x [0, 4] that maps to M,, with seam conditions Lg;, L12 has suffi-
ciently small width 6 > 0. So let us also equip S with complex structures in
which Sy, is a strip R x [0, 0] of sufficiently small width ¢ > 0 with standard
complex structure. (Note that biholomorphisms do not affect this width since

12 At present, the strip shrinking analysis in [19] requires constant almost complex
structures near the seams of the adjacent patches. However, [22] only proves that
the regular choices of compatible almost complex structures form a comeagre subset
of the general smooth compatible almost complex structures. This gap is closed by
the more general width-independent elliptic estimates in [4].
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they would have to extend — via seam maps — to the neighbouring patches.)
Then on the level of chain complexes the maps ¥, are simply the identity,
and it suffices to show that the maps C®g and C®g [diny] are equal by
identifying the moduli spaces of pseudoholomorphic quilts that contribute
to them. (See and the example below for an explanation of the grading
shift.) This bijection between moduli spaces is obtained from essentially the
same strip width degeneration as in [19] (which was also used in [21]). How-
ever, in this case the adjoint of the linearized operator is honestly surjective.
(There is no translational symmetry, so elements of the zero-dimensional
moduli space have linearized operators of index zero, not one.) The surfaces
to the left and right of the shrinking strip are arbitrary quilted surfaces, but
this is of no relevance in the proof. It suffices to work with the uniformizing
neighbourhoods R x (—¢,0] < Sy, and R x [0,€) < Sy, in which the seam
maps are the identity on R. The only point that requires an extra argument
is the role of the curvature terms Rk, in the exclusion of bubbling. For
that purpose we work — as in [19] — with K, = 0. Then if the energy density
ej = %‘duz —Ys, (u”) ‘2 for ¢ € {£o, ¢1, 02} concentrates for v — oo with strip
widths 0¥ — 0 at a point 2% on the new seam Iy = I, we apply the mean
value inequality arguments of [19] to deduce convergence of a subsequence
(still denoted by v € N) as follows: We have CX. convergence uj — u3° on a
punctured neighbourhood of z* together with convergence of the measure
on a neighbourhood of 2%,

—
efdvolg, = uf*wy + (Rg, o uf)dvols, =3 hid e + ui*wy

+ (Rg, o uy®)dvolg,

for some h > 0. Here we have L'-convergence Rk, o u g Rk, oug® of
the curvature terms due to the uniform bounds on Rk, from Remark
We deduce that the energy concentration must also come with a concentra-
tion of symplectic area uj*wy 2 B + u7"*we. With that, we can use
the monotonicity assumptions and the resulting area-index relation to
deduce a jump in Fredholm index Ind(Dy~) < Ind(D,») = 0, which excludes
bubbling since the moduli spaces of negative Fredholm index can assumed
to be regular and hence empty. O

Note that Theorem does not assume L,,, o L,,, to satisfy (L1-3) or
monotonicity of £'. (L2) holds automatically for the geometric composition,
and monotonicity of £ follows directly from that of £ since any quilted map
in Definition B.6] for £ can be lifted to one for £ with the same area and
index. Similarly, all cyclic sequences L, are automatically monotone; as a
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consequence (L1) holds for L,,, o L, ,, and as explained in [2I] the Floer
cohomologies are well defined, even if (L3) may not hold for L,,, o L,,,.

Example 5.2. To see the necessity of the degree shift in a simple example,
suppose that S = (9) is the disk with two incoming ends, and ®g the cor-
responding relative invariant described in @ Suppose that LY L' intersect
in a single point z. Then the theorem above applies, S’ is empty, ®g is the
trivial invariant, and ¥, maps (z) ® (z) — 1. On the other hand, ®g is the
duality pairing, which has degree —n.

Remark 5.3. When working with Z-coefficients we can keep the above
setup in case all correspondences are equipped with spin structures. If some
of them only carry relative spin structures with respect to nontrivial back-
ground classes, then we have to make the following adjustment: Let S’ = S
be the same quilted surfaces but, instead of canceling the strip Sy, , label its
seams by the composed correspondence and a diagonal. Including relative
spin structures with background classes by, € H?(My,; Z) there are two pos-
sibilities: We may set M, := My, with background class by, + wa(My,) and
seam conditions L[ —:= Ay, and L , := Lg,, © Ly,,, which is equipped
with relative spin structure with background class (by, + wa(My, ), be,), see
[21]@ Alternatively, we may use M, := M, with background class by, +
wa(Moy,) and seam conditions L, , := Apz, and L, := Le,, 0 Lg,,, equipped
with the alternative relative spin structure with background class (by,, be, +
wa(My,)). Note that these constructions ensure that the new Lagrangian

labels £’ are again relative spin in the sense of Remark

0129

Remark 5.4. In [19] a strip degeneration argument is used to establish a
canonical isomorphism

(22) HF(Lo, Lo1, L2, La) — HF (Lo, Loz, L2)

for embedded composition of monotone Lagrangians. The natural alterna-
tive approach to defining an isomorphism, or even just a homomorphism is
to try and interpolate the middle strip to zero width in the relative invari-
ant that is used in [2I] to prove the independence of HF(Ly, Lo1, Li2, L2)
from the choice of width d; > 0. The resulting quilted surface might look as
indicated on the left in Figure |8] This approach was pioneered by Matthias

13 Note that the published version of [21] does not specify background classes for
composition; see the corrections to the preprint for clarification.
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Schwarz and might be realized as a “jumping boundary condition” as inves-
tigated in [I]. (After the completion of our work, [7] studied the same
approach in Morse-Bott terms.) However, this analytic setup is at present
restricted to a highly specialized class of Lagrangians and almost complex
structures. In essence, this approach would construct a canonical element
of the Floer cohomology H F'(Lg2, (Lo1, L12)) associated to the three seams
coming together. Our approach also induces such a canonical element, given
by the identity 11, € HF(Lga, Lo2) and the strip shrinking isomorphism
to HF (Log, (Lo1, L12)). So we replace the picture of seams coming together
by one where the seams corresponding to Lg1, Li2, Lo run into an infinite
cylindrical end, as on the right in Figure |8 where the inner circle is meant
to represent a cylindrical end. This picture defines a relative invariant

Y : HF (Lo, (Lo1, L12)) ® HF (Lo, Lo1, L12, L2) — HF (Lo, Loz, L2).

Now the isomorphism can then alternatively be described by Y(T),-),
where T' € HF(Lg2, (Lo1, L12)) is the morphism corresponding to the iden-
tity 11,, € HF (L2, Lo2), see Corollary

If dealing with relative spin structures for Lg; and Lio with background
classes (bg,b1) and (by,b2), then, as discussed in [23], the composed cor-
respondence Lgs can be equipped with a relative spin structure with back-
ground class either (bg, by + wo(M3z)) or (by + wa(My), b2). So, unless wq (M)
= 0 or wy(Msz) = 0, we need to add a seam labeled by a diagonal (with canon-
ical relative spin structure shifting the background class by ws) parallel to
the Lg2 seam in the quilted surface on the right in Figure [§| and in the proof
of Corollary below. This is reflected in the fact that by definition

HF (Lo, (Lo, L12)) = HF((A,, Lo2), (Lo1, L12))
= HF((LOQ, AMQ), (L()l, ng)).

o
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Figure 8: Alternative approaches to a homomorphism.
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As a first application of Theorem [5.1] we prove the claim of Remark
For that purpose we denote by

VU : HF (Lo, Lo, L12, La) — HF (Lo, Loz, L2),
VU : HF (L2, (Lo1, L12)) = HF(Lo2, Lo2)

the isomorphisms from [21I]. Then we have the following alternative
description of ¥ (which a priori depends on Ly and Lg) in terms of ¥ and
the identity morphism 17, € HF (L2, Lo2), defined in [20].

Corollary 5.5. Let
Y : HF (Lo, (Lo1, L12)) ® HF (Lo, Lo, L12, L2) — HF (Lo, Loz, L2)

denote the relative invariant associated to the quilted surface on the right in
Figure @ Then we have for all f € HF(Lg, Lo1, L12, L2)

U(f) =T (1z,,) ® f).

Moreover, in the notation of [20], we have Y(T ® f) = ®1(Lo) o f, where
Op : D(Lo2) — P(Lo1, L12) is a natural transformation of functors associ-
ated to any T € HF(Lo2, (Lo1, L12)).

Figure 9: Natural transformation associated to a Floer cohomology class:
General case from [20] and the present special case.

Proof. We apply Theorem to T = ®g, where the quilted surface S con-
tains one simple strip in M. (The other surfaces are triangles.) This implies
T(T® f) = s (V(T) ® U(f)), where the quilted surface S’ is obtained by
replacing this strip with a seam condition in Lg; o Lio = Lg2. To calculate

this for U(T) = 17, we use the gluing formula to obtain Y(U~1(1,,) ®
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f) = ®5/(U(f)), where S” is the surface that is obtained by gluing the
quilted cap of Figure [7|into S’. Since S” is a simple double strip (with seam
condition Loz and boundary conditions Lg, L2), and we do not quotient out
by translation, the relative invariant ®g~ is the identity, as in Example
This proves the first claim.

The second claim follows from a deformation of the quilt S to the glued
quilt that corresponds, by , to the composition of the natural transforma-
tion T +—> (I)T(Lo) S HF((L(), Log), (Lo, L()l, ng)) (given by the quilt in Fig-
ure E[) with the pair of pants product from HF((Lo, Lo2), (Lo, Lo1, L12)) ®
HF((L(), L()l, ng), Lg) to HF((L(), LOQ), Lg) defined in [20] Figure giVGS
a picture summary of these arguments. (I

Ly 1{02 Lo Lo Loy |Lo Lo Lo

6—0 \iJ(T) T(D)=1p,, |Il()2)

Figure 10: Proof by pretty picture

6. Application: Morphism between quantum homologies

Given a Lagrangian correspondence Lg; C M, x M; a natural question is
whether — analogous to a symplectomorphism or certain birational equiva-
lences as in [B] — it induces a ring morphism ®(Lo;) : HF(Ap,) — HEF(Any,)
between the quantum homologies. A quilted cylinder indeed defines a mor-
phism, which however generally does not intertwine the product structures.
Conjecturally, it is a Floer theoretic equivalent of the slant producﬁ on
cohomology H*(My) — H*(M,) with the Poincaré dual of the fundamental
class of Lo, (when the latter is compact and oriented). Even in this classical
case, one generally only obtains a ring homomorphism if Lg; is the graph of a
continuous map. Moreover, both the classical and Floer theoretic morphism
will shift the grading unless dim My = dim M;. While Albers-Schwarz are
working on refined versions of this morphism, we here use the framework

4 On de Rham cohomology, the product QF(My x M;) x QY(My) —
QFAe=dim(Mo) (1)) is given by integration over one factor, (1, a) — fMo (n A a).
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of quilts to clarify the algebraic structure and behaviour under geometric
composition of Lagrangian correspondences.

Remark 6.1. The quilted Floer cohomology HF(Ajs) of the diagonal
by definition is nothing else but Hamiltonian periodic Floer cohomology
HF(M) = HF(H) for a generic Hamiltonian H : S' x M — R. The latter
is naturally isomorphic to the quantum homology of M, see [11].

Theorem 6.2. Let Lo C M, x My be a Lagrangian correspondence between
symplectic manifolds My, My satisfying (M1-2) and (L1-2), and assume that

the pair (Lo1, Lo1) is monotone for Floer theoryF_gl Then the quilted cylinder
i Figure defines a natural map

(I)Lm : HF(AMO) — HF(AMl)

01 ; | —

Figure 11: Two views of the quilted cylinder defining ® ,. It consists of
two half cylinders (the domains of maps to My and M; — in this order to fix
orientations), with a seam identifying the two circle boundaries (giving rise
to a seam condition in Lg;). Arrows indicate incoming and outgoing ends,
the outside circle is always an outgoing end, and ® indicates incoming ends.

Moreover, this map factors ®r,, = Or,, oV, according to Figure |12 into
maps

\I/Lm : HF(AMO) — HF(LOl,L()l), @Lm : HF(LOl,L()l) — HF(AMI)

15The latter monotonicity requires an action-index relation for annuli in M, x
M; with boundaries on Lg;. All these monotonicity assumptions can be replaced by
any other set of assumptions which ensure that all Floer cohomologies involved are
well defined and disk bubbles on Lg; cannot appear in 0- or 1-dimensional moduli
spaces of holomorphic quilts.



94 K. Wehrheim and C. T. Woodward

Here Wy, is a ring morphism, whereas Op,, satisfies

@Lm (l’ © y) - @L(n (.’IJ) © @L(n (y) =0 TLm oy

forallz,y € HF (Lo, Lo1) and a fized element Ty, € HF (LY, Lo1, Lfy, Lo1)
that only depends on Lgi. For the latter we assume monotonicity of the
sequence (L&, Lo1, Ly, Lo1) and the compositiorm on the right hand side as
well as Ty, are defined by relative quilt invariants as indicated in Figure[15]

Figure 12: Two views of the splitting ®r,, = Or,, o ¥r,,. The quilted sur-
face defining ¥, consists of a disk labeled My with one interior puncture
(incoming end) and one boundary puncture (outgoing end), a disk labeled
M; with one boundary puncture (outgoing end), and a seam labeled Lg;
identifying the two boundary components. The quilted surface defining ©r,,
is the same with My, M; and incoming/outgoing ends interchanged.

Remark 6.3. As pointed out by the referee, the composition of pull-
back ¥, with push-forward ©pr,, is not the one that classically preserves
multiplicative structures. However, the classical projection formula fi(z U
f*(y)) = fi(x) Uy relating multiplicative structures under pull-back f* and
push-forward f, has a Floer theoretic version as follows.

16 Strictly speaking, the composition is defined by viewing = and y as elements
in the trivially isomorphic quilted Floer cohomologies x € HF(Any,, (Lby, Lo1))
and y € HF((Lb,, Lo1),Apr,) — here in the notation for the pair of generalized
Lagrangian correspondences Ay, and (L}, Lo1) from My to M;. Then z o Ty, oy
is the composition constructed in [20] in the refined Donaldson-Fukaya category
Don#(Ml,Ml) of correspondences from M; to M;. In fact, it is the composi-

T
tion of morphisms Ajyy, —— (L4, Lo1) =% (Lb,, Loy) == Aypy,, taking values in

HF(Any, Ay ), which again is trivially identified with HF (A, ).
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We view Wr : HF(Apy, ) = HF(LE), L)) = HF(Lop, Lot ) as push-back

and ©r,, again as push-forward, then the Floer theoretic projection formula
holds:

Or,, (.CE o \Ing“l(y)) =0, (z)oy Ve € HF (Lo1, Lo1),y € HF(Aypy,).

The proof of this identity is a recommended exercise in applying the glu-

ing

and deformation laws for holomorphic quilts. Hint: Read the proof of

Theorem [6.2] for very similar arguments.

Remark 6.4. a) One can check with Remark that the degree (mod-

ulo the minimal Maslov number Nz ) of & agrees with the degree
dr,, = 3(dim(M;) — dim(Mj)) of the slant product. Indeed, the outgo-
ing cylindrical end counts as #& (S1) = 2. To see this, alternatively add
a seam connecting the outgoing end to itself, labeled with the diagonal
of Mj. Then we have two patches mapping to M; with one outgoing
end each and total Euler characteristic 1.

By concatenating the morphism @, : HF(Ap,) — HF(Ap,) with
the PSS-isomorphisms H,(Moy;Za) — HF(Ap,) and HF(Ap,) —
H,(Mji;Zsy) from [II] one can see why this should be the slant prod-
uct: The concatenation is a map H.(My;Zs) — H.(Mi;Z2) on Morse
homology. Between two critical points xg € Crit(fy) C Mp and z; €
Crit(f1) C M, the coefficient of the map is given by counting holomor-
phic disks in M, x M; with boundary on Lg; and a marked point in
the interior mapping to the product W"(z, fo) x W#(x1, f1) of unsta-
ble and stable manifolds. Here the holomorphic curve equation is per-
turbed by Hamiltonian vector fields and uses almost complex structures
parametrized by the disk. One can homotope the Hamiltonian pertur-
bations to zero, not affecting the map on homology.

Next, recall that due to the grading ambiguity of Nz, on Lg, all
gradings on Floer and Morse homology above should be taken mod-
ulo Ng,,. Hence, restricted to a fixed grading k =0,...,dim Mj the
morphism @y, induces a map

O+ Hy(Mo; Zo) — @ Hyray,, +eny,, (My; Zs).
LEN,

Here the contributions for each £ € Ny arise from holomorphic disks as
above, of Maslov index ¢Ny,, . For the leading part of this map, the
contributions for ¢ =0 are those of zero energy, that is exactly the
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constant maps to Lg;. This is essentially the same calculation as in [3,
Remark 1.3].

With this one can check that the leading part of @’zm is indeed
the Morse theoretic version of the slant product. If one could more-
over achieve transversality with S'-invariant almost complex structures,
then (w.l.o.g. putting the marked point in the center of the disk) the
only isolated solutions would be constant disks. This would identify
®r,, with a Morse theoretic version of the slant product.

Proof of Theorem[6.3 Our assumptions guarantee that Theorem [3.9)applies
to the moduli spaces of pseudoholomorphic maps from the quilted cylinder
S indicated in Figure to My and M, with seam condition on Lg;. (In
fact, doubling this quilted surface exactly amounts to an annulus mapping
to My x M; with both boundary conditions in Lg;. Monotonicity for that
surface is given by the monotonicity for Floer theory.) Hence these moduli
spaces define a map ®r,, on Floer cohomology as in . Strictly speaking,
the cyclic generalized correspondences associated to the two ends of S are the
empty sequences — as trivial correspondence from M; to M;. However, quilted
Floer cohomology for these is trivially identified with quilted HF(Ayy,),
which is also trivially identified with the usual Floer cohomology for the
pair HF (Apy,, Apy,). All of these count pseudoholomorphic cylinders in M;
with a Hamiltonian perturbation.

The map @, : HF(Ap,) — HF(Ayy,) is natural in the sense that,
by Theorems [4.1] and it is independent of the choice of complex struc-
tures and seam maps on S, almost complex structures, and Hamiltonian
perturbations. The map is hence determined purely by Lg; and the chosen
combinatorial structure of the quilted cylinder.

Next, the splitting @7, = Op,, o ¥r,, follows from Theorem [3.13]applied
to the gluing of quilted surfaces indicated in Figure Monotonicity for
these quilts as well as the pair of pants quilts below follows from the mono-
tonicity for disks and spheres ensured by (M2) and (L2) since all Hamilto-
nian orbits resp. Hamiltonian chords generating the Floer cohomologies can

17 When working with orientations, the gluing sign is +1 since there are no further
incoming ends, see the oriented, quilted version of Corollary in [23]. Here we fix
the order of patches for O, as induced by ®r,,. For ¥, the order of patches is
irrelevant for orientations since each patch Sy, has even deficiency #&4 (Sk) — b(Sk),
where b(Sk) denotes the number of boundary components of Sj.
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Figure 13: Two views of the quilted pair of pants defining the product on
HF (L1, Lo1).

be contractedlr_g] To establish the interaction of these maps with the prod-
uct structures recall that the product on HF(A)y,) is the relative invariant
®g  defined (see Section [2) by the pair of pants surface (a sphere with two
incoming and one outgoing puncture). As usual, we draw this surface as a
disk with two inner disks removed — their boundaries are the incoming ends,
while the outer circle is the outgoing end. The product on HF(Lo1, Lo1) is
in the setting of Section [2| given by the half pair of pants surface (a disk with
two incoming and one outgoing puncture on the boundary). However, since
the disk maps to M, x M, we can also view it as two disks mapping to
My and M; respectively (where one carries the opposite orientation), with
three boundary punctures each, all three boundary components identified
and satisfying the seam condition in Lg;. Viewed as a quilted surface, this
is a pair of pants surface on which three seams connect each pair of ends,
see Figure [13] If we view HF(Lo1, Lo1) as quilted Floer cohomology for
the sequence (Lo, L), then the relative invariant ®g  associated to this
quilted pair of pants is exactly the product. We can hence use this definition
to calculate for all f,g € HF (M)

Ui () oW, (9) = (s, o (¥, ®¥r,))(f9)
=®g(f,9) = Vi, 0Ps,,,)(f,9) = VLo, (fog)

18 Strictly speaking, we either work with C'-small Hamiltonian perturbations
whose orbits resp. chords are automatically contractible, or we restrict the map to
contractible orbits resp. chords. The isomorphism of Floer cohomologies for different
Hamiltonian perturbations automatically maps contractible to contractible genera-
tor, and hence shows that the noncontractible generators do in fact not contribute
to the cohomology.
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Figure 14: Gluing and homotopy of quilts proving that ¥, , is a ring homo-
morphism.

Here the first and third equality is by definition. The middle identity g o

(Y, ® ¥, ) =Yg, oPg,  follows from gluing the quilted surfaces in dif-

ferent order (using Theorem and homotoping (using Theorem [4.1))

between the two resulting quilted pair of pants surfaces that both have one

seam connecting the outgoing end to itself and the two incoming ends on

My, see Figure This proves that ¥, is indeed a ring morphism.
Similarly, we can write for all x,y € HF (Lo, Lo1)

OLy, (2) ©OL, (y) — OL,, (T oY)
= (‘I’S,,op °©(OL, ®OL,) — O, © (I)ﬁpop)(xa Y)
= (®s,, — Ps, )(2,9)
= ((I)S o (Id & ((I)§1 — (I)ﬁo) %4 Id) (x,y)

=3comp

= &g (,Tr,,,y) =x 0T, 0Y.

~=3comp

Again, the first equality is by definition and the second identity follows
from the gluing Theorem In this case, however, we obtain two different
quilted surfaces: The first composition results in the quilted pair of pants Ss,
with two seams between three patches (and the My-patches ordered accord-
ing to order of incoming ends), whereas the second composition results in
the quilted pair of pants Sy, with two seams between two patches (with the
My-patch ordered before the M;p-patch), see Figure These two quilted

19 When working with orientations, the gluing signs are +1, in the first case
since the incoming patches have one boundary component, in the second case since
the outgoing patch has only one incoming end, c.f. the oriented, quilted version of
Corollary 2.8 in [23].

O With orientations, the gluing signs are +1 since the incoming patches have
one boundary component.



Pseudoholomorphic quilts 899

m m N where Ty, =

12
=
=
=
8
<§;
=

§3comp §1 Ml SO Ml
Figure 15: Manipulation of quilts proving the product identity for ©r,,.
Each of the two quilts §3p and §2p in the first row can also be obtained
by gluing one of the two quilts S| and S in the definition of 77, into the
middle end of the quilt Sg.y, in the second row.

surfaces are connected only by a ’singular homotopy’ which lets the two
seams intersect at a point and then connects them differently. Within our
framework we can express this as follows: Both §3p and §2p are obtained
from the same quilted surface Ss.qp,, (consisting of one M; disk with three
boundary and one interior puncture and two Mj disks with two bound-
ary punctures) by gluing different quilted disks into the middle end (which
has four seams ending in it, hence each disk must have two seams connect-
ing these ends). (The induced ordering on Sj.,,, has the two Mo-patches
according to incoming ends before the Mj-patch.) To obtain Ss, we glue
in the quilted disk S; which has one M; strip connecting different ends of
the M; patch in Ss.,p,, to produce an annulus, which is the M; patch in
S 3p- To obtain S 9p WE use the quilted disk S, with one My strip connecting
the two My patches in Sj.,,, to provide a single My patch in §2pﬂ The

21 When working with orientations, the ordering of patches on S; and S, is
immaterial since only the middle patch in each has odd deficiency. The gluing signs
are +1 for each patch since the incoming patches have one boundary component.
Note however that the middle patch gets glued at two ends. For S|, these are two
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smooth part of these homotopies (using Theorem together with again
the gluing Theorem [3.13] prove the third identity. Since both quilted disks
S, and S, just have an outgoing end, they define an element of quilted Floer
cohomology

Tr,, =®g, — ®g, € HE(LYy, Lot, L, Loy ).

(Here we need a separate (e.g. monotonicity) assumption to ensure the Floer
cohomology is well defined. Then the quilts S,.S; are monotone since their
double can be glued and homotoped to an annulus with boundaries on Lg;.
By a similar homotopy, or using the gluing identities, we deduce mono-
tonicity for Sscomp-) With this definition, the fourth identity again is just
by convention, and since we define the triple composition x o T oy by the
relative quilt invariant

&5, HF(Loy, Lo1) ® HF(Lgy, Loy, Loy, Lor) © HF(Lox, Loy)
— HF(AMl),

this proves the product identity for Oy, . Finally, the quilted Floer coho-
mology class T, only depends on Ly; and the (given) simple combinatorial
type of the quilted surfaces S; and S, by Theorems [£.1] and [£.2] O

Remark 6.5. Both Theorem [6.2] and Theorem [6.6] below hold with Z-
coefficients if the Lagrangian correspondences are equipped with relative
spin structures with background classes b; € H 2<MZ‘;Z2), and an induced
relative spin structure on the composed correspondence, as detailed in Sec-
tion [5| and [23]. Here any additional seams labeled by a diagonal can be
canceled at the expense of shifting the background class on either My or
My by ws. (Note here that the Hamiltonian Floer cohomology HF(Ajr)
is independent of choices of background class or relative spin structure for
the diagonal, i.e. the quilted Floer cohomologies for different choices are
canonically isomorphic.)

Unlike the previous theorem, which directly generalizes to any version
of Floer cohomology with Novikov rings, virtual fundamental classes, or
abstract deformations, the following “quantization commutes with compo-
sition” result requires the full strict monotonicity assumptions due to the
potential figure eight bubbling described in [19].

composition gluings, joining different surfaces, but for §; the second gluing joins a
surface to itself — a case that is discussed in [23].
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Theorem 6.6. Let Loy C My X My and Lio C M; x My be Lagrangian
correspondences satisfying (L1-2) between symplectic manifolds My, My, My
satisfying (M1-2) with a fixzed monotonicity constant T > 0. Assume that
both pairs (Lo1, Lo1) and (L2, L12) are monotone for Floer theory and that
the geometric composition Lgi o L1o is embedded. Then

q)Lm o (I)L12 = q)LmOLu'

Proof. While the geometric composition Lg; o L1 of two monotone Lagran-
gian correspondences may not automatically satisfy (L2), the monotonicity
for Floer theory transfers to the geometric composition (see [21]), and then
also implies (L2). Hence Lg; o Lio also satisfies the assumptions of Theo-
rem [6.2) and @1, o, is well defined.

Now, by the gluing Theorem we have @, o®r, =P, 1.,),
where the latter is the relative quilt invariant associated to the quilted sur-
face on the left in Figure two disks with interior puncture mapping to
My resp. My, one annulus A without puncture mapping to My, and two
seams connecting the boundary of each disk to one of the annulus boundary
components, and with seam condition in Loy and Lo respectively. In the def-
inition of ® (7, ,,) We can pick any complex structure on (in particular) the
annulus, e.g. A =R/Z x [0,0] C C/Z with the standard complex structure
for any 0 > 0. For the other patches we pick the same complex structures
and perturbations as some regular choice in the definition of ®r,,.r,,. We
claim that this provides regular moduli spaces for ®(,, r,,) as well, and
that the 0-dimensional spaces of solutions are in fact bijective to those for
@, 0L, For the proof of this bold claim we refer to [19], where the same
analysis (just somewhat harder due to the noncompactness of the shrinking
domain) is carried out in the case where A is replaced by a strip R x [0, ]
between other strips of fixed width. The crucial part of this proof is to
exclude bubbling effects: As § — 0, one may obtain sphere bubbles in Mjy,
My, or My as well as disk bubbles in (M, x Mji, Lo1), (M5 x Ma, Li2), or
(M, x My, Loi o L12), and finally a novel type of bubble, called the “figure
eight bubble”, see [19, 21] for details. For the latter we are currently lacking
a removable singularity theorem, so cannot exclude it by reasons such as
a trivial homotopy class of figure eight maps or high codimension (in fact,
we expect cases where these bubbles appear generically). Our solution is to
use the full power of the monotonicity assumption together with an (indi-
rectly proven) energy quantization for the figure eight bubble: If it appears

22 When working with orientations, the gluing sign is +1 sign since no further
incoming ends are involved.
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My | My | My J M, 0 Y Mo ::
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\ \ \ N
-~ 0

Figure 16: Annulus shrinking proving the equivalence of algebraic and geo-
metric composition.

then the remaining main component is a holomorphic quilt contributing to
®r,,0L,, Which has less energy and (due to curvature bounds) also less sym-
plectic area than the index 0 solutions contributing to ®(r,, 1,,). However,
the area for index 0 solutions is the same for both relative quilt invariants,
so by strict monotonicity the remaining solution would have negative index
— which is excluded by regularity of the moduli spaces. This proves the
equality @1, 1,,) = PLjoL,, and thus finishes the proof of the Theorem.

1]
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